A GEOMETRIC CONSTRUCTION OF SATURATED FUSION
SYSTEMS
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ABSTRACT. A saturated fusion system consists of a finite p-group S, together with
a category which encodes “conjugacy” relations among subgroups of S, and which
satisfies certain axioms which are motivated by properties of the fusion in a Sylow
p-subgroup of a finite group. We describe here new ways of constructing abstract
saturated fusion systems, first as fusion systems of spaces with certain properties,
and then via certain graphs.

A saturated fusion system consists of a finite p-group S, together with a category
F whose objects are the subgroups of S, whose morphisms are group monomorphisms
between those subgroups, and which satisfies certain axioms modelled on the fusion
category for the p-subgroups of a finite group. The precise definition of a saturated
fusion system is due to Puig [Pu], and our version of that definition is given in Section
1. Saturated fusion systems mimic in several ways the structure of finite groups and
their classifying spaces. Examples have been known for some time of “exotic” saturated
fusion systems — systems which do not arise from the fusion in any finite group — but
the construction of such examples is very complicated, and we are looking for simpler
and more systematic ways to construct them. One consequence of the main result in
this paper is a way of constructing a variety of examples of saturated fusion systems.
Of the examples constructed using this technique, some are then shown by other means
to be exotic.

The definition of a fusion system over a p-group S is simple, and in most cases it is
clear whether or not a given category satisfies it. In contrast, it is much harder to check
whether a given fusion system is saturated. For example, for any map f: BS —— X,
where S is a finite p-group and X is a topological space, the fusion system of X
over (S, f) is a category Fg ¢(X) whose objects are the subgroups of S, and where
Mor g, . (x)(P, Q) is the set of all monomorphisms ¢ € Hom(P, Q) such that (f|pp) o
By ~ (f|pg). This is always a fusion system in the sense of Definition 1.1, but is not
in general saturated.

The central result in this paper is Theorem 2.1, where we list some conditions on the
map f which ensure that the fusion system Fg ;(X) is saturated. These conditions also
ensure that Fg ¢(X) has an associated linking system (see Definition 1.3), and hence
that X, S, and f define a p-local finite group. Afterwards, we construct more concrete
examples using that theorem, and show in many cases that they are “exotic” in the
sense of not coming from any finite group. For example, in Theorem 4.2, in certain
cases when G is an amalgamated free product of finite groups, we apply our theorem
to BG)) to show that the fusion system of G (taken over a maximal p-subgroup of G) is
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saturated. This result, which is stated in terms of trees of groups, was discovered and
first proved as a special case of Theorem 2.1, but we also include a more elementary,
purely graph theoretic proof here.

The paper is organized as follows. In Section 1, we give the definitions of abstract
fusion and linking systems, as well as definitions of fusion and linking systems of groups
and spaces and some background results about them. Our main theorem is proven in
Section 2. In Section 3, we describe conditions under which the main theorem can be
applied to the space BG) for an infinite discrete group G, to prove that the fusion
system of G with respect to some finite p-subgroup is saturated (Theorem 3.3). A
special case of this is then studied in Section 4 — the case where GG acts on a tree
with finite isotropy subgroups — and this in turn is applied in Section 5 to construct
concrete examples of fusion systems, some of which are then shown to be “exotic”. We
hope to find other applications of our main Theorem 2.1 in the future which allow us
to construct a still wider variety of examples.

We would like to give our thanks to Michael Aschbacher and Andy Chermak, whose
construction of the Solomon fusion systems in [AC] gave us the idea of restating the
results in Section 3 terms of amalgamated free products.

1. A SURVEY OF FUSION SYSTEMS

We first recall some definitions, mostly from [BLOZ2].

Definition 1.1 ([Pu] and [BLO2, Definition 1.1]). A fusion system over a finite p-
group S is a category F, where Ob(F) is the set of all subgroups of S, and which
satisfies the following two properties for all P, < S:

e Homg(P, Q) C Homz(P, Q) C Inj(P,Q); and

e cach ¢ € Homg(P,Q) is the composite of an isomorphism in F followed by an
inclusion.

Fusion systems as defined above are too general for our purposes, and some additional
definitions and conditions are needed so that they more closely model the fusion in finite
groups. If F is a fusion system over a finite p-subgroup S, then two subgroups P,Q < .S
are said to be F-conjugate if they are isomorphic as objects of the category F.

Definition 1.2 ([Pu], see [BLO2, Definition 1.2]). Let F be a fusion system over a
p-group S.

o A subgroup P < S is fully centralized in F if |Cs(P)| > |Cs(P’)| for all P" < S
which is F-conjugate to P.

o A subgroup P < S is fully normalized in F if |[Ng(P)| > |Ns(P')| for all P" < S
which is F-conjugate to P.

e F is a saturated fusion system if the following two conditions hold:

(I) For all P < S which is fully normalized in F, P is fully centralized in F and
Autg(P) € Syl,(Autz(P)).

(IT) If P < S and ¢ € Homxz(P,S) are such that P is fully centralized, and if we
set
N, ={g € Ns(P)|wcyp™" € Auts(¢P)},
then there is @ € Homz(N,, S) such that ¢|p = .
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If G is a finite group and S € Syl,(G), then the category Fg(G) defined in the
introduction is a saturated fusion system (see [BLO2, Proposition 1.3]).

An alternative, simplified pair of axioms for a fusion system being saturated has
been given by Radu Stancu [St].

We now turn to centric linking systems associated to abstract fusion systems. When-
ever JF is a fusion system over a finite p-group .S, a subgroup P < S is called F-centric
if Cs(P') = Z(P') for all P' < § which are F-conjugate to P. We let F¢ C F denote
the full subcategory whose objects are the F-centric subgroups of S. If F = Fg(G) for
some finite group G, then P < S is F-centric if and only if P is p-centric in G; i.e., if
and only if Z(P) € Syl (Ca(P)).

Definition 1.3 ([BLO2, Definition 1.7]). Let F be a fusion system over the p-group
S. A centric linking system associated to F is a category L whose objects are the JF-
centric subgroups of S, together with a functor m: L ———— F°¢, and “distinguished”

monomorphisms P LN Auty(P) for each F-centric subgroup P < S, which satisfy
the following conditions.

(A) m is the identity on objects. For each pair of objects P,Q) € Ob(L), Z(P) acts freely
on Morz (P, Q) by composition (upon identifying Z(P) with 6p(Z(P)) < Autz(P)),
and T induces a bijection

Morz(P,Q)/Z(P) ———— Homz(P, Q).
(B) For each F-centric subgroup P < S and each x € P, w(0p(z)) = ¢, € Autz(P).
(C) For each f € Morz(P,Q) and each x € P, fodp(x) =do(nf(x))o f.

A p-local finite group is defined to be a triple (S, F, L), where S is a finite p-group,
F is a saturated fusion system over S, and L is a centric linking system associated to
F. The classifying space of the triple (S, F, L) is the p-completed nerve |L|7.

In the following definition, recall that a (possibly infinite) group G is p-perfect if it
has no normal subgroup of index p; or equivalently, if Hom(G, Z/p) contains only the
trivial homomorphism. Clearly, if G is generated by p-perfect subgroups, then it is
itself p-perfect. Hence any group G contains a maximal p-perfect subgroup, which is
normal.

Definition 1.4. Fiz any pair S < G, where G is a (possibly infinite) group and S is
a finite p-subgroup.

(a) Define Fs(G) to be the category whose objects are the subgroups of S, and where
def

MOI‘]:S(G)<P, Q) = HomG<P7 Q) = {CQ € Hom(P, Q) ’g € G7 gpgil < Q}
= Ne(P,Q)/Ca(P).
Here c, denotes the homomorphism conjugation by g (x — gxg™"'), and Ng(P, Q) =
{9 € G|lgPg~' < Q} (the transporter set).
(b) Foreach P < S, let Ci(P) be the mazimal p-perfect subgroup of Co(P). Let LIL(G)
be the category whose objects are the Fs(G)-centric subgroups of S, and where
MOYE%(G)(Pv Q) = NG(P7 Q)/C/G’<P)

Let m: LL(G) — Fs(G) be the functor which is the inclusion on objects and sends
the class of g € Ng(P,Q) to conjugation by g. For each Fs(G)-centric subgroup
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P <G, letop: P—— Aut%(g)(P) be the monomorphism induced by the inclusion
P < Ng(P).

It is clear from the definitions that Fs(G) is a fusion system for any S and G, and
just as clear that it is not always saturated. When G is finite and S € Syl (&), then
Fs(Q) is always saturated (see [Pu], or [BLO2, Proposition 1.3]), and LE(G) is a centric
linking system associated to Fgs(G). Thus in this case, (S, Fs(G), LS(G)) is a p-local
finite group, with classifying space [£$(G)|) ~ BG)) (see [BLO1, Proposition 1.1]).

When G is infinite, we note the following condition for L£§(G) to be a centric linking
system.

Lemma 1.5. Fiz any pair S < G, where G is a (possibly infinite) group and S is a
finite p-subgroup, and set F = Fs(G). Assume, for each F-centric subgroup P < S,
that H(Cg(P)/Z(P);F,) = 0 fori = 1,2. Then L4(G) is a centric linking system
associated to JF.

Proof. Conditions (B) and (C) in Definition 1.3 hold by definition of L£E(G), the pro-
jection functor 7, and the distinguished monomorphisms dp. Also, for each pair of
objects P, @, Cq(P) acts freely on Ng(P, Q) by right multiplication, so C¢(P)/Cf(P)
acts freely on Morze(q)(P, Q) with orbit set Homz(P, Q). So to prove that Lg(G)
is a centric linking system associated to F, it remains only to show that for each
F-centric subgroup P < S, the inclusion Z(P) < Cg(P) induces an isomorphism
Z(P) = Ca(P)/Cq(P).

The assumption H'(Cg(P)/Z(P);F,) = 0 implies that Cq(P)/Z(P) is p-perfect.
Since H*(C(P)/Z(P);F,) = 0 and Z(P) is a finite p-group, the exact sequences in
group cohomology for extensions of modules show that H*(Cq(P)/Z(P); Z(P)) = 0,
and hence that Cg(P) splits as a product Z(P) x H for a normal subgroup H <
Cq(P). Thus H = Cg(P)/Z(P) is the maximal p-perfect subgroup of C(P), and so
Ca(P)/C4(P) = Ca(P)/H = Z(P). B

Fusion systems and linking systems can also be defined for spaces. In the following
definition, if H: X x [ —— Y is a homotopy (where I = [0, 1]), then [H]| denotes its
homotopy class among maps X x I —— Y whose restriction to X x {0, 1} is the same
as that of H. In other words, if we regard H as a path in Map(X,Y’) by adjunction,
then [H] denotes the homotopy class of that path rel endpoints.

For any p-group P and any g € P, let Hy: BP x I — BP be the homotopy from
Idgp to Be, induced by the natural transformation of functors B(G) — B(G) which
sends the unique object og in B(G) to the morphism § corresponding to g € G.

