DISCRETE MODELS FOR THE p-LOCAL HOMOTOPY THEORY
OF COMPACT LIE GROUPS AND p-COMPACT GROUPS

CARLES BROTO, RAN LEVI, AND BOB OLIVER

ABSTRACT. We define and study a certain class of spaces which includes p-completed
classifying spaces of compact Lie groups, classifying spaces of p-compact groups,
and p-completed classifying spaces of certain locally finite discrete groups. These
spaces are determined by fusion and linking systems over “discrete p-toral groups” —
extensions of (Z/p>)" by finite p-groups — in the same way that classifying spaces
of p-local finite groups as defined in [BLOZ2] are determined by fusion and linking
systems over finite p-groups. We call these structures “p-local compact groups”.

In our earlier paper [BLO2|, we defined and studied a certain class of spaces which
in many ways behave like p-completed classifying spaces of finite groups. These spaces
occur as “classifying spaces” of certain algebraic objects called p-local finite groups.
The purpose of this paper is to generalize the concept of p-local finite groups to what
we call p-local compact groups. The motivation for introducing this family comes from
the observation that p-completed classifying spaces of finite and compact Lie groups,
as well as classifying spaces of p-compact groups [DW], share many similar homotopy
theoretic properties, but earlier studies of these properties usually required different
techniques for each case. Moreover, while p-completed classifying spaces of finite and,
more generally, compact Lie groups arise from the algebraic and geometric structure
of the groups in question, p-compact groups are purely homotopy theoretic objects.
Unfortunately, many of the techniques used in the study of p-compact groups fail for
p-completed classifying spaces of general compact Lie groups. With the approach pre-
sented here, we propose a framework general enough to include p-completed classifying
spaces of arbitrary compact Lie groups as well as p-compact groups.

The new idea here is to replace fusion systems over finite p-groups, as handled in
[BLOZ2|, by fusion systems over discrete p-toral groups. A discrete p-toral group is a
group which contains a discrete p-torus (a group of the form (Z/p>)" for finite r > 0)
as a normal subgroup of p-power index. A p-local compact group consists of a triple
(S, F,L), where S is a discrete p-toral group, F is a saturated fusion system over S
(a collection of fusion data between subgroups of S arranged in the form of a category
and satisfying certain axioms), and £ is a centric linking system associated to F (a
category whose objects are a certain distinguished subcollection of the object of F,
and of which the corresponding full subcategory of F is a quotient category). The
linking system £ allows us to define the classifying space of this p-local compact group
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2 Discrete models for the p-local homotopy theory of compact Lie groups and p-compact groups

to be the p-completed nerve |£|£. If S is a finite p-group, then the theory reduces to
the case of p-local finite groups as studied in [BLO2].

We hope that working with this setup will make it possible to prove results of in-
terest in a uniform fashion for the entire family. In this paper (Theorem 7.1), we give
a combinatorial description of the space of self equivalences of [£]}) in terms of auto-
morphisms of the category £, and a description of the group Out(|£[}) of homotopy
classes of self equivalences in terms of “fusion preserving automorphisms” of S. We also
show that a p-local compact group (S, F, L) is determined up to isomorphism by the
homotopy type of its classifying space |£|$. One future goal is to show that the mod
p cohomology of the classifying space |L|) of a p-local compact group (S5, F, L) can
always be described in terms of the fusion system F, as a ring of “stable elements” in
the cohomology of S. Other goals are to define connected p-local compact groups, and
understand their properties and their relation to connected p-compact groups; and to
characterize algebraically (connected) p-compact groups among all (connected) p-local
compact groups. Finally, a more general question which is still open is whether the
p-completion of the classifying space of every finite loop space is the classifying space
of a p-local compact group.

As one might expect, passing from a finite to an infinite setup introduces an array of
problems one must deal with in order to produce a coherent theory. Some of the basic
properties of fusion systems over discrete p-toral groups are analogous or even identical
to the finite case, whereas other aspects are more delicate. Once the definition of a
saturated fusion system over a discrete p-toral group is given and their basic properties
are studied, one defines associated centric linking systems and p-local compact groups
in a fashion more or less identical to the finite case. However, while in the finite
case, any finite group G gives rise automatically to a saturated fusion system and
an associated centric linking system, the corresponding construction for compact Lie
groups is less obvious. Similar complications present themselves when dealing with the
fusion system and the centric linking system associated to a p-compact group. It is
for that reason that the only aims of this paper are to establish the setup, study some
basic properties, and prove that the classifying spaces which are the obvious candidates
to give rise to p-local compact groups indeed do so.

We proceed by describing the contents of the paper in some detail. In Section 1,
we define and list some properties of discrete p-toral groups. We show why this class
of groups is a natural one to consider for our purposes, and study some of its useful
properties. Then in Section 2, we define saturated fusion systems over discrete p-toral
groups. The definitions in this section are very similar to those given in [BLO2] for the
finite case, but some modifications are needed due to having given up finiteness.

Much of the work on p-local finite groups makes implicit use of the fact that the
categories one works with are finite. If S is an infinite discrete p-toral group, then any
fusion system over it will have infinitely many objects. In Section 3 we show that any
saturated fusion system JF over a discrete p-toral group S contains a full subcategory
with finitely many objects, which in the appropriate sense determines F completely.
More precisely, we show that F contains only finitely many objects which are both
centric and radical, and then prove the appropriate analog of Alperin’s fusion theorem.
The latter, roughly speaking, says that in a saturated fusion system, every morphism
can be factored into a sequence of morphisms each of which is the restriction of an
automorphism of a centric radical subgroup.
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Linking systems associated to fusion systems over discrete p-toral groups are defined
in Section 4. In fact, the definition is identical to that used when working over a finite
p-group, and the proof that the nerve |£| of a linking system is p-good is essentially
identical to that in the finite case. The connection between linking systems associated
to a given fusion system JF and rigidifications of the homotopy functor P — BP on
the orbit category O°(F) is then studied.

Higher limits over the orbit category of a fusion system are investigated in Section
5. We first describe how to reduce the general problem to one of higher limits over
a finite subcategory, and then show how those can be computed with the help of the
graded groups A*(T'; M) introduced in [JMO]. These general results are then applied
to prove the acyclicity of certain explicit functors whose higher limits appear later as
obstruction groups.

Spaces of maps Map(BQ, |£]))) are studied in Section 6, when @ is a discrete p-toral
group and |L| 2 is the classifying space of a p-local compact group, and the space of self
equivalences of L[/ is handled in Section 7. In both cases, the descriptions we obtain
in this new situation (in Theorems 6.3 and 7.1) are the obvious generalizations of those
obtained in [BLOZ2]| for linking systems over finite p-groups. We also prove (Theorem
7.4) that a p-local compact group is determined by the homotopy type of its classifying
space: if (S, F, L) and (S, F', L') are p-local compact groups such that L[} ~ [L]}),
then they are isomorphic as triples of groups and categories.

We finish with three sections of examples: certain infinite locally finite groups in
Section 8, including linear torsion groups; compact Lie groups in Section 9; and p-
compact groups in Section 10. In all cases, we show that the groups in question fit
into our theory: they have saturated fusion systems and associated linking systems,
defined in a unique way (unique up to isomorphism at least), and the classifying spaces
of the resulting p-local compact groups are homotopy equivalent to the p-completed
classifying spaces of the groups in the usual sense.

The first and third authors would like to thank the University of Aberdeen for it’s
hospitality during several visits; in particular, this work began when we got together
there in January 2002. All three authors would like to thank the Mittag-Leffler Insti-
tute, where this work was finished over a period of several months.

1. DISCRETE p-TORAL GROUPS

When attempting to generalize the theory of p-local finite groups to certain infinite
groups, the first problem is to decide which groups should replace the finite p-groups
over which we studied fusion systems in [BLO2]. The following is the class of groups
we have chosen for this purpose. Let Z/p> = Z[i] /Z denote the union of the cyclic

p-groups Z/p™ under the obvious inclusions.

Definition 1.1. A discrete p-toral group s a group P, with normal subgroup Py < P,
such that Py is isomorphic to a finite product of copies of Z/p*>, and P/Py is a finite

p-group. The subgroup Py will be called the identity component of P, and P will be

called connected if P = P,. Set my(P) o P/Py: the group of components of P.

The identity component Py of a discrete p-toral group P can be characterized as the
subset of all infinitely p-divisible elements in P, and also as the minimal subgroup of
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finite index in P. Define rk(P) = k if Py = (Z/p>)*, and set

|P| € (tk(P), |mo(P)|) = (tk(P), |P/Py)) .

We regard the order of a discrete p-toral group as an element of N? with the lexico-
graphical ordering. Thus |P| < |P'| if and only if rk(P) < rk(P’), or 1k(P) = rk(P’)
and |m(P)| < |mo(P’)|. In particular, P* < P implies |P’'| < |P|, with equality only if
P =P.

The obvious motivation for choosing this class is the role they play as “Sylow p-
subgroups” in compact Lie groups and p-compact groups. But in fact, it seems dif-
ficult to construct fusion systems with interesting properties over any larger class of
subgroups. The reason for this is that discrete p-toral groups are characterized by
certain finiteness properties, which are needed in order for fusion systems over them
to be manageable, and for related homotopy theoretic phenomena to be controled by
p-local information.

A group G is locally finite if every finitely generated subgroup of G is finite, and is a
locally finite p-group if every finitely generated subgroup of G is a finite p-group. The
class of locally finite (p-)groups is closed under subgroups and quotient groups. It is
also closed under group extensions, since finite index subgroups of finitely generated
groups are again finitely generated.

A group G is artinian (satisfies the minimum condition in the terminology of [W]) if
every non-empty set of subgroups of GG, partially ordered by inclusion, has a minimal
element. Equivalently, GG is artinian if its subgroups satisfy the descending chain con-
dition. The class of artinian groups is closed under taking subgroups, quotients, and
extensions. Every artinian group is a torsion group (since an infinite cyclic group is
not artinian). If G is artinian and ¢ € Inj(G,G) is an injective endomorphism of G,
then ¢ is an automorphism, since otherwise {¢™(G)} would be an infinite descending
chain. This is just one example of why it will be important that the groups we work
with are artinian; the descending chain condition will be used in other ways later.

It is an open question whether every artinian group is locally finite (see [KW, pp.
31-32] for a discussion of this). If one restricts attention to groups all of whose elements
have p-power order for some fixed prime p, then artinian groups are known to be locally
finite if p = 2 [KW, Theorem 1.F.6], but this seems to be unknown for odd primes.
However, any counterexample to these questions would probably be far too wild for
our purposes. Hence it is natural to restrict attention to locally finite groups, and since
we are working with local structure at a prime p, to locally finite p-groups. The next
proposition tells us that in fact, this restricts us to the class of discrete p-toral groups.
It is included only as a way to help motivate this choice of groups to work with.

Proposition 1.2. A group is a discrete p-toral group if and only if it is artinian and
a locally finite p-group.

Proof. The group Z/p> is clearly a locally finite p-group and artinian. Since both of
these properties are preserved under extensions of groups, they are satisfied by every
discrete p-toral group.

Conversely, assume that G is artinian and a locally finite p-group. By [KW, Theorem
5.8], every locally finite artinian group is a Cernikov group; in particular, it contains a
normal abelian subgroup with finite index. By [Fu, Theorems 25.1 & 3.1], every abelian
artinian group is a finite product of groups of the form Z/q¢™ where ¢ is a prime and
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m < oo. Thus G is an extension of the form
1 A G > T 1,

where 7 is a finite p-group, and A is a finite product of groups Z/p™ for m < co. The
subgroup of A generated by the factors Z/p> is the subgroup of infinitely p-divisible
elements, thus a characteristic subgroup of A, and a normal subgroup of G of p-power
index. It follows that G is a discrete p-toral group. O

We next note some of the other properties which make discrete p-toral groups con-
venient to work with.

Lemma 1.3. Any subgroup or quotient group of a discrete p-toral group is a discrete
p-toral group. Any extension of one discrete p-toral group by another is a discrete
p-toral group.

Proof. These statements are easily checked directly. They also follow at once from
Proposition 1.2, since the classes of locally finite p-groups and artinian groups are both
closed under these operations. O

Clearly, the main difficulty when working with infinite discrete p-toral groups, in-
stead of finite p-groups, is that they have infinitely many subgroups and infinite au-
tomorphism groups. We next investigate what finiteness properties these groups do
have.

Lemma 1.4. The following hold for each discrete p-toral group P.

(a) For each n > 0, P contains finitely many conjugacy classes of subgroups of order

p.

(b) P contains finitely many conjugacy classes of elementary abelian p-subgroups.

Proof. Clearly, for each n, Py contains finitely many subgroups of order p", since they
are all contained inside the p"-torsion subgroup of P, which is finite. So to prove (a),

it suffices, for each finite subgroup A < F, and each subgroup B = B /Py < P/ Py, to
show that there are finitely many P-conjugacy classes of subgroups ) < P such that
QNPy=Aand QF, = B. Let Q be the set of all such subgroups, and assume Q # &.
Then @ € Q if and only if Q/AN Py/A =1 and QFy/Py = B; and this implies that
A< QPR = B and that /A is the image of a splitting of the extension

1——> PyJA——> B/JA——>B——1.

In other words, Q is in one-to-one correspondence with the set of splittings of this
extension. The set of Py-conjugacy classes of such splittings (if there are any) is in
one-to-one correspondence with the elements of H'(B; Py/A) (see [Bw, Proposition
IV.2.3]). Since this cohomology group is finite, so is the set of conjugacy classes of
such extensions.

This proves point (a). Point (b) follows from (a), together with the observation that
for any elementary abelian subgroup E < P, rk(E) < rk(P) + rk,(P/F). O

We next check what can be said about finiteness in automorphism groups.

Proposition 1.5. Let P be a discrete p-toral group.

(a) Any torsion subgroup of Aut(P) is an extension of an abelian group by a finite
group.



6 Discrete models for the p-local homotopy theory of compact Lie groups and p-compact groups

(b) Any torsion subgroup of Out(P) is finite.
(¢c) For each Q < P, Outp(Q) is a finite p-group.

Proof. Assume first that P = (Z/p™)": a discrete p-torus of rank r > 0. Then

~

Aut(P) = GL,(Z,), and it is well known that the subgroup (1 + p*M,(Z,))* of ma-
trices which are congruent modulo p? to the identity is torsion free. This follows, for
example, from the inverse bijections

~ log ~
(1 +p* M, (Z,)) —— p’M,(Z,)
exp

defined by the usual power series: while log is not a homomorphism, it does satisfy the
relation log(X") = rlog(X). So if H is a torsion subgroup of Aut(P) (equivalently, of

GL,(Z,)), then the composite

o~ 2
H—— GL(Z,) 2 GL.(Z/p?)
is injective, and thus H is finite.

Now let P be an arbitrary discrete p-toral group with connected component Py and
group of components m = P/Fy. There is an exact sequence

0 —— H'(m; P)) —— Aut(P)/ Autp,(P) —— Aut(Py) x Aut(n)

(cf. [Sz, 2.8.7]), where Autp,(P) = {c, € Aut(P) |z € F}. We have just seen that
every torsion subgroup of Aut(F) is finite, and H'(7; Py) and Aut(r) are clearly finite.
Hence every torsion subgroup of Aut(P)/Innpg,(P) is finite. This proves (b); and also
proves (a) (every torsion subgroup of Aut(P) is an extension of an abelian group by a
finite group) since Autp, (P) is abelian. Point (c) follows immediately from (b), since
P is a torsion group all of whose elements have p-power order. O

In the next section (in Definition 2.2), we will need some more precise bounds on
the size of normalizers and centralizers.

Lemma 1.6. Let S be any discrete p-toral group, and set N = |mo(S)|™ )+, Then
forall P < S,

[mo(Cs(P))| <N, [mo(Ns(P)/P)| <N, and  |mo(Ns(P))| < N-[mo(P)].
Proof. Set T = Sy for short, and set Q = PT/T. Let Ng: T —— T be the norm map

for the @ action: Ng(z) = [[,7cq 929" The image of N is connected and centralizes
P, and thus Im(Ng) < Cs(P)o = Cr(P)o. If € Cr(P), then

219 = Ny (z) € Cp(P)o.
Thus every element in Cr(P)/Cr(P)o has order dividing |@|, and it follows that
[mo(Cr(P))| = |C7(P)/Cr(P)ol < QI < [mo(S)™).
Thus [mo(Cs(P))| < [mo(Cr(P))[-1S/T| < N.
If € Np(P), then
9 = N (x)- H [z, 9] € Cr(P)o-P < Np(P)o-P.
9TeQ
Thus
[N2(P)/(Nr(P)o (T 0 P))| < Q) < |mo(S)™),

and hence |my(Ns(P)/P)| < N, by the same arguments as those used for my(Cs(P)).
The last inequality is now immediate. O
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Note that discrete p-toral groups are all solvable, but (in contrast to finite p-groups)
need not be nilpotent. For instance, the infinite dihedral group, a split extension of
7,)2% by Z/]2, is a discrete 2-toral group which is not nilpotent (since the nilpotency
class of Dgn is n —1).

The following lemma contains some generalizations of a standard theorem about
automorphisms of finite p-groups: if a € Aut(P) is the identity on ¢ < P and on
P/Q, then it has p-power order.

Lemma 1.7. The following hold for any discrete p-toral group P and any automor-
phism a € Aut(P).

(a) Assume, for some ) < P, that a|g = Idg and o = Id (mod Q). Then every
a-orbit in P is finite of p-power order. If, in addition, [P : Q] < oo, then « has
finite order.

(b) « has finite order if and only if a|p, has finite order.

(c) Set Puy ={g € Po|g” =1}. Ifalp,, =1d and a = 1d (mod ), then each orbit
of a acting on P has p-power order.

Proof. (a) The proof is identical to the proof for finite p-groups (see [Go, Theorem
5.3.2]), and in fact applies whenever all elements of @@ have p-power order. For any
g € P,a(g) = gz for some x € @ (since a = Id (mod Q)), and a(x) = x since ag = Id.
Thus a*(g) = gz™ for all n, and o?*(g) = g if p* = |z|. Since the order of {a(g)}
depends only on the coset g@, this also shows that |« is finite (and a power of p) if
P/@ is finite.

(b) If a|p, has finite order, then there is n > 1 such that o™|p, = Id and " = Id
(mod Fp). Then " has finite order by (a), so « also has finite order.

(c) For each m > 1, let Py, < F, be the p™-torsion in Fy. Fix g € P, and set
=g 'alg), p* = |z|, and Q = (g, P)). The P, are all a-invariant, and so @ is also
o-invariant since g~'a(g) € Pyy. Also, o acts via the identity on P;y by assumption,
hence on P;)/FP;-1) for all 1 < i < k, and also on Q/Fy). So by (a) (and since Q
is a finite group), a|g has p-power order. In particular, the a-orbit of ¢ has p-power
order. 0

The next lemma is another easy generalization of a standard result about finite
p-groups.
Lemma 1.8. If P < Q are distinct discrete p-toral groups, then P < Ng(P).

Proof. When [Q:P] < oo, this follows by the same proof as for finite p-groups. More
precisely, when ()/P is finite, the action of P on /P (defined by x(¢gP) = xgP for
x € P and g € Q) factors through a finite quotient group P/N of P. Also, P/N is a
p-group since P is a p-torsion group. Thus

[No(P)/P| = |(Q/P)"™|=1Q/PI=0 (mod p),
and so Ng(P)/P # 1.

Now assume that [Q:P] is infinite; i.e., that Py S Qo. For each n, set A, = {x €
Qo|2?" = 1}. Then A, < @, and in particular is normalized by P. For n large
enough, A, € P,so P S PA, < Q, P S Npy,(P) since [PA,:P] < 0o, and thus
P S No(P). O
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We will also need the following well known result about finite subgroups of discrete
p-toral groups.

Lemma 1.9. For any discrete p-toral group P, there is a finite subgroup Q < P
such that P = QFy. There is also an increasing sequence Q1 < Qs < Q3 < -+ of
finite subgroups of P such that P = J -, Q.. More generally, for any finite subgroup
K < Aut(P), the Q; can be chosen to be K-invariant.

Proof. Fix any (finite) set X of coset representatives for Py in P, and set Q = (a(g) |« €
K, g € X). Then @ is K-invariant, () is finite since P is locally finite, and P = QF,
by construction. For each n > 1, let P, < F, be the p"-torsion subgroup, and set
Qn = QP,. Then the @, are also finite and K-invariant, and P = J>~ | Q. 0

To finish the section, we consider maps between the p-completed classifying spaces
of discrete p-toral groups. This following lemma is implicit in [DW] and [DW2] (the
spaces in question are classifying spaces of p-compact groups). But it does not seem
to be stated explicitly anywhere there.

Lemma 1.10. For any pair P,Q of discrete p-toral groups,

B: Rep(P,Q) ——— [BPI/)\,BQ;\]
15 a bijection. In particular, any homotopy equivalence BPI/,\ = BQ;,\ 15 1nduced by an
isomorphism P = Q. Also, for any homomorphism p: P — @Q, the homomorphism
Co(p(P)) x P (nclp), @ induces a homotopy equivalence

Proof. For any pair G, H of discrete groups,
[BG, BH] = Rep(G, H) and Map(BG, BH)p, ~ BCy(p(G))
for each p € Hom(G, H). See, for example, [BKi, Proposition 7.1] for a proof.
By [DW2, Proposition 3.1], the homotopy fiber of the map BQ — BQ) isa K(V,1)

for some @p—vector space V. Using this, together with standard obstruction theory and
the fact that H*(BQ;Q) = 0, one checks that

[BPQ, BQQ] = [BP, BQ| = Rep(P, Q).

Now fix some p € Hom(P, Q). By [DW, Propositions 5.1 & 6.22], Map(B P, BQ,) s,
is the classifying space of some p-compact group X, and in particular is p-complete.
Since Map(BP, BQ)p, ~ Co(p(P)) (P and @ are both discrete), we will be done upon
showing that the completion map

Map(BP, BQ)p, — Map(BP, BQS)BP (1)
is a mod p homology equivalence.

Fix a sequence of finite subgroups P, < P, < --- whose union is P. Since (@ is
artinian, Cq(p(F,)) = Cq(p(P)) for n sufficiently large. Also, Map(BP, BQ))p,, is the
homotopy inverse limit of the mapping spaces Map(BP,, BQ))p,. So if (1) is a mod
p equivalence upon replacing P by P, for each n, it is also a mod p equivalence for P.
In other words, it suffices to prove this when P is a finite p-group.

Let X be the homotopy fiber of the completion map BQ) —— BQQ. As noted above,
X is a K(V,1) where V is a rational vector space. Since the map from Map(BP, BQ)
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to Map(BP, BQy)) is a bijection on components, the homotopy fiber of the map in (1)
is X" for a proxy action of P on X (in the sense of [DW]) induced by p.

Consider the fibration sequence

X" ——— Map(BP, Xyp){1y ———— Map(BP, BP)q,

where pr denotes the projection of X;,p to BP, and the total space is the set of all maps
f: BP —— Xj,p such that prof ~ Id. Since X}p is the total space of a fibration over
BP with fiber X, it is a K(m, 1) where V < 7 and 7/V = P. Since P is a finite p-group
and V' is a rational vector space, this extension splits, and the splitting is unique up
to conjugacy by elements of V.

It follows that

[BP, X;,p] —— [BP, BP]
=Rep(P,m) =Rep(P,P)

is a bijection. Also, the induced map

7 (Map(BP, Xyp)(1y) — m(Map(BP, BP)a)
=, (P) ~Z(P)

is surjective, and its kernel V¥ (where the action of P on V is induced by the action
on X) is a rational vector space.

Thus X"” ~ K(VF 1). Tt follows that X"* is mod p acyclic, and hence that (1) is
a mod p equivalence. This finishes the proof. O]

2. FUSION SYSTEMS OVER DISCRETE p-TORAL GROUPS

We now define saturated fusion systems over dicrete p-toral groups and study their
basic properties. The definitions are almost identical to those in the finite case ([BLO2,

§1]).

Definition 2.1. A fusion system F over a discrete p-toral group S is a category whose
objects are the subgroups of S, and whose morphism sets Homg (P, Q) satisfy the fol-
lowing conditions:

(a) Homg(P, Q) € Homz(P, Q) C Inj(P, Q) for all P,Q < S.

(b) Ewvery morphism in F factors as an isomorphism in F followed by an inclusion.

Two subgroups P, P’ < S are called F-conjugate if Isox(P, P') # @.
Definition 2.2. Let F be a fusion system over a discrete p-toral group S.

o A subgroup P < S is fully centralized in F if |Cs(P)| > |Cs(P’)| for all P' < S
which is F-conjugate to P.

o A subgroup P < S is fully normalized in F if |[Ng(P)| > |Ns(P')| for all P < S
which is F-conjugate to P.

e F is a saturated fusion system if the following three conditions hold:

(I) For each P < S which is fully normalized in F, P is fully centralized in F,
Outx(P) is finite, and Outg(P) € Syl,(Outx(P)).
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(IT) If P < S and ¢ € Homz(P,S) are such that ¢(P) is fully centralized, and if we
set

N, ={g € Ns(P) | pegp" € Auts(p(P))},
then there is o € Homz(N,, S) such that p|p = ¢.

(IIT) If P, < P, < P3 < --- is an increasing sequence of subgroups of S, with
Po =U,~, P, and if p € Hom(Px, S) is any homomorphism such that ¢|p, €
Homgz(P,,S) for all n, then ¢ € Homz(Ps, S).

By Lemma 1.6, there is a global upper bound for |my(Cs(P))| and |mo(Ns(P))|, taken
over all subgroups P of any given S. In particular, for any given subgroup P < S,
|Cs(P")| and |Ng(P’)| take on maximal values among all P’ which are F-conjugate
to P. This proves that the conjugacy class of P always contains fully centralized
subgroups and fully normalized subgroups.

It is very convenient, in the above definition, to be working with a class of groups
where the concept of “order” of subgroups is defined. However, there are other ways to
define fully normalized and fully centralized subgroups in a fusion system, and hence
to define saturation; and this property was not a factor in our decision to restrict
attention to fusion systems over discrete p-toral groups. The crucial properties of these
groups, which seem to be needed frequently when developing the theory, are that they
are artinian and locally finite.

When F is a saturated fusion system over the discrete p-toral subgroup S, then by
(I), Outz(P) = Autz(P)/ Inn(P) is finite for fully normalized P < S, and hence for all
P < S. Since Inn(P) is discrete p-toral (being a quotient group of P), Autz(P) inherits
many of the properties of discrete p-toral groups. In particular, it is artinian, locally
finite, and contains a unique conjugacy class of maximal discrete p-toral subgroups.
This condition that Outz(P) be finite does simplify slightly the definition of a saturated
fusion system, but it is in fact unnecessary, as is shown by the following proposition.

Proposition 2.3. Let F be a fusion system over the discrete p-toral group S. Assume
that axiom (II) in Definition 2.2 holds, and that (1) holds for all finite fully normalized
subgroups of S. Then Outxz(P) is finite for all P < S.

Proof. Fix P < S. For all m > 1, set P,y = {g € Py|¢g*" = 1}. By Proposition
1.5(b), to show that Outz(P) is finite, it suffices to show that Autz(P) is a torsion
group.

Fix a € Autz(P). We want to show that a has finite order; by Lemma 1.7(b),
it suffices to do this when P = F, is connected. After replacing o by a™ for some
appropriate n > 1, we can assume that a|p, = Id. Then by Lemma 1.7(c), as, &
alp,,, has p-power order for all m. For each m, there is ¢, € Homz(Pym),S) such
that ¢y, (Pyny) is fully normalized, and by (I), ¢, (Pyny) is fully centralized, and ¢,
can be chosen such that p,amp,! € Auts(pm(Pum)). Also, ¢, can be extended to
©m € Homz(Sp, S) by (II), s0 @ (Pimy) < So, and hence | Auts (@ (Pimy))| < S/ Sol-
Thus ()%l = Idp,,, for each m, so al/%l = Idp, and a has finite order. O

In fact, one can show that in the definition of a saturated fusion system, it suffices
to require that (I) holds for all finite fully normalized subgroups P < S; it then follows
that (I) holds for all fully normalized subgroups.

When F is a (saturated) fusion system over a discrete p-toral group S, we think of
the identity component S as the “maximal torus” of the fusion system, and think of
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Autz(Sp) as its “Weyl group”. The following lemma describes how morphisms between
subgroups of the maximal torus are controlled by the Weyl group.

Lemma 2.4. Let F be a saturated fusion system over a discrete p-toral group S with
connected component T = Sy. Then the following hold for all P < T'.

(a) For every P' < S which is F-conjugate to P and fully centralized in F, P' < T,
and there ezists some w € Autz(T) such that w|p € Isox(P, P’).

(b) Every ¢ € Homz(P,T) is the restriction of some w € Autx(T).

Proof. We first prove the following statement.

(c) For each ¢ € Homz(P,S) such that P’ % o(P) is fully centralized in F, there

exists w € Autx(T") such that w|p = .

By assumption, P < T < Cg(P). By condition (II) in Definition 2.2, there is ¢ €
Homz(Cs(P),S) such that p|p = ¢. Then @(T') < T since T' is connected (infinitely
p-divisible), and so p(T") = T since T is artinian. Thus w o o|lr € Autz(T) is such
that w|p = ¢. This proves (c), and also proves (a) since P’ = w(P) <T.

Now fix any ¢ € Homzg(P,T). Let @ be a fully centralized subgroup of S in the
F-conjugacy class of P and ¢(P), and choose 9 € Isox(p(P),Q). By (c), there are
elements u, v € Autz(T) such that u|p = 1o and v],py = 1. So if we set w = v~ 'u,
then w|p = . O

By Proposition 2.3, Outz(P) is finite for every subgroup P < S. The following
lemma extends this statement.

Lemma 2.5. Let F be a saturated fusion system over a discrete p-toral group S. Then
for all P,Q < S, the set Repr(P, Q) def Inn(Q)\ Homz(P, Q) is finite.

