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The theory of p-local compact groups, developed in [BLO3], is designed to give a unified
framework in which to study the p-local homotopy theory of classifying spaces of compact
Lie groups and p-compact groups, as well as some other families of a similar nature. It also
includes, and in many aspects generalizes, the earlier theory of p-local finite groups.

Compact Lie groups, and the p-compact groups of Dwyer and Wilkerson [DW|, are ex-
amples of loop spaces which are finite CW complexes, at least homologically. In this paper,
we show that in fact, every homologically finite loop space X gives rise to a p-local compact
group, and thus enjoys all of the important properties shared by these spaces (see [BLO3]
for details).

The key idea is very simple. If X is a finite loop space, then its group of components
is finite, and its identity component is a connected finite loop space. As such, after p-
completion in the sense of Bousfield and Kan [BK], the identity component is a p-compact
group. This leads us to investigate a much more general question: whether a space B with
a finite regular covering £ — B, such that FE is the classifying space of a p-local compact
group, is itself the classifying space of a p-local compact group.

Before stating our main theorem, we briefly describe the objects of study. Let Z/p™
denote the union of all Z/p™ under the obvious inclusions. A discrete p-toral group is a
group S containing a normal subgroup of the form (Z/p>)" (r > 0) with p-power index. A
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(saturated) fusion system over S is a category whose objects are the subgroups of S, and
whose morphisms are monomorphisms of groups which are required to satisfy certain axioms.
We refer the reader to Section 1 (especially Definition 1.4 and Corollary 1.8) for details.

Given a saturated fusion system F over S, a centric linking system associated to F is a
category £ whose objects are those subgroups of S which are F-centric (Definition 1.5), and
whose morphism sets are, in an appropriate sense, extensions of the corresponding morphism
sets between the same objects in F. This extra structure allows us to associate a “classifying
space” to the fusion system in question. Thus a p-local compact group is a triple (S, F, L),
where S is a discrete p-toral group, F is a saturated fusion system over S, and L is a centric
linking system associated to JF. The classifying space of a p-local compact group is the
p-completion of the geometric realisation of its linking system.

Our main theorem is the following.

Theorem A. Assume that f: X —— Y is a finite reqular covering space with covering
group G, where X is the classifying space of a p-local compact group (Si, Fs, Li). Then Y]/O\
is the classifying space of a p-local compact group (S, F,L).

Let p be a prime. A space Y is p-good if its p-completion Y7 is p-complete [BK]. A
space Y is F-finite if H,(Y,F,) is a finite dimensional [F,-vector space. In [DW], Dwyer and
Wilkerson define a p-compact group to be an IF,-finite loop space X whose classifying space
BX is p-complete. In [BLO3|, we show that every p-compact group X gives rise to a p-local
compact group (S, F, L) whose classifying space has the homotopy type of BX.

Theorem B. Let X be any path connected space. Then for each prime p such that QX s
F,-finite, the space X;)\ has the homotopy type of the classifying space of a p-local compact
group. In particular, this holds for each prime p if QX has the homotopy type of a finite
complex.

Proof. Fix a prime p such that QX is F,-finite. In particular, Hy(2X,F,) is finite, so m (X)

is a finite group, and hence X is p-good by [BK, § VIL.5]. Set m = m(X), let X be the
universal cover of X, and consider the following fibration:

X = X — Br.

Then QX is a connected component of QX and hence is also F,-finite. Applying fibrewise
p-completion, we obtain a fibration

XN — X — Br,
where X 7 is p-complete and 0X 7 is [Fp-finite. Thus X o is the classifying space of a p-
compact group. By [BLO3, Theorem 10.7|, X Q is the classifying space of a p-local compact
group. So by Theorem A, X 7 =~ X7 is the classifying space of a p-local compact group.

In particular, if X is a path connected space such that 2X has the homotopy type of a
finite CW complex, then this holds for X at all primes. OJ

The paper is organized as follows. We start in Section 1 with the basic definitions and
general background on p-local compact groups. In Sections 2—4, certain constructions and
results which are already known for p-local finite groups are generalized to the p-local com-
pact case. In Section 5, we describe how to construct extensions of p-local compact groups
algebraically, and in Section 6, we study a category Auty,,(L£) which allows us to translate
those results to a topological setting. Finally, in Section 7, we prove Theorem A. We end
the paper with an appendix where we collect necessary results on transporter systems over
discrete p-toral groups.
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Notation: When G and H are groups, H < GG always means that H is a proper subgroup
of G. Whenever F': C —— D is a functor and ¢, ¢ € Ob(C), we write F, ~ for the restriction
of F to Mor¢(c, ), and write F, = F, .

The authors wish to acknowledge support from the Universitat Autonoma de Barcelona,
the Institute of Mathematics in Aberdeen and the University of Copenhagen for allowing the
authors to meet and providing support at various times while this project was developing.

1. BACKGROUND ON FUSION AND LINKING SYSTEMS OVER DISCRETE p-TORAL GROUPS

In this section, we collect the definitions and some basic facts on p-local compact groups
which will be useful throughout the paper. We refer to [BLO3| for more details on many of
the results described here.

Definition 1.1. A discrete p-torus is a group which is isomorphic to (Z/p™>)" for some
finite n. A discrete p-toral group is a group P with a normal subgroup Py < P such that
Py is a discrete p-torus and P/Py is a finite p-group. The subgroup Py will be called the

identity component of P, and P will be called connected if P = P,. Set mo(P) = P/F,

and set tk(P) = n (the rank of P) if Py = (Z/p>)". The order of P is the pair |P] &f

(tk(P), |mo(P)|), regarded as an element of N? ordered lexicographically.

Let Gub(.S) be the set of all subgroups of a (discrete p-toral) group S. For any group G
and any H, K < G, Homg(H, K) C Hom(H, K') denotes the set of homomorphisms induced
by conjugation in G.

Definition 1.2. A fusion system F owver a discrete p-toral group S is a category with
Ob(F) = Gub(S), whose morphism sets Homz(P, Q) satisfy the following conditions:

(a) Homg(P,Q) C Homz(P,Q) C Inj(P, Q) for all P,Q € Gub(S).

(b) Ewvery morphism in F factors as an isomorphism in F followed by an inclusion.

With motivation from group theory, we make the following definition.

Definition 1.3. Let F be a fusion system over a discrete p-toral group S. Two subgroups
P,Q € &ub(S) are F-conjugate if they are isomorphic as objects of the category F. Let P7
denote the set of all subgroups of S which are F-conjugate to P.

We are now ready to recall the definition of saturation of a fusion system.

Definition 1.4. Let F be a fusion system over a discrete p-toral group S.
o A subgroup P < S is fully centralized in F if |Cs(P)| > |Cs(Q)] for all Q € P*.
o A subgroup P < S is fully normalized in F if |[Ns(P)| > |Ns(Q)| for all Q € P”.

e F is a saturated fusion system if the following three conditions hold:
(I) For each P < S which is fully normalized in F, P is fully centralized in F,
Outz(P) is finite, and Outg(P) € Syl (Outx(P)).

(IT) If P < S and ¢ € Homz (P, S) are such that o(P) is fully centralized, and if we
set

Ny ={g € Ns(P)[ %, € Auts(p(P))},
then there is o € Homz(N,, S) such that o|p = .
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(IIT) If P, < Py < Py < --- is an increasing sequence of subgroups of S, with
P =, Py, and if ¢ € Hom(Px, S) is any homomorphism such that ¢|p, €
Homgz(P,, S) for all n, then ¢ € Homz(Px, S).

We next define certain classes of subgroups which play an important role in generating
the morphisms in a fusion system.

Definition 1.5. Let F be a fusion system over a discrete p-toral group S. A subgroup

P € Gub(9) is F-centric if Cs(Q) = Z(Q) for all Q € P7. A subgroup P € Sub(S) is

F-radical if Outz(P) &of Autz(P)/Inn(P) is p-reduced; i.e., contains no nontrivial normal

p-subgroup. Let F¢ denote the full subcategory of F whose objects are the F-centric subgroups
of S.

In this paper it will be convenient to also use a different but equivalent definition of
saturation, based on that due to Roberts and Shpectorov [RS] in the finite case. We recall
their definitions.

Definition 1.6. Let F be a fusion system over a p-group S.
o A subgroup P < S is fully automized in F if the index of Autg(P) in Autxz(P) is finite
and prime to p.

o A subgroup P < S is receptive in F if it has the following property: for each Q) < S and
each ¢ € Isor(Q, P), if we set N, = {g € Ns(Q) | %, € Autg(P)}, then there is
@ € Homp(N,, S) such that ¢|p = .

In this terminology, axioms (I) and (II) in Definition 1.4 say that each fully normalized
subgroup is fully centralized and fully automized, and each fully centralized subgroup is
receptive.

By definition, if P is fully automized in F, then Autz(P) is an extension of a discrete
p-torus by a finite group. Hence it does contain maximal discrete p-toral subgroups, unique
up to conjugation, which we regard as its Sylow p-subgroups. As usual, we let Syl (Autz(P))
denote the set of its Sylow p-subgroups.

The next lemma describes the relation between these concepts and those already defined.
Lemma 1.7. The following hold for any fusion system F over a discrete p-toral group S.
(a) Ewvery receptive subgroup of S is fully centralized.

(b) If P < S is fully automized and receptive in F, then it is fully normalized.

(¢) If P < S is fully automized and receptive in F, and Q € P”, then there is a morphism
¢ € Homz(Ng(Q), Ns(P)) such that p(Q) = P.

Proof. The proofs are identical to those given in [RS| and [AKO, Lemma 1.2.6] in the finite
case. A generalization of these statements will be proven in Lemma 2.2 below. OJ

The following is an immediate consequence of Lemma 1.7.

Corollary 1.8. A fusion system F over a discrete p-toral group S is saturated if and only
of
e cach subgroup of S is F-conjugate to one which is fully automized and receptive in F;
and

e aziom (III) holds for F: if P, < Py < --- are subgroups of S, P = |J;o, P, and
¢ € Hom(P,S) is such that o|p, € Homz(P;, S) for each i, then ¢ € Homg (P, S).
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When G is a finite group and H is a set of subgroups of G, T (G) denotes the H-transporter
category for G: Ob(Ty(G)) = H, and for H, K € H,
Morz, ) (H,K)={g9€ G|*H < K}.
Definition 1.9. Let F be a fusion system over a discrete p-toral group S. Let H be a set of
subgroups of S which is closed under F-conjugacy and overgroups, and includes all subgroups

which are F-centric and F-radical. An H-linking system associated to F is a category L
with object set H, together with a pair of functors

Tu(S) —2—r—" 4 F,

such that each object is isomorphic (in L) to one which is fully centralized in F, and such
that the following conditions are satisfied:

(A) The functor ¢ is the identity on objects, and 7 is the inclusion on objects. For each
P,Q € H such that P is fully centralized in F, Cs(P) acts freely on Mors(P, Q) via
dp and right composition, and wpg induces a bijection

Mor, (P, Q)/Cs(P) ———— Homz(P,Q) .

(B) For each P,Q € H and each g € Ng(P,Q), mpg sends dpg(g) € Morg(P,Q) to

¢y € Homz(P, Q).

(C) Forally € Morg(P,Q) and all g € P, ¢ o dp(g) = do(m(¥)(g)) o .

A centric linking system is an Ob(F€)-linking system; i.e., a linking system whose objects
are the F-centric subgroups of S.

When P < @, we set tpg = 0pg(l). The morphisms tp( are regarded as the inclusions
in L.

Definition 1.10. A linking triple is a triple of the form (S,F,L), where S is a discrete
p-toral group, F is a saturated fusion system over S, and L is an H-linking system for some
family H. A p-local compact group is a linking triple where L is a centric linking system.

Definition 1.11. Let F be a fusion system over a discrete p-toral group S, and let H C
Sub(S) be a family of subgroups. Then H is closed in Sub(S) if for each increasing sequence
Py < Py < Py <--- of subgroups in H, U=, Pi is also in H.

Let H C Sub(S) be a closed family. Then

(a) F is H-closed if for each sequence Py < Py < --- in H with P = J;2, P;, and each ho-
momorphism ¢ € Hom(P,S) such that ¢|p, € Homg(P;,S) for each i, ¢ € Homg (P, S).

(b) F is H-generated if every morphism in F is a composite of restrictions of morphisms
mn F between subgroups in H.

(c) F is H-saturated if it is H-closed and if every subgroup of H is F-conjugate to a subgroup
which is fully automized and receptive.
The following two results, both generalizations to discrete p-toral groups of well known
properties of p-groups, will be useful.
Lemma 1.12 (|[BLO3, Lemma 1.8]). If P < Q are discrete p-toral groups, then P < Ng(P).
Lemma 1.13. Let Q < P be discrete p-toral groups, where |P/Q| < co. Then the group
{o € Aut(P) | alg =1d, [a, P] < Q}

18 discrete p-toral.
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Proof. Let A denote this group of automorphisms. For each @ € A and each g € P,
a(g) = gx(g) for some x(g) € @ since [a, P] < Q, ¢; = ca(y) € Aut(Q) since a|g = Id,
and hence x(g) € Z(Q). Also, for a € Q, a(ga) = gx(g9)a = (ga)x(g) since a(a) = a and
la, x(9)] =1, so x(ga) = x(g). Thus « is determined by the map x: P/Q —— Z(Q). The
resulting injection A —— Map(P/Q, Z(Q)) is a homomorphism, and so A is discrete p-toral
since Map(P/Q, Z(Q)) = Z(Q)F/9l is. O

2. NORMALIZER FUSION SUBSYSTEMS

Let F be a fusion system over a discrete p-toral group S. For each ) < S and each
K < Aut(Q), define

AutB(Q) = K N Aut£(Q)
Auth (Q) = K N Autg(Q)
NE(Q)={2 € Ng(Q)|c, € K} (the K-normalizer of Q in S).

Definition 2.1. Let F be a fusion system over a discrete p-toral group S. Fix a subgroup
Q < S and a group of automorphisms K < Aut(Q).

e Q is fully K-automized in F if Aut§ (Q) € Syl,(Aut?(Q)).
e () is fully K-normalized in F if for each ¢ € Homz(Q, 5),

NG (Q)] = [Ng" (¢(Q))]
where K = {pap™' | € K } < Aut(p(Q)).
o NX(Q) C F is the fusion system over NE(Q) where for PR < NX(Q),

Homyg ) (P, R) = {¢ € Homz(P, R) | 3 € Homz(PQ, RQ)
with ¢|p = ¢, 9(Q) = @, and p|g € K}.

As special cases of the above definition, set Nx(Q) = N]‘éUt(Q)(Q) and Cr(Q) = Nj{rl}(Q):
the normalizer and centralizer fusion systems, respectively, of Q).

The next lemma is a generalization of results in [RS] to fusion systems over discrete p-toral
groups.

Lemma 2.2. Let F be a fusion system over a discrete p-toral group S, and let P be an
F-conjugacy class of subgroups of S. Assume either that F is saturated, or (more generally)
that P contains a subgroup which is fully automized and receptive in F. Then the following

hold for each P € P and each K < Aut(P).

(a) The subgroup P is fully centralized if and only if it is receptive.

(b) The subgroup P is fully K-normalized if and only if it is fully K-automized and receptive.
In this case, for each Q € P and each ¢ € Isox(Q, P), there are x € Aut’(P) and
7 € Homs(N"(Q)-Q, N (P)-P) such that o = x .

Proof. (a) For fusion systems over finite p-groups, this is shown in [RS, Propositions 3.7
& 4.6] and in [AKO, Lemma 1.2.6(c)]. Those proofs carry over unchanged to the discrete
p-toral case.
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(b) Assume P is fully K-automized and receptive in F. Fix Q € P and ¢ € Isox(Q, P).
Then “Auth " (Q) is a discrete p-toral subgroup of Aut’ (P), and since P is fully K -automized,
there is y € AutX(P) such that X*Auts " (Q) < Auth (P). Note that K¥ = KX since y € K.
Set 1) = x o . Then wAut?w (Q) < Auth (P), and since P is receptive, there is a morphism
¢ € Homz(NX"(Q)-Q, NE(P)-P) which extends ¢. In particular, [NE*(Q)| = |NE*(Q)| <
|INE(P)]. Since Q and ¢ were arbitrary, this proves that P is fully K-normalized in F.

Now assume P is fully K-normalized. Fix R € P and ¢ € Isoz(P, R) such that R is
fully automized and receptive in F. Fix T € Sylp(Aut;K (R)) such that T > “YAuth (P).
Since R is fully automized, there is @ € Autz(R) such that °T" < Autg(R). Set ¢ =
aot. Then YAuth (P) < °T < Autg(R), and since R is receptive, ¢ extends to o €
Homz(NE(P)-P, Ns(R)), where Im(p) < N5 (R).

Consider the following commutative diagram

1 —— Cg(P) —— NI (P) —— Auth (P) —— 1

| |-
1 —— Cg(R) — NK(R) — Autd* (R) —— 1

where the rows are exact and all vertical maps are monomorphisms. Since P is fully
K-normalized, p(NX(P)) = NSX(R), and hence p(Cs(P)) = Cs(R) and “Auth (P) =
Autd*(R). Thus P is receptive by (a) (and since R is receptive).

Now, T € Sylp(AuthK(R)) by assumption, so °T" € Syl (Aut (R)). Also, °T < Autg(R),
and hence °T" = Autg*(R). Thus Aut§ (P) € Syl,(Aut}(P)), so P is fully K-automized,
and this finishes the proof of (b). O

The main result in this section is that normalizer fusion subsystems over discrete p-toral
groups are saturated. The proof given here is modelled on that of [AKO, Theorem 1.5.5].

Theorem 2.3. Fiz a saturated fusion system F over a discrete p-toral group S. Assume
Q < S and K < Aut(Q) are such that Q is fully K-normalized in F. Then NE(Q) is a
saturated fusion system over NI (Q).

Proof. Set S; = NI(Q) and F, = NE(Q) for short. For each P < S, set
Kp={acAut(PQ)|a(P)=P, a(Q)=Q, a|g € K}.
We need to show the following statements.

(a) Each subgroup of S, is Fi-conjugate to a subgroup P such that PQ is fully Kp-
normalized in F.

