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Abstract. For a prime p, fusion systems over discrete p-toral groups are categories that
model and generalize the p-local structure of Lie groups and certain other infinite groups
in the same way that fusion systems over finite p-groups model and generalize the p-local
structure of finite groups. In the finite case, it is natural to say that a fusion system F is
realizable if it is isomorphic to the fusion system of a finite group, but it is less clear what
realizability should mean in the discrete p-toral case.

In this paper, we look at some of the different types of realizability for fusion systems
over discrete p-toral groups, including realizability by linear torsion groups and sequential
realizability, of which the latter is the most general. After showing that fusion systems of
compact Lie groups are always realized by linear torsion groups (hence sequentially realiz-
able), we give some new tools for showing that certain fusion systems are not sequentially
realizable, and illustrate it with two large families of examples.

Introduction

For a fixed prime p, let Z/p∞ denote the union of an increasing sequence of finite cyclic
p-groups Z/pn. A discrete p-torus is a group isomorphic to a finite product of copies of
Z/p∞, and a discrete p-toral group is a group that contains a discrete p-torus with (finite)
p-power index. For example, if T is a torus in the usual sense (a product of copies of S1),
then the group of all elements of p-power order in T is a discrete p-torus (hence the name).

A fusion system over a discrete p-toral group S is a category F whose objects are the
subgroups of S, whose morphisms are injective homomorphisms between the subgroups
including all morphisms induced by conjugation in S, and such that ϕ : P → Q in F implies
ϕ−1 : ϕ(P ) → P is also in F . A fusion system is saturated if it satisfies certain additional
conditions listed in Definition 1.10. Saturated fusion systems over discrete p-toral groups
arise in different contexts relevant to algebra and topology (see, e.g., [BLO6] and [KMS1,
KMS2]). In [BLO3], we proved their basic properties and showed how they appear naturally
in various situations.

When G is a group and S ≤ G is a discrete p-toral subgroup, we let FS(G) (the “fusion
system of G with respect to S”) be the category whose objects are the subgroups of S, and
whose morphisms are those homomorphisms between subgroups induced by conjugation in
G. This is always a fusion system, and it is saturated whenever G is finite and S is a Sylow
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p-subgroup of G. These examples provided Puig with part of his original motivation for
defining saturated fusion systems.

When F is a fusion system over a finite p-group S, it is natural to say that F is realizable
if it is isomorphic to FS(G) for some finite group G with S ∈ Sylp(G). In this situation, the
p-completed classifying space BG∧p (p-completed in the sense of Bousfield and Kan [BK])
is always homotopy equivalent to the classifying space of the fusion system (see [BLO1,
Proposition 1.1] and [BLO2, Definition 1.8]). Many examples have been constructed of
fusion systems over finite p-groups that do not arise in this way, such as the systems FSol(q)
constructed in [LO, LO2] (essentially the only known examples when p = 2), and those
constructed in [RV] and [COS] for odd primes p.

In this paper, we look at the question of what “realizable” should mean for fusion systems
over discrete p-toral groups. When we first looked at fusion systems over discrete p-toral
groups, we were motivated in part by the example of fusion systems of compact Lie groups,
but we also showed that such fusion systems arise from classifying spaces of p-compact
groups, and of torsion subgroups of GLn(K) when K is a field with char(K) 6= p — which
we call linear torsion groups (see Theorems 9.10, 10.7, and 8.10 in [BLO3]). In view of this,
it became clear that it would be much too restrictive to say that F is realizable only if it
is isomorphic to the fusion system of a compact Lie group. The question of what should
be the correct concept of realizability in this setting (if there is one) remained open. This
paper aims to address this question. As we shall see, rather than a simple answer, there are
several forms of realizability, of which the most general that we have found is what we call
“sequential realizability”.

A fusion system F over S is sequentially realizable if it is the union of an increasing
sequence F1 ≤ F2 ≤ · · · of fusion subsystems over finite subgroups of S, each of which is
realized by a finite group. (Note that we do not assume any relations between the groups
realizing the Fi.) We show that fusion systems of compact Lie groups and p-fusion systems
of linear torsion groups in characteristic different from p are all sequentially realizable. We
will show in a later paper that sequentially realizable fusion systems are always saturated
(we avoid that question in this paper by assuming saturation when necessary).

Quite surprisingly, it turns out that a fusion system can be sequentially realizable, and at
the same time the union of an increasing sequence of fusion subsystems over finite p-groups
that are not realizable. In Example 2.7, we construct a fusion system F over a discrete
p-toral group S, together with an increasing sequence of finite saturated fusion subsystems
F1 ≤ F2 ≤ · · · whose union is F , where the Fi alternate between being realizable (by finite
groups) and exotic (not realizable). For this reason, while we often use the word “exotic” to
mean “not realizable”, the phrase “sequentially exotic” does not seem appropriate when we
mean “not sequentially realizable”.

As one example, we show in Proposition 2.4 that a saturated fusion system F is se-
quentially realizable whenever F ∼= FS(G) for some locally finite group G and some discrete
p-toral subgroup S ≤ G that is a Sylow p-subgroup of G. For example, if G is a linear torsion
group in characteristic different from p, then G is locally finite and has Sylow p-subgroups
that are discrete p-toral, and the fusion system FS(G) (for S ∈ Sylp(G)) is sequentially
realizable.

Our first result shows that fusion systems over finite p-groups that are exotic in the earlier
sense are still exotic with respect to these new criteria.

Theorem A (Theorem 2.3). Let F be a saturated fusion system over a finite p-group S.
If F is sequentially realizable, or if it is realized by some locally finite group G containing
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S as a maximal p-subgroup, then F is realized by a finite group containing S as a Sylow
p-subgroup.

When G is a compact Lie group and p is a prime, we let Sylp(G) be the set of all maximal
discrete p-toral subgroups of G. For each S ∈ Sylp(G), there is a maximal torus T ≤ G such
that S ∩ T is the subgroup of elements of p-power order in T and ST/T ∈ Sylp(NG(T )/T )
(see, e.g., [BLO3, Proposition 9.3]). We showed in [BLO3, Lemma 9.5] that FS(G) is a
saturated fusion system for each S ∈ Sylp(G).

Theorem B (Theorem 4.3). Let G be a compact Lie group, and fix a prime p and S ∈
Sylp(G). Then there is a linear torsion group Γ in characteristic different from p such that
FSΓ (Γ ) ∼= FS(G) for SΓ ∈ Sylp(Γ ). In particular, FS(G) is sequentially realizable.

In fact, in the situation of Theorem B, for each prime q 6= p, there is a group Γ that is linear

over Fq (hence torsion), such that BΓ∧p ' BG∧p , and FS(G) ∼= FSΓ (Γ ) for SΓ ∈ Sylp(Γ ).

The next theorem shows that sequential realizability imposes strong restrictions on the
structure of fusion systems. It is our main tool for proving the nonrealizability of certain
fusion systems. Its proof requires the classification of finite simple groups.

Theorem C (Theorem 7.4). Let F be a saturated fusion system over an infinite discrete
p-toral group S, let T E S be the identity component, and set W = AutF(T ). Assume

(i) S > T and CS(T ) = T ;

(ii) no subgroup T ≤ P < S is strongly closed in F ; and

(iii) no infinite proper subgroup of T is invariant under the action of Op′(W ).

Assume also that F is sequentially realizable. Then W contains a normal subgroup of index
prime to p that is isomorphic to of one of the groups listed in cases (a)–(e) of Proposition
6.10.

Theorem C is proven as Theorem 7.4. That theorem is stated in slightly greater generality,
but Theorem C suffices for our applications here.

As a first application of Theorem C, we determine in Section 8 exactly which fusion systems
of simple, connected p-compact groups are sequentially realizable. Then, in Section 9, we
consider simple fusion systems over nonabelian infinite discrete p-toral groups containing a
discrete p-torus with index p (classified in [OR, § 5]), and determine exactly which of them
are sequentially realizable. In all of these cases, either the fusion system in question is
realized by an explicitly given linear torsion group, or it fails to be sequentially realizable by
Theorem C.

Another result, whose proof is closely related to that of Theorem C and also depends
on the classification of finite simple groups, is the following. It is stated more generally in
Theorem 8.10 as a result about connected p-compact groups.

Theorem D (Theorem 8.10(b)). Fix a compact connected Lie group G, a prime p, and
S ∈ Sylp(G), and assume that p divides the order of the Weyl group of G. Then there
is no linear torsion group in characteristic 0 whose fusion system with respect to a Sylow
p-subgroup is isomorphic to FS(G).

In particular, Theorem D implies that there is no torsion subgroup Γ ≤ G with the same
fusion system as G. Note that by Theorem 4.2, under the hypotheses of Theorem D, FS(G)
is realized by fusion systems of linear torsion groups in every characteristic except p and 0.
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After a brief overview in Section 1 of some general definitions and results about fusion
systems, we define sequential realizability and give some of its basic properties in Section
2, and then look at the special case of linear torsion groups in Section 3. We then prove in
Section 4 that the fusion system of a compact Lie group is always realized by a linear torsion
group (Theorem B). We then show some general results in Sections 5 and 6 which are applied
in Section 7 to prove Theorem C. We finish by looking at realizability of fusion systems of
p-compact groups in Section 8, and in Section 9 that of fusion systems over discrete p-toral
groups with a discrete p-torus of index p.

Notation: Our notation is fairly standard, with a few exceptions. Composition is always
taken from right to left. If H ≤ G are groups and x, g ∈ G, then xH = xHx−1, xg =
xgx−1, and cHx (or cx) denotes the conjugation homomorphism (g 7→ xg) from H to xH. If
H1, H2, K ≤ G, then HomK(H1, H2) is the set of all cH1

x ∈ Hom(H1, H2) for x ∈ K such that
xH1 ≤ H2. Also,

• Φ(P ) denotes the Frattini subgroup of a finite p-group P ;

• Ωn(P ) = 〈x ∈ P |xpn = 1〉 when P is a p-group and n ≥ 1;

• H ◦K denotes a central product of H and K;

• H.K or H:K denotes an arbitrary extension or a split extension of H by K (i.e., a group
with normal subgroup isomorphic to H and quotient isomorphic to K);

• Epn (or pn when part of an extension) denotes an elementary abelian p-group of rank n;

• p1+2n
± denotes an extraspecial p-group of order p1+2n;

• Fin(G) denotes the set of finite subgroups of a discrete group G;

• Zp and Qp denote the rings of p-adic integers and p-adic rationals, respectively;

• ordp(n) denote the order of n in (Z/p)× if n is prime to p; and

• vp(n) denote the p-adic valuation of an integer n.

