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A FINITE VOLUME VENTCELL-SCHWARZ ALGORITHM FOR
ADVECTION-DIFFUSION EQUATIONS∗
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Abstract. This paper provides a new fully discrete domain decomposition algorithm for the
advection diffusion reaction equation. It relies on the optimized Ventcell–Schwarz algorithm with
a finite volume discretization of the subdomain problems. The scheme includes a wide range of
advection fluxes with a special treatment on the boundary. A complete analysis of the scheme is
presented, and the convergence of the algorithm to a discrete approximation of the equation using a
modified convective flux is proved. Numerical illustrations of the efficiency of the discrete Ventcell–
Schwarz algorithm are given.
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1. Introduction. Consider a two-dimensional domain Ω and the boundary value
problem

Lu := −div(ν(x)∇u) + div(b(x)u) + η(x)u = f(1.1)

with homogeneous boundary condition u = 0 on the boundary ∂Ω.

In today’s computational landscape of parallel computers, useful precondition-
ers for large systems arising from (1.1) in large domains are given by domain de-
composition algorithms. To account for difficult geometries and/or large contrast of
coefficients, finite volume schemes are widely used in today’s industrial codes. The
coupling between these two concepts is a crucial issue and not an easy task. This
paper presents a new finite volume domain decomposition algorithm, relying on the
finite volumes formalism developed in [4] for Robin–Schwarz algorithms and on the
efficient Ventcell–Schwarz algorithm first presented in [17].

This algorithm takes its name from the Schwarz algorithm, with transmission
between the subdomains given by boundary conditions proposed by Ventcell in [20],
who investigated which type of second order boundary conditions would give rise
to a strongly continuous semigroup of operators for the Laplace operator. In the
last 10 years, interesting interpretations of these boundary conditions have appeared
as modeling heat sources on the boundary (called dynamic boundary conditions or
permeable walls); see [15] for the heat equation and [11] for the Cahn–Hilliard
equation.

We consider here a nonoverlapping decomposition of Ω into subdomains Ωj . The
Ventcell-Schwarz algorithm approximates u by a sequence of solutions (un

j ) of (1.1)
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in Ωj , defined recursively by a transmission condition on the common interface Γi,j =
∂Ωi ∩ ∂Ωj:

(1.2)

(
ν∂nj −

1

2
b · nj + Λ

)
un
j =

(
−ν∂ni +

1

2
b · ni + Λ

)
un−1
i .

The boundary operator Λ involves second order derivatives along the boundary. In
the case where Γi,j is a vertical line, it is given by

(1.3) Λφ = pφ− q∂y(ν∂yφ)

with two real parameters p and q. Well-posedness of the boundary value problem
is ensured as soon as p > 0 and q ≥ 0. If q = 0, Λ reduces to a Robin operator.
The coefficients p and q are determined by optimization of the convergence factor
in a model case. This process was first described in [17], where the name OO2 was
introduced, standing for optimized of order 2. Further analysis was conducted in [9],
where asymptotic values were given.

The discrete counterpart of the algorithm in the Robin case q = 0 was analyzed
first in [1] and extended in [5] and [4] in the finite volume framework. For an analysis
in the finite element context see [14]. The study of the Ventcell case is, as far as we
know, new. It raises new questions that are addressed in this paper.

The first step, in section 2, is to write a finite volume scheme for the discretization
of the subdomain problem. It uses a two-point flux approximation for the diffusive flux
and a family of discrete convective fluxes as in [6], modified to handle the boundary
condition. The convergence of the new Schwarz algorithm toward the approximation
of (1.1) in Ω is analyzed in section 3. It is worth noticing that convergence for
the discrete algorithm is achieved with a modification of the convective flux at the
interface.

Finally, intensive numerical tests show the improvement of the algorithm over the
Robin–Schwarz algorithm.

Throughout this paper, the domain Ω is supposed to be bounded and convex. The
coefficients p and q in (1.3) are supposed to be positive. These assumptions ensure for
the solution u the regularity required for a proper definition of the Ventcell–Schwarz
algorithm on the continuous level in section 2.1. (See, however, [7] for a Ventcell–
Schwarz algorithm for nonconvex domains in the case of the Laplace operator.) It is
also necessary for optimal error estimates in Theorem 2.7, but not for the design of
the scheme; see Remark 3.5.

To avoid accumulation of indices, we restrict the presentation to two subdomains
only. Since most problems concern regions within subdomains or between two subdo-
mains, the resolution of these can be extended without modifications to the case of
many subdomains with any subdomain having at most two neighbors.

2. Finite volume schemes for Ventcell boundary condition. In each sub-
domain Ωj , a boundary value problem with mixed boundary conditions must be
solved. In this section, the index j is not necessary and will be omitted. Results
will next be applied to Ωj . Thus, consider the advection-diffusion equation in a con-
vex domain Ω with a Dirichlet part ΓD and a Ventcell part Γ (Γ is assumed to be a
vertical segment):

Lu := −div(ν(x)∇u) + div(b(x)u) + η(x)u = f in Ω,(2.1a)
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u = 0 on ΓD,(2.1b) (
ν∂n − 1

2
b · n+ Λ

)
u = g on Γ.(2.1c)

In a first step, we prove the well-posedness of the problem; then we propose a finite
volume scheme for its approximation. Classical fluxes will be used on internal cells,
and a special treatment will be applied on the Ventcell part of the boundary.

2.1. Analysis of the boundary value problem.
Theorem 2.1. Suppose ν and b in W 1,∞(Ω), η in L∞(Ω) and ν(x) ≥ ν̄ > 0 for

all x in Ω, and η+ 1
2divb ≥ 0 in Ω, p, q > 0. For any (f, g) ∈ L2(Ω)×L2(Γ), problem

(2.1) admits a unique solution u in

(2.2) Wm(Ω) =
{
u ∈ H2(Ω) such that u = 0 on Γd, u|Γ ∈ H2(Γ) ∩H1

0 (Γ
}
.

Proof. Write a variational formulation inH1
1,#(Ω)={u ∈ H1(Ω), u = 0 on ΓD, γΓu ∈

H1
0 (Γ)}. Multiply (2.1a) by v and integrate by parts. Introduce

aΩ(u, v) =

∫
Ω

ν∇u∇v dx dy +
1

2

∫
Ω

((b · ∇u)v − (b · ∇v)u) dx dy(2.3)

+

∫
Ω

(
η +

1

2
divb

)
uv dx dy,

a(u, v) = aΩ(u, v) + 〈Λu, v〉Γ.

The last term must be understood as a duality product in H1
0 (Γ). It may be rewritten

in variational form as

〈Λu, v〉Γ = p

∫
Γ

uv dy + q

∫
Γ

ν∂yu ∂yv dy.

Λ is a self-adjoint continuous coercive operator from H1
0 (Γ) onto H−1(Γ). It has a

continuous self-adjoint inverse, defining a scalar product on H−1(Γ) by

(2.4) 〈u, v〉Λ−1 := 〈v,Λ−1u〉Γ.

Computing

a(u, u) =

∫
Ω

ν|∇u|2 dx dy +
∫
Ω

(
η +

1

2
divb

)
u2 dx dy + p

∫
Γ

u2 dy + q

∫
Γ

ν(∂yu)
2 dy,

it appears that a is a bilinear continuous coercive form on H1
1,#(Ω), equipped with

the scalar product

(2.5) (w, v)H1
1,#(Ω) = (∇w,∇v)L2(Ω) + (∂yw, ∂yv)L2(Γ).

This gives existence and uniqueness of a weak solution in H1
1,#(Ω), i.e., a solution of

a(u, v) = (f, v)L2(Ω) + (g, v)L2(Γ).