(b) If P < S, and PQ is fully Kp-normalized in F, then P is fully automized in F,.
(c) If P < S, and PQ is fully Kp-normalized in F, then P is receptive in F,.
(d) Axiom (III) holds for NX(Q).

The theorem will then follow immediately from Corollary 1.8.

The proofs of (a), (b), and (c) are identical to the corresponding proofs in [AKO, Theorem
[.5.5] (which is stated for fusion systems over finite p-groups). It remains to prove (d).

Fix subgroups P, < P, < P3 < --- < S,, and set P = Ufil P;. Assume ¢ € Hom(P, S, )
is such that ¢; & ¢|p, € Hompg, (P, S) for each 1.
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For each i, set
X; = {v € Homz(P,Q,S) |¥|p, = @i, ¥(Q) =Q, Ylge K} # &,

and let X; be the image of X; in Repr(P,Q,S) (equivalently, the set of Cs(P;)-conjugacy
classes of morphisms in X;). Since Repr(FP,@,S) is finite by [BLO3, Lemma 2.5|, so is
X,;. There are natural restriction maps X; —— X,_1, and since the sets are finite and
nonempty, the inverse limit is nonempty. Fix an element (W}l])j; in the inverse limit.
Thus ¢; € Homz(PQ,S), ¥ilp, = @i, ¢ilg € K, and ¢y, , o ¥i|p,_,o = ti—1 for some
gi-1 € Cs(Pi_1).

Since S is artinian (cf. [BLO3, Proposition 1.2]), there is N such that Cs(P;) = Cg(P)
for each @ > N. For each i > N, set 9] = cgy o Cgp,y 0 0Cq_, 0. Then ¥f|p_, = i_;,
and ¢|p, = ¢;. Set ¢’ = |J;2, ¥}. Then ¢ € Homz(PQ, S) by axiom (III) for F, ¢'|p = ¢,
Yo = ¥nlg € K, and so ¢ € Hompg, (P, S). O

The following is one easy application of Theorem 2.3.

Lemma 2.4. Let F be a saturated fusion system over a discrete p-toral group S. Assume
Q < P < S, where Q is F-centric. Let ¢, € Homz(P,S) be such that ¢|q = ¢'|g. Then
there is x € Z(Q) such that ¢’ = @ oc,.

Proof. Since @ o ¢y = cy(q) o @ for each g € @Q, it suffices to show that ¢’ = ¢, o ¢ for some
y € Z(p(Q)). Upon replacing P by ¢'(P), Q by v(Q) = ¢'(Q), and ¢ by v o (¢')~", we can
assume that ¢’ = inclp and ¢|o = Idg. We must show that ¢ = ¢, for some = € Z(Q).

Set K = Autp(Q). Since @ is F-centric, it is fully centralized. Since Aut’®(Q) =
Auts (Q) = K, Q is fully K-automized, and hence fully K-normalized by Lemma 2.2(a,b).
Hence by Theorem 2.3, the normalizer subsystem N%(Q) over NX(Q) = P-Cs(Q) = P is
saturated. Also, since p|g = Id, Autyp)(Q) = Autp(Q) = K. Thus ¢(P) < NE¥(Q), and
© € Mor(NE(Q)). Set Fo = NE(Q) for short.

It thus suffices to prove that Fy = Fp(P). Assume otherwise: then by [BLO3, Theorem
3.6, there is R < P such that O,(Autx (R)) = 1, and in particular, such that Autz (R)
is not a p-group. By definition of Fj, we can assume that R > (). Hence there is Id #
a € Autg, (R) which has finite order prime to p. Since K is a discrete p-toral group and
alg € K, alg = Idg. Hence for g € R, g and a(g) have the same conjugation action on
Q, and g 'a(g) € Cr(Q) < Q. Thus « induces the identity on R/Q, so by [BLO3, Lemma
1.7(a)], each a-orbit in R has p-power order. This contradicts the assumption that o # Id
has order prime to p, so Fy = Fp(P), and this finishes the proof. O

We will need the following application of Lemma 2.4.

Lemma 2.5. Let F be a saturated fusion system over a discrete p-toral group S. Then for
each P < S, the set of S-conjugacy classes of fully normalized subgroups F-conjugate to P
is finite of order prime to p.

Proof. Since the conclusion depends only on the F-conjugacy class of P, we can assume that
P is fully normalized.

Let Rep (P, S)t. € Repx(P,S) be the subset consisting of all classes of homomorphisms
whose image is fully centralized. Recall that Rep (P, S) is finite by [BLO3, Lemma 2.5].

Step 1: Assume first that P is F-centric. We first prove that Rep (P, S)s. = Repz(P, S)
has order prime to p in this case.
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Recall from [BLO3, §3| that there is a functor (P — P*®) from F to itself, with the
properties that P* > P for each P < S, (P*)®* = P*, and the image F* of the functor
contains finitely many S-conjugacy classes. (We will be studying this functor in more detail
in the next section.)

Let P = P < P < P, < ... < P, = 8 be such that P, = Ng(P,_;)® for each 7.
The sequence is finite since there are only finitely many conjugacy classes in F* (and since
Ng(P;) > P; whenever P; < S by Lemma 1.12). Fix 0 < i < m, and consider the restriction
map

Res: Rep]—'(NS(Pi)’ S) - Rep]—'(PUS)

This is injective by Lemma 2.4, and Outg(F;) = Ng(P;)/P; # 1 is a finite p-group by [BLO3,
Proposition 1.5(c)]. Let Q/P; be the stabilizer subgroup of [p] € Repx(F;,S) under the
action of Ng(F;)/P;; then ¢ extends to an F-morphism on @ by axiom (II) in Definition
1.4. Thus Im(Res) is the fixed subset for the Ng(P;)/P;-action, and hence |Repr(P;, S)| =
[Repz(Ns(£3), S)| (mod p).

By [BLO3, Proposition 3.3|, each ¢y € Homz(Ng(F;),S) extends to a unique morphism
¥* € Homz(Ng(F;)*,S). Thus restriction defines a bijection from Homz(Ng(P;)®,S) to
Homxz(Ng(F;),S), and hence (after dividing out by the conjugation action of S) from
Repr(Ns(F;)*,S) to Repr(Ns(F;),S). In other words, [Repz(F;,S)| = [Repz(Fit1,5)|
(mod p). Thus

[Repz(P, 9)| = [Repx(Fo, S)| = [Repz (B, 5)| = [Outz(S)];
where |Outz(5)| is prime to p by axiom (I) in Definition 1.4.

Step 2: Now assume P < S is not F-centric; we claim that |Rep (P, S)¢| is prime to p.
Set

I'={y € Autz(PCs(P)) | 7|p = 1dp} and T = Auteyp)(PCs(P)) QT

Then I' = Autc,.(p)(Cs(P)) and T = Inn(Cs(P)) via restriction to Cs(P), so T' € Syl,(I").

Now I'/T < Outz(PCs(P)) acts on Repr(PCs(P),S) by right composition. If ¢ €
Homz(PCgs(P),S) and v € I' are such that [p] = [p o] in Repr(PCs(P),S5), then
there is ¢ € S such that ¢ = ¢, 09007, s0 p = @ or?" for some n, hence || is a
power of p, and v € T. Thus the I'/T-action on Repr(PCgs(P),S) is free. The restric-
tion map from Repr(PCs(P),S) to Repr(P,S) is surjective by axiom (II), and the in-
verse image of any [¢)] € Repz(P,S)s is one of the I'/T-orbits. Thus |Repz(P,S)w| =
|Reps(PCs(P),S)|/|T/T|. Since [Repx(PCs(P),S)] is prime to p by Step 1, [Repz(P, S)x|
is also prime to p.

Step 3: We are now ready to prove the lemma. Let Pi. be the set of S-conjugacy classes
of subgroups fully centralized in F and F-conjugate to P, and let Py, C Pi. be the subset
of classes of fully normalized subgroups. Let p: Repz(P, S)f. — Pi. be the map which
sends the class of ¢ to the class of ¢(P).

Let N||Out;(P)| be the largest divisor prime to p. For each Q € P” such that [Q] €
Pee, [p71([Q))] = [Autz(Q)|/|Auts(Q)]. Thus p||p~'(Q)| if @ is not fully normalized, and
lpH Q)] = N if Q is fully normalized. So |p™'(Pp)| = |Repx(P, S)t| (mod p), hence is
prime to p by Steps 1 and 2; and thus |Pg| = |p~'(Pr)|/N is also prime to p. O
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3. THE “BULLET" CONSTRUCTION

The bullet construction plays an important role in the theory of p-local compact groups,
and is studied at length in [BLO3, Sec. 3|. However, in that paper, we always assumed that
the ambient fusion system is saturated. In this one, we will need some of these properties to
prove saturation in certain situations, and hence must know them in a more general setting.
We start by recalling the definition.

Definition 3.1. Fiz a discrete p-toral group S, set T = Sy, and let W < Aut(T) be a
subgroup which contains Autg(T'). Let m > 0 be such that exp(S/T) = p™.

def

o Foreach A<T, set I(A) =Cr(Cw(A) ={teT|w(t) =t Ywe Cy(A)} > A.
e For each P < S, set P™l = (¢?" | g € P), and set P* = P-1(P™),.
o Let P,Q < S and ¢ € Inj(P, Q) be such that ¢|pwm = w|pw for some w € W. Then

@*: P* —— Q°* denotes the unique map of sets, if it exists, such that ©*(gh) =
p(g)w(h) for each g € P and h € I(P™),.

Note that the definition of P* for P < S depends only on S and on the choice of a
subgroup W < Aut(Sp). For any fusion system JF over S, we associate to F the construction

(P P*) with W = Autx(S), and set F* ={P*|P < S}.

We will show later that under certain additional conditions, the map *® is defined and a
homomorphism for each morphism .

Lemma 3.2. Let F be a fusion system over a discrete p-toral group S. Then
(a) P <Q<S implies P* < Q°, and

(b) P < S implies (P*)* = P* and Ng(P) < Ng(P*).

The following also hold if Autx(Sy) is finite.

(c) The set F* contains finitely many S-conjugacy classes.

(d) Assume Py < Py < --- are subgroups of S, and P =J;°, P;. Then there is N > 0 such
that P;* = P* for each i > N.

Proof. By definition, the function P — P* depends only on Autz(Sy) (and on S). Hence
(a), (b), and (c) hold by exactly the same arguments as those used to prove them in [BLO3,
Lemma 3.2]. The only exception is the last statement in (b) (not shown in [BLO3]), which
follows since for ¢ € Ng(P), g € Ng(P™)), and hence g € Ng(I(PI")). Note that the
assumption |[Autz(Sy)| < oo is needed to prove (c).

In the situation of (d), we have Pi* < P* < --- by (a), and this sequence contains only
finitely many subgroups by (c). Thus there are N > 0 and ) < S such that P;* = @ for each
i > N. In particular, P = J;°, P, < @, so P* < Q* =@ by (a) and (b). Since P;* < P* for
each 7 by (a) again, this shows that P* = @ = P;* for i > N. O

While we do not assume here that fusion systems are saturated, we will, in most cases,
assume the following condition on a fusion system F:
for each P < Sy and each ¢ € Homxz(P, Sy), ¢ = w|p for some w € Autz(Sp). (%)
By [BLO3, Lemma 2.4(b)|, (*) always holds if F is saturated.

Lemma 3.3. Let F be a fusion system over a discrete p-toral group S such that F satisfies
(*). Then for each P < S and each ¢ € Homz(P*,S), p(P*) = ¢(P)* € F*. In particular,
F* s invariant under F-conjugacy.
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Proof. Let m be such that p™ = exp(S/Sy), and set W = Autx(Sp). Set Q@ = o(P). We
must show that p(P*) = Q°.

Set R = P*NSyNe*(Sy). Thus R is the largest subgroup of P* such that R and ¢(R)
are both contained in Sy. By (%), there is w € Aut#(Sy) such that ¢|z = w|g. In particular,
w(P™) = QM so wCy (PMw™ = COw(Q™), and w sends I(P™) = Cp(Cw (P™))
isomorphically to I(QI™]). Also, ( (PIm)y) < S since it is connected, so I(P™), < R and
P(I(PP™)o) = w(I(PI)y) = I(QF)y. So p(P*) = Q. .

Throughout the rest of the section, we need to consider the following condition on a fusion
system F over a discrete p-toral group S:

for each P < S and each ¢ € Homz(P, Sp),

I _ (k%)
there exists ¢ € Homz(P-Cg(P)o, So) such that ¢|p = ¢

As will be seen in the next lemma, this is a stronger version of (%).

Lemma 3.4. Fix a fusion system F over a discrete p-toral group S which satisfies (%%).
Then the following hold.

(a) The fusion system F satisfies condition (*).

(b) For each P,R < Sy such that P < R < P-I1(P)y, each w € W, and each ¢ €
Homxz(R, S) such that ¥|p = w|p, Y(R) < Sy and ¢ = w|g.

(¢) For each P,Q < S and each ¢ € Homz(P,Q), ¢* is defined and ¢* € Hom(P*,Q"*).

(d) Assume P < @ < P*, ¢ € Homz(P,S), and ¢ € Homz(Q, S) are such that ¢ = @|p.
Then p = ¢*|g.

Proof. Set W = Autz(Sy). Let m be such that p™ = exp(S/Sp).

(a) For each P < Sy and ¢ € Homz (P, Sy), ¢ extends to w € Autz(Sy) by (xx*).

(b) Let P < Sy, P< R < P-I(P)y, we W, and ¢ € Homz(R, S) be as above. Set P,
Y(P) = w(P) and R, = ¢(R). Then P, < R, are abelian, so each element of Autg, (Sy) <
acts via the identity on P, and hence via the identity on I (P.). In other words, [I(P.), R
1. By (*%), ¥~ € Isor(R,, R) extends to a morphism x € Homz(R,-I(P;)o, S(])

Now, x(P.) = P, and x|p, = Ve = w lfP*- Also, Xx|p.-1(p.)o = u|p..1(P.), for some
u e W by (a), ulp, = w'|p,, and hence u|rp,) = w™'|;p,) by definition of I(—). Thus
Xlpo1pyo = W porp),, and so x(PoI(P.)o) = P-I(P)y > R. Since x is injective and
X(R.) = R, this implies that R, < P,-I(P,)o < Sp and ¥ = (x|g.)™" = w|g.

(c) Fix a morphism ¢ € Homf(P @), and let w € W be such that ¢|pm = w|pm). Set
R = P™.(PNI(PM™)y). Then P™ < R < PM.1(PM)y, and (b) implies ¢|z = w|r. Hence
©*: P* —— @Q°* is well defined as a map of sets by the formula ¢*(gh) = ¢(g)w(h) for all
g € P and h € I(P™),.

To prove that * is a homomorphism, it remains to show that w(ghg™t) = w(g)w(h)p(g)™"
for all g € P and h € I(P™)y. Set u = ¢ (g) owoc, € W; we must show that ul;pimy), =
w|I(P[m])0. But ulp[m] = w|P[m] since (,0|p[ = w|P[m], and so u|I(P[m]) = w|I(P[m]) by definition
of I(—).

(d) Fix P,@Q < Ssuch that P < @Q < P*. Assume ¢ € Homz(P, S) and p € Homz(Q, S)
are such that ¢ = @|p. Set R = P"™ and Q' = Q N R-I(R)o. By definition, ©*|r.1(r),
w|p.1(R), for any w € W such that p|gr = w|z. By (b), ¢|lor = w|gr = ¢*|¢. Since

Q=QNP =Qn(PI(R)) =P(QNRI(R)y) = PQ

I %n

]
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and @|p = ¢, this proves that ¢ = ¢*|g. O

Lemma 3.4(c) allows us to extend each ¢ € Homgz(P,Q) to a homomorphism ¢* €
Hom(P*,@°*). In the next lemma, we add some more hypotheses, enough to ensure that
©* € Mor(F).

Lemma 3.5. Fiz a fusion system F over a discrete p-toral group S. Let H be a family of
subgroups of S invariant under F-conjugacy. Assume the following:
(1) Autz(So) is finite.
(i) F satisfies (x%).
(ili) ForallPeH and P<Q < P*, Q € H.
(iv) F is H-generated and H-saturated.
Then the following hold.
(a) For each ¢ € Mor(F), ¢* € Mor(F).

(b) If, in addition, H D H is also invariant under F-conjugacy, and is such that P € H
implies P* € H, then F is H-saturated.

Proof. (a) Fix ¢ € Homz(P,Q); we must show ¢* € Homzg(P*, Q). It suffices to do
this when ¢ is an isomorphism. Since JF is H-generated, ¢ is a composite of isomorphisms
which are restrictions of F-isomorphisms between subgroups in H. So it suffices to consider
the case where ¢ extends to ¢ € Isox(P,Q) for some P,Q € H. If p* € Mor(F), then
©* € Mor(F) since it is a restriction of ®. It thus suffices to prove (a) when P and @ are
in H.

By axiom (III), which holds by hypothesis for all subgroups in H, there is a subgroup
P’ < P* containing P which is maximal among subgroups of P*® satisfying ¢’ o ©*|lp €
Homz(P',Q*). Assume P’ < P°® and set Q' = ¢'(P’).

Since P, € H, and since P < P’ < P*and Q < Q' < Q°, P',Q' € H by (iii). Since F
is H-saturated, there are R’ < S and ¢’ € Isoz(Q’, R') such that R’ is receptive in F. Set
R =1'(Q) and ¢ = 9’| € Isox(Q, R). By Lemma 3.4(d), ¢’ = ¢*|g/, and ¢'¢’ = (p)*|p.
We thus have isomorphisms of triples

A

(P. Z P/ 2 P) (‘p.v /790) (Q. 2 Q/ Z Q) (1/1'71:'71/1) (R. Z R/ Z R) )

Set P" = Npe(P') and Q" = Ng«(Q'). Since P* > P', P" > P’ and Q" > Q' by
Lemma 1.12. Also, Ny > Q" and Ny, > P” since there are (abstract) homomorphisms
which extend ¢’ to Q" and ¢¥'¢’ to P”. Hence ¢/ and ¢'¢’ extend to homomorphisms
Y" € Homz(Q",S) and x” € Homz(P",S), and ¢ = 9*|gr and x” = (¥¢)*|pr by Lemma
3.4(d) again. So ¥"(Q") = X"(P") = Ng«(R'), and ©*|pr = (¢0")"1y” is a morphism in F,
which contradicts the maximality of P’. We now conclude that P’ = P®, and hence that
©* € Isox(P*,Q°).