Definition 1.6. Fiz a space X, a finite p-group S, and a map f: BS — X.

(a) Define Fs ¢(X) to be the category whose objects are the subgroups of S, and whose
morphisms are given by

Homz, ,(x)(P, Q) = {¢ € j(P,Q) | flzr ~ flpg o By}
for each P,Q < S.

(b) Define Fg ;(X) C Fs,r(X) to be the subcategory with the same objects as Fs (X),
and where Mor £, S(X) (P, Q) (for P,Q < S) is the set of all composites of restrictions
of morphisms in Fg ¢(X) between Fg ¢(X)-centric subgroups.
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c) Define L (X)) to be the category whose objects are the Fgs ¢(X)-centric subgroups
S.f f
of S, and whose morphisms are defined by

Morze x) (P, Q) = {(¢, [H]) | ¢ € j(P,Q), H: BP x [ — X,
H|ppxo = flap, H|ppx1 = f|pgo By} .
The composite in L ;(X) of morphisms
p (:[H]) 0 (¥,[K])

R,

where H: BP x I — X and K: BQ x I — X are homotopies as described above,
are defined by setting

(¥, [K]) o (0, [H]) = (Yoo, [(K o (Bp x 1d)) - H]),

where - denotes composition (juxtaposition) of homotopies. Let
T Lg,f(X) E— .FSJ(X)

be the forgetful functor: it is the inclusion on objects, and sends a morphism (¢, [H])
to . For each Fg ;(X)-centric subgroup P < S, let

op: P — Autﬁgf(x)(P)

be the “distinguished homomorphism” which sends g € P to (cg, [f|gp o Hy)).

Equivalently, via adjunction, a morphism from P to @ in L ;(X) can be thought of
as a pair (o, [H]), where ¢ € Hom(P, @), H is a path in the mapping space Map(BP, X))
from f|gp to f|gg o By, and [H] is the homotopy class of the path H rel endpoints.

The categories Fg ;(X) C Fg(X) are always fusion systems over S, but are not
in general saturated. However, in certain situations we consider, Fg ((X) will be a
saturated fusion system, even though Fg ;(X) might not be (see Example 3.4).

Theorem A of [5al] says that if all morphisms in a fusion system are obtained as
composites of restrictions of morphisms between centric subgroups, then it is saturated
if the saturation conditions (I) and (II) hold on centric subgroups. Thus it makes sense,
for a general abstract fusion system F, to define the subsystem F' C F over the same
p-group S to be the subcategory with the same objects, but with only those morphisms
which are obtained as composites of restrictions of morphisms in F between F-centric
subgroups. One particularly well behaved situation is that in which F’ has no more
centric subgroups than those already centric in F. In this case, it clearly follows that
the full subcategories of centric objects in F and in F are equal, and hence that one
can check conditions (I) and (II) in either subcategory.

These arguments are collected in the following proposition.

Proposition 1.7. Fiz a space X, a finite p-group S, and a map f: BS —— X. If all
Fs,f(X)-centric subgroups P < S satisfy conditions (1) and (II) in Definition 1.2, and
if all Fg ;(X)-centric subgroups of S are Fs ;(X)-centric, then Fg ;(X) is a saturated
fusion system.

In the situation of Proposition 1.7, there could possibly be a Fg ((X)-centric sub-
group P < S which is not Fg s(X)-centric, because it is Fg (X )-conjugate to a sub-
group which is not centric in S. When this is the case, [5al, Theorem 2.2] cannot be
applied to prove the above proposition, since we've changed the set of centric subgroups
in question. This is why we need to assume that the two fusion systems have the same
centric subgroups.
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Our main theorem will give some conditions on a map BS — 4 X which ensure

that a triple (5, Fg ;(X), £ ;(X)) is a p-local finite group. More generally, however,
without any extra hypotheses, the category L£g f(X ) does satisfy most of the axioms
for being a centric linking system associated to Fg ¢(X).

In the following lemma, for any f: BS —— X as above, and any P < .S, we let

wp: BZ(P) ———— Map(BP, X)

flep
be the map which is adjoint to the composite

Bp

BZ(P) x BP Bs —L 5 x,

where pu: Z(P) x P —— S is multiplication.

Lemma 1.8. Fix a space X, a finite p-group S, and a map f: BS —— X. Then the
category LS ;(X), together with the functor

T ,Cfg’f(X) e ./—"57f(X)

and the distinguished homomorphisms dp: P —— Autzg (x)(P), satisfy azioms (B)
and (C) in Definition 1.3. If in addition,

Z(P) mr) m (Map(BP, X), f|gp) is an isomorph. V Fg ;(X)-centric P < S, (%)

then LS ;(X) is a linking system associated to Fg ;(X).

Proof. Proving this means essentially repeating the proof of [BLO2, Theorem 7.5]. Set
F = Fss(X) and £ = LG ;(X) for short. Condition (B) in Definition 1.3 clearly holds.

For g € P < S, set ﬁg = flpp o Hy: a homotopy BP x I — X from f|gp to
flBp o Bcy,. Thus the distinguished homomorphism P N Aut,(P) is defined by

~

sending g € P to (cg, [Hy]).

Condition (C) means showing, for each (¢, [H]) € Mor,(P, Q) and each g € P, that
the following square commutes:

(Cgv[ﬁg})l J((CW(Q)’[I:\I‘P(Q)D

P (,[H]) Q

Here, H: BP x I —— X is a homotopy from f|gp to f|pg o By. Clearly, poc, =
Cy(g) o @. It remains to check that the two juxtaposed homotopies described in the
following diagram are homotopic among homotopies from f|gp to f|pg o B(p o ¢y):

H
flsp flBq o By
ﬁg ﬁw(g)o(BgOXId)
HO(BC XId)
f|BP o BCg - 7 f‘BQ o B((p o Cg).

The map
F:BPxIxI——X defined by F(z,s,t) = H(Hy(z,t),s)
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defines a homotopy between them, since

F(z,s,0) = H(x,s),

F(:L‘,l,t) (f|BQ OBQOOH )( ) = @(g)(B(p(x)at)v
F(z,0,t) = flpp o Hy(x,t) = H g(z,1), and
F(x,5,1) = H(Bey(), 5).

It remains to prove (A) while assuming that (%) holds. For any F-centric subgroup
P < S, we identify m (Map(BP, X), f|gp) as a subgroup of Aut,(P): the subgroup of
elements of the form (Id, [H]) when H is a homotopy from f|gp to itself. Under this
identification, dp restricts to the homomorphism from Z(P) to m (Map(BP, X), f|sp)
which sends g € Z(P) to [ﬁlg], where ﬁg is now regarded as a loop in Map(BP, X). By
definition of F and L, for any other F-centric subgroup @ < S, m;(Map(BP, X), f|sp)
acts freely on Mor, (P, Q) with orbit set Homz(P, Q). So to prove (A), we must show
that the isomorphism m(wp) of (%) sends g € Z(P) to [ﬁg].

Let [1] be the category with two objects 0, 1, and one nonidentity morphism 0 — 1.
Fix g € Z(P), and consider the composite functor

~

U: B(P) x [1] —= B(P) x B(Z(P)) —“— B(P),

where ¢: [1] —— B(Z(P)) sends 0 — 1 to the morphism g, and where B() is induced

by multiplication. Then
|¥|: BP x I —— BP

is induced by the natural homomorphism of functors from Idgp) to itself defined by
sending the object op to the morphism corresponding to g, and is thus the homotopy
H, of Definition 1.6. By definition, m (wp)(g) is the homotopy class of f o |¥|, when

regarded as a loop in Map(BP, X), and is thus equal to [f o H,] = []/-\Ig]. This finishes
the proof of (A), and hence of the lemma. O

We will refer several times to the following classical result.
Proposition 1.9. For any paz’r of discrete groups H and G, the natural map
Rep(H,G) & Hom(H, G)/ Inn(G) ——— [BH, BG]

is a bijection. For each p € Hom(H, G), the homomorphism Cq(p(H)) x H — G is
adjoint to a homotopy equivalence

BCq(p(H)) ——— Map(BH, BG)s5,

Proof. See, for example, [BrK, Proposition 7.1]. O

2. A NEW TOPOLOGICAL CHARACTERIZATION OF FUSION SYSTEMS

In this section, we show, for a p-complete space X, a p-group S, and a map f: BS —
X, that the triple (S, Fg ;(X), LG (X)) is a p-local finite group if X, S, and f satisfy
certain conditions listed in Theorem 2.1 below.

When S is a p-group, a map f: BS — X will be called Sylow if every map
BP — X, for a p-group P, factors through f up to homotopy. A map f: X — Y
between arbitrary spaces is called centric if the induced map

Map(X, X )1y —2—— Map(X,Y);
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is a homotopy equivalence.

In [BLO2, Theorem 7.5], we showed that a p-complete space X is the classifying space
of some p-local finite group if and only if there is a pair (.S, f), where S is a p-group and
f: BS — X is a map, such that (a) Fs ;(X) is saturated, (b) X =~ [£§ ;(X)[}, and (c)
f|Bp is a centric map for each Fg ;(X)-centric subgroup P < S. The following theorem
is similar in nature, although aimed at finding conditions for (S, Fs (X), £§ (X)) to
be a p-local finite group rather than for X to be the classifying space of a p-local finite
group. The main new result here is the geometric condition for the fusion system
Fs,£(X) to be saturated.

Theorem 2.1. Fiz a space X, a p-group S, and a map f: BS — X. Assume that
(a) f is Sylow;

(b) flp is a centric map for each Fg ;(X)-centric subgroup P < S; and

(c) every Fg ;(X)-centric subgroup of S is also Fs s(X)-centric.

Then the triple (S, ]-"g,f(X),ng(X)) is a p-local finite group.

Proof. For each Fg ¢(X)-centric subgroup P < S, (b) implies that composition with
f|Bp induces a homotopy equivalence Map(BP, BP);q —— Map(BP, X);. Also, by
Proposition 1.8, Map(BP, BP)1q ~ BZ(P), and the resulting homotopy equivalence

BZ(P) —+ Map(BP, X); is adjoint to the composite

Bp

BZ(P) x BP Bs —L 5 x,

where p: Z(P) x P —— S is multiplication. Thus wp = 7, where wp is the map of
Lemma 1.8, and hence is a homotopy equivalence.

Condition (*) of Lemma 1.8 thus holds, and so £§ ;(X) is a linking system associated
to Fss(X) by that lemma. It remains only to prove that Fg ((X) is saturated. This
proof is based on two lemmas which will be stated and proven later in this section.

Write £ = L§ (X), F = Fs(X), and F' = Fg ,(X) for short. By Proposition
1.7 and (c), in order to prove that F’ is saturated, it suffices to show that conditions

(I) and (II) in Definition 1.2 hold for all F'-centric subgroups P < S. If P < S is
F'-centric, then it is also F-centric by (c), and hence f|gp is a centric map by (b).