Finally, when X is a space, we let Aut(X) denote the monoid of self homotopy equivalences
of X, and let Out(X) be the group of homotopy classes of elements in Aut(X).

1. Saturated fusion systems over discrete p-toral groups

We begin by recalling some definitions and notation from [BLO3, Sections 1–2], starting
with the definition of a discrete p-toral group.

Definition 1.1. Let p be a prime.

(a) A discrete p-torus is a group that is isomorphic to (Z/p∞)r for some r ≥ 0, where
Z/p∞ ∼= Z[1

p
]/Z is the union of the cyclic p-groups Z/pn. The rank of a discrete p-torus

U ∼= (Z/p∞)r is r = rk(U).

(b) A discrete p-toral group is a group with a normal subgroup of p-power index that is a
discrete p-torus.

(c) The identity component of a discrete p-toral group P is the unique discrete p-torus of
finite index in P ; equivalently, the intersection of all subgroups of finite index in P .

(d) The order of a discrete p-toral group P with identity component U is the pair |P | =
(rk(U), |P/U |) ∈ N2, where N2 is ordered lexicographically.
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Thus if Q ≤ P is a pair of discrete p-toral groups, then |Q| ≤ |P |, and |Q| = |P | if and
only if Q = P .

We next recall some more terminology.

Definition 1.2. (a) A p-group (for a prime p) is a discrete group all of whose elements
have (finite) p-power order.

(b) A discrete group G is locally finite if every finitely generated subgroup of G is finite.

(c) When p is a prime and G is any group, a Sylow p-subgroup of G is a p-subgroup of G
that contains all other p-subgroups up to conjugacy. We let Sylp(G) be the (possibly
empty) set of Sylow p-subgroups of G.

(d) A discrete group G is artinian if each descending sequence of subgroups of G becomes
constant.

Definitions in the literature of “Sylow p-subgroups” of infinite discrete groups vary slightly
(see, e.g., [KW, p. 85]), but the strict criterion given above is the most appropriate for our
purposes.

Discrete p-toral groups play an important role when working with compact Lie groups and
p-compact groups (see, e.g., [DW2, § 6]), and that in turn made it natural for us to consider
them when constructing fusion systems for these objects. Since local finiteness and the
descending chain condition are used in many of our arguments, the following characterization
of discrete p-toral groups helps to explain their importance.

Proposition 1.3 ([BLO3, Proposition 1.2]). A group is discrete p-toral if and only if it is
a p-group, artinian, and locally finite.

Whenever P is a discrete p-toral group with identity component U E P , there is a finite
subgroup R ∈ Fin(P ) such that P = RU . This holds since P is locally finite and P/U is
finite.

We will need the following variant on the standard result that an inverse limit of a system
of finite nonempty sets is nonempty.

Lemma 1.4. Fix a group Γ , and let (. . .
r4−−→ Φ3

r3−−→ Φ2
r2−−→ Φ1) be an inverse system of

nonempty Γ -sets and Γ -maps such that Φi/Γ is finite for each i ≥ 1. Then limi(Φi, ri) 6= ∅.

Proof. Since Φi/Γ is finite and nonempty for each i, the inverse limit limi(Φi/Γ, ri/Γ ) is
nonempty. Choose an element (Ψi)i≥1 in that inverse limit. Thus for each i, Ψi ⊆ Φi is a

Γ -orbit and ri(Ψi) = Ψi−1. Thus (. . .
r′4−→ Ψ3

r′3−→ Ψ2

r′2−→ Ψ1) is an inverse system of Γ -sets
where each map r′i = ri|Ψi is surjective, and hence limi(Φi, ri) ⊇ limi(Ψi, r

′
i) 6= ∅. �

As a first application of Lemma 1.4, we note the following striking property of discrete
p-toral groups, one which allows us to give a slightly weaker condition for a p-subgroup to
be Sylow in Proposition 1.6.

Lemma 1.5. Let P and Q be two discrete p-toral groups. If every finite subgroup of P is
isomorphic to a subgroup of Q, then P is isomorphic to a subgroup of Q.

Proof. Choose an increasing sequence P1 ≤ P2 ≤ P3 ≤ · · · of finite subgroups of P such that⋃∞
i=1 Pi = P . For each i ≥ 1, let Inj(Pi, Q) be the set of injective homomorphisms from Pi to

Q. These sets form an inverse system (Inj(Pi, Q), ri) of sets with Inn(Q)-action, where each
map ri : Inj(Pi, Q) −→ Inj(Pi−1, Q) is defined by restriction. Each orbit set Inj(Pi, Q)/Inn(Q)
is finite (see [BLO3, Lemma 1.4(a)]), and is nonempty by assumption. So the inverse limit of
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this system is nonempty by Lemma 1.4. Choose (ϕi)i≥1 ∈ limi(Inj(Pi, Q), ri); then
⋃∞
i=1 ϕi

is an injective homomorphism from P to Q. �

Proposition 1.6. Fix a prime p and a discrete group G. Assume G has Sylow p-subgroups
that are discrete p-toral. Then a p-subgroup P ≤ G is a Sylow p-subgroup if every finite
p-subgroup of G is conjugate to a subgroup of P .

Proof. Assume S ∈ Sylp(G) and is discrete p-toral. Let P be a p-subgroup of G that contains
every finite p-subgroup of G up to conjugacy. In particular, every finite subgroup of S is
isomorphic to a subgroup of P , and hence S is isomorphic to a subgroup of P by Lemma 1.5.
Then P and S are conjugate in G since S ∈ Sylp(G), and so P is also a Sylow p-subgroup. �

The following example helps explain why we needed to assume that G has Sylow p-
subgroups in Proposition 1.6. It is based on [KW, Example 3.3].

Example 1.7. Fix two distinct primes p and q and an infinite discrete p-toral group S. Set
H = FqS, regarded as an abelian q-group with action of S, and set G = H o S. Then G
is locally finite, every p-subgroup of G is isomorphic to a subgroup of S, and every finite p-
subgroup of G is conjugate to a subgroup of S. In contrast, for each proper infinite subgroup
T < S, there is a maximal p-subgroup P ≤ G such that PH = TH, and P is not conjugate
to a subgroup of S. In particular, G has no Sylow p-subgroups unless S ∼= Z/p∞.

Proof. The group G is locally finite since it is an extension of one locally finite group by
another. If P ≤ G is a p-subgroup, then P ∩H = 1, so P ∼= PH/H ≤ G/H ∼= S.

It remains to prove the claims involving conjugacy between p-subgroups of G. When doing

this, it is convenient to consider the groups Ĥ = map(S,Fq) and Ĝ = Ĥ o S, where S acts

on Ĥ by setting

g(ξ)(h) = ξ(g−1h) for all g, h ∈ S and ξ : S −→ Fq.

We consider H = FqS as a subgroup of Ĥ: the subgroup of those ξ : S −→ Fp in Ĥ with

finite support. In this way, we have G ≤ Ĝ.

Now, Ĥ ∼= HomZ(ZS,Fq) = CoindS1 (Fq) in the notation of [Br, § III.5]. So H1(S; Ĥ) ∼=
H1(1;Fq) = 0 by Shapiro’s lemma (see [Br, Proposition III.6.2]), and a similar argument

shows that H1(T ; Ĥ) = 0 for all T ≤ S. So every p-subgroup P ≤ Ĝ such that PĤ = TĤ

is conjugate to T by an element of Ĥ (see [Br, Proposition IV.2.3]).

Assume P ≤ G is a finite p-subgroup. Then PH = UH for some finite subgroup U ≤ S,

and so P = ξU for some ξ ∈ Ĥ. Hence for each g ∈ U , we have [g, ξ] ∈ H, and so
g(ξ)− ξ ∈ map(S,Fq) has finite support. Since U is finite, this means that ξ is constant on
all but finitely many cosets of U , and hence that ξ ∈ H + CĤ(U). So P = ξU is conjugate
to U by an element of H. Since every finite p-subgroup of G has this form (for some finite
U ≤ S), this proves that every finite p-subgroup is conjugate to a subgroup of S.

Now let T < S be a proper infinite subgroup. We will construct ξ ∈ Ĥ such that ξT is
a maximal p-subgroup in G and hence not conjugate in G to a subgroup of S. To do this,
let 1 = T0 < T1 < T2 < T3 < · · · be a strictly increasing sequence of finite subgroups of T
such that T =

⋃∞
i=1 Ti. For each i ≥ 1, choose gi ∈ Ti r Ti−1 and set Xi = Ti−1gi. Define

ξ ∈ Ĥ = map(S,Fq) by setting ξ(g) = 1 if g ∈
⋃∞
i=1Xi and ξ(g) = 0 otherwise. Set P = ξT .

We first check that P ≤ G by showing that [T, ξ] ≤ H. To see this, fix g ∈ T , and let i
be such that g ∈ Ti. Then ξ is constant on left g-orbits in T r Ti, so g(ξ) − ξ has support
contained in the finite subgroup Ti, and hence lies in H. Thus [g, ξ] ∈ H, and since g ∈ T
was arbitrary, we get [T, ξ] ≤ H.
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It remains to prove that P is a maximal p-subgroup of G. Assume otherwise: then

there are U ≤ S and η ∈ Ĥ such that U > T and ξT < ηU ≤ G. Thus [η, U ] ≤ H and
[η− ξ, T ] = 1, and in particular, η− ξ is constant on cosets of T . Fix an element g ∈ U rT ;
then by construction, g(ξ) − ξ is nonzero on infinitely many elements of T and zero on
infinitely many elements of T . Since g(η− ξ)− (η− ξ) is constant on T , the element g(η)−η
has infinite support, contradicting the assumption that [η, U ] ≤ H. We conclude that P is
maximal.

Thus G can have Sylow p-subgroups only if S has no proper infinite subgroups; i.e., only
if S ∼= Z/p∞. �

The following well known property of finite p-groups will also be needed for discrete p-toral
groups.

Lemma 1.8. Let S be a discrete p-toral group, and let 1 6= P E S be a nontrivial normal
subgroup. Then P ∩Ω1(Z(S)) 6= 1.

Proof. If P is finite, then P ∩ Z(S) is the fixed subgroup of the action of the finite p-group
S/CS(P ) on P , and hence is nontrivial. So P ∩Ω1(Z(S)) = Ω1(P ∩ Z(S)) 6= 1.