As for regularity results, u is such that Δu ∈ L2(Ω), u = 0 on ΓD, and (∂x − ∂yy)u ∈
L2(Γ). Such a regularity result was proved in [19] for a regular boundary with Ventcell
boundary condition all over. Due to the convexity of the domain, the result applies
here.
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2.2. Meshes. The definition of the meshes is introduced here; see [10, 5] for the
standard part of the notation. First an admissible mesh in a single domain is defined.
Then it is used to create a composite mesh in Ω = Ω1 ∪ Ω2.

2.2.1. Admissible meshes. In this paragraph, the index j is omitted, con-
sidering a general open polygonal set Ω. Define a family M of polygonal control
volumes such that Ω̄ = ∪k∈Mk̄ with k ∩ l = ∅ if k 
= l. M is an admissible finite
volume mesh if there exists a family of points (xk)k∈M that satisfies (xk,xl) ⊥ σ if
σ = ∂k ∩ ∂l. If all control volumes k are triangles, the family of triangle circumcen-
ters satisfies this orthogonality condition. The set of all edges σ of control volumes
is denoted by E. It is divided into three sets: the edges located inside the domain Ω,
Eint = {σ ∈ E, σ = ∂k ∩ ∂l}, the edges ED located on the Dirichlet boundary ΓD,
and the edges EΓ located on the Ventcell boundary Γ. Finally, for any k in M, Ek

stands for the edges of its boundary ∂k.
For any σ ∈ Ek, nkσ is the outward-pointing unit vector orthogonal to σ, dk,σ

the signed distance from xk to σ (dk,σ > 0 if xk ∈ k, dk,σ ≤ 0 else), dσ = dk,σ if σ ∈
ED∪EΓ, and dσ = dk,σ+dl,σ is the distance between xk and xl if σ = ∂k∩∂l ∈ Eint.
We assume that dσ > 0 for any σ ∈ E, which ensures that the mesh is a Delaunay
mesh [10].

Let |EΓ| be the cardinality of EΓ, and the edges of EΓ are reordered as {σi},
with σi ∩ σi+1 reduced to a single point denoted by xi+ 1

2
. The control volume in M

associated to σi is denoted by ki.
For each k ∈ M or σ ⊂ Γ, |k|, and |σ| denote the two-dimensional measure of k,

respectively, the one-dimensional measure of σ.
The full admissible finite volume mesh for the boundary value problem is T =

M ∪ EΓ. The size of the mesh and its regularity are measured by

(2.6) size(M) = max
M

(diam(k)), reg(T ) = max
M

max
Ek

{
diam(k)

|dkσ|

}
.

Figure 1 summarizes this notation. Note that in the case where Γ = ∅, EΓ is
empty, and therefore T = M.

2.2.2. Composite meshes. Let us now consider a domain Ω decomposed into
two subdomains Ω = Ω1 ∪ Ω2. Assume that the subdomains Ωj are endowed with

dk,σ

dσ

|σ|

xk xl xki

ki

xi

x
i+1

2

xi

xi+1dki,σi
= dσi

d(xi,xi+1)σ = ∂k ∪ ∂l

σi ∈ EΓ

nki,σi

Γ Γ

Fig. 1. Notation for an admissible mesh.
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Ω2Ω1

E1
Γ

E2
Γ

E1,new
Γ

= EΓ
new
2

Fig. 2. Composite mesh.

k1

xk2

k2

σ ∈ EΓ

d
∗
k2,σ

d
∗
k1,σ

d
◦
k1,σ

d
◦
k2,σ

xk1

d⊥
k2,σd⊥

k1,σ

Fig. 3. Definition of distances dkj ,σ for σ ∈ EΓ.

admissible meshes Tj = Mj ∪ Ej
Γ. The two meshes T1 and T2 may correspond to

identical meshes on Γ (E1
Γ = E2

Γ; see Grid #1 in Figure 7) or not (E1
Γ 
= E2

Γ; see Grid
#2 in Figure 7). When E1

Γ
= E2

Γ
, the two meshes are said to be compatible. In the

second case, the meshes can be made compatible by redefining the notion of edges on
Γ (see Figure 2) such that

(2.7) E1,new
Γ

= E2,new
Γ

= EΓ := {σ = ∂k1 ∩ ∂k2 with ki ∈ Mi}.

In this case, for σ = ∂k1∩∂k2 ∈ EΓ, defining dkj ,σ requires some care. Several choices
are valid (see Figure 3): either the orthogonal distance d⊥

kj ,σ between xkj
and Γ, the

distance d∗
kj ,σ between xkj and the point xσ, the intersection between (xk1 ,xk2) and

Γ, or the half distance d◦
kj ,σ between xk1

and xk2
. Note that we only require that

dkj ,σ = d⊥
kj ,σ(1 +O(size(Mj)).

Finally a composite mesh associated to Ω = Ω1 ∪ Ω2 is a quintuplet T =
(M,M1,E1

Γ
,M2,E2

Γ
) such that each mesh Mj is an admissible mesh for Ωj , M1

and M2 are compatible, i.e., E1
Γ = E2

Γ = EΓ, and M := M1 ∪M2.

2.3. The classical two-point flux approximation. Let M be an admissible
mesh of Ω and uM = (uk)k∈M. The discrete volume equation is obtained by inte-
grating (1.1) over each control volume k and by approximating the resulting normal
fluxes as follows. Integrate (1.1) over the control volume k to get∑

σ∈Ek

(
−
∫
σ

ν∇u · nkσ ds+

∫
σ

b · nkσu ds

)
+

∫
k

ηu dx =

∫
k

f(x)dx.

The volume term
∫
k
ηu dx is approximated by ηkuk with ηk = 1

|k|
∫
k
η. The total flux

over the boundary of k is the sum on the edges of the diffusive flux −
∫
σ
ν∇u ·nkσ ds
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and the convective flux
∫
σ
b · nkσu ds. They are approximated by the discrete fluxes

F d
k,σ and F c

k,σ to be defined below. Defining the total discrete flux on the edge σ as

Fk,σ = F d
k,σ + F c

k,σ, (1.1) in Ω is discretized by

(2.8) ∀k ∈ M,
∑
σ∈Ek

Fk,σ + |k|ηkuk =

∫
k

f(x) dx.

We use the classical diffusive discrete fluxes

(2.9) F d
k,σ = |σ|νσ

uk − ũσ

dσ
with ũσ =

{
ul if σ = ∂k ∩ ∂l ∈ Eint,

0 if σ ∈ ED,

where νσ = 1
|σ|
∫
σ
ν(s) ds or νσ = ν(xσ) (xσ center of σ).

We use the family of discrete advection fluxes introduced in [6] (with a slight
change of notation),

(2.10) F c
k,σ =

1

2
|σ|bkσ(uk + ũσ) +

|σ|νσ
dσ

Bσ

(
dσbkσ
νσ

)
(uk − ũσ),

where bkσ = 1
|σ|
∫
σ
b · nkσ ds, and for any edge σ, Bσ is an even Lipschitz continuous

function such that

(2.11) Bσ(0) = 0 and ∃ c > 0 ∀σ ∈ E , ∀s ∈ R, Bσ(s) + 1 > c > 0.

These schemes thus appear as stabilization of the centered scheme. All the clas-
sical schemes belong to this family. The centerd scheme corresponds to Bσ(s) =
Bc(s) = 0, the upwind scheme to Bσ(s) = Bup(s) = 1

2 |s|, and the Scharfetter–
Gummel scheme to Bσ(s) = BSG(s) = 1

2 (
s

es−1 − s
e−s−1 )− 1.

The well-posedness and convergence of the scheme (2.8)–(2.9)–(2.10) with Dirich-
let boundary conditions is now classical; see [10, 6].