We first prove condition (I). Assume P < S is F’-centric and fully normalized in
F'. Since P is F'-centric, it is fully centralized, and it remains only to show that
Autg(P) € Syl,(Autz(P)). We identify P with 6p(P) < Autz(P). Since L is a

centric linking system associated to F or F’, the homomorphism
Tpp: AUtE(P) E—— Aut;(P) = Aut]:/(P)

induced by the functor 7: £ —— F is surjective with kernel Z(P). Also, mpp(P) =
Inn(P) is normal in Autz(P), and thus P < Aut.(P). By axiom (B) for a linking
system, mp p sends g € Autz(P) to ¢, € Aut(P), and thus

Cauie(p)(P) = Ker(mpp) = Z(P). (1)
By Lemma 2.2, f|gp extends up to homotopy to a map f: BAut,(P) — X (by
definition, Aut,(P) = Autﬁ%f(x)(P)). If T is any Sylow p-subgroup of Aut.(P), then

T > P since P < Aut.(P), ﬂBT factors through BS by condition (a), and thus
there is a homomorphism ¢: T'—— S such that ¢|p € Homz (P, S). In particular,
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¢|p is a monomorphism. Hence since Z(T) < Cp(P) < P by (1), Ker(p) N Z(T) <
Ker(¢) N P = 1; and (since a nontrivial normal subgroup intersects nontrivially with
the center) this implies that ¢ is a monomorphism. Hence |Ng(¢(P))| > |T| since
Ns(o(P)) > ¢(T'); and also |[Ng(P)| > |Ns(p(P))| since P is fully normalized. Since
P is centric in S,

| Auts(P)| = [Ns(P)|/|Z(P)| = [Ns(o(P)I/1Z(P)| = |T/Z(P)|;
and thus Autg(P) € Syl,(Autz(P)) since Autz(P) = Aut(P)/Z(P) and T €
Syl,(Autz(P)).
It remains to prove condition (II). Fix a morphism ¢ € Homz (P, S), and set

N =N, ={g € Ns(P) | pcgp™" € Auts(p(P))}
as usual. Consider the diagram

By
BP — BS

P
By’
incll - fl
e
re

flBN
BN —— X .
The square commutes up to homotopy since ¢ is a morphism in F’, and condition (1)
in Lemma 2.3 holds by definition of N. Thus, by Lemma 2.3, there is a homomorphism
¢ € Hom(N, S) such that B¢’ makes both triangles in the above diagram commute up
to homotopy. The commutativity of the lower triangle means that ¢’ € Homz (N, S).
The commutativity of the upper triangle implies that ¢'|p = ¢ o ¢, for some g € P

(Proposition 1.9), and thus ¢ o ¢'oc; ! is an extension of ¢ which lies in Homz (N, S).
This finishes the proof of (II). O

It remains to state and prove the technical lemmas used in the proof of Theorem
2.1.

Lemma 2.2. Fiz a space X, a p-group P, and a centric map f: BP — X. Set
L =L (X) for short. Then f extends (up to homotopy) to a map

f: BAuty(P) —— X.

Proof. We first consider the following abstract situation. Fix a space Y, a basepoint
Yo € Y, and a finite group G with a right action on Y. Consider the following commu-
tative diagram

L1

QY xg EG) G — Y X EG —Y xg EG
T
F G = Y.

Here, ¢; and 1y are defined by the action at the basepoints: ¢;(9) = (y0g,9~ ') and
12(9) = yog. Also, F' is the “standard” homotopy fiber of ¢5:

F={(g.H)|geG, H: 1 =Y, H(0)=yo, H(1) = yog}. (I =10,1])
This is an H-space, via the product (¢', H')(g9,H) = (¢'g,(Ry o H') - H), where R,
denotes the right action of g on Y and “-” denotes composition of paths in Y. We can

also regard Q(Y X¢ EG) as the standard homotopy fiber of ¢;. Then pr, is defined
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by projecting a path in Y x EG to the first factor, and is a map of H-spaces and a
homotopy equivalence. In particular, it induces an isomorphism of groups

(Y x¢ EG) = mo(Y x¢ EG)) P, ri(F). (1)

Set F = Fpys(X) for short. We apply the above remarks to the space ¥ =
Map(BP, X)y, the point yo = f, and the group G = Autz(P), where a € Autz(P)
acts on Y via right composition by Ba. Thus after replacing paths in Y by homotopies,

F={(¢,H)|¢p € Autp(P), H: BP x I —— X, H|ppxo = [, H|ppx1 = [ o By},
and Autz(P) = mo(F') by definition. Also, since f is centric,
Y = Map(BP, X); ~ Map(BP, BP)1q ~ BZ(P),
where the last equivalence follows from Proposition 1.9. Then Y x4 EG is also aspher-
ical, and so Y x¢ EG ~ B Aut,(P) by (1).
Since By fixes the base point of BP for all ¢ € Aut(P), the evaluation map

Y = Map(BP, X); —22 5 X

is Aut z(P)-equivariant (with respect to the trivial action on X). It thus factors through
the orbit space, or alternatively through the Borel construction:

f: BAutz(P) ~ Map(BP, X); X aut,(p) E Autz(P) —2— X .

It remains to show that ]_”\ pp =~ f, where BP is included into B Aut,(P) via the
distinguished monomorphism ép. By the naturality of these maps, it suffices to do this

when X = BP and f = Id. In this case, that means showing that m1(f|gp) = Idp. Fix
g € P,and let Hy: BP x I —— BP be as in Definition 1.6. We also regard H, as a
path in Map(BP, BP)yq from Idgp to Bey, whose restriction to the basepoint of BP is
by definition the loop in BP representing g. By the above construction, g € m(BP)
corresponds to the class

[Hy, @] € 71 (Map(BP, X); X auz(p) E Autz(P)),

where ¢ is any path in EP C F Autxz(P) from the vertex Id to the vertex c;l. Hence
upon evaluating this at the basepoint of BP, we see that eval([H,, ¢]) is the loop in

BP representing ¢, and thus that m1(f)(g) = g. O

It remains to prove the existence of certain homotopy liftings.

Lemma 2.3. Fix a finite group H, a normal p-subgroup P <1 H, a p-group S, and a
monomorphism ¢: P — S such that Cs(p(P)) = Z(¢(P)). Let X be a space, and
let f: BS — X be such that f o By is centric. Assume that

for each x € H, e, " € Autg(p(P)). (1)

Let s: BH — X be such that the square in the following diagram commutes up to
homotopy:

By
BP —; BS
incll Ei¢/ - fl (2)
BH—° X,

Then there is a homomorphism ¢ € Hom(H, S) such that the two triangles in diagram
(2) commute up to homotopy.
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Proof. We identify BP with FH/P and BH with
(E(H/P)x EH)/H = E(H/P) xyp EH/P.

Thus the inclusion BP C BH is induced by the inclusion of an orbit H/P C E(H/P).
Let

®: EH/P —— BS  and  %: E(H/P) xpp EH/P —— X
be maps homotopic to By and s under these identifications.

By (1), the connected component Map(EH /P, BS)p,, is invariant under the action
of H/P induced by the action of the group on EH/P. We thus get the following square
of equivariant maps between spaces with (H/P)-action

H/P ——— Map(EH/P, BS);
_ >
inclJ /ﬂ/ - le"_ (3)

—

E(H/P) —“—Map(EH/P,X), ;.

Here, u is adjoint to § (when regarded as a map defined on E(H/P) x EH/P); and v
is defined by setting v(gP)(zP) = &D(ng) for x € EH. The square in (3) commutes
up to equivariant homotopy by the commutativity of the square in (2).

Now, Map(EH/P,BS)p, ~ BCs(¢(P)) ~ BZ(P) by Proposition 1.9, and since
¢(P) is centric in S by assumption. Also, Map(EH/P, X), 3 ~ BZ(P) since fo By is
a centric map by assumption. Thus the map (fo—) is H/P-equivariant and a homotopy
equivalence. Since the H/P-action on E(H/P) is free, there is an equivariant lifting u of
u as in the above diagram which makes both triangles in (3) commute up to equivariant
homotopy. This is adjoint to an H/P-equivariant map from E(H/P) x EH/P to BS,
which (since H/P acts trivially on BS) factors through

5: BH = E(H/P) xyp EH/P —— BS

which makes the two triangles in (2) commute up to homotopy. Finally, s ~ By’ for
some ¢’ € Hom(H, S) by Proposition 1.9 again, and this finishes the proof. O

3. FUSION SYSTEMS OF COMPLETED CLASSIFYING SPACES OF GROUPS

In order to apply Theorem 2.1 to a space X, we must have good control over the
mapping spaces Map(BP, X) for finite p-groups P. One interesting case where we can
do this is when X = B GQ for certain infinite groups GG. This is based on a theorem of
Broto and Kitchloo [BrK].

When G is an infinite group, we say that a subgroup S < G is a Sylow p-subgroup
if S is a finite p-subgroup, and if all other finite p-subgroups of G are conjugate to
subgroups of S.

Proposition 3.1. Fiz a prime p and a discrete group G. Assume there is an IF,-acyclic
G-complexr X with finitely many orbits of cells and with finite isotropy subgroups. Let
S < G be any finite p-subgroup, and let f: BS —— BGQ be the inclusion. Then the
following hold.

(a) Fss(BGy) = Fs(G).
(b) If S is a Sylow p-subgroup of G, then the map f is Sylow.
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(c) For any P < S, flgp is a centric map if and only if H(Cq(P)/Z(P);F,) =0 for
all i > 0.

Proof. In the notation of [BrK], ;X is a class of topological groups which includes
all discrete groups which act on F,-acyclic complexes with finitely many orbits of cells
and with finite isotropy subgroups. (The definition in [BrK] also requires that the fixed
point set of any finite p-group be [ -acyclic, but this follows from Smith theory, since
the complex is finite dimensional.) In particular, this class includes G. Hence by [BrK,
Corollary 3.3], for any finite p-group P, the natural map

def =

Rep(P,G) = Hom(P, G)/Inn(G) —— [BP, BG))] (1)
is a bijection. Also, for each p € Hom(P, G), the homomorphism PxC¢(p(P)) MGLLONYE!
induces a homotopy equivalence

BCq(P))y —=—— Map(BP, BG})p,. (2)

Point (a) follows immediately from (1).

Assume S is a Sylow p-subgroup of G. If P is any finite p-group and s: BP — BG)
is a map, then s ~ By for some ¢ € Hom(P,G) by (1), ¢(P) is G-conjugate to some
Q < S since S is Sylow, and thus By ~ f o By’ for some ¢’ € Hom(P,S). Thus the
map f is Sylow, and this proves (b).