(b) We are assuming F is H-saturated, and want to show it is H-saturated. Fix P in H\H.
Thus P* € H by assumption. Choose R which is F-conjugate to P®, and receptive and fully
automized. Fix ¢ € Isox(P°®, R) and set @@ = ¢(P). By Lemma 3.4(d), ¢ = (¢|p)®, and so
Q*=R.

Set H = {a € Autz(Q°) | a(Q) = Q}. Since Q* = R is fully automized, Autgs(Q®) €
Syl,(Autz(Q*®)). Thus H acts by translation on Autz(Q*)/Auts(Q*®), a finite set of order

1%
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prime to p, and there is 8 € Autz(Q®) such that the coset 3~ 'Autg(Q®) is in an H-orbit
of order prime to p. In other words, the stabilizer subgroup 3 'Auts(Q®)8 N H has index
prime to p in H, and thus lies in Syl,(H).

By (a) (and the definition of H), restriction to @ sends 3H 37! surjectively onto Aut=(3(Q)).
Also, Auts(B(Q)) is the image of Autg(Q®) N BHB~! under this surjection, and hence is a
Sylow p-subgroup in Autz(8(Q)). Thus £(Q) is fully automized. (Note that 5(Q)® = Q°.)

For any R € PF = Q7 and any ¢ € Isox(R,Q), N, < Nye: if pcyo™t = ¢, € Autg(Q),
then ¢*c,0* ™t = ¢ € Autg(Q®) by Lemma 3.2(d). Hence @ and 3(Q) are both receptive
in F since Q* is. Thus the conjugacy class P7 contains a subgroup which is receptive and
fully automized.

Assume Py, = |J;2, P;, where {P,;} is an increasing sequence of subgroups in #H. Fix
¢ € Homz(Py, S) such that ¢|p, € Homz(P;,S) for each i. By Lemma 3.2(d), for ¢ large
enough, P;* = P2. By Lemma 3.4(d), ¢ is the restriction of (¢|p,)®, which is in F by (a).
So ¢ € Homz(Ps, S). O

4. CENTRIC AND RADICAL SUBGROUPS DETERMINE SATURATION
The main result in this section is Theorem 4.2, which gives sufficient conditions for a
fusion system over a discrete p-toral group to be saturated.
We will frequently refer to the conditions (*) and (*%*) of Section 3, which we recall here:
VP <S8y, V¢eHomg(P,S)), p =wl|p for some w € Autz(Sp). (%)
V P < S and ¢ € Homz(P,S)), 3 ¢ € Homzg(P-Cs(P)o, So) with ¢|p = ¢. (k)
By Lemma 3.4(a), condition (**) implies (*).
The following finiteness result will be needed.

Lemma 4.1. Let F be a fusion system over a discrete p-toral group S such that Autz(Sy) is
finite and (%) holds. Then for each P < S, there are only finitely many S-conjugacy classes
of subgroups of S which are F-conjugate to P.

Proof. By (%) and since |Autz(Sp)| < oo, Py’ is finite. By [BLO3, Lemma 1.4(a)], for each
R € Py, there are only finitely many Ng(R)/R-conjugacy classes of finite subgroups of
Ns(R)/R of any given order. (Compare [BLO3, Lemma 2.5|.) O

The main result in this section is the following theorem. We refer to Definition 1.11 for

the definitions of H-saturated and H-generated fusion systems.

Theorem 4.2. Fiz a fusion system F over a discrete p-toral group S such that Autz(Sy)
is finite and condition (**) holds. Let H be a family of subgroups of S which satisfies the
following:

(i) H is invariant under F-conjugacy.
(i) H is closed in Sub(S), and F is H-generated and H-saturated.
(iii) ForallPeH and P<Q < P*, Q € H.
) If P € F* is F-centric and P & H, then there is Q € P such that
Op(Outx(Q)) N Outs(Q) # 1.

(iv

Then F is saturated.
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Theorem 4.2 will be shown by following as closely as possible the proof of [BCGLOL,
Theorem 2.2]. The main difference is that since a discrete p-toral group can have infinitely
many subgroups, the induction arguments used in [BCGLO1]| cannot be used here. But the
beginning steps are mostly unchanged: they are based on the concept of proper P-pairs for
an F-conjugacy class P of subgroups of S.

Definition 4.3. Let F be a fusion system over a discrete p-toral group S, and let P be an
F-conjugacy class of subgroups of S.
e A proper P-pair is a pair of subgroups (Q, P) such that P < Q < Ng(P) and P € P.

e Two proper P-pairs (Q,P) and (Q', P') are F-conjugate if there is an isomorphism
¢ € Isor(Q,Q") such that p(P) = P'. We let (Q, P)” denote the set of proper
P-pairs which are F-conjugate to (Q, P).

o A proper P-pair (Q, P) is fully normalized if | Ny (p)(Q)| 2> |[Nngpy(Q')| for all (Q', P') €
Q. P)”.

Some basic properties of proper P-pairs are shown in the following lemma.

Lemma 4.4. Fiz a fusion system F over a discrete p-toral group S. Assume H C Sub(S5)
1s closed, and invariant under F-conjugacy. Assume also that F is H-generated and H-
saturated. Let P be an F-conjugacy class of subgroups of S, maximal among those not in

H.
(a) If (Q, P) is a fully normalized proper P-pair, then @ is receptive in F and

Autyy(p)(Q) € Sy1p<Auth(P)(Q))'
(b) For each proper P-pair (Q, P), and each (Q', P') € (Q, P)" which is fully normalized,

there s a morphism

¢ € Homz(Nyy(p)(Q), Ns(P'))
such that o(P) = P’ and ¢(Q) = Q.

(c) Assume that Autz(Sy) is finite, condition (>l<>l<) holds, and P € H, P < Q < P*® imply
Q € H. Then for each P, P e P such that P is Jully normalized in F, there is a
morphism ¢ € Homz(Ng(P), NS(P)) such that (P) = p.

Proof. (a) For each proper P-pair (Q, P), define

Kp = {p € Aut(Q) | ¢(P) = P} < Aut(Q).
Notice that

Autg"(Q) = Auts(Q) N Kp = Autyy(p)(Q) (1)
Auté_-(P(Q) = Aut;(Q) N KP = Auth(p)(Q)
NE?(Q) = Nug(p)(Q) .- (2)

Assume the pair (Q, P) is fully normalized. Fix Q' € Q7 and o € Isox(Q,Q’), and set
P’ = a(P). Then (@', P') € (Q, P)”, and
Kp=Kp & {p € Aut(Q) | o(P') = P'}.
Hence by (2),

INSF(Q) = INng(r)(@Q)] = | Nng(ry(@)] = INg ™ (@) = ING" (@),
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and so @ is fully Kp-normalized in F. By Lemma 2.2(b) (and since Q € H and F is
H-saturated), @ is receptive and fully Kp-automized in F. So by (1),

Autyg(p)(Q) € Syl (Autn,(p) (Q))-

(b) Let (Q, P), and (Q', P'") € (Q, P)”, be proper P-pairs such that (Q', P') is fully normal-
ized. Let Kp < Aut(Q) and Kpr < Aut(Q') be as in (a). Since (@', P’') is fully normalized,
@’ is receptive and fully Kp-automized by (a).

Choose some ¢ € Isor(Q, Q') such that )(P) = P’. By Lemma 2.2(b), there are x €
Auth? (@) and ¢ € Homz(NE?(Q), NS7(Q') such that g = x o 1. Then o(P) =
X(P') = P, o(Q) = @', and N§™(Q) = Ny(p)(Q) and Ng™(Q') = Nyy(p (@) by (2),

(c) Fix subgroups P,]3 € P such that P is fully normalized in F. We will construct a

morphism in F from Ng(P) to Ng(P) which sends P to P. In particular, P will be fully
centralized in F, since its centralizer contains an injective image of the centralizer of any
other subgroup in P.

Let T be the set of all sequences

f:(P = P, Qo, po; P1, Q1,015 - -5 Pi1, Qr—1, -1 Pr = ﬁ) (3)

such that for each 0 <i <k —1, (Q;, P;) is a proper P-pair, ¢; € Homz(Q;, Ns(Pi11)), and
0i(P;) = Piyq. Let T C T be the subset of those sequences in which each ; is maximal, in
the sense that it cannot be extended in F to a subgroup of Ng(P;) which properly contains
Qi. We give T the partial ordering by inclusion (of sequences of the same length with the
same P;’s); then 7 is the set of maximal elements in 7. Since F is H-saturated, axiom (II1)
ensures that cach element of 7 is contained in an element of 7.

We first check that 7 # @. Choose any ¢ € Isoz(P, ﬁ) Since F is H-generated, there are
subgroups P; < R; € H for/Q < i < k, and morphisms ¢; € Homz(R;, R;11) for i < k —1,
such that Py = P, P, = P, ¢:i(P;)) = Piy1, and ¢ = ¢p_1|p,_, o -+ o ¢1|p, o ¢o|p,.- For
each i, let P11 = ¢;(FP;). Then Ng,(P;) > P; by Lemma 1.12 (and since R; > P;). Set
Qi = Ng,(F;) and ¢; = ¢;|Q;. Then (Q;, P;) is a proper P-pair, ¢; € Homz(Q;, Ns(Pit1)),
and (Py, Qo, vo; P1,Q1,01;...;P:) € T. Thus T #+ @, and T # & since each element is
contained in a maximal element.

Lemma 3.5(a) applies in this situation by the extra hypotheses which were assumed. Hence
for any £ € T as in (3), ¢; extends to ¢! € Homz(Q;*, Ns(P;41)®) for each i, and therefore
to Q;* N Ng(P;). The maximality of ¢; implies that

Qi = Qi* N Ng(). (4)
The same argument applied to ¢; ' shows that
0i(Qi) = i(Q:)* N N (Piy1). (5)

Let 7, C T be the subset of those £ for which there is no 1 <4 < k — 1 such that Q; =

Ns(P) = pi—1(Qi—1). Let T BRIIN T, be the “reduction” map, which for every 1 <i <k —1
such that Q; = Ns(P;) = ¢;—1(Q;_1), removes from the sequence the triple (P;, Q;, ;), and
replaces ¢; 1 by the composite p; o ;1. Since T # &, the existence of the reduction map
R shows that T, # @.

For each & € T, define
I(§> - {Z =0,...,k—1 | Qi < NS(Pi) and %‘(Qz‘) < NS(PZ‘-H)}-
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If¢£eT and I(§) # @, define

A(E) = fé}i%{ Q| } > (0,p).

Since Autz(Sp) is assumed to be finite, F* has finitely many F-conjugacy classes by Lemma
3.2(c), so there are only a finite number of values that \(£) can take.

Assume there is a sequence ¢ € T, as in (3) such that I(§) = @. For each 0 < i < k,
if Qi < Ns(P;), then ¢;(Q;) = Ng(Piy1) since i ¢ I(§), and hence Qi1 < Ng(FPipa) if
i+1 < k—1since ¢ is reduced. Thus |Ng(B5)| > |Q;| = |Ns(Pi1)| > -+ > |Ng(Fy)| in this
case, which contradicts the assumption that P, = Pis fully normalized. Hence @Q; = Ng(P;)
for each i < k, and @j_q o - - - o g lies in Homz(Ng(P), Ng(P)) and sends P to P,

It remains to show that there exists £ € 7 such that I(¢) = 2. To see this, fix { € 7; as in

~

(3) such that 1(§) # @. We will construct £ € 7, such that either I(§) = @ or A\(&) > A(§).
Since A(§) can only take finitely many values, this will prove our claim.

Fixi € I(£), set Riy1 = ¢;(Q;), and choose a fully normalized proper P-pair (U;, V;) which
is F-conjugate to (Q;, P;) (hence also to (Ri+1, Piy1)). By (b), there are morphisms

i € HomF(NNS(Pi)(Qi)vNS(‘/;))y and 0; € HOHlf(NNS(P,-H)(RiH), NS(Vz‘))
such that ¢Z(R) = QZ(P’L-f—l) = ‘/; and 1/12(@1) = QZ(RH—I) = UZ UpOH replacing (R, QZ, gOl) by
(Pi, Nng(p)(Qi), i Vi,Qi(NNS(Pm)(RiH)),Qi_l) ;

we get a new sequence & € T. Upon applying axiom (III) again, we get a sequence & € T
where (P;, Q;, ¢;) has been replaced by

(-Pi7 @i? {/;7,7 ‘/;7 Ei-‘rl? gi_l)

for some maximal extensions QZZ of 1; and 0; of 0;. Also, Q; < Ng(P;) and R; 1 < Ng(Piy1)
since i € I(£), so

Qi > Nngp)(Qi) > Q; and §i+1 > Nyg(pyr)(Riv1) > Riy1,
and Q;* > Q;* and Riy1® > Ri11* by (4) and (5). In particular, |Q;*| > A(¢) and |Ri1®| >
A(E)-

Upon repeating this procedure for all i € I(£), we obtain a new element &' € T such that
cither I(£') = @ or M¢') > A(€). Set € = R(¢') € T. Then cither I(£) = @ or A(€) > A(€).
Since the function A\ can only take a finite number of possible values, it follows by induction
that there is £ € 7, such that I(¢) = @. O

Very roughly, Lemma 4.4 allows us to reduce the proof of Theorem 4.2 to showing that
the saturation properties hold for certain subgroups that are normal in the fusion system.
This case is handled by the following lemma.

Lemma 4.5. Let F be a fusion system over a discrete p-toral group S such that Autz(Sp)
is finite and condition (%) holds. Fix a subgroup Q@ < S, set H = {P < S|P > Q}, and
assume

(i) Q2F;
(ii) F is H-generated and H-saturated; and
(ili) esther @ is not F-centric, or Outg(Q) N O,(Outz(Q)) # 1.

Then @ is fully automized and receptive in JF.
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Proof. When I' is a group containing a normal discrete p-torus P of finite index, we let O,(I)
be the inverse image in I' of the maximal normal p-subgroup O,(I'/P) under the obvious
projection. Equivalently, this is the largest normal discrete p-toral subgroup of I'. Define

={r e S|c, € Oy(Autx(Q))}.

Then @ < S by definition. We claim that @ is strongly closed in F. Assume that = € @ is
F-conjugate to y € S. Since @ is normal in F, there exists ¢ € Homz((z, Q), (y, Q)) which
satisfies ¥(Q) = @ and ¢ (x) = y. In particular, ¥ o ¢, 0o 01 = ¢,. It follows that y € Q,
since ¢, € O,(Aut£(Q)).

Note also that Q-Cs(Q) < @, and Q/Q-Cs(Q) = Outs(Q) N O,(Outx(Q)). If Q is F-
centric, then this last group is nontrivial by (iii), and if not, then Q-Cs(Q) > @ by definition.
Thus Q > () in either case, and so Q € H.

Consider the following statement:
each ¢ € Autz(Q) extends to some @ € Autx(Q). (6)
We first prove that (6) implies the lemma, and then prove (6).

Point (6) implies the lemma: Since () is normal in F and @ is strongly closed, each of
them is the only subgroup in its F-conjugacy class. So @ and () are both fully centralized and
fully normalized in F. Also, () is receptive and fully automized in F, since F is H-saturated
and QF = {Q} CH.

By (6), the restriction map from Autf(@) to Autz(Q) is surjective, and so Autg(Q) €
Syl,(Aut£(Q)) since Autgs(Q) € Syl (Autx(Q)). Thus @ is fully automized in F.

Next we prove that () is receptive in F. Fix ¢ € Autz(Q). As usual, let N, be the group
of all g € Ng(Q) such that ¢c o™t € Autg(Q). By (6), » extends to some ¢ € Autz(Q).
Consider the groups of automorphisms

K={xe Autg(@) | Xlg = ¢, some z € N, }
Ko = {x € Aut#(Q) | xlo = Idg} < Aut#(Q).

By definition, for all z € N, we have (Yev ™) = xlg for some y € Autg(Q). In other

words, as subgroups of Aut(Q)
YK < Autg(Q)-Ko.

Now, Autg(Q) € Sylp(AutS(@)Ko) since @ is fully automized, so there are w € Autg(Q)
and y € Ko such that “XYK) < Auts(Q). Hence XK < Autg(Q). SinceA@ is receptive
in F, x¢ € Autz(Q) extends to a morphism ¢ defined on N,, > NI(Q) > N,, and
Pl = ¥lq = ¢ since x|q = Idg.

Proof of (6): Since F is H-generated, each ¢ € Autz(Q) is a composite of automorphisms

of @ which extend to strictly larger subgroups. So it suffices to show (6) when ¢ itself
extends to some P > Q).

Let X be the set of all subgroups P € H such that ¢ = @|q for some ¢ € Homz(P,S).
We are assuming that A # @. We claim that

PeX = Ngp(P)e&X. (7)
Assume this, and fix P, € X. If ]@Pl /Pi| < oo, then by repeated application of (7) and

Lemma 1.12, we get that Q € X. If not, then |C/Q\/Q] = 00, and Q\OQ/Q is a nontrivial discrete
p-torus. Set b, = Néopl(Pl) and P = PQOQ()Q Then P, € X by (7), P <P< Q()Pl, and
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P> P if Py ;\é @0 by Lemma 1.12. So P; > (), and hence P; € X. Now set P, = N5 (P3)
so Py € X by (7) again, P4 > QOQ since QOQ/Q is abelian, hence [Q Py] < o0, and Q e X
by earlier remarks. Since Q € X, p extends to some @ € Hom;(Q S), and (Q) Q since
Q is strongly closed in F. This shows that (7) implies (6).

It remains to prove (7). Fix P € X C H, and let ¢ € Isoz(P, %) be an extension of
¢. Choose some Py € P = P,” which is fully automized and receptive in F. Notice that
Py > @, since Q < F by (i). Let ¢ € Isoz(Ps, P3) be any isomorphism. Upon replacing ¢
by 1 o ¢, we can arrange that P, be fully automized and receptive.

Consider the groups of automorphisms
L= {x € Autz(P) | xlg € O,(Autz(Q))}
~ {x € Auts(P) | vlo = o}

Both L and L, are normal subgroups of Autz(P;). Also, L/Ly is a discrete p-toral group,
since there is a monomorphism L/Ly — O,(Autz(FP)). Since P, is fully automized, Autg(P) €
Syl,(Autz(P,)), and hence Autg(P;) € Syl (L) and L = Aut§(P,)Lo.