Remark 2.2. Assume that T = (M,M1,M2,E1
Γ,E2

Γ) is a composite mesh. The
mesh M is a discretization of Ω that may present nonadmissible edges located on Γ
(see Figure 3 or 7), i.e., the orthogonality condition for σ ∈ EΓ is lost. In that case

we can still obtain an error estimate in size(M)
1
2 (see [5]) instead of the classical

size(M).

2.4. A two-point flux approximation for Ventcell boundary conditions.
In order to take into account the Ventcell boundary condition (2.1c), a new set of
unknowns is needed on the edges on Γ, namely, uEΓ = (uσ)σ∈EΓ . Then the full vector
of unknowns is uT = (uM,uEΓ). A new discrete equation is obtained by integrating
the Ventcell boundary condition (2.1c) over the boundary control cell σi ∈ EΓ:

(2.12)

∫
σi

ν∇u·nkiσi ds−
1

2

∫
σi

b·nkiσiu ds+p

∫
σi

u ds+q [−ν∂yu]
x

i+1
2

x
i− 1

2

=

∫
σi

gj(s) ds.

Approximate the term −
∫
σi
ν∇u · nkiσi ds +

∫
σi
b · nkiσiu ds by Fki,σi and then the

sum of the first two terms in (2.12) by −Fki,σi +
1
2bkiσi |σi|uσi . Define the discrete

one-dimensional flux Fi+ 1
2
as an approximation of −ν∂yu(xi+ 1

2
), given by

(2.13) Fi+ 1
2
= −ν(xi+ 1

2
)
uσi+1 − uσi

d(xi+1,xi)
for i = 0, . . . , |Ej

Γ
|,

with the convention uσ0 = 0 and uσ|EΓ|+1
= 0.
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Define the total flux Fkσ by (2.9), (2.10) with a modification on the boundary Γ:

(2.14) ũσ =

⎧⎪⎨⎪⎩
ul if σ = ∂k ∩ ∂l ∈ Eint,

0 if σ ∈ ED,

uσ if σ ∈ EΓ.

Define the discrete boundary operator ΛΓ by

(2.15) (ΛΓu
EΓ)σ = p|σ|uσ − q(Fi+ 1

2
− Fi− 1

2
) if σ = σi.

The full discrete system involving the volume and boundary unknowns is

∀k ∈ M,
∑
σ∈Ek

Fk,σ + |k|ηkuk =

∫
k

f(x) dx,(2.16)

∀σ ∈ EΓ, −Fk,σ +
1

2
bkσmσuσ + (ΛΓu

EΓ)σ =

∫
σ

g(s) ds.(2.17)

2.5. Discrete norms. The discrete vectors uM and uEΓ can be identified as
piecewise constant functions uM and uEΓ on Ω and Γ, respectively, with L2 norms
‖uM‖0,Ω, ‖uEΓ‖0,Γ. Discrete H1 norms can also be associated to these vectors by

‖uM‖1,M =

( ∑
σ∈Eint

|σ| |uk − ul|2
dσ

+
∑

σ∈ED

|σ| |uk|2
dσ

) 1
2

,(2.18)

‖uT ‖1,T =

( ∑
σ∈Eint

|σ| |uk − ul|2
dσ

+
∑

σ∈ED

|σ| |uk|2
dσ

+
∑
σ∈EΓ

|σ| |uk − uσ|2
dσ

) 1
2

,(2.19)

‖uEΓ‖1,EΓ =

⎛⎝|EΓ|∑
i=0

|uσi+1 − uσi |2
d(xi+1, xi)

⎞⎠
1
2

.(2.20)

Discrete Poincaré (provided Γd is not empty) and trace inequalities have been proved
in [10]:

(2.21)

‖uM‖0,Ω ≤ C‖uM‖1,M, ‖uM‖0,Ω + ‖uEΓ‖0,Γ ≤ C‖uT ‖1,T , ‖uEΓ‖0,Γ ≤ C‖uEΓ‖1,EΓ .

2.6. Properties of the scheme.
Lemma 2.3 (A first a priori estimate). For any uM = (uk)k∈M, solution of

(2.16), ∑
k∈M

∑
σ∈Ek

|σ|νσ
dσ

(1 +Bσ) |uk − ũσ|2 +
∫
Ω

(
η +

1

2
divb

)
|uM|2(2.22)

=

∫
Ω

f(x)uM(x) dx−RΓ,

where Bσ is short for Bσ

(
bkσdσ

νσ

)
and RΓ =

∑
σ∈EΓ

(
Fk,σ − 1

2bkσuσ

)
uσ.

Proof. Multiply (2.16) by uk and sum over all the control volumes k ∈ M to
obtain ∑

k∈M

(∑
σ∈Ek

F d
k,σuk +

∑
σ∈Ek

F c
k,σuk + |k|ηkukuk

)
=
∑
k∈M

uk

∫
k

f(x) dx.



1276 LAURENCE HALPERN AND FLORENCE HUBERT

The two volume terms can be expressed as∑
k∈M

|k|ηkukuk =

∫
Ω

η(x)|uM(x)|2 dx,
∑
k∈M

uk

∫
k

f(x) dx =

∫
Ω

f(x)uM(x) dx.

Let us now consider the diffusive terms∑
k∈M

∑
σ∈Ek

F d
k,σuk =

∑
σ=k∩l∈Eint

F d
k,σ(uk − ul) +

∑
σ∈ED

F d
k,σuk

+
∑
σ∈EΓ

F d
k,σ(uk − uσ) +

∑
σ∈EΓ

F d
k,σuσ

=
∑
σ∈E

|σ|νσ
dσ

|uk − ũσ|2 +
∑
σ∈EΓ

F d
k,σuσ.

The convective terms are treated in the same way:∑
k∈M

∑
σ∈Ek

F c
k,σuk =

∑
σ=k∩l∈Eint

F c
k,σ(uk − ul) +

∑
σ∈ED

F c
k,σuk

+
∑
σ∈EΓ

F c
k,σ(uk − uσ) +

∑
σ∈EΓ

F c
k,σuσ

=
∑
σ∈E

F c
k,σ(uk − ũσ) +

∑
σ∈EΓ

F c
k,σuσ.

Then compute∑
σ∈E

F c
k,σ(uk − ũσ) =

1

2

∑
σ∈E

|σ|bkσ(|uk|2 − |ũσ|2) +
∑
σ∈E

|σ|νσ
dσ

Bσ|uk − ũσ|2

=
1

2

∑
k∈M

(∑
σ∈Ek

|σ|bkσ

)
|uk|2 −

1

2

∑
σ∈EΓ

|σ|bkσ|uσ|2

+
∑
σ∈E

|σ|νσ
dσ

Bσ|uk − ũσ|2

=
1

2

∫
Ω

(divb) |uM(x)|2 dx− 1

2

∑
σ∈EΓ

|σ|bkσ|uσ|2

+
∑
σ∈E

|σ|νσ
dσ

Bσ|uk − ũσ|2.

Gathering all terms yields (2.22).
Lemma 2.4. The discrete boundary operator ΛΓ in (2.15) has the following prop-

erties:
1. It is a symmetric positive definite operator, satifying if ν(v) ≥ ν̄ > 0 a.e. in

Ω,

(ΛΓu
EΓ ,uEΓ) ≥ p‖uEΓ‖20,Γ + qν̄‖uEΓ‖21,EΓ

.

2. If uT = (uM,uEΓ) solves (2.16, 2.17), then

(2.23) (ΛΓu
EΓ ,uEΓ) = RΓ +

∫
Γ

uEΓ(y) g(y) dy.
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Proof. Compute

(ΛΓu
EΓ ,uEΓ) = p

|EΓ|∑
i=1

|σi||uσi |2 + q

|EΓ|∑
i=1

(Fi+ 1
2
− Fi− 1

2
)uσi

= p

|EΓ|∑
i=1

|σi||uσi |2 + q

|EΓ|∑
i=0

Fi+ 1
2
(uσi − uσi+1)

� p‖uEΓ‖20,Γ + qν̄‖uEΓ‖21,EΓ
.

