FLUCTUATION EXPONENTS AND LARGE
DEVIATIONS FOR DIRECTED POLYMERS IN A
RANDOM ENVIRONMENT

PHILIPPE CARMONA AND YUEYUN HU

ABSTRACT. For the model of directed polymers in a gaussian ran-
dom environment introduced by Imbrie and Spencer, we establish:
e a Large Deviations Principle for the end position of the poly-
mer under the Gibbs measure;
e a scaling inequality between the volume exponent and the
fluctuation exponent of the free energy;
e a relationship between the volume exponent and the rate
function of the Large Deviations Principle.

1. INTRODUCTION

Let us first describe the model of directed polymers in a random envi-
ronment introduced by Imbrie and Spencer [12]. The random media is
a family (g(k,z),k > 1,2 € Z%) of independent identically distributed
random variables defined on a probability space (29, F¥) P). Let
(S,) be the simple symmetric random walk in Z2. Let P, be the prob-
ability measure of (S, )ney starting at z € Z¢ and let E, be the corre-
sponding expectation.

The object of our study is the Gibbs measure (-)™ which is a random
probability measure defined as follows: Let €2, be the set of nearest
neighbor paths of length n:

def

Qn—{'y:[l,n]—>Zd,|7(k)—7(k—1)|zl,k:2,...,n}.

For any measurable function F': €, — R,

1 Ho(g, de u . .
75 B (FO07) Hgm® 29t (@).

where here and in the sequel, 5 > 0 denotes some fixed positive con-
stant and Z,(/3) is the partition function:

(F(S)™ =

(1.1) 2,(8) = Z,(B:.9) = Bo(M009)).
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In other words, for a given realization g(w) of the environment, the
Gibbs measure gives to a polymer chain v having an energy H,(g,)
at temperature T' = %3, a weight proportional to e?#n(9:7),

Dating back to the pioneer work of Imbrie and Spencer [12], the sit-
uation in dimension d > 3 is well understood for small 3 > 0. There
exists some constant 3y > 0 such that for all 0 < 8 < (y, S, is diffusive
under (-)(™.

Theorem A (Imbrie and Spencer [12], Bolthausen [3], Sinai [21],
Albeverio and Zhou [1]) If d > 3, then there exists By = Bo(d) > 0 such
that for 0 < 3 < (o,

([:8a[*)

(1.2) -

— 1 Pa.s..

It is believed in many physics papers (see e.g. [10, 13]) that for low
dimension d = 1,2 and 3 small enough (|S,|>)™ behaves as n* for
some ( > % However no rigorous proof has been given yet.

The aim of this paper is to establish some results when the random
media is given by i.i.d. N(0,1) gaussian random variables. Our results
will be available for all dimension d > 1 and 3 > 0; however, the
behavior of (-} will be much different from small 3 to large 3 even
in the same underlying d-dimensional lattice space.

Our first result is a large deviations principle for the end position of
the polymer under the Gibbs measure. Denote by p(f3) the free energy
which plays an important role: for d > 1 and § > 0,

def 1 . 1 ﬁQ
(1.3) p(B) = sup —Elog Z,(8) = lim —log Z,(3) € (0, 7], Pa.s.

n>1 n n—oo N

(the above limit exists and also holds in L!'(P), cf. Section 2. Let

Addéf{:r = (71,...,2q) € R . |21] + ... + |zg| < 1}. Let Ay be the

interior of A, and 04y its boundary. We have

Theorem 1.1. For d > 1 and 3 > 0, there exists a deterministic
convez rate function Iz : Ag — [0,log(2d) + p(B)] such that P-almost
surely,

Sn

€ F)™ < —inf I4(€), for F closed C Ay,

1
i —1
im sup - og( < Inf

n—oo

n
liminfllog<sn e G)™ > —inf I4(€), for G open C Ay

n—oo 1 n EeG

The function Iz is continuous in the interior of Ay and

(1.4) lim Ig(y) = Ig(x), Ve dA,.

y—x:yEAY
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We shall prove that the rate function Iz is exactly the pointwise rate
function at least in the interior of Ay:

Theorem 1.2. Letd > 1 and > 0. For 6 € &d NQY, we have

1 n
(1.5) ~log Lsmno) — —I5(0), P —a.s,

where we take the limit along n such that Py(S,, = n#) > 0. Moreover,

13(0) = 0, 13(&1, -, &a) = 13(£Eo1), - £ &o(a)) for any permutation o
of [1,...,d], and for e; = (1,0, ...,0) € Z%, we have

(1.6) Ig(e1) = log(2d) + p(3).

Finally, there exists some positive constant cq > 0 only depending on d
such that

1) 1O > (el - (-

+
> p(ﬁ))) , §E€ A
For the sake of notational convenience, we have omitted (and shall
omit) the dependence on d in I3 (and in other quantities).

Remark 1.3. It remains open to characterize the zero set of Ig. In
the convergence (1.5), we do not know what happens with a general
boundary point 0 € 0A,;. However, (1.6) shows that (1.5) still holds
for those 2d boundary points.

Our second result is a scaling inequality between the volume exponent
and the fluctuation exponent of the free energy. Following Piza [18] we
define the volume exponent

¢ inf {a > 05 (Tmasye, Isel<ne)) ™ — 1in P pmbabﬂity} ’

and the fluctuation exponent of the free energy

X = sup {a > 0 : Var(log Z,,) > n** for all large n} ,

with the convention here that sup®) = 0. We shall establish a scal-
ing inequality similar to the one obtained by Piza [18] in a different
framework. He works with a polymer model more related to oriented
percolation, where furthermore the potentials g are assumed non posi-
tive.