By (2), for any P < S, f|gp is a centric map if and only if the inclusion of BZ(P)
into BCg(P);) is a homotopy equivalence, or equivalently, if the inclusion of BZ(P)
into BC(P) is an F,-homology isomorphism. Since Z(P) is central in Cg(P), this
last condition is equivalent to requiring that H'(Cg(P)/Z(P);F,) = 0 for all i > 0,
and this proves (c). O

Before stating our theorem, we need one more definition.

Definition 3.2. Fiz a prime p.

(a) If H < G are finite groups, then H is strongly embedded in G at p z'prH|, but
HNgHg™' has order prime to p for all g € GN\NNg(H).

(b) If G is a finite group and S € Syl,(G), a subgroup P < S is essential if either
P =S, or P is p-centric in G and Outg(P) has a strongly embedded subgroup at
.

By Goldschmidt’s version of Alperin’s fusion theorem [Gd, Theorem 3.3|, for any
finite group G and any S € Syl,(G), each morphism in Fg(G) is a composite of
restrictions of morphisms between subgroups of S which are essential in G. Note that
each essential subgroup is also radical — Out¢(P) has no strongly embedded subgroup

it 0,(Outg(P)) # 1.

A finite group G has a strongly embedded subgroup H if and only if the poset of
nontrivial p-subgroups of G is disconnected (cf. [As, 46.6]), in which case the stabilizer
of a connected component is strongly embedded.

The following theorem is a first application of Theorem 2.1.

Theorem 3.3. Fiz a prime p and a discrete group G. Let X be an F,-acyclic G-
complex with finitely many orbits of cells and with finite isotropy subgroups. Fix a
verter x, € X, let G, be the isotropy subgroup of x., choose S € Syl,(G,), and set
F =Fs(G) and L = LG(G). Assume the following hold:
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(a) For each finite p-subgroup P < G, X¥ contains at least one point in the orbit Gux,.
(b) If P < S is F-centric, then XT /Cq(P) is F,-acyclic.

(c) If P < S is a Sylow p-subgroup of the isotropy subgroup of an edge of X, or an
essential p-subgroup of the isotropy subgroup of a vertex, then P is F-centric.

Then F is a saturated fusion system over S, and L is a centric linking system associated

to F.

Proof. If f: BS —— BG) is the map induced by the inclusion, then F = Fg ¢(BG))
by Proposition 3.1(a). For any finite p-subgroup P < G, there is ¢ € G such that
gr, € X by point (a) above, and hence P is contained in the isotropy subgroup
gG.g7 ! of gx,. Since gSg~! € Sylp(gG*gfl), this shows that P is G-conjugate to a
subgroup of S. Thus S is a Sylow p-subgroup of G; and hence by Proposition 3.1(b),
the map f is Sylow.

By Theorem 2.1, to prove that F = Fg(G) is saturated, it remains only to check
condition 2.1(b), and to show that F = Fg(BG,). (This last claim also implies
condition 2.1(c).) In Step 1, we prove condition 2.1(b), and also prove that £ = L§(G)
is a centric linking system associated to F. In Step 2, we prove that F = Fg (BG});
i.e., that F is generated by morphisms between F-centric subgroups.

Step 1: Fix an F-centric subgroup P < S. Thus Cg(P’) = Z(P’) for each P' < §
which is G-conjugate to P. If Q < Cg(P) is a finite p-subgroup, then P(Q is a finite
p-group, so gPQg~! < S for some g € G, and Q < Z(P) by the above remark applied
to P' = gPg~'. Thus Z(P) is maximal among finite p-subgroups of Cg(P).

Set C(P) = Cq(P)/Z(P) for short. For each x € X, G, is a finite group which
contains P, so Cg, (P)/Z(P) is finite of order prime to p, and hence its classifying
space is F,-acyclic. Consider the projection maps

BC¢(P) +—— ECs(P) x o X7 —2 _ XP/Cu(P) = X )Cq(P)
associated to the Borel construction on X?. All fibers (point inverses) of pr, are
homeomorphic to X”, and thus F,-acyclic by Smith theory (X is F,-acyclic and finite
dimensional). For each z € X* with orbit 7 € X' /Cg(P) and with stabilizer subgroup
Ga,

pry ' (7) & ECo(P)/Cq,(P) ~ B(Cq, (P)/Z(P))

is F,-acyclic. Hence by a spectral sequence argument (or by an appropriate version of
the Vietoris mapping theorem), pr; and pr, are both F,-homology equivalences. Since

XP/Cq(P) is Fp-acyclic by assumption, this implies that BE’G(P) is F,-acyclic.

Thus H(Cg(P);F,) = 0 for all i > 0. Hence by Proposition 3.1(c), the map f|gp is
centric, and this finishes the proof of condition 2.1(b). By Lemma 1.5, this also shows
that £ = L%(G) is a centric linking system associated to F.

Step 2: Fix any ¢ = ¢, € Homz(P,Q) in F. Then P < S and gPg~' < S, so P is
contained in the isotropy subgroups of both z, and g~!(x,). Choose a path ¢ in the 1-
skeleton of X¥ from z, to g~!(x,). Let vy = z,,v1,..., v, = g (x.) be the successive
vertices in the path ¢, let e; be the edge connecting v;,_; to v;, and set H; = G, and
K; = G,,. Thus by construction, P < H;, and K; 1 > H; < K, for all 1 < ¢ < m.
Also, S € Syl (Ky) and K, = g~ ' Kog.
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Fix Sylow subgroups P; € Syl,(H;) such that P < F;. Choose Q;, Q; € Syl,(K;) such
that Q,_, > P, < Q;, and let k; € K; be such that Q) = kiQiki’l. We also assume that
Qo = S and Q/, = ¢g~'Sg. Finally, since S is Sylow in G, there are elements g; € G
such that Q; < ¢;Sg; '. In particular, when i = m, since

g_lsg = Q;n = kamk;fa

we can choose g,, = kg~ '

Consider the following diagram, where all subgroups are contained in S:

P Yo Pko ¥1 P9t ! PFia &pgz Pkm—19m-1 ‘P_m>pgm ﬂ)pkmgm
Plko P1 Plg1 P2klgl P2 P292 P/;:Lm_1gm_1 ﬂ) Pr%m )

Here, we use the standard notation H9 = g~'Hg. Also, 1; is conjugation by g; 'k; ' ¢g; €
K7 (where go = 1), and ¢; and @; are conjugation by g; 'k;_1g;_1. All of these
subgroups are contained in S by construction. Also, by the above choice of g,,, ¥, is
conjugation by ¢g,,. Thus the composite of these morphisms ; and p; is conjugation
by

(99m) (9m Km—19m—1) (G 1km=19m—1) - - (93 k1g1) (91 k1 1) (91 "kogo) (90 ko " 90) = g.

(Recall that g = 1.)

By (c), each subgroup of S which is conjugate to any P; is F-centric. Each ;
is a morphism in the fusion system of K?', and hence a composite of restrictions of
morphisms between essential p-subgroups of this group [Gd, Theorem 3.3]. Since all
such subgroups are F-centric by (c), this finishes the proof. O

We finish the section with two very simple examples which illustrate why some of
these assumptions are needed. The first example shows why condition (c) is needed in
Theorem 3.3. It also shows why we cannot take 7' = F in Theorem 2.1.

Example 3.4. Let S be an abelian p-group, T < S a proper subgroup of order > 2,
and H < Aut(T) a nontrivial subgroup of order prime to p. Set G = S;lf(TNH).

Then G acts on a tree with isotropy subgroups all G-conjugate to S, T, or T'xxH. This
action satisfies conditions (a) and (b) in Theorem 3.3, but not condition (c); and the
inclusion map f: BS —— BG)) satisfies all of the hypotheses (a)-(c) in Theorem 2.1.
The fusion system Fs(G) = Fs,;(BG)) is not saturated. The fusion system Fg ;(BG})

is equal to Fs(S), and is thus a proper subsystem of Fs(G) and is saturated.

Proof. By [Se, Theorem 1.9], G acts freely on a tree X with isotropy subgroups conju-
gate to S and T'xH on vertices, and to T on edges, and with fundamental domain an
interval. Since S does not fix any edges (and X* must be a tree), X* is a point, and
hence X*°/Cq(S) is also a point. Since T has index prime to p in TxH, X* contains
elements in the orbit GG/S for each finite p-subgroup P < G. Thus the action of G on
X satisfies conditions 3.3(a) and 3.3(b). Conditions (a)—(c) in Theorem 2.1 then follow
using Proposition 3.1.

The fusion system F = Fg(G) is not saturated, since the automorphisms in the
group Autx(T) = H do not extend to automorphisms in Autz(S). O
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The next example shows that condition (b) in Theorem 2.1 and condition (b) in
Theorem 3.3 must be assumed (in each theorem) for all F-centric subgroups: it does
not suffice to assume them when P = S.

Example 3.5. Set p =2, S = Dg x C3, T = Cy x C3, and H = Cy x Ay, with the
obvious inclusions of T in S and H. Set G = S?H. Then G acts on a tree with

all isotropy subgroups G-conjugate to S, T, or H. This action satisfies conditions (a)
and (c¢) in Theorem 3.3 as well as conditions (a) and (c¢) in Theorem 2.1, but does not
satisfy condition (b) in either theorem. The inclusion map f: BS —— BG)) is Sylow
and centric, but the inclusion map f|pr: BT — BGY) is not centric. Neither fusion
system Fs(G) = Fs ;(BG)) nor Fg ;(BGP) is saturated.

Proof. Set F = Fs;(BG)) and F' = Fg ;(BGp) for short. As in the last example, G
acts on a tree X with isotropy subgroups as described, and with fundamental domain
an interval, by [Se, Theorem 1.9]. Since any action of a finite group on a tree has a
fixed point, every finite subgroup of G is contained in an isotropy subgroup, and thus
in a subgroup G-conjugate to S or H. This shows that S is a Sylow 2-subgroup of G,
and hence (by Proposition 3.1(b)) that f is Sylow. Thus both conditions 2.1(a) and
3.3(a) hold. Also, f is centric by Proposition 3.1(c), since Cg(S) = Z(5).

Since S is a 2-group and H has a normal Sylow 2-subgroup, their only radical 2-
subgroups (hence their only essential 2-subgroups) are S and T', respectively. Since
both are centric in S, condition 3.3(c) holds. As seen in Step 2 of the proof of Theorem
3.3, this implies that 7' = F, and thus that condition 2.1(c) also holds.

Now, T" is normal in G, since it is normal in S and H, and G/T = (S/T) *(H/T) =
Cy * C5. Hence

CG'(T)/T = KQT[CQ b S Cg — Oy x Cg],

and this is a free group (since it acts freely on a tree). In particular, H'(Co(T)/T;Fy) #
0; and (since Cq(T)/T acts freely on the tree X7) X7 /Cq(T) ~ B(Cq(T)/T) is not
Fy-acyclic. So by Proposition 3.1(c), f|pr is not a centric map; and this shows that
conditions 2.1(b) and 3.3(b) both fail.