Now multiply (2.17) by uσi and sum over the edges of Γ to obtain

|EΓ|∑
i=1

(
−Fki,σi +

1

2
|σi|bkiσiuσi

)
uσi + (ΛΓu

EΓ ,uEΓ) =

|EΓ|∑
i=1

uσi

∫
σi

g(y) dy.

Estimate (2.23) follows immediately from the definition of RΓ in Lemma 2.3.
Proposition 2.5 (A priori estimates). Let f ∈ L2(Ω), g ∈ L2(Γ), ν ∈ W 1,∞(Ω)

such that ν(x) ≥ ν̄ > 0 a.e. x ∈ Ω. Assume furthermore that for all σ ∈ E, Bσ

satisfies (2.11), p > 0, q ≥ 0. Then there exists a positive number C such that for
any uT = (uM,uEΓ) solution of (2.16), (2.17), the following estimate holds:

(2.24) ‖uT ‖21,T + p‖uEΓ‖20,Γ + q‖uEΓ‖21,EΓ
≤ C
(
‖f‖20,Ω + ‖g‖20,Γ

)
.

Proof. This is a consequence of Lemmas 2.3 and 2.4 and Poincaré inequalities
(2.21).

The a priori estimate yields uniqueness of the solution of the discrete equations.
Well-posedness follows immediately.

Corollary 2.6. Let f ∈ L2(Ω), g ∈ L2(Γ), ν ∈ W 1,∞(Ω) such that ν(x) ≥ ν̄ >
0 for all x in Ω. Assume that (Bσ)σ∈E satisfies (2.11), p > 0, q ≥ 0. Then (2.16),
(2.17) admit a unique solution.

2.7. Error estimates. For u ∈ Wm(Ω), define for all control volumes ūk =
u(xk) and all edges ūσ = u(xσ); then ūM = (ūk)k∈M, ūEΓ = (ūσ)σ∈EΓ , ūT =
(ūM, ūEΓ). The aim of this section is to prove the following error estimates.

Theorem 2.7. There exists a positive constant C such that for any u ∈ Wm(Ω),
the solution of problem (2.1), and uT = (uM,uEΓ), the solution of the discrete coun-
terpart (2.16), (2.17), we have

‖ūT −uT ‖21,T +p‖ūEΓ −uEΓ‖20,Γ+q‖ūEΓ −uEΓ‖21,EΓ
≤ C(reg(T ))size(M)2‖u‖2Wm(Ω).

The proof of this theorem follows classical lines, starting with consistency errors.

2.7.1. Consistency errors. Integrate (1.1) over the control volume k ∈ M:

(2.25) −
∑
σ∈Ek

∫
σ

ν∇u · nk,σ ds+

∫
σ

b · nkσu ds+

∫
k

ηu dx =

∫
k

f(x) dx.

For k ∈ M and σ ∈ Ek, introduce the discrete diffusive and convective fluxes associ-
ated to the exact solution,

F d
k,σ = |σ|νσ

ūk − ũσ

dσ
, F c

k,σ =
1

2
|σ|bkσ(ūk + ũσ) +

|σ|νσ
dσ

Bσ

(
dσbkσ
νσ

)
(ūk − ũσ),
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with ũσ defined as in (2.14), by

ũσ =

⎧⎨⎩
ūl if σ ∈ Eint,
0 if σ ∈ ED,
ūσ if σ ∈ EΓ.

Define the consistency error of the diffusive and convective fluxes and of the volume
term by

Rd
k,σ = F d

k,σ +

∫
σ

ν∇u · nk,σ ds,

Rc
k,σ = F c

k,σ −
∫
σ

(b · nkσ)u ds,

Rv
k
=

∫
k

η(u − ūk) dx.

Equation (2.25) can be rewritten as

∑
σ∈Ek

(
F d
k,σ + F c

k,σ

)
+ |k|ηkūk =

∑
σ∈Ek

(Rd
k,σ +Rc

k,σ) +Rv
k
+

∫
k

f(x) dx.

Subtracting the corresponding discrete equation (2.16) yields

(2.26)
∑
σ∈Ek

(F d
k,σ − F d

k,σ) +
∑
σ∈Ek

(F c
k,σ − F c

k,σ) +
∑
k∈M

η(ūk − uk) = f̄T
k

with

(2.27) f̄T
k

:=
∑
σ∈Ek

(Rd
k,σ +Rc

k,σ) +Rv
k
.

Now integrate the boundary condition (2.1c) over each edge σi ∈ EΓ:∫
σi

ν∇u · nkiσi dy − 1

2

∫
σi

(b · nkiσi)u dy +

∫
σi

pu dy + q [−ν∇u · τ ]
x

i+1
2

x
i− 1

2

=

∫
σi

g dy.

Introduce the one-dimensional diffusion consistency error

ri+ 1
2
= Fi+ 1

2
+ ν(xi+ 1

2
)(∇u · τ)(xi+ 1

2
), where Fi+ 1

2
= ν(xi+ 1

2
)
u(xi)− u(xi+1)

di+ 1
2

and the one-dimensional volume consistency error

rσ =

∫
σ

(
p+

1

2
b · n
)
u(xσ) dy −

∫
σ

(
p+

1

2

1

|σ|

∫
σ

b · n
)
u(xσ) dy,

where n stands for the outward unit normal to Γ. Subtracting the discrete equation
(2.17) yields
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xk

xk

σ = k|l ∈ Eint σ ∈ ∂Ω

Vσ = Vkσ ∪ Vlσ Vσ = Vkσ

xl

nkσ

VlσVkσ Vkσ

Fig. 4. The diamond cells.

− (F d
ki,σi

− F d
ki,σi

)− (F c
ki,σi

− F c
ki,σi

) +

(
p+

1

2
bkiσi

)
|σi|eσi(2.28)

+ q((Fi+ 1
2
− Fi+ 1

2
)− (Fi− 1

2
− Fi− 1

2
)) = gTi

with

(2.29) gTi := −Rd
k,σi

−Rc
k,σi

− rσi + q(ri+ 1
2
− ri− 1

2
).

The next task is to estimate the consistency errors. This will be done using the
diamond cells defined in Figure 4.

Lemma 2.8. Assume that b ∈ W 1,∞(Ω), ν ∈ W 1,∞(Ω), η ∈ L∞(Ω). Then for
any α > 2, there exists a real number C > 0 such that for any u ∈ Wm(Ω), the
consistency errors can be estimated by

dσ
|σ| |R

d
k,σ|2 � C size(M)2

∫
Vσ

|D2u(x)|2 dx ∀k ∈ M, σ ∈ Ek,

dσ
|σ| |R

c
k,σ|2 � C size(M)2|Vσ|1−

2
α

(∫
Vσ

|∇u(x)|α dx

) 2
α

∀k ∈ M, σ ∈ Ek,

1

|k| |R
v
k
|2 � C size(M)2|k|1− 2

α

(∫
k

|∇u(x)|α dx

) 2
α

∀k ∈ M,

di+ 1
2

|σi|
|ri+ 1

2
|2 � C size(M)2

∫ xi+1

xi

|∂yyu|2 dy for i = 0, . . . , |EΓ|,

1

|σ| |rσ|
2 � C size(M)2|σ|1− 2

α

(∫
σ

|∂yu|α dy

) 2
α

for σ ∈ EΓ.

Proof. The proof of this technical lemma is classical and can be found, e.g., in
[10, 12].