Theorem 1.4. For alld>1 and > 0,

1—d¢
> .
X=""7
Remark 1.5. If we belicve the superdiffusivity of (S,) under (-)(,
r.e. (> % (which is always unproven to our best knowledge), the above

result makes sense only in the one-dimensional case.
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The large deviations result (Theorem 1.1) may seem at first sight highly
uncorrelated to these two exponents ¢ and y. However, there is a close
relationship between the volume exponent and the rate function Iz of
the large deviations principle.

Theorem 1.6. Assume that for some constants o > 1 and ¢ > 0, the
rate function satisfies:

(1.8) 15(60) > c¢|0]*, Vo eAy.
Then, the volume exponent satisfies:
1
L. <1-——.
(19) (<1- o

Using the lower bound of I in (1.7), we deduce from Theorem 1.6 the
following corollary:

Corollary 1.7. We have
(1.10) pP) =~ = (<

(1.11) — x>=, ifd=1.

When d > 3 and 8 > 0 is small, we have ¢ = 1/2, p(3) = $%/2 (cf.
Theorem A) and x = 0 (by using e.g. Theorem 1.5 of [4]), therefore
(1.10) does not give any effective bound in this situation; however, it
seems interesting that some (rough) bounds on volume and fluctuation
exponents can be obtained only in terms of free energy.

It is worthy noticing that in two related models, the exponent 3/4 is
universal for all d > 1 and # > 0. More precisely, when (.S,,) is replaced
by a discrete time d-dimensional Brownian motion and g¢(-,-) by a
gaussian fields, Petermann [17] showed ¢ > 3/5 in the one-dimensional
case and Mejane [15] showed ¢ < 3/4 for all d > 1. Comets and
Yoshida [6] recently gave another model with Brownian motion in a
Poisson environment, they also showed that ¢ < 3/4. In both these
models, the Girsanov transform for Brownian motion plays a crucial
role which allows to obtain that 5(6) = [0]?/2 (see Theorem 2.4.4
in [6]). It would be very interesting to obtain an invariance principle
between the Brownian motion model and the random walk model.

We are much inspired from Talagrand [23] for the use of concentration
of measure and integration by parts. Furthermore, we would like to
stress the fact that while in spin glasses the covariance structure of the
energies of configurations is influenced by the exchangeability of the
individuals spins, in the polymer model it is influenced by the Markov
property of the underlying random walk.

This paper is organized as follows: In Section 2, we estimate the rate
of convergence of n-th free energy (Propositions 2.3 and 2.4) by using
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the concentration inequality; The proof of Theorem 1.1 is given in
Section 3 by using the subadditivity, whereas Theorem 1.2 is proven in
Section 4 with Lemmas 4.1 and 4.3; In Section 5, we give a weak law
of large numbers for the polymers measure with biased random walk;
In Sections 6 and 7, we prove respectively Theorem 1.4 and Theorem
1.6.

Throughout this paper, ¢, ¢, ¢’ denote some unimportant positive con-
stants whose values may change from one paragraphe to another.

Acknowledgements: We are grateful to an anonymous referee and
an associated editor for their careful reading on the preliminary version
and for their suggestions and comments.

2. NOTATIONS AND BASIC TOOLS

For the sake of notational convenience, we omit sometimes the de-
pendence of 3 in the partition functions. In addition to the partition
function Z,,, we define the partition function starting from z:

Zo(x) = Zn(2;9) EE, (eﬁH"(g’S)> , Haulg,n) = Zg(m(i)),

and the point to point partition function

Zn(ma y) = Zn(x7 Y; g) = Eﬂﬁ (eﬁHn(gﬁ)l(Sn:y)) :

This function is strictly positive if and only if there exists a nearest
neighbor path of length n connecting = to y, i.e. P,(S, =y) = Po(S, =
y —x) > 0. We shall denote this fact by y — x <= n. Observe that

d d
x < n if and only if n—ij =0 (mod 2) and Z|x]| < n,
1 1

with z = (21,...,24) € Z% We shall also write Z to mean that the

r<—n

sum is taken over those x such that z «<— n. Let 7,, be the time shift of
order n on the environment:

(Thg)(k,z) = g(k +n,z) (xeZk>1).
Our first tool is the

Lemma 2.1 (Markov Property). For every integers n,m and every
x,y € Z%, we have:

(2.1) T (@) = Z0(2,95.9) Zn (43 T 9)

(2.2) Tnim(®,2) = > Zn(,559) Zm (Y, 2 Tg)
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Proof: The two identities are proved similarly, with the help of the
Markov property for the random walk S,,. Indeed,

n-+m

Hyim(9,8) = Y 9(i,5:) = Hu(g,8) + Hpn(7ng, Sny-)

i=1
Therefore,

Zn+m(ﬂj, g) = ]E‘.’E (eBHn(gvs)eﬁHm(Tng,Sn+.)>
= B <65H"(g’s) Zn(Sn; Tng)>

Yy

O
Let us recall the concentration of measure property of Gaussian pro-
cesses (see Ibragimov and al. [11]).

Proposition 2.2. Consider a function F : RM — R and assume that
its Lipschitz constant is at most A, i.e.