Now, Autz(Cy x C3) =2 Cy x C3, but Outz(Dg x C%) = 1 (and the same for F').
The automorphism of C; x C% of order 3 thus fails to extend to S, so axiom (II) fails,
and F is not saturated. UJ

4. FUSION SYSTEMS OF TREES OF GROUPS

Let (G, T) be a tree of groups in the sense of [Se, §1.4.4]. Thus 7 is a tree; and
G assigns groups G(v) and G(e) to each vertex v € T° and each edge e € T!, and
a monomorphism G(e) — G(v) for each pair (e,v) where v is an endpoint of e. For
any such tree of groups (G, 7)), we let Gy denote the amalgamated free product of the
groups G(v) over the G(e), as described in [Se, §1.4.4]. Thus G7 is the free product of
the groups G(v) for all vertices v € T°, modulo the relations given by the inclusions of
groups G(e) for e € T into the groups of the endpoints of e.

Alternatively, one can regard 7 as a category whose set of objects is the disjoint
union of 7° and 7!, and with a pair of morphisms w < e — v for each edge e € T*
with endpoints v,w. Then G is a functor from 7 to the category Grt of groups and
monomorphisms, and Gy = MT(Q).
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In this paper, we will be considering only finite trees of finite groups; i.e., pairs
(G, T) where T is a finite tree, and G(v) is a finite group for each v € T°. Our goal
in this section is to find some conditions on G and 7 which ensure that the group Gr
gives rise to a saturated fusion system and associated centric linking system.

If (G, T) is a tree of groups, and G = G, then we let T denote the graph with vertex
and edge sets

T = {(9G(v),v) |ve T ge G} = [T (G/G(v) x {v})

veTO

T ={(9G(e).e)|ec T, ge G} = [ (G/G(e) x {e})
ecT!

(with the obvious choices of endpoints). Equivalently, 7 = hocolim_(G//—). By [Se,

Theorem 1.9, p. 38|, T is a tree upon which G acts with orbit graph 7, with fundamen-
tal domain which can be identified with 7 (the subtree spanned by vertices (1G(v), v)),
and with isotropy subgroups on the fundamental domain given by G.

For any pair of groups H,G, let Rep(H,G) = Hom(H,G)/Inn(G), and let [a] €
Rep(H, G) be the class of « € Hom(H, G). If (G, T) is a tree of groups, and H is any
finite group, we let Rep(H,G) be the graph with vertex and edge sets

Rep(H,G)" = {(v, [a]) ‘v e T [o] € Rep(H,g(v))}
Rep(H,G)" = {(e,[a]) | ¢ € T, [a] € Rep(H, G(c))}-
When o € Hom(H, G(z)), where z is a vertex or edge in T, we write (z,[a]) for the

pair (z, [a]), where [a] is the class of « in Rep(H, G(x)). Alternatively, if we regard T
as a category, then

Rep(H,§G) = hocolim Rep(H, G(—)).
T

Lemma 4.1. Fiz a finite tree of finite groups (G,T). Set G = Gy = colim(G), and

let T be as above. Then the following hold for any vertex v, of T and any subgroup
H < G(v,):

(a) The connected component of Rep(H, G) which contains (v, [incl%(v*)]) is 1somorphic
(as a graph) to T /Cq(H).
(b) The natural map

®yr: mo(Rep(H, G)) —= 4 Rep(H,G)

is a bijection. In particular, for x a vertex or edge of T and o € Hom(H,G(x)),
(z,[a]) lies in the connected component of the vertex (v., [incl%(v*)]) if and only if

a € Homg(H, G(x)).

Proof. When z is a vertex or edge of T, we write G, = G(x) for short: the isotropy
subgroup at x of the G-action, when we regard T as a subtree (a fundamental domain)

of T.

If K <G and gK € (G/K)", then H < gKg™', and so we can regard c;': z —
g 'zg as a homomorphism from H to K whose class in Rep(H, K) depends only on
the coset gK. Hence it makes sense to define

fu: TH Rep(H, G)
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by sending each vertex (gGy,v) to the pair (v, [c;']) and each edge (gG., €) to the pair
(e, [c;']). We claim the following hold:

(i) Im(fy) is the connected component of (v,, [incl$™]) in Rep(H, G).

(i) A vertex (v,[a]), for « € Hom(H, G, ), lies in Im(fy) if and only if the composite
H 25 G, < G is G-conjugate to the inclusion.

(ili) fy induces an isomorphism of graphs (77)/Cq(H) = Im(fy).

Point (ii) is immediate.

If (e,[a]) is an edge of Rep(H,§G) with endpoint fy(gGy,v) = (v,[c;']), then v is
an endpoint of e, and [a] = [¢;'] € Rep(H,G,). Thus a = ¢, '¢;' = C;/zl for some
h € G,, and (e, |a]) = fu(ghG.,e). So an edge of Rep(H,G) lies in Im(fy) if one
of its endpoints lies in Im(fy), and thus Im(fy) is a union of connected components
of Rep(H,G). Since T is a tree by [Se, §1.6.1], Im(fy) is nonempty and connected,
hence is a connected component of Rep(H, G), and this finishes the proof of (i).

Two vertices (¢G,,v) and (hG,,, w) are sent to the same vertex of Rep(H, G) if and
only if v = w and [¢; '] = [¢;'] in Rep(H, G,). This last condition is equivalent to saying
that h € Cq(H)gGy; i.e., that (9G,,v) and (hG,, w) are in the same Cg(H )-orbit; and
thus (iii) holds. Points (i) and (iii) together imply (a).

By (ii), for any a € Hom(H,G), &y sends the connected component of a vertex
(v,[8]) in Rep(H, G) to [o] if and only if (v, [Ba!]) € Im(fam)). Hence by (i), @ ([o])
contains exactly one connected component. This shows that &5 is a bijection, and
proves (b). O

We originally discovered the following theorem as a special case of Theorem 2.1 (and
of Theorem 3.3), and it was certainly motivated by those results. However, since it also
has a more elementary proof which does not use certain deep theorems in homotopy
theory, we give both proofs here.

Theorem 4.2. Fix a prime p and a finite tree of finite groups (G, T). Fix a vertez v,
of T, set G = G(v.) for short, and choose S € Syl,(G.). Set G = Gr = colim(G),
F =Fs(G), and L = LL(G). Assume the following hold:

(a) For each vertex v # v, of T, if e is the edge adjacent to v in the (unique) minimal
path from v to v, then [G(v) : G(e)] is prime to p.

(b) If P < S is F-centric (equivalently, if Z(P) is a mazimal p-subgroup of Cq(P)),
then the component of (v,, [incl%]) in the graph Rep(P,G) is a tree.

(c) If some P < S is G-conjugate to an essential p-subgroup of G(v) for any vertex v,
then P is F-centric.

Then F is a saturated fusion system over S, and L is a centric linking system associated

to F.

Proof. Let T be as defined above: the tree upon which G acts with orbit space and
fundamental domain 7. When z is a vertex or edge of T, we write G, = G(z) for
short.
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We first show how the theorem follows as a special case of Theorem 3.3, applied to
the action of G on 7. Condition 3.3(b) follows from condition (b) here, together with
Lemma 4.1(a); while condition 3.3(c) follows from condition (c) here.

It remains to describe how condition 3.3(a) follows from condition (a) here. Let
P < G be any finite p-subgroup; we must show that TP contains some vertex in the
orbit of (1G,,v,) in T. Since T is a tree, the fixed point set of the P-action is also
a tree, and hence its image in the orbit tree 7T is nonempty and connected. Let v be
the vertex in that image which is closest to v,. If v # v,, then there is some g € G
such that ¢G, € (G/G,)?, and hence g~ 'Pg < G,,. Let e be the edge adjacent to v on
the minimal path from v to v,; then [G, : G| is prime to p by (a), and hence there is
g € G such that ¢"'Pg’ < G.. Then the edge (¢'G,,e) is in TP, which contradicts
the original assumption about v. This shows that v = v,, and thus that some vertex
of the form (gG,,v,) is in TF.

Since this theorem also has a more elementary algebraic proof, we give that here.
We first note that the argument just given also shows:

(a') For each vertex v in 7 and each p-subgroup P < G,, P is G-conjugate to a
subgroup of S.

By a proof identical to Step 2 in the proof of Theorem 3.3, we show (using (c)) that
every morphism in F is a composite of restrictions of morphisms between F-centric
subgroups. Hence by [5al, Theorem 2.3], F is saturated if it satisfies axioms (I) and
(IT) in Definition 1.2 for all F-centric subgroups P < S. So it remains to prove (I) and
(IT) for F-centric subgroups, and to prove that £ is a centric linking system associated

to F.

For any H < G,, let Rep(H,G), be the connected component of (v,, [incl$]) in
Rep(H,G). By Lemma 4.1(b), if x is any vertex or edge in T, and ¢ € Hom(H, G,),
then (z, [p]) lies in Rep(H, G). if and only if ¢ € Homg(H, G.).

Proof of (I) for F-centric subgroups. Let P < S be any subgroup which is F-
centric and fully normalized in F. By Lemma 4.1, there is a bijection mo(Rep(P,G)) =
Rep(P, G) which sends Rep(P,G), to [inclG], and which is equivariant with respect to
the Aut(P)-action on both sets. Thus Autz(P) = Autg(P) is the isotropy subgroup
of Rep(P, G). € mo(Rep(P,G)) under the Aut(P)-action. In particular, Autz(P) leaves
Rep(P, G), invariant. Since Rep(P,G). is a tree by (b), and since every action of
a finite group on a tree has a fixed point, there is a vertex (v,[a]) in Rep(P,G).
which is fixed by Autz(P). Thus o € Homg(P,G,). Set P = a(P) < G, so that
Autg, (P') = a Autz(P)a!. Fix Q" € Syl,(Ng,(P’')). By (&), there is @ < S which is
G-conjugate to @Q'. Fix § € Isog(Q’, @), and set P” = B(P’). Then

(
CINs(P)] _ INs(P)] Q)
= Z(P) T2 T 1z

| Auts(P)] = | Autq/(P)];

where the first inequality holds since P” is G-conjugate (hence F-conjugate) to P and P
is fully centralized in F. Since Autq (P') € Syl (Autg(P’)) and Autq(P') = Autg(P),
this proves that Autg(P) € Syl,(Autg(P)), and finishes the proof of (I).

Proof of (II) for F-centric subgroups. Fix ¢ € Homz(P,S) where P is F-centric,
and set

N, ={g € Ns(P) | pcgp™" € Autg(p(P))} and K = Auty, (P).
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We claim that
Im [Rep(N,, G). —— Rep(P,G).] = Rep(P,G).K. (1)

Clearly, if z is a vertex or edge in 7, then the restriction of any 8 € Rep(N,, G) lies
in Rep(P, G,)¥, so the problem is to prove that Rep(P, G).”X lies in the image. By (b),
Rep(P,G) is a tree, and hence the fixed point set of the finite group K is also a tree.
So to prove (1), it suffices to show, for any edge (e, [a]) in Rep(P, G).X and any vertex
(v,[f]) in Rep(N,, G). such that (v, [B]p]) is an endpoint of (e, [a]), that (e, [a]) also

lies in the image of the restriction map.