Proof. As just noted, Outz(P) is finite for all P < S. Also, if ¢, ¢’ € Homz(P, Q) and
Im(¢) = Im(¢’), then ¢’ = o« for some o € Autz(P) by condition (b) in Definition
2.1. So there is a bijection

Repx(P,Q)/ Outz(P) = {P’ <Q ’ P’ F-conjugate to P}/(Q—conjugacy), (1)

which sends the class of a homomorphism to the conjugacy class of its image.

By Lemma 2.4, the F-conjugacy class (Fp) of Py is just its orbit under the action
of Autz(Sy), and hence a finite set. By Lemma 1.4(a), for any given Q € (F),
there are only finitely many Ng(Q)/Q-conjugacy classes of subgroups of order |P/Fy|
in Ng(Q)/Q. Hence there are only finitely many S-conjugacy classes of subgroups
P’ < S which are F-conjugate to P and such that Pj = Q). This shows that the target
set in (1) is finite, and hence that Rep (P, Q) is also finite. O

The definitions of centric and radical subgroups in a fusion system over a discrete
p-toral group are essentially the same as those in the finite case.

Definition 2.6. Let F be a fusion system over a discrete p-toral group S. A subgroup
P < S is called F-centric if P and all its F-conjugates contain their S-centralizers. A
subgroup P < S is called F-radical if O,(Outz(P)) = 1; i.e., if Outz(P) contains no
nontrivial normal p-subgroup.
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Notice that any F-centric subgroup is fully centralized. Conversely, if P < S is fully
centralized and centric in S; that is, Z(P) = Cs(P), then it is F-centric. The next
proposition says that the set of F-centric subgroups is closed under overgroups.

Proposition 2.7. Let F be a saturated fusion system over the discrete p-toral group
S, and let P < Q < S be such that P is F-centric. Then @ is also F-centric.

Proof. Fix any @' which is F-conjugate to @, choose ¢ € Isox(Q,Q’), and set P’ =
©(P). Then
Cs(Q) <Cs(P) <P <@,

where the second inequality holds since P is F-centric. So @) is also F-centric. U

The next proposition gives another important property of F-centric subgroups; one
which is much less obvious.

Proposition 2.8. Let F be a saturated fusion system over the discrete p-toral group
S. Then for each P < @ < S such that P is F-centric, and each ¢, ¢ € Homz(Q, S)
such that ¢|p = ¢'|p, there is some g € Z(P) such that ¢ = ¢ o c,.

Proof. The hypothesis implies that ¢ o ¢'~|,(p) = Idy(p), and we must show that
o't =1dy(g). It thus suffices to prove, for P < Q < S and ¢ € Homz(Q, S) where
P is F-centric, that ¢|p = Idp implies ¢ = ¢, for some g € Z(P).

Assume first that P <0 Q). Then for each z € Q, cy)|p = ¢z|p. Thus ¢(z) = 2 (mod
Cs(P)), and Cs(P) < P since P is F-centric. In particular, this shows that ¢(Q) = @,
and thus that ¢ € Autz(Q). It also shows that ¢ induces the identity on /P. Since
@/ P has finite order, ¢ has p-power order by Lemma 1.7(a).

Without loss of generality, we can replace () by any other subgroup in its F-
conjugacy class. In particular, we can assume that @) is fully normalized, and hence
that Outs(Q) € Syl,(Outz(Q)). So every p-subgroup of Autz(Q) is conjugate to a
subgroup of Autg(Q). Thus there is x € Autz(Q) such that x o o x ™' = ¢, for some
y € Ng(Q). Since ¢|p = Idp, ¢, acts as the identity on ¢(P), which is also F-centric,
hence y € Cs(p(P)) = (Z(P)). Set x = x*(y); then ¢ = c,.

Now assume P is not normal in ). Let Q be the set of subgroups ' < @) containing
P such that | = ¢4|¢ for some g € Z(P). If P < Q' < Q and Q' € Q, then
No(Q') =2 @ by Lemma 1.8, and Ng(Q') € Q since the proposition holds for the
normal pair ' < No(Q'). Hence if Q contains a maximal element, it must be @ itself.

Let @1 < Q2 < --- be any increasing chain in Q, and set Qs = (J —; Qn. Let
gn € Z(P) be such that ¢|g, = ¢,4,|0,. Since P is F-centric, so are the @,, and thus
Z(Q1) > Z(Q2) > -+ is a decreasing sequence of subgroups. Since S is artinian, there
is some k such that Z(Q,) = Z(Qg) for all n > k. This shows that g, = gx (mod
Z(Qy)) for all n > k, hence that ¢|g. = ¢4 0., and hence that Qoo € Q. Thus
by Zorn’s lemma, Q contains a maximal element, so ) € Q, and this finishes the
proof. O

3. A FINITE RETRACT OF A SATURATED FUSION SYSTEM

A fusion system F over a discrete p-toral group S generally has infinitely many
isomorphism classes of objects. In this section, we construct a subcategory F* of
F with only finitely many isomorphism classes of objects, together with a retraction
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functor from F to F* which is a left adjoint to the inclusion. This means that in
many cases, it will suffice to work over the “finite” subcategory F* rather than the full
fusion system F. As a first application, we show that Ob(F*®) contains all F-centric
F-radical subgroups, and hence that there are only finitely many conjugacy classes
of such subgroups. A second application is Alperin’s fusion theorem in this setting:
restriction to F* allows us to repeat the same inductive argument as that used for
fusion systems over a finite p-group.

Following the group theorists’ usual notation, whenever I' is a group of automor-
phisms of a group G and H < G, we write

Cr(H)={y el |y|g =1du}.

The following definitions were motivated by some constructions of Benson [Be|, which
he in fact used to prove a version of Alperin’s fusion theorem for compact Lie groups.

Definition 3.1. Let F be a saturated fusion system over a discrete p-toral group S, let
T = Sy be the identity component of S, and set W = Autz(T) = Outz(T) (the “Weyl
group”). Set

p™ =exp(S/T) o min{p"|2*" € TV z € S}.
(a) For each P < T, set
I(P)=TCw®) = {teT|w(t) =1tV weW such that w|p =1dp};
and let I(P)y be the identity component of I(P).
(b) For each P < S, let P™ = (¢g?" |g € P) < T, and set

def

P* = PI(P"™)y = {gt|g € P, t € I(P!"),}.

(c) Set
H(F)={{(P)|P<T}  and H'(F)={P"|P<Sh
and let F* C F be the full subcategory with object set H*(F).

Thus for P <T', I(P) is the maximal subgroup of 7" such that for all w € W, w|p =
Id if and only w|;py = Id. In particular, for all v and w in W, v|p = w|p if and only if
v|r(py = w|(py. Together with Lemma 2.4(b), this implies that every ¢ € Homz(P,T)
extends to a unique I(y) € Homz(I(P),T), which is obtained by first extending ¢ to
T and then restricting to I(P). In other words, every F-isomorphism ¢: P —— @)
between subgroups of 7" extends to a unique F-isomorphism I(p): I(P) — 1(Q).

For an arbitrary subgroup P < S, PI™ is a subgroup of T, and the above arguments

apply. Since PI"l < P, any x € P normalizes PI™, and hence also normalizes I(PI™)).

Thus P normalizes I(PI™),, and this shows that the subset P® o P-I(P™), is a

group.

More generally, for any k > m, we could define subgroups P** > P for each P < S
by setting P** = P-I(P). This can be different from P*, but P +— P** has all of
the same properties which we prove here for P°*. However, the only way in which
this generalization might be needed would be if we wanted to compare these “bullet
functors” for two different fusion systems over two different discrete p-toral groups,
and that will not be needed in this paper.

Lemma 3.2. The following hold for every saturated fusion system F over a discrete
p-toral group S.
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(a) The set H(F) is finite, and the set H*(F) contains finitely many S-conjugacy
classes of subgroups of S.

(b) For all P < S, (P*)* = P°.
(c) If P<Q < S, then P* < Q°.
(d) If P < S is F-centric, then Z(P*) = Z(P).

Proof. Let T'= Sy < S be the identity component, and set W = Autz(7T") and p™ =
exp(S/T). Note that for any P < Q < T, Cw(P) > Cw(Q), and hence I(P) < I(Q).
Also, Cyw (I(P)) = Cw(P) by definition, and hence I(I(P)) = I(P).

(a) By definition, each subgroup in H(F) has the form I(P)y = (T%), for some
P < T, where K = Cy(P) < W. Since the finite group W = Outz(7T) has a
finite number of subgroups, this shows that H(F) is finite. Also, for any P < S5,
Py < PM < [(P™) and so (P*)y = I(P™)y € H(F). In particular, there are only
finitely many possibilities for identity components of subgroups in H®(F).

Fix P < S, and set K = Cy (P"™). Since Pl is generated by all p™-powers in P
(and p™ = exp(S/T)), P™ < T and

[P:PM™] = [P:(PNT)]-[(PNT):P™] < |S/T|-pm D).

Here, the last inequality holds since (PN T)/P™ is abelian with exponent at most p™
and rank at most rk(7"). Also, since P™.1(PIM), = piml.(TK)) < Tk,

|70(P*)| = [mo(P-(T%)0)| < |mo(P"™-(T")o)|-| P/ P™]
< |mo(T5)|-| P/ P™| < |mo(TF)|| S/ T]-p"™ P,

We have already seen that (T%), is the identity component of P*, and we have just
shown that the number of components of P*® is bounded by an integer which depends
only on K (and on S). Since Ng((T%)y)/(T%)o has only finitely many conjugacy
classes of finite subgroups of any given order (Lemma 1.4(a)), this shows that there are
only finitely many conjugacy classes of subgroups in H*(F) corresponding to any given
K < W; and thus (since W is finite) only finitely many conjugacy classes of subgroups
in H*(F).

(b) Fix P < S. Since P normalizes I(PI™)),, for any g € P and any = € I(PI™]),,

(gz)?" € g?"-I(PI™), < PIM.I(PIM)y. This proves the second inequality on the
following line:

plml < (p°)[m} < p[m}.](p[m])o < [(p[m})’

and the others are clear. Since I(—) is idempotent and preserves order, this shows that
I((P*)M) = [(P™)). Hence (P*)* = P*-I(PM), = P°.

(c) If P <@, then P™ < QI so I(P™) < I1(Q™), and hence P* < Q°.

(d) Forany P < S, P < P*. Thus if P is F-centric, then so is P*, and Z(P*®) < Z(P).
To see that this is an equality, it suffices to show that every element in Z(P) commutes
with I(PI™). For all x € Z(P), ¢, (as an element of W = Autx(T)) lies in Cy (P™),
hence commutes with all elements of I(P™) = 7¢w(F ") and in particular with all
elements of I(Pm),. O

We are now ready to prove the main, crucial, property of these subgroups P°.
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Proposition 3.3. Let F be a saturated fusion system over a discrete p-toral group
S. Fix P,Q < S and ¢ € Homz(P,Q). Then ¢ extends to a unique homomorphism
©* € Homz(P*,Q*); and this makes P +— P* into a functor from F to itself.

Proof. The functoriality of P — P® and ¢ — ¢* (i.e., the fact that (Idp)® = Idpe and
(Yo p)® = ¥* o ®) follows immediately from the existence and uniqueness of these
extensions. So this is what we need to prove.

As usual, we set T'= Sy and W = Autz(7). For all Q < T, Cy(Q) = Cw(1(Q)) by
definition of 7(—). This will be used frequently throughout the proof.

We first check that there is at most one morphism ¢*® which extends . Assume that
¥, € Homz(P*®, Q®) are two such extensions. By Lemma 2.4(b), there are elements
w,w" € W such that ¥|pim.jpmiy, = W] ptm.gpimy, and '] pimy.gpmy, = W] pim.(pimy,-
Since w|pim = W'|ppm, ww' € Cy (PM™) = Cy (I(PM)), so wlyptmy = W'|jplm)y as
well. It follows that ¢ = 1, since they take the same values on P and on I(PI™}),.

It remains to prove the existence of ¢*. By Lemma 3.2(c), it suffices to prove this
when ¢ € Isor(P, Q). Recall that P* = P-I(P™)),. Fix u € W = Aut#(T) such that
| pimy = | pimy. Define ¢* by setting, for all g € P and all 2 € I(PI"),,

©*(97) = p(g)u(x).

After two preliminary steps, we show in Step 3 that ® is well defined and a homomor-
phism, and in Step 4 that it is a morphism in F.

Step 1: Fix A, A" < T, and w € W such that w(A) = A’. We show here that
A< B<I(A), v € Homzg(B,T), ¥|a =wla = ¥ =w|p; (1)
and also that
A< B<AI(A), v € Homg(B,S), Y|a=wla = Y(B) <T and ¢ =w|g. (2)
If (B) < T, then ¢ = w'|p for some w’ € W by Lemma 2.4(b), w™w' € Cy(A4) =
Cw(I(A)), and thus ¢ = w'|gp = w|p. This proves (1).
Now assume B < A-I(A)g. By Lemma 2.4(a), there is w’ € W such that w'(B) is

fully centralized in F. It thus suffices to prove (2) when B is fully centralized. Set
B’ = (B) for short.

Now, B’ > A" and B’ is abelian. So for all x € B’, if we regard ¢, as an element of
W = Autz(T), then ¢, € Cyw(A") = Cyw (I(A4")). Thus I(A") = w(I(A)) < Cs(B’). By
axiom (II) (and since B = ¢ ~1(B’) is fully centralized), 1)~ extends to an F-morphism
defined on B'-Cg(B'), and in particular to a morphism 5 € Homg(B"-I(A’),S). Since
Blar=w™a and B(I(A)o) < T, Blarsarn, = w " arrcan, by (1).

Thus for all x € B, f(z) = v} (z) € B < AI(A)y = B(A-I(A")). Since 3 is
injective, this shows that x € A"-I(A")y < T. So B’ < T, and (2) now follows from (1).

Step 2: We next show that for all z € I(P™l) and all g € P, the following identity
holds:

u(grg ™) = elg)u(z)e(g) ™" (3)
or equivalently that c;(lg) otocy(z) = u(z). Set w = c;(lg) ouoc, € W for short. Then (3)

holds for z € Pl since | pim = 1| prmi, and thus w| ppmg = u| pm. So w|I(P[m}) = ull(p[m])
by (1), and this proves (3) for all x € I(PM).
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Step 3: Recall that we defined ¢*(gz) = (g)u(z) for all g € P and z € I(PI™),.

By assumption, ¢|pim = u|pp. Hence the restrictions of ¢ and u to P™-(PN1 (P(Em]))
are equal by (2), and this shows that ¢* is well defined.

For all g, ¢’ € P and all x,2’ € I(P™),,

©*((gz)(g'x")) = plgg)-ulg g’z = ¢(g9")- (e(g) " ulz)e(g"))-u(z’)
= p(g)u(z)p(g)u(z’) = ¢*(gz)-*(g'z"),

where the second equality follows from Step 2. Thus ¢*® is a homomorphism.

Step 4: It remains to show that ¢* € Isor(P®,Q°); i.e., that ¢°® is a morphism
in the category F. By condition (III) in Definition 2.2, together with Zorn’s lemma,
there is a maximal subgroup P’ < P* containing P such that ¢*|p € Homzg(P', Q°®).
Assume P’ < P*; and set ¢’ = ¢*|p and P” = Np«(P') = P’. By condition (II) in
Definition 2.2, ¢’ extends to some morphism ¢» € Homz(P”,S) (the existence of the
homomorphism ¢* shows that N, > P”). By (2) again, the restrictions of ¢, u, and
©* to P" N (PM.I(P™)g) are equal. Since P = P-(P" N I(P™)y), this shows that
1 = ¢*|pr. This contradicts the maximality assumption about P’; so P’ = P°®, and we
are done. 0J

Note in particular that by Lemma 3.2(c), the functor F i F* of Proposition 3.3
sends inclusions of subgroups to inclusions.

Corollary 3.4. The functor (—)* is a left adjoint to the inclusion of F* as a full
subcategory of F.

Proof. Fix any P in F and any @ in F*. Since Q = Q°* by Lemma 3.2(b), every
¢ € Homz(P, Q) extends to a unique ¢* € Homg(P*, Q) by Proposition 3.3. The
restriction map

Homz(P*, Q) e Homz(P, Q)

is thus a bijection, and this proves adjointness. 0

Corollary 3.4 will later be extended to orbit and linking categories associated to F
and F°.

Corollary 3.5. Let F be a saturated fusion system over a discrete p-toral group S.
Then all F-centric F-radical subgroups of S are in H*(F), and in particular there are
only finitely many conjugacy classes of such subgroups.

Proof. Assume P is F-centric and F-radical. We claim that I(P"™), < P, and thus
that P = P* € H*(F).

Assume otherwise. Then P* = P, and hence Npe(P) = P by Lemma 1.8. Thus
Npe(P)/P # 1, and since P is F-centric, this group can be identified with a p-subgroup
of Outz(P). By Proposition 3.3, any a € Autz(P) extends to an automorphism of
P*, and in particular to an automorphism of Np«(P). This shows that Np.(P)/P <
Outz(P), which contradicts the assumption that P is F-radical.

The last statement now follows since H®(F) contains only finitely many conjugacy
classes by Lemma 3.2(a). O]

As a third consequence of Proposition 3.3, we now prove Alperin’s fusion theorem
in our context. This theorem was originally formulated for finite groups in [Al], and
then for saturated fusion systems over finite p-groups by Puig [Pu] (see also [BLO2,
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Theorem A.10]). Our approach here (and our definition of P*) is modelled on Benson’s
proof of the theorem for fusion in compact Lie groups [Be].

Theorem 3.6 (Alperin’s fusion theorem). Let F be a saturated fusion system over
a discrete p-toral group S. Then for each ¢ € Isox(P, P'), there ezist sequences of
subgroups of S

P:P(),Pl,...,Pk:P/ and Ql,QQ,...,Qk,
and elements p; € Autz(Q;), such that

(a) Q; is fully normalized in F, F-radical, and F-centric for each i;
(b) Py, P, < Q; and p;(P;_1) = P; for each i; and
(€) o= ropr10 001

Proof. For each P < S, let v(P) be the number of F-conjugacy classes of subgroups
in ‘H*(F) which contain P. We prove the theorem by induction on v(P). Using
Proposition 3.3, we can assume that P, P" € H*(F). The claim is clear when v(P) =1
(i.e., P=15).

Assume P < S. Let P” < S be any subgroup which is F-conjugate to P and fully
normalized in F, and fix ¢ € Isox(P, P”). The theorem holds for ¢ € Isox(P, P’) if it
holds for ¢ and for ¥ o =t € Isox(P’, P"). So we are reduced to proving the theorem
when the target group P’ is fully normalized in F.

Since P’ is fully normalized, the p-subgroup @oAutg(P)op~t of Autz(P’) is conjugate
to a subgroup of Autg(P’). Let x € Autz(P’) be such that (xop)oAuts(P)o(xop) ! <
Autg(P'). By condition (II) in Definition 2.2, there is ¢ € Homz(Ng(P),S) such that
©|lp = xo¢. Since Ng(P) = P (since P < S) and P € H*(F), v(Ng(P)) < v(P), and
the theorem holds for ¢ (as an isomorphism to its image) by the induction hypothesis.
So it holds for ¢ if and only if it holds for y. Hence it now remains only to prove it
when P = P’ is fully normalized in F, P € H*(F), and ¢ € Autz(P).

In particular, P is fully centralized in F. So if P is not F-centric, then by condition
(IT) in Definition 2.2, ¢ extends to an automorphism ¢ € Autz(Cg(P)-P). Since
v(Cs(P)-P) < v(P), the theorem holds for ¢ by the induction hypothesis.

Now assume that P is not F-radical. Let K < Autz(P) be the subgroup such
that K/ Inn(P) = O,(Outz(P)) # 1. Since P is fully normalized in F, Outg(P) €
Syl,(Outz(P)), and so K < Autg(P). In particular,

NE(P) = {g€ Ns(P)|c,lpe K} Z P
since K 2 Inn(P). Also, for each g € Né((P) pegpt € K (since K < Autz(P)),
and hence @c,p~! = ¢, for some h € NE(P). So by condition (II) in Definition 2.2,
¢ extends to an automorphism of N& (P) = P, and the theorem again holds for ¢ by
the induction hypothesis.

Finally, if ¢ € Autz(P) and P € H*(F) is a fully normalized F-centric F-radical
subgroup of S, then the theorem holds for trivial reasons. O
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4. LINKING SYSTEMS OVER DISCRETE p-TORAL GROUPS

We are now ready to define linking systems associated to a fusion system over a dis-
crete p-toral group, and to study the relationship between linking systems and certain
finite full subcategories.

Definition 4.1. Let F be a fusion system over the discrete p-toral group S. A centric
linking system associated to F s a category L whose objects are the F -centric subgroups
of S, together with a functor

m: L ———— F€,

and “distinguished” monomorphisms P LN Aut,(P) for each F-centric subgroup P <
S, which satisfy the following conditions.

(A) m is the identity on objects and surjective on morphisms. More precisely, for each
pair of objects P,QQ € L, Z(P) acts freely on Mor,(P,Q) by composition (upon
identifying Z(P) with 0p(Z(P)) < Autz(P)), and m induces a bijection

Morz(P,Q)/Z(P) ——— Homz(P, Q).
(B) For each F-centric subgroup P < S and each g € P, m sends 6p(g) € Autz(P) to
¢y € Autz(P).
(C) For each f € Morz(P,Q) and each g € P, the following square commutes in L:

P%Q

LSP (9) lzsg(ﬂ(f)(g))

p—q.

More generally, if Fo C F€ is any subcategory, then a linking system associated to J
is a category Lo, together with a functor Lo —— Fy and distinguished monomorphisms

p-r, Autg,(P) for P € Ob(Fy) = Ob(Ly), which satisfy conditions (A), (B), and
(C) above.

It is now clear, by analogy with the finite case, how to define p-local compact groups.

Definition 4.2. A p-local compact group is a triple (S, F, L), where S is a discrete p-
toral group, F is a saturated fusion system over S, and L is a linking system associated
to F. The classifying space of such a triple (S, F, L) is the p-completed nerve |L|).

The following very basic lemma about linking systems extends [BLO2, Lemma 1.10]
to this situation.

Lemma 4.3. Fiz a p-local compact group (S, F, L), and let m: L — F¢ be the pro-
jection. Fix F-centric subgroups P,Q, R in S. Then the following hold.

(a) Fiz any sequence P —— Q YL R of morphisms in F¢, and let {/; € Wé}R(@D)

and QZTp € 7r1§7%(1/1<p) be arbitrary liftings. Then there is a unique morphism o €
Mor, (P, Q) such that

Yo =vp; (1)
and furthermore wpg(p) = ¢.
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(b) If ¢,¢' € Mor,(P,Q) are such that the homomorphisms ¢ o mpo(p) and ¢’ o
=

wpq(¢') are conjugate (differ by an element of Inn(Q)), then there is a unique
element g € Q such that ' = dg(g) o ¢ in Morz (P, Q).

Proof. Part (a) is an easy application of axiom (A) for a linking system. Part (b) is
first reduced to the case where ¢ = ¢’ using axiom (B), and this case then follows from
(A) and (C). For more detail, see the proof of [BLO2, Lemma 1.10]. O

We next show that the nerve of a linking system is p-good, and hence that the
classifying space of a p-local compact group is p-complete.

Proposition 4.4. Let (S, F, L) be any p-local compact group at the prime p. Then |L|
s p-good. Also, the composite

s —0 L m(L) —— (L),

induced by the inclusion BS SN |L|, factors through a surjection mo(S) — m1(|L]7).

Proof. For each F-centric subgroup P < S, fix a morphism tp € Morg(P,S) which
lifts the inclusion (and set tg = Idg). By Lemma 4.3(a), for each P < @Q < S, there is

a unique morphism Lg € Mor,(P, @) such that ¢ o Lg = Lp.
Regard the vertex S as the basepoint of |£]. Define

w: Mor(L) —— m(|L])

by sending each ¢ € Mor,(P, Q) to the loop formed by the edges tp, ¢, and g (in
that order). Clearly, w(¢ o ¢) = w(¥)w(p) whenever ¢ and ¢ are composable, and
w(t¥) = w(tp) =1 for all P < Q < S. Also, m(|£|) is generated by Im(w) since any
loop in |£]| can be split up as a composite of loops of the above form.

By Theorem 3.6 (Alperin’s fusion theorem), each morphism in F, and hence each
morphism in £, is (up to inclusions) a composite of automorphisms of fully normalized
F-centric subgroups. Thus m(|£|) is generated by the subgroups w(Autz(P)) for all
fully normalized F-centric P < S.

Let K <1 m1(|£]) be the subgroup generated by all infinitely p-divisible elements. For
each fully normalized F-centric P < S, Aut,(P) is generated by its Sylow subgroup
Ng(P) together with elements of order prime to p. Hence m(|L£|) is generated by K
together with the subgroups w(Ng(P)); and w(Ng(P)) < w(S) for each P. This shows
that w sends S surjectively onto m;(|£])/K, and hence (since the identity component
of S is infinitely divisible) factors through a surjection of my(S) onto m (|£|)/K. In
particular, this quotient group is a finite p-group.

Set m = m1(|£|)/ K for short. Since K is generated by infinitely p-divisible elements,
the same is true of its abelianization, and hence H,(K;F,) = 0. Thus, K is p-perfect.
Let X be the cover of |£| with fundamental group K. Then X is p-good and X is
simply connected since 7 (X) is p-perfect [BK, VIL.3.2]. Also, since 7 is a finite p-group,
it acts nilpotently on H;(X;F,) for all 7. Hence X/ — |L|» — B is a fibration
sequence and |£]7 is p-complete by [BK, IL5.1]. So |£| is p-good, and 7 (|£]})) = 7 is
a quotient group of my(.5). O

Recall, from Section 3, that for any saturated fusion system F, we defined a finite
subcategory F* such that the inclusion F* C F has a left adjoint (—)®. We next show
that we can do the same on the level of linking systems.
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Proposition 4.5. Let F be a saturated fusion system over a discrete p-toral group
S, and let F°* C F€ be the full subcategory whose objects are the F-centric subgroups
contained in H*(F).

(a) Let L be a centric linking system associated to F, and let L* C L be the full
subcategory with Ob(L®*) = Ob(F**). Then the inclusion L* — L has a left adjoint,
which sends P to P* for each F-centric P < S. In particular, the inclusion |L*| C
|L| is a homotopy equivalence.

(b) Let L*® be a linking system associated to F*. Let L be the category whose objects
are the F-centric subgroups of S, and where

Mor. (P, Q) = {¢ € Morz«(P*,Q*) | 7*(¢)(P) < Q};

and let dp: P —— Aut,(P) be the restriction of Aps. In other words, L is the
pullback category in the following square:

L——L°

‘Fc (_)‘ Fco )

Then L is a centric linking system associated to JF.

Proof. (a) For each F-centric subgroup P < S, fix a morphism tp € Mor (P, S)
such that 7(tp) is the inclusion (and such that tg = Idg). For any pair of F-centric
subgroups P < @ < S, the same group Z(P) acts freely and transitively on the sets of
morphisms in £ covering the inclusions P C ) and P C S, and hence there is a unique
morphism % € Mor, (P, Q) such that 1 ot = tp.

Now let ¢ € Homz(P, Q) be any morphism in F¢. By Proposition 3.3, ¢ has a unique
extension to ¢* € Homzg(P*, Q°*). Also, by Lemma 3.2(d), Z(P*) = Z(P). Hence by
condition (A) in the definition of a linking system, restriction sends the morphisms in
7~ (¢®) bijectively to the morphisms in 771(¢). Thus for any ¢ € Mor.(P, Q) such
that 7(¢)) = ¢, there is a unique “extension” ¥* € Mor.(P*, Q*) of 9; i.e., a unique
morphism such that ¢® o 15" = Lg. o 1.

Thus, if we define §: L — L* by setting 0(P) = P* and 0(¢)) = ¢°, then 6 is well
defined. This also shows that Mor, (P, Q) = Morz(P*, Q) when @@ = Q*, and thus that
0 is a left adjoint functor to the inclusion. Since the inclusion has a left adjoint, it
follows that it induces a homotopy equivalence |£°®| ~ |L].

(b) Since Z(P) = Z(P*) for all F-centric P < S (Lemma 3.2(d) again), axiom (A)
for £ follows from the same axiom applied to £*. Axioms (B) and (C) for £ follow
immediately from axioms (B) and (C) for £* by restriction. O

We finish the section with a description of the relation between linking systems
associated to a given fusion system JF, and rigidifications of the homotopy functor
B: O%(F;) —— hoTop defined by setting B(P) = BP. Each linking system L, in-
duces a rigidification of B, which in turn defines a decomposition of |Ly| as a homotopy
colimit. More precisely, by a “rigidification of the homotopy functor B” in the following
proposition is meant a functor B: O(Fy) —— Top together with a natural homotopy
equivalence of functors (in hoTop) from B to hoo B: i.e., a natural transformation of
functors to hoTop which defines a homotopy equivalence BP —— B (P) for each P. A
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natural homotopy equivalence of rigidifications from B to B’ is a natural transformation
B—5 B

of functors to Top such that ho(k) commutes with the functors from B. Two rigidifica-

tions By and By are equivalent if there is a third rigidification By and natural homotopy

equivalences B By B,; this is seen to be an equivalence relation by taking
pushouts.

By a linking system L in the following proposition is always meant the category
Ly together with the projection to the associated fusion system and the distinguished
monomorphisms. Hence an isomorphism of linking systems means an isomorphism of
the categories which is natural with respect to these other structures.

Proposition 4.6. Fiz a saturated fusion system F over a discrete p-toral group S,
and let Fo C F¢ be any full subcategory. Then there are mutually inverse bijections

linking systems . rigidifications O(Fy) — Top
associated to Fy — of the homotopy functor B
up to isomorphism ks up to natural homotopy equivalence

More precisely, the following hold for any linking system Lo associated to Fo and any
rigidification B of the homotopy functor B on O(Fp).