[F(z) = Fy)l < Al —yll  (z.y e RY),

where ||z|| denotes the euclidean norm of x. Then if g = (g1, ..., 9m)

are i.i.d. N(0,1) we have

P(|F(g) — E(F(g))| > u) < exp(—

u2

Following Talagrand [22], we apply this Proposition to partition func-
tions. Define for n integer p,(3) = E[2log Z,(8)]. It is easy to es-
tablish the convergence of the free energy (1.3) (cf. [4]). Indeed, we
deduce from Lemma 2.1 that the sequence n — p,(3) = 2E[log Z, ()]
is superadditive so p(3) = lim p, (/) is well defined. The concentration
of measure (Proposition 2.3) implies that < log Z,(3) — p,(3) — 0 a.s
and in L'. See also Comets, Shiga and Yoshida [5] where they studied
general environments g by using martingale deviations.

Proposition 2.3. (i) For any u > 0, and z < n,

23 P[R9 - mlo) 2 ) < w55
(24) P (|log Z,(0,2) — E[log Z,(0,z)]| > u) < exp(—zz )

(it) Let v > 1. Then almost surely there exists no(w) such that for
every n = ny:

(2.5) |log Zu(8) — npa(B)| < 1
(2.6)|log Z,(0,z) — E [log Z,,(0,2)]| < n”

n (x € Z% x «n).



(iii) There ezists a constant ¢ = c¢(d, 5) > 0 such that:
1
Eexp <%‘ log Z,,(0, ) — E(log Zn(O,x))D <c (n>1,2 < n).

Proof: (i) Fix n. Consider the set = = {(i,z): 1 <i <n, x < i} and
let M = #=. We define a function F : RM¥ — R by

F(z) =logE, -exp(ﬁ Z Zi,Si)]
i i=1
= logEq :exp(ﬁ Z Zig 1(51:1))]

(i,x)€E

= logEg _eﬁas'z] ,

where 2z = (zi4,(i,2) € Z) € RM and a7 € R is the vector with
coordinates:
0/, = Lao=n)  ((,2) €F).
Cauchy-Schwarz’” inequality yields that
a7z —a7.2] < lla| ]2 — 2/l = v ll= — .

Therefore, F has Lispschitz constant at most A = 3/n, and we obtain
the concentration of measure inequality (2.3). The inequality (2.4) is
obtained in the same way.

(ii) The second part of the Proposition is proved by introducing the
events:

A, = Upn{|log Z,,(0,2) — E[log Z,(0,2)]| > n"}
U {[log Z,.(8) — npn(3)| = n"}.

), >, P(A,) < +00 and we conclude

n2u—1

Then, P(A4,) < cgn? exp(—"55-

by Borel Cantelli’s Lemma.
(iii) The third part is a straightforward consequence of the concentra-
tion inequality

Eexp (%‘ log Z,,(0, z) — E(log Z,(0, $))|>
_ /OOO P (|log Zu(0,2) — E [log Z,(0,2)]| > v/n logv) dv

<1+ /100 exp <_(102gﬁ?21)2) dv

=c(d,f) < 4o0.

Proposition 2.4. Fixz v > %
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(i) For all large n, we have
1
E[log Z,(8)] <n” + §E [log Z5,(0,0)].

(i) For m large enough

%E&mZmWngw>§

and almost surely, for m large enough
1 _
L log Z,(8) —m" < p(5) <
(iii) Almost surely for all large even n,

0 > log(l(s,=0)™ > —n".

B [log Z(9)] + "

Proof: (i) The Markov Property (Lemma 2.1) implies that for z € Q?
such that nz « n,

Z9,(0,0; 9) > Z,(0,nz; ) Zn(nx, 0;7,9) -

Therefore,
(2.7)
E [Z5,(0,0)] > E [log Z,(0, nx)]+E [log Z,(nx,0)] = 2E [log Z,, (0, nx)] .

Let % <V <vandlet e =n". Then,

1
E[log Z,] < —logE|[Z;] (Jensens’ inequality)
€
) _
< —logE Zn(0,2)° i D<ex<1
< —log g;:n ( ZL‘)] (since e<1)

1
= ZlocE 6e(log Zn(0,z)—El[log Zn(O,Z)])eeE[log Zn(0,z)]
“logE | >

Lz—n

IN

rn

< Liog o + 1y be o)
€

1
< + 5B [log Z2,(0,0)],

for all large n.

(ii) The second claim in (ii) follows from the first one and from the
concentration of measure property. We omit the parameter 5. By
construction L+ E [log Z,,] < p(8). Therefore, we only need to establish
that for m large enough

p(B) < %E log Z,,,] + m"~".

1
~log (c D Bl Z"(O’x)]> (by Proposition 2.3)
€

(by (2.7))
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Fix a large m and a small 0 < ¢ = ¢(m) < 1 whose value will be
determined later. Define

he(n) € 1og E[Z¢] > ¢E [log Z,] .

Observe that by the Markov property and the concavity of x — x¢,

s = (X 2059 2w mg) )|

TN

<Y Zi(0,7;9) Zi(w; Tg) -

r<—n

Hence, by independence,

he(n+ k) <log (Y E[Z:(0,2:9) B Zi(x: 7))

< log ((2n)"E[ZS] E [Z5))
— he(n) + he(k) + dlog(2n) .