Thus P is fully L-automized in F. By Lemma 2.2(b), there are g € Ng(Py) = Ng(P2),
X € Lo, and ¢ € Homz(N%"(P)P, Nk(P)P,), such that ¢|p = (¢ 0x) . Also, N7 (P)P =

N@P(P). Upon replacing v by cgl o 1), we can assume that ¢ = 1. Then ¢|g = ¢|g, and
thus Ngp(P) € X. O

The following lemma combines Lemmas 4.4 and 4.5.

Lemma 4.6. Let F be a fusion system over a discrete p-toral group S such that Autz(Sp)
is finite and condition (*%) holds. Fiz a family H G Sub(S), and a subgroup P < S which
is maximal in Gub(S)\H. Assume

(i) H is invariant under F-conjugacy;

(i) H is closed in Sub(S), and F is H-generated and H-saturated;
(ili) PeH and P<Q < P* imply Q € H; and
(iv) either P is not F-centric, or Outg(P) N O,(Outz(P)) # 1.
Then F is (H U P7)-saturated.

Proof. By assumption, all overgroups of subgroups in P” are in H. Since P7 contains only
finitely many S-conjugacy classes by Lemma 4.1, there is a subgroup @ € P7 which is fully
normalized in F. By Lemma 4. 4(c), for each Q € P7, there is yq € Hom;(Ns(Q), N(Q))
such that yo(Q) = Q Let N C H be the family of all subgroups of NS(Q) which strictly
contain @ We claim that the normalizer system NV ]-‘(Q) is M-saturated.

For each Q € N, the pair (Q,Q) is a proper P¥-pair. Let (', P') be a proper P¥-pair
which is F-conjugate to (Q,CA)) and fully normalized in F. Then Q = xp (P < Q" o
xp(Q) < NS(@), so Q" € N, and (Q", @) is a proper P -pair. Furthermore, since (Q', P')
is fully normalized, and since yps is a monomorphism, (Q", @) is also fully normalized in
F. If a € Isox(Q, Q') is such that a(Q) = P’, then (xprlgr) e @ is a morphism in N#(Q)
which sends (@, @) onto (Q", Q) Hence by Lemma 4.4(a), applied with with P = P7| the
subgroup Q" is receptive in F (hence in N£(Q)), and is fully automized in N#(Q). This
shows that every Q € A is Nx(Q)-conjugate to some Q" € N which is fully automized and
receptive in the normalizer fusion system. Axiom (III) holds for N#(Q) with respect to the
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family A, since N is closed under overgroups, N' C H, and F is H-saturated. Thus N ]:(@)
is NV -saturated.

Conjugation by (xp)|p € Isor(P,( Q) sends Autr(P) isomorphically to Autz(Q) ‘and
Autg(P) into Autg(Q) So if P and Q are not F-centric, then (iv) implies that Outg(Q )
O (Out;( )) # 1. Thus by Lemma 4.5, Q is receptive and fully automized in N;(Q)

Hence Q is fully automized in F . It is receptive in F since for each @) € P7 | there is an
F-morphism which sends ) onto ) and Ng(Q) into Ng(Q).

Axiom (III) holds for H U P since it holds for H and since no subgroup in P* contains
any subgroups in H. Thus F is (H U P7)-saturated. ([l

We are now ready to prove Theorem 4.2. The inductive Lemma 4.6 would suffice to prove
the theorem for fusion systems over finite p-groups. But for fusion systems over discrete
p-toral groups, because our groups have infinite chains of subgroups, the results of Section
3 are needed to allow an induction proof.

Proof of Theorem 4.2. Let & be the set of all closed families of subgroups K C Gub(S)
such that

e KOH,
e C is invariant under F-conjugacy,
e Pec K and P < Q < P* implies () € K, and
e F is K-saturated.
We must show that Sub(S) € .

Assume otherwise, and choose Ky € K for which Ky N F* contains the largest possible
number of F-conjugacy classes. Set Ky = {P < S| P* € Ky}. Then K; € R by Lemma
3.5(b). If K1 G &ub(S), then F* Z Ko; let P be maximal among subgroups in € F*~\/.
Then P is maximal among subgroups in Sub(S)\K;, K; U P € & by Lemma 4.6, and this
contradicts the maximality assumption on Cy. ([l

5. EXTENSIONS OF p-LOCAL COMPACT GROUPS

The main result in this section is a version of [O1, Theorem 9| which describes how to
extend a p-local compact group by a finite group. But before proving this, we need to show
some of the basic properties of linking systems over discrete p-toral groups. All of the results
in this section are generalizations of results in [O1] or earlier papers about linking systems
over finite p-groups.

We first look at automorphisms of fusion and linking systems. The definitions are the
same as in the finite case (e.g., [AOV, Definition 1.13]).

Definition 5.1. (a) For any fusion system over a discrete p-toral group S, an automor-
phism a of S is fusion preserving if there is an automorphism & of F which sends an
object P to a(P) and sends a morphism o to apa™ (after restricting o in the obvious
way). Let Aut(S,F) be the group of fusion preserving automorphisms of S, and set
Out(S, F) = Aut(S, F)/Autz(S).

(b) For any linking system L over a discrete p-toral group S, an automorphism of cat-
egories a: L —— L is isotypical if for each P € Ob(L), a(dp(P)) = da(p)(a(P)).
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Let Autfyp

inclusions.

(L) be the group of isotypical automorphisms of L which send inclusions to

(c) Each v € Auty(S) acts on the set Mor(L) by composing on the left or right with v and
its restrictions. More precisely, for any ¢ € Morg(P,Q), set

7% = Vommi@ ¥ € More (P, m(7)(Q)) (1)
and
PY = 90V ler)-1(p).p € Morz(m(7) 7 (P), Q). (2)
(d) For each v € Autg(S), let ¢y € Auttfyp(ﬁ) be the automorphism which sends an object

P to w(y)(P), and a morphism ¢ to ypy~'. Set
Outyyp (L) = Aut(,, (£)/{cy |7 € Aute(S)}.
The argument that Autfyp(ﬁ) is a group in this situation is exactly the same as that used

in [AOV, Lemma 1.14| when S is finite.
Proposition 5.2. Let (S, F, L) be a linking triple, with structure functors

Tobo) () —— L —— F.

Fiz o € Auttlyp(ll). Let 5 € Aut(S) be the restriction of o to S under the identification
S = §5(9); thus a(ds(g)) = 0s(B(g)) for all g € S. Then 5 € Aut(S,F). Furthermore,

Toa = fom, where f € Aut(F) is the automorphism which sends P to S(P) and ¢ to
BB

Proof. Clearly, o(S) = S, and hence a sends 05(.5) to itself. Thus  is well defined.

For each P € Ob(L) and ¢g € P, since « sends inclusions to inclusions, it sends

p—"" 5 o(P) =25 5
ap<g>l_ lés(g) to a(5P<g>)l l5s(ﬂ(gx
P g a(P) =25 g,

The first square commutes by axiom (C) in Definition 1.9, so the second also commutes.
Since restrictions in £ are uniquely defined by Proposition A.4(d), this shows that a(dp(g)) =

05(8(9)latp) = da(p)((g)). Hence
Sa(p)(B(P)) = a(6p(P)) = da(p)(a(P)),
where the second equality holds since « is isotypical. Thus a(P) = B(P) since dy(p) is
injective.
Fix P, € Ob(L) and ¢ € Mor(P, @), and set ¢ = 7(¢)) € Homz(P, Q). For each g € P,
a sends

¥ ()

P50 B8(P) 2, 5(Q)
5P(9)l l%(@(g)) to ds(P) (5(9))J l%(@)(ﬁ(w(g)))
P—5Q 8(P) 2 Q).

The first square commutes by axiom (C), so the second also commutes. By (C) again,
d50)(B(¢(g))) can be replaced by dz(q)(m(a(v))(5(g))), leaving the second square commu-
tative. Since dg(g) is a monomorphism, and since morphisms in £ are epimorphisms by
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Proposition A.4(g), it follows that 5(x(g)) = m(a(v))(B(g)). Thus
m(a(y)) = Bpf~ = Br(y)s (3)

In particular, Sp3~! € Homz(B(P), 3(Q)) for each P,@Q € Ob(L) and ¢ € Homz(P, Q).
Since Ob(L) includes all subgroups which are F-centric and F-radical, all morphisms in
F are composites of restrictions of morphisms between objects of £ by Alperin’s fusion
theorem in the version of [BLO3, Theorem 3.6]. So BpB~! € Mor(F) for all ¢ € Mor(F),
and 8 € Aut(S, F).

Thus there is a well defined functor 3 from F to itself which sends each P < S to 3 (P)
and sends each ¢ € Homz(P, Q) to B¢S~!. This is an automorphism of the category F by

the same argument applied to a™!, and 7o a = B\o 7 by (3). OJ
We are now ready to define the structures which will be needed to construct extensions of

linking systems.

Definition 5.3. Fiz a linking triple (S, F, L) and a finite group G.

(a) An extension pair for £ and G is a pair (I,7), where T is an extension of T &f

Aut(S) < T by G, and where 7: T ——— Auttyp(ﬁ) is a homomorphism which makes
both triangles in the following diagram commute:

COIlJ

Aut{yp(ﬁ)
incl‘ k(w—ﬂls)
7, Aut(D)

Fizx an extension pair U = (f’, T) for L and G. Let p: T —— G be the surjection with kernel
r.

(b) Let Ly = L, be the category with Ob(Ly) = Ob(L), and with
Mor(Ly) = Mor(L) xr = (Mor(L) x f) /~,
where (p,7) ~ (¢',7) if and only if there is X € T such that ¢’ = @\ and ' = A\™'7.
Here, o\ is as defined in (2). When ¢ € Morz(v(P), Q), the equivalence class of (¢, )
is denoted [p,7v] € Morg,, (P, Q). Composition in Ly is defined by
[&.n] o lp: 7] = T o T(n)(@), m]-
Here, 7(1)() € Morc(/(P), n(Q)) when @ € Mors(+(P), Q) (uhere we write 5(P) =
r(n)(P), etc.).

Thus when U = (T', 7) is an extension pair for £ and G, [oX,~] = [¢, \y] in Mor(Ly) for
all o € Mor(£), A eI, and vy €T

To show composition in Ly is well defined, we note that for all ¢, ¢ € Mor(L), u, A € T,
and 7,y € I' with appropriate domain and range,

[, 1] o [ ] = [ o T(0) (), m7] = [pe o T(0) (@), (nAn~ )]
= [por(n) ()" umAy] = [ o 7(un) (@), ] = [¥, pm] o [, M]

The second equality follows from the commutativity of triangle (1) in Definition 5.3, and the
fourth from that of ().
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We are now ready to state and prove the main result of this section. The following
theorem is a generalization to p-local compact groups of [O1, Theorem 9| (which in turn was
a generalization of [BCGLO2, Theorem 4.6]).

Theorem 5.4 ([O1, Theorem 9|). Fix a linking triple (S,F,L). Set H = Ob(L), and
assume it is closed under overgroups. Let

T(S) — L —" 5 F

H

be the structure functors for L. Set T = Autz(g), and regard S as a subgroup of T via the
inclusion 6 : Tﬁ(g) — L. Fiz a finite group G and an extension pair U = (T, 71) for L and
G, and choose S € Syl,(I'). Then there is a saturated fusion system F over S containing F,
and a transporter system T associated to F and containing L, such that the following hold:

(a) Ob(T)="H o {P < S|PNS € H}, and this set contains all subgroups of S which are
F-centric and F-radical. Also, T contains Ly as a full subcategory.

(b) The group I can be identified withiAutT(E) in a way so that the inclusion of L in T
induces the inclusion of I' = Aut;(S) in I,

(c) Foreachyel, c,=71(y)€ Autfyp(Z).

(d) L is normal in T (cf. Definition A.7).

(e) The space |Ly| is a deformation retract of |T|. The inclusion of geometric realizations

\L| C |Ly| (~|T]) is homotopy equivalent to a regular covering space X —— |T| with
covering group G = T'/T.

Proof. The categories T and F will be constructed in Step 2, after preliminary constructions
in Step 1. We show that 7 is a transporter system in Steps 3 and 4, and prove that F is
saturated in Step 5. Finally we prove (d) and (e) in Step 6.

Note that S = O,(T) € Sylp(f), since I'/S = Autz(g)/gg(g) has order prime to p by
Proposition A.4(e). For each v € T, let ¢, € Aut(S) denote conjugation by v on S =
O,(I") < T. By the commutativity of triangle () in Definition 5.3(a), this is the restriction

to S of 7(7)z € Aut(I'). Hence by Proposition 5.2, ¢, is fusion preserving (induces an

automorphism of the category F), and 7(7)(P) = ¢, (P) for all P € H. To simplify notation
below, we write y(P) = 7(7)(P) to denote this action of v on H.

Step 1: Set £, = Ly. Thus by Definition 5.3, Ob(£;) = Ob(£) = H, and
Mor(£;) = Mor(L) x2T={[e.7]]¢ € Mor(L), v € T'}.
We claim that

all morphisms in £; are monomorphisms and epimorphisms. (4)

For any [¢,7], [¢',7'], and [, n] with appropriate domain and range,

[0, nlole, ] = [, 0l o [¢', 7] = ot (@), n] =T o) (¢),nY]
= JXNET, py=X"ny and Yo 7(n) () = ¥ o T(n)(¢') o A
— ="M, and o = ¢ o (7 )(N),



AN ALGEBRAIC MODEL FOR FINITE LOOP SPACES 23

where the second equality in the last line holds since morphisms in £ are monomorphisms
(Proposition A.4(g)). Also, 7(n7')(A\) = n~'An by the commutativity of (1), so [p,~] =
[¢',+'], and hence [, 7] is a monomorphism. The proof that morphisms are epimorphisms
is similar.

Set Autr (S S) = {c, € Aut(S) |y € T'}. Let F; be the smallest fusion system over S which
contains F and Autp(S). Define

7T12£14>F1

to be the identity on objects, while setting m([p,7]) = 7(¢) o ¢;,. The proof that this is
a functor (i.e., that it preserves composition) reduces to showing that the following square
commutes

p ) 0

~(P) T(r(7)(¢)) Q)

for each ¢ € Mor;(P,Q) and each v € I'. By the above remarks, ¢, € Aut(S, F) is the
restriction to S of 7(7) 5 By the last statement in Proposition 5.2, applied with a = 7(v) and
B=cy, Tor(y) =& o, where & € Aut(F) is such that & (7(y)) = cym(@)c;t. Hence the
square commutes. Since 7,(£;) contains F |5, and Autj, (S ), and is closed under restrictions
of morphisms to subgroups in H (Proposition A.4(d)), m; maps onto Filz-

We regard £ as a subcategory of £; by identifying each morphism ¢ € Morz(P, Q) with
[, 1] € Morg, (P, Q). By construction, 7 = m1|;. For P < Q in H, the inclusion morphism
LpQ = 5 ro(l) for L is also considered as an inclusion morphism in £;. The existence

of restricted morphisms in £ (Proposition A.4(d)) carries over easily to the existence of
restricted morphisms in £;, and they are unique by (4).

For all P,Q € H, define
(61)pq: Ns(P, Q) —— Morg, (P, Q)
by setting (61)pq(s) = [tsps—1,g,8]. When s € Ng(P,Q), [tsps—1,0,5] = [[51;,@(3),1]]; and

thus (6,)pg extends the monomorphism dp¢ from N 5(P, Q) to Mor;(P, @), under the iden-

tification of £ as a subcategory of £;. To simplify the notation, we write &, () = (61)po(z)
when P and () are understood.

We claim that for all P,Q € H, ¢ € Morg, (P, Q), and = € P,

(01)(m(¥)(x)) e ¥ = Yo (61)p(z).
Set 1) = [, 7], where v € I and ¢ € Morz(v(P), Q). Then

Vo bi(z) = [p,7] o [Idp, 2] = [, 72] = [, ¢y (2)7] = [ e (cy(2)), 7]
= [6(7(¢)(cy(2))) 0 0, 7] = [6(m1 () (x)) o 0, 7]
= [0(m1(¥)(2)), 1] o [0, 7] = 61 (m1 () (x)) 0 ¥

where the fifth equality holds by axiom (C) for the linking system L.
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We next show that morphisms in £; have the following extension property:
VP,Q €M, elsor,(P,Q), and P',Q < S for which P < P', Q < Q', and
Yo (P~ < 8,(Q"), there is a unique ¢’ € Morz, (P, Q') where ¢/|pg = 1.
Set 1 = [, 7], where ¢ € Mor;(v(P), Q). For all v € P,

()

[, 7] [8(x), 1] o [, 7] 7" = [p o T(1)(8(x)) e ™" 1] = [ o 0(es (@) o 071 1] € 01(Q')
where 7(7)(6(x)) = d(c,(x)) by the commutativity of (). Thus @d(v(P'))p~" < 6(Q’), so
¢ extends to ' € Morz(v(F’), Q') by Proposition A.4(f). Set ¥' = [¢',7]. Then ¢'|pq =¥
since 7(7)(tp,pr) = ty(p)H(py (i€, T(7y) sends inclusions to inclusions), and this proves (5).

Step 2: Throughout the rest of the proof, for each P < S, we set P = PN S. We next
construct categories T and F3, both of which have object sets H, and which contain £; and

the restriction of F; to H, respectively. Afterwards, we let F be the fusion system over S
generated by F and restrictions of morphisms.

Let T be the category with Ob(7) = H, and where for all P,Q € H,
Morr(P,Q) = {¢ € Morz, (P, Q) |Vz € P, 3y € Q such that 1o 0y(z) = 61 (y) o b }. (6)

If v € Mor(T), then we denote the corresponding morphism in £; by & Let

5P,Q: NS<P7 Q) E— MOI‘T(P, Q)
CNs(P,Q) CMorg, (P,Q)

be the restriction of (d;) Let F;, be the category with Ob(F;) = H, and where

P,Q
Morz,(P,Q) = {¢ € Hom(P,Q) | 3¢ € Morg, (P, Q), where 9081 (z) = 61 (¢(z)) o), YV € P}.
Define m: 7 —— F» to be the identity on objects, and to send ¢ € Mors(P, Q) to the
homomorphism 7(v)(z) = y whenever 106, (x) = 61(y) o0 (uniquely defined by (6) and (4)).
This is clearly a functor: it is seen to preserve composition by juxtaposing the commutative

squares which define m on morphisms.