(a) The left homotopy Kan extension ke(Ly) of the constant functor Lo —— Top along
the projection my: Lo — O(Fo) is a rigidification of B, and there is a homotopy
equivalence

|Lo| =~ hocolim(ke(Ly)) . (1)
O(Fo)

(b) There is a linking system 1s(B) associated to Fo, and a natural homotopy equiva-
lence of functors

ke(Is(B)) —— B.
Furthermore, if B is another rigidification of B, any natural homotopy equiva-
lence of rigidifications k: B —— B’ induces an isomorphim ky: 1s(B) — 1s(B’)
of linking systems.

(¢) There is an isomorphism Ly = 1s(ke(Ly)) of linking systems associated to Fy.
We define Ku([Lo]) = [ke(Lo)] for each Lo, and Ls([B]) = [Is(B)] for each B.

Proof. The left homotopy Kan extension is natural with respect to isomorphisms
Ly — Lf of linking systems. Thus ke sends isomorphic systems to natural homotopy
equivalent functors O(F,) — Top, these are rigidifications of B by (a), and hence KE
is well defined. Point (b) implies that Ls is well defined, and it also implies that LS KE
is the identity. Finally, (c) implies that KE o LS is the identity. Hence the Proposition
follows once we prove (a), (b), and (c).

(a) Fix Lo, and set B = ke(Ly) for short. Recall that we write Rep (P, Q) =

Moror) (P, Q). By definition, for each P in Fy, B (P) is the nerve (homotopy colimit
of the point functor) of the overcategory ol P, whose objects are pairs (Q, «) for @) in
Ly and a € Rep(Q, P), and where

MOI"%OUD((Q, a)? (Ra 6)): {QO S MOI”L(Q, R) ‘ a=pfo ,7?0(90)} (2)
Since |[Lo| = hocolim . (x), (1) holds by [HV, Theorem 5.5].
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It remains to show that B is a rigidification of the homotopy functor B. Fix a
section o: Mor(O(Fy)) — Mor(Ly) of g which sends identity morphisms to identity
morphisms. For each P, let B(P) be the category with one object op and morphism
group P (so |[B(P)| = BP), and define functors

B(P) —2 7P —22 5 B(P)

as follows. Let 6p(op) = (P,1d), and 0p(g) = 0p(g) (as a morphism in molP us-
ing (2)) for all g € P. Set Up(Q,) = op; and let Up send each morphism ¢ €
Morz, p((Q, @), (R, 5)) to the unique element g € P (unique by Lemma 4.3(b)) such
that the following square commutes:

5(a)l a(B)l

p-r9,p.
Clearly, ¥p o 0p = Idgp). As for the other composite, define f: Id — 0p o ¥p by
sending each object (Q,«) to the morphism o(a) € Morg(Q, P). This is clearly a
natural transformation of functors, and thus

B(P) = [7olP| ~ |B(P)| ~ BP.

To finish the proof that Bis a rigidification of the homotopy functor B, we must
show, for any ¢ € Homz(P, @), that the following square commutes up to natural
transformation:

B(P) — %P

Lk
0 ~
B(Q) —— mlQ.
Here, [p] € Repr(P, Q) denotes the class of ¢. This means constructing a natural

transformation F; —— F of functors B(P) — 7ol @, where F} = ([p] o —) 0 0p and
Fy = 0g o By are given by the formulas

Fi(op) = (P,[¢]), Fi(g)=0p(g9), and  Fy(op) = (Q,1d), Fi(g) = do(x(9)).

Let ¢ € Mor,(P, Q) be any lifting of ¢. Then by condition (C), ® can be defined by
sending the object op to the morphism ¢ € Morz,p((P, [¢]), (Q,1d)).

(b) We first fix some notation. For any space X and any z, 2’ € X, m(X; z, z’) denotes
the set of homotopy classes of paths in X (relative endpoints) from = to z’. For any
u € m(X;x, 2'), u, denotes the induced isomorphism from 7 (X, z) to m (X, z’). Also,
for any map of spaces f : X — Y, f. denotes the induced map from m;(X;z,2") to
m (Y5 f(x), f(2')).

Now fix a rigidification B: O(Fy) — Top; we want to define a linking system

Ly = Is(B) associated to F. Since B is a rigidification of the homotopy functor B,

we are given homotopy equivalences BP —2— é(P) such that the following square
commutes up to homotopy for each ¢ € Homz (P, Q):

BP — 5 B(P)

Bs{ lé([w])

BQ —<2 5 B(Q).
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Here, [¢] € Repx(P, Q) denotes the class of ¢ (mod Inn(Q)). For each P in Fy, let

xp € B(P) be the image under ep of the base point of BP, and let
vp: P ——— m(B(P), *p)
be the isomorphism induced by ep on fundamental groups.

Let Lo = 1s(B) be the category with Ob(Ly) = Ob(Fp), and with

Mor, (P, Q) = {(¢,u) | ¢ € Rep#(P,Q), u € m(B(Q); Bp(*p), %) }-
Composition is defined by setting

(¥, 0) o (p,u) = (Y, v - B (u)),

where paths are composed from right to left. Let mg: £, —— Fy be the functor which
is the identity on objects, and which sends (¢, u) € Morg, (P, Q) to the composite

P s m(B(P),#p) —2 m(B(Q), Bp(rr)) — m(B(Q).%0) —2s Q.

Also, for each P, define
dp: P —— Aut,, (P) by setting dp(g) = (Idp,vp(g)).

Axioms (A), (B), and (C) for a centric linking system are easily seen to hold for L.
For example, (C) follows as an immediate consequence of the definition of 7.

Now set By = ke(Ly) = ke(Is(B)): the left homotopy Kan extension along the
projection my: Lo — O(Fy) of the constant point functor on Ly. Thus By(P) =
|B1(P)| for each P, where B;(P) is the category with objects the pairs (Q,«) for
a € Rep£(Q, P), and with morphism sets

M0r31(P)((Q’a)7 (R’ 6)) = {(ﬁ S Morﬁo(Qa R) ’a = 60%0($)}
= {(p,v) ’gp € Repr(Q,R), a=Pop, u € Wl(E(R);E(p(*Q),*R)}.

We define a natural homotopy equivalence of functors ¥: B; —— B as follows. For
all P, maps Up: By(P) — B(P) are defined inductively, one skeleton at a time, (and
simultaneously for all P) as follows.

e Each vertex (Q,«) in By (P) = |By(P)]| is sent to E(a)(*Q) € B(P).
e For each edge o = ((Q, ¢) Lo, (P,1d)) in By(P), where
p €Repz(Q,P) and u € m(B(P); Bo(q), *r),
®p|, = u for some path @ in the homotopy class of w.

e For each edge 0 = ((Q., ) e, (R,8)) in By(P), where 8 # Idp, write o/ =
((Q.9) +2 (R.1d)) (an edge in By(R)), and sct ®pl, = B(3) « (¥rlo).

e Consider a simplex of dimension m > 2 in By (P) of the form

o= ((Qo, ag) — (Q1, 1) T (@, am)>.

If (Qu, ) = (P, Id), then let Up|, be any singular simplex in B(P) whose bound-
ary is as already defined. Otherwise, let ¢’ be the unique simplex in B;(Q,,) rep-
resenting a chain ending in (Q,,,Id) such that ¢ = By(a,,)(0’), and set ¥p|, =

E(QM) o (\I/Qm|0'/)'
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Since Bi(P) ~ B(P) ~ BP (where P is given the discrete topology), the above con-
struction is always possible, and defines a homotopy equivalence. It induces the identity
on fundamental groups, under their given identifications with P. By construction, the
®p form a natural morphism of functors ¥ from B; to B.

Let (E’, {¢5}) be another rigidification of B, and let x: B — B’ be a natural
homotopy equivalence of rigidifications. We have already chosen our basepoint xp =
ep(x), where * € BP is a fixed basepoint, and we now set x, = €, (x). Fix, for each
P, a homotopy Hp between kpoep and €. The restriction of Hp to the base point of
BP provides a canonical path in B'(P) from sp(*p) to 5, whose homotopy class we
denote wp € 1 (P; kp(p), #p). We now define

ky: Lo — L
to be the identity on objects, and for (y,u) € Morg, (P, Q),

Ryl u) = (@, wp - Kgu(u) - Blpy(wp) ™). (1)

It is straightforward to show that x is a well defined isomorphim of linking systems;
i.e., an isomorphism of categories which is natural with respect to the projections to
Fo and the distinguished monomorphisms.

(&)

(c) Now assume that Ly is given; it remains to construct an isomorphism £, =
Is(ke(Ly)) of linking systems associated to Fy. Set B = ke(Ly) and £, = Is(B) for
short. By definition, £y and £; have the same objects, and a morphism in £; from
P to @ is a pair (¢, u), where ¢ € Repz(P, Q) and u € m(B(Q); By(xp), *g). Also,
E(P) = |Tod P| where 7 is the projection of Ly onto O(Fp); in particular, we choose
xp to be the vertex of (P,Id). Define U: L5 —— £; by sending each object to itself,
and by sending o € Mor, (P, Q) to (mo(«), []), where [a] is the homotopy class of «,
regarded as an edge in |7 Q| from (P, To(a)) = moa(*p) to (Q,1d) = xg. This is easily
checked to be an isomorphism of categories, and to commute with the distinguished
monomorphisms and the projections to Fy. O

5. HIGHER LIMITS OVER ORBIT CATEGORIES

If F is any fusion system over a discrete p-toral group S, then O(F) will denote its
orbit category: the category whose objects are the subgroups of S, and where

Moror) (P, Q) = Rep (P, Q) ¥ Inn(Q)\ Homz(P, Q).
Also, we write O°(F) = O(F°) to denote the full subcategory of O(F) whose objects
are the F-centric subgroups of S; and more generally write O(Fy) to denote the full
subcategory of O(F) corresponding to any full subcategory Fy of F.

By Lemma 2.5, the morphism sets in the orbit category are all finite. There is
a canonical projection functor F — O(F) which is the identity on objects and the
natural projection Homz(P, Q) — Rep (P, @) on morphisms.

Throughout this section, when C is a category, we frequently write C-mod to denote
the category of functors C°® —— Ab. This notation will not be used in the statements
of results here, but it is used in several of the proofs.



Carles Broto, Ran Levi, and Bob Oliver 25

Lemma 5.1. Let F be a saturated fusion system over a discrete p-toral group S, and
let Fo € F be any full subcategory such that P € Ob(Fy) implies P* € Ob(Fy). Set
F = FoNF*. Then there are well defined functors

O(F) F—= O(F").

incl

where (—)* sends P to P* and [¢] to [¢®]. Also, (—)* is a left adjoint to the inclusion.

Proof. This follows from Corollary 3.4. The only thing to check is that (—)* is well
defined on morphisms in the orbit category. If ¢1,ps € Homz(P, Q) represent the
same morphism in the orbit category, then ¢ = ¢, 0 9 for some g € @, s0 ¢} = ¢4 093
by functoriality, and hence [¢}] = [¢3] in Repz(P*, Q). O

The following proposition shows that the problem of describing higher limits over
the orbit categories we are considering can always be reduced to one over a finite
subcategory.

Proposition 5.2. Let F be a saturated fusion system over a discrete p-toral group S.
Let Fo C F be any full subcategory such that P € Ob(Fy) implies P* € Ob(Fy), and
set F§ = FoNF*. Then for any functor F': O(Fy)°® — Zy)-mod, restriction to Fg
mduces an isomorphism

lm*(F) = Lm*(Flogs)) -

O(Fo) O(F3)
Proof. Consider the functors
R
O(Fp)-mod —— O(Fg)-mod,
T

where R is given by restriction and 7' by composition with the functor (—)®. Then T
is a left adjoint to R, since (—)* is a left adjoint to the inclusion by Lemma 5.1. Also,
T and R are both exact functors, and R sends injectives to injectives since it is right
adjoint to an exact functor.

Let Z be the constant functor on O(Fg) which sends all objects to Z. Then T'(Z) is
the constant functor on O(Fy), and hence for any functor F on O(Fy),

O%n)<p> = Hom(’)(]-'o)—mod<T<Z)a F) = HOTHO(}'&)—mod(Z; R<F)) = OL(17H1)<R<F)) :

Since R is exact and sends injectives to injectives, it sends injective resolutions to in-

jective resolutions, and thus induces an isomorphism between higher limits over O(F)
and over O(F}). O

We next want to show that the techniques which we have already developped for
handling higher limits over orbit categories in the finite case [BLO2, §3] also apply in
this new situation. The proof of this is similar to the proof in [BLO2| of the analogous
result for fusion systems over finite p-groups, and is in fact a special case of a very
general result which we prove here.

For any group I' (not necessarily finite), and any set H of subgroups of I', we define
Oy () to be the corresponding orbit category of I': the category with Ob(O4«(I")) = H,
and with morphism sets

More,,ry(H, H') = H\Nr(H, H'") = Map(I'/H,T/H').
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Here, Nr(H, H') is the transporter set:

Ne(H,H')={g€T|gHg™" < H'}.
If 1 € H, then for any Z[I']-module M, we define

N (0 M) = Tim* (F),
Ox(I)
where Fyr: Oy(I')°® —— Ab is the functor Fy(H) =01if H # 1 and Fy (1) = M.

It is important to distinguish between the orbit category of a group and the orbit
category of a fusion system. When G is a finite group and S € Syl,(G), the orbit
category of the fusion system Fg(G) is not the same as the orbit category Og(G) (the
orbit category of G with objects the subgroups of 5).

Proposition 5.3. Fiz a category C, a group I, a set H of subgroups of I' such that
1 € H, and a functor
a: Oy(T) —— C.

Set ¢y = a(1). For each object d in C, we regard the set More(co,d) as a I'-set via o
and composition. Assume that the following conditions hold:

(a) o sends I' = Aute,, (1) bijectively to Ende(co).

(b) For each d € Ob(C) such that d 2 ¢o, all isotropy subgroups of the I'-action on
Morc(co, d) are nontrivial and conjugate to subgroups in H.

(c) For each & € Mor(Oyx (")), (&) is an epimorphism in the categorical sense: @ o
a(é) = oalf) implies ¢ = 1.

(d) For any H € H, any d € Ob(C), and any ¢ € More(co, d) which is H-invariant,
there is some p € More(a(H),d) such that ¢ = oo afincll).

Let
d:C®P — Ab

be any functor which vanishes except on the isomorphism class of cy. Then the natural
map

m* (@) —S—  Lm*(® o) = A} (I ®(co))
c On (')

s an isomorphism.
Proof. Consider the functors

On(T)-mod £—— C-mod,
Ra

where a* is composition with a°?; and R,, is the right Kan extension of a°?. Specif-
ically, for d € Ob(C), let ald be the overcategory whose objects are pairs (H, )
for ¢ € More(a(H),d), and where a morphism from (H,¢) to (K1) is a morphism
X € Moro,, ) (H, K) such that 1 oa(x) = ¢. Let kq: ald —— O(T") be the forgetful
functor. Then (ald)°® = dla°? (the undercategory), and for F': Oy(I')°? —— Ab,
R, (F) is defined by setting

Ro(F)(d) = lim (For).
(add)ep
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On morphisms, R, (F') sends f € More(d,d’) to the morphism induced by the functor

(aid L aid/). By [McL, §X.3, Theorem 1|, R, is right adjoint to o*. In particular,
since a* preserves exact sequences, R, sends injectives to injectives.

Fix H € H and d € Ob(C). Consider the map
p: More(a(H),d) ——— More(co, d)

defined by composition with the “inclusion” morphism «(incl?). This map is injective
by (c), and Im(u) D More(co, d) by (d). Also, Im(p) is contained in More(co, d)
since incl{’ oz = incl]’ for all z € H. Thus p induces a bijection

More(a(H), d) +_0> More(co, d)? . (1)
Fix representatives {¢%};cr, for the T-orbits in More(co, d), and let T'¢ < T be the
stabilizer subgroup of ¢¢. By (b), we can choose the ¢¢ such that I'¢ € H for all i. By
(1), each ¢¢ has a unique “extension” to ¢ € Morc(a(T'$),d); i.e., there is a unique
d
¥d such that ¢f = o a(incllfi ). Also, for any (H, x) in ald, there is a unique i € I,
and a unique morphism o € Moro,, ) (H, I'Y) such that x = ¥ xo. So each object
(T'¢,48) is a final object in its connected component of the overcategory ald. Thus for
any F'in Oy(T')-mod,
Ro(F)(d) = ] F(T). (2)
i€ly
In particular, R, is an exact functor.
Let Z denote the constant functor on C°° which sends each object to Z and each
morphism to the identity. Then «*Z is the constant functor on Oy(I')P. If F
C°® —— Ab is any functor, then

@(F) = HOHlC-mod(Za F);
C

and similarly for functors in Oy (I')-mod.

Assume H € H is such that a(H) = «a(1) = ¢o. Since all endomorphisms of ¢, are
automorphisms (by (a)), More(co, «(H)) contains only isomorphisms, and in particular
a(inclf’) is an isomorphism. Also, incli oz = incl? for all z € H, so a(z) = Id,, for all
x € H. By (a) again, this implies that H = 1.

The functor a*® = ® o a®? : Oy(I')® —— Z)-mod thus sends the object 1 to
®(cp) (with the given action of I'), and sends all other objects to 0. Then R, sends an
injective resolution I, of a*® to an injective resolution R,(I.) of R,(a*®). It follows
that

def

A3(T5®(co)) = lm*(a*®) = H*(Moro,, r)-moa(@Z, L))

O (')
=~ H*(Morc-moa(Z, Ra(1.))) = im* (R, (o ®)).
c
It remains only to show that R,(a*®) = ®. For each d € Ob(C), if d % ¢y, then
More(cg, d) is a disjoint union of orbits I'/T'¢, where 1 # I'{ € H by (b). So by (2),

Ra(0*®)(d) = Ra(® o a)(d) = [ @(a(H) = 0
where the last equality holds since we already showed that H # 1 implies a(H) %

co. If d = ¢p, then More(cy, d) consists of one free orbit of I' (by (a)), and hence
Ro(a*®)(d) = ®(a(l)) = P(cg). This finishes the proof that R, (a*®) = . O
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Our first application of Proposition 5.3 is to the case where C is the orbit category
of a saturated fusion system over a discrete p-toral group. As in [JMO] and [BLO2],
when I is finite and # is the set of p-subgroups of I' (or the set of subgroups of a given
Sylow p-subgroup), we write A*(I'; M) = Aj,(I'; M) (and the prime p is understood).

Proposition 5.4. Let F be a saturated fusion system over S. Let
D . Oc(]:)Op —_— Z(p)-mod

be any functor which vanishes except on the isomorphism class of some fixed F-centric
subgroup Q < S. Then

lim* (@) = A*(Out+(Q); ¥(Q)).
O°(F)

Proof. 1t suffices to do this when @ is fully normalized. Set I' = Out#(Q) and ¥ =
Outs(Q) € Syl,(I'), and let H be the set of subgroups of ¥. Since ¥ = Ng(Q)/Q,
each subgroup of 3 has the form Outp(Q) for some unique P < Ng(Q) containing Q.
Define

a: Os(l') —— O°(F)

on objects by setting a(Outp(Q)) = P for Q < P < Ng(Q). If ¢ € Autx(Q) is such
that [¢] € Np(Outp(Q), Outp(Q)) (the set of elements which conjugate Outp(Q) into
Outp/(Q)), then ¢ can be extended to some p € Homz(P, P’) by axiom (II), the class
of  in the orbit category is uniquely determined by ¢ by Proposition 2.8, and « sends
the class of [g] to the class of .

We apply Proposition 5.3 to this functor a. Condition (a) is clear, (¢) holds for O¢(F)
by Proposition 2.8, and (d) holds by axiom (II) of a saturated fusion system. As for (b),
since every morphism in F is the composite of an isomorphism followed by an inclusion,
it suffices to prove that the stabilizer in I" of an inclusion inclg € Homz(Q, P), where
@) S P, is a nontrivial p-subgroup. But the stabilizer is Outp(Q) = Np(Q)/Q, which
is nontrivial by Lemma 1.8. All of the hypotheses of Proposition 5.3 thus hold, and
the result follows. O

Using the terminology of [BLO2J, we say that a category C has bounded limits at p
if there is k& > 0 such that for any functor ®: C®® —— Z,-mod, lim'(®) = 0 for all
t > k. The following is a first corollary of Proposition 5.4.

Corollary 5.5. Let F be a saturated fusion system over a discrete p-toral group S,
and let Fo € F€ be a full subcategory such that P € Ob(Fy) implies P* € Ob(Fy).
Then the orbit category O(Fy) has bounded limits at p.

Proof. By Proposition 5.2, it suffices to prove this when Fy C F°; in particular, when
Fo has only finitely many isomorphism classes. By [JMO2, Proposition 4.11], for each
finite group T', there is some kr such that A*(I'; M) = 0 for all Z,[I']-modules M
and all 4 > kpr. Let k£ be the maximum of the kg, (p) for all P € Ob(Fy). Then by
Proposition 5.4, for each functor ® : O(F;)°® —— Z(,-mod which vanishes except on
one orbit type, @’(@) = ( for © > k. The same result for an arbitrary p-local functor
® on O(Fp) now follows from the exact sequences of higher limits associated to short
exact sequences of functors. O

In practice, when computing higher limits over orbit categories O¢(F), it is useful
to combine Propositions 5.2 and 5.4, as illustrated by the following corollary.
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Corollary 5.6. Let F be a saturated fusion system over a discrete p-toral group S.
Let F': O¢(F)® —— Zp)-mod be a functor with the property that for each F-centric
subgroup P € H*(F), A*(Outx(P); F(P)) =0. Then lim*(F) = 0.

Proof. Let Fy: O°(F*)°® —— Zgy-mod be the restriction of F'. By Proposition 5.2,
@*(F) = @* (Fo).
0°(F) 0% (F*)

Assume first that F{ vanishes except on the conjugacy class of one subgroup P €

H*(F). Let F' be the functor on O¢(F) which takes the same value on the conjugacy
class of P and vanishes on all other subgroups. Then

lim* (Fy) = lim*(F') & A*(Outz(P); F(P))
O°(F*) O<(F)
by Propositions 5.2 and 5.4, and this is zero by assumption.

By Lemma 3.2(a), the category O°(F*®) contains only finitely many isomorphism
classes. Hence there is a sequence

0=9,C P C---C P = Iy
of subfunctors defined on O¢(F*), with the property that for each i, ®;/®; ; vanishes
except on the conjugacy class of one subgroup P, and (®;/®;_,)(P) = F(P). We have
just seen that Jim*(®;/®;_1) = 0 for all i; and hence lim*(Fp) = 0 by the relative long
exact sequences of higher limits. 0

The following lemma will be useful in showing that certain functors on the orbit
category are acyclic. As usual, when F is a fusion system over S, a subgroup P < S
will be called weakly closed in F if it is the only subgroup in its F-conjugacy class.

Lemma 5.7. Let F be any saturated fusion system over a discrete p-toral group S, and
let Q < S be any F-centric subgroup which is weakly closed in F. Set I' = Outz(Q),
and let F>g C F€ be the full subcategory whose objects are the subgroups which contain
Q. Define the functor

O: O(Fsq)® — O,(I)
by sending an object P to Outp(Q) < TI', and by sending a morphism ¢ € Rep (P, P’)
to the class of plg € Np(©(P),0(P’)). Then for any pair of functors

F: OC<F)OP _— Z(p) -mod and O OP(F)OP —_— Z(p) -mod

such that ® « © = Flor,,), and such that Outq(P) = Npqg(P)/P acts trivially on
F(P) forall P < S,

lm*(F) = lim*(®).

0<(F) Op(I)

Proof. Define a functor
F': Oc(]:)Op _— Z(p)-mod
by setting F'(P) = F(P) if P > @ and F'(P) = 0 otherwise. Regard F’ as a quotient
functor of F, and set F" = Ker[F — F"].
If P < S is F-centric and P # Q, then Outg(P) = Npo(P)/P # 1, and by
assumption this group acts trivially on F'(P) = F"(P). Hence the kernel of the action

of Outz(P) on F”(P) has order a multiple of p, and so A*(Outz(P); F”(P)) = 0 by
[JMO, Proposition 5.5]. Thus lim"(F") = 0 by Corollary 5.6, and hence

lim*(F) & Lim* (F).

O<(F) O<(F)
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Recall that I' = Out#(Q). Since @ is fully normalized in F (it is the unique subgroup
in its F-conjugacy class), ©(S) = Outg(Q) € Syl,(I'). Also, © defines a bijection
between subgroups of ©(S5) = S/Q and subgroups of S which contain (. For all
Q<P P LS,

Repy(P, P') — 225 More, 1(O(P), O(P"))

is injective by Proposition 2.8. If g € Np(©(P),O(F’)) is any element in the trans-
porter, and g = [p] for ¢ € Autz(Q), then for all z € P there is y € P’ such that
et = ¢, as automorphisms of ). Hence by condition (II) in Definition 2.2, ¢
extends to a homomorphism ¢ € Homz(P, P’), and © sends [p] € Repx(P, P') to the
class of g.

This proves that © induces bijections on all morphism sets, and thus is an equivalence
of categories. Hence if ® is such that ® « © = F|O(fzcz)’ then

Im*(®) = Im” (Flor.g)) = Lm™(F) = lm*(F). 0

O, () O(F>q) O¢(F) o<(F)

This can now be applied to prove the acyclicity of certain explicit functors.

Proposition 5.8. Let F be any saturated fusion system over a discrete p-toral group
S. Define

Fl,FQZ OC<F)OP — Z(p)-mOd

on objects by setting F1(P) = Z(P)o and F>(P) = m2(B(Z(P));). On morphisms, each
F; sends the class of ¢ € Homg(P, P’) to the homomorphism induced by the inclusion
of Z(P') into Z(p(P)) followed by ™| z(ppy). Then Iy and Fy are both acyclic.

Proof. Set T = Sy (the “maximal torus” in F), @ = Cs(T) < S, and T' = Out£(Q).
Then @) is F-centric, and is weakly closed in F since T is. Let

O: O(Fsq) — O,(1)

be the functor of Lemma 5.7. For each p-subgroup II < I') regarded as a group of
automorphisms of @, let My be the norm map for the action of IT on T i.e., N(t) =
[[,en(t) for t € T. Define

O (M) = Np(T)  and  ®y(II) = Hom(Z/p>, T)™.

These define functors ®;: O,(I")°? —— Z,-mod.

For each P < S which contains @, Np/o(T) is connected (i.e., infinitely p-divisible),
and has finite index in Z(P) since Z(P)NT =T* and T” /Np;o(T) has exponent at
most |P/Q)|. Hence Np/o(T) is equal to the identity component Z(P)y, and we have

Fy(P) = Z(P)o = Npjo(T) = ©:(0(P)).
In general, for any discrete p-toral group P,
m(BP)) = [S*, BP)] = [BS', BP)] = Hom(Z/p>, P).

Here, the last equivalence follows from Lemma 1.10, while the middle one follows by
obstruction theory (since m;(BP,) = 0 for i > 2). Hence for any P < S which contains

0
Fy(P) = my(BZ(P)}) = Hom(Z/p*, Z(P)) = Hom(Z/p*, T)"/? = &,(6(P)).
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Thus ®; 0 © = Fjfo(r,,) (for i = 1,2). Also, for each P < S, Outg(P) acts trivially
on F;(P) for i = 1,2 since () centralizes Z(P)y <T'. So by Lemma 5.7,

lim*(F) = lim*(,).

O<(F) Op(I)
The functors ®; and @, are both Mackey functors on O,(I") (see [JM, Proposition 5.14]
or [JMO, Proposition 5.2]), and hence are acyclic. O

As in Section 4, when F is a saturated fusion system over S, we let B denote the
homotopy functor B(P) = BP, and by extension let B} denote the functor B)(P) =
BPQ. The following proposition is a first application of Proposition 5.8. It shows that
there is a bijective correspondence between rigidifications of these two functors.

Proposition 5.9. Let F be a saturated fusion system over a discrete p-toral group S,
and let Fo C F€ be any full subcategory which contains F°*. Let B: O(Fy) — Top be
any rigidification of the homotopy functor B. Then there is a functor

B: O(F,) — Top such that B(P) ~ BP for all P, together with a natural trans-
formation of functors B —— B which is a homotopy equivalence after p-completion.
Moreover, there is a bijection between equivalence classes of rigidifications of B and
equivalence classes of rigidifications of B)).

Proof. Let x: B —— B be the natural transformation of homotopy functors which
sends BP to BP; by the canonical map. We want to apply Theorem A.3, which is
a relative version of the Dwyer-Kan theorem [DK] for rigidifying centric homotopy
diagrams. We first check that y is relatively centric in the sense of Theorem A.3. This
means showing, for each ¢ € Morp(z,) (P, (), that the square

Map(BP, BP)q —2=— Map(BP, BQ)p,

X(P)Ol X(Q)Ol

Map(BP, BPQ)X(P) 25 Map(BP, BQQ)X(Q)OB‘P
is a homotopy pullback. By a classical result, the top row is a homotopy equivalence,
and both mapping spaces have the homotopy type of BZ(P) (cf. [BKi, Proposition
7.1]). By Lemma 1.10, the second row is also a homotopy equivalence, and both
mapping spaces have the homotopy type of BZ(P)]. So the square is a homotopy
pullback.

For each ¢ > 1, let ;: O(Fy)°®® —— Ab be the functor defined in Theorem A.3,
where for each P,

B:(P) = (hofiber (Map(BP, BP)i "~ Map(BP, BP})\(r)) ).
BZ(P) BZ(P))

By [DW2, Proposition 3.1], this homotopy fiber is a K (V1) for some @p-vector space
V. In particular, the fiber is connected, ;(P) is abelian for all P, and 3; = 0 for all
1 > 2. Also, by the homotopy exact sequence for the fibration, there is a short exact
sequence of functors

0 > I 61 > By > O,
where F; and F3 are the functors of Proposition 5.8. By Proposition 5.2, for all ¢+ > 1
and j = 1,2,

lim'(Fy) = lim' (Fy) = lim'(F),
O(Fo) o(F*) 0°(F)
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where the last group vanishes by Proposition 5.8. Thus @’(ﬁl) =0foralls>1.
The proposition now follows directly from Theorem A.3. U

In Section 8, we will also need to work with higher limits over orbit categories
of certain infinite groups. For any (discrete) group G, let Og4pi(G) denote the orbit
category of G whose objects are the discrete p-toral subgroups of G; and define (for
any Z[G]-module M),

M itP=1

Azpt(G? M) = @1 (F) where Fy(P) = {O if P 1.