If P is infinite, let U E P be its identity component. Then Ω1(U) E S, and so P ∩
Ω1(Z(S)) ≥ Ω1(U) ∩Ω1(Z(S)) 6= 1 since Ω1(U) is finite. �

We next recall some more definitions.

Definition 1.9. A fusion system F over a discrete p-toral group S is a category whose
objects are the subgroups of S, where

HomS(P,Q) ⊆ HomF(P,Q) ⊆ Inj(P,Q)

for each P,Q ≤ S, and such that ϕ ∈ HomF(P,Q) implies ϕ−1 ∈ HomF(ϕ(P ), P ). Here,
Inj(P,Q) is the set of injective homomorphisms from P to Q.

When F is a fusion system over S, then for P ≤ S and x ∈ S we set

PF = {ϕ(P ) |ϕ ∈ HomF(P, S)} and xF = {ϕ(x) |ϕ ∈ HomF(〈x〉, S)} :

the F-conjugacy classes of P and x. We also, for each P ≤ S, write

AutF(P ) = HomF(P, P ) and OutF(P ) = AutF(P )/Inn(P ),

and refer to AutF(P ) as the automizer of P in F .

Definition 1.10. Let F be a fusion system over a discrete p-toral group S.

(a) A subgroup P ≤ S is fully centralized in F if |CS(P )| ≥ |CS(P ∗)| for all P ∗ ∈ PF .

(b) A subgroup P ≤ S is fully normalized in F if |NS(P )| ≥ |NS(P ∗)| for all P ∗ ∈ PF .

(c) A subgroup P ≤ S is fully automized in F if OutF(P ) = AutF(P )/Inn(P ) is finite and
OutS(P ) ∈ Sylp(OutF(P )).

(d) A subgroup P ≤ S is receptive in F if for each Q ∈ PF and each ϕ ∈ HomF(Q,P ), if
we set

Nϕ = {g ∈ NS(P ) |ϕcgϕ−1 ∈ AutS(ϕ(P ))},
then there is ϕ ∈ HomF(Nϕ, S) such that ϕ|P = ϕ.

(e) The fusion system F is saturated if the following three conditions hold:

• (Sylow axiom) Each subgroup P ≤ S fully normalized in F is also fully automized
and fully centralized in F .
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• (Extension axiom) Each subgroup P ≤ S fully centralized in F is also receptive in
F .

• (Continuity axiom) If P ≤ S, and ϕ ∈ Hom(P, S) is an injective homomorphism
such that ϕ|R ∈ HomF(R, S) for each R ∈ Fin(P ), then ϕ ∈ HomF(P, S).

When F is a fusion system over a finite p-group S, it follows directly from the definition
that every subgroup of S is F -conjugate to a fully normalized and a fully centralized sub-
group. When F is a fusion system over an infinite discrete p-toral group S, then this is still
true, and is a consequence of [BLO3, Lemma 1.6].

Definition 1.11. When G is a discrete group and S ≤ G is a discrete p-toral subgroup, let
FS(G) be the fusion system over S where for each P,Q ≤ S,

HomFS(G)(P,Q) = {cg | g ∈ G, gP ≤ Q}.

The following are some of the basic definitions for subgroups in a fusion system. Recall
that for a finite group G, a proper subgroup H < G is strongly p-embedded if p | |H|, and
for each x ∈ GrH we have p - |H ∩ xH|.
Definition 1.12. Let F be a fusion system over a discrete p-toral group S. For a subgroup
P ≤ S,

• P is F-centric if CS(Q) ≤ Q for each Q ∈ PF ;

• P is F-radical if Op(OutF(P )) = 1;

• P is F-essential if it is F -centric and fully normalized in F , and OutF(P ) contains a
strongly p-embedded subgroup;

• P is weakly closed in F if PF = {P}; and

• P is strongly closed in F if xF ⊆ P for each x ∈ P .

We let F rc ⊆ F c denote the sets of subgroups of S that are F -centric and F -radical, or
F -centric, respectively.

The next proposition gives some of the basic finiteness properties of fusion systems in this
context.

Proposition 1.13 ([BLO3, Lemma 2.5 and Corollary 3.5]). Let F be a saturated fusion
system over a discrete p-toral group S. Then

(a) HomF(P,Q)/Inn(Q) is finite for each P,Q ≤ S; and

(b) F rc is the union of finitely many S-conjugacy classes of subgroups.

Lemma 1.14. Let F be a saturated fusion system over a discrete p-toral group S, and assume
P ≤ S is fully normalized in F . Then for each Q ∈ PF , there is ϕ ∈ HomF(NS(Q), NS(P ))
such that ϕ(Q) = P .

Proof. By definition, every fully normalized subgroup is also fully automized and receptive.
So the lemma follows from [BLO6, Lemma 1.7(c)]. �

We will be using the following version of Alperin’s fusion theorem for fusion systems over
discrete p-toral groups.

Theorem 1.15 ([BLO3, Theorem 3.6]). Let F be a saturated fusion system over a discrete
p-toral group S. Then each morphism in F is a composite of restrictions of elements in
AutF(Q) for fully normalized subgroups Q ∈ F rc.
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We now turn our attention to quotient fusion systems.

Definition 1.16. Let F be a fusion system over a discrete p-toral group S, and assume
Q ≤ S is weakly closed in F . In particular, Q E S. Let F/Q be the fusion system over S/Q
defined by setting, for each P,R ≤ S containing Q,

HomF/Q(P/Q,R/Q) = {ϕ/Q |ϕ ∈ HomF(P,R)};

where ϕ/Q ∈ Hom(P/Q,R/Q) sends xQ to ϕ(x)Q for all x ∈ P .

Lemma 1.17. Let F be a fusion system over a discrete p-toral group S, and assume Q ≤ S
is weakly closed in F . If F = FS(G) for some discrete group G with S ≤ G, then F/Q =
FS/Q(NG(Q)/Q).

Proof. The inclusion FS/Q(NG(Q)/Q) ≤ FS(G)/Q = F/Q is clear. Conversely, for each
P,R ≤ S containing Q and each g ∈ G such that gP ≤ R, since cg ∈ HomF(P,R) and
Q is weakly closed in F , we have g ∈ NG(Q) and hence cgQ ∈ HomF/Q(P/Q,R/Q). So
F/Q = FS/Q(NG(Q)/Q). �

The proof that quotient systems of saturated fusion systems are again saturated is also
elementary.

Lemma 1.18. Let F be a saturated fusion system over a discrete p-toral group S, and
assume Q ≤ S is weakly closed in F . Then F/Q is a saturated fusion system over S/Q.

Proof. By [BLO6, Corollary 1.8], it suffices to show that

(i) every subgroup of S/Q is F/Q-conjugate to one that is fully automized and receptive;
and

(ii) the continuity axiom holds for F/Q.

(i) (The following argument is based on the proof of [AKO, Lemma II.5.4].) Fix a subgroup
P/Q ≤ S/Q, and choose R ∈ PF such that R is fully normalized in F . Then R is fully
automized and receptive in F since F is saturated. Also, R ≥ Q and R/Q ∈ (P/Q)F/Q, so
it will suffice to prove that R/Q is fully automized and receptive in F/Q.

For each U, V ≤ S containing Q, let

ΨU,V : HomF(U, V ) −−−−−→ HomF/Q(U/Q, V/Q)

be the natural map that sends ϕ to ϕ/Q. By definition of F/Q, ΨU,V is surjective for all
U and V . Also, ΨU,V (HomS(U, V )) = HomS/Q(U/Q, V/Q) in all cases. Since AutS(R) ∈
Sylp(AutF(R)) (recallR is assumed fully automized), we have AutS/Q(R/Q) ∈ Sylp(AutF/Q(R/Q)),
and hence R/Q is fully automized in F/Q.

To see that R/Q is receptive in F/Q, fix an isomorphism ϕ̂ ∈ IsoF/Q(U/Q,R/Q), and
choose ϕ ∈ Ψ−1

U,R(ϕ̂) ⊆ IsoF(U,R). Let Nϕ ≤ NS(U) and Nϕ̂ ≤ NS/Q(U/Q) be as in

Definition 1.10(d). For each g ∈ Nϕ, we have ϕcgϕ
−1 ∈ AutS(R), and hence ϕ̂cgQϕ̂

−1 ∈
ΨR,R(AutS(R)) = AutS/Q(R/Q), proving that gQ ∈ Nϕ̂ and hence that Nϕ/Q ≤ Nϕ̂.

Let N ≤ NS(U) be such that N/Q = Nϕ̂. Then

ΨR,R(ϕAutN(U)ϕ−1) = ϕ̂AutNϕ̂(U/Q)ϕ̂−1 ≤ AutS/Q(R/Q) = ΨR,R(AutS(R)).

SinceR is fully automized, AutS(R) ∈ Sylp(AutF(R)), and hence AutS(R) ∈ Sylp(AutS(R)Ker(ΨR,R)).

So there is ψ ∈ Ker(ΨR,R) such that ψϕAutN(U) ≤ AutS(R). Upon replacing ϕ by ψϕ, we
get Nϕ̂ = Nϕ/Q, and still have ϕ̂ = ϕ/Q.
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Since R is receptive in F , the isomorphism ϕ extends to ϕ ∈ HomF(Nϕ, S). So ϕ/Q ∈
HomF/Q(Nϕ̂, S/Q) is an extension of ϕ̂, and we conclude that R/Q is receptive in F/Q.

(ii) Assume P ≥ Q and ϕ̂ ∈ Hom(P/Q, S/Q) are such that ϕ̂|R/Q ∈ HomF/Q(R/Q, S/Q)
for each R/Q ∈ Fin(P/Q). Choose Q ≤ P1 ≤ P2 ≤ · · · ≤ P such that |Pi/Q| <∞ for each
i and P =

⋃∞
i=1 Pi. For each i, set

Φi = {ψ ∈ HomF(Pi, S) |ψ/Q = ϕ̂|Pi/Q}.

Thus (Φi)i≥1 is an inverse system of sets via restriction of morphisms, and Φi 6= ∅ for each
i since ϕ̂|Pi/Q ∈ Mor(F/Q). We claim that limi(Φi) 6= ∅.

Let Γ ≤ S be such that Q E Γ and Γ/Q = CS/Q(ϕ̂(P/Q)). Since S/Q is artinian and the
centralizers CS/Q(ϕ̂(Pi/Q)) form a descending sequence intersecting in Γ/Q, there is m ≥ 1
such that Γ/Q = CS/Q(ϕ̂(Pi/Q)) for each i ≥ m. Also, for each i ≥ 1, and each ψ ∈ Φi and
γ ∈ Γ , we have cγ ◦ ψ ∈ Φi since [γ, ψ(Pi)] ≤ Q (since γQ ∈ CS/Q(ϕ̂(Pi/Q))). Thus γ ∈ Γ
acts on Φi via composition with cγ.