2.7.2. End of the proof of Theorem 2.7. Define the error with the same
notation as before by ek = ūk − uk and eσ = ūσ − uσ. By linearity, Lemmas 2.3 and
2.4 apply to eT , with right-hand sides given by the families of f̄T

k
in (2.27) and gTi in

(2.29). Introduce ẽσ = ũσ − ũσ, and use the previous lemmas to estimate
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∑
k∈M

ekf̄
T
k

=
∑
k∈M

ek

(∑
σ∈Ek

(Rd
k,σ +Rc

k,σ) +Rv
k

)
=
∑
σ∈E

(Rd
k,σ +Rc

k,σ)(ek − ẽσ) +
∑
σ∈EΓ

(Rd
k,σ +Rc

k,σ)eσ +
∑
k∈M

ekR
v
k

� ‖eT ‖1,T

(∑
σ∈E

dσ
|σ| |R

d
k,σ +Rc

k,σ|2
) 1

2

+
∑
σ∈EΓ

(Rd
k,σ +Rc

k,σ)eσ

+ ‖eM‖0,Ω

(∑
k∈M

1

|k| |R
v
k
|2
) 1

2

.

In the same way,

|EΓ|∑
i=1

eσig
T
i =

|EΓ|∑
i=1

eσi

(
−Rd

k,σi
−Rc

k,σi
− rσi + q(ri+ 1

2
− ri− 1

2
)
)

=

|EΓ|∑
i=1

eσi

(
−Rd

k,σi
−Rc

k,σi
− rσi

)
+ q

|EΓ|∑
i=0

ri+ 1
2
(eσi − eσi+1)

�
|EΓ|∑
i=1

eσi

(
−Rd

k,σi
−Rc

k,σi

)
+ ‖eEΓ‖0,Γ

(∑
σ∈Γ

1

|σ| |rσ|
2

) 1
2

+ q‖eEΓ‖1,EΓ

⎛⎝|EΓ|∑
i=0

di+ 1
2

|σi|
|ri+ 1

2
|2
⎞⎠

1
2

.

Summing the last two inequalities yields

∑
k∈M

ekf̄
T
k

+

|EΓ|∑
i=1

eσig
T � ‖eT ‖1,T

(∑
σ∈E

dσ
|σ| |R

d
k,σ +Rc

k,σ|2
) 1

2

+ ‖eM‖0,Ω

(∑
k∈M

1

|k| |R
v
k
|2
) 1

2

+ ‖eEΓ‖0,Γ

(∑
σ∈EΓ

1

|σ| |rσ|
2

) 1
2

+ q‖eEΓ‖1,EΓ

⎛⎝|EΓ|∑
i=0

di+ 1
2

|σ| |ri+ 1
2
|2
⎞⎠

1
2

.

Young’s inequality together with the discrete Poincaré inequality (2.21) lead to the
new estimate

1

C

(
‖eT ‖21,T + ‖eM‖2L2(Ω) + p‖eEΓ‖20,Γ + q‖eEΓ‖21,EΓ

)
�
∑
σ∈E

dσ
|σ| |R

d
k,σ +Rc

k,σ|2 +
∑
k∈M

1

|k| |R
v
k
|2 + p

∑
σ∈EΓ

1

|σ| |rσ |
2 + q

|EΓ|∑
i=0

di+ 1
2

|σi|
|ri+ 1

2
|2.

Lemma 2.8 and Sobolev embeddings conclude the proof of Theorem 2.7.
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3. A Schwarz algorithm with Ventcell transmission conditions. The aim
of this section is to design and study a discrete version of the Ventcell–Schwarz
algorithm, designed by using an elliptic boundary operator Λ, defined by Λφ =
pφ − q∂y(ν∂yφ). For j ∈ (1, 2), the algorithm computes un

j using boundary data
at step n − 1 coming from the neighboring subdomain Ωi. An appropriate initial
guess is given:

Lun
j = f on Ωj ,(3.1a) (

ν∂nj −
1

2
b · nj + Λ

)
un
j =

(
−νi∂ni +

1

2
b · ni + Λ

)
un−1
i on Γ.(3.1b)

3.1. Convergence at the continuous level.

Theorem 3.1. For any initial guess (u0
1, u

0
2) in Wm(Ω1)×Wm(Ω2), (3.1) defines

a sequence of iterates in Wm(Ω1) × Wm(Ω2), which converges in H1(Ω1) × H1(Ω2)
to the solution u of (1.1).

Proof. First identify u as the potential limit of (3.1). By linearity, only the
convergence to zero of the sequences of iterates with f = 0 has to be proved. Defining
the continuous flux Fn

j = −(ν∂nj − 1
2b ·nj)u

n
j , the transmission condition on Γ takes

the form

(3.2) −Fn
j + Λun

j = Fn−1
i + Λun−1

i .

Multiplying (3.1a) by un
j yields

(3.3) aΩj (u
n
j , u

n
j ) +Rn,j = 0, Rn,j = 〈Fn

j , u
n
j 〉Γ.

The boundary term Rn,j can be rewritten using the scalar product defined by Λ−1 in
(2.4):

Rn,j = 〈Fn
j ,Λ

−1Λun
j 〉Γ = 〈Fn

j ,Λu
n
j 〉Λ−1 =

1

4
‖Fn

j + Λun
j ‖2Λ−1 −

1

4
‖Fn

j − Λun
j ‖2Λ−1 .

Plug this last expression into (3.3) to obtain

aΩj (u
n
j , u

n
j ) +

1

4
‖Fn

j + Λun
j ‖2Λ−1 =

1

4
‖Fn

j − Λun
j ‖2Λ−1 .

Replace the right-hand side using the transmission condition (3.2) to get

aΩj (u
n
j , u

n
j ) +

1

4
‖Fn

j + Λun
j ‖2Λ−1 =

1

4
‖Fn−1

i + Λun−1
i ‖2Λ−1 .

Sum the previous equalities over the subdomains and the iterations to obtain for each
N ≥ 1,

N∑
n=1

2∑
j=1

aΩj (u
n
j , u

n
j ) +

1

4

2∑
j=1

‖FN
j + ΛuN

j ‖2Λ−1 =
1

4

2∑
j=1

‖F 0
j + Λu0

j‖2Λ−1 .

This last equality proves that un
j tends to zero in H1(Ωj).
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3.2. Discrete Schwarz algorithm. Given a composite mesh T =(M,M1,M2,
EΓ), the discrete Schwarz algorithm consists, with suitable initial data, in finding for

all n ≥ 1 the solutions uTj ,n = (uMj ,n,uEj
Γ,n) of the linear system

∀k ∈ Mj ,
∑
σ∈Ek

(Fk,σ)
n
j + |k|ηk(uk)

n
j =

∫
k

f(x) dx,(3.4a)

∀σ ∈ EΓ,
−(Fk,σ)

n
j +

1

2
b · nj|σ|(uσ)

n
j + ΛΓ(uσ)

n
j

= (Fk,σ)
n−1
i − 1

2
b · ni|σ|(uσ)

n−1
i + ΛΓ(uσ)

n−1
i .

(3.4b)

The notation introduced in section 2 naturally extends here. For j = 1, 2, the discrete
boundary operators Λj

Γ and Λi
Γ coincide, and the common value ΛΓ is given by

(3.5) ∀σ = σl ∈ EΓ, ΛΓ(uσ)j = p|σ|(uσ)j − q((Fl+ 1
2
)j − (Fl− 1

2
)j).

Note that since (Fk,σ)
n
j approximates the flux (−ν∂nj +b ·nj)(u

n
j ), the term in (3.4b),

−(Fk,σ)
n
j + 1

2b · nj|σ|(uσ)
n
j is an approximation of (ν∂nj − 1

2b · nj)(u
n
j ).