Odpt(G)
We are now ready to give a second application of Proposition 5.3.
Lemma 5.10. Fiz a group G, a discrete p-toral subgroup Q) < G, and a functor

Q: Oypi(G)® —— Ab with the property that ®(P) = 0 except when P is G-conjugate
to Q. Let ®': Ogpt(Ne(Q)/Q)® —— AD be the functor ®'(P/Q) = ®(P). Then

Im® (@)= lim" (D) = A, (Na(Q)/Q; 9(Q)) - (1)

Odpt(G) Odpt(NG(Q)/Q)

Proof. We apply Proposition 5.3, where C = Ogpt(G), I' = Ng(Q)/Q, and H is the set
of discrete p-toral subgroups of I'. A functor

a: Ogpt(I') —— Ogpi (G)
is defined by setting a(P/Q) = P, and by sending the set (P'/Q)\Nr(P/Q, P'/Q) to
P\N¢(P, P') in the obvious way.

The hypotheses of Proposition 5.3 follow easily from the definition of the orbit cate-
gories, and so the isomorphisms between higher limits follow from the proposition. [

The following very general lemma will help in certain cases to reduce computations
of higher limits to those taken over finite subcategories.

Lemma 5.11. Let C be a (small) category, and let C; C Cy C --- be an increasing
sequence of subcategories of C whose union is C. Let F': C°® —— Ab be a functor such
that for each k,

lim* (1" (Fc,)) = 0.
i Ci
Then the homomorphism

¢))

i (F) —=— Jim (I (F

C;

induced by the restrictions is an isomorphism for all k.

Proof. For any category D and any functor ®: D —— Ab, lim"(®) is the homology
of the chain complex (C*(D; ®), d), defined by setting

c'(D;0) = [ @(c).
co—>—rCn
where the product is taken over composable n-tuples of morphisms in D, and where

n+1
d(&)(co = ¢y = - = Cpy1) = a*E(cp = - = Cup) +Z§(co =Gt = Cpyl)-

i=1
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See, for example, [GZ, Appendix II, Proposition 3.3] or [Ol, Lemma 2|. If Dy C D is a

subcategory, then the restriction homomorphism from lim*(®) to lim"(®|p, ) is induced
D Do

by the obvious surjections C*(D; ) —» C*(Dy; P).

In the above situation, the chain complex (C*(C; F'),d) is the limit of an inverse
system of chain complexes (C*(C;; F|¢,), d) with surjections, where the inverse system
of homology groups of these chain complexes has vanishing @11(—). Since l(iLnl(—)
vanishes for a (countable directed) inverse system with surjections, we conclude that
the cohomology of (C*(C; F'),d) is isomorphic to the inverse limit of the cohomology
of the complexes (C*(Cy; F¢,), d). O

The next lemma describes how, in some cases, the computation of Azpt(G; M) can
be reduced to the case where G is finite. When G is a finite group and M is a Z[G]-

module, we let A*(G; M) denote the A-functor taken with respect to p-subgroups of
G.

Lemma 5.12. Let G be a locally finite group. Assume there is a discrete p-toral
subgroup S < G such that every discrete p-toral subgroup of G is conjugate to a subgroup
of S. Fiz a Z|G]-module M, and assume that for some finite subgroup Hy < G,
A*(H; M) =0 for all finite subgroups H < G which contain Hy. Then Ay, (G5 M) = 0.
In particular, A, (G; M) =0 if M is a Z,)[G]-module and the kernel of the action of
G on M contains an element of order p.

Proof. By [JMO, Proposition 5.5, for any finite group H and any Z,)[H]-module M
such that the kernel of the H-action on M has order a multiple of p, A*(H; M) = 0.
Hence the last statement follows as a special case of the first.

Fix a Sylow p-subgroup S € Syl,(G), and let Og(G) € Ogpe(G) be the full subcate-
gory whose objects are the subgroups of S. Since each discrete p-toral subgroups of G
is G-conjugate to a subgroup of S, these categories are equivalent, and so we can work
over Og(G) instead. Define

M ifP=1
0 ifP#£1.

By definition, Aj,(G;M) = lim*(Fy), and we must show that this vanishes in all
degrees.

Step 1: To simplify the notation, we write C = Og(G), and let Cy C C be the full
subcategory whose objects are the finite subgroups of S. For each subgroup @ < S
and each abelian group A, let 3‘5 in C-mod be the functor

J5(P) = Map(More(Q, P), A) = [ A
Morc (Q,P)
For any F in C-mod, Home-moa(F, 73) = Homz(F(Q), A). Hence J7 is injective if A
is injective as an abelian group, and each functor on C injects into a product of such
injectives. Also, when @ is finite,

lim (33]a,) = hm(33) = 4

Co

Fy: C°" —— Ab by setting Fy(P) = {

(where the second isomorphism holds for arbitrary @ < 5).

Choose a sequence of functors

0 FM do )jo 4 )31 d> SR (1)




34 Discrete models for the p-local homotopy theory of compact Lie groups and p-compact groups

where each J; is a product of injective functors ’Jé for finite subgroups @) < S and
injective abelian groups A, and where (1) is exact after restriction to Cy. We claim
that this is an injective resolution of Fj;. In other words, the sequence

0 — Fy(P) —— J3y(P) —— J31(P) —— -, (2)

is exact for all finite P < S, and we want to show it is exact for all P < S. Fix

an infinite subgroup P < S, and choose finite subgroups P, < P, < --- such that

P =UjZ, Pj (Lemma 1.9). Then Fy(P)=0= @FM(Q) For all finite @ < S and
J

all A,
JS(P) = Map(Mor¢(Q, P), A) = @(Map(Morc(Q, P)), A))

J

since More(Q, P) is the union of the Mor¢(Q, P;); and furthermore this is an inverse
system of surjections. Hence (2) is the inverse limit of the corresponding exact se-
quences for the P;, all restriction maps Jj(Pj41) —— J,(P;) are surjective, and so (2)
is also exact. Thus

AZpt<G; M) = %rf%FM) = H*<%n<jk)adk> = H*Q%l(jkko%dk) = %rﬁ(FM‘CO). <3>

Step 2: Fix a sequence 57 < Sy < S35 < --- of finite subgroups of S such that
S = U;il S; (Lemma 1.9). We first construct inductively a sequence of finite subgroups
H, < Hy < --- of G containing H, such that for each j > 1, H; > S;, and O,(H,)
contains the full subcategory with object set the p-subgroups of H; ;. Fix j > 1,
and assume that H;_; has been constructed. Let C; be the full subcategory of OEH(G)
whose objects are the p-subgroups of (H;_1, S;) (a finite group since G is locally finite).
Choose a finite set of morphisms in C; which generate it, let X; C G be a finite set of
elements which induce those morphisms, and set H; = (X;). Since G is locally finite,
H; is a finite subgroup. By construction, O,(H;) 2 C;; and hence contains both O(S;)
and the full subcategory with the same objects as Op,(H,;_1).

Set ¢! Uj2, Op(H;). This is a full subcategory of Ofin(G) which contains all finite

subgroups of S as objects. In particular, C’' is equivalent to Cy, and hence @*(F ) =

Co
Hm*(Faler). Since Um" (Filo,(m;)) = 0 for all j, im"(Fy[er) = 0 by Lemma 5.11. [J
¢ Oy (H,) ¢

6. MAPPING SPACES

We now look at the spaces of maps from BQ to |£]7, when @ is a discrete p-toral
group and L is a linking system. In general, for any p-local compact group (S, F, L)
and any discrete p-toral group @), we define

Rep(Q, £) = Hom(Q, S)/~,

where ~ is the equivalence relation defined by setting p ~ p’ if there is some y €
Homz(p(Q), p'(Q)) such that p’ = yop. We want to show that [BQ, |L[] = Rep(Q, £).

The following lemma will be needed to reduce this to the case where () is finite. The
functor (—)® of Section 3 plays an important role when doing this.
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Lemma 6.1. Fix a discrete p-toral group Q, and let Q1 < Q2 < --- < Q) be a sequence
of finite subgroups such that Q = J,—, Qn. Let (S,F,L) be a p-local compact group.
Then the following hold.

(a) The natural map

R: Rep(Q, £) ——— lim Rep(Q. £).

induced by restriction, is a bijection.

(b) Assume Q < S. Then for n large enough, Q% = Q°* > @, and hence restriction
induces a bijection Homz(Q, P) = Homxz(Q,,, P) for all P € Ob(F*).

Proof. In general, for any homomorphism ¢ € Hom(H, K), we let [p] denote its class
in Rep(H, K).

(a) Assume first that ¢,¢ € Hom(Q, S) are such that R([¢]) = R([¢]). Thus ¢|g,
and 1|q, are F-conjugate for each n; ie., ¥|g, = a0 ¢|g, for some unique «, €
Isor(o(@Qn), ¥(Qr)). In particular, Ker(p)NQ, = Ker(¢)NQ,, for each n, so Ker(yp) =
Ker(v), and ¢ = a0 ¢ for some unique a € Iso(¢(Q), ¥ (Q)). Then a|g, = a,, is in F

for each n, so a € Isox(¢(Q),¥(Q)) by axiom (III), and [¢)] = [¢] € Rep(Q, F).

This proves the injectivity of R, and it remains to prove surjectivity. Fix some

{[enltn>1 € @ Rep(Qn, £).

Thus for each n, ¢, € Hom(Q,,S), and ¢,+1|g, is F-conjugate to ¢,. By Lemma
3.2(a), the set {p,(Q,)*|n > 1} contains finitely many conjugacy classes. Since for
all n, p,(Q,) is F-conjugate to a subgroup of ¢, 1(Qni1), ©n(Qn)® is F-conjugate to
a subgroup of ¢, 11(@Qn+1)® by Lemma 3.2(b) and Proposition 3.3. Hence for some m,
©n(Qr)® is F-conjugate to ¢, (Q,)* for all n > m.

We now construct inductively homomorphisms ¢!, € Hom(Q,, S) for all n > m such
that [¢]] = [¢n] in Rep(Qn, L), and ¢ |g, , = ¢,_;. Assume ¢/, has been con-
structed, and set o, = @, 0 ¢, ;7' € Homz(¢!, (Qn_1), vn(Qn)). By Proposition 3.3
again, this extends to a unique morphism af € Homz(¢!, {(@Qn-1)°, ¢n(@n)*), which
must be an isomorphism since it is injective and the two groups are abstractly isomor-
phic and artinian. Set ¢/, = ()™ o ¢y,; then ¢ |q,_, = ¢,_1. Let p € Hom(Q, S) be

the union of the ¢/,; then [p] € R7'({[p,]}), and this proves the surjectivity of R.

(b) Now assume @) < S. By Lemma 3.2(a,b), forall n, @ < @, < Q°, and the set
{Q? |n > 1} is finite. Hence Q¢ > @ for n sufficiently large, and this implies Q% = Q°.
If P=P* <S5, then every ¢ € Homz(Q,, P) extends to a unique ¢* € Homz(Q5, P)
by Proposition 3.3, and thus Homz(Q, P) = Homz(Q,,, P) whenever Q% = Q°. O

For any linking system £ and any discrete p-toral group Q, we let £ be the category
whose objects are the pairs (P, «) for P € Ob(£) and a € Hom(Q, P), and where

Morzo ((P,a), (P',a/)) = {¢ € Morz(P, P') | o = 7(p) o« € Hom(Q, P') }.
We next show that Map(BQ, |£[)) ~ [£?]} in this situation.

Proposition 6.2. Fiz a p-local compact group (S, F, L) and a discrete p-toral group Q.
Let Fo € F€ be any full subcategory which contains all F-centric F-radical subgroups
of S, and such that P € Ob(Fy) implies P* € Ob(Fy). Let Lo C L and L& C LO
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be the full subcategories where Ob(Ly) = Ob(Fy), and Ob(LY) is the set of pairs
(P,a) € Ob(L?) such that P € Ob(Ly). Then there is a bijection

mo(| L) —— Rep(Q, £) (1)

which sends a vertex (P, a) to the class of v as a homomorphism to S. If, furthermore,
we define ®: LE x B(Q) — Ly by setting

O((P,a),0q) =P and <I><(P, o) == (P',a), x) = podp(alx)),

then the map
[@f': L8], —— Map(BQ, |Lol,) (2)

adjoint to |®| is a homotopy equivalence.

Proof. Every vertex (P,a) in |£] is connected by an edge to the vertex (S, incl3 o).
Furthermore, by the assumption that F; contains all F-centric F-radical subgroups,
together with Alperin’s fusion theorem (Theorem 3.6), two vertices (S, «) and (S, )

in |£82| are in the same connected component if and only if o and o' represent the same
element of Rep(Q, £). This proves (1).

Since ®(p,z) = podp(a(z)) = Ip(a/(x)) o ¢ by condition (C), ¢ is a well defined
functor. It remains to prove the homotopy equivalence (2). Step 1, where we handle
the case @ is finite, is essentially the same as the corresponding proof in [BLO2|. In
Step 2, we extend this to the general case.

By assumption, for each P € Ob(Ly), P* € Ob(Ly). So the functor (—)* of Propo-
sition 4.5 restricts to a functor from £y to £, and also induces a functor from £S to
EBQ. All of these are left adjoint to the inclusion functors, and hence induce homotopy
equivalences between their geometric realizations. Thus, without loss of generality, we
can assume that £y = Lg; i.e., that P = P*® for all P in £,. This assumption will be
needed at the end of each of Steps 1 and 2 below.

Step 1: Assume that ) is a finite p-group. Let O(Fy) C O¢(F) be the full subcate-

gory with Ob(O(Fp)) = Ob(Fy) = Ob(Ly), and let 7: Ly — O(Fp) be the projection

functor. Let 7g: L& — O(Fy) be the functor 7g(P, o) = P and 7g(p) = 7(¢). Let
B, B: O(F,) — Top

be the left homotopy Kan extensions over 7g and 7, respectively, of the constant
functors *. Then

| L£o| = hocoling (B) and 1L£3| ~ hocolig(éQ) (3)
O(Fo) O(Fo)

(cf. [HV, Theorem 5.5]).

For each P in O(F,), B(P) is the nerve of the overcategory 7P, whose objects are
the pairs (R, x) for R € Ob(Ly) = Ob(O(Fy)) and x € Repr(R, P), and where
Morz,p (R, x), (R, X)) = { € Morg, (R, R)) | x = X"« 7(0) }.
Let B'(P) be the full subcategory of 7] P with the unique object (P,1d), and with
morphisms the group of all §p(g) for g € P.

Similarly, EQ(P) is the nerve of the category mol P, whose objects are the triples
(R,a,x) for R € Ob(Ly) = Ob(O(Fy)), a € Hom(Q, R), and x € Repx(R, P); and

where
MOI%QUD((R’ «, X)a (Rla O/a X,)) = {90 S Morﬁo(Ra R/) | o = W(SO) o, X = X, °© ’ﬁ((p)}
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Let B (P) be the full subcategory of mol P with objects the triples (P, Id) for a €
Hom(@Q, P).

Fix a section o: Mor(O(Fy)) — Mor(Ly) which sends identity morphisms to iden-
tity morphisms. Retractions
AP Y5 B(P)  and  FolP —% By(P)
are defined by setting
U(R,x) = (P,1d) and  VUo(R,a,x) = (P, mo(x) o a,ld);
and by sending ¢ in Morz p((R, x), (R',X’)) or Morz,,p((R, a, ), (R, o/, X)) to the

automorphism dp(g) € Auty,(P), where g € P is the unique element such that o(x’) o
@ =0p(g) o 0(x) in Morg, (R, P) (Lemma 4.3(b)). There are natural transformations

Id%ip —— incloV¥ and Id;Qip —— incl o\I/Q

of functors which send an object (R, x) to x € Morz p((R, ), (P,1d)) and similarly
for an object (R, a,x). This shows that [B'(P)| C |7/ P| and |B,(P)| C [7qlP| are
deformation retracts.

We have now shown that for all P € Ob(Ly),
B(P)~|B(P)|~BP and  By(P)=~|By(P)|. (4)

All morphisms in Bp(P) are isomorphisms, two objects (P, a,Id) and (P,a/,1d) are
isomorphic if and only if @ and o' are conjugate in P, and the automorphism group of
(P, a,1d) is isomorphic to Cp(a@)). Thus

Bo(P)~ [] BCr(aQ). (5)

aERep(Q,P)

Let EA and BQp be the p-completions of B and BQ, ie., (B )(P) = (B B(P))" and

~ p
(BQ;\)(P) = (BQ(P))p. By (3), and since the spaces B(P) and BQ(P) are all p-good
by (4) and (5),

| Lo}y =~ (hzc;c;li)@(éﬁ))l/)\ and |£82|1/)\ ~ (hocoh@)(BQp)>
0

O(Fo)

Consider the commutative triangle

L3 x B(Q) = Ly
m\ /
O(Fo) -

The left homotopy Kan extension over 7y o pr; of the constant functor * is the functor
By x BQ, and so the triangle induces a natural transformation of functors

®': By x BQ —— B.

The map D EQ — Map(BQ, é) adjoint to @’ is also a natural transformation of
functors from O(Fp) to Top, and induces a commutative diagram

(hocoliQ(BQ) )/\ % (hocohg Map(BQ, B/\)> = Map(BQ, hocolim(B ) )

O(Fo) O(Fo)
:\L Nl

|®|
L& — Map(BQ, |Lol)) .
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For each P < S and @y < @, Lemma 1.10 (together with (4)) implies that each
component of Map(BQo, B(P);) has the form BCp(p(Qo));, for some p € Hom(Qy, P).
So all such mapping spaces are p-complete and have finite mod p cohomology in each
degree. Also, O(Fy) is a finite category (it has finitely many isomorphism classes of
objects by Lemma 3.2(a) and has finite morphism sets by Lemma 2.5), and it has
bounded limits at p by Corollary 5.5. Hence w is a homotopy equivalence by [BLO2,
Proposition 4.2].

It remains only to show that CAIS(P) is a homotopy equivalence for each P € Ob(Ly).

By (4), this means showing that ®(P) restricts to a homotopy equivalence
®(P): |B,(P)] —— Map(BQ, |B'(P)]).

Since |B/(P)| = BP, and since @' (P) is induced by the homomorphisms (incl -o) from
Cp(a(Q)) x Q to P, this follows from (5).

Step 2: Now let () be an arbitrary p-toral group. Let @1 < Q3 < ---Q be an
increasing sequence of finite subgroups whose union is @) (Lemma 1.9). Then

mo(|£5 1) & im wo(|£5]) & b [BQy, [Loly] - (6)

n

the first bijection holds by Lemma 6.1 and (1), and the second by Step 1.

Fix ¢ € Hom(Q, S), and set ¢, = ¢|q,. Let Map(BQ, [Lo|}))s be the space of maps
f1 BQ —— |Lo|) such that f|pq, =~ By, for each n. (This contains the connected
component of By, but could, a priori, contain other components.) Let (E(?)q, C E(?
and (E(?")w C LY be the full subcategories with objects those (P, a) such that « is
F-conjugate to ¢ or to @, respectively. Thus |(L{),| is the connected component of
|£3| which contains (S, ), and |(£0Q”)¢| is the connected component which contains

(S, ¢n).
Consider the following commutative diagram, for all n > 1:

(L) |h — Map(BQ, |Lo[h)s

! |

(L) ol = Map(BQy, | Lo[2)s, -

We want to show that the top row is a homotopy equivalence; the proposition then
follows by taking the union of such maps as ¢ runs through representatives of all
elements of Rep(@, £). The bottom row is a homotopy equivalence by Step 1. So we
will be done if we can show that the vertical maps are homotopy equivalences for n
large enough.

By Lemma 6.1(b), there is some m such that for all n > m, ¢(Q,)* = ¢(Q)®, and
restriction induces a bijection Repr(o(Q), P) = Repr(¢(Qn), P) for all P € Ob(Ly).
(Recall that we are assuming £y = £§.) This implies that |(£OQ)¥,| = |(£OQ”)¥,| for all
n > m. Hence the components Map(BQn,, |Lol))sy, are all homotopy equivalent for
n > m by Step 1, so Map(BQ, |£|})s ~ Map(BQy, |L]})) 5y, for n > m, and this proves
that the vertical maps in (7) are equivalences. O

The following theorem gives a more explicit description of the set [BQ,|L[)] of
homotopy classes of maps, as well as of the individual components in certain cases.
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Theorem 6.3. Let (S, F,L) be a p-local compact group, and let 0: BS — |L]}} be
the natural inclusion followed by completion. Then the following hold, for any discrete

p-toral group Q.

(a) The natural map

o~

is a bijection. Thus each map BQ — |L|} is homotopic to 6 o Bp for some p €

Hom(@Q, S). If p,p' € Hom(Q, S) are such that 6 « Bp ~ 0 o Bp' as maps from BQ
to ||}, then there is x € Homz(p(Q), p'(Q)) such that p" = x o p.

(b) For each p € Hom(Q, S) such that p(Q) is F-centric, the composite
0
BZ(p(Q)) x BQ > L]
induces a homotopy equivalence
BZ(p(Q))]/; ;) Ma’p(BQ7 |‘C|;)\)90Bp~
(¢) The evaluation map induces a homotopy equivalence
Map(BQ7 |‘C|1/)\)triv = |£|I/7\

incl-Bp

BS

Proof. We refer to the category £%, and to the homotopy equivalence
/. QN = A
[®: [£¥]; ——— Map(BQ, [L]})

of Proposition 6.2. Point (a) is an immediate consequence of point (1) in the propo-
sition, and (c) holds since the component of L which contains the objects (P, 1) is
equivalent to L.

If p € Hom(@Q, S) is such that p(Q) is F-centric, then the connected component of
|Lo| which contains the vertex (p(Q), p) contains as deformation retract the nerve of
the full subcategory with that as its only object. Since Aut.,(p(Q),p) = Z(p(Q)),
this component has the homotopy type of BZ(p(Q)), which proves point (b). O

7. EQUIVALENCES OF CLASSIFYING SPACES

We next describe the monoid Aut(|£|)) of self homotopy equivalences of || (The-
orem 7.1); and also show that p-local compact groups which have homotopy equivalent
classifying spaces are themselves isomorphic (Theorem 7.4). There is some overlap
between the proofs in this section and those of the corresponding results for p-local
finite groups in [BLO2, Sections 8 & 7]; but they differ in some key respects, mostly
due to the fact that we do not have a way to recover the category L from the space
|L|) via a functor from spaces to categories.

We first recall some notation used in [BLO1] and [BLO2]. For any space X, Aut(X)
denotes the monoid of self homotopy equivalences of X, and Out(X) = mo(Aut(X)) is
the group of homotopy classes of self equivalences. For any discrete category C, Aut(C)
is the category whose objects are the self equivalences of C and whose morphisms are
the natural isomorphisms between self equivalences, and Out(C) = 7y (| Aut(C)|) is the
group of isomorphism classes of self equivalences. We consider Aut(C) as a discrete
strict monoidal category, in the sense that composition defines a strictly associative
functor

Aut(—) x Aut(—) ———— Aut(—)
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with strict identity. The nerve of Aut(C) is thus a simplicial monoid, and its realization
| Aut(C)| is a topological monoid.

Consider the evaluation functor
ev: Aut(C) x C —— C

which sends a pair of objects (¥, ¢) to U(c) € Ob(C), and which is defined on morphisms
by setting

ev(q/ L e L d) = (111(0) RAGRICR \I/'(d)).

=x(d)o¥ ()
Upon taking geometric realizations, this defines a map of spaces from |Aut(C)| x |C| to
|C|, which is adjoint to a homomorphism of topological groups

Qc: |Aut(C)] —— Aut(|C)).

Recall that part of the structure of a centric linking system £ associated to a fusion

system is a homomorphism P 2Py Aut £(P) for each P in £. We write Ps = Im(dp),
which we think of as a “distinguished subgroup” of Aut,(P) which can be identified

with P. For the purposes of this paper, an equivalence of categories £ 25 £ will be
called isotypical if for each P, Up p sends the subgroup Ps < Aut.(P) to the subgroup
U(P)s < Autg(¥(P)). Let Autiy, (L) be the full subcategory of Aut(L) whose objects
are the isotypical equivalences, and set Outiy, (L) = mo (| Autiyp(L)]).

By [BLO2, Lemma 8.2], when L is a linking system over a finite p-group, an equiva-
lence U: £L —— L is isotypical if and only if the triangle involving ¥ and the forgetful
functor from £ to groups commutes up to natural isomorphism. The same proof ap-
plies for linking systems over discrete p-toral groups, although we won’t be using that
here.

Clearly, any equivalence which is naturally isomorphic to an isotypical equivalence
is itself isotypical, and any inverse to an isotypical equivalence (inverse up to natural
isomorphism of functors) is also isotypical. The subcategory Aut,, (L) is thus a union
of connected components of Aut(L), and Outyy, (L) is a subgroup of Out(L).

The main result of this section is the following theorem:

Theorem 7.1. Fiz a p-local compact group (S, F,L), and set Q@ = Qp. Then the
composite

Q0+ | At (L)) —2— Aut(|£]) =2 Aut(L]))
induces a homotopy equivalence of topological monoids from | Auty,(L£)]7) to Aut(|L])).
In particular, if we let m;(BZ7)) denote the functor O°(F)® —— Ab which sends P
to mi(BZ(P)) (eachi > 1), then

Out(|£])) = Outyp(£),  m(Aut(IL])) = Lim®(m(BZ))) fori=1,2,
0°(F)

and m;(Aut(|L£]7)) = 0 fori > 3.

Proof. We prove the isomorphism between groups of components in Step 2, and the
homotopy equivalence between the individual components in Step 3. In Step 1, we
outline the general procedure for describing the mapping space Aut(|L])).

Assume we have fixed inclusion morphisms ¢tp € Morg (P, S) for each P. If ¥ is
an isotypical self equivalence of £, then clearly ¥U(S) = S, and hence Ugg is an
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automorphism of Aut,(S) which sends S5 (= Im(dg)) to itself. Set
’l/} = 5;1 o ®S,S‘S(§ o (55 S Aut(S)

For each P € Ob(L), axiom (C) and the functoriality of ¥ imply that the following
diagram commutes for all g € P:

Y(ep)

U(P) g
W(&D(Q))JIG\I’(PM LI’@S ))=ds(¥(g

Hence (¥ (tp))(¥(P)) = ¥(P) (by axiom (C) again). So Y(tp) = typ) o ap for a
unique ap € Isos(V(P),(P)) by Lemma 4.3(a). Thus ¥ is naturally isomorphic to an
automorphism W’ of £ such that Uy ¢ = Vg g, and W'(P) = ¢(P) and ¥ (tp) = ty(p)
for each P. This shows that every object in Auty,,(L£) is isomorphic to an isotypical
automorphism of £ which sends inclusions to inclusions, and from now on we restrict
attention to such automorphisms.

Step 1: Consider the decomposition
pr: hocolig(é) —— L

of Proposition 4.6(a), where B: O%(F) — Top is a rigidification of the homotopy
functor P — BP. In the following constructions, we regard hocolim(B) as the union

of skeleta:
hocolig(")(é) = (H H B(Py) x Di>/w

O°(F) i=0 Py—-—Pp
where we divide out by the usual face and degeneracy relations.
Define functors Z, Zy: O°(F)® —— Ab and BZ): O°(F)®® —— Top by setting
Z(P)=Z(P), Zy(P) = Z(P)o, and BZ(P)= BZ(P),,
and by sending [p] € Mor@c(; (P,Q) to o™ z(q) or B(¢*|zq)),- For any element

(fP)Peoc(f € ]<1— ’|£|;a\]’

O°(F)

let Map(| L], |£]})¢ be the union of the components of the mapping space which restrict
to f. By [Wo], the obstructions to this space being nonempty lie in the groups

Lim"™ (m;(Map(B—, |£];);.)) = lm™(m(B2}))
O<(F) O<(F)

for ¢ > 1; the functor vanishes for ¢ > 2, and the higher limits vanish for ¢ = 2 by
Proposition 5.8. Also, if Map(|£|,|L£|}))s # @, then the filtration of the mapping space

Map(|L]}),|L]]) ~ Map(hocolig(é), |£|$>
O<(F)

by the skeleta of the homotopy colimit defines a spectral sequence with E?-term

E?;; = lim' (m;(Map(B—, |L[});.)),

0(F)

which converges to m;_; (Map(|L], |L]))s).
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By Theorem 6.3(b),
mj(Map(B—, |L[;);) = m;(BZ(=),) = § m(BZ) if j =2
0 if j > 3.

Since my(BZ7) is acyclic by Proposition 5.8, the only obstruction to Map(|L|}, |£[))¢
being nonempty lies in L (Z/2,); while the spectral sequence takes the form

lim'(2/2))  ifj=1
B2, ;= m’(my(BZ))) i (i,) = (0,2)
0 otherwise.

Step 2: Let Autgs(S) be the group of fusion preserving automorphisms of S; i.e., the
group of those a € Aut(S) which induce an automorphism of the fusion system F by
sending P to a(P) and ¢ € Homz(P, Q) to (a|g) o ¢ o (a|p)™' € Homz(a(P), a(Q)).

The proof that Out(]£]}) = Outyy, (L) is based on the following diagram:

| ——— lim'(2) = Outyyp(£) — Outge(S) —— lim?(Z

)
wlj; wo(ﬂg)j( W{N wglN (1)

1 ——— lim'(Z/2,) — Out(|£])) = lim IRep(—, F) - lim?(Z/Z;) .