Let F be the fusion system over S generated by F, and restriction of homomorphisms.
Since H = Ob(F3) is closed under overgroups, F5 is a full subcategory of F. Since L; is a

full subcategory of T, Homg, (P, Q) = Homg, (P, Q) for all P,Q € H. If P,Q < S are any
subgroups and ¢ € Homxz(P, @), then ¢ is a composite of restrictions of morphisms in F,
and hence (since P € Ob(F,) = H implies P € H) a composite of restrictions of morphisms
in F, (equivalently F;) between subgroups in H. Thus ¢ € Homg, (P, Q); and we conclude
that F; is also a full subcategory of F.

Step 3: We next prove that

each P € H is F-conjugate to some P’ € H such that 5];,(]\75(}?')) € Syl,(Autr(P")). (7)

Fix P € H. Let P be the set of all S-conjugacy classes [@] of subgroups Q € pPF (recall
P = PN S) which are fully normalized in F. (If @ is fully normalized in F, then so is every
subgroup in [@].) By Lemma 2.5, |P| is finite and prime to p.

We claim that in general, for each v € I' and each Q,R e H,
Q and R F-conjugate <=  ~(Q) and y(R) F-conjugate (8)
Q and R S-conjugate <= (Q) and y(R) S-conjugate. 9)
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The first holds since 7 acts on £ and hence on F as a group of automorphisms (Proposition
5.2), and the second since S < T'.

Let I C T be the subset of those v € T' such that v(P) & PZ. Then for 1,72 € 17,
Y172(P) € 71 (P)” by (8) and since 75(P) € P, and hence 7,7, € I". By (9) and since each
v € I' acts on S via the fusion preserving automorphism ¢, € Aut(S) as shown above, v

permutes the S-conjugacy classes of subgroups which are fully normalized in F. Thus each
element of IV permutes the set P.

Fix §" € Syl (I'"). Let n € T' be such that 5" &t nS'nm~t < S. Since P has order prime to

p by Lemma 2.4, there is some [@Q)] € P fixed by S’. In other words, for each v € S’, v(Q) is
S-conjugate to Q. So by (9), for each s = nyn~' € S” (where v € ), s(n(Q)) is S-conjugate
to 7(Q). Set R =n(Q). Then each coset in S”/S contains some element s which normalizes
R, i.e., the obvious homomorphism Ng«(R) — S”/S is onto with kernel NS(E). Since S and

S have the same identity component,

[mo(Ns(R))| > |mo(Nsr(R))| = [mo(Ng(R))I1S" /S| = |mo(Ng(@))[[S'/S] . (10)

Since I" is the subgroup of elements of ' which send P to a subgroup in its F-conjugacy
class,

[mo(Autr(R))| = [mo(Auty(P))] = [mo(Autz(P))|-|I'/T| = |mo(Autz(@))[-[I'/T] . (11)
Since @ is fully normalized in F, S’ € Syl,(I"), and S e Sylp(f‘), (10) and (11) imply that

05(Ns(R)) is a Sylow p-subgroup of Autr(R).

Choose any 9 € Iso7(P, R). Then wél—g(NS(IS))w_l is a p-subgroup of Auts(R). Choose
X € Aut(R) such that (Xw)dlg(Ns(]B))(Xw)_l < 5R(NS(R)). By definition of the category
T, x¥ extends to a morphism ¢ € Mory(P, Ng(R)). Set P' = w(¢))(P). Then P' = R, P’

is F-conjugate to P, and P’ € H since P’ € H (’;[ is invariant under f—conjugacy). This
finishes the proof of (7).

Step 4: We are now ready to show that 7 is a transporter system. For each P € H, set
E(P) = Ker[Aut(P) —— Autx(P)] .

For each P,Q € Ob(T), E(P) acts on Mory(P, Q) by right composition and F(Q) by left
composition. Both actions are free since all morphisms in £; (hence in 7)) are monomor-
phisms and epimorphisms by (4). We claim that 7p¢ is the orbit map of the action of E(P)
on Mor7(P, Q). Since every morphism in 7 (and also by definition in F) factors uniquely as
the composite of an isomorphism followed by an inclusion, it suffices to prove this when P
and @) are F-conjugate. It thus suffices to prove it when P = @), and this holds by definition
of E(P).

This proves axiom (A2). Axioms (Al) and (B) hold by construction, and (C) holds by
definition of the functor 7: 7 — F. It remains to prove axioms (I) — (III).

Fix P € H such that 5P(N5(15)) € Syl,(Autr(P)). By (7), every subgroup in H is F-
conjugate to some such P. Write G = Auty(P), T = (513(]\75(13)), and P' = §5(P) for short,
where ¢ is injective by construction. Thus P' < T € Syl (G). Fix R € Syl (Ng(P')), and

choose a € G such that aRa~" < T. Then aRa™' € Syl (Ng(aP'a™)), and so
aP'a! <aRa' = Np(aP'a™).
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Set () = 5};1((1P'0f1) < 5;(T) = Ng(P). Then @Q is F-conjugate to P, Ng(Q) < Ng(P),
and so

Np(aP'a™) = Ny (NS(JB))((SID(Q)) = 0p(Ns(Q)), and

No(@Pa™) = N, 5 (65(Q)) = Autr(Q)
Thus 0¢(Ns(Q)) € Syl,(Autr(Q)), and this proves axiom (I).
We next claim that
PAP' <8, QUQ <S8, ¢elor(P,Q), ¥(p(P)y ™" <dgQ)

— 3 ’(,b/ S MOI"T(P/, Q/) with W‘P,Q = ). <12>

Set 1) = Vlpg = le,7], where ¢ € Isoz(v(f’),@) and v € T'. By Proposition A.4(f), ¢

extends in a unique way to y(P’). Hence 1 extends to some unique ¢/ € Morz, (P',Q’). By

definition of morphisms in 7 and the original hypothesis on 1, 1’ extends to a morphism
' € Morr(P', Q") which extends 1. This proves (12), and thus proves axiom (II).

It remains to prove axiom (III). Fix P, < P, < Py < --- in Ob(7) and ¢; € Morr(P;, S)
such that for all i > 1, 1; = ¥; 11 00p,p,,,(1). Set P =J2, Pi. Let ; € Mor(£) and v, € T
be such that 1; = [¢;, 7] for each i. Since |I'/T| < oo, we can assume, after passing to
a subsequence, that the ~; all lie in the same coset 1:7. If v; = vy for some v; € f, then

; = [ivi, v]; we can thus assume ~; = v for each i. But then ¢; = ¢4

by Proposition A.4(h) applied to L, there is € Mor (P, 5’) such that ¢

i. Set ¢ = [p,~] € Mory(P, S); then QZ|I3 = & ;|5 for each i.

Fix g € P, and let i be such that g € P,. Set h = w(¢;)(g) € S. Then d5(h)oth; = 1;00p,(g)
by axiom (C) for T, so (1)g(h) o V=1 ((51)1—3i (g9) by (4) (the morphisms are epimorphisms
in £;). Hence by definition of 7, there is a unique morphism ¢ € Mory(P,S) such that
Y| = . By the uniqueness of extensions again, 1

P, P, for each 7, so

p g = i for each

p, = 1; for each 1.

Step 5: We are now ready to show that F is saturated. By Theorem 4.2, it suffices to
prove the following statements.

(i) The group Autx(Sp) is finite.
(ii) Forall P < S, Q < Sy, and ¢ € Homz(P,Q), there exists ¢ € Homz(P-Cg(P)o, So)
such that p|p = ¢.
(iii) H is closed in Gub(S), and F is H-generated and H-saturated.
(iv) Foral PeHand P< Q< P*, Q € H.
(v) If P € F*is F-centric and P ¢ H, then there is Q € P7 such that

0,(0ut£(Q)) N Outg(Q) # 1.

Point (i) holds by construction (and since F is saturated). By Step 4 and Proposition A.3,
F is H-saturated; i.e., it satisfies the saturation axioms for subgroups in H. It is also H-
generated by definition: each morphism in F is a composite of restrictions of morphisms

between subgroups in H. Since H is closed under overgroups and F-conjugacy, H is closed
under overgroups and F-conjugacy by definition, and this finishes the proofs of (iii) and (iv).

If P<S, Q<S8 and ¢ € Homz(P,Q), then P < S since S is strongly closed in F (and
So = Sp). By definition of F, ¢ = x o ¢ for some x € Autz(Sy) (x = 7(7y)|s, for some
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v €T = Aut(5)) and some 1 € Mor(F). Set P' = 1(P) < Sy, and choose R € PF = P'7
which is receptive in F. By [BLO3, Lemma 2.4(a)|], R < S,, and there is w € Aut=(So)
such that w(P’) = R. Since R is receptive, w o 1) extends to ¢ € Homz(P-Cs(P)o, So), s0 ¢
extends to x o w™' o t. This proves (ii).

It remains to prove (v). Let K be the set of all P € F* such that the saturation axioms
hold for subgroups F-conjugate to P and all of their overgroups. Since H is closed under

overgroups and F-conjugacy, K D H®. Set K' = F*~K, and let K’ be the set of all P = PNS
for P € K'. We will show that for all P < S,

P € K or P maximal in X' = (v) holds for P (13)

Having done that, we will prove that X' = @, so K O F*, and hence (using (13)) that (v)
holds for all P € F*.
We first show that

P € K or P maximal in X' = 3Q € P” such that Q is fully normalized in F. (14)

If P is fully normalized, we are done, so assume otherwise. Let P’ be F-conjugate to P
and fully normalized in F. Since F is saturated, P’ is fully automized and receptive, and

so by 1.7(c), there is p € Homz(Ng(P), Ng(P')) such that p(P) = P'. Clearly, P < S, so
NS,(]B) > P. If P is maximal in K’, then by Lemma 3.5(b), the saturation axioms hold for

all Q such that Q > f So whether P € K or P is maximal in K', the saturation axioms
hold for Ng(P), Ng(F'), and all subgroups of S which contain them.

Set R = NS(]B), and let K = {a € Aut(R)|a(P) = P}. Set R' = p(R) and K' =
’K. Choose R” < S and 7 € Isoz(R, R") such that R” is fully "K-normalized in F, and
set P" = 7(P) and K" = "K. Thus K’ and K" are the groups of automorphisms of R’
and R", respectively, which send P’ and P” to themselves. By Lemma 2.2(b), there are
automorphisms y, x’ € Aut?/(R” ), and morphisms

7 € Homz(NE(R), N¥'(R"))  and  p € Homz(NX'(R), NK'(R"))
such that 7|gr = x7 and p|r = X'7p .
We claim that _ o
IN(P)| < INF(R)| < [NST(R")] < [Ng(P")]. (15)
Since P is not fully normalized in F, R’ = p(Ng(ﬁ)) < Ng(ﬁ’), and hence
K/
R' < NNE(F,)(R') = Ng (R)

by Lemma 1.12. This proves the first inequality in (15). The next one holds since p sends
Né(/(R’) into Né(//(R”), and the last since all elements of Né(”(R”) normalize P”. Thus P”
is F-conjugate to P and |N5,(]?”)] > |N§(]3)|. If P” is not fully normalized in F, then since
P7 contains finitely many S-conjugacy classes (Lemma 4.1), we can repeat this procedure,
until we find a subgroup ) which satisfies (14).

We are now ready to prove (13). Assume P is F-centric and P ¢ H (otherwise the
statement is empty), and let ¢ be F-conjugate to P such that Q is fully F-normalized.
Thus P ¢ H = Ob(L). Since by definition, a linking system must contain all centric and
radical subgroups with respect to the underlying fusion system, either P and @ are not
F-centric or they are not F-radical. If Q is not F-centric, then there is g € CS(@)\@ (since
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Q is fully centralized). If Q is not F-radical, then Op(Autf(@)) > Inn(Q) and is contained
in the Sylow subgroup Autg(@) (Q is fully normalized), and thus there is g € Ng(@)\@

such that ¢, € O,(Autz(Q)). In either case,

geER {g S Ng(@) | Cg € OP(AUtﬁ“?))} and g¢ @ )

and hence Q' > Q. Also, Q normalizes Q' and QQ’ > Q, so Npo (Q)

> (, and there is
x € Q'\Q such that x € Ng(Q). For any such z, ¢, ¢ Inn(Q) since Cs(Q) < @ (recall P is

F-centric), and ¢, |5 is in Op(Autz(Q)). Also, since z € S 45, [#,5] <5, and so ¢, induces
the identity on @/ Q. Thus ¢, is in the subgroup

U={aeAutzr(Q)| als € O,,(Autf(@)), « induces the identity on Q/@} < Aut£(Q).

s def

Since the group of all @ € Aut(Q) which induce the identity on @ and on Q/Q is discrete
p-toral by Lemma 1.13, and is contained in U with p-power index, U is a nontrivial normal
discrete p-toral subgroup of Autz(Q), and U < O,(Autz(Q). Since v € Ng(Q) \ Q, ¢,
represents a nontrivial element of Outg(Q) N O,(Outx(Q)), so (v) holds for P, and the proof
of (13) is complete.

We want to show that K’ = @. Assume otherwise; then K' # @ since P € K’ implies
P € K'. Choose Q to be maximal in K’, and choose P to be maximal among those P € K’
such that P = Q. Then P is also maximal in K’. So by Lemma 3.5(b)), P is maximal
among subgroups not satisfying the saturation axioms. By Lemma 4.6, this maximality of

P implies that (v) does not hold for P. Since this contradicts (13), we now conclude that
K' = @, and hence (by (13)) that (v) holds for all P € F*.

Thus F is saturated. Also, (v) implies that H contains all subgroups which are F-centric
and F-radical.

Step 6: By |[BLO3, Corollary 3.5], F* contains all subgroups which are F-centric and
F-radical, so they are all contained in H by point (v) in Step 5. Point (a) holds by this
together with the definition of # = Ob(7). Point (b) holds by the definition of 7 in Step

2, and (c) holds by the definition of composition (of morphisms between subgroups in ) in
Step 1.

Condition (i) in Definition A.7 (for the inclusion £ C 7T) holds by (a), and since S is
strongly closed in F by construction. Condition (ii) (the Frattini condition) holds by the
construction in Step 1, and (iii) (invariance of £ under Auts(S)-conjugacy) holds by (c).
Thus £ < T.

Let 7: T —— T be the retraction r(P) = P and r(p) = p with image £;. There is a

natural transformation of functors r —— Ids which sends an object P to the inclusion ¢5 .

Hence |r| ~ Id7, and so |Ly| is a deformation retract of |T|. Also, the inclusion of |£]| into

|Ly| is homotopy equivalent to a regular covering with covering group G = I'/ T by [OV1,
Proposition A.4], and this finishes the proof of (e). O

6. THE CATEGORY Auty, (L)

Fix a p-local compact group (S,F,L). Let Aut,,(L) be the groupoid with object set

Autfyp (£) and with morphisms the natural transformations. Since a natural transformation
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n: a« — [ is determined by ns € Aut,(S) (since a(S) = [(S) = S), morphisms can be
described as

Mor gyt (2) (o, ) = { x € Autz(S) | xa(e) = B(e)x, all ¢ € Mor(£) }
={xecAuts(S)|B=c oa}. (1)

Thus x € Aut,(S) corresponds to a natural transformation n with x = ng. With this
notation, composition of morphisms takes the form
X w
a— [f——=7

\/

woXx

because ¥ = ¢, 08 = Cyo0Cy 00 = Cuop 0. Here, wox is the composite of w and x in Autz(.5).

Composition in Aut{yp(ﬁ) gives Auty,, (L) the structure of a discrete strict monoidal cat-

egory, where a5 = a o 3, and where

(a = B)-(a 25 §) = (aoa) 20X, ’(‘”j) Bof). (2)
=Xoa(X
This structure makes the nerve N Autiy,(£) into a simplicial group, and its geometric real-
ization |Auty,(L)| becomes a topological group. The projection Autiy, (L) —— Outyy, (L)
induces a map of simplicial groups N Autiy,(L) —— Outyyp, (L), where now Outiy,(£), by
abuse of language, denotes the discrete simplicial group with vertex set Outyy,(L£). This
projection is explicitly given by

pr(cg — a; — ... > () = ) (=[] = =[],
and it sends 7o (| Autiyp(L)]) isomorphically onto Outiy,(£).

The evaluation functor Autiy,(L£) x £ —— L induces an action of the simplicial group
N Autyy,(L£) on the simplicial set N'L as follows. In dimension 0, NoAuty,(£) = Auty, (L)
acts on Ny L = Ob(L) in the obvious way. For x € Ny Auty,(L) and ¢ € Mor(P, Q) = N1 L,

Blp)o
(« == 8)(P —= Q) = (a(P) — === B(Q)). (3)
=XQox
and this extends naturally to higher dimensional sequences. The simplicial action induces
an action of the topological group |Auty,,(L£)| on the space |L].

Our aim is to describe maps BG — BN Auty,,(L)| via twisting functions (see, e.g.,
[Cu, Definition 3.14]). We need to show that extensions of the type constructed in Theorem
5.4 realize certain types of topological fibre bundles, and the relevant obstruction theory is
encoded in the simplicial equalities that characterise the twisting functions.

For any (discrete) group G, let £(G) denote the category whose objects are the elements
of G, with a unique morphism between each pair of objects. Let B(G) be the category
with a single object «, and with G as the automorphism group of that object. Then G
acts on £(G) by translation, and the quotient category can be identified with B(G). The
geometric realizations of £(G) and B(G) are the universal contractible free G-space EG, and
the classifying space BG, respectively.

For a discrete group G, we will use the simplicial set NB(G)° as a model for BG. This
allows us to conveniently denote simplices in NV, B(G)°P by the usual bar notation

def ”
g=[q1]g2] - [gn] = (s4T— oD oo ),

where g; € G. We will generally omit the superscript “op” from the notation. More generally,
for any small category C, we will consider the nerve of the opposite category C°? as a model
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for the nerve of C. Thus, for example, we consider face maps as

do(co< i c f2 Co-r 4 In cn): (cl<f—262-~~ <f—"cn),
d1<00 , N 1 4 f2 ey - fn Cn): (CO fiofa ey - In Cn>,

etc.