Thanks to Hammersley’s general subadditivity theorem [9], the follow-
ing limit exists and satisfies: For all large m,
<

h(e) = lim he(n) <

n—+oo N m m

Recall that he(n) > €E[log Z,]. Hence, h(e) > ep(3). We now choose
e =m™ with 1/2 < v/ < v. We obtain that

he(m) =logE [edlog Zm—Ellog Z"L])} + €E [log Z,,]

he(m) N clogm ‘

< c+€cE[log Z,,] (by Proposition 2.3) .
Therefore,
h h 1 1 /
p(B) < © < c(m) TP UL [log Z,,] + ¢'m” "t logm,
€ me me — m

proving the desired result since v/ < v.

(iii) Combining (i) and (ii), we have that for all n even and large enough,
1 1

hence E<log(1(5n:0)>(")> > —n”. This in view of the concentration
property (Proposition 2.3) imply (iii). O

We end this section by recalling the well known result (see e.g. Tala-
grand [23])

Lemma 2.5. Let (g(i))1<i<n be a family of N(0,1) random variables,
not necessarily independent. Then,

B {m g(z')} < \/2logN.

1<i<N



10 P. CARMONA AND Y. HU

Proof: This short proof was given by M. Talagrand during the Ecole
d’été de Saint-Flour, but was not incorporated in the notes [23].

Let g* = maxj<;<y ¢g(i). Then for all real number z, by Jensen’s in-
equality

N
22

Nez = EZ e® > Ee®” > exp(zE(g")).
i=1
Therefore, %2 +log N > zE(g*) and optimizing for x = /2log N yields
the desired result. U

3. LARGE DEVIATIONS PRINCIPLE: PROOF OF THEOREM 1.1

The proof of Theorem 1.1, inspired from Varadhan [24], relies essen-
tially on the sub-additivity. Fix d > 1 and 3 > 0. Firstly, we establish
an auxiliary lemma:

Lemma 3.1. For any A > 0, there exists a continuous convex function

Iﬁ({\) : R4 — R, such that almost surely, for any & € Ay and any

sequence x,, € R? satisfying n — ¢, we have
1 A[Sn—nl\ (n A

The above limit also holds in L'. Furthermore, we have

I9(6) < p(B) +log(2d), €€ Ag,
where p(B) is the free energy defined in (1.3).
Proof: Define
VO (z,y; g) = logE, | #1905 = ASn—vll - g 2 74 4 € RY
For i > 0 and z € Z%, denote by 7;, the shift operator: 7,0 g(-,-) =
g(i+-x+-). Then ViV (z,5:9) = ViiV(0,y — 23700 09). Let n,m > 1

and z € Z% y, z € R% Since |Spim — y| < |Sn — 2| + |(Snim — Sn) —
(y — 2)|, we have

Vn(i)m(ﬁﬁ,y;g) > logEx[eﬁZ?+mg(i’S")e”\‘S”’Z‘e’M(S"*m’S”)’(y*Z)']

= log Ez |:€:32{L 9(2,5:)—A|[Sn—2z| GVTS\)(O,y—z;Tn’Snog)]

= Vno\) (I’, Z) + IOg Z O-n(u)evrs?)(&y—zn'n,uog)

uezd
(3'1) > Vn(’\)(:c,z) + Z Un(u) Vn(z)\)(oay_Z;Tn,uog)a
ucZd

by the concavity of the logarithmic function, and where

O'n(u) def e_Vrg/\)(m,%g) E, [eﬁzglg(ivsi)_)‘wn_z' 1(Sn:u):|
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satisfies ), 0,(u) = 1. Define
W) =B(VO0,59)),  yezt

Then vg)(y) = USL)‘)(—y) by symmetry. Since o,(-) is independent of
VTELA)(O, Y — 2, Tnu © g), we deduce from (3.1) that

A A
o) = B(V(0,4:9)) 2 oV() + oDy —2),  Wy,ze R
Observe the elementary relation:

M (y) — oV ()] < Ay —z],
vV (y) < npa(B) < np(B).

Using the subadditivity theorem, we obtain a function ¢, : R? —
(—o0, p(B)] such that ¢, is concave, A-Lipschitz continuous and for any
£ eR?

o ()

lim = or(§)-

n—00 —Hé n

Put
IO pB) -6 20, EeR,

gives the convergence in L! stated in the Lemma.
We shall prove the convergence a.s. by the concentration property of
Gaussian measure. Firstly, since

Az, — % -
7)\\Sn—xn\>(n) M, Vaﬁn,aﬁn 6 Rd)

— log(e MSn=inly)| <

1
E‘ log(e "

it suffices to prove that for any fixed ¢ € R,
1 —C —MN n
(3.2) ——log(e Sy 1), as.

Following the same lines as in the proof of Proposition 2.3, we deduce
from the concentration of Gaussian measure that almost surely, for all
large n,

‘log —X|Sn— n£|> — Elogle —X|Sn— n£| ‘_

for some v > 1/2 (the above estimate in fact holds umformly on ¢ €
Ay). This yields (3.2). Finally, for any ¢ € Ay, we take x,, € Z¢ such
that 22 — ¢ and P(S, = x,) > 0. It follows from Jensen’s inequality
that

<6—>\‘Sn_$ﬂ‘>(n) > <1(Sn:55n)>(n)

1 (eﬁ =7 9(6,5)
Zu(B)

> P<S _x"> exp (VB[ 3 900,515, = 2.])