3.3. Convergence of the discrete Schwarz algorithm. Since the global
mesh M is the composition of the two local meshes, the first task will be to identify
the limit of the sequence of finite volume problems in (3.4). It turns out that it still is
a finite volume scheme on the composite mesh for problem (1.1), but with a modified

convective flux B̃σ. This will be emphasized in Theorem 3.2, and convergence will
be proved. Alternatively, given a finite volume discretization of problem (1.1) with a

convective flux B̃σ, Theorem 3.3 will investigate under which conditions there exists
a modified Schwarz algorithm converging to the solution of that scheme.

Theorem 3.2. Let Tj be two compatible meshes of Ωj, j = 1, 2, and let T be

the associated composite mesh. Let uTj ,n = (uMj ,n,uEj
Γ,n) be the solution of (3.4)

with convective fluxes (Bσ)σ∈EΓ in (2.10) satisfying (2.11). Then (uM1,n,uM2,n)
converges to uM = (uM1 ,uM2), which is a discrete approximation of the solution u
of problem (1.1), the solution of the following:

(3.6) ∀k ∈ M,
∑
σ∈Ek

Fk,σ + |k|ηkuk =

∫
k

f(x) dx,

where Fk,σ = F d
k,σ +F c

k,σ is defined in (2.9), (2.10) with a new appropriate choice B̃σ

of the convective flux on σ ∈ EΓ, given by (3.10).
Proof. First step: Identification of the limit. Assume that uTj ,n converges to

uTj = (uMj ,uEj
Γ) as n tends to infinity. We first prove that

∀k ∈ Mj ,
∑
σ∈Ek

(Fk,σ)j + |k|ηk(uk)j =

∫
k

f(x) dx,(3.7a)

∀σ ∈ EΓ, σ = ∂k1 ∩ ∂k2 with ki ∈ Mi, −(Fk1,σ)1 = (Fk2,σ)2.(3.7b)

Passing to the limit in system (3.4) yields (3.7a), and for (j, i) = (1, 2) and (2, 1)

(3.8) −(Fkj ,σ)j +
1

2
b · nj|σ|(uσ)j +ΛΓ(uσ)j = (Fki,σ)i −

1

2
b · ni|σ|(uσ)i +ΛΓ(uσ)i.

Adding (3.8) in (1, 2) and (2, 1) gives ΛΓ(uσ)1 = ΛΓ(uσ)2. Using the invertibility of
ΛΓ in Lemma 2.4, (uσ)1 = (uσ)2 := uσ. This finally proves (3.7b).
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This enables us to define on the whole domain Ω, uk as equal to (uk)j in sub-
domain Ωj . A corresponding flux Fk,σ for all edges which are not on the interface Γ
is also identical to the subdomain flux. To characterize the finite volume problem in
the whole domain, it remains to define the flux on an interface edge. Using (3.7b), it
appears that (3.6) holds if for all σ ∈ EΓ, σ = ∂k1 ∩ ∂k2 with ki ∈ Mi,

(3.9) Fk,σ = (Fk1,σ)1 = −(Fk2,σ)2.

Use the expression of the fluxes in (2.9), (2.10), for all σ = k1∩k2 ∈ EΓ and kj ∈ Mj ,
to obtain

(Fk1,σ)1 =
|σ|νσ
dk1σ

(uk1
− uσ)(1 +Bk1σ) +

1

2
|σ|bσ(uk1

+ uσ),

(Fk2,σ)2 =
|σ|νσ
dk2σ

(uk2
− uσ)(1 +Bk2σ)−

1

2
|σ|bσ(uk2

+ uσ)

with bσ = bk1σ = −bk2σ and Bkjσ = Bσ

( bkj ,σdkjσ

νσ

)
. Equating (Fk1,σ)1 and −(Fk2,σ)2

provides

uσ =

|σ|νσ
dk1σ

(1 +Bk1σ)uk1
+ |σ|νσ

dk2σ
(1 +Bk2σ)uk2

+ 1
2bσ(uk1

− uk2
)

|σ|νσ
dk1σ

(1 +Bk1σ) +
|σ|νσ
dk2σ

(1 +Bk2σ)
.

Replace uσ in the formula for (Fk1,σ)1 and rewrite it as

(Fk1,σ)1 =
νσ|σ|
dσ

dσ

dk1σ
(1 +Bk1σ)

dσ

dk2σ
(1 +Bk2σ) +

1
4

(
dσbσ
νσ

)2
dσ

dk1σ
(1 +Bk1σ) +

dσ

dk2σ
(1 +Bk2σ)

(uk1
− uk2

)

+
1

2
|σ|bσ(uk1

+ uk2
).

Comparing with the formulation (2.10), it appears that (3.9) is realized (or equiv-
alently that the solutions of (3.7) and (3.6) coincide) as soon as the flux Fk,σ is
defined by

B̃σ =

dσ

dk1σ
(1 +Bk1σ)

dσ

dk2σ
(1 +Bk2σ) +

1
4

(
dσbσ
νσ

)2
dσ

dk1σ
(1 +Bk1σ) +

dσ

dk2σ
(1 +Bk2σ)

− 1,(3.10)

Fk,σ =
νσ|σ|
dσ

(1 + B̃σ)(uk1
− uk2

) +
1

2
|σ|bσ(uk1

+ uk2
).(3.11)

For each σ, by the assumptions on Bσ, the Bkjσ are Lipschitz functions of s =
bk1,σdk1σ

νσ

with 1 + Bσ ≥ c. It is then easy to see that B̃σ is also Lipschitz, that 1 + B̃σ ≥ 1
2c,

and finally that

B̃σ(0) =

dσ

dk1σ

dσ

dk2σ

dσ

dk1σ
+ dσ

dk2σ

− 1 =
dσ

dk1σ + dk2σ
− 1 = 0.
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Therefore (3.6) has a unique solution, which is also the solution of the limiting
equations (3.7).

Second step: Convergence. By linearity, consider the convergence to 0 of the

solution uTj ,n = (uMj ,n,uEj
Γ,n) of (3.4) when f ≡ 0. The proof technique is similar

to the one used in Theorem 3.1.

We proceed as in Lemma 2.3: multiply (3.4a) by (uk)
n
j and sum over all control

volume k ∈ Mj to obtain

(3.12)
∑
σ∈Ej

|σ|νσ
dσ

(1 +Bσ)|un,j
k

− ũn,j
σ |2 +

∫
Ωj

(
η +

1

2
divb

)
|uMj ,n|2 = −Rn,j

Γ

with

Rn,j
Γ =

∑
σ∈EΓ

(vσ)
n
j (uσ)

n
j , (vσ)

n
j := (Fk,σ)

n
j − 1

2

∫
σ

b · nkσ(uσ)
n
j .

Since ΛΓ is a symmetric positive definite linear operator on R
EΓ , its inverse Λ−1

Γ can
be defined, and it is also a symmetric positive definite operator on R

EΓ . Let ‖.‖Λ−1
Γ

be the natural norm associated to this operator:

‖uEΓ‖2
Λ−1

Γ

= 〈Λ−1
Γ (uEΓ),uEΓ〉Λ−1

Γ
:=
∑
σ∈EΓ

(Λ−1
Γ (uEΓ))σuσ.

Now write

Rn,j
Γ =

∑
σ∈EΓ

(vσ)
n
j Λ

−1
Γ ΛΓ(uσ)

n
j =
〈
(vσ)

n
j ,ΛΓ(uσ)

n
j

〉
Λ−1

Γ

=
1

4

∥∥(vσ)nj + ΛΓ(uσ)
n
j

∥∥2
Λ−1

Γ

− 1

4

∥∥(vσ)nj − ΛΓ(uσ)
n
j

∥∥2
Λ−1

Γ

.