Assume i ≥ m, ψ ∈ Φi, and x ∈ S are such that cxψ ∈ Φi. Then [x, ψ(Pi)] ≤ Q, so
[xQ, ϕ̂(Pi/Q)] = 1, and hence x ∈ Γ . Thus two elements of Φi in the same Inn(S)-orbit are
in the same Γ -orbit. So the natural map Φi/Γ −→ HomF(Pi, S)/Inn(S) is injective, and
hence Φi/Γ is finite since HomF(Pi, S)/Inn(S) is finite by Proposition 1.13(a).

We thus have an inverse system (Φi)i≥m of nonempty Γ -sets with finite orbit sets, and
hence limi(Φi) 6= ∅ by Lemma 1.4. Choose (ψi)i≥m ∈ limi(Φi). So ψi|Pi−1

= ψi−1 for each i >
m, and we can define ψ =

⋃∞
i=m ψi ∈ Hom(P, S). Then ψ ∈ HomF(P, S) by the continuity

axiom for F , and ϕ̂ = ψ/Q ∈ HomF/Q(P/Q, S/Q) since (ψ/Q)Pi/Q = ψi/Q = ϕ̂|Pi/Q for
each i ≥ m. �

We also need to work with isomorphisms between fusion systems. Recall, in the following
definition, that we write composition from right to left.

Definition 1.19. Let Fi be a fusion system over the discrete p-toral group Si for i = 1, 2.

An isomorphism (ρ, ρ̂) : F1 −→ F2 consists of an isomorphism of groups ρ : S1

∼=−−→ S2 and

an isomorphism of categories ρ̂ : F1

∼=−−→ F2 such that ρ̂ sends an object P to ρ(P ), and sends
a morphism ϕ ∈ HomF1(P,Q) to the morphism ρ̂(ϕ) ∈ HomF2(ρ(P ), ρ(Q)) such that

ρ̂(ϕ) ◦ (ρ|P ) = (ρ|Q) ◦ ϕ ∈ Hom(P, ρ(Q)).

Note that in the above definition, the functor ρ̂ is uniquely determined by the isomorphism
ρ : S1 −→ S2. So in practice, we regard an isomorphism of fusion systems as an isomorphism
between the Sylow groups that satisfies the extra conditions needed for there to exist an
isomorphism of categories.

When F is a saturated fusion system over a discrete p-toral group S, a centric linking
system associated to F is a category L whose objects are the F -centric subgroups of S,
together with a functor π : L −→ F that is the inclusion on objects and is surjective on
morphism sets and satisfies certain additional conditions. The following definition describes
one way to construct centric linking systems under certain conditions on a discrete group G
and a discrete p-toral subgroup S ≤ G.

Definition 1.20. Let G be a discrete group.

(a) A p-subgroup P ≤ G is p-centric in G if Z(P ) is the unique Sylow p-subgroup of CG(P )
(equivalently, CG(P )/Z(P ) has no elements of order p).
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(b) If G is locally finite and S ≤ G is a discrete p-toral subgroup, let LcS(G) be the category
whose objects are the subgroups of S that are p-centric in G, and where for each pair
of objects P,Q ≤ S we set

MorLcS(G)(P,Q) = {g ∈ G | gP ≤ Q}
/
Op(CG(P )).

Here, Op(CG(P )) means the subgroup generated by all elements of order prime to p in
CG(P ).

Since linking systems play a relatively minor role throughout most of this paper (mostly
mentioned as “additional information”), we don’t give the precise definition here, but instead
refer to [BLO3, Definition 4.1]. The exception to this is when we look at fusion systems of
compact Lie groups (Section 4) and those of p-compact groups (Section 8). Linking systems
do play an important role in those two sections, and we list there the precise properties of
linking systems that we need to use.

When L is a centric linking system associated to a fusion system F , we let |L| denote its
geometric realization (see, e.g., [AKO, § III.2.2]). We regard |L|∧p as a “classifying space” for
F , where (−)∧p denotes p-completion in the sense of Bousfield and Kan (see [AKO, § III.1.4]
for a brief summary of some of its elementary properties). By [BLO3, Theorem 7.4], two
saturated fusion systems are isomorphic if their classifying spaces are homotopy equivalent,
and this is the basis for showing in Section 4 that fusion systems of compact Lie groups can
all be realized by certain discrete linear groups.

2. Sequential realizability

When working with fusion systems over finite p-groups, it is natural to say that a fusion
system is realizable if it is isomorphic to the fusion system of a finite group, and is exotic
otherwise. When we turn to fusion systems over discrete p-toral groups, it is less clear what is
the most natural condition for realizability. In this section, we define sequential realizability
and look at its basic properties. For example, we show in Corollary 2.5 that the fusion
system of a countable locally finite group with Sylow p-subgroups is sequentially realizable
if it is saturated.

No fusion system over an infinite discrete p-toral group S can be the union as categories
of fusion subsystems over finite subgroups of S, since S itself can’t be an object in any such
union. So before we define sequential realizability, we need to make precise what we mean by
an infinite union of fusion systems. The following definition can be thought of as a simplified
version of the definition in [Gz, Definition 3.1] of a finite approximation of linking systems.

Definition 2.1. Assume F1 ≤ F2 ≤ F3 ≤ · · · is an increasing sequence of saturated fusion
systems over finite subgroups S1 ≤ S2 ≤ S3 ≤ · · · of a discrete p-toral group S =

⋃∞
i=1 Si.

Define
⋃∞
i=1Fi to be the fusion system over S where for each P,Q ≤ S,

Hom⋃∞
i=1 Fi(P,Q) =

{
ϕ ∈ Hom(P,Q)

∣∣ ∀R ∈ Fin(P ) ∃ i ≥ 1

such that R ≤ Si and ϕ|R ∈ HomFi(R,Q ∩ Si)
}
.

In other words, we define the union of an increasing sequence of fusion systems Fi over
S1 ≤ S2 ≤ . . . to be the smallest fusion system over

⋃∞
i=1 Si that contains the Fi and satisfies

the continuity axiom (see Definition 1.10(e)).

Definition 2.2. A fusion system F over a discrete p-toral group S is sequentially realizable
if there is an increasing sequence F1 ≤ F2 ≤ . . . of saturated fusion subsystems of F over
finite subgroups S1 ≤ S2 ≤ . . . of S, such that S =

⋃∞
i=1 Si and F =

⋃∞
i=1Fi, and such that

each Fi is realizable by a finite group.
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Note that we do not assume in the definition that F is saturated. We will show in a later
paper that sequentially realizable fusion systems over discrete p-toral groups are always
saturated. In this paper, when we work with sequentially realizable fusion systems, we
always say explicitly whether or not we assume that they are saturated.

In all examples where we can prove that a fusion system is sequentially realizable, we do
so by showing that it is realized by a linear torsion group, as defined in the next section.

We next look at fusion systems over finite p-groups.

Theorem 2.3. Let F be a fusion system over a finite p-group S. Assume that either

(i) F is sequentially realizable; or

(ii) F ∼= FS(G) for some locally finite group G that contains S as a maximal p-subgroup.

Then F ∼= FS(G0) for some finite subgroup G0 ≤ G that contains S as a Sylow p-subgroup.

Proof. (i) If F is sequentially realizable, then F =
⋃∞
i=1Fi for some increasing sequence

F1 ≤ F2 ≤ · · · of finite subsystems, each of which is realized by a finite group. But since F
is finite, we have F = Fi for some i, and hence it is realized by a finite group.

(ii) Assume F = FS(G) for some locally finite group G which contains S as a maximal
p-subgroup. Let ρ : Mor(F) −→ G be a map of sets that sends a morphism ϕ ∈ HomF(P,Q)
to an element ρ(ϕ) such that ϕ = cρ(ϕ)|P . Set G0 = 〈S, Im(ρ)〉. Then G0 is finitely generated
since Mor(F) is finite, and is finite since G is locally finite. Also, S ∈ Sylp(G0) since it is a
maximal p-subgroup of G.

By construction, F ≤ FS(G0) ≤ FS(G) = F . So F is realized by G0. �

The next proposition shows that fusion systems of certain locally finite groups are se-
quentially realizable. By “countable” we always mean “at most countable” (i.e., possibly
finite).

Proposition 2.4. Let F be a saturated fusion system over a discrete p-toral group S. As-
sume G is a locally finite group containing S such that F = FS(G). Then the following
hold.

(a) There is a countable subgroup G∗ ≤ G such that S ≤ G∗ and F = FS(G∗).

(b) If G is countable and S ∈ Sylp(G), then there is an increasing sequence of finite sub-

groups {Gi}i≥1 of G such that Si
def
= S∩Gi ∈ Sylp(Gi) for each i, and G =

⋃∞
i=1Gi. For

each such sequence,

(b.1) S =
⋃∞
i=1 Si, and

(b.2) F =
⋃∞
i=1FSi(Gi) in the sense of Definition 2.1.

Proof. (a) By Proposition 1.13 and since F is saturated, there are finitely many S-conjugacy
classes of subgroups in F rc, and HomF(P,Q)/Inn(Q) is finite for each P,Q ≤ S. Since S
is countable, this implies that the object set F rc is countable, and that HomF(P,Q) is
countable for each P,Q ≤ S. Hence the category F rc has countably many morphisms.

Choose a map of sets ρ : Mor(F rc) −→ G that sends a morphism ϕ ∈ HomF(P,Q) (for
P,Q ∈ F rc) to an element ρ(ϕ) such that ϕ = cρ(ϕ)|P . Set G∗ = 〈S ∪ Im(ρ)〉. Thus G∗
is countably generated since S and Mor(F rc) are countable, and hence is countable. Also,
F ≤ FS(G∗) ≤ FS(G) where the first inclusion holds by Theorem 1.15, and the inclusions
are equalities since F = FS(G).
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(b) Now assumeG is countable and S ∈ Sylp(G). Choose a sequence of elements h1, h2, h3, . . .
in G such that G = 〈hi | i ≥ 1〉, and set Hm = 〈h1, h2, . . . , hm〉 for each m ≥ 1. Then
each Hm is finite since G is locally finite (Definition 3.1), and we can choose subgroups
T1 ≤ T2 ≤ T3 ≤ . . . such that Ti ∈ Sylp(Hi) for each i. Set T =

⋃∞
i=1 Ti. Then xT ≤ S for

some x ∈ G (since S ∈ Sylp(G)), and upon setting Gi = xHi and Si = xTi, we get Si ≤ S∩Gi

with equality since Si ∈ Sylp(Gi). Also,
⋃∞
i=1Gi =

⋃∞
i=1Hi = G by construction (and since

x ∈ G).