1

S, = :L'n> P (S, =x,)
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which implies that for any A > 0,
IV (€) < p(B) +2(d/2m) V2| < p(B) + log(2d), € € Ay,

proving the lemma. U

The function [ é/\) is nondecreasing on A and we let A\ — 00, hence

the limit function Iz : Ay — [0,p(5) + log(2d)] is convex and lower
semi-continuous on Ay.

Proof of Theorem 1.1: The proof relies on an w-by-w argument.
Upper bound: It suffices to show that for any £ € A, and small € > 0,

. 1 n
hmsupﬁ 10g<1(\57n_g\ge)>( )< —I(8) + o(1),

where o(1) (possibly random) tends to 0 when € — 0. Let § > 0. Take
A > 0 be sufficiently large such that |I5(§) — Ié’\) (&)] < 6. Since the

number of lattice points ,, such that |2 —¢| < € is of order n?, we

obtain:

(Lysa_geg)™ = > s

Tpe=n: |2 —¢|<e
E <6—>\\Sn—xn\>(n)
Tpe=n: [T —¢|<e

(Qn + ]')d Ane
€

VAN

<67A|Snfn£\ ) (n)

Y

which in view of Lemma 3.1 imply that

1
lim sup — log(1su_¢c )™ < Ae = I§V(§) < —I5(€) + 2,

n—oo T
for e <o/
Lower bound: Let & € G such that I5(§) < co. We shall bound below
<1(|57n_§‘<€)>("). Let A be sufficiently large such that \e > I3(§) >

Ié’\) (¢) and I/ék) (&) = I5(€) + o(1). Therefore by using again Lemma
3.1, we have

(L5 _gg )™ = (=S 6l _g=hen > 187 @0+ 5 (~Ia(©)(1+o()n.

showing the lower bound.

The continuity of Iz in the interior of A, follows from the convexity.
It remains to show (1.4).
Since I3 is uniformly bounded below and above, we may repeat the
same argument in the proof of Theorem 10.4 ([20], page 86) and prove
that

limsup I(y) < Is(x),

yﬂx:yeﬁd
which together with the lower-continuity of Iz yields (1.4). O
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4. POINTWISE RATE FUNCTION: PROOF OF THEOREM 1.2

Before entering into the proof of Theorem 1.2, we need some prelimi-
nary lemmas (Lemma 4.1 is devoted to the proof of (1.6) and Lemma
4.3 to (1.5)).

Lemma 4.1. There exists a constant ¢ = c(d) > 0 such that for all
0<e<1/9,

(41) #QS) < ecnelog(l/e)7
where
00 L5 €0, 9(0) = 0, ()] > (1 - Jn, i = 1,...,d},

with v;(n) denoting the i-th coordinate of v(n) € Z. Consequently,
almost surely for all small € > 0,

: 1 n
(4.2) limsup - 10g<1(|57"761|g6)>( ) < d/elog(1/e) —log(2d) — p(p),

n—oo

for some constant ¢ = c/(d) > 0.

Proof: Let S} = S, - e; be the first coordinate of S,. Then (S}),> is
a symmetric random walk on Z with step distribution P (S} — S}, =
+1) =P(S}-S!_, =-1)=1/(2d) and P(Sp —Sp_, =0) =1—1/d.
The large deviations principle implies that

log P (|51 > (1= e)n) ~ —nsup (A1 =) = (1)) & —np*(1 o),

AER

where ¥(A) = log EeMSt = log(1+ %) Elementary computations
show that

P (1 —€) = log(2d) — (" 4+ o(1)) elog(1/e), € —0,
for some constant ¢’ > 0. This implies (4.1) by symmetry. Finally,

1 n
EE<10g<1(|STn_61|SG)>( )>

1
= EE<10gE[l(%n—eﬂse)ewn(g’s)}> —Pa(f)

log #Q
n ’YGQ%E) n

< By/2celog(1/e) + celog(1/e) — log(2d) — pu(B),

by applying Lemma 2.5 to the gaussian family {W,v € ng)}.
Thanks to the concentration inequality (2.6), we deduce from the Borel-
Cantelli lemma that almost surely for all large n,

[toa{1 52,120 ~ B(log(1 5, 20)) | = 06",

for any v > 1/2, which completes the proof. O

— log(2d) — px(0)
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The following lemma is an easy consequence of subadditivity:
Lemma 4.2. For any § € AyNQY,

e 1 ) 1
a(0) def sup —E < log Z,,(0, n9)) —p(f) = lim — log(l(sn:n9)>(")

nb—nn>1 T nf—nn—oo M
the above limit exists almost surely and in L'(P).

The function a(+) is auxiliary: In fact, according to Theorem 1.2, a(#) =

—15(0).
Proof: From the Markov Property (Lemma 2.1) we get that for x < n
and y <« m,

Znim(0,2 +139) > Zo(0,259) Zn (v, 2 + y; Tag)  (w,y € Z7).

Taking the expectation of the logarithm, we get, since 7,,¢ is distributed
as ¢,

E [log Z,+m (0,2 +y)] > E[log Z,(0,2)] + E [log Zy(z, z + y)]
(4.3) = E[log Z,(0,z)] + E [log Z,,(0, y)].
This shows that the sequence n — Elog Z,,(0,n) is super additive and
the standard subadditivity theorem and the concentration inequality
(2.6) yield that +log Z,(0,nf) converges almost surely and in L*(P).