In this situation, v is an endpoint of e, and we regard G, as a subgroup of G, as
usual. Then 3|p = ¢;0a for some g € G,. Set P' = a(P) and K’ = aKa™! < Aut(P’)
for short, and consider the subgroup

N, ={a € Ng (P')|ca € K'}.

Fix @ € Syl (Ne). Then Auty, (P') = K’ since (e, [a]) is fixed by K, and Autg(P') =
K’ since K’ is a p-group. Also, since f|p = ¢;0a, gQg~' < B(N,)-Cq,(B(P)). Since
B(P) is p-centric in G,, gQg~* and 3(N,,) are both Sylow p-subgroups of this last group.
Hence there is h € Cg,(B(P)) such that hgQg 'h™' = B(N,). Set a = c,;gl o €
Iso(N,, Q). Then alp = ¢;' o f|p = a since h centralizes 5(P), so Res((e,[a])) =
(e, [a]). Also, (v,[a]) = (v,[B]) is an endpoint of (e, [a]) since hg € G, so [e,a] is an
edge in Rep(N,, G), and this finishes the proof of (1).

Now, (v, [¢]) € Rep(P,G). by Lemma 4.1(b), and is fixed by the K action by defi-
nition of N,. So by (1), there is ¢ € Hom(N,,, G.) such that (v,, [¢]) is in Rep(N,, G).
and [¢|p] = [¢] in Rep(P,G,). Thus ¢ € Homg(N,, G,), and ¥|p = ¢, o ¢ for some
g € G.. By axiom (II) for the saturated fusion system Fg,(S), ¢;* = @ o (¢¥|p)~"

extends to some x € Homg, (¢/(N,),S), and hence ¢ oy € Homg (N, S) extends
. This finishes the proof of (II) for F-centric subgroups.

L is a centric linking system. If P is F-centric, then by point (b) and Lemma 4.1,
Cq(P)/Z(P) acts on the tree TP with orbit space a tree. Furthermore, since Z(P) is
maximal among finite p-subgroups of Cg(P), all isotropy subgroups of this action are
finite of order prime to p. Hence by 1.10, p.39]Serre, C(P)/Z(P) is an amalgamated
product of finite groups of order prime to p taken over a finite tree. Such a group is
clearly p-perfect (it is generated by elements of order prime to p); and Mayer-Vietoris
sequences for the homology of amalgamated products (cf. [Bw, §VIL.9]) show that
H(Cq(P)/Z(P);F,) = 0 for all i > 0. So by Lemma 1.5, £ = £4(G) is a centric
linking system associated to F. O

The most difficult hypothesis to check in the above theorem is (b). For this reason,
we give here some equivalent formulations. The equivalence of the first three conditions
is implicit in the above proof, but we make them more explicit here.

Lemma 4.3. Fiz a finite tree of finite groups (G, T), and set G = Gr = colim(G).
Choose a vertex v, of T, and a subgroup H < G(v,). Then the following three conditions
are equivalent:

(1) The abelianization of Ce(H) is finite.
(2) Cg(H) is a finite amalgamated product of finite groups.
(3) The component of (v., [incl%(v*)]) in the graph Rep(H,G) is a tree.
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Furthermore, if (1)-(3) hold, then:

(4) There is a verter v € T° and an element x € G, such that tHz™' < G(v) and
Autg(zHz ™) = Autg (xHz ™).

Proof. Let T be the tree upon which G acts with orbit space and fundamental domain
T, as in Lemma 4.1. Again, when z is a vertex or edge of T, we write G, = G(z) for

short. By Lemma 4.1, the component of Rep(H,G) which contains (v,, [incl%™]) can

be identified with 79 /Cg(H). If this orbit graph is a tree, then by [Se, Theorem I.10,
p.39], Cg(H) is an amalgamated product of finite groups taken over a finite tree; and
in particular, its abelianization is finite. If the orbit graph T# /Cq(H) is not a tree,
then by [Se, Corollary 1, p. 55], there is a surjection of Co(H) onto its fundamental
group, an infinite free group, and hence the abelianization of C(H) is not finite and
Cq(H) is not a finite amalgamated product of free groups. This proves the equivalence

of (1), (2), and (3).

Now assume that (3) holds, and thus (by Lemma 4.1) that T# /Cq(H) is a tree. The
finite group Autg(H) = Ng(H)/Ce(H) acts on this tree, and hence fixes some vertex
(cf. [Se, §1.6.1]). Assume the orbit of the vertex (a='G,,v) is fixed by Autg(H); in
particular, aHa™! < G, since aG, € (G/G,)". Also, each a € Autg(H) is of the form
a = ¢, for some g € Ng(H) which fixes the vertex (a™'G,,v) in TH, which implies
that aga™' € G,. This shows that Autg(aHa ') = Autg,(aHa™ '), and thus that (4)
holds. O]

As shown in [AC], the fusion systems Fgso(q) constructed in [LO] by the second and
third authors are the fusion systems of certain amalgamated products Spin,(q) >]I§K ,

where B is the normalizer in Spin,(¢) of a certain elementary abelian 2-subgroup of
rank 2, and K contains B with index 3. The proof in [LO] that these fusion systems
are saturated is very long and technical, and so it is natural to wonder whether or not
this could be shown as an application of Theorem 4.2. As seen in [LO] or [AC], when
F = Fsol(q) and S € Syl (Spin;(q)), then there is an elementary abelian 2-subgroup
E < S of rank 4 such that Autz(FE) = Aut(E) = GL4(2). Hence if the saturation of
F could be proven using Theorem 4.2, then by Lemma 4.3(4), some vertex of the tree
defining the amalgamated product would be fixed by an extension of E by Aut(E),
and this is not the case. More precisely, this shows that condition (b) in Theorem 4.2
fails to hold for this amalgamated product. So Theorem 4.2 cannot be applied in this
case.

5. EXAMPLES

We now look at some applications of Theorem 4.2, to produce explicit exotic fusion
systems. These examples will all be based on Proposition 5.1 below, which in turn is
a special case of Threorem 4.2.

For any fusion system Fj over a p-group .5, any collection of subgroups @1, ..., @, <
S, and outer automorphism groups A; < Out(Q);) containing Outx,(Q;), let

<f0;A1,---,Am>

denote the fusion system over S generated by JF{ and restrictions of automorphisms in
the A; to subgroups of );. In other words, F = (Fop; A;, ..., A,,) is the fusion system
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over S such that for all P,Q < S, Homz(P, Q) is the set of composites
P — PO ®1 P1 ®2 P2 e Pk;_2 ‘Pk*l) Pk_l Pk N Pk — Q

such that each j, either ¢; lies in Homg, (P;_1, P;), or forsome 1 <i <m, P;_;, P; < Q;
and ¢; is the restriction of some o; € Aut(Q;) such that [a;] € A;.

The following proposition is also a generalization of [BLO2, Proposition 9.1].

Proposition 5.1. Fiz a finite group G, a Sylow p-subgroup S < G, and subgroups
Q1,...,Qm < S such that no @Q; is G-conjugate to a subgroup of Q; for i # j. For
each i, set K; = Outg(Q;), and fix subgroups A; < Out(Q;) which contain K;. Set
F = (Fs(G); Ay, ..., Ay). Assume for each i that

(1) p1[A:K];

(2) Q; is p-centric in G, but no proper subgroup P < Q; is F-centric or an essential
p-subgroup of G; and

(3) for all « € ANK;, K;NaK;a™t has order prime to p.

Then F is a saturated fusion system over S, and has an associated centric linking
system.

Proof. For each i, set H; = Ng(Q;) and T; = OP(Cx(Q;)). Then T; has order prime to
p since @, is p-centric in H;; and thus Q;-Ce(Q;) = Q;T; = Q; x T; and K; = H;/Q,T;.

We first construct a finite group G; > H; such that H; has index prime to p in Gj,
Q; < Gy, and Outg,(Q;) = A;. By (3), K; N aK;a~! has order prime to p for all
a € AN K;; and hence the restriction homomorphism

Hj(Az‘;Z(Qz‘)) = Hj(Kz‘;Z(Qz‘))
is an isomorphism for all j > 0 by the description in of the image in terms of stable
(or G-invariant) elements (cf. [AM, Theorem I1.6.6] or [Bw, Theorem I11.10.3]). When
J = 3, the injectivity of the restriction map tells us that the obstruction to the existence
of an extension
1 Qi G, A; 1

vanishes [McL, Theorem IV.8.7], since its restriction to K; < A; vanishes. When j = 2,
the group H*(A; Z(Q;)) = H*(K;; Z(Q;)) acts freely and transitively on the sets of
all such extensions of @; by A; or by K; [McL, Theorem 1V.8.8], and thus G’ can be
chosen to contain the group H;/T;.

Now let T;? K; and T;1 A; be the “regular” wreath products: the semidirect products
T Kl x K; and T;2xA; where K; and A; permute the factors 7T} freely and transitively.
There is an obvious embedding of T; ! K; into T; ! A;; and by [Hu, 1.15.9], there is an
embedding of H;/Q); (as an extension of T; by K;) into T; ! K;. We can thus regard
H;/Q; as a subgroup of T; ! A;. So if we define G; to be the pullback of the maps

then G sits in an extension

and we can identify H; (regarded as a pullback of H;/T; and H;/Q; over K;) as a
subgroup of G; with index prime to p. Also, @; < G; and A; = Outg,(Q;).

We will apply Theorem 4.2 to the tree which has m + 1 vertices v,,vy,..., v, and
edges e; connecting v, to v;, and to the functor G(v.) = G, G(v;) = G;, and G(e;) = H;.
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Let G denote the amalgamated product of this tree of groups. Then F = .FS((A}’), and it
remains only to check that conditions (a), (b), and (c¢) in Theorem 4.2 hold. Condition
(a) holds by (1).

We next check condition 4.2(c). By definition of F, for any subgroup P < S which p-
centric in GG, P is F-centric unless there is some P’ < S which is F-conjugate to P but
not G-conjugate, in which case P must be G-conjugate to a proper subgroup P’ < Q;
for some i. For each i, any Sylow p-subgroup of H;, or any essential p-subgroup (hence
radical p-subgroup) of G;, must contain O,(H;) > @;; and the @); are all p-centric in
G (hence F-centric) by assumption. Any essential p-subgroup P of G is p-centric in
G; and hence is F-centric since by (b) again, no essential p-subgroup of G is properly
contained in any ();. This finishes the proof of (c¢) in Theorem 4.2.