Replace in (3.12) and sum over n = 0, . . . , N , using assumption (2.11) to get, with a
positive constant C,

C

N∑
n=0

∑
j=1,2

‖uMj ,n‖21,Mj
+

1

4

∑
j=1,2

∥∥∥∥(Fk,σ)
N
j − 1

2

∫
σ

b · nkσ(uσ)
N
j + ΛΓ(uσ)

N
j

∥∥∥∥2
Λ−1

Γ

≤ 1

4

∑
j=1,2

∥∥∥∥(Fk,σ)
0
j −

1

2

∫
σ

b · nkσ(uσ)
0
j + ΛΓ(uσ)

0
j

∥∥∥∥2
Λ−1

Γ

.

This yields the convergence of the sequence uMj ,n toward 0 in the discrete H1 norm
and completes the proof of the theorem.

Given an approximation (3.6) on a composite mesh T , the inverse question is
whether it is possible to construct a discrete Schwarz algorithm that converges toward
(3.6). An answer to this question is given in the next theorem.

Theorem 3.3. Consider in (3.6) the convective discrete fluxes defined by constant

flux B̃σ := B̃ for all σ ∈ E, where B̃ satisfies (2.11) and the additional condition

(3.13) B̃(s) > −1 +
1

2
|s|.
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Redefine for all σ ∈ EΓ the distance dkj ,σ = 1
2dσ (see Figure 3), and define the discrete

convective fluxes in the Schwarz algorithm (3.4) by

Bσ(s) =

⎧⎨⎩
B̃(s) if σ 
∈ EΓ,

B(s) := −1

2

(
1− B̃(2s)

)
+

1

2

√
(1− s+ B̃(2s))(1 + s+ B̃(2s)) if σ ∈ EΓ.

(3.14)

Then Bσ is a new admissible flux in the sense of (2.11), and (3.6) is the limit of
the Schwarz algorithm (3.4).

Proof. By the proof of Theorem 3.2 above, (3.6) is the limit of the Schwarz
algorithm (3.4) if and only if (3.10) holds for any σ ∈ EΓ. Since Bσ is even, the
assumption dkj ,σ = 1

2dσ implies that Bk1σ = Bk2σ = Bσ(s) for s =
bσdσ

2νσ
. Then (3.10)

can be rewritten as

(3.15) B̃(2s) = B(s) +
1
4s

2

1 +B(s)
.

Given s and B̃(2s), this yields a second degree equation for B(s),

X2 + (1− B̃(2s))X +
1

4
s2 − B̃(2s) = 0,

whose only solution satisfying B(0) = 0 is given by (3.14). It is then easy to see that
B is an even Lipschitz function of s and that

1 +Bσ(s) ≥

⎧⎨⎩
1 + B̃(s) if σ 
∈ EΓ

1

2
(1 + B̃(2s)) if σ ∈ EΓ

≥ 1

2
(1 + c).

In that sense, it is a new admissible flux in the sense of (2.11).

Remark 3.4. Assumption (3.13) is satisfied by the upwind scheme, the Scharfetter–
Gummel scheme, and the centerd scheme provided |s| < 1. The Scharfetter–Gummel
scheme, as described in [6], is obtained by computing the fluxes such that the solu-
tion on the line (xk,xl) of the boundary problem − νσ

dσ
ũ′(θ) + bkσũ(θ) = 1

|σ|Fk,σ =

− 1
|σ|Fl,σ, ũ(0) = uk with ũ(θ) = u(xk+θ(xl−xk)) satisfies ũ(1) = ul. It seems to be

particularly well adapted for the Schwarz algorithm with the assumption of Theorem
3.3, since in that case B̃σ = Bσ as depicted in Figure 5. Figure 5 shows in the other
cases that the new convective flux adds more diffusion on the interface.

Remark 3.5. The a priori estimate in Theorem 2.7 requires some geometrical
properties of the domain through the Poincaré inequality that we implicitly use. The
extended Poincaré inequality proved in [6] only requires connectedness of the domain.
There is an example in [4] of the application of a Robin–Schwarz algorithm with
improved finite volume (DDFV) discretization in the case of a nonconvex domain.

4. Numerical experiments. The aim of this section is first to evaluate nu-
merically the accuracy of the schemes introduced in section 2 and second to evaluate
the efficiency of the Ventcell–Schwarz algorithm compared to Robin–Schwarz. The
domain Ω =]− 1, 1[×]0, 1[ is split into Ω1 =]− 1, 0[×]0, 1[ and Ω2 =]0, 1[×]0, 1[ with
an interface Γ at x = 0.
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B̃SG

BSG

| s2 | − 1

Fig. 5. The different functions ˜B and B in (3.14).

(a) b = b1 (b) b = b2 (c) b = b3

Fig. 6. Comparison of the accuracy for various choices of the discrete flux B.

The diffusion and reaction parameters are fixed equal to ν = 0.1, η = 1. Three
different advection terms are investigated. The first corresponds to balancing advec-
tion and diffusion, the second to an advection-dominated problem, and the third to
rotating advection:

b1(x, y) =

(
1
1

)
, b2(x, y) =

(
10
1

)
, b3(x, y) =

(
− cos(πx) sin(πy)
sin(πx) cos(πy)

)
.

The source f is such that the exact solution of (1.1) is u(x, y) = sin(3πx) sin(3πy).

4.1. Accuracy of the scheme with Ventcell boundary condition. We
illustrate here the convergence behavior of (2.16), (2.17) in Ω2, with Ventcell boundary
condition on Γ for given coefficients p = q = 1.

In Figure 6 the accuracy of upwind and Scharfetter–Gummel schemes is compared
in the discrete L2 and H1 norms. The centerd and Scharfetter–Gummel schemes give
close results; therefore only one of them is represented. This is due to the facts that for
fine meshes bkσdσ

νσ
� 1 and that BSG(s)−Bc(s) = O(s2) in the neighborhood of s = 0.

The errors produced by the Scharfetter–Gummel and upwind schemes are relatively
close in the H1 norm, bounded respectively by CSGsize(M) and Cupsize(M) with
CSG ≤ Cup. If the error is measured in the L2 norm, however, a superconvergence
effect occurs for the Scharfetter–Gummel scheme, that is, an error O(size(M)2). In
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the case of dominating advection b = b2, the Scharfetter–Gummel scheme is clearly
a better approximation for both coarse and fine grids.

4.2. Convergence behavior of the Schwarz algorithm. We compare in this
paragraph the convergence behavior of the optimized Schwarz algorithm for Robin
and Ventcell transmission conditions. Asymptotic values for the parameters were
obtained in [9] for Ω = R, and Ωj = R±, as follows. By a Fourier transform in the
second variable, a local convergence factor is defined, and the convergence factor of
the algorithm is defined as the maximum in absolute value over all frequencies which
would be present in the solution if it were represented on a grid of size h. Optimal
parameters p and q are computed asymptotically so as to minimize the convergence
factor and given by

Robin: p� =
1

2
h− 1

2

√
2πν(b2x + 4νη)

1
2 , q� = 0,(4.1)

Ventcell: p� =
h− 1

4

2

4

√
νπ(b2x + 4νη)

3
2

2
, q� =

h
3
4

2
4

√
8ν

π3
(b2x + 4νη)−

1
2 .(4.2)

The corresponding theoretical convergence factor of the algorithm (i.e., the factor of
reduction of the L2 norm of the error in one iteration) is

(4.3) Robin: ρ� = 1−O(h
1
2 ), Ventcell: ρ� = 1−O(h

1
4 ),

showing a drastic theoretical asymptotic improvement from Robin to Ventcell, since
it is less dependent on the size of the mesh.

The value of bx in the formula is b · n when the advection is constant along the
interface. In the case of variable advection b = b3, the choice of bx is the mean value
along Γ of the function b · n. We have tested a local choice for these parameters as
well, but the convergence seems to be slightly improved by this global choice.