The integrability is guaranteed by Lemma 2.5. This together with (1.3)
complete the proof. O

Lemma 4.3. For any 0 € AgNQ?, P almost surely,

1
lim liminf —log<1(|5n_ne|<m)>(n):a(ﬁ),

e—0 nf—nn—oo N

where a(0) has been defined in Lemma 4.2.

Proof: Pick asmall € > 0 such that 3ed < 1—|0|p1, where |01 o RS

Lfor 0 = (01, ...00) € Ay N Q™ Write 0 = (2,..., %) where py, ..., py €

Z and p is an integer such that p > 3.¢|p;|. We shall consider those
n — oo such that n/p is even. This choice ensures that nf < n. Let

ed n“ 2ed

k:k:TLZQ _— r\./—f"L7
o) =2 | = 5|~ T

where |x] denotes the integer part of x. For any x, € Z¢ satisfying

x, < n and |x, —nb| < en, we define z,, o (k+n)0—x, € Z%. Observe

that
|Znlrr < KlO]pr + dlxn, —nb] <k,
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by our choice of k = k(n). Hence 7, < k. By the Markov property
(Lemma 2.1), we get

Znir(0,(n+K)0) > D Z4(0,%,) Zu(Tn, (0 + k)0; 7ig)

Tn<—k

(4.4) > > Z(0,%0) Zo(Tn, (0 + k)6; Tg).

Tp<—n:|zn—nb|<en

Observe that by stationarity, Z,,(Z,, (n + k)0; 7.g) has the same law as
Zn(0,2,). It follows from (2.4) that for v > 1/2,

P<3xn S X, <N,

108 Zp (T, (n + k)03 Thg) — log Z, (0, z,)| > 2n”>

< ) P(I 108 Zn (T, (0 + k)05 Trg) — Elog Zu (T, (n + k)05 719)| > n”)

Tp N

+ Z P(‘ log Z,,(0, z,,) — Elog Z,(0, z,)| > n”)

Tp<—n

< 2(2d+ 1)),

whose sum on n converges. The Borel-Cantelli lemma implies that
almost surely for any % < v <1 and all large n,

(4.5) max |log Z,(Zn, (n + k)0; Teg) — log Z,(0, z,)| < 2n”.

Ve, —n
On the other hand, for any y «— k, Jensen’s inequality implies that

Elog Z;(0,y) = E [ logE (eﬁ >k g(i,5)

log P(Sk = y)
—klog(2d),

Sk =y)| +logP(S) = v)

>
>

which combined with (2.6) imply that almost surely for all large k,

(4.6) infk log Z(0,y) > —k(1 + log(2d)).
y(—)

Now, we can complete the proof of Lemma 4.3 by an w-by-w argument.
Almost surely, let n be large such that n/p is even. Injecting (4.5) and
(4.6) into (4.4), we get

Zuii (0, (n+k)g) = e MITsC= N7 (0,

Tnn:|zn,—nb|<en

— efk(lJrlog(Zd))—QnV Zn(ﬁ) <1(|Sn—n€|§en)>(n)'
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Since k = k(n) ~ %n, we deduce from the above estimate and
L

from Lemma 4.2 and (1.3) that

a(f) = lim

2 even,n—oo N+ k

<Zn+ké?;+(k”(;> l{;)&))

1 n
’ 10g(1 (15, ~no|<en)) "

> —ce+ liminf

nf—n,n—oo N

1
> —ce+(1+e) elim inf  —log(1(s, —noj<en)) "™,
nb<—n,n—oo N -
where ¢ > 0 and ¢ > 0 denote some constants depending on d and 6.
Let € — 0, we obtain that

1
limsup liminf —log<1(|5n,n9|<m))(”) < a(h),
" <

e—0 nb—n,n—oo
yielding Lemma 4.3 since (15, ngj<en))™ > (1(5,=ns))™. O

Combining Lemmas 4.3, 4.1 with Theorem 1.1, we immediately obtain
Theorem 1.2:
Proof of Theorem 1.2: The proof is again an w-by-w argument. Let
6 € AyNQ?%and let n — oo with nfl < n. Since the single point set
{6} is closed, we deduce from the upper bound of Theorem 1.1 that P
almost surely,

1
a(f) = lim —log(1(s,—ne))™ < —I5(0),
n—oo,nt<—n N
bu using the notation a(f) introduced in Lemma 4.2. To show the
lower bound, we can assume that g(&) < 00, because otherwise there
is nothing to prove. Pick a small ¢ > 0. Using the lower bound of
Theorem 1.1, we have that P almost surely, for all large n,

<1(|5—”79\<e)>(") > ¢~ Us@)+o(l)n

where o(1) — 0 when ¢ — 0. This in view of Lemma 4.3 imply that
a(d) > —15(0), completing the proof of (1.5).