For the rest of the proof, G1 ≤ G2 ≤ . . . and S1 ≤ S2 ≤ . . . are arbitrary finite subgroups
of G and S, respectively, such that G =

⋃∞
i=1 Gi and Si ∈ Sylp(Gi). Note that Si = S ∩ Gi

for each i since Si is a maximal p-subgroup of Gi.

(b.1) By definition,
⋃∞
i=1 Si =

⋃∞
i=1(Gi ∩ S) =

(⋃∞
i=1Gi

)
∩ S = S.

(b.2) Set Fi = FSi(Gi) for each i; thus Fi ≤ F by construction. To prove that F is the
union of the Fi, fix a morphism ϕ ∈ HomF(P,Q) for some P,Q ≤ S, and let g ∈ G be
such that gP ≤ Q and ϕ = cg|P . Choose n ≥ 1 such that g ∈ Gn. For each i ≥ n, if we
set Pi = P ∩ Gi and Qi = Q ∩ Gi, then cPig ∈ HomFi(Pi, Qi) is the restriction of ϕ. Also,
P =

⋃∞
i=1 Pi, and so F is contained in the union of the Fi, with equality since it satisfies the

continuity axiom. �

Corollary 2.5. Let G be a locally finite group, and let S ≤ G be a discrete p-toral subgroup.
Assume

(i) S ∈ Sylp(G∗) for some countable G∗ ≤ G such that FS(G∗) = FS(G); and

(ii) FS(G) is saturated.

Then FS(G) is sequentially realizable.

Proof. Set F = FS(G), and let G∗ ≤ G be as in (i). Thus F is a saturated fusion system
by (ii), G∗ is countable, S ∈ Sylp(G∗), and FS(G∗) = F . By Proposition 2.4(b) and since
S ∈ Sylp(G∗), there is an increasing sequence of finite subgroups G1 ≤ G2 ≤ . . . of G∗
such that S ∩ Gi ∈ Sylp(Gi) for each i, S =

⋃∞
i=1(S ∩ Gi), and F =

⋃∞
i=1FS∩Gi(Gi). So

F = FS(G) is sequentially realizable. �

Let F1 and F2 be fusion systems over discrete p-toral groups S1 and S2, respectively, set
S = S1 × S2, and let pri : S −→ Si be the projection for i = 1, 2. The product F1 × F2 is
defined to be the fusion system over S, where for each P,Q ≤ S we have

HomF1×F2(P,Q) =
{

(ϕ1, ϕ2)|P
∣∣ϕi ∈ HomFi(pri(P ), pri(Q)), (ϕ1, ϕ2)(P ) ≤ Q

}
.

In other words, it is the smallest fusion system over S that contains all morphisms ϕ1 × ϕ2

for ϕi ∈ Mor(Fi). It is also the largest fusion system F over S in which S1 and S2 are
strongly closed, and such that F/S1 ≤ F2 and F/S2 ≤ F1. One can show that a product of
fusion systems is saturated if each factor is, but we won’t need to use that here.

We next check that sequential realizability of fusion systems is preserved by products and
quotients.

Proposition 2.6. Let F be a fusion system over a discrete p-toral group S.

(a) If F is sequentially realizable, then so is F/Q for each subgroup Q E S strongly closed
in F .

(b) If F = F1 × F2 for some pair of fusion subsystems F1 and F2, then F is sequentially
realizable if and only if each of the factors Fi is sequentially realizable.
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Proof. (a) Assume Q E S is strongly closed in F and F is sequentially realizable. Thus
there are finite subgroups S1 ≤ S2 ≤ S3 ≤ . . . of S, fusion subsystems F1 ≤ F2 ≤ . . . of F ,
and finite groups G1, G2, . . . such that S =

⋃∞
i=1 Si and F =

⋃∞
i=1Fi; and also Si ∈ Sylp(Gi)

and Fi = FSi(Gi) for each i.

For each i, set Qi = Si ∩ Q. Then Qi is strongly closed in Fi since Q is strongly closed
in F , and Fi/Qi = FSi/Qi(NGi(Qi)/Qi) by Lemma 1.17. Also, Fi/Qi is isomorphic to the
image of Fi ≤ F in F/Q, and so F/Q is the union of fusion subsystems isomorphic to the
Fi/Qi. Thus F/Q is sequentially realizable.

(b) If F = F1 × F2, where Fi is a fusion system over Si and S = S1 × S2, then by (a),
F1
∼= F/S2 and F2

∼= F/S1 are sequentially realizable if F is. The converse is clear: if F1

and F2 are both sequentially realizable, then so is their product. �

We finish the section with the following example of an increasing sequence of finite satu-
rated fusion systems that alternate between being realizable and exotic. Thus the union of
the fusion systems is sequentially realizable (in fact, realized by a linear torsion group), but
it is also the union of an increasing sequence of finite exotic subsystems.

Example 2.7. Fix an odd prime p and a prime q ≡ 1 (mod p2). Set K =
⋃∞
i=0 Fqpi ⊆ Fq.

Set G = PSLp(K), and Gi = PSLp(q
pi) for all i ≥ 0. Then there are Sylow p-subgroups

Si ∈ Sylp(Gi) and S ∈ Sylp(G) such that Si = Gi ∩ S for each i ≥ 0, and such that if we set
F = FS(G) and F2i = FSi(Gi) for all i ≥ 0, then there are exotic saturated fusion systems
F2i+1 over Si+1 for all i such that F2i ≤ F2i+1 ≤ F2i+2. Thus F =

⋃∞
i=0Fi, where the Fi are

realizable for even i and exotic for odd i.

Proof. Set e = vp(q − 1); thus e ≥ 2 by assumption. Then vp(q
pi − 1) = e + i for each

i ≥ 0 (see, e.g., [BMO2, Lemma 1.13]). Let Â ≤ SLp(K) be the group of all diagonal
matrices of p-power order, and set Z = Z(SLp(K)) = 〈ζ · Id〉 where ζ ∈ F×q has order p. Set

Âi = Â ∩ SLp(q
pi) for each i ≥ 0, and also A = Â/Z ≤ G and Ai = Âi/Z ≤ Gi. Thus Âi

is homocyclic of rank p− 1 and exponent pe+i, and hence Ai has rank p− 1, exponent pe+i,
and order p(e+i)(p−1)−1.

Let x ∈ G0 = SLp(q) be a permutation matrix of order p (i.e., a matrix with a unique
entry 1 in each row an column and otherwise 0). Set S = A〈x〉 (the subgroup of G generated
by A and x), and set Si = Ai〈x〉 for each i. Then Si ∈ Sylp(Gi) (see [Wr, § 2]), and hence
S =

⋃∞
i=0 Si ∈ Sylp(G) by Proposition 1.6 (every finite p-subgroup of G is contained in Gi

for some i, and hence is conjugate to a subgroup of S). By definition, Si = S ∩Gi for each i.

For each i ≥ 0, let H(i) be the set of subgroups E ≤ Si such that E ∼= Cp × Cp and
E ∩ Ai = Z(Si) ∼= Cp. By [COS, Lemma 2.2(f)], there are exactly p Si-conjugacy classes of
subgroups in H(i), and for x ∈ Si r Ai and a ∈ Ai, Z(Si)〈x〉 is Si-conjugate to Z(Si)〈ax〉 if
and only if a ∈ [Si, Si] = [Ai, x]. (Note that [Si, Si] has index p in Ai.)

Now assume i ≥ 1. Since Ai−1 ≤ [Si, Si], the members of H(i−1) are all contained in one

of the Si-conjugacy classes H(i)
0 ⊆ H(i). By case (iii) of [COS, Theorem 2.8], or case (a.i) of

[O1, Theorem 2.8] if p = 3, there is a unique saturated fusion system F2i−1 ≤ F2i over Si
whose essential subgroups are the members of H(i)

0 , together with Ai if p ≥ 5. Furthermore,
this fusion system is exotic by [COS, Table 2.2] or the last statement in [O1, Theorem 2.8].

It remains only to check that F2i−1 ≥ F2i−2. In both fusion systems, the members of
H(i−1) are essential, and we claim that they all have automizer SL2(p). This is shown in case
(a.i) of [O1, Theorem 2.8] when p = 3, and follows by a similar argument when p ≥ 5.
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Since F2i−1 and F2i−2 are generated by NF2i
(Ti) ≥ NF2i−2

(Ti−1) and these automizers, this
shows that F2i−1 ≥ F2i−2. �

3. Linear torsion groups and LT-realizability

In this section, we recall the definition of linear torsion groups and prove that every fusion
system that is realized by such a group is also sequentially realizable. In fact, this is our
only tool so far for showing this: whenever we prove that a fusion system over an infinite
discrete p-toral group is sequentially realizable, we do so by showing that it’s realized by a
linear torsion group.

Definition 3.1. (a) A linear torsion group in characteristic q is a (discrete) group G, each
of whose elements has finite order, that is isomorphic to a subgroup of GLn(K) for some
n ≥ 1 and some field K of characteristic q.

(b) A fusion system F over a discrete p-toral group S is LT-realizable (in characteristic q) if
F ∼= FS∗(G) for some linear torsion group G in characteristic q 6= p with S∗ ∈ Sylp(G).

Our interest in this class of groups is due mostly to the following proposition, shown in
[BLO3]. Recall the definition of LcS(G) in Definition 1.20.

Proposition 3.2. Fix a prime p, a field K with char(K) 6= p, and a linear torsion group
G ≤ GLn(K) (some n ≥ 1). Then G is locally finite, all p-subgroups of G are discrete
p-toral, Sylp(G) 6= ∅, and every maximal p-subgroup of G is a Sylow p-subgroup. For
each S ∈ Sylp(G), the fusion system FS(G) is saturated, LcS(G) is a centric linking system
associated to FS(G), and |LcS(G)|∧p ' BG∧p .