To each simplicial group K, one associates a simplicial set W (K) (cf. [Cu, Definition 3.20]
or [GJ, §V.4]), by setting W(K) = x,

WaK)=Kp,_1 X Ky_px---Ky  forn>0,

and with face and degeneracy maps

(Kn—2,.-.,Ko) ifi=0
di(Kp-1,...,k0) = < (di1kn_1, -+, (dokn_i)kn_i—1,---,ko) f0<i<n (4)

(dp-1Kn-1,-..,d1K1) ifi=n
Si(Kn—1y-+-yK0) = (Sic1Kn—1s -, S0Kn—is L, Kn—i—1, ..., Ko) all0<i<n

for k; € K;. Then |W(K)| ~ B|K]|, and so we can take W (N Auty, (L)) as a simplicial
model for classifying space of the topological group |Auty,(L)].

A twisting function t from a simplicial set X to a simplicial group U is a collection of
maps t,: X, — U,_; satisfying certain identities formulated in [Cu, Definition 3.14]. When
X = NB(G) and U = N Auty,,(L), a twisting function ¢: NB(G) — N Autyy,(L) is a
collection of maps

bn: NuB(G) —— N1 Autiy, (L) (all n > 1)
satisfying the relations
On-1(dig) = di—19n(9) for 2 <i<n,
bn-1(d1g

(5)

for i > 1,

for all n > 1 and all g € M,,B(G). Here, 1 denotes the identity element in N, Auty,(L).
To a twisting function ¢ = {¢,},>1 as above, one associates the simplicial map
0: NB(G) —— W(N Autyy, (L)) (6)
where for each g = [g1] .. .|g,] € No.B(G),

0(9) = (¢n(9), Pn-1(dog), ..., ¢:1(d}'g))
= (¢nllgl- - - 1gn))s dn1(lg] - 1gn))s - - é1([gn)))-

It is not hard to see that the simplicial equalities (5) are designed so that ¢ is a simplicial
map. For example, ¢ commutes with the face maps by (5) together with the face relations

: diid) if j<i
d'g)dz - {dj+]1 0 e - .
0 if J Z ¢,
and formal manipulations.

The following lemma will be needed.
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Lemma 6.1. Fix a linking triple (S, F,L), and an ezxtension pair U = (f,T) for L and
G. Let p: T —— G be the surjection with kernel T < Autz(S), and let ty: G —— T be a
reqular section of p (i.e., ty is a right inverse for p as a map of sets, and ty(1) = 1). Define
maps of sets

t: G —— Autfyp(ﬁ) by setting t=rToty
v: G x G —— Inn(L) such that t(g)t(h) =v(g,h)t(gh) Yg,h e G (7)
X: G X G —— Aut,(9) such that tu(g)tu(h) = x(g,h)ty(gh) Vg,h € G.

Then the following hold.

(a) For each g,h € G, v(g,h) = cy(g,n) € Inn(L).

(b) For each g € G, x(1,9) = x(g,1) = 1.

(c) For each g,h,k € G, x(g,h)x(gh, k) = t(g9)(x(h, k))x(g, hk).

Proof. Part (a) follows by the commutativity of triangle (1) in Definition 5.3(a), and (b) is
immediate from the definition of x. It remains to prove (c).

By definition,
(tv(g)tu(h)tu(k) = x(g, h)x(gh, k)-tu(ghk),
and
tu(g)(tu(R)tu(k)) = " Ox(h, k)-x(g, hk) -ty (ghk) = t(g)(x(h, k))-x(g, hk) -ty (ghk),

where the last equality holds because of the commutativity of triangle (1) in Definition 5.3(a).
The claim now follows by the associativity of multiplication in T'. U

We are now ready to show that for given £ and G, there is a bijective correspondence
between twisting functions from NB(G) to N Autiy, (L) and extension pairs for £ and G.

Proposition 6.2. Fiz a linking triple (S, F, L) and a finite group G.
(a) LetU = (f, 7) be an extension pair for L and G, and let ty: G — T be a reqular section.
Then there is a unique twisting function ¢ = ¢y : NB(G) — N Autiy, (L) such that
(i) forallg € G, Toty(g) = ¢1([g]); and
(i) for all g,h € G, tu(g)tu(h) = da([g|h])tu(gh).
(b) Let ¢ = {¢n} be any twisting function from NB(G) to N Auty,(L). There is an exten-
sion pair U = (', 1), and a reqular section ty: G — T, such that ¢y = ¢.

Proof. (a) Let U = (f,T) be an extension pair for £ and G, and fix a regular section
ty: G — T of the natural projection. Since a simplex in the nerve of a category is determined
by its 1-faces, there is at most one twisting function ¢ which satisfies (i) and (ii). We will
prove that such a twisting function exists.

Define t: G — Aut! (L), v: G x G — Inn(£L) and x: G x G — Aut,(S), as in (7). For

typ
g =[] - |gn] and ¢ < j, write g; ; = gigi+1 - - - gj. Define ¢ by setting

)_1 x(91,92) "' x(91,92,3)
y ...

(g91,92)
On([g1]g2] - - 1gn]) = (t(gl) ST 4 gro)t(ge
=v(g1,92) " 1t(g1) (8)

_1 x(g1,92,n-1)"'x(91,92,n) 1
—— t(grn1)t(g2n1)"" & t(g1,n)t(92,n) ) .
=v(91,92,n—1) " t(g1) =v(91,92,n) " *t(g1)

The equalities between the objects hold by (7) (the definition of v).
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The first and third relations in (5) clearly hold for ¢. Also, ¢,,([g1] - - |gs]) is the identity
sequence if g; = 1, which implies the fourth identity in (5). Thus we need only check the
second relation, namely that

do®n([g1| -+ |gnl) - Pn-1(lg2| - - - |9n]) = dn-1([9192|93] - - [gn]) 9)

for each g¢1,...,9, € G. Each side of (9) lies in N, _sAutiy,(L); i.e., a sequence of (n — 1)
objects and (n — 2) morphisms. The objects on each side of (9) are the same, since

t(g1m)t(g2,m) " 0 t(g2,m)t(g3,m) " = t(g1m)t(g3,m) "

for all m > 2 (where we now set g3 = 1 and g2 2 = ¢2). To show that the morphisms in the
sequences coincide, we must show that

(X(glagQ,m)_1X<gla927m+1))'(X(92793,m)_1X(g2793,m+1)) = X(91,2,93,m)X(91,2,93,m+1)

for all m > 2 (where again gs» = 1). By (2), the left hand side of this equation takes the
form

(x(g1: 92,m) ™" 0 X(91: 92,m+1)) © (H(G1,m+1)H (92 ms1)) (X (92, 93.m) ™" @ X(92, G3,m+1))
=X(91, 92.m) "' X (91, Gom+1) o C;(lgl,gzmﬂ)t(gﬁ()((g% g3.m)” X (92, G3.m11))
=X(91, 92,m) " t(91) (x(92, 93,m)) ™" 2 t(91) (X (92, 3,m+1))X (91, G2,m+1) (10)
:(X(gla 92)X(9192, 93,m))_1X(91> gZ)X(gl,27 93,m+1)
=x (91,2, g3.m) " X (91,2, a.m11) -

Here, the first equality in (10) follows from (7) and the definition of v, and the third follows
upon applying Lemma 6.1(c) twice. This finishes the proof that ¢ is a twisting function.

By construction, ¢;([g]) = t(g) = T o ty(g), and so ¢ satisfies (i). Upon setting n = 2 in
(8), we may identify ¢o([g|h]) with x(g, k), and so (ii) holds by Lemma 6.1.

(b) Fix a twisting function ¢, and define t: G —— Autfyp(ﬁ) by t(g) &f ®1([g]). Then
t(1) = 1.
For each g, h € G, the formulas in (5) for faces of ¢5([g|h]) take the form
diga([glh]) =t(9)  and  doga([glh]) = t(gh)-t(h) .

So there is x(g, h) € N1 Autyy, (L) = Aut,(S) such that

oallglh]) = (tg) 22— tgh)t(h) ™) .
By (1), t(g9) = cy(g,n) o t(gh)t(h)~*, and hence
t(g)t(h) = cx(g.mt(gh) (11)

Also, by the degeneracy relations in (5), for each g € G, x(g,1) =1 = x(1, g).
Similarly, for each g, h, k € G, ¢3([g|h|k]) has faces

da¢3([g|h[k]) = ¢2([g]h]) ,
dis([g|hIk]) = d2([g|hk]) , and (12)
dods([g|nlk]) = éa([ghlk])-@a([h|k]) ™

by (5). Hence ¢3([g|h|k]) takes the form

ds([glhlk]) = (t(g) <22 t(gh)(h) ™ 2 t(ghk)(hk) ")
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for some x; € Autz(S). The second formula in (12) implies that x(g,h)ox1 = x(g, hk), and
hence x1 = x(g,h) *x(g, hk). The third formula in (12) now implies that

(t(gh)t(h)—l QJoR)x(g k) t(ghk)t(hk)‘1>-<t(h) X0 t(hk:)t(k:)‘1>

x(gh,k)

— (tgh) X2 t(ghkye(k) ).
Hence by definition of the monoidal structure on Autiy,(L) (see (2)),
X(gh. k) = x(g.h)~"x(g. hk)-(t(ghk)t(hk) ") (x (h, k).
By (11), ¢y(gnk) o t(ghk)t(hk)~™t = t(g). Hence
X (g, B)x(gh, k) = x(g, Bk)-(¢ gy © 1)) (x(h, k)
= t(g)(x(h, k))x(g, hk) . (13)

Now define I’ = Aut,(S) x G, with group multiplication

(a,9)-(b, h) = (a-t(g)(b)-x(g,h), gh)

for each g,h € G and each a,b € Aut,(S). Define 7: r—s AuttIyp
Cq ot(g). For each g, h, k € G and each a,b,c € Aut,(S

)
((a,9)-(b,h))-(c, k) = (a-t(g)(D)-x(g, h)-t(gh)(c)-x(gh, k), ghk)
= (a-t(g)(b)t(g)t(R)(c)-x(g, h)-x(gh, k), ghk)
—( t(g)(b)- ( ) ( )( )t(9)(x(h, k))-x(g, hk), ghk)
9)-(bt(
9)-((b,

(L) by setting 7(a,g) =

Y

k), hk

)

where the second and third equahtles follow from (11) and (13) respectively. Thus mul-

tiplication in T is associative, and Tis a group, with the obvious identity and inverses.
Similarly,

7((a,9)-(b,h)) = T(a-t(g)(b)-x(g, h), gh) = ca o Cug) © Cx(gm) © t(gh)
= ca o t(g)cst(9) ™ o Cyemt(gh) = ca o t(g)cst(g) ™" o t(g)t(h)
=7(a,g)7(b, ),
and so 7 is a homomorphism.

The triangle (}) in Definition 5.3)(a) commutes by definition of 7. Triangle (1) commutes
since

(a,9)(b,1)(a,9)~" = (at(g)(b)a™", 1) = (7(a, g)(b) el

for each (a,g) € T and each b € Aut,(S). This shows that U< (F 7) is an extension pair
for £ and G.

Finally, for g € G, set ty(g) = (1,9) € [. Then ty is a regular section of the obvious
projection p: I' — G. By the definitions, 7(ty(g)) = t(g) = ¢1([g]), while for g,h € G,

tu(g)tu(h) = (1,9)-(1,h) = (x(g: 1), gh) = (x(g, h), 1)-(1, gh).
Upon identifying (x(g,h),1) € T with ¢5([g|h]), we obtain (i) and (ii). O

A twisting function ¢: NB(G) — N Autiy, (L) determines a map BG — B|N Auty, (L)
(see (6)), and hence determines a fibre bundle over BG with fibre |£| and structure group
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| Autiy,(L£)|. This pullback bundle is the realization of a simplicial set E(¢) = |£| x4 BG: a
twisted cartesian product which is described as follows (cf. [Cu, (6.4)]).

Definition 6.3. For any twisting function ¢p: NB(G) — N Autiy,(L), let E(¢) be the sim-
plicial set with n-simplices E(¢), = N L x N, B(G), and with face and degeneracy maps:

e oy ) (En(g) 7 do€, dog) if i =0
(&9 = {(dz{;dig) ifi1>0

si(€,9) = (si€, s:9) for all ¢

for all € € N,L and all g € N,B(G). Let ps: E(¢p) —— NB(G) be the natural projection
which maps a pair (§,g9) € E(¢) to g.

By [Cu, §6.4], in the situation of Definition 6.3, p, induces a fibre bundle |py|: |E(¢)| —
BG with fibre |£| and structure group |Auti,(L)|. We want to identify the nerve of the
extension Ly of Definition 5.3 with E(¢) for the associated twisting function ¢. Before we
can do this, one more technical lemma is required.

Lemma 6.4. Let X be a simplicial set such that for each n > 2, the map

n—1

Dn = Xn M {([L’l,l’g) S X1 X Xn—l ‘ do[El = (dl)n_l(l'2> € Xo}

is a bijection. Then there is a category X with Ob(X) = Xy and Mor(X) = X;, where
f € Xy ws a morphism from dof to dif and Id, = sqx for x € Xy, in which composition
is defined as follows. If fi, fo € Xy are composable morphisms (i.e., if dofi = difs), then
their composite is defined by setting fi o fo = dix, where x € X5 is the unique element such
that Dy(x) = (f1, f2). In other words, fio fo = dyo Dy (f1, f2). Furthermore, NX = X as
simplicial sets.

Proof. For each 0 <7 < n, let e': X,, —— X, be the “edge map” induced by the morphism
[1] —— [n] in A with image {i,7 + 1}. Thus, for example, €3 = dy, €} = dy, €} = (dy)"™*
for n > 2, etc.

For each n > 2, set
NoX = {(fo, -, fum1) € (X0)" | dof; = dy fisq for all 0 < i < n—2}:
the set of n-tuples of composable morphisms. Set

E, = (eg,el,...,en_1): X, —— N X C (Xy)".

yPn—1
It is easy to check that E,, = (Id x Ds)o (Id X D3)o---0 D,, and so E, is a bijection since
the D; are. In particular, for each (f1, fo, f3) € N3X, there is a unique y € X3 such that
E3(y) = (f1, fa, f3) = (d3y, dadoy, d3y) = (dadsy, dodsy, dodyy), and
(fiefa)ofs=didsyo f3 =didiy=didey= f1 odidoy = fio(fao fs).
=dad1y =dod1y =daday =doday

The first equality follows since Ds(dsy) = (dadsy,dodsy) = (f1, f2), and the fifth since
Dsy(doy) = (d2y, dodoy) = (f2, f3), the second and fourth equalities hold by definition of D,
and the third is a simplicial identity. This shows that composition in X is associative, and
hence that X is a category.

Set Ey = Idx,, By = 1dx,, and E = {E,}: X —— NX. By construction, £ commutes

with face maps on X, for n < 2. We claim that d;o E,, = E,,_1 od; forn >3 and 0 < i < n.
This is clear from the definition of E,, when ¢+ = 0 or ¢ = n, since in these two cases d
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and d,, on N, X are restrictions of the obvious projections pg, p,: (X1)" — (X1)""*. So
assume 0 < ¢ < n, and consider the map

T Xn (€057 a:t:€ 1€ 1) (Xl)iil % X2 % (Xl)niiil,
where ¢ is induced by the morphism [2] —— [n] with image {i — 1,4, + 1}. Then E, =
(Id, (dg, dp),1d) o T, while E,,_1 od; = (Id,dy,1d) o T. In other words, for each = € X,, with
EH(I) = (fh SR 7fn); we have En—l(dlx) = (f17 s 7fi—17 fl ° fi+1> BRI fn) - dZ(ETI(m))

This proves that E commutes with face maps, and it is easily seen (by the choice of
identity morphisms) to commute with degeneracies. Since all of the E; are bijections, F is
an isomorphism of simplicial sets. O

For any extension pair U = (T', 7) for £ and G, we let pr: £y — B(G) be the functor
defined by setting pr([p,v]) = p(7).

Pr0p051t10n 6.5. Fiz a linking triple (S, F,L), a finite _group G, and an extension pair

U = ( T) for L and G with a regular section ty: G — T. Let ¢ = ¢y be the associated
twisting functzon as in Proposition 6.2(a). Then N Ly = E(¢), via a simplicial isomorphism

which commutes with the projections to NB(G). In particular, |Ly| —— Poly BG s a fibre
bundle over BG with fibre |L| and structure group |Auty,(L)].

Proof. We first claim, for each n > 2, that the map
= (dg_lad0)3 E(¢)y —— {(7717"72) € E(¢)1 x E(¢)n—1 | domy, = d?_lnz € E(Cb)o}
is a bijection. For € = (Py <~ P« -+« P,) and g = [g1] - - - |9n],

Dal€,g) = ((Po &= Pr.[1]) s (6a(9) "ot 92|+ 9u)) )

and

A (Dnlg) "V dok (g0l -+ 19a]) = (1(d5 " g) ™l ok %)

= (#1(lga)) " Pr%) = do(Py <= Py, [g1])-

For fixed g, D,, restricts to a function from N, L to the set of pairs (&;,&,) € N1L X N,, 1L
such that

(o)) (dokey) = &1, (14)
This function is in fact a bijection, since by (14), the last term of &, is the first term of
é1([g1]) "1 (do€,), and since ¢1([g1]) is invertible. Since g = [g1] - |¢n] is determined by [g;]
and dog = [g2| - - |gn], it follows that D,, is a bijection.