Here, IRep(P, F) C Rep(P, F) denotes the set of classes of injective homomorphisms.
All limits are taken over O°(F), and w; and ws are induced by the natural surjec-
tion of functors from Z onto Z/2Z,. They are isomorphisms since LiLni(Zo) = 0 for
all # > 1 (Proposition 5.8). Also, ws is induced by the inclusion of Outfus(S) =
Autps(5)/ Autz(S) into IRep(S, F) = Aut(S)/ Aut#(5), and Im(ws) = lim IRep(—, F)
(thus wy is a bijection) by definition of fusion preserving. It remains to define the two
rows, and prove that they are exact and the diagram commutes. It will then fol-
low immediately that mo(€2)) is an isomorphism. Note that this does not require us
to know that lim IRep(—, F) is a group or that w' is a homomorphism; only that
Im(p) = w™(0), Im(p’) = w'~1(0), and the inverse image under p of each element in
the target is a coset of Im(\).

We first consider the top row, where y’ is defined by restricting an isotypical equiva-
lence of L to the image of dg. Any fusion preserving automorphism « € Autg,s(S) de-
fines an isotypical automorphism & of F, and w’(«) is the obstruction of [BLO2, Propo-
sition 3.1] to lifting & to an automorphism of £. (The proof in [BLO2] applies without
change to the case of a linking system over a discrete p-toral group.) Finally, the
description of Ker(y') is identical to that shown in [BLO1, Theorem 6.2]. More specifi-
cally, a reduced 1-cocycle ¢ € Z'(O%(F); Z) sends each morphism [¢] € Morper) (P, Q)
to e(p) € Z(P) (where e(Idp) = 1), and N ([¢]) is represented by the automorphism
A, € Aut(L) defined by setting A.(P) = P for all P, and A.(¢)) = ¢ o dp(e([n(¢))]))?
for all 1» € Mor,(P, Q). This proves the exactness of the top row.

As for the bottom row in (1), let u be the homomorphism defined by restriction:
p: Out(|L],) —— [BS, |L],] = IRep(S, F).

We want to compare

Map(|£[), |£];) ~ Map(hocohy ), 1215)

O°(F)
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with

lim [B(—),£]}] = lim TRep(—, F).

0°(F) 0°(F)
By Step 1, the only obstruction to extending any given « in this last set to an automor-
phism of [£]}) lies in LiLnQ(Z /20), while if there are liftings, then the set of homotopy
classes is in bijective correspondence with @1(2 /Zp). This proves the exactness of
the bottom row in the sense explained above.

The second square in (1) clearly commutes. To prove that the first square commutes,
fix some € € Z'(O(F); Z). Then N([g]) = [A.] where A. € Aut(L) is the automor-
phism defined above; and |A.| € Aut(|£]|) sends each BP C B(Aut.(P)) C |L]| to | L]
by the inclusion. For each ¢ € Hompg (P, Q), let C, C L be the subcategory with two
objects P and ), whose morphisms are those morphisms in £ which get sent to [Idp],
[Idg], or [¢] in O¢(F). Then |C,| C |£| is homeomorphic to the mapping cylinder of
By: BP —— BQ); and | A.| sends |C,| to itself by a map which differs from the iden-
tity via a loop in Map(BP, BQ)p, ~ BZ(P) which represents ¢([¢]) € Z(P). After
taking the p-completion, this shows that [|A.|}] = A([]), where & € Z'(O°(F); Z/2,)
is the class of € modulo Z,. This proves that the first square in (1) commutes.

Fix o € Outgys(.S), and let @ be the automorphism of the fusion system F induced
by a. Choose maps

Mor, (P, Q) & Morz(a(P), a(Q))

which lift those defined by @; then w’() is the class of the 2-cocycle 3 € Z?(O¢(F); Z)
which measures the deviation of the a ¢ from defining a functor. These same liftings
ap g allow us to define a map of spaces

a’: hocolig(l)(g) — |L],
O°(F)
and the obstruction to extending this to hocolim (2)(5) is precisely the class of the same
2-cocycle B: but regarded as a 2-cocycle with coefficients in
Z /2y = m(Map(B—, |£|£)a).

This proves that the third square commutes, and finishes the proof that FO(QQ) is an
isomorphism.

Step 3: Set Z(F) = lim(Z), regarded as a subgroup of S. Let

N BZ(F)x L——L
be the functor which sends (z, P —— Q) to ¢ o dp(x). This is adjoint to a functor
from B(Z(F)) to Aut(L), which in turn induces a map n': BZ(F) —— |Aut(L)|1a
upon taking geometric realizations. On the other hand, if we first take geometric

realizations, then p-complete, and then take the adjoint, we get a map 1 from BZ(F))
to Aut(|L|))a. These maps now fit together in the following commutative square:

BZ(F) —2— | Aut(L)|ia

<—>sl Ql (2)

BZ(F)) —— Aut(|L[))a-

Since we are restricting attention to automorphisms of £ (as opposed to working
with all equivalences), Aut(L) is a groupoid, and so m(|Aut(L)|) is the group of
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natural isomorphisms of functors from Id, to itself. A natural equivalence a sends
each object P to an element a(P) € Aut.(P), such that for each ¢ € Mor.(P,Q),
voa(P) = a(Q)op. In particular, upon restricting to the case P = @ and ¢ € dp(P),
we see that m(a(P)) = Idp for each P, and thus a(P) € 0p(Z(P)) = Z(P). The
other relations are equivalent to requiring that o € @O(Z ) = Z(F). This proves that
m(JAut(L)|) = Z(F); and since |Aut(L)|1q is aspherical, shows that " is a homotopy
equivalence.

The E%-term of the spectral sequence for maps defined on a homotopy colimit was
described in Step 1: it vanishes except for the row coming from @*(Z /2Zp), and the po-
sition E&Q = @O(WQ(BZQ)). Hence from the spectral sequence, one sees immediately
that for ¢ > 1,

m(Aut(|£]})) = lim (m(BZ))) = m(BZ(F),).
0°(F)
By naturality, these isomorphisms are induced by 7, and thus 7 is a homotopy equiva-
lence.

It now follows from (2) and from Step 1 that € induces a homotopy equivalence
Aut(|£|£) ~ |Auttyp(£)|£. O

We also note here the following result, which was shown while proving Theorem 7.1.

Proposition 7.2. For any p-local compact group (S, F, L), there is an exact sequence

0 — lim'(£/29) —— Out(|L]}) —— Outps(S) —— Lm?(Z/Z,),
0°(F) O<(F)

where Zy C Z: O°(F)® —— ADb are the functors Z(P) = Z(P) and 2o(P) = Z(P)o.

In Section 9, we will show that for any compact Lie group G, there is a p-local
compact group (5, F,L) = (S, Fs(G), L5(G)) such that L[ ~ BG7. Hence when
GG is connected, the exact sequence of Proposition 7.2 gives a new way to describe
Out(BG)), which is different from but closely related to the descriptions in [JMO] and
[JMO3].

We now turn our attention to maps between p-completed nerves of different linking
systems. We first look at the case where the linking systems in question are associated
to the same fusion system. As usual, when we talk about an isomorphism of linking
systems, we mean an isomorphism of categories which is natural with respect to the
projections to the fusion system and with respect to the distinguished monomorphisms.

Lemma 7.3. Let F be a saturated fusion system over a discrete p-toral group S, and
let Fo C F¢ be any full subcategory which contains F. Let Ly and Ly be two linking
systems associated to Fy. Assume that there is a map f: |Lo|), — |Lo|)) such that

the triangle
BS
SN

f
Lol ——— L4l
is homotopy commutative. Here, 6 and 0’ are the maps induced by the inclusion of
B(S) into Loy or L. Then Ly and Lj are isomorphic linking systems associated to

Fo. Furthermore, we can choose an isomorphism L =, L{ of linking systems that
induces f on p-completed nerves.
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Proof. Let ke(Ly) and ke(L() be the left homotopy Kan extensions of the constant
point functors along the projections 7y: Lo — O(Fy) and 7 : Ly — O(F) respec-
tively. Let xp: ke(Lo)(P) — |Lo|) be induced by the forgetful functor from 7ol P to
Ly, and similarly for x%: ke(Lo)(P) — [L£y|). Then 6 and ¢ factor through xs and
K, and we have a homotopy commutative diagram

ke(Lo)(P)
7
\

ke(Lg)(P) ke(L})(S) —

Hence the maps fp: ke(Lo)(P) — |L£y])) and fp: ke(Ly)(P) — |Ly|)), defined as the
obvious composites shown in the above diagram satisfy:

(L0)(S) ——1Lol,

BP

BS
6/

1

| N

(a) The composites BP — ke(L)(P) LN |L4| and BP — ke(L})(P) LN |Loln
are homotopic, and are centric after p-completion by Theorem 6.3(b).

(b) fqoke(Lo)(p) =~ fp and f; o ke(L()(p) = fp for each morphism p: P — @ of
O(Fo).

Thus ke(Lo), and ke(Lj); are equivalent rigidifications of B;) by Corollary A.5; and

so ke(Ly) and ke(L[) are equivalent rigidifications of B by Proposition 5.9. Hence by

Proposition 4.6, £y and L{, are isomorphic linking systems associated to Fy.

More precisely, there is a third rigidification B of B, and a commutative diagram of
natural transformations between functors O(Fy) —— Top of the following form:

ke(Lo) v BV ke(L))
v f f v f: v
|Loly —— Lol - X = L5l

Here, ¢(P) and ¢'(P) are homotopy equivalences for each P; X is some space homotopy
equlvalent to [ Lyl all functors in the bottom row of the dlagram are constant functors
on O(Fy) (sendmg all objects to the given space and all morphisms to the identity); and
f1 and fo are homotopy equivalences. Upon taking homotopy colimits of the functors
in the top row, we get the homotopy commutative diagram:

hocolim (ke(Ly)) = — hocolim(B) +—— hocolim (ke(L}))
O(Fo) O(Fo) O(Fo)
! f1 l f2 l
| Lol ———— Lol ——— X = Lol -

Here, the left and right vertical maps are homotopy equivalences by Proposition 4.6(a).
This proves that f is a homotopy equivalence. The last statement (an isomorphism
Ly = L, can be chosen to induce f) now follows since by Theorem 7.1, every homotopy
equlvalence from |Lg]7 to itself is induced by some self equivalence of L. OJ



46 Discrete models for the p-local homotopy theory of compact Lie groups and p-compact groups

An isomorphism (S, F,L) — (S', F', L") of p-local compact groups consists of a
triple (o, ar, o), where
S —2 59 F 225 F, and L -2

are isomorphisms of groups and categories which satisfy the following compatibility
conditions:

(a) ax(P) = ag(P) =«a(P) for all P < S;
(b) ar and a, commute with the projections 7: L — F and 7': £ —— F'; and

(¢) az commutes with the distinguished monomorphisms dp: P — Aut,(P) and
Op: P — Autp/(P).

We are now ready to show that the isomorphism class of a p-local compact group is
determined by the homotopy type of its classifying space. This was shown for p-local
finite groups in [BLO2, Theorem 7.4].

Theorem 7.4. If (S, F,L) and (S',F', L") are two p-local compact groups such that
L] = |L']], then (S, F, L) and (S, F', L") are isomorphic as p-local compact groups.

p’

Proof. 1f | L|}) % |L'|7} is a homotopy equivalence, then by Theorem 6.3(a), there

are homomorphisms o € Hom(S, $') and o/ € Hom(S’, S) such that the squares

Ba Ba/

BS BS' BS

S

/ /
L] £l L1,

commute up to homotopy, where f’ is any homotopy inverse to f. The composites
o/ o and a0 o/ are F-conjugate to Idg and Idgs by Theorem 6.3(a) again, and thus «
is an isomorphism.

By yet another application of Theorem 6.3(a), for any P, @ < S,
HOH]]:(P,Q) = {SO € II]J(P, Q)

From this, and the corresponding result for Homz (a(P), a(Q)), we see that « induces
an isomorphism of categories from F to F.

0|BQOBQO ~ 9|BP}-

Upon replacing S’ and F’ by S and F, we can now assume that £ and £ are two link-

ing systems associated to J, for which there is a homotopy equivalence ||} AN L'
such that f o0 ~ ¢. Then £ = L' (as linking systems associated to F) by Lemma
7.3. 0]

8. FUSION AND LINKING SYSTEMS OF INFINITE GROUPS

We now want to find some general conditions on an infinite group G which guaran-
tee that we can associate to G a p-local compact group (5, Fs(G), LS(G)) such that
|L5(G)|) ~ BGp. This will be done in as much generality as possible. For example,
we prove the saturation of the fusion system Fg(G) in sufficient generality so that the
result also applies to the case where G is a compact Lie group.
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At the end of the section, to show that the theory we have built up does contain
some interesting examples, we show that it applies in particular to all linear torsion
groups in characteristic different from p.

We say that a group G' “has Sylow p-subgroups” if there is a discrete p-toral subgroup
S < G which contains all discrete p-toral subgroups of G up to conjugacy. For any
such G, we let Syl (G) be the set of such maximal discrete p-toral subgroups.

Lemma 8.1. Fix a group G, a normal discrete p-toral subgroup () < G, and a subgroup
K < G such that G = QK. Assume that K has Sylow p-subgroups. Then G has Sylow
p-subgroups, and

Sy1,(G) = {QS| S € Syl,(K))}.

Proof. Let Syl(G) = {QS]S € Syl,(K)}. All subgroups in Syl’ (G) are G-conjugate
since all subgroups in Syl,(K) are K-conjugate. If P < G is an arbitrary discrete
p-toral subgroup, then QP is also discrete p-toral (since @ and QP/Q are discrete
p-toral), and

QP =QKNQEP=Q-(KNQP).
Thus P < QP < QS € Syl (G) for any S € Syl,(K) which contains K N QP. This
shows that G has Sylow p-subgroups, and that they are precisely the subgroups in
Syl (G). O

We first establish some general conditions on an infinite group G with Sylow p-
subgroups, which imply that Fg(G) is a saturated fusion system for S € Syl (G). The
following technical lemma will be needed when doing this.

Lemma 8.2. Fix a group G, and normal subgroups N,Q <1 G, with the following
properties:

(a) @ is a discrete p-toral group.
(b) G/QN s a finite group.

(¢) For each H < G such that H > N and H/N s finite, H has Sylow p-subgroups.
(d) each coset gN € G/N contains at least one element of finite order.

Then G has Sylow p-subgroups. For any discrete p-toral subgroup P < G, P € Syl (G)
if and only if P> Q, PN N € Syl,(N), and PN/QN € Syl (G/QN).

Proof. Fix any G' < G such that G > QN and G'/QN € Syl (G/QN). For every
discrete p-toral subgroup P < G, PQN/QN is conjugate to a subgroup of G'/QN,
hence P is G-conjugate to a subgroup of G'. Hence G has Sylow p-subgroups if G’
does, and in that case, Syl,(G’) is the set of subgroups of G’ which are in Syl,(G). It
thus suffices to prove the lemma when G = G’; i.e., when G/QN is a finite p-group;
and we assume this from now on.

Step 1: Assume first that @) = 1, and thus that |G/N]| is a finite p-group. Then G
has Sylow p-subgroups by (c). Throughout this step, we fix some S € Syl (G). We first
prove that NS = G (hence NS/N € Syl (G/N)) and SN N € Syl,(N). Afterwards,
we prove the converse: PN N € Syl (N) and NP = G imply P is G-conjugate to .5,
and hence P € Syl,(G).

If NS S G, then NS/N S G/N, where the latter is a finite p-group. Since every
proper subgroup of a p-group is contained in a proper normal subgroup, there is a
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proper normal subgroup N < G which contains NS. By (d), there is an element
g € GNN of finite order. Write |g| = mp* where p  m, and set ¢ = ¢g™. Then
g € GNN since N has p-power index, and |¢'| = p*. This means that (¢') is a finite

p-subgroup of G which is not conjugate to a subgroup of S, which contradicts the
assumption that S € Syl (G). Thus NS = G.

For all $" € Syl (), there are elements « € G and y € N such that zS'2™! < SNN
and y(SN N)y~! < 5. Thus (yx)S'(yz)~' < S’, and this must be an equality since S’
is artinian. It follows that SN N = 2S'z~" € Syl (N).

Now let P < G be any subgroup such that PNN € Syl,(N) and PN = G. Fixz € G
such that xtPx~! < S. Then (zPz )N = xPNx~!' = G, 2Px 'NN = 2(PNN)z~! <
SN N, and this last must be an equality since P N N € Syl (N). It follows that

|G/N| = |zPz ""N/N| = |[¢Pz~'/(zxPz ' N N)| < |S/(SN N)| = |SN/N| < |G/N];
so these are all equalities, and P = 7 'Sz € Syl (G).

Step 2: Now consider the general case. By assumption, G/N is an extension
of the discrete p-toral group QN/N by the finite p-group G/QN, and hence is dis-
crete p-toral. So by Lemma 1.9, there is a finite p-subgroup Go/N < G/N such that
(Go/N)-(QN/N) = G/N, and thus QGy = G (since Gy > N). Then G, has Sylow
p-subgroups by (c). Hence G has Sylow p-subgroups by Lemma 8.1. Also, by Step 1
applied to the pair N < Gy (recall Go/N is a p-group),

P € Syl,(Gy) <= PNN €8yl (N)and PN = G,.
Let P < G be any discrete p-toral subgroup which contains (), and set Py = PN Gy.
In general, for any A, B < G and C' < G with C < A, C-(AN B) = ANCB. Thus
QPy=Q-(PNGy) =PNQRGy=PNG=P .
PyN =(PNGp)-N=PNnNG. (1)
Also, by Lemma 8.1 again, Syl,(G) = {QS| S € Syl,(Go)}. Hence
<= BN N €eSyl(N)and BhN = Gy (Step 1)
<= PNN €8Syl,(N)and PN = G;
where the last equivalence holds by (1) and since Bh,NN = PN(GoNN) =PNN. O

Let G be any group which has Sylow p-subgroups. For any S € Syl (G), we let
Fs(G) be the fusion system over S with objects the subgroups of S and morphisms

Homz (P, Q) = Homg (P, Q).

Proposition 8.3. Let G be a group for which the following conditions hold:

(a) For each discrete p-toral subgroup P < G, each element of Autg(P) is conjugation
by some x € Ng(P) of finite order.

(b) For each discrete p-toral subgroup P < G, and each finite subgroup H/Cg(P) <
Na(P)/Cq(P), H has Sylow p-subgroups.

(c) For each increasing sequence Py < Py < Py < --- of discrete p-toral subgroups of
G, there is some k such that Co(P,) = Ca(Py) for alln > k.
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Then for each S € Syl,(G), Fs(G) is a saturated fusion system. Furthermore, the
following hold for each subgroup P < §S.

(1) Cg(P) has Sylow p-subgroups, and P is fully centralized in Fs(G) if and only if
Cs(P) € Syl,(Ca(P)).

(2) Ng(P) has Sylow p-subgroups, and P is fully normalized in Fs(G) if and only if
Ns(P) € Syl (N(P)).

Proof. Note first that G has Sylow p-subgroups by (b), applied with P = 1.

Fix S € Syl,(G), and let P < S be any subgroup. By (a), Autg(P) is a torsion
group, so Outg(P) is a torsion group, and hence is finite by Proposition 1.5(b). We
first claim that

P-Cq(P) <T < Ng(P) = T has Sylow p-subgroups; (3)
and that if we set Sp =S NI, then

So-Cq(P)
P-Cq(P)

Points (3) and (4) follow from Lemma 8.2, applied with N = Cg(P) and @ = P.
Conditions (c) and (d) of Lemma 8.2 follow from conditions (b) and (a) above. Note
that I'/QN is finite since Outg(P) = Ng(P)/QN is finite.

We next prove (1) and (2). Forall P < S, (3) (applied with I' = N (P)) implies that
there is ) € Syl,(Ng(P)) such that Ng(P) < Q < Ng(P). Choose g € G such that
gQg~! < S; then gQg ' is a Sylow p-subgroup of gNg(P)g~! = Ng(gPg™'). Since
gQg™ ' <8, gQg™' = SN Ng(gPg™') = Ns(gPg'). Hence Ng(gPg™') is a Sylow p-
subgroup of Ng(gPg™1t). If P is fully normalized, then |Ng(P)| > |Ns(gPg™")| = Q).
Since Ng(P) < @, this implies that Ng(P) = Q € Syl,(Na(P)).

Conversely, suppose that Ng(P) € Syl,(Ng(P)). Choose g € G such that gPg~' < S
and is fully normalized in Fs(G). Then Ng(gPg~') € Syl (Na(gPg™")), so Ng(P) =
Ns(gPg™') since Ng(P) = Ng(gPg™'), and P is also fully normalized.

This proves (2). The proof of (1) (the condition for P to be fully centralized) is
similar, except that C(P) has Sylow p-subgroups by (b).

We now prove that Fg(G) is saturated.

Sp € Syl (T) <= Cy(P) € Syl (Ca(P)) and € Syl (T/P-Ce(P)).  (4)

(I) Assume that P < S is fully normalized in Fg(G). We have already seen that
Outg(P) is finite (since it is a torsion group by (a)). Also, Ng(P) € Syl (Ng(P))
by (2). So by (4), applied with I' = Ng(P), Cs(P) € Syl (Ca(P)) (hence P is fully
centralized by (1)), and Outg(P) € Syl,(Outg(P)).

(IT) Let P < S be an arbitrary subgroup, and let g € G be such that P’ o gPg ' <
S is fully centralized. Set I' = Ng(P')-C(P’), and define

N ={z € Ng(P)|cgocyoc,' € Autg(P')} = {x € Ng(P) |gzg' €T} .

Then Cs(P') € Syl,(Cg(F’)) by (1), and so by (4), Ns(FP') is a Sylow p-subgroup of
[' = Ng(P")-Cg(P") (So-Cq(P) =T in the notation of (4)). Since gNg~! is a discrete p-
toral subgroup of I, it is [-conjugate to a subgroup of Ng(P’). Thus there are elements
z € Ng(P'") and y € Cg(P’) such that (zyg)N(zyg)~' < Ng(P’). Then (yg)N(yg)~* <
Ng(P') < S, and ¢,y € Homg(NN, S) is an extension of ¢, € Homg(P, S).
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(III) Let P, < P, < P3 < --- be a sequence of subgroups of S, and set P,, =
U~ Pn. Assume ¢ € Hom(Py, S) is a monomorphism such that ¢|p, € Homg(P,, S)
for each n. Fix elements g, € G for each n such that p(z) = g,zg, "', for z € P,. Then
forall 1 <k <mn, g, gr € Ca(Py).

By (c), there is k such that Cq(Py) = Cg(F,) = Ca(Px) for all n > k. Hence for all
n>kandallz € P, o(z) = g,xg,' = gkxgk_l, and thus ¢ = ¢, € Homg(Px,S). O

In general, for any group G, we define a p-centric subgroup of G to be a discrete
p-toral subgroup P < G such that Z(P) is the unique Sylow p-subgroup of Cg(P)
(i.e., every discrete p-toral subgroup of Cg(P) is contained in Z(P)). Equivalently, P
is p-centric if and only if Ce(P)/Z(P) has no elements of order p.

Proposition 8.4. Let G be any group which has Sylow p-subgroups, and fix S €
Syl,(G). Then a subgroup P < S is Fs(G)-centric if and only if P is p-centric in
G.

Proof. Assume that P is p-centric in G i.e., that Z(P) € Syl,(Cq(P)). For every
g € G such that gPg~! < S, Cs(gPg™1) is a discrete p-toral subgroup of Cg(gPg~!) =
gCq(P)g~ !, and Z(gPg~ ') = gZ(P)g~" is a Sylow p-subgroup (hence the unique one)
of gCq(P)g~t. Tt follows that Z(gPg~1') = Cs(gPg?') for all such g, and so P is
Fs(G)-centric.

Conversely, suppose that P < S is Fg(G)-centric. Let () be any discrete p-toral sub-
group of Cg(P). Then QP is a discrete p-toral subgroup, and hence there is an element
g € G such that g(QP)g~! < S. Thus gPg~! < S, and gQg™' < SN Cq(gPg™!) =
Cs(gPg1). Since P is Fg(G)-centric, this shows that gQg= < Z(gPg~'), and thus
that @ < Z(P). In other words, every discrete p-toral subgroup of C(P) is contained
in Z(P), and so P is p-centric in G. O

We now restrict attention to locally finite groups. For any such group G, for the
purposes of this section, we define OP(G) < G be the subgroup generated by all ele-
ments of order prime to p. This clearly generalizes the usual definition of OP(G) for
finite G (although it is not the only generalization).

Proposition 8.5. If G is locally finite, then a discrete p-toral subgroup P < G is
p-centric if and only if Co(P) = Z(P) x OP(Cg(P)) and all elements of OP(Cg(P))
have order prime to p.

Proof. By the above definition, a discrete p-toral subgroup P < (G is p-centric if and
only if C(P)/Z(P) has no elements of order p. So if P is not p-centric, then either
OP(C¢(P)) has p-torsion, or Cg(P) is not generated by Z(P) and OP(Cg(P)).

Conversely, assume that P is p-centric, and thus that C¢(P)/Z(P) has no p-torsion.
Consider the universal coefficient exact sequence

0 — Ext(Hy(Co(P)/Z(P)), Z(P)) —— H*(Ca(P)/Z(P): Z(P))
—— Hom(H»(Cq(P)/Z(P)), Z(P)) — 0.
By assumption, all elements of Cg(P)/Z(P) have order prime to p, all elements of
Z(P) have p-power order, and both groups are locally finite. Hence for i = 1,2,
H,(Cs(P)/Z(P)) is a direct limit of finite abelian groups of order prime to p, and thus

a torsion group all of whose elements have order prime to p. This shows that all terms
in the above sequence vanish. Hence the central extension

1— Z(P) —— Cg(P) —— Cq(P)/Z(P) — 1



Carles Broto, Ran Levi, and Bob Oliver 51

splits, so Cq(P) = Z(P) x (Cg(P)/Z(P)), and all elements of the group OP(Cg(P)) =
Cq(P)/Z(P) have order prime to p. O

When working with fusion systems over discrete p-toral groups and their orbit cate-
gories, we are able to reduce certain problems to ones involving finite categories using
the functor (—)® constructed in Section 3. This is not a functor on the orbit category
of a group, and so we need a different way to make such reductions. For any group G
with Sylow p-subgroups, we let X = X(G) denote the set of all subgroups of G which
are intersections of (nonempty) subsets of Syl (G). Since discrete p-toral groups are
artinian, it makes no difference whether we require finite intersections or allow infinite
intersections.

Lemma 8.6. Let G be a group such that for each discrete p-toral subgroup P < G,
Ng(P) has Sylow p-subgroups. Assume, for every increasing sequence Py < Py <
Py < -+ of discrete p-toral subgroups of G, that the union of the Py is again a
discrete p-toral group, and that there is some k such that Cq(Pyy) = Ca(Py)) for all
n > k. Then the set X(G) contains finitely many G-conjugacy classes.

Proof. For each discrete p-toral subgroup P < G, we let P° > P denote the intersection
of all Sylow p-subgroups of G which contain P. We first prove

(1) For each discrete p-toral subgroup P < G, there is a finite subgroup P’ < P such
that P’° = P°.

To see this, set p" = exp(m(S)) for S € Syl (G). The discrete p-torus Sp is the
union of an increasing sequence of finite p-subgroups, and since centralizers stabilize
by assumption, there is a finite subgroup @ < P, such that Cg(Q) = Cg(Fy). Set
Q' = {x € Py|2?" € Q}: also a finite p-subgroup. By Lemma 1.9, there is a finite
subgroup P’ < P such that P’ > @' and P'P, = P.

Fix S € Syl (G) which contains P'. Then Sy > @ (since S > '), and hence
So < Ce(Q) = Cu(Py). Since Sy is a maximal discrete p-torus in G and Sp- P is also a
discrete p-torus, this implies that Sqg > P,. Hence S > P'Py = P. Since this holds for
all S € Syl,(G) which contains P', we have shown that P’ = P°; and this finishes the
proof of (1).

Let X(G) be the set of G-conjugacy classes of subgroups in X(G). We let (P)
denote the conjugacy class of the subgroup P, and make X((G) into a poset by setting

(P) < (Q) if P < 2Qxz™! for some = € G. Let P C X(G) be the set of all classes
(P) which are contained in infinitely many other classes. We claim that P = &. Since

x (G) contains a smallest element which is contained in all the others (the class of the

intersection of all Sylow p-subgroups of G), P = & implies that %(G) is finite, which
is what we want to prove.

Assume otherwise: assume P # @. We claim that P has a maximal element. For
any totally ordered subset Py of P, upon restricting to those subgroups of maximal
rank, we obtain a sequence of subgroups Py < Py < Pz < --- whose conjugacy
classes are cofinal in P,. If this sequence is finite, then Py clearly has a maximal
element. Otherwise, set Py = UZO; Py, and let P' < P be a finite subgroup such
that P'° = P) (apply (1)). Then P’ < Py, for some k, and so (Py)) = (P)) is a
maximal element in Py.

Thus by Zorn’s lemma, P contains a maximal element (Q), and clearly @ ¢ Syl,(G).
Since Ng(Q) has Sylow p-subgroups, there is some S € Syl,(G) such that every p-toral
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subgroup of G containing ) with index p is G-conjugate to a subgroup of Ng(Q); and
hence by Lemma 1.4, there are finitely many G-conjugacy classes of such subgroups.
Hence since (Q) is contained in infinitely many classes in X(G), the same holds for (Q’)
for some @' < G such that @ < @ with index p. Then (Q'°) € P, which contradicts
the maximality assumption about (). So P contains no maximal element, hence must
be empty, and so X(G) has finitely many G-conjugacy classes. O

Now, for any discrete group G which has Sylow p-subgroups, let £7(G) be the cate-
gory whose objects are the p-centric subgroups of GG, and where

Morzy(c)(P. Q) = Ne(P,Q)/0(Ca(P)).

For any S € Syl,(G), let £L5(G) € L5(G) be the equivalent full subcategory whose
objects are the subgroups of S which are p-centric in G.