Proof. By [BLO3, Proposition 8.8], G is locally finite and all p-subgroups of G are discrete
p-toral. By Proposition 8.9 in the same paper, for each increasing sequence A1 ≤ A2 ≤ · · ·
of finite abelian p-subgroups of G, there is r ≥ 1 such that CG(Ai) = CG(Ar) for all i ≥ 1. So
all maximal p-subgroups of G are conjugate to each other by [KW, Theorem 3.4], and hence
they are Sylow p-subgroups. (Since the union of an increasing sequence of p-subgroups of G
is again a p-subgroup, every p-subgroup is contained in a maximal p-subgroup.)

For each S ∈ Sylp(G), the fusion system FS(G) is saturated, LcS(G) is a centric linking
system, and |LcS(G)|∧p ' BG∧p by Theorem 8.7 or 8.10 in [BLO3]. �

The results in the last section imply that LT-realizable fusion systems are sequentially
realizable.

Proposition 3.3. Every LT-realizable fusion system is sequentially realizable.

Proof. If F = FS(G) for a linear torsion group G in characteristic different from p and for
S ∈ Sylp(G), then F is saturated by Proposition 3.2. By Proposition 2.4(a), there is a
countable subgroup G∗ ≤ G such that S ≤ G∗ and F = FS(G∗). Then S is a maximal p-
subgroup of G∗ and hence a Sylow p-subgroup by Proposition 3.2 again. So F is sequentially
realizable by Corollary 2.5. �

It seems unlikely that the converse of Proposition 3.3 holds, but we know of no example of
a sequentially realizable fusion system that is not LT-realizable, and it seems very difficult
to construct one.

We now focus attention on the question of in which characteristics a given fusion system
is LT-realizable.
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When G is a group and p is a prime, the p-rank of G is defined by setting

rkp(G) = sup{rk(P ) |P ≤ G a finite abelian p-subgroup}.

We note the following:

Lemma 3.4. Let G be a (discrete) group, and let N E G be a finite normal subgroup. Then
rkq(G/N) = rkq(G) for each prime q with q - |N |.

Proof. If H/N is a finite abelian q-subgroup of G/N , then H is finite, and each S ∈ Sylq(H)
is a finite abelian q-subgroup of G isomorphic to H/N . Thus rkq(G) ≥ rkq(G/N), and the
opposite inequality is clear. �

It is not hard to see that Lemma 3.4 also holds if one assumes that N be a normal discrete
p-toral subgroup for some prime p 6= q.

Definition 3.5. For every group G and every prime p, the sectional p-rank of G is defined
by setting

srkp(G) = sup
{

rk(P/Φ(P ))
∣∣P ≤ G a finite p-subgroup of G

}
= sup

{
r
∣∣∃N E H ≤ G such that H finite, H/N ∼= Epr

}
.

Lemma 3.6. Fix a locally finite group G, a field K, and n ≥ 1 such that G ≤ GLn(K).
Then for each prime p,

(a) if p 6= char(K), then rkp(G) ≤ n and srkp(G) ≤ pn/(p− 1); and

(b) if char(K) = p, then G has no elements of order pk if n ≤ pk−1.

Proof. We can assume without loss of generality that K is algebraically closed.

(a) Let D ≤ GLn(K) be the subgroup of diagonal matrices. If p 6= char(K), then by
elementary representation theory, all irreducible K-representations of a finite abelian group
of order not divisible by char(K) are 1-dimensional. Thus every finite abelian p-subgroup of
GLn(K) is conjugate to a subgroup of D, and hence rkp(G) ≤ rkp(D) = n.

Set M = NGLn(K)(D); thus M/D ∼= Σn. By [Se, §8.5, Theorem 16], every finite p-
subgroup of GLn(K) is conjugate to a subgroup of M . So srkp(G) ≤ n + m, where m is
the sectional p-rank of M/D ∼= Σn. Since Σn has Sylow p-subgroups of order pe where
e = [n/p] + [n/p2] + [n/p3] + · · · , we have

srkp(G) ≤ n+m ≤ n+ e ≤ n
(
1 + 1

p
+ 1

p2
+ 1

p3
+ · · ·

)
= pn/(p− 1).

(b) If char(K) = p > 0, and g ∈ G ≤ GLn(K) has order pk, then the minimal polynomial

for g divides (Xpk − 1) = (X − 1)p
k
, hence has the form (X − 1)m for some m ≤ n, where

m > pk−1 since otherwise |g| ≤ pk−1. �

Remark 3.7. In fact, one can show that for n ≥ 1 and K an algebraically closed field with
char(K) 6= p, we have srkp(GLn(K)) = n if p is odd, and srkp(GLn(K)) = [3n/2] if p = 2.
But the above bound is good enough for our purposes here. When p = 2, the bound [3n/2] is
realized by taking a direct product of [n/2] copies of C4 ◦D8, with an additional factor C2 if
n is odd.

Thus if G is a linear torsion group in characteristic q, then rkp(G) <∞ and srkp(G) <∞
for every prime p 6= q, while if q > 0, then there is a bound on the orders of elements of
q-power order in G.
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Example 3.8. For each prime q, the group
⊕∞

i=1 Z/q is a linear torsion group in charac-

teristic q (a subgroup of SL2(Fq)), but not in any characteristic different from q. The group
µ∞ ≤ C× of all complex roots of unity is a linear torsion group in characteristic 0 (a subgroup
of GL1(C)), but not in any other characteristic.

The following example shows how one particular fusion system can be LT-realizable in
certain characteristics but not in others. (The 2-fusion system of SO(3) is LT-realizable
in all odd characteristics by Theorem 4.2.) More examples of fusion systems that are not
LT-realizable in characteristic 0 are given in Proposition 7.5 and Theorem 8.10(b).

Example 3.9. Set p = 2, choose S ∈ Syl2(SO(3)), and set F = FS(SO(3)). Then F is not
isomorphic to the fusion system of any linear torsion group in characteristic 0.

Proof. Assume otherwise: assume F = FS(G) for some torsion subgroup G ≤ GLn(K) for
n ≥ 1 and K a field of characteristic 0. Upon replacing G by G/Op′(G), we can assume that
Op′(G) = 1. By Proposition 2.4, there is an increasing sequence of finite subgroups {Gi}i≥1

such that upon setting Si = S ∩ Gi and Fi = FSi(Gi), we have Si ∈ Sylp(Gi), S =
⋃∞
i=1 Si,

and F =
⋃∞
i=1Fi.

Since S is a Sylow 2-subgroup of SO(3), we have S ∼= (Z/2∞) o C2. So there is m ≥ 1
such that Si is dihedral of order at least 16 for all i ≥ m. Choose T ≤ Sm with T ∼= E4;
then T is F -radical (all subgroups of S isomorphic to E4 are F -radical), so AutG(T ) ∼= Σ3,
and there is n ≥ m such that AutFi(T ) = AutGi(T ) ∼= Σ3 for all i ≥ n. So T is Fi-radical
for all i ≥ n.

Thus for i ≥ n, Si ∼= D2k for k ≥ 4, and at least one of the two conjugacy classes of
subgroups of Si isomorphic to E4 is Fi-radical. So by the Gorenstein-Walter theorem [G,
§16.3], Gi/O2′(Gi) is isomorphic to PSL2(qi) or PGL2(qi) for some odd prime power qi, or is
an extension of one of these by a group of field automorphisms of odd order.

For each i ≥ n, the groupGi/(Gi∩O2′(Gi+1)) is isomorphic to a subgroup ofGi+1/O2′(Gi+1),
and is nonsolvable of order a multiple of 16. The subgroups of PSL2(qi+1) were described
by Dickson (see [GLS3, Theorem 6.5.1]), and from his list we see that each nonsolvable
subgroup of PGL2(qi+1) of order a multiple of 16 is isomorphic to PSL2(q′) or PGL2(q′) for
some q′ of which qi+1 is a power. It follows that qi+1 is a power of qi.

Thus there is a prime q of which each qi is a power. The qi must include arbitrarily large
powers of q since the Sylow subgroups Si get arbitrarily large. Hence the sectional q-rank
of Gi becomes arbitrarily large for large i. But since G ≤ GLn(K) where char(K) = 0, we
have srkq(G) ≤ pn/(p− 1) by Lemma 3.6(a), which is impossible. �

More generally, we will show in Theorem 8.10(b) that a similar result holds whenever F
is the fusion system of a compact connected Lie group G over a Sylow p-subgroup and p
divides the order of the Weyl group of G: such an F cannot be realized by a linear torsion
group in characteristic 0. However, in contrast to the above result, the proof of Theorem
8.10(b) depends on the classification of finite simple groups.

Using results and arguments similar to those in Section 6 (and the classification of finite
simple groups), we can also prove that

• if p = 3 and F is the fusion system of the 3-compact group X12, then F is realized by a
linear torsion group only in characteristic 2; and

• if p = 5 and F is the fusion system of the 5-compact group X31, then F is realized by a
linear torsion group only in characteristic q for q ≡ ±2 (mod 5).



18 CARLES BROTO, RAN LEVI, AND BOB OLIVER

Here, Xn denotes a connected p-compact group whose Weyl group is the n-th group in
the Shephard-Todd list [ST, Table VII]. The classifying spaces BX12 and BX31 were first
constructed by Zabrodsky [Za, § 4.3], and a different construction of these spaces as well as
of BX29 and BX34 was given by Aguadé [Ag].

The following is an obvious question, but one that seems quite difficult.

Question 3.10. Is there a fusion system over a discrete p-toral group that is realized by a
linear torsion group in characteristic 0 but not by one in any positive characteristic?

4. Fusion systems of compact Lie groups

The main result in this section is Theorem 4.3 (Theorem B): for every prime p and every
compact Lie group G, the p-fusion system of G is realized by a linear torsion group Γ in
characteristic different from p (hence is also sequentially realizable). We begin by reducing
this to a question of showing that the p-completed classifying spaces ofG and Γ are homotopy
equivalent. Here, “p-completed” means in the sense of Bousfield and Kan [BK].

Lemma 4.1. Fix a prime p, a compact Lie group G, and a linear torsion group Γ in char-
acteristic different from p such that BG∧p ' BΓ∧p . Then for S ∈ Sylp(G) and SΓ ∈ Sylp(Γ ),
we have FS(G) ∼= FSΓ (Γ ).

Proof. By [BLO3, Theorems 8.10 and 9.10], there are centric linking systems LcS(G) and
LcSΓ (Γ ), associated to FS(G) and FSΓ (Γ ), respectively, such that

|LcS(G)|∧p ' BG∧p ' BΓ∧p ' |LcSΓ (Γ )|∧p .