To show (1.7), thanks to the concavity of the logarithm, we have that
for £ € Q¢ and né < n,

1 1
—E [10g Zn(07 nz)] < —logE [Zn<07 nf)]
n n
1 2
= —log (6"521[”0 [Sn = nﬂ) .
n
We conclude from the local central limit theorem. Finally, (1.6) follows

from (4.2) by letting € — 0. According to Proposition 2.4 (iii), we let
n — oo and obtain that I3(0) = 0. O
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5. A WEAK LAW OF LARGE NUMBERS

In this section, we present a law of large numbers for biased random
walk. Firstly, in view of Theorem 1.1, Varadhan’s lemma ([7], [8])
implies that

Proposition 5.1. For every A € RY, we have the convergence

1 n
lim —log <e’\'S">( ) = #5(\)  Pa.s. and in L'(P).

n—-4oco N,
with
¢5(A) = sup{A{ — I5(¢) : £ € Ay}

The function ¢z : RY — R is conver nonnegative, ¢5(0) = 0, and for
every permutation o: ¢g(Ai, ..., ) = ¢s(EAsq1), - - £ Ao(a)) -

We can also directly prove the above convergence by using the sub-
additivity.

We now state a Law of Large Numbersin dimension d = 1. Say (X,,)nen
is a nearest neighbour random walk on Z with mean a € [—1,+1] if X,
is the partial sum of iid variables with common distribution P(X; =
+1) = 4¢ and P(X; = —1) = 5% We define a polymer measure
(-)(m9) associated with (X,,) and (g(i,z)) in the same way as (-} does
to (S,) and (g(7,x)).

Proposition 5.2. Assume that the function ¢z is differentiable at A\ €
R. Then the walk (X,) satisfies a law of large numbers under the
polymer measure (-)tanhA)

(An

n
The exact value of ¢j5(A) is unknown. This very weak law of large
numbers is not a surprise for the symmetric random walk, since we

have then (S,)™'2 — (5™ and thus E [(Sn)(")} =0.

Proof: The function ¢g is the limit of the convex C! functions f,()\) =
%log <6)\Sn>(”)
almost surely

y(mtanhd) _, P5(N) almost surely .

. Therefore, since ¢g is differentiable at A (see Lemma 5.3),

/ ' / 1 <Sn€)\Sn>(n)

Define ¥()\) = log cosh(\). Then M) = *¥~"() is a martingale and
under the new probability

EXM [£(Sk, k < n)] < E, [ F(Si k< n)e)‘S”_”w(’\)]
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the nearest neighbour random walk S has mean tanh(\). Let us denote
by SW this walk; then almost surely

#,(A) = lim 1<S§ﬁ>>(”) ,

n—oo 1

which is the desired result. O

Lemma 5.3. Assume the sequence f, of real valued, differentiable,
conver functions converge on an open interval I to a function f. Then
f is convex, and for every x such that f is differentiable at x, f!(x)
converges to f'(x).

Proof: See Theorem 25.7 ([20], pp. 248). Although we only assume

the differentiability of f at one point, the argument in pages 249-250
still works. U

6. A SCALING INEQUALITY INVOLVING THE VOLUME AND THE
FLUCTUATION EXPONENTS: PROOF OF THEOREM 1.4

The following lemma is elementary, but nevertheless gives useful lower
bounds on the variance:

Lemma 6.1. ([16], Lemma 2) Let X € L*(Q, F,P) and assume that
G1, .., Gk, ... 15 a sequence of independent sub-o-fields of F. We have

Var(X) > f: Var(E [X|Qk]>.

Lemma 6.2. Denote by gla:W./\/(O, 1) a standard real-valued Gaussian
variable. For any 3 > 0, there exists some constant cg > 0 such that
for all u,v > 0, we have

1
Cov(log(u+e*89),log(v+eﬂg)) > 3 max (0, Lu<1,v<1)s %1(u>17v>1)).

Proof: Denote by f(u,v) the above covariance. Since f(u,v) =
Cov (log(1+ L), log(1+ 1 e%)), we get lim,_o f(u,v) = 0. Let g be
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an independent copy of g, we have
0 f 1 1
Audv (u,0) = COV(u +eP9’ v+ 659)
. 1 1
T [ (uteP) (v eP)  (ueP9)(v 4 ePT)
[ eB9 _ B9
| (u+ €e99) (v + eP9) (v + eﬂﬁ)}
r (5T — P9 (u + €79
ut o)t ) (o + )0+ )
r (57 — 9)efi
| (u+ €59)(u + ef9) (v + eB9) (v + eﬁg)]
BY _ oP9)2
(6.1) _lg (e — &) |,
27 [ (u+ef9)(u+ ef)(v+ ef) (v + efl)

where the last equality is obtained by interchanging ¢ and g. Remark
that for u,v > 0, lim,_ %(u, v) = 0, hence

o0 00 82
f(z,y) :/x du/y dvauéfv(u,v) > 0.

Going back to (6.1), we remark that
O*f

(u,v) = c € (0, 00),

~U=4,UxU >

and for all u > %,v > %,

0% f (u,0) 1 (eP9 — P9)2 - d
u,v) = — - )
oudv "’ 2uv? (1+ %eﬂg)(l + %eﬂg)(l + %eﬂg)(l + %eﬁg) — u2v?
From the above estimates, the desired conclusion follows. Ul

Proof of Theorem 1.4: Applying Lemma 6.1 to {o(g(j,2)),1 < j <
n,r € Zd}, we get

Var(log 2,(9)) = 375 Var(Ellog 2,(5) | (. 2)]).
Fix j < nandx € Z%such that z < j. Denote by D,,(g, S) L ATT 965,
We have
Zn(B) = Eg [Dn(% 5)1(53;&9:)} +Eo [Dj,l(g, 5)1(5]-:1)] ) Z,,_j(x, gob;)
It follows that
log Z,(6) = log <Y+eﬁg(j’m)>+10g |:Zn—j($7 got;)Eq [Dj—l(gv S)l(Sj:w)H )
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where Py [Sj = x} > 0 and

