The André-Quillen (co)homology of an algebra over an operad’

Introduction 1.3. André-Quillen cohomology In a model categories setting,
we derive the functor of P-derivations from A to M.

0.1. Introduction Lo . . ~ )
Definition (Hinich, Goerss and Hopkins). Let R — A be a cofibrant

e 1945 : Hochschild cohomology for associative algebras resolution.

Theorem. HY, (A, M) := H*(Hom(LLg 4, M)),

. ~ o—1
HH® (4, M) = Extyz p00 (A, M) where Lg, is the cotangent complex.

e 1948 : Chevalley-Eilenberg cohomology for Lie algebras
How to make the cotangent complex explicit ?
Theorem.

¢ ~ Ext 1 (K, M
Hep (G, M) Xtﬂ(g)( M) 1.4. Koszul duality theory We use operadic resolutions given by
the Koszul duality theory to make the cotangent complex explicit.

0.2. Introduction ~
e PoB(P)(A) — A augmented bar construction,

e What about commutative algebras ? o PoPi(A) A Koszul complex,

e Can we always write the cohomology of commutative alge- * Q(C)oC(A) —A  coaugmented cobar construction.

bras as an Ext-functor ? More generally, we consider resolutions of the following type
U A) = A.
0.3. Overview °oC(A4) =
In this case,
Contents A CA) AAA

L 2AQTC(A) =6 |/ ~
[
81. André-Quillen cohomology of an algebra over an operad

1.1. Operad An operad is an algebraic structure which encodes
the notion of composition.
That is a set of operations

§2. Study of the cotangent complex

2.1. Study of the cotangent complex

\‘/
! e Let Po C(A) = A be a cofibrant resolution of the P-algebra
endowed with a composition A. When we apply the cotangent complex functor, we get a
map
Lr/a =A% C(A) = Ly/a = Qa(A),
\L/\i/\./ XN\ where Qp(A) is the module of Kahler differentials of A.
,,,,,,,,,,,,,,,,,,, [
‘ e \When this map is a quasi-isomorphism, we get that the coho-
Paradigm : The endomorphism operad mology can be written as an Ext-functor.
Endy := {Hom(V®" V) },en e Since we consider only functorial cofibrant resolution, we can
define a complex Lp (depending only on the operad) such
that

LR/A = LT OrPA.
1.2. Algebra and module

e An algebra over the operad 7 is a vector space A endowed with 9 o Study of the cotangent complex

maps AAA Theorem. The following properties are equivalent
\+/ -4 (Py) The André-Quillen cohomology is an Ext-functor;
satisfying compatibility relations with the operad structure. (P1) the cotangent complex is quasi-isomorphic to the module of
e An A-module over the operad  is a vector space M endowed with Kébhler differentials for any algebra A;
maps AMAAA (P,) the cotangent complex is quasi-isomorphic to the module of

~\s M Kahler differentials for any vector space A'";
[

(P3) the functorial cotangent complex Ly := Ly op 1 is acyclic;

satisfying compatibility relations with the operad and the algebra ) ) )
structures. (P4) the module of obstructions O is acyclic.
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2.3. Applications

Proposition. The functorial cotangent complex L. -, is not acyclic.
More precisely,

HZ(LCam) 7& 0.

Proposition. The functorial cotangent complex Lgpe., is not
acyclic. More precisely,

H2 (H{Perm) 7& 0.

2.4. The case of homotopy algebras Let P be a Koszul operad
and let P, := Q(P1).
A homotopy algebra is a P..-algebra.

Theorem. For any P..-algebra A and any A-module M, we have

HZP(,Q (Av M) = EXt:; (Qi’m (A)v M)

@PoK

2.5. The case of homotopy algebras The maps of operads
P.. — P endows any P-algebra A with a structure of P.-algebra.

Theorem. For any A-module M over P, we have

H, (A, M) = HY_ (A, M).

2.6. The case of homotopy algebras We observe that, in cer-
tain cases (P = Com, Perm, Poiss), the André-Quillen cohomology
cannot always be written as an Ext-functor over the enveloping al-
gebra A % K. However, it can always be written as an Ext-functor
over the enveloping algebra A % K.

Corollary. Let P be a Koszul operad. We have

Hyp (A, M) 2 Ext’,_p. . (R (A), M).
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