So FS(G) ∼= FS∗(Γ ) by [BLO3, Theorem 7.4]. �

We next look at the special case of Theorem B where we assume that the Lie groups are
connected. This follows from a theorem of Friedlander and Mislin.

Theorem 4.2. Let p be a prime, let G be a compact connected Lie group, and fix S ∈ Sylp(G).
Then FS(G) is LT-realizable. More precisely, if G is a maximal compact subgroup of G(C)
where G is a connected, reductive algebraic group scheme over Z, then FS(G) is realized by

the linear torsion group G(Fq) for each prime q 6= p.

Proof. Let G be a compact connected Lie group. By [BD, Propositions III.8.2–4], there is
a complex connected algebraic group GC containing G such that L(GC) ∼= C ⊗R L(G) (the
Lie algebras). Hence G is a maximal compact subgroup of GC, and BGC ' BG since GC/G
is diffeomorphic to a Euclidean space by [Ho, Theorem XV.3.1]. Also, GC ∼= G(C) for some

connected reductive algebraic group scheme over Z, and BG(C)∧p ' BG(Fq)∧p for each prime
q 6= p by a theorem of Friedlander and Mislin [FM, Theorem 1.4]. So FS(G) is realized by

G(Fq) for each such q by Lemma 4.1. �

We are now ready to prove Theorem B, in the following slightly more precise form.

Theorem 4.3. Let p be a prime, let G be a compact Lie group, and fix S ∈ Sylp(G). Then
FS(G) is LT-realizable. More precisely, if Ge E G denotes the identity connected component

of G, then for each prime q 6= p, there are linear torsion groups Γe E Γ ≤ GLn(Fq) (for
some n) such that Γ/Γe ∼= G/Ge, and for SΓ ∈ Sylp(Γ ), we have FS(G) ∼= FSΓ (Γ ) and
FS∩Ge(Ge) ∼= FSΓ∩Γe(Γe).
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Proof. Set π = G/Ge = π0(G), and let δG : G −→ π be the natural surjective homomorphism.
Set Gs = [Ge, Ge]: the “semisimple part” of Ge. Since Z(Gs) is finite, we can replace G by
G/Op′(Z(Gs)), and arrange that Z(Gs) be a finite abelian p-group (without changing the
fusion system of G or of Ge).

In general, in what follows, when X −→ Bπ is a fibration, we let X denote the fiberwise
p-completion of X as defined in [BK, § I.8]. Thus if F is the fiber of X −→ Bπ, then

F∧p is the fiber of X −→ Bπ. Also, when F is p-good, the natural map X −→ X is a
mod p homology equivalence by the Serre spectral sequences for the fibrations and since

H∗(F ;Fp) ∼= H∗(F∧p ;Fp), and so X∧p ' X∧p by [BK, Lemma I.5.5].

In each of the cases considered below, we construct a linear torsion group Γ , together with
a surjective homomorphism δΓ : Γ −→ π and a fiber homotopy equivalence

(BΓ −→ Bπ) ' (BG −→ Bπ).

In particular, this implies that BΓ∧p ' BG∧p , and hence by Lemma 4.1 that FS(G) ∼= FSΓ (Γ )
(for SΓ ∈ Sylp(Γ )). So FS(G) is LT-realizable. Also, (BΓe)

∧
p ' (BGe)

∧
p , so FS∩Ge(Ge) ∼=

FSΓ∩Γe(Γe).

Case 1: Z(Ge) = 1. In this case, Ge is a product of simple groups with trivial center. As
in the proof of Theorem 4.2, let G be a connected, semisimple group scheme over Z such

that Ge is a maximal compact subgroup of G(C), and set Γe = G(Fq). Thus Γe is a product
of simple groups with Z(Γe) = 1. By the Friedlander-Mislin theorem [FM, Theorem 1.4],
there is a homotopy equivalence

ψ : (BΓe)
∧
p

'−−−−−→ BG(C)∧p ' (BGe)
∧
p .

Let R denote the root system of Ge and of Γe. We regard the roots as elements in the
dual V ∗ of a real vector space V that can be identified with the universal cover of a maximal
torus in Ge. We fix a Weyl chamber C ⊆ V and let R+ denote the corresponding set of
positive roots. Thus R+ is the set of all r ∈ R such that r(x) > 0 for x ∈ C, while C is the
set of x ∈ V such that r(x) > 0 for all r ∈ R+. Also, R = {±r | r ∈ R+}. Let Isom(R) be
the group of all isometries of R, and let Isom+(R) be the subgroup of those isometries that
permute the positive roots; equivalently, those that send the Weyl chamber C to itself.

Let Aut(Γe) be the group of all automorphisms of Γe as an algebraic group, and set
Out(Γe) = Aut(Γe)/Inn(Γe). By [GLS3, Theorem 1.15.2], the group Out(Γe) is isomorphic
to Isom+(R). By [Bb9, § 4.10, Proposition 17], Out(Ge) ∼= Isom(R)/W , where W E Isom(R)
is the Weyl group. Since the Weyl group permutes the Weyl chambers simply and transitively
[Bb4-6, §VI.1.5, Théorème 2], this shows that there is a natural isomorphism

θ : Out(Ge) ∼= Isom(R)/W
∼=−−−−−→ Isom+(R) ∼= Out(Γe).

Let ρG : Out(Ge) −→ Out((BGe)
∧
p ) and ρΓ : Out(Γe) −→ Out((BΓe)

∧
p ) be the homo-

morphisms induced by the functor from topological groups to their p-completed classifying
spaces. Let ηG : π −→ Out(Ge) be induced by conjugation, set ηΓ = θ ◦ ηG, and consider the
following diagram

π
ηG

// Out(Ge)
ρG

//

∼= θ

��

Out((BGe)
∧
p )

∼= c−1
ψ

��

π
ηΓ

// Out(Γe)
ρΓ

// Out((BΓe)
∧
p ).

(4-1)

The left hand square commutes by definition.
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To see that the right hand square in (4-1) commutes, fix α ∈ Aut(Ge). We just saw
that its class [α] ∈ Out(Ge) is induced by an isometry of the root system of G, and hence

[α] = [β(C)|G] for some β ∈ Aut(G). Also, θ([α]) = θ([β(C)|G]) = [β(Fq)] by the above

definition of θ. The equivalence ψ : BG(Fq)∧p −→ BG(C)∧p is natural as a map of functors
from reductive group schemes over Z to the homotopy category, since it is induced by the

projection of the ring of Witt vectors W(Fq) onto Fq together with a choice of embedding of

W(F q) into C (see [FP, Corollary 2]). So (Bβ(C)|BG)∧p ◦ ψ = ψ ◦ (Bβ(Fq))∧p , and hence

c−1
ψ (ρG([α])) = c−1

ψ ([(Bβ(C)|BG)∧p ]) = [(Bβ(Fq))∧p ] = ρΓ ([β(Fq)]) = ρΓ θ([α]) .

Consider the commutative diagram

1 // Ge
incl

//

c1 ∼=
��

G
δG

//

c2
��

π //

ηG
��

1

1 // Inn(Ge)
incl
// Aut(Ge) // Out(Ge) // 1

(4-2)

where the rows are short exact sequences and c1 and c2 are induced by conjugation. Thus
c1 is an isomorphism since Z(Ge) = 1. So G is isomorphic to a pullback of π and Aut(Ge)
over Out(Ge). Define Γ to be the analogous pullback of π and Aut(Γe) over Out(Γe); then a
similar diagram (but with G replaced by Γ ) shows that we can identify Γe with a subgroup
of Γ such that Γ/Γe ∼= π.

By [BLO3, Theorem 7.1] and since Z(Ge) = 1 = Z(Γe), the space BAut((BGe)
∧
p ) is

an Eilenberg-MacLane space with fundamental group Out((BGe)
∧
p ). Hence the fibration

sequence (BGe)
∧
p −→ BG −→ Bπ is classified by the map

Bπ
B(ρGηG)−−−−−−−−→ BOut((BGe)

∧
p ) ' BAut((BGe)

∧
p ).

(see [BGM, Theorem IV.5.6]). By the commutativity of (4-1), c−1
ψ ρGηG = ρΓηΓ , where cψ is

an isomorphism. Hence ((BGe)
∧
p −→ BG −→ Bπ) is fiberwise homotopy equivalent to the

fibration sequence classified by B(ρΓηΓ ), and that sequence is the fiberwise completion of
the fibration sequence BΓe −→ BΓ −→ Bπ defined above. So BG∧p

∼= BΓ∧p , and the fusion
systems of G and Γ are isomorphic by Lemma 4.1.

Finally, Γ has a finite dimensional representation over Fq since Γe does, and since |Γ/Γe| =
|π| <∞.

Case 2: Ge is a torus. Set T = Ge to simplify notation, and let Tf ≤ T be the subgroup
of elements of finite order. Then T/Tf is uniquely divisible, so H2(π;T/Tf ) = 0, and the
group G/Tf is a semidirect product of T/Tf with π = G/T .

Let s : π −→ G/Tf be a splitting of the projection G/Tf −→ π, and set Gf/Tf = s(π).
Thus Gf ≤ G, where Tf = T ∩ Gf E Gf and Gf/Tf ∼= π. Also, TGf = G. Set Γ =
Gf/Op′(Tf ) and Γe = Tf/Op′(Tf ), where Op′(Tf ) denotes the subgroup of all elements of
order prime to p. Thus Γe is a discrete p-torus, and Γ/Γe ∼= π.

The natural homomorphisms T ←↩ Tf −→ Γe induce mod p homology equivalences
BT ←− BTf −→ BΓe, and they induce weak equivalences

(BT )∧p ' (BTf )
∧
p ' (BΓe)

∧
p .

So after fiberwise completion of BG, BGf , and BΓ over Bπ, we also get weak equivalences

BG ' BGf ' BΓ.

Hence BG∧p ' BΓ∧p .
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Case 3: Z(Gs) = 1. Set G1 = G/Z(Ge) and G2 = G/Gs, and let G1e = Ge/Z(Ge) and
G2e = Ge/Gs be their identity components. Then Ge = Z(Ge)Gs: every compact connected
Lie group is a central product of a semisimple group with a torus (see [MTo, Corollary
5.5.31]), and the torus factor is clearly contained in the center. Also, Z(Ge)∩Gs = Z(Gs) = 1
by assumption. So G is isomorphic to the pullback of G1 and G2 over π = G/Ge, and this
in turn restricts to an isomorphism Ge

∼= G1e ×G2e.