It will be convenient, throughout the rest of this section, to use the term “p-group”
to mean any group each of whose elements has p-power order. It is not hard to show
that if G is locally finite, and has Sylow p-subgroups in the sense described above,
then every p-subgroup of GG is a discrete p-toral subgroup. Hence there is no loss of
generality to assume this in the following theorem.

Theorem 8.7. Let G be any group which satisfies the following conditions:

(a) G is locally finite.
(b) Each p-subgroup of G is a discrete p-toral group.

(c) For any increasing sequence Apqy < Apy < Ay < --- of finite abelian p-subgroups
of G, there is some k such that Cq(Awm)) = Ca(Awy) for alln > k.

Then G has a unique conjugacy class Syl,(G) of mazimal discrete p-toral subgroups.
For any S € Syl (G), (S, Fs(G), LS(G)) is a p-local compact group, with classifying
space |LS(G)|) ~ BGP.

Proof. We first apply Proposition 8.3 to show that Fg(G) is a saturated fusion system
over S. Once this has been checked, then it easily follows that L§(G) is a centric linking
system associated to Fg(G): condition (A) in Definition 4.1 holds by Propositions 8.5
and 8.4, and conditions (B) and (C) are immediate. It then will remain only to show

that |LS(G)|) ~ BG).

By [KW, Theorem 3.4], conditions (a) and (c) above imply that all maximal p-
subgroups of G are conjugate, and hence (by (b)) that G has Sylow p-subgroups. Since
these three conditions are carried over to subgroups of G, this also shows that each
subgroup of G has Sylow p-subgroups. This proves condition (b) in Proposition 8.3,
and condition (a) holds since G is locally finite.

It remains to prove condition (c¢) in Proposition 8.3, which we state here as:

(d) For any increasing sequence Py < Py < Pg) < --- of discrete p-toral subgroups
of G, there is some k such that Cg(P)) = Ca(Py)) for all n > k.

To see this, fix any such sequence, and let P be its union. Let A = (P(oo))o be the
identity component, and set Ay = AN P for all 7. Let r be such that F;) surjects
onto mo(Py) for all @ > r; equivalently, Pj)-A = P for all i > r. For each i, let
A} < A be the finite subgroup of elements of order at most p’. Then A = [J;2, Al;
and so by (c) there is 7 such that Cq(A) = Cg(A]). Hence Cq(Ap)) = Ca(Agy) for
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all i > r (since A < Ay < Ay < A). We can assume that r is chosen large enough
so that Py surjects onto P)/A; i.e., such that Py)-A = P). Then for all i > r,
Py = Awy- P,

Cg<P(i)) = Cg<A(i)) N Cg(P(r)) = Cg(A(r)) N Cg(P(r)) = Cg<P(T)),
and this finishes the proof of (d).

We have now shown that the hypotheses of Proposition 8.3 hold, and thus that
Fs(G) is a saturated fusion system over S. We have already seen that L£§(G) is a
linking system associated to Fg(G), and it remains only to show that |L$(G)|) ~ BGY.

As in Section 5, for any discrete group G, we let O,(G) be the category whose objects
are the discrete p-toral subgroups P < (G, and where

Moro, (@) (P, @) = Q\Na(P, Q) = Map(G/P,G/Q).

Let Ox(G) € O,(G) be the full subcategory with object set X = X(G): the set of all
intersections of subgroups in Syl (). For each discrete p-toral subgroup P < G, we let
P° € X denote the intersection of all subgroups in Syl,(G) which contain P. Clearly,
for any P and @, Ng(P,Q) C Ng(P°,Q°), and so this defines a functor (—)° from
O,(G) to Ox(G). Since Ng(P°, Q) = Ng(P, Q) when Q € X(G), the two functors

incl

0x(G) T 0,(G) (1)
are adjoint.
Step 1: Let Z and ® be the following functors from O,(G) to (G-)spaces:
I(P)=G/P  and  ®(P) = EG x¢ I(P) = EG/P.
Then for any full subcategory C C O,(G),

hocgli@(l’) = (H H G/Py x A”) /N

n=0G/Py——G /Py,
is the nerve of the category whose objects are the cosets gP for all P € Ob(C), and
with a unique morphism gP — hQ exactly when gPg~! < hQh™!. When C = Ox(G),
this category has as initial object the intersection of all Sylow p-subgroups of GG, and
hence hocolim @) (Z) is contractible. Since the Borel construction commutes with

homotopy colimits in this situation (being itself a special case of a homotopy colimit),

hocolim(®) = EG x¢ <hocoliQ(I)) ~ BG. (2)
0x(G) 0x(G)

Step 2: Fix some ) € X which is not p-centric. For each ¢ > 0, consider the functor

H'(BP;F,) if P is G-conjugate to @

‘ 0 otherwise.

Fl%, 0,(G)® —— Ab  where F9p) = {

The subgroup Cq(Q)-Q/Q = Cq(Q)/Z(Q) of Autp,()(Q) = N(Q)/Q acts trivially on

Fi[Q] (@), and contains an element of order p since ) is not p-centric. Hence by Lemmas

5.10 and 5.12,

lim*(FY) = lim* (F¥) = A (Na(Q)/Q; F(P)) =0 for all 4,
0x(G) 0p(G)

where the first isomorphism follows from the adjoint functors (1).
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Step 3: Now let O%(G) C Ox(G) be the full subcategory with objects the p-centric
subgroups which lie in X. Let P, P,,..., P, < S be representatives for those G-
conjugacy classes in X(G) which are not p-centric (a finite set by Lemma 8.6). We
assume these are ordered such that |P;| < |P;.4| for each .

For each i > 0, consider the functor F;: O,(G)®® — Ab, defined by setting F;(P) =
H(BP;F,) for all P. For all k=0,...,m, define functors
0 if P~ P some j > k
Fir: Ox(G)® — AD by setting F,r(P) =
F,(P) otherw1se.

49 ”

Here, ~ means “G-conjugate”, and these are all defined to be quotient functors of

Filoy(@)- In particular, F; g = Fj|o,(¢) and F,, = Fi|@§€(g). Also, for all k,
Ker[F, — Fipi] & F;‘[Pk”(’)x(G’)a
and the higher limits of this last functor vanish by Step 2. So there are isomorphisms

hm™(F) = Hm"(Fp) = Lm"(F,) == Im"(F,) = Ln"(F);
0z(G) 0x(G) Ox(G) 0z (G) 0%(G)
whose composite is induced by restriction from Ox(G) to O%(G).

The spectral sequence for the cohomology of a homotopy colimit now implies that the
inclusion of O%(G) into Ox(G) induces a mod p homology isomorphism of homotopy
colimits of ®, and hence a homotopy equivalence

(hocolig;(q)))l/)\ — (hocolig(@));\. (3)
0%(G) Ox(G)

Also, the adjoint functors in (1) restrict to adjoint functors between O%(G) and O} (G),
and hence induce a homotopy equivalence

(hocohg( ) =~ (h(()gccog)g( )b (4)

Step 4: Let 7,°(G) be the centric transporter category for G: the category whose
objects are the p-centric subgroups of GG, and where the set of morphisms from P to @
is the transporter Ng(P, Q). By exactly the same argument as in [BLO1, Lemma 1.2,
hocolim(®) =~ |T,(G)|. (5)
05(G)
The canonical projection functor 7¢(G) —— L;(G) satisfies all of the hypotheses of
the functor in [BLO1, Lemma 1.3], ezcept that we only know that

def

K(P) Ker [AutTc(G (P) — Aut%(g)(P)] = OP(CG(P))

is a locally finite group all of whose elements have order prime to p (not necessarily
a finite group). But this suffices to ensure that coinvariants preserve exact sequences
of Zp) [ K p]-modules, which is the only way this property of Kp is used in the proof of
[BLO1, Lemma 1.3]. Hence the induced map

TG ——— |£,(G)].
is a mod p homology equivalence. Together with (2), (3), (4), and (5), this shows that
1L5(G)ly ~ LG, = TGy = BG. [
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We now finish the section by exhibiting a more concrete class of groups which satisfy
the hypotheses of Theorem 8.7. A linear torsion group is a torsion subgroup of GL, (k),
for any positive integer n and any (commutative) field k. These are also referred
to as “periodic linear groups”, since their elements are all periodic transformations
(automorphisms of finite order) of a finite dimensional vector space.

The following facts about linear torsion groups are the starting point of our work
here.

Proposition 8.8. The following hold for every field k, and every linear torsion group
G < GL,(k).

(a) G is locally finite.
(b) For p # char(k), every p-subgroup of G is a discrete p-toral group.

Proof. Point (a) is a theorem of Schur, and is shown in [W, Corollary 4.9]. By [W, 2.6],
every locally finite p-subgroup of G L, (k) is artinian (when p # char(k)), and hence is
discrete p-toral by Proposition 1.2. O

In order to apply Theorem 8.7, it remains only to check that centralizers of discrete
p-toral subgroups of linear torsion groups stabilize in the sense of Theorem 8.7.

Proposition 8.9. Let A; < Ay < A3 < ... be an increasing sequence of finite abelian
p-subgroups of a linear torsion group G < GL,(k), where char(k) # p. Then there is r
such that Cq(A;) = Ca(A,) for alli>r.

Proof. Upon replacing k by its algebraic closure if necessary, we can assume that k
is algebraically closed. Hence any representation over k of a finite abelian p-group A
splits as a sum of 1-dimensional irreducible representations. Moreover, if A < GL,(k),
and k" =U; @ - - - ® U, is the unique decomposition with the property that each U; is
a sum of irreducible modules with the same character and different U; correspond to
different characters of A, then

Carn g (A) = H Auty(U;) = H GLg, (k). (d; = dim(U;))

From this observation, it is clear that for any increasing sequence of such subgroups A;,
the centralizers Cqr, 1) (A;) stabilize for i sufficiently large, and hence the stabilizers
Cs(A;) also stabilize. O

Propositions 8.8 and 8.9 show that linear torsion groups satisfy all of the hypotheses
of Theorem 8.7. So as an immediate consequence, we get:

Theorem 8.10. Fix a linear torsion group G, a prime p different than the defining
characteristic of G, and a Sylow subgroup S € Syl (G). Then (S, Fs(G), LS(G)) is a
p-local compact group, with classifying space |LG(G)|) ~ BG)). OJ

9. CoMPACT LIE GROUPS

Throughout this section, we fix a compact Lie group G and a prime p. Our main
result is to show that G defines a p-local compact group whose classifying space has
the homotopy type of BG)).



56 Discrete models for the p-local homotopy theory of compact Lie groups and p-compact groups

A compact Lie group P is called p-toral if its identity component is a torus and if
its group of components is a p-group. The closure P of a discrete p-toral subgroup
P < G is a p-toral group, since P, is abelian and connected, hence a torus, and has
p-power index in P. We will generally denote p-toral groups (including tori) by P, @,
T, etc., to distinguish them from discrete p-toral groups P, @, T, etc. Our first task
is to identify the maximal (discrete) p-toral subgroups of G.

Definition 9.1. (a) For any p-toral group P, Syl (P) denotes the set of discrete p-
toral subgroups P < P such that P-Py = P and P contains all p-power torsion in
P,.

(b) A discrete p-toral subgroup P < G is snugly embedded if P € Sylp(p).

(c) Syl,(G) denotes the set of all p-toral subgroups 8 < G such that the identity com-
ponent Sy is a mazvimal torus of G and S/8, € Syl,(N(So)/So).

(d) Syl,(G) denotes the set of all discrete p-toral subgroups P < G such that P e
Syl,(G) and P € Syl,(P).

For any discrete p-toral subgroup P < G, Py is a torus, as noted above, and has
finite index in P. Hence Py = (P)y, and mo(P) = P/P,. So P is snugly embedded in
G if and only if P, is snugly embedded, and this holds exactly when rk(P) = rk(P).
As an example of a subgroup which is not snugly embedded, one can construct a rank

one subgroup P = Z/p> which is densely embedded in a torus (S')" for r > 1.

Clearly, when rk(P) < rk(P), we cannot expect BP) and Bﬁg to have the same
homotopy type. But we do get a homotopy equivalence when P is snugly embedded.

Proposition 9.2. If P < G is snugly embedded, then the inclusion of P in P induces
a homotopy equivalence BP) ~ BP;).

Proof. This means showing that the inclusion of BP into BP induces an isomorphism
on mod p cohomology. See, for example, [Fe, Proposition 2.3]. O

The following proposition is well known. It says that Syl,(G) is the set of maximal p-
toral subgroups of G, that Syl (G) is the set of maximal discrete p-toral subgroups of G,
and that each of these sets contains exactly one G-conjugacy class. Note in particular
the case where G = P is p-toral: there is a unique conjugacy class of discrete p-toral
subgroups snugly embedded in P, and every discrete p-toral subgroup of P is contained
in a snugly embedded subgroup.

Proposition 9.3. The following hold for any compact Lie group G and any p-toral
group P.

(a) Any two subgroups in Syl,(G) are G-conjugate, and each p-toral subgroup P < G
is contained in some subgroup S € Syl,(G).

(b) Any two subgroups in Syl,(G) are G-conjugate, and each discrete p-toral subgroup
P < G is contained in some subgroup S € Syl,(G).

Proof. (a) The subgroups in S_ylp(G) are clearly all conjugate to each other, since

all maximal tori in G are conjugate. For any S € Syl,(G) with identity component
the maximal torus T = Sy, x(G/N(T)) = 1 (see [Br, Proposition 0.6.3]), and hence
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x(G/8) is prime to p. If Q is an arbitrary p-toral subgroup of G, then x((G/S)?) is

congruent mod p to x(G/S), so (G/S)? # @, and hence Q < gSg~! € Syl,(G) for
some g € G.

(b) Assume first that G = P is p-toral. Set T' = Py, and let ' < T be the subgroup
of elements of p-power torsion. By definition, Syl,(P) is the set of all subgroups P > T
such that P/T is the image of a splitting of the extension

l1—T/T — P/T — P/T — 1. (1)

The cohomology groups H'(P/T; T /T) vanish for all i > 0, since P/T is a p-group
and T /T is uniquely p-divisible. Hence the extension (1) is split, and any two splittings
are conjugate by an element of T'/T. Thus Syl (P) # &, and its elements are conjugate
to each other by elements of T.

Now let () < P be an arbitrary discrete p-toral subgroup. Then QT is also a discrete
p-toral subgroup (since T <1 P), and QT /T is the image of a splitting of the extension of
T/T by QT/T. We have seen that any two such splittings are conjugate by elements
of T'/T, and hence they all extend to splittings of the extension by P/T. In other
words, there is a subgroup P € Syl (P) which contains QT', and hence contains Q.

Now let G' be an arbitrary compact Lie group. For any S,5" € Syl,(G), S is G-

conjugate to S by (a), so S = ¢gS’g~" for some g € G, and S, gS’g~" € Sylp(g). We

have just shown that all subgroups in Syl,(S) are conjugate, and hence S and S are

conjugate. If P < G is an arbitrary discrete p-toral subgroup, then its closure P is a

p-toral subgroup, and hence contained in some maximal subgroup S € S_ylp(G) by (a)
again. So there is some S € Syl (S) C Syl,(G) which contains P. O

We next need some information about the outer automorphisms of (discrete) p-toral

subgroups of G.
Lemma 9.4. The following hold for all discrete p-toral subgroups P,Q < G.
(a) If P < @Q, then Outg(P) is a finite p-group, and Outgz(P) = Outg(P) if Q is

snugly embedded in G. In particular, Out@(Q) =1 1if Q 1s snugly embedded in G.
(b) Outg(P) and Outg(P) are both finite.
(c) If Q is snugly embedded, then the natural map

RepG(P7 Q) L} RepG<ﬁ7 @)

s a bijection.

Proof. (a) Choose Q' < @ such that Cj/ = @Q and @ is snugly embedded. Then

Outg (P) is a finite p-group by Proposition 1.5(c). The first statement thus follows
from the second.

Now assume @ is snugly embedded. We must show that Out;(P) = Outg(P); or
equivalently that Autz(P) = Autq(P). Fix € N5(P), and set |P| = p.

Let @/Q be the set of left cosets ¢Q for g € Q, and let (C_Q/Q)P be the fixed point
set of the left P-action. Then for g € Q, gQ € (Q/Q)* if and only if g7'Pg < Q. In
particular, xQ € (Q/Q)* since x normalizes P and P < Q. Since Q/Q = Qy/Qo and
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the latter group is uniquely p-divisible (since @ is snugly embedded), there is y € Qo
such that y** € 2Q and yQ € (Q/Q)F.
Set
7= []laya™) =y [[("ay)-a™) € v Q = 2Q;
acP acP
where the inclusion holds since P < @ and y'Py < Q. Then § € C’Q(P). Since x

was arbitrary, this proves that N5(P) = Cz(P)-Ng(P), and finishes the proof that
Autz(P) = Autg(P). In the case P = @, this shows that Out5(Q) = Outg(Q) = 1.

(b) The kernel of the homomorphism

Outg(P) —— Outg(P) (1)
is Outz(P). By (a), this is always finite, and is trivial if P is snugly embedded. If P
is snugly embedded, i.e., if P € Sylp(Z_D), then Ng(P) = P-Ng(P) (any subgroup of P
which is G-conjugate to P is also P-conjugate to P), and hence the map in (1) is also
surjective. Thus in this case, Outg(P) = Outg(P) = Ng(P)/P-Cg(P) is a compact
Lie group, all torsion subgroups of which are finite by Theorem 1.5. Thus Outg(f’)
is finite (since otherwise it would contain S'). If P is an arbitrary discrete p-toral

subgroup of G, then the kernel and the image of the map in (1) are finite, and hence
Outg(P) is also finite in this case.

(c) Assume P,Q < S, where @ is snugly embedded. We must show that the map
from Repq (P, Q) to Rep (P, Q) which sends a homomorphism to its unique continuous
extension is a bijection. For any ¢ € Homg(P, @), ¢(P) is (Q-conjugate to a subgroup

of Q € Syl (Q), and hence ¢ is Q-conjugate to a homomorphism which sends P into Q.
This proves surjectivity. To prove injectivity, fix ¢1, p2 € Homg(P, @) which induce
the same class in Repg(P,Q), and set P, = Im(p;). Then 3 = x o ¢ for some
X € ISO@(Pl, Py). We must show that x € Isog(Py, P,), and it suffices to do this when
X € Isoéo(Pl,Pg). In this case, PiQy = PQq, so x extends to y € Autéo(PlQo).
Also, PQy is snugly embedded since @ is, so Out@O(PlQO) =1 by (b), and hence Y is

conjugation by an element of Qo N PiQo = Qo. U

The fusion system of a compact Lie group is defined exactly as in Section 8. For any
S € Syl (G), Fs(G) is the fusion system over S where for P,Q < 5,

MOI']:S(G)<P, Q) = HOI’Ile<P, Q) = Ng<P, Q)/Cg<P)
is the set of homomorphisms from P to () induced by conjugation by elements of G.
Here, as usual,
Ne(P,Q)={x € GlzPx ' <Q}

denotes the transporter set.

Lemma 9.5. For each mazimal discrete p-toral subgroup S € Syl (G), Fs(G) is a

saturated fusion system over S. Also, a subgroup P < S is fully centralized in Fs(QG)
if and only if Cs(P) € Syl (Ca(P)).

Proof. We must show that conditions (a), (b), and (c) of Proposition 8.3 all hold.
For each discrete p-toral subgroup P < G, Outg(P) is finite by Lemma 9.4(b), so
Autg(P) = Ng(P)/Cq(P) is a torsion group. Hence for each g € Ng(P), (g)-Ca(P) is
a finite extension of Cg(P), thus a closed subgroup, and so the coset gCq(P) contains
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elements of finite order. Also, for each finite subgroup H/Cq(P) in Ng(P)/Cq(P), H
is a closed subgroup of G, and hence has Sylow p-subgroups in the sense of Section 8.
If P, < P, < P; <---is an increasing sequence of discrete p-toral subgroups of G,
then the centralizers Cg(P;) form a decreasing sequence of closed subgroups of G, and
hence is constant for ¢ sufficiently large.

Thus Proposition 8.3 applies: for any S € Syl,(G), Fs(G) is a saturated fusion
system over S, and a subgroup P < S is fully centralized in Fg(G) if and only if
Cs(P) € Syl,(Ca(P)). O

Recall from Section 8 that a discrete p-toral subgroup P < G is called p-centric
in G if Z(P) € Syl,(Cq(P)). By analogy with this definition, a p-toral subgroup

P < @ is called p-centric it Z(P) € Syl,(Ca(P)). We next note some conditions
which characterize p-toral and discrete p-toral subgroups of G which are p-centric.

Lemma 9.6. The following hold for any discrete p-toral subgroup P < G.

(a) If P is p-centric in G, then Ng(P)/P is finite, and Ce(P)/Z(P) is finite of order
prime to p.

(b) If P is p-centric in G, then P is p-centric in G.

(c) If P is p-centric in G and P is snugly embedded, then P is p-centric in G.

Proof. (a) Assume P is p-centric in GG, and consider the groups
Co(P)/Z(P)= P-Co(P)/P  and  Outg(P) = Ng(P)/(P-Ca(P)).

The first group is finite of order prime to p since Z(P) is a maximal p-toral subgroup
of Ce(P) which is also central. The second group is finite by Lemma 9.4(b). Hence
N¢(P)/P is also finite.

(b) If P is p-centric in G, then Z(P) < Z(P) is a maximal p-toral subgroup in
Cq(P) = Cg(P), and hence P is also p-centric in G.

(c) Assume P € Syl,(P). If z € Z(P) has p-power order, then since [z, Py] = 1, the
only elements of p-power order in x P are those in xF,. Since some element of z P,
lies in P and has p-power order, this shows that = € P, and hence that = € Z(P). In
other words, Z(P) € Syl,(Z(P)). So if P is p-centric in G, then Z(P) is a maximal
discrete p-toral subgroup of Cg(P) = Ce(P), and hence P is also p-centric in G. [

We want to apply Proposition 4.6, to construct a centric linking system L§(G)
associated to Fs(G), and to show that |£G(G)|) ~ BG). This means constructing
a rigidification of the homotopy functor B: P — BP; which by Proposition 5.9 is
equivalent to constructing a rigidification of the homotopy functor B): P + BP;.
This last is closely related to the homotopy decomposition of BG constructed in [JMO)].

For any S € S_ylp(G), we let Og(G) denote the category whose objects are the p-toral
subgroups of S, and where

Morpg ) (P, Q) = Q\Na(P, Q).
Define B: Og(G) —— Top by setting

B(P)=EG/P and B(P-%5 Q)= (EG/P 25 EG/Q).
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Let
®: hocolig(B) ——— EG/G = BG
Os(G)
be the map induced by the obvious surjections from B(P) = EG/P onto BG = EG/G.

Lemma 9.7. Fiz a mazimal p-toral subgroup S € Syl (G). Let Og(G) C Og(G) be
the full subcategory whose objects are those p-toral subgroups of S which are p-centric
i G, and let

B.: O4(G) — Top and ®.: hocoling(B.) — BG
05(G)

be the restrictions of B and ®, respectively. Then ®. is a mod p homology equivalence.

Proof. Define
X ={P < 8 ptoral ||Ng(P)/P| < o0, Oy(Ng(P)/P)=1or P is p-centric} .
Let OF(G) C Og(G) be the full subcategory with object set X, and let
Bx: O5(G) ——Top  and  ®x: hocolim(Byx) —— BG
0¥ (@)
be the restrictions of B and ®.

By [JMO, Theorem 1.4], ®x is a mod p homology equivalence. So to prove the
proposition, we must show that the inclusion of hocolim (B,) in hocolim (Bx) is a mod
p homology equivalence. Set F' = H*(Bx(—);F,), regarded as a functor on OF (G)°P.
Let Fy C F be the subfunctor defined by setting Fy(P) = 0 if P is p-centric in G and
Fy(P) = F(P) otherwise. We claim that lim"(Fp) = 0. Assuming this, we see that

W™ (H*(Bx(=);Fp)) = lm™(F/Fy) = Lm"(H*(Be(-);Fp));

05 (G) 05 (G) 05(G)
the last step since there are no morphisms from any object of the subcategory to
any object not in the subcategory. This shows that the spectral sequences for the
cohomology of hocolim (B x) and hocolim(B,) have isomorphic Ep-terms, and hence
that the inclusion is a mod p homology equivalence.

It remains to prove that LJLTI*(FO) = 0. By [JMO, Proposition 1.6], X, contains
finitely many G-conjugacy classes. Hence by [JMO, Proposition 5.4] and an appropri-
ate finite filtration of Fp, it suffices to prove that A*(Ng(P)/P; H*(BP;F,)) = 0
for each p-toral subgroup P in OF(G) which is not p-centric. For each such P,
Ce(P)-P/P = Cg(P)/Z(P) is a finite group of order a multiple of p which acts
trivially on H*(EG/P;F,) = H*(BP;F,), and hence A*(Ng(P)/P; H*(BP;F,)) =0
by [JMO, Proposition 5.5]. O

We are now ready to construct a rigidification of the homotopy functor Bz/)\'

Proposition 9.8. Fiz a mazimal discrete p-toral subgroup S € Syl (G), and set F =
Fs(G) for short. Let F C F¢ be the full subcategory of subgroups P < S which are
p-centric in G and snugly embedded, and let O°(F) C O(F) be its orbit category.
Then there is a functor

B: O%(F) — Top
which is a rigidification of the homotopy functor B), and a homotopy equivalence

d: (hocolig(é))ﬁ —— BG).
03 (F)
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Proof. Set § = S € S_ylp(G). We will construct orbit categories and functors as
indicated in the following diagram:

cl pr

O (F) 0%(@) O5(G)
- kB/ .
Top,

together with mod p homology equivalences

clx v

hocoli@)(l_i’c) = ocolim(B.)

. / 2)

BG.

hocolim(B.;)

¢CS

We then set B = (Bes

The category O%(G

9.7. We construct O%(G), B., and &, in Step 1 (and prove the properties we need);
and then do the same for O%(F), B.s, and ®.s in Step 2.

-
),

together with B, and ®., were already constructed in Lemma

Step 1: Define O%(G) by setting
Ob(0%(G)) = Ob(0%(G)) = {P<S } P p-toral and p-centric in G},

and
MOI@%(g)(Pa Q) = Q\NG(P7 Q)/CG(P) = RepG’(P7 Q)

Let B. be the left homotopy Kan extension of B, along the projection functor. Let
®. be the composite of ®. with the standard homotopy equivalence
v: hocolig(ﬁc) — hocolim(B.)
04(G) 05(G)
of [HV, Proposition 5.5|. Thus &, is a mod p homology equivalence by Lemma 9.7,
and it remains only to show that B, is a rigidification of BQ (after p-completion).

This means showing that the natural morphism of functors
B. —— B.opr

(natural up to homotopy) is a mod p homology equivalence on all objects. By definition,
for each P,

B.(P) = hocolim(B, - £).
prlP
Here, pr | P is the overcategory whose objects are the morphisms @ 25 Pin CTJCS(G),
and where a morphism from (@, @) to (R, ) is a morphism ¢ € Morpe () (@, R) such
that o = B o pr(yp). Also, ¢ is the forgetful functor from pr | P to O%(G).

Consider the spectral sequence

Ey’ & lim'(H' (B §(=);F,)) = H™(B.(P);F,). (3)

prlP
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For each @ in O%(G), set
pr ~
K(Q) = Ker[Autog(e)(Q) —— AUt@g(G)(Q)} =Ca(Q)/2(Q).

This is a finite group of order prime to p, and it acts trivially on H*(EG/Q). Since
K(Q) acts trivially on the homology H*(B.-£(Q,a);F,) = H*(EG/Q;F,) for each
object (@, a), this functor factors through the overcategory Id | P. The projection of
pr) P onto Id | P satisfies the hypotheses of [BLO1, Lemma 1.3] (in particular, the
target category is obtained from the source by dividing out by these automorphism
groups K (@) of order prime to p), and hence

H*(B.(P);F,) ifi=0

@i(H*(Bcog(—);Fp)) = LLHZ(H*(BCOS(_)JFP)) = {0 if 1 > 0.

pr|P 1dP
Here, the last isomorphism holds since Id [P has final object (P,Id). The spectral
sequence (3) thus collapses, and hence H*(B.(P);F,) = H*(B.(P);F,) (and the iso-

morphism is induced by the natural inclusion of B.(P) into B.(P)).
Step 2: The “closure functor”

0% (F) —2— 0%(G),

is defined to send P to P. It induces a bijection between isomorphism classes of objects
by definition of 7 and Lemma 9.6(b,c), and induces bijections on morphism sets by
Lemma 9.4(c). So this is an equivalence of categories.

Set B,s = B.ocl. Since B, is (after p-completion) a rigidification of the homotopy

functor P + BPj, by Step 1, and since BP, =~ BI_D;\ when P is snugly embedded
(Proposition 9.2), B, is a rigidification of the homotopy functor B : P +— BP; (again,
up to p-completion).

Now let ., be the composite of 56 with the map
hocolim (Bs) —d hocolig(l_?c)
O3 (F) 04(G)
induced by cl. Then hocolig(ﬁc) ~ hocolim(B,;) since cl is an equivalence of cate-
gories, and thus @4 is a mod p homology equivalence since ®, is by Step 1.
Now set B = (Bes);, and let

~ -~ Pes g
& (hocolin(B)) 5 =~ (hocoling(B.) ) SN 1e

Ocs(F) Ocs(F)
be the completion of ®.,. Then Bis a rigidification of the homotopy functor BI/,\ (see

Proposition 9.2), and Disa homotopy equivalence. ([l

We also need the following result about snugly embedded subgroups:
Lemma 9.9. For each discrete p-toral subgroup P < G, P*® is snugly embedded.

Proof. Fix S € Syl,(G), and set T = Sy and p™ = exp(S/T). By Definition 3.1,
P* = P-I(Q), where Q = P™ = (¢?" |g € P) > P, and I(Q) = T°"(@. Then

I(Q) contains all elements of p-power order in I(Q) = TC"(@ and hence is snugly
embedded. Since [P*®: I(Q)] is finite, P* is also snugly embedded. O
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We are now ready to prove the main result.