It remains to check condition 4.2(b). Fix an F-centric subgroup P < S; we must
show that the component T of (v,, [incl%]) in Rep(P, G) is a tree. The edges in Rep(P, G)
adjacent to (v, [incl$]) are of the form (e;, [a]), for o € Homg(P, H;). For any such
edge, its other vertex (v;, [@]) is the endpoint of a second edge (e;, [5]) only if 8 = ¢j0ax
for some g € G;\ H;. In particular, a(P) and ga(P)g~! are both contained in H;, and
thus a(P) < H;N g 'H;g. By (3), (H; N g 'H;g)/Q; has order prime to p, and hence
a(P) < @;. Since @; is a minimal F-centric subgroup, this implies that a(P) = Q.
Since no two of the @); are G-conjugate, this can occur for at most one 7. We thus have
two possibilities:

e P is not G-conjugate to any ();. In this case, every edge in I' is adjacent to the
vertex (v,, [incl$]), and T is a tree.

e P is G-conjugate to (); for some fixed j € {1,...,m}. In this case, let I'y C I'
be the subgraph of all vertices sitting over v, or v;, and all edges sitting over e;.
Each vertex of I' not in I'y sits over v; for some ¢ # j, and by the above remarks
is connected to I'g by a unique edge. Thus I'y is a deformation retract of I'. Each
edge in I'y has the form (e;, [a]) for some o € Iso(P, Q;). If two edges (e;, [@]) and
(ej,[/]) have the same vertex (v,, [@]) = (vs, [@']), then o’ = ¢, 0 for some g € G,
so g € Ng(Q;) = H;, and the edges (e;, [a]) and (e;, [@/]) are equal. Thus no vertex
in I'g over v, can be attached to two edges, and this proves that I'y (and hence I)
is a tree.

This finishes the proof of condition 4.2(b), and hence of the proposition. O

Note that (3) implies (1) in the above proposition; condition (1) has been kept for
emphasis.

Condition (3) means that the subgroup Kj is strongly embedded in A; at the prime
p (see Definition 3.2). This puts fairly restrictive conditions on K; and A;, especially
when p = 2. By a theorem of Bender [Be], if A has a strongly embedded subgroup
at p = 2, then either its Sylow 2-subgroups are cyclic or quaternion, or there is a
normal series A << B < A where A and A/B have odd order, and B/A is isomorphic
to PSLy(q), Sz(q), or PSUs(q) for ¢ some power of 2. The severe restrictions which
this places on the groups involved when applying Proposition 5.1 with p = 2 help to
explain why it seems unlikely that we could construct an exotic fusion system at the
prime 2 using this proposition, although we are not yet able to completely exclude that
possibility.

The following lemma is a refinement of [BLO2, Lemma 9.2], and will be used to show
that certain fusion systems are not fusion systems of finite groups. When F is a fusion
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system over the p-group S, a subgroup P < S is strongly closed if no element of P is
F-conjugate to an element of S\.P. The subgroup P is normal in F if each morphism
in F extends to a morphism between subgroups containing P which sends P to itself.
If P is normal in F, then it is strongly closed, but not conversely.

As usual, a finite group G is almost simple if it contains a normal, nonabelian simple
subgroup L < G such that Cg(L) = 1. In otherwords, G can be identified with a
subgroup of Aut(L), and G/L with a subgroup of Out(L).

Lemma 5.2. Let F be a fusion system over a nonabelian p-group S. Assume, for each
subgroup 1 # P < S which is strongly closed in F, that

(a) P is centric in S (i.e., Cs(P) = Z(P));
(b) P is not normal in F; and

(¢) P does not factorize as a product of two or more subgroups which are permuted
transitively by Autz(P).

Then if F is the fusion system of a finite group, it is the fusion system of a finite
almost simple group.

Proof. Assume that F = Fg(G) for some finite group G with S € Syl (G), and that
G is a subgroup of minimal order with this property. Let 1 # L <1 G be a minimal
nontrivial normal subgroup. Set P = L NS € Syl,(L); then P is strongly closed in
F. If P =1 (i.e., L has order prime to p), then F is also the fusion system of G/L,
which contradicts the minimality assumption. If L = P is an abelian p-group, then
it is normal in F, which contradicts (b). Thus, since L is minimal, it is a product of
nonabelian simple groups isomorphic to each other (cf. [Go, Theorem 2.1.5]); and these
must be permuted transitively by Ng(L) = G since otherwise L is not minimal. Then
L must be simple by (c). Also, Cs(L) NS < Cs(P) < P by (a). Since Ce(L) < G,
this means it must have order prime to p (otherwise it would intersect every Sylow
p-subgroup nontrivially); and this implies C(L) = 1 by the minimality assumption
(again since Cg(L) < G). Thus G is almost simple; ie., L < G < Aut(L). O

We next focus attention on cases where Proposition 5.1 can be applied with ); =2 Cz
(for p an odd prime). By [Hu, Satz I11.14.23], a p-group S contains a centric subgroup
of order p? if and only if it has maximal class; i.e., if and only if it has nilpotence class
n—1 when |G| = p". For odd p, the structure of p-groups of maximal class is described
in detail in [Hu, §III.14], and include the following examples when p = 3.

Example 5.3. Set p =3, and let S be one of the following groups of order 3*:
S' = (a,b,x } o =0 =2°=[a,b] =1, zaz™' = ab, vba~" =ba"?).
S" = (a,b,x } o =0*=2°=[a,b] =1, zaz™' = ab, zba™" =ba’).
Let w,n € Aut(S) be the automorphisms

ba3 lf S == SI 1

w(a)=a', w(b)=a""br= {ba_3 S — 5

Forv=0,1,2, set
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Then R; = C2 4f S = S orifi =0, and B; = Cy if S = S” and i = 1,2. Also,
Q; 1is extraspecial of order 27, and has exponent 3 if S = S’ ori = 0 and exponent
9 otherwise. All of these subgroups are invariant under w, while n leaves Ry and Qg
mvariant and switches Ry and R,.

When S = 5", then the following fusion systems over S

(Fs(5x(w)); SL(Ro)) (Fs(5x{w,n)); GL(Ro))

and

are both saturated, and not fusion systems of any finite group. When S = S’, then the
following table describes different fusion systems over S wvia the automorphism groups
Outz(P) for P =S, R;, or Q;, and where an asterisk marks those which are not fusion
systems of any finite group:

Outz(S) | Autz(Ry) | Outz(Qo) Aut;( 1) Aut;( 2) group
(w) SLy(3) — L,(3) Ly(3) | Li(g) (ws(gF1) =2)
(w) — — L,(3) Ly(3) *
(w) SLy(3) — — — *
(n,w) | GLy(3) — SLy(3) Ly (g)xCs (v3(¢F 1) = 2)
(n,w) — GLy(3) SLy(3) *Da(q) (vs(¢* — 1) =1)
(n, w) — SLy(3) *
(n,w) | GLy(3) — — *

Here, L (q) = PSL,(q) and L, (q) = PSU,(q). Also, for any prime power q, *D4(q) is
the fized subgroup of a certain “triality” graph automorphism of order 3 on Sping(¢®).

Proof. That these fusion systems are all saturated is a special case of Proposition 5.1,
applied with G = Sx(w) or G = Sx(n,w) as appropriate.

Let F be any of these fusion systems, and assume P <1 S is a proper strongly closed
subgroup. Then P > (a®) (any normal subgroup contains the center). If F contains
SL(R;) for some i, then P > R; since (a®) is F-conjugate to the other subgroups of
order 3 in R;; and hence P > @; (the normal closure of R; in S). By similar reasoning,
if F contains SL(Q;) for some i, then either P = (a®), or P > Q;. Thus in all cases
listed above, the only nontrivial subgroups strongly closed in F are S, and possibly
one of the );. Hence by Lemma 5.2, if F is the fusion system of a finite group, then it
is the fusion system of a finite almost simple group GG, which contains a normal simple
group L < G with Sylow 3-subgroup S or ();. If L contains a Sylow 3-subgroup @,
then 3||G/L||| Out(L)|, and this is impossible by Lemma 5.4 below.

It remains to consider the case where [G : L] is prime to 3, and thus where S €
Syls(L). By [GLS, Tables 5.3 & 5.6.1], none of the sporadic simple groups has Sylow
3-subgroup of order 3* and rank 2. If v3(|A,|) = 4, then n = 9,10, 11, and rk3(4,,) = 3.
By [GLS, Table 2.2], the only simple groups of Lie type in characteristic 3 whose Sylow
3-subgroups have order 3* are the groups B»(3), and these also have 3-rank equal to 3.
Finally, using [GLS, Table 2.2] and [GL, 10-1 & 10-2], one checks that the only simple
groups of Lie type whose Sylow 3-subgroups have order 3* and rank 2 are the groups
L3(q) when v3(q — 1) = 2, Us(q) when v3(q + 1) = 2, and 3D4(q) when vs3(¢*> — 1) = 1.
The precise fusion systems of these groups (and the fact that their Sylow subgroups
are isomorphic to S’) is determined directly, or with the help of the lists of maximal
subgroups in [GLS, Theorem 6.5.3] (for L3 (¢)) and [KI] (for D4(q)). For example, by
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[K1], there are subgroups
3%.SLy(3) <°Dy(q)  and  31*GLy(3) < SL3(q)-Ss < °Du(q)

(when ¢ = £1 (mod 3)), and this determines the structure of the fusion system of
3
D4(q). UJ

It remains to prove the following lemma, which will also be used later.

Lemma 5.4. There is no pair (L,p), where L is a finite simple group, p is an odd
prime, the Sylow p-subgroups of L are extraspecial of order p*, and p“ Out(L)].

Proof. 1f L is a sporadic or alternating group, then | Out(L)| is a power of 2, so this
is impossible. Thus L is of Lie type, and hence by [Ca, Theorem 12.5.1], Out(L) is
generated by field, graph, and diagonal automorphisms. We refer to [Ca, 9.4.10, 10.2.4—
5, 14.3.2] for the orders of the simple groups of Lie type. The only simple groups with
graph automorphisms of odd order are the groups Dy4(q) (with graph automorphisms
of order 3), and |D4(q)| = ¢**(¢® + ¢* + 1)(¢® — 1)(¢*> — 1) is a multiple of 3* for all q.
If L has a field automorphism of order p, where p is an odd prime, then L is defined
over a field of order ¢P for some prime power ¢; if ¢?" + 1 is divisible by p then it is
divisible by p?, and the list of orders of groups of Lie type makes it clear that this
case is impossible. So if there is a pair (L, p) as above, then L must have a diagonal
automorphism of order p.