By Lemma 6.4, E(¢) 2 NE(¢), where £(¢) is the category with
Ob(E(9)) = B(d)o = Ob(L) x {x} and Mor((6)) = F(¢), = Mor(£) x G

with source and target defined by dy and dy, respectively, with Id(p.) = so(P, *) = (Idp, 1),
and with composition defined by d; o D;*. Let ¢ and x be the functions associated to U and
ty via (7) (we do not use v here). For each ¢ € Mor,(P, Q) and g € G,

do(Q " P,[g]) = (6a([g) " (P), %) = (t(9) "' (P), ),
di(Q «+— P.[g]) = (Q,%).
0 (p,9) € More(g) ((t(g)~'(P), %), (Q. %))

We next describe composition in £(¢). For each

n=(R+*— Q+>— P, [g|h]) € E($)a,
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dim = (¢ o A, [gh]) and dom = (i, [g]), While
dom = (¢2([glh))"H(Q <= P), g])
= ((tg) 2= tgh)t(h) ™) (@ == P).[g])

= (1(9)7'(Q) " t(W)i(gh) ' (P). [9))
where by formula (3) for the action of Mor(Autiy, (L)) on Mor(L),

A= (t(gh)t(h) ™ 22 1(g)) - = t(g) () o X(g, 1) -

In other words, composition in £(¢) satisfies
(@9 o (¥, h) = (9o A, gh) = (9o t(g) () o X(g, ), gh) . (15)

It remains to show that £(¢) = L. By construction, each morphism in £y has the form
[, tu(g)] for some unique ¢ and g. Define w: Ly —— E(¢) by setting w(P) = (P, *) and
w([e,tu(g)]) = (¢, g9). By (15), this preserves composition, and hence is an isomorphism of
categories. 0

7. THE PROOF OF THEOREM A

Before proving Theorem A, we need one more result, which allows us to compare fibrations
with fibre |£[}} and fibre bundles with fibre |L|.

Proposition 7.1. For each p-local compact group (S, F, L) and each finite group G, there
is a bijection © from the set of equivalence classes of fibre bundles over BG with fibre |L]
and structure group |Autiy,(L)| to the set of equivalence classes of fibrations over BG with
fibre homotopy equivalent to |£\$: a bijection which sends the class of a fibre bundle to the
equivalence class of its fibrewise p-completion.

Proof. For any space X, let Aut(X) denote the space of its self homotopy equivalences. Let
QO [Auty,(£)] — Aut(|£])  and  Q: [Auty,(L)] — Aut(|L]))

be the homomorphisms induced by the evaluation functor Auty,(L£) x L —— L and by
p-completion.

By [BGM, Theorem 5.6, equivalence classes of fibrations over BG with fibre |£|} are in
one-to-one correspondence with the set [BG, BAut(|£[))], of homotopy classes of pointed
maps. Also, equivalence classes of |Auty,(L£)|-bundles over BG with fibre |£| are in one-to-
one correspondence with the set of homotopy classes of pointed maps [B G, B| Auty, (E)H .-

If amap f: BG —— B|Autiy,(L)| classifies an |Autiy,(L£)|-bundle ¢ with fibre |£|, then
BQ o f classifies the fibrewise p-completion {Af of £;. So we must show that the map

®: [BG, Bl Auty,(L)[], —=— [BG, BAut(/L])],
is a bijection.

By [BLO3, Theorem 7.1], Q induces a homotopy equivalence after (componentwise) p-

completion. Hence BAut(|£|) is the fibrewise p-completion of BAut,(L) over BOut(|L])) =
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BOutyy,(£), and there is a map of fibration sequences

K(Z,2) —— B|Autyp(L)] — BOutyy (L)

l”” lBQ lﬁ

K(Z,2)) —— BAut(|£[2) —— BOut(|£]) .

Here, Z = Aut aut,,(c)(Id), and by (1) in Section 6, it can be identified as a subgroup of
Z(9S). (Infact, Z = Z(F): the center of the fusion system F.) Hence it is an abelian discrete
p-toral group of the form Z = (Z/p>)" x A for some finite abelian p-group A.

By [BK, Proposition VI.5.1|, K(Z/p>,2)) ~ K(Zy,3), K(Qp,2), ~ *, and K(Z,,2) is
p-complete. Hence by the fibre completion lemma [BK, Lemma I1.4.8], there is a map of
fibration sequences

K(Z,,2) — K(Q,,2) — K(Z/p>™,?2)

K(ZPJ 2) * K(va 3) )
and so hofibre(r) ~ K(Q,,2). Thus K(Z,2), ~ K((Z,)",3) x K(A,2), and the homotopy
fibre of B is equivalent to hofibre(k,) ~ K((Q,)",2).

Since G is finite, H(G;(Q,)") = 0 for all : > 1. Thus ® is a bijection by obstruction
theory. O

Remark 7.2. In particular, we have shown that each class of fibrations over BG with
fibre |£|7 has a representative which is actually an |Auty,(£)|-bundle. In other words, the
structure group of a fibration can always be reduced to |Auty,(L)|.

We are now ready to prove Theorem A, in the following slightly more precise form.

Theorem 7.3. Assume f: X —— Y 1is a finite reqular covering space with covering group
G, where X ~ |Z|£ is the classifying space of a p-local compact group (S, F,L). Then Y7 is
the classifying space of a p-local compact group (S, F,L). Furthermore, there is a transporter
system T associated to F and L such that £ T, and such that AutT(S’)/AutZ(S’) =G,

Proof. By Proposition 7.1, there is a fibre bundle |£| —— E —— BG with structure

group |Autiy,(L£)| whose fibrewise p-completion is equivalent up to homotopy to the fi-
bration X —— X xg EG —— BG. This bundle is classified by a map ¢ from BG to

BlAuty,(L)| = |WAutiyy(L)|. Since W Auty, (L) is fibrant (cf. [GJ, Corollary V.6.8]),
we can assume that ¢ is the realization of a simplicial map, and hence is determined by a
twisting function ¢.

By Proposition 6.2(b), ¢ = ¢y for some extension pair U = (I, 7) with regular section
ty: G — T. By Proposition 6.5, |ZU| = F as bundles over BG. In particular, there is a mod
p equivalence from |Ly| to X x¢ EG ~ Y.

By Theorem 5.4, there is a saturated fusion system F over a discrete p-toral group S, and
a transporter system 7 associated to F, such that £ < T, Auty(S)/ Autz(g) =~ (&, and such
that | 7| contains |Ly| as deformation retract. Hence T =~ |ZU|2§ ~ Y7 Let 7T €T be
the full subcategory whose objects are the objects of T which are F-centric. Then Ob(77) is

invariant under JF-conjugacy, closed under overgroups, and contains all subgroups which are
F-centric and F-radical. Hence |Ti|) ~ |T|} by Proposition A.9(a). By Proposition A.6,



38 CARLES BROTO, RAN LEVI, AND BOB OLIVER

there is a linking system £; associated to 7; and to F, with Ob(L;) = Ob(7;), and such
that |£]) >~ |T1])). By Proposition A.12, there is a centric linking system L associated to F
which contains £; as a full subcategory, and ||} ~ |£;]} by Corollary A.10. So [£]) ~ Y7,
and this finishes the proof of the theorem. O

APPENDIX A. TRANSPORTER SYSTEMS OVER DISCRETE p-TORAL GROUPS

Transporter systems are a generalization of linking systems, which were first defined (over
finite p-groups) in [OV1]. We need them here in order to state our main theorem on exten-
sions of fusion and linking systems (Theorem 5.4) in sufficient generality. In the first half
of this section, we define and prove the basic properties of transporter systems over discrete
p-toral groups; especially those properties needed to prove and apply Theorem 5.4.

Afterwards, we give some conditions under which an inclusion of transporter or linking
systems (one a full subcategory of the other) induces an equivalence or mod p equivalence
of geometric realizations. We also prove that every linking system all of whose objects are
centric can be embedded in a centric linking system. When it is a question of adding only
finitely many conjugacy classes, these results can be proven using arguments similar to those
already used in [BCGLO1] and [OV1] for linking and transporter systems over finite p-groups.
What is new here (and makes the proofs harder) is the necessity of handling infinitely many
classes at a time.

Let G be a group, and let ‘H be a family of subgroups of G which is invariant under
G-conjugacy and overgroups. The transporter system of G with respect to H is the category
Tx(G) with object set H, and which has morphism sets

Morr, ) (P, Q) = Ta(P, Q) ired|zPrt < Q)
(the transporter set) for each pair of subgroups P, @ € H.

Definition A.1. Let F be a fusion system over a discrete p-toral group S. A transporter
system associated to a fusion system F is a nonempty category T such that Ob(T) C Ob(F)
is closed under F-conjugacy and overgroups, together with a pair of functors

Tow(r)(:S) e T T

satisfying the following conditions:

(A1) The functor e is the identity on objects and the functor p is the inclusion on objects.
(A2) For each P,Q € Ob(T), the kernel

E(P) & Ker [pp: Autr(P) — Autz(P)]

acts freely on Morr(P, Q) by right composition, and ppg: Morr(P, Q) — Homz(P, Q)
is the orbit map for this action. Also, E(Q) acts freely on Morr(P,Q) by left com-
position.

(B) Foreach P,Q € Ob(T), epg: Ns(P,Q) — Morr(P, Q) is injective, and the composite
ppqocpq sends g € Ng(P,Q) to ¢, € Homz(P, Q).

(C) For all p € Morr(P,Q) and all g € P, the diagram

pLQ

SP(Q)l lEQ(P(@)(Q))

pL)Q
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commutes in T .

(I) Each F-conjugacy class of subgroups in Ob(T) contains a subgroup P such thatep(Ng(P)) €
SyL,(Autr(P)); i.e., such that [Auty(P):ep(Ns(P))] is finite and prime to p.

(II) Let p € Isor(P,Q), PP < S, and Q < Q < S be such that ¢ ocp(P)op! <en(Q).
Then there is some ¢ € Mory (P, Q) such that oe,5(1) =€, 5(1) o .

(III) Assume Py < Py < P3 < --- in Ob(T) and ¢; € Mory(FP;,S) are such that for alli > 1,
VY = Yiy10€p,p,,(1). Set P =J2, P;. Then there is ¢ € Mory(P,S) such that
Yoep, p(l) =1 for each i.

When P < @ are both in Ob(7T'), we write tpg = epg(1), considered to be the “inclusion”
of P into Q. By axiom (B), p sends tpo € Mory(P, Q) to incl¢ € Homz(P, Q) (the inclusion
in the usual sense).

Proposition A.2. The following hold for any transporter system T associated to a fusion
system F over a discrete p-toral group S.

(a) Fiz morphisms ¢ € Hom,:(P, Q) and ¢ € H?_\l:l:l]:(@, R), where P,Q, R € Ob(T). Then
for any pair of liftings ¥ € pé’lR(z/J) and Yy € p;’lR(ww), there is a unique lifting
QY E p]_;,lQ(go) such that Jo o= Jz?o

(b) For every morphism ¢ € Mory(P,Q), and every P,,Q. € Ob(T) such that P, < P,
Q. < Q, and p(V)(P,) < Q., there is a unique morphism 1, € Mory(P., Q.) such that
Yolpp, = 1QQ. © V-

(c) For each ¢ € Mor(T), v is an isomorphism in T if and only if p(¢) is an isomorphism
in F.

(d) All morphisms in T are monomorphisms and epimorphisms in the categorical sense.

Proof. Point (a) follows from [OV1, Lemma A.7(a)|, and (b) is a special case of (a). All
morphisms in 7 are monomorphisms by [OV1, Lemma A.7(b)| and since morphisms in F
are monomorphisms.

If ¢ € Mory(P, Q) is such that p(¢)) € Isor(P,Q), then by (a), there are ¢ € Morr(Q, P)
and " € Mory(P, Q) such that ¢ o’ = Idg and ¢ 9" = Idp. Then ¢ = Yy'¢" =" is

an isomorphism in 7 with 1" as inverse. This proves (c).

[t remains to prove that all morphisms in 7 are epimorphisms. Fix ¢ € Mors(P, Q) and
1, P2 € Morr(Q, R) such that ¢ 0 1) = ¢y 0 ¥; we must show that p; = . Since 9 is the
composite of an isomorphism followed by an inclusion by (b) and (c), it suffices to prove this
when P < @ and ¢ = tpg is the inclusion.

Assume we can show that p(p1) = p(p2). By axiom (A2), p3 = 10« for some a € E(Q).
Hence

ProQolpg = P2olpg = P10oLlpQ,

S0 aolpg = tpg by (a), and o = Idg since E(Q) acts freely on Mory (P, Q) (axiom (A2)).
Thus ¢ = @s.

_ To complete the proof, we need to show that p(¢1) = p(¢2). Assume otherwise, and let
P < @ be the subgroup of all g € @ such that p(¢1)(g9) = p(¢2)(g). Then P < Ng(P) by

Lemma 1.12, and p(<p1)|NQ(15) + p(wg)]NQ(];) by definition of P. So upon replacing P by P

and @) by Ng(P), we can arrange that P < Q.
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Set P' = p(¢1)(P) = p(e2)(P). By (b), ¢10tpg = 20 tpg has a unique restriction
B =p1lpp = pa|lpp € Isor (P, P'). Fix x € Q, set y; = p(v;)(z), and consider the following
two squares for each ¢ = 1,2:

Q Pi R p B P
EQ(I)l léR(yi) €P($)l lfpl(yi)
0O—" R P—" ,p

The first square commutes by axiom (C), and the second square is defined to be a restriction
of the first. Note that ep(x) sends P to itself because P < @)'. Note also that ep(z) is the
restriction of e¢(z) since ¢ is a functor (and since tyy = ey (1) for all U <V in Ob(T)).
Hence the second square commutes by the uniqueness of restriction morphisms (point (b)).
Thus ep(y1) = epr(y2) = Boep(x) o 7. Since epr is injective (axiom (B)), this shows that
y1 = yo. Since this holds for all z € @, p(¢1) = p(p2), contradicting our assumption that
they are distinct. O

As usual, in the situation of Proposition A.2(b), we write ¢, = ¥|p, o. € Mory (P, Q.),

regarded as the restriction of .

Proposition A.3. For any fusion system F over a discrete p-toral group S, and any trans-
porter system T associated to F, F is Ob(T)-saturated.

Proof. Set H = Ob(T) for short. By axiom (I) for 7, each subgroup in H is F-conjugate to
some P such that ep(Ns(P)) € Syl,(Autr(P)). Hence

Auts(P) € Syl,(Autx(P)) and  ep(Cs(P)) € Syl,(E(P)) (1)

where as usual, E(P) = Ker[Auty(P) —2» Autz(P)]. In particular, P is fully automized
in F.

We claim that P is also receptive. Fix any Q € P7 and ¢ € Isoz(Q, P). By axiom (A2),
there is ¢ € Isor(Q, P) such that pg p(v) = ¢. Let N, < Ng(Q) be the subgroup of all
g € Ns(Q) such that e o™ € Autg(P). Then teg(N,)y™" < ep(Ng(P))-E(P). Since
ep(Cs(P)) € Syl,(E(P)), ep(Ns(P)) € Syl,(ep(Ns(P))-E(P)). So there is x € E(P) such
that

(x¥)e(Np) (X)) ™! < ep(Ns(P)) -

Axiom (IT) now implies that there is 1) € Morz (N, S) such that Vo Lo,N, = Lp,s o X%, and

so p(¢) € Homz(N,, S) is an extension of ¢ = p(y) = p(x¥).

It remains to prove that axiom (III) (for a fusion system) holds for all subgroups in H.
So assume P} < P, < P3 < --- are subgroups in H, P = |J;, P, and ¢ € Hom(P,S)

is such that ¢, & o|p, € Homz(P;,S) for each i. For each i, F(F;) contains a discrete
p-toral group with index prime to p, and thus is an extension of a discrete p-torus by a
finite group. Also, restriction defines a homomorphism from E(P;;;) to E(F;), and this is
injective by Proposition A.2(d). We can thus regard the E(P;) as a decreasing sequence
of discrete-p-toral-by-finite groups, and any such sequence becomes constant, since discrete
p-toral groups are artinian (see [BLO3, Proposition 1.2]). In other words, there is N such
that for all j > ¢ > N, the restriction of E(P;) to E(P;) is an isomorphism.

For each i < N, choose ¢, € Homy(P;, S) such that ¢; = pp, s(¥}). Set ¥ = 9. By
(A2), for each i > N, thereis x; € E(Py) such that ¢y = ¢}|p,.s0X;. We just saw that there

is X; € E(F;) such that X;|p, = xi. So if we set ©; = ¥}oX;, then ¢;|py.s = ¥i|py.s0oXi = Un.
Since morphisms in 7 are epimorphisms by Proposition A.2(d), ¥;i1|p.s = ¥; for each
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i > N, and by axiom (III) for 7, there is ¢» € Mory(P,S) such that ¥|p, s = 1; for each
i > N. Then p(¢)|p,.s = ;i for each i, so ¢ = p(v) € Homz (P, S). O

We next show that linking systems over saturated fusion systems are transporter systems
and characterize linking systems among transporter systems. This is a generalization to
linking systems over discrete p-toral groups of [O1, Proposition 4|. We will first list the
properties of linking systems that we need as a separate proposition that might be useful for
future reference and then state the result as a corollary.

Proposition A.4. The following hold for any linking system L associated to a saturated
fusion system F over a discrete p-toral group S.

(a) For each P,Q € Ob(L), the subgroup E(P) M Ker [Aut,(P) —— Autz(P)] acts freely
on Mor,(P, Q) via right composition, and mpq induces a bijection
Mor, (P, Q)/E(P) ——— Homz(P,Q) .
(b) The functor 0 is injective on all morphism sets.
(c) The action of E(Q) on Homz(P, Q) via left composition is free.

(d) For every morphism v € Morz(P,Q), and every P,,Q. € Ob(L) such that P, < P,
Q. < Q, and (V) (Py) < Q., there is a unique morphism ¥|p, o, € Morz(Px, Q) (the
“restriction” of 1) such that ¢ o tp, p = 19, 0 o ¥|p..q.-

(e) If P € Ob(L) is fully normalized in F, then 6p(Ns(P)) € Syl,(Autz(P)).

(f) Let P < P<SandQ<Q<S be objects in L. Let 1p € Morz(P,Q) be such that for
each g € P, there is h € Q) satisfying 0.5 ° Vodp(g) = 5Q@(h) o). Then there is a
unique morphism ¢ € Morz(P, Q) such that 171|p,Q =).

(g) All morphisms in L are monomorphisms and epimorphisms in the categorical sense.

(h) Assume P, < Py < P3 <--- in Ob(L) and 1p; € Mor(P;, S) are such that for alli > 1,
VY = Yita|p,s. Set P =J;2, P;. Then there is ¢p € Morg(P,S) such that ¥|p, s = 1;

for each 1.