Ydéf ]EO [Dn(g, S)l(s]#x)}
Znj(%,9© 0;)Eo[Dj-1(g, §)L(s,=0)]

is independent of g(j,z). Since Z,_;(z,g 0 0;)Eq[D;_1(g, S)1(s,=)] is
also independent of g(j,z), we get

Var(E log Z,(8) | 9(j,2)]) = Vax(E [log(¥ +¢™02) | g(j,)])
~E { /y P ed) [10g(y + ¢%0)) — B [log(y + eﬁg“’”ﬂ]r
// (Y € dy)P (Y € dy») Cov(log(yl + eP90:2) Tog(y, + €290 )))
> o5 max <<P (Y < 1)) , (E [Y—ll(y>1>]>2>
> F(=0n3])

where the first inequality is due to Lemma 6.2. Recalling the definition
of Y, we remark that

. Lig.—p))® .
l — o P9) < (8= ) > P90 <1(Sj:gc)>(n)7

Y 1= (L(gy=a))™ —

which in view of Lemma 6.1 imply that
2

Var(log Z,) > %ﬁ S (E 1A (70902 (1, sj:x)>(”))]> .

j<n,xeZd

Pick ¢’ > (. Define M, (g )ﬁ MaX;<y |z|<n 9(J; 7). Cauchy-Schwarz’ in-
equality implies that

S (B[LA (659 (115,2)™)])

J<n,lz|<nd’

2

. 2
 (Sisnpacns BIOA (507 (145,0))])

- 2 j<m faf<ne’ 1
> n_1—c’d< Z E [1 A (e_M”(g) <1(sj_z)>(n))}>2
j<n,|z|<nd’
l 2
> ¢ d( Z E [(efM"(g) Lat,(9)>0) <1(Sf:x)>(n))})

J<n,|z|<nd’

2
B[ 120 (1gs0) ] )

1<n
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It follows from the standard extreme value theory [19] that if

Ny = {(G,w) s j < molal <n} = (n+ 120+ 1)? < n®!

then,
M,(g) -
v2log N,

We introduce the event

1
A, = {5\/210gNn <M, < 2\/210gNn} ,
hence P (A,) — 1. Let

(n)
Xn = < 1(Squ§n \SkISnC’)> € (0,1).

then X,, — 1 in probability thanks to the definition of . Therefore,
X, — 1in L'(P), and E[X,14,] — 1. So, there exists ny such that
for n > ny,

1, almost surely.

DO | —

Consequently, for n > ng and j < n,

(n)
E | e Mn(9) 1(Mn(g)20)< 1(‘Sj|§ncl)> } > E [e*Mn(g)anAn}
> exp(—Q 2log Nn)E [anAn]
1
> 5 exp(—2+/2log N,,) .

Hence
Var(log Z,,) > i—gnl_c/de_‘lm,

which implies that 2y > 1 — {’d for all (' > (, ending the proof. U

7. A RELATIONSHIP BETWEEN THE VOLUME EXPONENT AND THE
SHAPE OF THE RATE FUNCTION: PROOF OF THEOREM 1.6

Proof of Theorem 1.6: Fix v >  and 7 such that 1+ a(y — 1) >
v. Using the concentration of measure inequality as in the proof of

Proposition 2.3, it is easy to show that almost surely for n large enough,
for all k <n and z < k:

’log < 1(Sk:2’)>(n) - E [log < l(sk:z)>(n)] ‘ <2n”.

Assume that k is even, so that 0 «— k. Then, Markov property implies
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(145, >(n)  Zi(0,2) Zn (2 Tg)

B 3, 24(0.2) Za (i)
Zk( ,2) Zn-i(2;719)
Zlc( 70) n— k(o Tkg)

Since Z,_(z; T9) fa Zn—1(0; 71,g), we obtain
E [log ( 1<Sk:z)>(”’] < E(log 70, z)> - E(1og 70, 0)).

By Lemma 4.2 (recalling a(f) = —I3(6)), we have E(log Z (0, z)) <
—kI(Z) + kp(3). On the other hand, by means of Proposition 2.4 (i)
and (ii), E(log Zx(0, 0)> > kp(B) — k¥ for all large even k. It follows
that

E [log< l(sk:z)>(n)} < —klg(z/k) + K"

Hence, if |z| > n?, we get almost surely for large enough n,

(n)

log (L(s,=z)) < —klg(z/k) + k" + 2n”
< —cklz/k|" + 3n” (by assumption on Iz)
< —ck'n ™ + 3n¥ (since |z| > n?)
< —cn'Tte 4 3 (since k <n and o > 1)
< —( ptrotre,

Thus we have proven that for k£ even,

1" d fc/nl atya

(Lgsyzm) ™ < e
If k£ is odd, then

(n) (n)
< 1(‘Sk|2"7)> < < 1(\5k—1|2rﬂ—1)>
and we obtain the same type of upper bound.

It turns out that

(Lansn, \Skl>m>> < Z (1 |sk|>m)>(n) < "'pttle=d T
k<n

Therefore, P almost surely,
(n)
< L(maxi ISk\Sm)> — 1,
hence v > (. We conclude by letting v | % and v | 1 — i O
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