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Introduction

0.1. Introduction

• 1945 : Hochschild cohomology for associative algebras

Theorem.
HH•(A, M)∼= Ext•−1

A⊗Aop(A, M)

• 1948 : Chevalley-Eilenberg cohomology for Lie algebras

Theorem.
H•

CE(G , M)∼= Ext•−1
U(G)(K, M)

0.2. Introduction

• What about commutative algebras ?

• Can we always write the cohomology of commutative alge-
bras as an Ext-functor ?

0.3. Overview
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1.1. Operad An operad is an algebraic structure which encodes
the notion of composition.
That is a set of operations

@@ ~~•

endowed with a composition

@@ ~~ @@ ~~• KKK • •
sss
•

→ RRRR MMM @@ ~~qqq
•

Paradigm : The endomorphism operad

EndV := {Hom(V⊗n, V )}n∈N

1.2. Algebra and module

• An algebra over the operad P is a vector space A endowed with
maps

A A A
III uuu• → A

satisfying compatibility relations with the operad structure.

• An A-module over the operad P is a vector space M endowed with
maps

A M A A A
UUUUU KKK uuujjjjj
• →M

satisfying compatibility relations with the operad and the algebra
structures.

1.3. André-Quillen cohomology In a model categories setting,
we derive the functor of P -derivations from A to M.

Definition (Hinich, Goerss and Hopkins). Let R ∼−→ A be a cofibrant
resolution.

H•
P (A, M) := H•(Hom(LR/A, M)),

where LR/A is the cotangent complex.

How to make the cotangent complex explicit ?

1.4. Koszul duality theory We use operadic resolutions given by
the Koszul duality theory to make the cotangent complex explicit.

• P ◦B(P )(A) ∼−→ A augmented bar construction,
• P ◦P ¡(A) ∼−→ A Koszul complex,
• Ω(C )◦C (A) ∼−→ A coaugmented cobar construction.

More generally, we consider resolutions of the following type

P ◦C (A) ∼−→ A.

In this case,

LR/A
∼= A⊗P C (A) =⊕

A C (A) A A A
XXXXXXXX RRRR

uuujjjjj
• /∼

§2. Study of the cotangent complex

2.1. Study of the cotangent complex

• Let P ◦C (A) ∼−→ A be a cofibrant resolution of the P -algebra
A. When we apply the cotangent complex functor, we get a
map

LR/A = A⊗P C (A)→ LA/A = ΩP (A),

where ΩP (A) is the module of Kähler differentials of A.

• When this map is a quasi-isomorphism, we get that the coho-
mology can be written as an Ext-functor.

• Since we consider only functorial cofibrant resolution, we can
define a complex LP (depending only on the operad) such
that

LR/A
∼= LP ◦P A.

2.2. Study of the cotangent complex

Theorem. The following properties are equivalent

(P0) The André-Quillen cohomology is an Ext-functor;

(P1) the cotangent complex is quasi-isomorphic to the module of
Kähler differentials for any algebra A;

(P2) the cotangent complex is quasi-isomorphic to the module of
Kähler differentials for any vector space Atr;

(P3) the functorial cotangent complex LP := LP ◦P I is acyclic;

(P4) the module of obstructions OP is acyclic.
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2.3. Applications

Proposition. The functorial cotangent complex LCom is not acyclic.
More precisely,

H2(LCom) 6= 0.

Proposition. The functorial cotangent complex LP erm is not
acyclic. More precisely,

H2(LP erm) 6= 0.

2.4. The case of homotopy algebras Let P be a Koszul operad
and let P∞ := Ω(P ¡).
A homotopy algebra is a P∞-algebra.

Theorem. For any P∞-algebra A and any A-module M, we have

H•
P∞

(A, M)∼= Ext•A⊗P∞ K(ΩP∞
(A), M).

2.5. The case of homotopy algebras The maps of operads
P∞ → P endows any P -algebra A with a structure of P∞-algebra.

Theorem. For any A-module M over P , we have

H•
P (A, M) = H•

P∞
(A, M).

2.6. The case of homotopy algebras We observe that, in cer-
tain cases (P = Com, P erm, P oiss), the André-Quillen cohomology
cannot always be written as an Ext-functor over the enveloping al-
gebra A⊗P K. However, it can always be written as an Ext-functor
over the enveloping algebra A⊗P∞ K.

Corollary. Let P be a Koszul operad. We have

H•
P (A, M)∼= Ext•A⊗P∞ K(ΩP∞

(A), M).
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