Theorem 9.10. Fix a compact Lie group G and a maximal discrete p-toral subgroup
S € Syl (G). Then there exists a centric linking system LG(G) associated to Fs(G) such
that (S, Fs(G), Ls(G)) is a p-local compact group with classifying space |Ls(G)]) ~
BG).

p

Proof. Set F = Fs(G) for short; a saturated fusion system by Lemma 9.5. Let F¢ C
F¢ be the full subcategory with objects the set of all P < S which are p-centric and
snugly embedded in G, and let O (F) be its orbit category. By Lemma 9.9, F¢ D F*°.

By Proposition 9.8, there is a functor
B: O%(F) — Top
which is a rigidification of the homotopy functor BQ, and a homotopy equivalence
d: (hocolig(é))ﬁ — BG).
0°s (F)
By Proposition 5.9, there is a functor B: O (F) —— Top which is a rigidification of
the homotopy functor B, and a natural transformation of functors y: B —— B such

that x(P) is homotopic to the completion map for each P. By Proposition 4.6, there is
a centric linking system L£&(G) associated to F¢° whose nerve has the homotopy type

of hocolim (B), and thus

LS (G| ~ (hocoli@)(é));\ ~ (hocolig(é));\ ~ BG).
05 (F) 0 (F)

Now define F¢ —2— F¢* by setting U(P) = P~(Z_30)(p), where (]_30)(1,) denotes the

subgroup of elements of p-power order in the torus Py. By Lemma 9.4(c), for each
P € Ob(F¢) and @ € Ob(F*),

RepG(P7 Q) = RepG(pa @) = RepG(\P(P)v Q)a

and thus V¥ is left adjoint to the inclusion. Also, for each P, Cq(V(P)) = Cq(P) =
Cs(P), and hence Z(¥(P)) = Z(P). So if we define LE(G) to be the pullback of
LE(G) and F€ over F, then it is a centric linking system, and |L$(G)| ~ [LF(G)|.
(Compare this argument with the proof of Proposition 4.5(b).) O

The above construction of the linking system of GG has the disadvantage that it seems
rather arbitrary. We know, by Theorem 7.4, that there is (up to isomorphism) at most
one linking system L£(G) such that |£5(G)[)) ~ BGy), but we would really like to have
a more obvious algebraic connection between L£§(G) and the group G itself. We end
this section by showing that £&(G) can, in fact, be obtained as a subquotient of the
transporter category of G — although not in a completely canonical way.

Fix a compact Lie group G, and choose S € Syl,(G). The transporter category
T$(G) of G over S is the category whose objects are the subgroups of S that are p-
centric in G, and where Morre(q) (P, Q) = Na(P, @), for each pair of objects P and Q
of T$(G). Let Cg: O¢(F)°® —— Ab be the functor which sends P to its centralizer.
For any subfunctor ® C Cq, T$(G)/® denotes the quotient category with the same
objects as T§(G), and where

MOI‘TSC(G)/.:I)(P, Q) = MOTTSC(G’)(P, Q)/(I)(P) = Ng(P, Q)/(I)(P)
For example, in this notation, F§(G) = T§(G)/Ce.
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For each P € Ob(F°), there is a central extension

11— Z(P) —— Cg(P) —— C¢(P)/Z(P) — 1,
where Z(P) is abelian and p-toral and Cg(P)/Z(P) is finite of order prime to p (by
definition of p-centric). Hence the set of elements of C(P) of finite order prime to
p forms a subgroup, which we denote here v, (P). Also, Z(P) and v, (P) are both
normal subgroups of Cg(P), and the quotient group Cq(P)/(Z(P) x vy (P)) is a Q-
vector space. As earlier, we write Z(P) = Z(P), and regard Z, vy, and Z X v, as
subfunctors of Cg.

Lemma 9.11. The extension
TS(G)/(Z x vy) Ry

is split, by a splitting which sends Outp(P) to P/Z(P) for each object P; and such a
splitting is unique up to natural isomorphism of functors.

Proof. For all P, € Ob(F°), choose maps
opq: Homz(P, Q) ——— No(P,Q)/(Z(P) x vy (P)) = Morye(6)/(zx1,) (P, Q)

which split the natural projection. This can be done in such a way that for each
¢ € Homz(P, Q) and each g € Q, opg(cg o) = 9] c opo(y) (define it first on orbit
representatives for the action of Inn(@)) and then extend it appropriately). Also, when
Q = P, we let opp(Idp) be the class of 1 € Ng(P).

The “deviation” of {opg} from being a functor is a 2-cocycle with values in the
functor C/(Z X 1), and the assumption that they commute with the Inn(Q)-actions
implies that we get a cocycle over the orbit category O¢(F). If, furthermore, this
cocycle is a coboundary, then the opg can be replaced by maps oo which define
a splitting functor. The obstruction to the existence of such a splitting thus lies in
@12(0@ /(Z x vy)). In a similar (but simpler) way, the obstruction to uniqueness is
O°(F)
seen to lie in @11(CG/(Z X Up)).

O°(F)

We will show that both of these groups vanish, using Lemma 5.7 (and an argument
similar to that used to prove Proposition 5.8). Let F' be the functor Cg/(Z X vy ).
As in the proof of Proposition 5.8, set T = Sy, @ = Cs(7T), and I' = Outz(Q). Set

M = T/(torsion), regarded as a Q[I']-module. Let
O OP(P)OP —_— Z(p)-mod

be the functor ®(I1) = M for all p-subgroups II < I'. Then F(P) = ®(Outp(Q))
(functorially) for all P < S containing (), and Outg(P) acts trivially on F(P) =
Z(P)/(torsion) for each P. The hypotheses of Lemma 5.7 thus hold, and so

lim’(F) 2 lim'(®)

O<(F) Op(T)

for all i. Since ® is a Mackey functor, these groups vanish for all i > 1 by [JM,
Proposition 5.14]. O

We are now ready to construct a more explicit linking system L& (G), and prove it
is isomorphic to the one already constructed in Theorem 9.10.
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Proposition 9.12. Let G be a compact Lie group, and choose S € Syl (G). Fiz a
splitting s of TE(G)/(Z x vy) —2— F¢, and define LY (G) to be the pullback category
in the following pullback diagram

LY(G) —— T(G) /vy

F5(Q) == T(O)/(2 x vy).

Then LG(G) is a centric linking system associated to FS(G), and is isomorphic to the

centric linking system of Theorem 9.10. In particular, LE(G) —— T&(G) /vy describes
the linking system LS(G) as a subquotient of the transporter catgeory.

Proof. We will first show that the pullback category L§(G) is a centric linking system
associated to Fg(G). Since s and pr are the identity on objects, we can as well assume
that the pullback category L& (G) has the same objects, and that 5 and 7 are the
identity on objects. Then for any pair of objects P,Q < S p-centric in GG, we have

Morﬁg(g) (P, Q) =
{(p,0) | p€ Morre () (P, @), ¥ € Morrg(c),, (P, Q), and w(p) = pr(¢) }

Now, for each P < S which is p-centric in G, we have P < Ng(P) /v, (P) and then we
can define distinguished homomorphisms

op: P— Autﬁg(G)<P)
by setting 0p(g) = (¢4, g). Conditions (A), (B), and (C) in the definition of a centric
linking system are easily checked.
Next we will find a map |£4(G)| — BG)) that commutes with the respective nat-

ural maps from BS. To do this, we first lift £S(G) to a subcategory Zg(G) of the
transporter category 7$(G), defined via the pullback square:

incl

L5(G) —— T(G)

l l

LY(G) —= TE(G) /vy

We will then construct the maps in the following commutative diagram:

BG.

p

L5y ~—=— LSO
We proceed in two steps.

(a) A map |£5(G)| — |£5(G)| commuting with the respective natural maps from
BS is induced by the functor L& (G) — LE(G). We will show that it is a mod p
homology equivalence.

By definition of ng(G), for all P,@ < S centric, we have that v (P) acts freely on
Mor z. () (P, Q) and the orbit set if Morzg(g)(P, Q). In particular,

v, (P) = Ker AU'tZCS(G’)<P> — Aut%(g)(P)] .
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Recall that v,/ (P) is the subgroup of elements of C(P) of finite order prime to p. It
sits in an extension vy (P)? — vy (P) — C/(P), where v,(P)° is the set of elements
of the maximal torus of Z(P) of finite order prime to p and C%(P) = Cq(P)/Z(P).
Therefore v, (P) is locally finite and can be written as union |J, ., vy (P)™ of finite
groups of order prime to p. A generalized version of [BLO1, Lemma 1.3] now applies
to the constant functor defined on L£§(G) and the result follows.

In fact, [BLO1, Lemma 1.3] generalizes to allow that the kernels K (—) be countable
increasing unions of finite groups of order prime to p. Proving this requires showing,
for any such K, that Hy(kK; —) is an exact functor on the category of Z) [/]-modules.
But if K is the union of a sequence of subgroups K; < K; < --- each of which is
finite, then Hy(K;; —) is exact for each i, Ho(K; M) = coliny, Hy(K;; M) for each M,

and hence Hy(K; —) is exact since direct limits of this type are exact.

(b) A map |L£L(G)] — BG that commutes up to homotopy with the respective
maps from BS is defined as follows. Compose the inclusion £5(G) —== incl — TE(G) with
the functor 7§(G) — B(G). Here, B(G) is the topological category with one object
and the Lie group G as morphisms (and all other categories are discrete), and the
functor sends the morphism g € Ng(P,Q) to g € G for all objects P,Q of T$(G).
The nerve of B(G) is the topological bar construction BG ~ BG, and the composite

functor induces a map |£4(G)| — |B(G)| ~ BG.

Finally, Theorem 9.10 defines the centric linking system of G over S and shows that
the p-completed nerve is homotopy equivalent to BGQ. This combines with the map
constructed above, so that Lemma 7.3 implies that the pullback category L§(G) is
isomorphic to the centric linking system of Theorem 9.10, and then, also, that the map
|L5(G)| —— BG constructed in step (b) is actually a homotopy equivalence after
p-completion. O

10. p-COMPACT GROUPS

A p-compact group is a p-complete version of a finite loop space. As defined by Dwyer
and Wilkerson in [DW], a p-compact group is a triple (X, BX,e), where X is a space
such that H*(X;F,) is finite, BX is a pointed p-complete space, and e: X — Q(BX)
is a homotopy equivalence. If G is a compact Lie group such that the group of com-
ponents 7o(G) is a finite p-group, then upon setting BG = BG)) and G' = Q(BG), the
triple (@, BCA}’, Id) is a p-compact group. For general references on p-compact groups,
we refer to the original papers by Dwyer and Wilkerson [DW] and [DW2], and also to
the survey article by Jesper Mgller [Mg].

When T 2 (S1)" is a torus of rank r, then the p-completion T = Q(BTp) of T is
called a p-compact torus of rank r. Both BT ~ K((Z )", 2) and T ~ K((z )”, 1) are
Ellenberg—MacLane spaces. A p-compact toral group is a p- compact group (P BP e)
such that 7T1(BP) is a p-group, and the 1dent1ty component of Pisa p-compact torus
with classifying space the universal cover of BP.

If X is either a discrete p-toral group or a p-compact group, and Y is a p-compact
group, a homomorphism f: X — Y is by definition a pointed map Bf: BX — BY.

Two homomorphisms f, f': X — Y are conjugate if Bf and Bf’ are freely homotopic;
i.e., via a homotopy which need not preserve basepoints. Given a homomorphism
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f: X — Y, the homotopy fibre of B f is denoted Y/ f(X), or just Y/ X if f is understood
from the context. With this notation, f is called a monomorphism it H*(Y/f(X);Fp)
is finite. By [DW, Proposition 9.11], a homomorphism f is a monomorphism if and
only if H*(BX;F,) is a finitely generated H*(BY';F,)-module via H*(f;F,).

If P is an arbitrary p-compact toral group, a discrete approximation to Pis a pair
(P, f), where P is a discrete p-toral group and Bf: BP — BP induces an isomorphism
in mod p cohomology. By [DW, Proposition 6.9], every compact p-toral group has a
discrete approximation. Each discrete p-toral group P is a discrete approximation of
(ﬁ, BP,1d), where BP = BP) and P= Q(Bﬁ) Hence every monomorphism f: P —

X from a discrete p-toral group to a p-compact group factors as P —— P1.x.

a discrete approximation followed by a monomorphism of p-compact groups. Lemma
1.10 says, among other things, that any two discrete approximations of a p-compact
toral group are isomorphic.

If f: X — Y is a homomorphism of p-compact groups, the centralizer of f in Y is
defined to be the triple (Cy (X, f), BCy (X, f),1d), where

BCy(X, f) = Map(BX, BY)Bf and Cy(X, f) = Q(BCy<X, f))

Whenever f is understood, we simply write Cy (X) for Cy (X, f).

A discrete p-toral subgroup of a p-compact group X is a pair (P, f), where P is a
discrete p-toral group and Pt oXisa monomorphism. We write BCx (P, f) =
BCx (P, f) = Map(BP, BX )y and Cx (P, f) = Cx(P, f) for short. By [DW, §§5-
6], Cx(P) is a p-compact group, and the homomorphism Cx(P) — X (induced by
evaluation at the basepoint of BP) is a monomorphism. The subgroup (P, f) is called
central if this monomorphism Cx(P) — X is an equivalence.

Proposition 10.1. Let X be any p-compact group.

(a) X has a mazimal discrete p-toral subgroup S 'S If P 5 X is any other
discrete p-toral subgroup of X, then Bu ~ Bf o By for some 1) € Hom(P, S); and

(P,u) is maximal if and only if p { X(X/u(]g)) Here, Euler characteristics are
taken with respect to homology with coefficients in IF,,.

(b) The centralizer Cx (P, f) of any discrete p-toral subgroup P X is again a p-
compact group, and a subgroup of X. Also, if P = |J., P,, then BCx(P) =~
BCx(P,) for n large enough.

(c) A discrete p-toral subgroup P s X is central if and only if there is a map BP X
BX —— BX whose restriction to BP x x is Bf and whose restriction to x x BX
15 the identity. When this is the case, then P is abelian, and there is a fibration
sequence BP) s BX — B(X/P) where B(X/P) is the classifying space of a
p-compact group X/P.

Proof. Point (a) follows mostly from [DW2, Propositions 2.10 & 2.14] together with
Lemma 1.10. If (P, u) is not maximal, then since u factors through S, X(X/u(ﬁ)) =
X(X/f(g)) : X(§/13), and the last factor is a multiple of p.

Point (b) is shown in [DW, Proposition 5.1 & Theorem 6.1]. In point (c), a central

subgroup is abelian by [DW2, Theorem 1.2], while the other two claims are shown in
[DW, Lemma 8.6 & Proposition 8.3]. O
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As in other contexts, the maximal discrete p-toral subgroups of a p-compact group
X will be referred to as Sylow p-subgroups of X.

The fusion system of a p-compact group is easily defined: it is just the fusion system
of the space BX, as defined in [BLO2, Definition 7.1].

Definition 10.2. For any p-compact group X with Sylow p-subgroup S AN X, let
Fs,f(X) be the category whose objects are the subgroups of S, and where for P, < S,

dof {(p € HOIH(P,Q) ‘ Bf|BQ o B(p ~ Bf|Bp}

Mor]-—s’f(X)(Pv Q) = HOHIX(P, Q) =

We next want to show that Fg ¢(X) is saturated. Before doing this, we need to define
and study normalizers of discrete p-toral subgroups of p-compact groups. We also need
to establish an “adjointness” relation which corresponds to the equivalence (for groups)
between homomorphisms ) —— Ng(P) and homomorphisms P x @ —— G.

Fix a p-compact group X and a Sylow p-subgroup f: .S —— X. For any subgroup
P < S and any discrete p-toral subgroup K < Autx(P), set

BN (P) = (EK xx BCx(P))5,
where K acts on BCOx(P) = Map(BP, BX ), via the action on P. Set N¥(P) =

Q(BNZE(P)). Since the action of K on BP fixes the basepoint, evaluation at the
basepoint of BP defines a map

ev: BN (P) = (EK xx Map(BP, BX)pys)) — BX.

If @ is any discrete p-toral group, and p € Hom(Q, K'), then any homomorphism
EQ xq BP = B(P x, Q) — BX
is adjoint to a (Q-equivariant map
EQ ——— Map(BP, BX);zp = BCx(P),

where @ acts on BCx(P) via the action on P defined by p (and via the trivial action
on BX). After taking the Borel construction, this defines a map

BQ ——— BN{(P) = (EK xx BCx(P))).
In particular, when @ is the group
N§ (P)={g € Ns(P)|¢c, € K},
and
B(P x NX(P)) Bs —L - Bx
is induced by the inclusions and f, then this construction is denoted
Byf: BN (P) ——— BN{(P).

Lemma 10.3. Fix a p-compact group X, a Sylow p-subgroup S ER X, and subgroups
P < S and K < Autx(P) where K is discrete p-toral. Then the induced sequence

BCx(P) —— BN{(P) —— BK) (1)

1s a fibration sequence. If Q) is another discrete p-toral group, then for any homomor-
phism p: Q — NE(P), there is a fibration sequence

Map(B(P %, Q), BX)y,, — Map(BQ, BN)I(((P))BP —— Map(BQ, BKS)B/—),
where p € Hom(Q, K) is any homomorphism such that Bp) ~ 7o Bp, P x, Q is the
semidirect product for the action Q —— K < Aut(P), and the fiber is the space of all
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maps B(P %, Q) —— BX which restrict (up to homotopy) to BP BIr BX and are

adjoint to Bp in the sense described above.

Proof. The action of K on each cohomology group H'(BCx(P);F,) factors through a
finite quotient group of K, thus through the p-group my(K), and hence is nilpotent. So
by [BK, IL.5.1], the usual fibration sequence

BCx(P) —— EK xyx BCx(P) —— BK

for the Borel construction over BK is still a fibration sequence after p-completion.
Thus (1) is a fibration sequence.

Since [BQ, BK)] = [BQ,BK] = Rep(Q, K) (Lemma 1.10), p € Hom(Q, K) is
uniquely determined up to conjugacy by p.

For any fixed homomorphism p: @ —— K, (1) induces a fibration sequence
BCx (P)"? — Map(BQ, BN (P)); — Map(BQ, BK}) gy ,

where p denotes the set of connected components of Map(BQ, BN (P)) that map into
Map(BQ, BK}))g;y; and (if p # 9) BCx(P)" is the homotopy fixed point set of the

B'/\
action of @) induced by the pullback of (1) over BQ —p;> BK7). We need to identify
XTobp

this action of @ on BCx(P) with that induced by the action of @ on P via p. This
follows by comparing the fibrations

BCx(P) — EK xy BCx(P) —— BK

| J

BCx(P) —— BN§ (P) ——— BK),

B'A
since the action of Q on BCx(P) induced by BQ S N BK? in the bottom fibra-

tion coincides with that induced by p in the fibration sequence of the top row. By
construction, the action of K on BCx(P) induced by the top row is just the action of
K on BCx(P) = Map(BP, BX)py|, induced by the original action of K on P.

Now set fp = f|p: P —— X for short. We can identify

BCx(P)"? = (Map(BP, BX)g;,)"? = Mapy(EQ, Map(BP, BX) 5,
~ Mapg(BP x EQ,BX)J;: Map(BP x¢q EQ, BX)J»;: Map(B(P x, Q),BX)J;,
where ]7 is the set of connected components of maps whose restriction to BP is ho-
motopic to B fp. Here, BP xq EQ ~ B(P x; () because the action of ) in BP is

induced from the action described above of Aut(P) on BP, and this has a fixed point,
providing a section of the fibration

BP —— BP X pu(p) E Aut(P) — B Aut(P).

Finally, upon restricting to one component of Map(BQ, BN¥(P));, we obtain the
fibration in the statement of the proposition. O

Notice that in the particular case where K = 1, Map(BQ, BK) is contractible, and
the fibration of Lemma 10.3 reduces to the equivalence

Map(BP x BQ, BX) ~ Map(BQ, Map(BP, BX)).
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Proposition 10.4. Let X be a p-compact group, let S X bea Sylow p-subgroup,
and set F = Fg (X) for short. Fiz a subgroup P < S, and a discrete p-toral group of
automorphisms K < Autz(P). Then the following hold.

(a) BNE(P) is the classifying space of a p-compact group which we denote N¥(P),
and
K
N§ (P) == N (P)

1s a discrete p-toral subgroup. Furthermore, the square

K Byp K
BNg (P) —— BNy (P)

&ml wl (1)

BS — 7 . pBx

commutes up to pointed homotopy.
(b) There is ¢ € Homz(P,S) such that o(P) is fully p K@~ -normalized in F.
(c) P is fully K-normalized in F if and only if NX(P) is a Sylow p-subgroup of N¥(P).

Proof. (a) By Lemma 10.3, BCx(P) — BN (P) — BK) is a fibration sequence.
The loop spaces of the fiber and base of this sequence have finite mod p cohomology,

so the same is true of N¥(P) o Q(BNE(P)). Thus N¥(P) is a p-compact group.
The map

K
BNE(P) AN BN{ (P) = (EK xx Map(BP, BX)p,)h
is defined to be adjoint to the composite

B(incl x incl

B(P x NX(P)) ), Bs L Bx. (2)

Hence the composite of ByE with the evaluation map from Map(BP, BX )y, to BX
(evaluation at the basepoint of BP) is equal to the restriction of (2) to BN (P). This
proves that (1) is commutative.

If vE factored through a quotient group NX(P)/R for some R # 1, then the re-
striction of Bf: BS —— BX to BR would be homotopically trivial, but this cannot

happen. So if Sy BECENG Y K(P) is a maximal discrete p-toral subgroup, then v5 factors
through a monomorphism from NE(P) to Sy (Proposition 10.1(a)), and thus 75 is
itself a monomorphism.

(b,c) By Lemma 10.3, any discrete p-toral subgroup BQ —— BN (P) lifts to a

map B(P x Q) — BX which factors through a homomorphism P x @ P48, Set
P'=B(Px1) <S8, p=_Ppu €Isor(P,P), and K' = pKp~! < Autx(P’). Then
B(Q) < NE'(P'), and B1 ¢ is injective since otherwise BQ — BN¥ (P) would factor
through a quotient group of ) and hence wouldn’t be a subgroup. Thus, the largest
possible K-normalizer N&'(P’) occurs when it is a Sylow p-subgroup of N (P), so P’
is fully K'-normalized in F, and P is fully K-normalized if and only if NX(P) is a
Sylow p-subgroup of N¥(P). O

We are now ready to show that Fg ¢(X) is saturated.

Proposition 10.5. Let X be a p-compact group, and let S X bea Sylow p-
subgroup. Then Fg (X) is a saturated fusion system over S.
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Proof. Write F = Fg ¢(X) for short.

Proof of (I): Fix asubgroup P < S which is fully normalized in F. Let K < Autz(P)
be such that K > Autg(P) and K/Inn(P) € Syl,(Outz(P)). Then P is fully K-
normalized, since it is fully normalized and NX(P) = Ng(P). So by Proposition
10.4(c), N (P) is a Sylow p-subgroup of N£(P).

Set K’ = Autg(P) for short, and consider the following commutative diagram of
connected spaces:

BCs(P)) — BN (P)) — BK")

L

BCx(P) — BN¥(P)), — BK},.

Let F; be the homotopy fiber of f; (for ¢ = 1,2,3). Each row is a fibration se-
quence before p-completion; and the actions of K" on H*(BCg(P);F,) and of K on
H*(BCx(P);F,) factor through finite p-group quotients and hence are nilpotent. So
the rows are still fibration sequences after p-completion by [BK, I1.5.1].

Each of the maps f; is a monomorphism of p-compact groups, and hence H*(F;;F,) is
finite for each i. Since BCx(P) is connected, 7 (BN¥ (P)}) surjects onto my(BK))) =
mo(K), and hence mo(F») surjects onto mo(F3). Thus Fi is the homotopy fiber of the
map Fy —— F3, and so x(Fy) = x(F1)-x(F3).

Since N&(P) € Syl,(N{(P)), x(F3) is prime to p by Proposition 10.1(a). Thus
X(F1) and x(F3) are both prime to p, and hence Cs(P) € Syl ,(Cx(P)) and (since K is
discrete p-toral) K’ = K. Hence Outg(P) = K/Inn(P) € Syl (Outx(P)). Also, since
Cs(P) € Syl,(Cx(P)), we can again apply Proposition 10.4(c) (this time with K = 1),
to show that P is fully centralized in F. This finishes the proof of (I).

Proof of (II): Fix P < S and ¢ € Homz(P, S), and set P’ = ¢(P). Assume that P’
is fully centralized in F. Set

Np={g € Ns(P)| ey € Auts(P')},

and set K = Auty,(P), K’ = ¢K¢~" < Autg(P’), and N, = NE'(P). Then P’ is
fully K’-normalized in F, since it is fully centralized and K’ < Autg(P’). Consider the
following diagram:

B'yK

—" _ BNE(P) —2L 5 BK)
B’ ~lEc¢x(w)—l ~l3c¢ (1)

\ K’ .
BN, —* s BNY'(P') — 22 BK").

Here, the composites in the two rows are induced by the epimorphisms N, oK

and N, 2K (exactly, not just up to homotopy). By Proposition 10.4(c), N, is
a Sylow p-subgroup of N¥'(P') ~ N£(P), and hence there is a homomorphism § €
Hom(N,, N;,) which makes the left hand square commute up to homotopy.

Since [BN,, BK'})] = Rep(N,, K') (Lemma 1.10), the homotopy commutativity of
(1) implies that there is g € K’ such that c, o w = c¢5 0w o . Since w' is onto, there
is g € N, such that w'(g) = g; and upon replacing @ by ¢, o ¢ we can assume that
Copow =w o .
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Fix a homotopy H which makes the left hand square in (1) commute. Then the
composite proj o is a loop in Map(BN,,, BK")) based at B(w'o{), and this component
has the homotopy type of BCk(w'o»(N,)); by Lemma 1.10 again. So after replacing
® by ¢y o @ for some appropriate ¢’ € N;,, and after modifying H using the homotopy
from By to B(cy o) determined by ¢, we can arrange that projoH is nullhomotopic in
Map(BN,, BK'})). We can now apply Lemma 10.3, to show that the following diagram
commutes up to homotopy:

incl % incl Bf

B(P x N,) 5 BS 5 BX
lB(w@) H
B(P'x N) =222, B Bl BX.

In particular, ¢ € Homz(N,, N,). Also, the two homomorphisms from P x N, to S
induced by inclusions and by ¢ x » have the same kernel {(g,¢g7')|g € P}, and this
implies that ¢ = ¢|p.

Proof of (III): Fix P =J >, P,, where P, < P, < --- is an increasing sequence of
subgroups. Let ¢ € Inj(P, S) be such that ¢|p, € Homz(F,, S) for all n. Thus for each
n, (Bf o By)|gp, ~ Bf|sp,. Also, by Proposition 10.1(b), Map(BP,, BX)gfsp, ~
Map(BP, BX)gyspp for n sufficiently large. We can thus choose homotopies H,, from
(Bf o By)|pp, to Bf|pp, such that H, = H,1|gp,x1, and set H = |J H,. This shows
that Bf o By ~ Bf|pp, and hence that ¢ € Homz(P, S). O

In [CLN], a p-compact toral subgroup P of a p-compact group X is called centric if
the inclusion map BP 57, BX is a centric map; i.e., if

Map(BP, BP)iq —X =5 Map(BP, BX)s;

is an equivalence. We must check that this is equivalent to the concept of F-centricity
(applied to discrete p-toral subgroups) used here.

Lemma 10.6. Let X be a p-compact group, and let S s X bea Sylow p-subgroup.
Set F = Fs,;(X). Then for any subgroup P < S, Bf|pp: BP) —— BX is a centric
map if and only if P is F-centric.

Proof. Assume P is F-centric. In particular, P is fully centralized in F. By Proposition
10.4(a,c) (applied with K = 1), Cx(P) is a p-compact group with Sylow p-subgroup
Cs(P) = Z(P). Also, composition defines a map

Map(BP, BP)Id X Map(BP, BX)Bf\BP EEE— Map(BP, BX)Bf|Bp.
~BZ(P)

So by Proposition 10.1(c), Z(P) is central in Cx(P), and there is a p-compact group
Cx(P)/Z(P) whose Euler characteristic is prime to p and a fibration sequence

BZ(P); —— BCx(P) —— B(Cx(P)/Z(P)).
Then Cx(P)/Z(P) must be trivial, so B(Cx(P)/Z(P)) ~ x,
BZ(P)} ~ Map(BP, BX) sy 5p,
and hence Bf|pp is a centric map.

Conversely, if Bf|gp is a centric map, then BCx(P) ~ BZ(P) by Lemma 1.10, so
Cs(P') = Z(P') for all P" < S which is F-conjugate to P, and P is F-centric. O
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It remains to construct a linking system associated to Fg r(X) whose p-completed
nerve has the homotopy type of BX. This will be done using Proposition 4.6, together
with a construction by Castellana, Levi, and Notbohm in [CLN].

Theorem 10.7. Let X be a p-compact group, and let S T X bea Sylow p-subgroup.
Set F = Fgr(X) & Fspf(BX) for short. Then there is a centric linking system

L = LS ;(X) associated to F such that
15 (X)) ~ BX .

In other words, (S, F, L) is a p-local compact group whose classifying space is homotopy
equivalent to BX .

Proof. By Proposition 10.5, the fusion system F is saturated.

In [CLN], the authors define a category O°(F), by adding a final object to O¢(F);
i.e., the category O°(F), consists of O°(F) together with an additional object *, and a
unique morphism from each object in O¢(F) to *. (The actual category they work with
contains the same objects as O°(F) by Lemma 10.6.) They then define a homotopy
functor

B+: OC(F)+ _— hOTOp

by setting B, (P) = BP) for all F-centric P < S, and B, (¥) = BX (with the obvious
maps between them). By Lemmas 1.10 and 10.6, this is a centric diagram in the sense
of [DK]. Since O¢(F) has a final object, the Dwyer-Kan obstructions to rigidifying B,

to a functor to Top all vanish [DK] (see also Corollary A.4), and so this functor can be
lifted. In particular, this restricts to a functor B from O°(F) to Top, together with a

~

map from hocolim(B) to BX. (See also Corollary A.5.)