Proof. Points (a) and (b) are exactly the same as points (a) and (c), respectively, in [O1,
Proposition 4|, and the proofs go through unchanged. The proof of (c) is contained in that
of |01, Proposition 4(f)|, again with no modification necessary. We prove the remaining
points.

(d) This is a special case of [BLO3, Lemma 4.3(a)| (which is Proposition A.2(a) for linking
systems).
(e) For each P € Ob(L) which is fully centralized in F,

Autr(P) = Aut,(P)/6p(Cs(P))  and  Autg(P) = Ng(P)/Cs(P).

Hence [Autz(P):Autg(P)] = [Aut(P):0p(Ng(P))], since dp is injective. If P € Ob(L) is
fully normalized in F, then Autgs(P) € Syl (Autz(P)), and so 0p(Ng(P)) € Syl,(Autz(P)).

(f) The proof of existence of an extension ¢ is identical in our case to the proof of the
corresponding statement |[O1, Propostion 4(e)|. It remains to prove uniqueness.

Assume 1711,1712 € Isol;(p, @) are two extensions of ). We must show that zzl = TZQ. It
suffices to do this when ¢ is an isomorphism, and also (after composing by an isomorphism,
if necessary) when P is fully centralized in F.
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Fix z € P, set y; = 7(1;)(x), and consider the following two squares of morphisms in £:

P .0 P—2 0
ép(z)l l% (v4) ép(x)l l&g (v4)
P ¥; = p P

1%

The first square commutes by axiom (C), and the second square is defined to be a restriction
of the first. Note that dp(z) is the restriction of dz(z) since ¢ is a functor (and since
woy = opv(l) forall U <V in Ob(L)). Hence the second square commutes by the uniqueness
of restriction morphisms (point (d)). Thus dg(y1) = ¥ o dp(x) o ™1 = dg(ya). Since g is
injective by (b), this shows that g, = y,. Since this holds for all z € P, (1) = 7(ts).

By axiom (A) (and since P is fully centralized), 1y = 1y o d5(a) for some a € Cs(P).
Hence

tog o =Vl pg = (Y1005(a))| g = V100, 5(a) = U1l g0 0p(a) = 1, 5 o 1 o Op(a),

so 0p(a) = 1 since E(P) acts freely on Morz(P,Q) by (a) (note that a € Cg(P)). Then
a = 1 since dp is injective by (b), and so ¢ = .

(g) By [OVI1, Lemma A.6|, for each ¢ € Mor(L), ¢ is an isomorphism in £ if and only
if m(¢) is an isomorphism in F. Hence by (d), each morphism in £ is the composite of an
isomorphism followed by an inclusion. So it suffices to prove that inclusions are monomor-
phisms and epimorphisms. That they are monomorphisms follows from the uniqueness of
restrictions in (d).

By the uniqueness of extensions in (f), any inclusion tpg for P < @) is an epimorphism.
Since a composite of epimorphisms is an epimorphism, this proves that ¢p ¢ is an epimorphism
if P < (@) with finite index.

Assume this is not true in general. Then there are 1,1y € Isoz(P, Q) and P, < P such
that 1 # 1 and Yy |p, = ¥s|p,. Choose P, < P; < P which is minimal among subgroups of
P containing P, for which vy |p, # 12|p, (S is artinian by [BLO3, Proposition 1.2]). There
is no proper subgroup P, < P; of finite index which contains P, (otherwise ¢1|p, = ¥s|p,
and the result follows from (f)), so P; is the union of its proper subgroups which contain
P.. In particular, w(¢1)|p, = 7(¢2)|p,. The rest of the argument to show that ¢ |p, = 1s|p,
(thus giving a contradition) goes through exactly as in the last paragraph of the proof of (f).
(Note that we can easily arrange for P to be fully centralized.)

(h) Assume P, < P, < P; < --- in Ob(£) and ¢; € Mor,(P;, S) are such that for each
i > 1, ¢ = Yiy|p.s. Set P =J.2, P, and set ¢; = w(¢);) € Homz(F;, S) for each i. Then
©it1|p, = @i for each 4, so the union of the ¢; is a homomorphism ¢ € Hom(P, S). By axiom
(II) in Definition 1.4, ¢ € Homxz(P,S).

By Lemma 3.2(d), there is N such that P;* = P*® for each i > N. Let Qy € (Py)” be fully
centralized in F, fix v € Isox(Py,Qn), and set @ = v*(P). Thus E(Qn) = g, (Cs(Qn)),
each element of Cg(Qy) also centralizes QQn® by the uniqueness of extensions to Qn°, so
each element of E(Qy) extends to an element of E(Q), which implies that each element of
E(Py) extends to an element of F(P).

Choose 9" € Mor. (P, S) such that m(¢)') = ¢. By axiom (A), there is yy € E(Py) such
that ¥y = ¢'|py.s o xnv. Let x € E(P) be such that x|p, = xn, and set ¢ = ¢’ o x. Then
Upy.s = V| py.soXn = U, and ¥|p, s = 1); for each i: via composition with inclusions when
i < N, and by (g) (morphisms in £ are epimorphisms) when ¢ > N. O
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We are now ready to show that all linking systems are transporter systems.

Corollary A.5. Fix a saturated fusion system F over a discrete p-toral group S. Then each
linking system L associated to F is also a transporter system. Conversely, a transporter
system T associated to F which contains all F-centric F-radical subgroups as objects, and
such that the kernel subgroups E(P) are all discrete p-toral groups, is a linking system.

Proof. Assume L is a linking system associated to F. Axiom (A2) in Definition A.1 follows
from Proposition A.4(a,c), (B) and (C) follow from the corresponding axioms in Definition
1.9, and (I), (II), and (III) follow from points (e), (f), and (h), respectively, in Proposition
A.4. Thus L is a transporter system.

Assume now that 7 is a transporter system associated to F such that Ob(7) contains
all F-centric F-radical subgroups of S. By axiom (A2), ppq sends Mory (P, Q) surjectively
onto Homz(P, Q) for each P,Q) € Ob(T), so every object of T is isomorphic in 7 to an
object which is fully centralized. If P is fully centralized, then p sends Cs(P) injectively
to a Sylow p-subgroup of E(P), and hence F(P) = ep(Cs(P)) in that case since we are
assuming that F(P) is discrete p-toral. It follows that 7 is a linking system associated to
F. O

Proposition A.6. Let F be a saturated fusion system over a discrete p-toral group S. Let
T be a transporter system associated to F, all of whose objects are F-centric, which contains
all F-centric F-radical subgroups of S. Then for every P € Ob(T), E(P) = Ey(P) x Z(P)
for some Ey(P) <Q E(P) which is finite of order prime to p and normal in Auty(P). There
is a linking system L associated to F, defined by setting Ob(L) = Ob(T) and

Mor.(P, Q) = Morr(P,Q)/Eo(P),

and the natural functor T —— L induces a mod p equivalence between the geometric real-
izations and hence a homotopy equivalence |T |} ~ |L].

Proof. By axiom (C), for all P € Ob(T), E(P) commutes with ep(P) in the group Aut(P).
Hence ep(Z(P)) = ep(P) N E(P) is central in E(P), and it has finite index prime to p by
axiom (I) and since P is F-centric. So E(P) = Z(P) x Ey(P) for some unique Ey(P) < E(P)
which is finite of order prime to p.

It is now straightforward to check that £, when defined as above, is a quotient category
of T (i.e., composition is well defined). Axioms (A1), (A2), (B), and (C) for a transporter
system imply that £ satisfies the corresponding axioms for a linking system, and thus is

a linking system associated to F. The induced map of spaces |T| —— |£| is a mod p
equivalence (and hence |7 ~ |£]7) by [BLO1, Lemma 1.3]. O

We next define normal transporter subsystems. Recall that for any fusion system F over
a discrete p-toral group S, a normal subgroup S 4.5 is weakly closed in F if for each g € S,
g7 C S. In other words, no element of S is F-conjugate to any element of S\.S.

Definition A.7. Fiz a pair of saturated fusion systems F C F over discrete p-toral groups
S <48, and let T C T be associated transporter systems. Then T is normal in T (T < T)
of

(i) S is strongly closed in F and Ob(T) = {PN S|P € Ob(T)};

(ii) for all P,Q € Ob(T) and ¢ € Mory(P,Q), there are morphisms v € Auty(S) and
Y. € Morz(v(P), Q) such that ¢ = v, o y[py(p); and
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(iii) for all P,Q € Ob(T), ¥ € Mor%(P,Q), and v € Autr(S), Y|gr(q) ¥ o 7|I_3,{y(P) is in
Morz(v(P),7(Q))-

Here, in (ii) and (iii), we write v(P) = p(v)(P) and v(Q) = p(7)(Q) for short. In this
situation, we define

T/T = Autr(S)/Aut=(S).

Let 7 be a transporter system. A subgroup P € Ob(7) is defined to be T -radical if
O,(Autr(P)) = ep(P). When T is a linking system associated to F, then P is T-radical if
and only if it is F-centric and F-radical. If T = Ts(G) for a finite group GG and S € Syl (G),
then P < S'is T-radical if and only if it is a radical p-subgroup of G in the usual sense.

Lemma A.8. Let F be a saturated fusion system over a discrete p-toral group S, and let
T be a transporter system associated to F. Let P € Ob(T) be a minimal object, let P be
the F-conjugacy class of P, and let To C T the full subcategory with object set Ob(T)NP.
Assume that

e P is fully normalized,
e Ng(P)/P is finite, and
o P is either not F-centric or not T -radical.

Then the inclusion of |To| into |T| induces an isomorphism in mod p cohomology.

Proof. Let ®: T°? —— Z,)-mod be the functor which sends objects in P to I, and other
objects to 0, regarded as a subfunctor of the constant functor F,. By the minimality of P,
and since the quotient functor F,/® vanishes on P, it follows that

H*(TaEp/(D) = H*(%aﬁp) = H*(’%‘va)a

where the second isomorphism holds because F,, is constant on 75. Upon applying H*(T, —)
to the short exact sequence of functors associated to the inclusion of ® in F,, and using the
above isomorphism, we conclude that H*(T,®) = H*(|T|,|To|,F,).

Let O(T) denote the orbit category associated to 7: the category with the same objects
as T, and with morphism sets Morp¢n (P, Q) = Mory(P,Q)/Q, where QQ = £¢(Q) acts
freely by left composition. The projection 7 — O(T) is target regular in the sense of [OV1,
Definition A.5(b)|, so by [OV1, Proposition A.11], there is a spectral sequence

EY = H'(O(T); (= () = H™Y(T;2).

Since Ng(P)/P is finite, and [Auty(P):ep(Ns(P))] < oo by axiom (I) (recall P is fully
normalized), Auty(P)/ep(P) is also finite. By [BLO3, Proposition 5.4], and since ®(Q) =0
for Q ¢ P,

H'(O(T); H (—;®(—))) = A (Autr(P)/ep(P); H (P; ®(P)))
=~ A'(Auty(P)/ep(P); H(P;F,))

for each i and j. If P is not F-centric (and since it is fully normalized), there is g € Cs(P)\ P,
and the class of ep(g) # 1 in Auty(P)/ep(P) acts trivially on H’/(P;F,). If P is not
T-radical, then O,(Autr(P)/ep(P)) # 1. In either case, by [JMO, Proposition 6.1(ii)],
A'(Auty(P)/ep(P); H(P;F,)) = 0 for each i and j, so

H*(|T|,|Tol;F,) = H*(T; ®) = 0.

Thus the inclusion 75| — | 7| induces an isomorphism on mod p cohomology as claimed. [
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Lemma A.8 gives us a tool for proving that under certain conditions, adding or subtracting
one conjugacy class in a transporter system does not change the (mod p) homotopy type
of its realization. However, more is needed when dealing with infinitely many conjugacy
classes. One problem when doing this is that the “bullet functor” P + P*® need not lift to a
functor on a transporter system. This is why we need to assume the existence of a normal
linking subsystem in the following proposition.

Proposition A.9. Let F be a saturated fusion system over a discrete p-toral group S, and
let T be a transporter system associated to F. Let To C T be a full subcategory which is a
transporter subsystem associated to a full subcategory Fo C F. Assume there is a normal

linking subsystem £ <\ T over a subgroup S < S of finite index, and let F C F be the
corresponding fusion subsystem. Assume also that either

(a) all objects in L are F-centric and Ob(T5) 2 Ob(T) N Ob(F¢); or
(b) each object in Ob(T)\Ob(Tp) is F-centric and not T -radical.

Then the inclusion of |To| in |T| is a mod p homology equivalence.

Proof. For each P < S, we write P = PN S, and set PV = PP* (where (—)* means the
bullet construction for F). By Lemma 3.2(b), Ng(P) < Ng(P*), and since P < P, it follows
that P normalizes P* (so PY is a subgroup). Also, since P*< S, PY = P-P* = P*, and so
(PV)Y = PV,

For each P,Q € Ob(T) and each ¢p € Mory(P,Q), let ¢ = V|5 o Then ¢ extends to

¥ € Morr(P,Q) and to ¢* € Mory(P*,Q*) (Lemma 3.5(a)), and hence by axiom (II) to
Y € Mory(PY,QY). By the uniqueness of these extensions, ¥V|p = 1, and thus (—)"
defines an idempotent functor from 7 to itself.

Let TV C T be the full subcategory whose objects are those P such that P¥ = P (and use
the same notation for the corresponding subcategory of any sub-transporter system of T).
For each P < S, PY/P* is a subgroup of order at most |S/S| in Ng(P*)/P*, and by [BLO3,
Lemma 1.4(a)], there are only finitely many conjugacy classes of such subgroups. Since F*
has finitely many S-conjugacy classes of objects, 7V also has finitely many S-conjugacy
classes of objects.

Let $ be the set of all transporter subsystems 7’ C T such that

e 7' 27y,
e 7' is a full subcategory of T, and

e the inclusion |75] C |7'] is a mod p homology equivalence in case (a), or a homotopy
equivalence in case (b).

We must show that T € §).

Assume otherwise, and choose 71 € $) for which Ob(77) N Ob(T") contains the largest
possible number of F-conjugacy classes. Let T3 C T be the full subcategory with Ob(73) =
{P € Ob(T)| PY € Ob(T;)}. By the above discussion, | 71| = |72"| is a strong deformation
retract of | 71| and of |T3|, so |Ti| =~ |T2|, and T3 € $.

Since T, & T by assumption, Ob(7") € Ob(73). Let P be maximal among objects in
TV not in 75. By definition of Ob(73), P is maximal among all objects of 7 not in T5. Let
T3 C T be the full subcategory with Ob(73) = Ob(7;) U P7.
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Now, Ng(P)/PCs(P) = Outg(P) is finite by [BLO3, Lemma 2.5|. In case (a), PCs(P)/P
is finite since P is F-centric and [S:S] < oo, while Cg(P) < P in case (b). So |[Ng(P)/P| < oo
in either case.

By assumption, P is either not F-centric (case (a)) or not T-radical (case (b)). So by
Lemma A.8, the inclusion of | 73| into | 73| is a mod p equivalence. Hence T3 € §), contradicting
our maximality assumption on 7;. OJ

Corollary A.10. Let (S, F, L) be a linking triple, and let Lo C L be a full subcategory which
is a linking subsystem associated to some Fo C F. Then the inclusion of |Lo| into |L| is a
mod p homology equivalence.

Proof. Since L is a linking system, a subgroup P < §'is L-radical exactly when it is F-centric
and F-radical. So by definition, £y contains all L-radical subgroups. Hence the lemma is a
special case of Proposition A.9(b). O

It remains to look at the problem of constructing a centric linking system which contains
as full subcategory a linking system over a smaller set of objects. As usual, we first check
what happens when we add one conjugacy class of objects.

Lemma A.11. Let F be a saturated fusion system over a discrete p-toral group S, and let
F€ be the full subcategory of F-centric objects. Let Fo C F1 C F€ be full subcategories such
that Ob(Fy) and Ob(Fy) are invariant under F-conjugacy and closed under overgroups, Fo
contains all F-centric F-radical subgroups of S, and Ob(F;) = Ob(Fy) UP for some F-
congugacy class P. If Ly is a linking system associated to Fy, then there is a linking system
L1 associated to Fi such that Ly is isomorphic as a linking system to the full subcategory of
L1 with same set of objects as Ly.

Proof. This follows by the same proof as in [AKO, Proposition 111.4.8] (Steps 1-3), together
with Lemma 2.4.

Alternatively, let ® be the functor: ®(P) = Z(P) when P € P, and ®(P) = 0 when
P € Ob(Fy). For P € P, A*(Outx(P); (P)) = 0 by [JMO, Proposition 6.1(ii)] and since
O,(Outz(P)) # 1. Hence by [BLO3, Proposition 5.4], H*(O(F;); ®) = 0. By an argument
similar to that used to prove [BLO2, Proposition 3.1|, the obstruction to extending Ly to £;
lies in H3(O(F;); @), and hence £; does exist. O

This is now generalized as follows.

Proposition A.12. Let F be a saturated fusion system over a discrete p-toral group S, and
let F¢ be the full subcategory of F-centric objects. Let Foy C F¢ be a full subcategory such
that Ob(Fy) is invariant under F-conjugacy and closed under overgroups, and contains all
F-centric F-radical subgroups of S. If Ly is a linking system associated to Fo, then there is
a centric linking system L associated to F (associated to F¢) which contains Lo as a linking
subsystem.

Proof. Let $) be the set of all families of subgroups H C Ob(F¢) such that
o H 2 Ob(./_"o),
e 7 is invariant under F-conjugacy and closed under overgroups, and

e there is a linking system with object set H which contains £ as a linking subsystem.

We must show that Ob(F¢) € 9.
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Choose H; € $ for which H; N F* contains the largest possible number of F-conjugacy
classes. Set Ho = {P € Ob(F¢)| P* € H;}, and let F; C F5 C F be the full subcategories
with Ob(F;) = H,. Let Ly be the pullback of £; and F, via the functors

(-)°

L —2 s F < Fy.

Then L, is a linking system associated to F» (recall that Z(P) = Z(P*)), and hence Hy € 9.

Assume Ob((F€)*)\H; # @, and let P be maximal among subgroups in this set. Then
P is maximal among subgroups in Ob(F¢)\Hs, so Ho U P7 € $ by Lemma A.11, and this
contradicts the choice of H;. Hence Ob((F*)*) C H;, and so Hy = Ob(F°) € . O
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