The only simple groups of Lie type with diagonal automorphisms of order p > 3 are
PSL,(q) (for pl(n,q — 1)), PSU,(q) (for pl(n,q + 1)), Es(q) (for p = 3[¢g — 1), and
2Ee(q) (for p = 3]g + 1). Of these, the only cases where the simple group has p-rank
< 2 occur when p = 3, and L = PSL3(q) (where 3|(¢—1) and |L| = 3¢*(¢*—1)(¢* — 1))
or PSUs(q) (where 3|(q + 1) and |L| = 3¢%(¢* — 1)(¢* + 1)). In both of these cases,
us(|Z]) = 2uslg + 1) £3. 5

For the rest of the section, we let p be any odd prime, and consider the group

S:<a,b,c,x‘ap:bp:cp:xp: [a,b] = [a,c] = [b,c] =1,

rar ' =a, zbr ' =ab, xex ! = bc>.

Set A = (a,b,c), Q = {(a,b,z), and R = (a,x). Set
Q= (GLy(p) x FY) /{(ul,u™®) |u e Fs},

and let [B,u] denote the class of the pair (B,u) for B € GLy(p) and u € F. Define
an action x:  —— Aut(A) as follows. Identify A with the additive group Ss(p) of
symmetric 2 x 2 matrices by setting a = (28), b = (1§), and ¢ = (J9); and let
[B,u] € Q act by sending M to u-BM B*. These identifications are chosen so that the
action of X & [(é %), 1} on A is precisely the action of x € S by conjugation. We

can thus identify S as a Sylow p-subgroup of G ' A%€Q. Then Q is the normalizer
in Aut(A) = GLs(p) of the orthogonal group GO3(p), for an appropriate choice of
quadratic form on A.

For a given pair of fusion systems F' C F over the same p-group S, we say that F’
has index prime to p in F if Autz(P) > O (Autz(P)) for all P < S [5a2, Definition
3.1]. In [5a2, §5], we prove that for any saturated fusion system F, there is a unique
minimal fusion subsystem O (F) C F of index prime to p. This terminology provides
a convenient framework for describing the next result.
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Example 5.5. Fiz an odd prime p, and let S be the group of order p* defined above,
with subgroups A, Q, R < S. Then the following hold.

(a) There are unique saturated fusion systems F¢q and Fr over S such that
Outz,(S) = Cp1 x Cpy,  Autr,(A) =Q,  Outr,(Q) = Out(Q) = GLy(p)
Outz,(S) = Cpo1 X Cpq,  Autz,(A) =Q, Autg,(R) = Aut(R) = GLy(p);
and ) 1s not Fr-radical.

(b) O (Fg) has index 2 in Fg, Outyy (7,)(Q) is the unique subgroup of index 2 in
Out(Q) = GLy(p), and

AutOP'(.FQ)<A) = {[37 1] ‘B € GLz(p)}-
For all p, Fq is the fusion system of Aut(PSps(p)) = PSps(p)xCy (the extension
by diagonal automorphisms), and OY (Fy) is the fusion system of PSp4(p).

(c) O (Fgr) has index (4,p—1) in Fg, Autor z,)(R) is the unique subgroup of index
(4,p-1) in Au(Q) = GLs(p), and

Autoy (7, (A) = {[B,u] € | det(B)u" € F;*}.
When p = 3, Fg is the fusion system of Sg and O (Fg) is the fusion system of Ag.
When p =5, Fr is the fusion system of P¥L5(16) = PSLs(16)xCy (the extension
by field automorphisms), and O (Fg) is the fusion system of PSLs(16). When

p > 7, no fusion subsystem of index prime to p in Fg is the fusion system of a
finite group.

Proof. Set G = Ax(Q, and identify S with Ax(X) < G. Since Nq((X)) is gener-

ated by X = [((1) %), 1} together with elements [(8%),10} -for u,v,w € F), and since
[(62),u7] =1,
Outz, (S) = Outz,(S) = Outa(S) = {[nuws] |u,v € F)} = C,q x Cpy,
where [n,] and [w,] are the classes modulo Inn(S) of the automorphisms
n=c([(§9),1]) : ara b blg= /2 ¢ x> '/
wv:c([[,v]) : ar— a’ b— b’ cr T x

for all u € F). Here, ¢(g) denotes conjugation by g (a — gag™"). Note also the relation

(12,202 1]) = e([(4,2),0]) = wnsmpns = wini®

It follows that

Outg(Q) = (Mulg, wulg) = Nouww@)(Outa(Q)).

So we can apply Proposition 5.1 with m = 1 and @1 = @ (and with G as above), to
prove that the fusion system Fg is saturated. Similarly,

Autg(R) = (Mulr, wulr) = Nawr) (Autg(R)),
and so Fp is saturated by Proposition 5.1 again.

We next calculate OF'(Fg). Let OF (Fg) C Fg be the fusion subsystem gener-
ated by the automorphism groups O (Autz(P)) for P < S. Consider the subgroup
OutOfQ (S) < Out g, (S) as defined in [5a2, §5.1]:

OutOfQ(S) = (a € Outr, (S) |alp € Mor .,y P,S), some Fq-centric P < S).

(fQ)(
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For u,v € FX, (nuw,)lq € OY(Autz,(Q)) = SLy(p) if and only if v = 1; while
(nuws)|a € O (Autz,(A)) = Q if and only if v = 1/u € Fx* Thus Outon(S) =
{nuwy2}. This shows that O (Fg) has index 2 in Fp, and has the form described in
(b).

A similar argument shows that O (F) has index (4, p—1) in Fg, and has the form
described in (c).

Thus for all F-centric subgroups P’ < S, Autz(P’) contains O (Autz, (P')) (P =
or R). Hence F has index prime to p in Fp, and by [5a2, Theorem 5.4], O” (Fp)
F C Fp.

It is straightforward to check that the finite groups listed in (b) and (c) have the
automorphism groups as indicated, and we have seen that this determines their fusion
system. So it remains to show that the fusion systems in (c¢) are not fusion systems of
finite groups for p > 7.

Let F be any of these fusion systems. If 1 # P <1 S is strongly closed in F, then it
must contain Z(S) = (a) (any nontrivial normal subgroup intersects nontrivially with
Z(5)); hence contains A (since the subgroups Autz(A)-conjugate to (a) generate A
in all cases); and hence is equal to S since either @ or R is F-radical. So by [BLO2,
Lemma 9.2], if F is the fusion system of a finite group, it must be the fusion system
of a finite almost simple group. More precisely, F = Fg(G) for some G with normal
simple subgroup L < G of index prime to p such that Cg(L) = 1. By a direct check
through the list of finite simple groups, one sees that the following are the only simple
groups which have Sylow p-subgroup isomorphic to S:

e (any p) PSpa(p)
e (p =3) PSL4(q)

Q
C

= 4,7 (mod 9)), PSU4(()1) (¢ = 2,5 (mod 9)), PSps(q) (¢ =

(4
+2, 44 (mod 9)), Q:(q) (g = £2,+4 (mod 9)), A, (n = 9,10, 11).
e (p =5) PSLs(q) (¢ = 6,11,16,21 (mod 5)), PSUs(q) (¢ = 4,9,14,19 (mod 5)),
001.
By elimination, none of the Fg; for p > 7 is the fusion system of a finite group. OJ

In fact, in the above situation, if F is any saturated fusion system over S such that
A is F-radical but not normal in F, then F is isomorphic to a fusion system F’ over
S which has index prime to p in one of the fusion systems Fg or Fg. To see this, set
I' = Autz(A) < GLs(p) for short, and let I be the image of I' N SL3(p) in PSLs(p).
If I has a nontrivial normal subgroup of order prime to p, then either the action on A
is decomposable (which is impossible since the action of Autg(A) is indecomposable),
or A splits as a sum of three subspaces which are permuted by I'. The latter case
implies that I' < C,_; ¢ X3, and thus is possible only if p = 3 and I' < Cy 1 X3 = Q.
Otherwise, if IV has no nontrivial normal subgroups of prime power order, then by
[Bl, Theorem 1.1], IV must be isomorphic to PSLs(p) or PGLy(p); and conjugate
to the indecomposable representation of these groups described in [Bl, Lemma 6.3].
Hence up to conjugacy, I' N SL3(p) contains 2y as a normal subgroup, and hence that

I < Now(PSLa(p)) = .

In particular, every proper subgroup P < S not contained in A is either F-conjugate
to @ or R; or else p = 3 and P is cyclic or extraspecial of exponent 9 (in which case
P cannot be F-radical). Hence since A is not normal in F, one of the subgroups @ or

R must be F-radical. If P =@ or R is F-radical, then Outz(P) < Out(P) = GLy(p)
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contains at least two subgroups of order p; any two such subgroups generate SLsy(p);
and thus Outz(P) > SLs(p).

When p > 5, there are also saturated fusion systems over S where A is not radical,
but is not normal either. Fix any subset I C {0,...,p — 1} with |I| > 2, and choose
P; = (a,b,c'x) or {a, c'z) for each i € I. Let F be the fusion system over S generated by
Outz, (S) = (nu,wu) = C7_; (where 1, and w, are defined as above), and Outy, (P;) =
Out(P;) for all ¢ € I. (This depends not just on I but also on the choice of the P;.)
These are saturated fusion systems by Proposition 5.1, and have no proper strongly
closed subgroups. So by the list of simple groups with Sylow subgroup S given above,
these systems are all exotic.

We look more closely only at the case where |I| = 1 and P, = R. In this case, there
is a proper strongly closed subgroup.

Example 5.6. Fiz an odd prime p, and let S be the group of order p* defined above.
Foru=1,...,p—1, let w,,n, € Aut(S) be the automorphisms

wula) =a",  wyu(b) =0, wu(c)=c" wy(x)=uz;

nu<a> =a, nu<b> = bua—(u—l)/2’ TIu(C) = CUQa nu<x> = '/

Set
r=A{wmp|u,v=1,...,p—1} and o ={wupu|lu=1,....,p—1}.

Set R = (z,a) = C;%f a subgroup invariant under each w; and n;. Then the fusion
systems

F = (Fs(SxT); GL(R)) and Fo = (Fs(SxTlo); SL(R))

are both saturated, and neither is the fusion system of a finite group.

Proof. The fusion systems F and Fy are saturated by Proposition 5.1, applied with
G = SxI or SxIy, respectively.

If P # 1 is strongly closed in F or Fy, then P > (a) = Z(S) (since any nontrivial
normal subgroup intersects nontrivially with the center), hence P > R, and hence
P > @Q = (a,b, x) since bz is S-conjugate to . Thus P = @ or S. Hence by Lemma
5.2, if F or JFy is the fusion system of a finite group G, then we can assume that there
is a normal simple subgroup L <1 G such that C(L) =1 (so G/L < Out(L)), and such
that L>Sor LNS=Q. If LNS = (@, then p“G/Lm Out(L)|, and this is impossible
by Lemma 5.4. Thus S € Syl (L).

In the proof of Example 5.5, we listed all simple groups L with Sylow p-subgroup
isomorphic to S for some odd p. In all cases, the (unique) abelian subgroup of index p

in S is radical in L, and thus Fg(L) is not contained in F. O
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