By [CLN, Theorem 8.5], this map from hocolin (é) to BX induces a homotopy
equivalence

(hocoli@) (LA?))I/)\ ~ BX

(the collection of F-centric subgroups of X is “subgroup ample”). Hence by Proposition
5.9, there is a functor B: O°F) —— Top which is a rigidification of the homotopy

functor B, and a natural transformation of functors y: B —— B which is the com-
pletion map on each object. Proposition 4.6 now applies to show that there is a centric
linking system £ = L£g ;(X) associated to F such that

L]} ~ (hocoli@(é));\ ~ (hocolig(é));\ ~ BX]. O
0°(F) 0°(F)

In fact, one can show that there is a unique centric linking system L associated to
Fs,5(X) such that |£]} ~ BX7), but we leave that for a later paper.

APPENDIX A. LIFTING DIAGRAMS IN THE HOMOTOPY CATEGORY

As elsewhere in the paper, we let Top denote the category of spaces, and hoTop
the homotopy category. Let ho: Top —— hoTop be the forgetful functor. When C
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is a small category, a functor F' from C to Top or hoTop is called centric if for each
morphism ¢ € More(c, d), the natural map

Map(F(¢), F(¢))a —2= Map(F(c), F(d)) ()
is a homotopy equivalence. In [DK], Dwyer and Kan identify the obstructions to
rigidifying a centric functor /' : C — hoTop to a functor F:C— Top; and also
describe the space of such rigidifications. We prove here a relative version of their
result which is needed in Section 5. This result can, in fact, be derived from the main
theorem in [DK], but that argument is so indirect that we find it helpful to give a more
direct, and also more elementary, proof.

More precisely, a rigidification of F is a functor F:C—— Top, together with a
natural transformation of functors F — hoo F which is a homotopy equivalence on
each object. Two rigidifications F and F' are equivalent if there is a third rigidifica-
tion ", together with natural transformations of functors F ad F' which
Commute with the natural transformations from F', and hence which define homotopy
equivalences F(c) ~ F"(c) ~ F'(c) for each ¢ € Ob(C). This is easily seen to be an
equivalence relation by taking pushouts.

The main idea here is to construct a rigidification of F': C —— hoTop by first
constructing a space which looks like a “homotopy colimit” of F', and then show that
this homotopy colimit automatically induces a rigidification F'. Recall that the nerve
of a small category C is defined by setting

se=(I] 11 )/~
n>0 To——Tn
and that the homotopy colimit of any functor F': C — Top is the space
hocohg (H H F(zg) x A") /N
n>0 xo——Tn

Here, in both cases, we divide out by the usual face and degeneracy identifications.
Let pp : hocolimy(F') — BC be the projection. It will be convenient to refer to the
“skeleta” of the homotopy colimit: let hocolig(")(F ) denote the union of the F'(zg) x A’
for all i <n (and all zg — --- — z; in C).

Now assume that F': C — hoTop is a functor to the homotopy category instead.
We assume that for each f: 2 — y in C, a concrete map F'(f) : F(x) — F(y) has
been chosen. The 1-skeleton hocolig;(l)(F ) is defined in the same way as before: it is
the union of the mapping cylinders of the F'(f) taken over all f € Mor(C). It is also
straightforward to define the 2-skeletion; but it is convenient at this stage to replace
A? by a truncated triangle A?. More preciesely, for each sequence z BN T —2 1o,
F(x) x A? is attached to hocolig;(l)(F) via the following picture:

Flgof),  Flg)oF(f)

Id F(f)

Id Id F(f)
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where the small segment at the top is mapped using a homotopy between F'(go f) and
F(g) o F(f).

The first obstructions arise when constructing the 3-skeleton. For each g — --- —
73, we want to attach F(xg) x A} to hocolig;(2)(F), where A? (the “truncated 3-
simplex”) is the cone over A? with its vertex cut off. The attachment map is easily
defined, except on the “top” surface resulting from truncating the cone vertex. Hence,
the obstruction to defining the attachment map lies in the group

. (Map(F(a:o), F(x3)), F(zo — xg)).

At this point, it becomes necessary to switch from the intuitive picture to formal def-
initions, by replacing the truncated simplices A} by cubes ", and regarding simplices
as cubes modulo certain identifications. This correspondence will be made explicit
later.

Let A be the simplicial category, with objects the sets [n] = {0,...,n} for n > 0,
and morphisms the order preserving maps between sets. We let 9; € Mora ([n — 1], [n])
denote the i-th face map (with image [n|\{i}). Define a functor

I*: A ——— Top
by setting I°*([n]) = I"™! (where [ is the closed interval I = [0,1]), and
I*(0)(to, . . ., tn ( H t, I t.-- 1] ti>
i€o~1(0) i€o—1(1) i€o—1(m)

for o € Mora,([n], [m]). Here, the product over the empty set is always 1.
Let Ay € Ag C A be the subcategories with the same objects, where

J, [n]) = {o € Mora([m], [n]) | o(0) = 0}
Mora, ([m], [n]) = {o € Mora([m], [n]) | 0(0) = 0, o(m) = n}.
For each n > 0, let I?([n]) C I3([n]) C I*([n]) be the subspaces
I3([n]) ={(0,z1,...,2,) € I*(In))} = I"
12(n)) = {(0, 21, .., wn_1,0) € I*([n])} = [T

Then for each j = 0,1, I*|a, restricts to a subfunctor I2: Ay —— Top.

Mor a, ([m

[
n

Throughout the rest of this section, C denotes a fixed small category. For each
n > 0, define Mor" = Mor"(C) to be the set of all sequences ¢g — ¢; — -+ — ¢, of
composable morphisms in C. In particular, Mor’(C) = Ob(C) and Mor'(C) = Mor(C).
For o € Mora([n],[m]), o*: Mor™(C) —— Mor"(C) is defined as usual by taking
compositions, inserting identity morphisms, and (if ¢ ¢ Mor(A;)) dropping morphisms
at one or both ends of the chain. For example, 9; (from Mor™(C) to Mor" *(C)) is
defined by composing two morphisms in the sequence, or by dropping one of them if
i =0 or n. Also, for each £ = (¢ — -+ — ¢,) in Mor"(C) and each 0 <i < j < n, we
write

&j = (c; — -+ —¢;) € Mor! (C),
let § € More(c;, ¢;) denote the composite of this sequence of maps, and set & = &,,.

In order to simplify the notation in what follows, whenever F': C —— hoTop is
a functor and ¢ € Mor(C), we let F(¢) denote some chosen representative of the
homotopy class of maps defined by F', not the homotopy class itself.
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Definition A.1. Fiz a functor F: C — hoTop. An Rg,_-structure F on F consists
of a space F(c) and a homotopy equivalence F(c) 9, F(c), defined for each ¢ €

Ob(C); together with maps -
F(&): I"™" = I} ([n]) ——— Map(F(co), F(cn)),
defined for each n > 1 and each & = (co — ¢ — -+ = ¢,) € Mor™(C), which satisfy
the following relations.
(a) For all ¢ € More(cg, 1), Flcg =2 ¢1) ov(co) =~ v(cr) o F(g).
(b) For allm,n > 1, ¢ € Mora, ([m], [n]), £ € Mor™(C), and t € I™ !,
F(a")(8) = F)(I3(a)(D)).

(¢) Foralln>2, £ e Mor"(C), 1<i<n—1,t el and t, € ["" 7,
F(€)(t1,0, 1) = F(&n)(t2) o F(S0i) (1)

Schematically, relation (b) can be described via the following commutative diagram:

17 (o)

Im—l In— 1
F(a*(8)) F(€)

Map(F (o), F(ca))
while relation (c) can be described via the diagram:

[,‘_1 % [n—i—l t1,t2— (t1,0,t2)

I_*j(€0¢)><1_7(€m)\‘L ll_j(ﬁ)

Map(F'(cp), F(¢;)) x Map(F(¢;), F(cp))

composition o —

Map(F'(co), F(cy)) -

These relations are more easily understood when one thinks of I7([n]) = I"~! as the
space of all (tg,...,t,) € I*([n]) = I"*! such that t, = 0 = t,. Each coordinate in
I*([n]) corresponds to one of the objects in the chain £ = (¢o — -++ — ¢,). When
t; = 1 for some 0 < i < n, t; and ¢; can be removed, giving the face relation

F(é)(th .. '7ti717 17ti+17 .. '7tn*1> = ﬁ(82£>(t17 . '7ti717ti+17 .. '7tn71>-

When t; = 0 for 0 < i < n, then F(£)(t) can be split as a composite at the object ¢;
(relation (c)). If one of the morphisms in £ is an identity, then one can remove it and
multiply the coordinates corresponding to its two objects.

For instance, when m = 2 and n = 1 (and o is one of the surjections), condition (b)
says that

Fl(co LN N 1) and Flcg =25 ¢ LN )
are both the constant maps to F(y). In particular, F(¢)o F(Id,,) = F(p) = F(Id,,) o
F(yp).
When n = 2, condition (c) says that F (co — e LN C2) is a homotopy from
F() o F(p) to F(1 o ). More generally, when & € Mor"(C) for n > 2,

]3(5)(0,,0) :F(gn—l,n)o"'Oﬁ(§12)°F(§01) and F(g)(la"'al) = ﬁ(é)



Carles Broto, Ran Levi, and Bob Oliver 7

At the other vertices of I"~!, we get all of the other possible composites of the F’(SU)
An Rg.-structure on F' is thus a collection of higher homotopies connecting given
homotopies F(¢) o F(p) >~ F(1 o @).

From this point of view, one sees that when defining an Rg_ -structure on F, it
suffices to define it on all nondegenerate sequences ¢ € Mor"(C) (i.e., those containing
no identity morphisms), inductively for increasing n, where at each step F'(£) has
already been defined on 9I"~! and must be extended in some way to I"~!. The starting
point can be any choice of maps F(y), for all ¢ € Mor(C), in the given homotopy class
determined by F'(¢), such that

F(p)o F(Id.) = F(p) = F(Idy) o F()
for each morphism ¢ € Mor¢(c,d) in C.

If F and F' are both Rg . -structures on F', then a morphism ©: F —— F' consists
of homotopy equivalences #(c): F(c) —— F'(c) (for each ¢ € Ob(C)) such that 6(c) o
v(c) = v/(c), and such that for each £ = (¢g — -+ — ¢,) and each t € ["!,

B(ca) o F(E)(t) = F'(€)(2) o 6(co) € Map(F (co, F'(ca)).
Two Rg_ -structures on F' are equivalent if there is a third to which they both have
morphisms. One easily sees that (homotopy) pushouts exist for morphisms of Rg, -

structures on F', and hence that this defines an equivalence relation among Rg._-
structures.

For any given Rg_-structure F on F : C — hoTop, we define its “homotopy
colimit” Sp(F) to be the space

ep(F)= (T TI Fleo)x 1)/~ (1" = I3(n]))

n>0 co—-—rcn

where the following identifications are made for each n > 1, each £ = (¢ — -+ —
¢) € Mor™(C), and each x € F(cy):
(z; [5(0)(1‘,))[5 ~ (z; t)[o*g] (o0 € Mora,([m],[n]), t € I™)
(: (81,0, 8)) o ~ (F(&o)(81)(x); t2) | (I<i<n, tiel' tyel")

For example, in the case of a sequence £ = (¢ RPN ¢y) in Mor?(C), the corre-
sponding square I3([2]) is attached to the 1-skeleton in the following way:

Flgof)  F(e)  Fl9)oF(f) F(c)
(1,0) (0,0)

Id|  F(e)xI> |F(f) —— Fla)x] Fle)xI

(1,1) (0,1)
Id Id F(f) F(co) F(co)xI Flo)

The labels in the first picture describe the maps by which a vertex F (co) or an edge

F(co) x I is attached to the space represented by the second picture. Thus the trapezoid
in the earlier picture has now been replaced by a square.

One way to understand these relations and their connection with those in Definition
A.1 is to think of I3([n]) = I™ as the subspace of all (n + 1)-tuples (0,%1,...,%,) in
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I*([n]) = ™. For ¢ € Mor"(C), each coordinate in I*([n]) corresponds to one of the
objects in the chain £ = (¢ — -+ — ¢,). When t; = 1 for 0 < i < n, t; and ¢; can be
removed, giving the face relation

(SU, <t17 e 7ti717 17ti+17 e ’tn))[ﬁ] ~ (.’L‘, (th Ce 7ti717ti+17 RN 7tn))[82£]

When t; = 0 for 0 < ¢ < n, then £ splits as a composite at the object ¢;, we ap-
ply F(&)(t1,...,ti—1) to z, and get the second of the above relations. If one of the
morphisms in ¢ is an identity, then we get a degeneracy relation by removing it and
multiplying the two corresponding coordinates.

Consider the maps o, : I — A" defined by
Tnlte, .o ) = <t1t2 by (L= )ty (1= o)ty ooy (1= tn1)bny 1 — tn>.

When F'is a functor to Top and F is the corresponding locally constant Rg. -structure

(i.e., for each &, F(€) is the constant map with value F(E)), then the o,, define a home-
omorphism from &p(F) to the usual homotopy colimit hocolim(F'). More generally,

when F is an arbitrary Rg..-structure, then there is a map
PIg: Sp(F) —— [C|

defined on each subspace F (co) x I™ by first projecting to the I"™ and then to A™ via
On-

We now define a functor Rg(F) : C — Top by letting Rg(F)(c) be the pullback
space

Rg(F)(c) —— Gp(F)

T

ICle] ————=C|

(the ordinary pullback, not the homotopy pullback). A morphism ¢ € More(c,d)
induces a map from |Clc| to |Cld| via composition with ¢ in the usual way, and hence

induces a map from Rg(F)(c) to Rg(F)(d). Equivalently,
R = ([T TI Flew) 1)/~ (1" = I3([n)))

n>0 co—--—cpn—c

where the identifications are analogous to those used to define Gp(ﬁ ). This clearly

makes Rg(F') into a functor from C to Top.

For each ¢, F(c) can be identified as a subspace of Rg(F)(c): the inverse image under

the projection to |Cle| of the vertex (c 1, ¢). The composite F'(c) 9, Fle) C

Mg (F)(c) defines a natural transformation F — hoog(F) of functors C — hoTop.
The following proposition now shows that this is a natural equivalence, and hence that

Rg(F) is a rigidification of F.

Proposition A.2. For any Rg_ -structure F on F:C — hoTop, for each c €

Ob(C), F(c) is a deformation retract of Rg(F)(c). Thus Rg(F) is a rigidification
of I
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Proof. Define ®: Rg(F)(c) x I — Rg(F)(c) by setting
(I)((:L‘; t)esd, s) = (z;(t,s))

for all £ € Mor™(C), t € I", and s € I. Then ®(u,1) = u and ®(u,0) € F(c) for all

u € Rg(F)(c) by definition of Rg(F')(c). Furthermore, the homotopy is the identity
on F(c), and thus F(c) is a deformation retract. O

[ﬁﬂcg q]

For any given F': C —— hoTop, let Rigid(F') be the set of equivalence classes of
rigidifications of F', and let Rg . (F') be the set of equivalence classes of Rg__-structures
on F. A rigidification of F' can be regarded as a “locally constant” Rg_-structure on
F'; ie., an Rg,-structure F' where each of the maps F'(§) (for & € Mor™(C)) is constant
on I"~'. We thus have maps

const
Rigid(F) 7= Rg,(F).
Ry

One easily checks that for any rigidification F , there is a natural transformation of
functors from PRg(const(F')) to F, and hence these are equal in Rigid(F). We do not

know whether the other composite is the identity on Rg. (F), but that will not be
needed here.

A natural transformation y: F —— F’ of functors F, F’: C —— hoTop will be
called relatively centric if for each morphism ¢ € Mor¢(c, d) in C, the homotopy com-
mutative square

Map(F'(c), F(¢))1a ek, Map(F(c), F'(d)) ()

X(C)oJ( x(d)ol

F'(g)o
Map(F(c), F/<C))X(C) # Map(F(c), F/<d)>F’(<p)ox(c)

is a homotopy pullback. For example, when F” is the functor which sends every object
to a point, then y is relatively centric if and only if the functor F' defines a centric di-
agram. Assume we are given a relatively centric natural transformation y: F —— F’
where F” is a functor to Top, and assume furthermore that for each ¢ € Ob(C), the
homotopy fiber

I'(c) 2 hofiber (Map(F(c), F(¢))a & Map(F(c), F/(C))x(c))
is connected. We claim that this determines functors
Bi: C? ——— AD (alli > 1)

such that 5;(¢) = m;(I'(¢)) for all . To show this, we can assume without loss of general-
ity that x(c) is a fibration for all ¢, and let I'(c) be the space of all f € Map(F'(c), F(c))
such that x(c¢) o f = x(¢). Then I'(¢) is a monoid under composition, and in partic-
ular, m(I'(c)) is abelian. For each morphism ¢ € Mor¢(c,d) in C, we can choose a
representative F'(y) such that the following square commutes:
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Since Yy is relatively centric, the fibers of the map
(x(d) e =) Map(F(c), F(d)) p(p) —— Map(F(c), F'(d)) r(p)ox(o)

have the homotopy type of I'(¢) and hence are connected. Hence any two choices for
F(p) differ by a path in the fiber over the point F’'(y) o x(c); i.e., by a homotopy
{F(0) }rer such that x(d) o Fi(¢) = F'() o x(c) for each t.

For each ¢ € Morc(c, d), consider the following diagram:

Map(F(d), F(d))ia — s Map(F(c), F(d)) ) +or— Map(F(c), F(¢))a

X(d)o—lul X(d)o—lm X(C)o—lus

7OF( ) Fl( )07
Map(F(d), F'(d)) ) —— Map(F(c), F'(d)) @) < Map(F(c), F'(c))x(e)
where the right hand square commutes by the assumption on F'(y) (and the other since
composition is associative). Set I'(c) = u3z'(x(c)) and Bi(c) = m(I(c),Idp()) (and
similarly for d). By assumption, wy sends I'(c) to uy '(F'(¢) o x(c)) by a homotopy
equivalence, and we let 3;(¢) be the composite

7i(D(d), T piy) —2 mi(uz (F'(9) o X(0)), F(9)) 220 7(D(c), Mdpge)-

o~

=pi(d) =pi(c)

By the above remarks, this is independent of the choice of map F(y). Hence this
defines a functor on C°P: the relations (;(¢ o v) = 5;(¥) o B;(¢) follow using any choice
of homotopy from F (1o p) to F (1) F(p) which covers F'(1o ). (Recall that we are
assuming F’ is a functor to Top, so F'(¢ o ) = F'(¢) o F'(p).)

The following theorem is our main result giving a relative version of the Dwyer-Kan
obstruction theory. The special case where F’(c) is a point for all ¢ € Ob(C) is the case
shown by Dwyer and Kan in [DK].

Theorem A.3. Fix functors F': C —— hoTop and F': C —— Top, and let
X: F——hooF'

be a relatively centric natural transformation of functors. For each ¢ € Ob(C), assume
that the homotopy fiber

I'(c) = hofiber (Map(F(c), F(c))ia 25 Map(F(c), F'(¢))y(o)):

is connected. Let B;: C°® —— Ab (all i > 1) be the functors defined above. Then the

obstructions to the existence of a rigidification F—2 5 of F —X— F' lie in the

groups @"”(Bn) for n > 1; while the obstructions to the uniqueness of (ﬁ,}{) up to
c
equivalence of rigidifications lie in @"H(ﬁn) forn > 1.
c

Proof. We use here the description of the higher limits of a functor a: C°° —— Ab as
the homology groups of the normalized cochain complex

C™(C; ) = H a(co),

co—>—rCn
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where the product is taken over all composable sequences of nonidentity morphisms.

For £ € C™(C; ), define

d(&)(co = c1 =+ = cpp1) = F(@)(E(cr = -+ = 1))+
n+1

i=1
Then L >~ H*(C*(C; ), d) (cf. [GZ, Appendix II, Proposition 3.3] or [Ol, Lemma
2].)

Proof of existence: As above, we replace each x(c) by a fibration, and replace each
F(p) (for ¢ € More(c,d) by a map such that x(d) o F(¢) = F'(¢) o x(c). We also

assume that F(Id,) = Idﬁ(c for each c. Then

) < {f € Map(F(c), F(c)) | x(¢) o f = x(c)}

is a topological monoid under composition, and is connected by assumption. So we
can ignore basepoints when working in the homotopy groups 5;(c) = m;(I'(¢)).

We want to construct an Rg__-structure F such that F(c) = F(c) for all ¢ € Ob(C),

F(p) = F(p) for all p € Mor(C), and such that for each n > 2 and each & = (¢, —
-+ — ¢p) € Mor™(C), the following square commutes (exactly) for each t € "1

Fleo) 299, p(e)
x(co)l x(cwl (1)

By Proposition A.2, any such structure induces a rigidification Fof F , together with
a natural transformation of functors x from F to F’.

Assume, for some n > 2, that F has been defined on Mor*(C) for all i < n. Fix
¢ € Mor™(C), a composite of (nonidentity) maps from ¢y to ¢,. Consider the following
commutative square, which is a homotopy pullback by assumption:

Map(F(co). Flex), o 0= Map(F(co), Fleo)ha

X(cn)o—lzu X(CO)O_J, (2)

F'(€)o—
Map(F(co), F(e0)) gy ey T MaP(F (o), F'(C0)xteo-

Conditions (b) and (c) in Definition A.1 determine a map F(&)y from 91" to
Map(F(co), F<C”>)F(Z) whose image lies in u™(F"(£) o x(co)). Hence the obstruction to

defining F(€) on 1"~ is an element

N(€) € s (W (F(€) o X(c0)),) 2 T a(T'(co)) = Bu_s(co).

If one of the morphisms in the sequence ¢ is an identity morphism, then we define
F (&) using the appropriate formula in Definition A.1(b), and n(§) = 0. Thus n €

C™(C; Bna)-
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We claim that dn = 0. Fix w = (cg — -+ = cpy1) € Mor™™!(C). Consider the face
maps on the n-cube

St ——— 1" where Sty tn1) = (1, tis bty o tal)
(foralli=1,...,nand t = 0,1). The conditions in Definition A.1(b,c) define a map
Fo(w): (I")" ——— Map(F(co), F(cnt1)) pg) = Aut(F(co))s
= Map(F(co), F(co) a;

and hence
n

> (=1 ([Faw) o 8t lare] = [Fa(w) o 0Flarn1]) = 0 € mi(Aut(F(co))1).  (3)

i=1

Furthermore, F,(w) extends to the faces 62(I"!) for 2 < i < n — 1 (again, by the
conditions in Definition A.1(c)), and so those terms vanish in (3). So we are left with
the equality

0= [Fa(w) o 07form-1 +Z 0 8} Jorm-1] + (=1)" " [Fa(w) o &plorm-1]
(w01 80(,0 —|—Z ZW —dT]( )

Thus dn = 0, and so [n] € 1&1 (Br_2)-
c

If [] = 0, then there is p € C"(C; Bn_2) such that = dp. Similar (but simpler)
arguments to those used above now show that F' can be “changed by p” on elements of

Mor™ }(C), in a way so that the obstruction n vanishes. We can thus arrange that F can
be extended to Mor™(C). Upon continuing this procedure, we obtain the Rg__-structure

F.
Proof of uniqueness: Now assume that
ﬁl a_, F’ Xz ﬁg
are two rigidifications of x: FF —— F’. In other words, we have a homotopy commu-
tative diagram

F#hOoﬁl

VQl lhoom (4)

hoo Fy 2 ho o Y
of functors C — hoTop and natural transformations between them. We can assume
that the maps x(c) and X’(c) are fibrations for each ¢ € Ob(C); otherwise we replace
them by fibrations using one of the canonical constructions.
For each ¢ € Ob(C), let 6(c): Fi(c) —— Fy(c) be any map such that 6(c) o 1;(c) ~

5(c) as maps from Fi(c) to Fy(c). Using the homotopy commutativity of (4), and
the homotopy lifting property for x»(c), we can assume that Ya(c) o 8(c) = Xi(c)

(exactly, not just up to homotopy). Let F (¢) be the mapping cylinder of §(c), and let
X(¢): F(¢) —— F’(c) be the projection induced by X;(c) and xz(c).

Regard Fi(c) and Fy(c) as subspaces of F (c¢). We want to extend the locally finite
Rg_ -structures F' and F’ to an Rg_-structure F' covering F’. For each morphism
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¢ € Morc(c,d) in C, 6(d) o Fi(p) ~ Fy(p) o 6(c), and hence Fy(p) and Fy() can be
extended to a map F'(¢) from F'(c) to F'(d). Using the homotopy lifting property again,
this can be chosen such that x(d) o F'(¢) = F'(p) o X(c).

Assume, for some n > 2, that F has been defined on Mor'(C) for i < n in a
way so that (1) commutes (with F' and F' replaced by F') for each {. Then for each
£=(co— -+ — ¢,) in Mor"(C), F(&) has been defined on

((Fieo) U Fa(eo)) x 1) U (Fleo) x 01"),
and must be extended to F(co) x I"~! while covering f(cn)oﬁ(g) € Map(F(co), F'(cy)).
So with the help of diagram (2) again, the obstruction to defining F'(£) is seen to be
an element 7(§) € m,—1(I'(co)) = Pn-1(co). Together, these define a cochain 7 €
C"(C; Bn-1). Just as in the proof of existence, one then shows that dr = 0, and
hence that 7 represents a class [r] € Jm"(8,-1). If [r] = 0, then 7 = dp for some
p € C"1C: By1), and F can be modified on Mor™ *(C) using p in such a way that
it can then be extended to Mor"(C). Upon continuing this procedure, we construct an

Rg, -structure F' on F, together with a natural transformation to F’ and morphisms
of Rg . -structures

Fi )F\ F5.

So by Proposition A.2,

We finish the section with two corollaries to Theorem A.3. The first is the main
theorem of Dwyer and Kan in [DK]. Tt is the “absolute case” of Theorem A.3: the case
where F” is the constant functor which sends each object to a point.

A functor F' from C to Top or hoTop will be called centric if for each morphism
¢ € More(c, d) in C, the induced map

Map(F(c), F(c)a ——— Map(F(c), F(d)),
is a homotopy equivalence. This is what Dwyer and Kan call a centric diagram.

Corollary A.4. Fiz a centric functor F': C —— hoTop. Define a;: C°® —— Ab

(alli > 1) by setting oy (c) = m(Map(F(c), F(c))ua) and by letting a;(c — d) be the
composite

7 (Map(F(d), F(d))1a) =% 1, (Map(F(c), F(d)) p(p) ) 4%, (Map(F(c), F(e)ia).

Then the obstructions to the existence of a rigidification F of I lie in the groups

@n"”(a@ for n > 1; while the obstructions to the uniqueness ofﬁ up to equivalence
c

of rigidifications lie in @"H(an) forn > 1.
c

The second corollary is a generalization of [CLN, Proposition B], and follows upon
combining Corollary A.4 with an idea taken from the proof of that proposition.

Corollary A.5. Fix a space X, and a centric functor F': C —— hoTop. We also let
X denote the constant functor X : C —— Top which sends each object to X and each
morphism to Idx.
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(a) Assume there is a natural transformation of functors x: F —— ho o X such that
the map x(c): F(c) —— X 1is centric for each ¢ € Ob(C). Then there is a rigidi-
fication F of F, together with a rigidification x: FF —— X of x.

(b) Assume Fy and Fy are two rigidifications of F'. Let ¢;: F —— hoo f’l be natural
equivalences, and let )A{, F;, —— X be natural transformations of functors such
that for all ¢ € Ob(C), X;(c) € Map(Fy(c), X) is centric, and the square

F(e) —29 L Fi(e)
wwi %@l (1)

Byle) — 29 x

commutes up to homotopy. Then £ and Fy are equivalent rigidifications. More
precisely, there is a third rigidification Fy of F', natural transformations of functors

ﬁl 1 ﬁO y b2 ﬁz

such that Jl(c) is a homotopy equivalence for each ¢ € Ob(C), a space X, together

with a natural transformation Xo: Fy —— Xo to the constant functor, and homo-
topic homotopy equivalences f1 ~ fo: X —— Xy, such that the following diagram
commutes for each ¢ € Ob(C):

Fi(e) =29 Fy(e) «29 Fy(e)

ﬁ@{ %@{ b@l (2)

X h X, P X.

Proof. Let C, be the category C with an additional final object * added. For any
functor a: C,°» —— Ab, LiLni(a) = 0 for all # > 1 since C,°P has an initial object.
A functor F,: C, —— hoTop can be thought of as a triple F}y, = (F, X, x), where
F = Fy|c is a functor from C to hoTop, X = F.(x) is a space, and x is a natural
transformation of functors from F' to the constant functor X. Functors from C, to Top
are described in an analogous way.

In the situation of (a), (F, X, x) is a functor from C; to hoTop. The obstruction
groups of Corollary A.4 vanish, and hence it has a r1g1d1ﬁcat1on (F X ,X)- Upon

composing with an appropriate homotopy equivalence X = X, we can arrange that
X =X.

In the situation of (b), (ﬁl,X, X1) and (E,X, X2) are two functors from Cy to Top
which are rigidifications of the same functor (F, X, x1 o %) by the homotopy commu-
tativity of (1). Since the uniqueness obstructions of Corollary A.4 all vanish, there is a

third homotopy lifting (fo, Xo, Xo), together with natural transformations of functors

(F, X, %0) 22— (Fo, Xo, %o) —2 (5, X, %)
which induce homotopy equivalences on all objects. Thus upon setting f; = @Z,(*), we

obtain the commutative diagram (2), where all horizontal maps are homotopy equiv-

alences. Finally, {/;1(*) ~ {/;2(*), since they come from equivalences between liftings of
the same homotopy functor, and this finishes the proof of (b). O
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