We illustrate our results on the two families of triangular grids presented in
Figure 7, one conforming (Grid # 1), the other nonconforming (Grid # 2) at the

(a) Grid # 1, refinement # 1 (b) Grid # 1, refinement # 2

(c) Grid # 2, refinement # 1 (d) Grid # 2, refinement # 2

Fig. 7. The two families of meshes. The family Grid # 1 is an example of triangular meshes
conformal at the interface x = 0. The family Grid # 2 is an example of triangular meshes with
nonconformal edges at the interface x = 0.
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Fig. 8. L2 norm error w.r.t. iterations for increasing mesh refinements for Scharfetter–
Gummel approximation and b = b1. Left: Grid # 1. Right: Grid # 2.

Fig. 9. H1 norm error w.r.t. iterations for increasing mesh refinements for Scharfetter–
Gummel approximation and b = b1. Left: Grid # 1. Right: Grid # 2.

Fig. 10. H1 norm error w.r.t. iterations for increasing mesh refinements for Scharfetter–
Gummel approximation and b = b2. Left: Grid # 1. Right: Grid # 2.

interface Γ. We refer to [16] for examples on square grids. Figures 8–12 show the con-
vergence history for increasing mesh refinement, defined by the parameter i = 3, 4, 5, 6.
The algorithm is stopped as soon as ‖uT ,n+1 − uT ,n‖H1 ≤ 10−7. The experiments
show that the choice of the distance dk,σ has a low impact on the convergence, and
therefore we have chosen dk,σ = d⊥

k,σ in Figures 8–12.

4.3. Comparison of Robin– and Ventcell–Schwarz algorithms for the
Scharfetter–Gummel scheme. Figures 8 and 9 display the convergence history in
the L2 norm and H1 norm, respectively, for the advection b = b1.

Figures 10 and 11 display the convergence history in the H1 norm for the advec-
tion vectors b = b2 and b = b3.
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Fig. 11. H1 norm error w.r.t. iterations for increasing mesh refinements for Scharfetter–
Gummel approximation and b = b3. Left: Grid # 1. Right: Grid # 2.

Fig. 12. H1 norm error w.r.t. iterations for increasing mesh refinements. Comparison between
the upwind scheme and the Scharfetter–Gummel scheme for b = b2. Left: Grid # 1. Right: Grid
# 2.

Table 1

Robin versus Ventcell. The values of α in the case of Scharfetter–Gummel scheme L2 norm.

Grid # 1 Grid # 2
α b1 b2 b3 b1 b2 b3

Robin 0.47 0.43 0.47 0.45 0.40 0.49
Ventcell -0.02 0.06 0.01 0.08 0.04 0.20

Note that the case b = b2 (advection-dominated case) requires a finer mesh, able
to capture the advection. Therefore we have considered refinements up to eight times.
For the various types of advection, for conforming or nonconforming meshes, the gain
of using the Ventcell transmission condition is spectacular: the convergence is faster
and hardly dependent on the mesh size. The behaviors in the L2 norm or H1 norm
are very similar. Furthermore the Ventcell–Schwarz algorithm behaves much better
for nonconforming grids than the Robin–Schwarz.

The slopes of the convergence curves in the figures above, for different values of
the mesh size, provide a coefficient α in the discrete convergence factor ρd ∼ 1−Chα,
to be compared to 1/2 and 1/4 in (4.3). These coefficients are given in Table 1. They
are even better than the theoretical ones. For all types of advection, even in the
nonconforming case, the numerical convergence factors are almost independent of the
mesh size.

Concerning a discrete analysis of convergence, a general argument in [18] in the

finite element framework asserts that if p = O(h− 1
4 ) and q = O(h

3
4 ), the spectral

radius of the iteration matrix is 1−O(h
1
4 ). However, in the finite volumes framework,

special care should be given to the treatment of the boundary operator; see [13]. The
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ideas in these two papers could be coupled to produce a discrete convergence factor
for our algorithm.

4.4. Comparison of two discretization schemes. All the results above are
asymptotic results when the mesh size is small. Figure 12 displays the convergence
history when using the upwind scheme and the Scharfetter–Gummel scheme for b =
b2 with a coarse mesh. The approximate values are those in (4.2), and these plots
show that these coefficients are still relevant, even though the dependency in h is not
perfect.

We saw in Figure 6 that for the advection-dominated problem, the Scharfetter–
Gummel scheme is more accurate than the upwind scheme. We furthermore see here
that associated to a Schwarz algorithm, the convergence is also much faster than for
the upwind scheme, especially for coarse grids.

5. Conclusion. We have introduced and analyzed a new nonoverlapping domain
decomposition algorithm for finite volume approximation of the advection-diffusion
equation in two dimensions. It relies on the Ventcell transmission condition and con-
verges much faster than when using the Robin condition. Only continuous coefficients
were considered for simplicity, but the extension to discontinuous viscosity across the
interface can easily be done. In the case of strong anisotropy, it will be interesting
to use more versatile schemes such as DDFV schemes, in the spirit of [4] and [13].
The computation of order 2 optimized parameters is a great challenge in that case.
Extension to three dimensions should be forthcoming in the case of admissible fi-
nite volume three-dimensional meshes, as the analysis of the three-dimensional FV4
schemes does not bring additional difficulties (see [10, 12]). Admissibility in the finite
volume sense though induces restrictions on the meshes. One way to overcome these
restrictions is to use the above-mentioned more evolved DDFV schemes. The three-
dimensional extension of DDFV Schwarz algorithm using one of the three-dimensional
DDFV schemes (see [3, 2, 8]) will be a substantial improvement.

Acknowledgments. The authors would like to thank the anonymous referees for
many valuable comments. Special thanks to Juliet Ryan from ONERA, who greatly
helped the presentation of the paper.

REFERENCES

[1] Y. Achdou, C. Japhet, F. Nataf, and Y. Maday, A new cement to glue non-conforming
grids with Robin interface conditions: The finite volume case, Numer. Math., 92 (2002),
pp. 593–620.

[2] B. Andreianov, M. Bendahmane, and F. Hubert, On 3D DDFV discretization of gradi-
ent and divergence operators. II. Discrete functional analysis tools and applications to
degenerate parabolic problems, Comput. Methods Appl. Math., 13 (2013), pp. 369–410.

[3] B. Andreianov, M. Bendahmane, F. Hubert, and S. Krell, On 3D DDFV discretization
of gradient and divergence operators. I. Meshing, operators and discrete duality., IMA J.
Numer. Anal., 32 (2012), pp. 1574–1603.

[4] F. Boyer, F. Hubert, and S. Krell, Non-overlapping Schwarz algorithm for solving 2D
m-DDFV schemes, IMA J. Numer. Anal., 30 (2009), pp. 1062–1100.

[5] R. Cautrès, R. Herbin, and F. Hubert, The Lions domain decomposition algorithm on non-
matching cell-centred finite volume meshes, IMA J. Numer. Anal., 24 (2004), pp. 465–490.

[6] C. Chainais-Hillairet and J. Droniou, Finite volume schemes for non-coercive elliptic prob-
lems with Neumann boundary conditions, IMA J. Numer. Anal., 31 (2011), pp. 61–85.

[7] C. Chniti, F. Nataf, and F. Nier, Improved interface conditions for 2D domain decomposition
with corners: A theoretical determination, Calcolo, 45 (2008), pp. 111–147.

[8] Y. Coudière and F. Hubert, A 3D discrete duality finite volume method for nonlinear elliptic
equation, SIAM J. Sci. Comput., 33 (2011), pp. 1739–1764.



FV SCHWARZ ALGORITHMS WITH VENTCELL BC 1291

[9] O. Dubois, Optimized Schwarz Methods for the Advection-Diffusion Equation and for Problems
with Discontinuous Coefficients, Ph.D. thesis, McGill University, Montréal, Canada, 2007.
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