Since Z(G1e) = 1 and G2e is a torus, by Cases 1 and 2, there are pairs of groups Γ1e E Γ1

and Γ2e E Γ2 such that for i = 1, 2, the fibration sequences

(BΓie)
∧
p −−−→ BΓi −−−→ Bπ and (BGie)

∧
p −−−→ BGi −−−→ Bπ

are fiberwise homotopy equivalent and Γi/Γie ∼= π. So if we let Γ be the pullback of Γ1 and
Γ2 over π, and set Γe = Γ1e × Γ2e, then

(BΓe)
∧
p −−−→ BΓ −−−→ Bπ and (BGe)

∧
p −−−→ BG −−−→ Bπ

are also fiberwise homotopy equivalent and Γ/Γe ∼= π. Here, (−) again denotes fiberwise
p-completion over Bπ. So BΓ∧p ' BG∧p , and the fusion systems are isomorphic by Lemma
4.1.

By construction, Γe is the product of a semisimple algebraic group over Fq (some prime

q 6= p) with a discrete p-torus. So Γe and Γ are linear torsion groups over Fq, and F = FS(G)
is LT-realizable.

General case: Now assume G is arbitrary. Set Z = Z(Gs): a finite abelian p-group by
the assumption at the beginning of the proof. Set G∗ = G/Z and G∗e = Ge/Z. By Case 3
and since Z((G∗)s) = Z(Gs/Z) = 1 (see [Bb2-3, § III.9.8, Proposition 29]), there is a pair of
linear torsion groups Γ ∗e E Γ ∗ such that Γ ∗/Γ ∗e

∼= π, and such that the fibration sequences

(BΓ ∗e )∧p −−−→ BΓ ∗ −−−→ Bπ and (BG∗e)
∧
p −−−→ BG∗ −−−→ Bπ

are fiberwise homotopy equivalent. By the construction in Case 3, we can also assume that

Γ ∗e is a product of a semisimple algebraic group over Fq (some q 6= p) with a discrete p-torus.

The extensions 1 −→ Z −→ Ge −→ G∗e −→ 1 and 1 −→ Z −→ G −→ G∗ −→ 1 induce a
commutative diagram of spaces

BZ // (BGe)
∧
p

//

��

(BG∗e)
∧
p

��

BZ // BG // BG∗.

(4-3)

Here BZ is p-complete since Z is a finite p-group. So the top row in (4-3) is a fibration
sequence by [BK, Lemma II.5.1] and since Z ≤ Z(Ge). Hence the bottom row is also a
fibration sequence after fiberwise p-completion over Bπ. Similarly, if Γ is any discrete group
together with a surjection χ : Γ −→ Γ ∗ such that Ker(χ) = Z ≤ Z(χ−1(Γ ∗e )), and we define
Γe = χ−1(Γ ∗e ), then we get the following commutative diagram whose rows are fibration
sequences:

BZ // (BΓe)
∧
p

//

��

(BΓ ∗e )∧p

��

BZ // BΓ
Bχ

// BΓ ∗.

(4-4)

It remains to choose the pair (Γ, χ) so that the bottom rows in (4-3) and (4-4) are fiber ho-
motopy equivalent. By [BGM, Theorem IV.5.6], fibrations over a space B with fiber BZ are
classified by homotopy classes of maps B −→ BAut(BZ). Let Aut∗(BZ) ⊆ map∗(BZ,BZ)
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be the spaces of pointed self equivalences and pointed self maps, respectively. Since BZ is
an Eilenberg-MacLane space, we have

πi(map∗(BZ,BZ)) ∼= [BZ,Ωi(BZ)]∗ =

{
H1(Z;Z) ∼= Hom(Z,Z) if i = 0

0 if i > 0.

From this, together with the fibration sequence Aut∗(BZ) −→ Aut(BZ) −→ BZ, we see
that π1(BAut(BZ)) ∼= Aut(Z), π2(BAut(BZ)) ∼= Z, and πi(BAut(BZ)) = 0 for all i ≥ 3.

Let [BΓ ∗, BAut(BZ)]0 and [BΓ ∗, BAut(BZ)]0 denote the sets of homotopy classes of
maps for which the induced homomorphism in π1 factors through Γ ∗/Γ ∗e

∼= π. Since

H∗(BΓ ∗;A) ∼= H∗(BΓ ∗;A) for every finite abelian p-group A with action of π (since the
map BΓ ∗e → (BΓ ∗e )∧p between the π-covers is a mod p homology equivalence), the natural
map

[BΓ ∗, BAut(BZ)]0 −−−−−→ [BΓ ∗, BAut(BZ)]0 (4-5)

is a bijection.

Since BΓ ∗ ' BG∗, there is a fibration X
ν−−→ BΓ ∗ with fiber BZ that is fiberwise

homotopy equivalent to the fibration BG −→ BG∗. Since Z ≤ Z(Ge), the fibration ν

is classified by a map in [BΓ ∗, BAut(BZ)]0. So by (4-5), there is also a fibration Y −→
BΓ ∗ with fiber BZ whose fiberwise p-completion over Bπ is X −→ BΓ ∗. Upon putting
these together, we get the following commutative diagram, each of whose rows is a fibration
sequence:

BZ // BG //

'
��

BG∗

'
��

BZ // X
ν
// BΓ ∗

BZ // Y

OO

ν0
// BΓ ∗

OO
(4-6)

Set Γ = π1(Y ); then there is a surjection χ = π1(ν0) : Γ −→ Γ ∗ with kernel Z. Set

Γe = χ−1(Γ ∗e ); then after fiberwise completion we have BΓ ' Y ' X ' BG. It now follows
that BΓ∧p ' BG∧p , and hence by Lemma 4.1 that FS(G) ∼= FSΓ (Γ ).

By construction, Z ≤ Z(Γe), and

Γ ∗e = Γe/Z = Γ ∗1 × · · · × Γ ∗k × T ∗,

where T ∗ is a discrete p-torus and each Γ ∗i is a simple algebraic group over Fq. By Theorems
3.1–3.3 and 4.1 in [St2], for each i, the universal central extension of Γ ∗i is itself an algebraic

group over Fq. (It’s important here that we are working over an algebraic extension of a

finite field.) So Γe is a central product of simple algebraic groups over Fq and a discrete p-

torus, where a discrete p-torus of rank r is contained in the algebraic group (F×q )r. Thus Γe

is contained in a central product of algebraic groups over Fq, and this in turn is an algebraic

group over Fq by [Sp, Proposition 5.5.10] (the quotient of a linear algebraic group by a closed

normal subgroup is again a linear algebraic group). So Γe is a linear torsion group over Fq.
Since Γe has finite index in Γ , the group Γ is also linear over Fq, finishing the proof that
F = FS(G) is LT-realizable. �
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5. Increasing sequences of finite fusion subsystems

In this section and the next, we show some preliminary results that will be needed in
Section 7 to prove that certain saturated fusion systems are not sequentially realizable.
In this section, we mostly look at the question of how a saturated fusion system F over an
infinite discrete p-toral group S is approximated by sufficiently large finite fusion subsystems.
The following lemma is a first step towards doing that.

Lemma 5.1. Let F be a saturated fusion system over an infinite discrete p-toral group S,
and let T E S be the identity component. Assume CS(T ) = T . Then there is n ≥ 1 such
that CS(Ωn(T )) = T , and such that for each A ≤ T that contains Ωn(T ):

(a) A is fully centralized in F , and ϕ(A) ≤ T for each ϕ ∈ HomF(A, S); and

(b) if A is AutF(T )-invariant, then it is weakly closed in F , and restriction induces an

isomorphism ρA : AutF(T )
∼=−−−−−→ AutF(A).

Proof. Since {CS(Ωi(T ))}i≥1 is a descending sequence of subgroups with intersection CS(T ) =
T (and since S is artinian), there is n0 ≥ 1 such that CS(Ωn0(T )) = T . Let k be such that

S/T has exponent pk; i.e., such that sp
k ∈ T for all s ∈ S. Set n1 = n0 + k.

Let A be such that Ωn1(T ) ≤ A ≤ T . For each morphism ϕ ∈ HomF(A, S),

ϕ(Ωn0(T )) ≤ ϕ({apk | a ∈ A}) ≤ T,

so ϕ(Ωn0(T )) = Ωn0(T ), and ϕ(A) ≤ CS(Ωn0(T )) = T . Furthermore, CS(ϕ(A)) = T =
CS(A), and since ϕ ∈ HomF(A, S) is arbitrary, A is fully centralized in F . This proves (a).

Assume in addition that A is AutF(T )-invariant. By [BLO3, Lemma 2.4(b)], ϕ is the
restriction of some element of AutF(T ), and so ϕ(A) = A by the assumption. Thus A is
weakly closed in F , and restriction defines a surjective homomorphism ρA from AutF(T ) to
AutF(A).

Consider the descending sequence {Ker(ρΩi(T ))}i≥n1 . This sequence is constant for i large
since AutF(T ) is finite, and the intersection of its terms is the trivial subgroup. So there
is n ≥ n1 such that ρΩn(T ) is injective. Hence ρA is injective for every AutF(T )-invariant
subgroup A ≤ T containing Ωn(T ), and this finishes the proof of (b). �

We now look more closely at unions of increasing sequences of finite fusion subsystems,
and make more precise what we mean by a subsystem being “large enough”.

Lemma 5.2. Let F be a saturated fusion system over an infinite discrete p-toral group S, let
T E S be the identity component, and assume CS(T ) = T . Let F1 ≤ F2 ≤ F3 ≤ · · · be fusion
subsystems of F over finite subgroups S1 ≤ S2 ≤ S3 ≤ · · · in S such that F =

⋃∞
i=1Fi, and

set Ti = T ∩ Si. Then there is n ≥ 1 such that for each i ≥ n and each AutF(T )-invariant
subgroup A such that Tn ≤ A ≤ Ti,

(a) A is weakly closed in F and hence in Fi,

(b) restriction to A induces an isomorphism ρA : AutF(T )
∼=−−→ AutF(A), and

(c) AutF(A) = AutFi(A).

Furthermore, n can be chosen so that Ti is AutF(T )-invariant for all i ≥ n.

Proof. Let ρA : AutF(T ) −→ AutF(A) be the homomorphism induced by restriction for each
AutF(T )-invariant subgroup A ≤ T . By Lemma 5.1(b), there is n0 ≥ 1 such that for
each AutF(T )-invariant subgroup Ωn0(T ) ≤ A ≤ T , A is weakly closed in F and ρA is
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an isomorphism. Choose n1 ≥ 1 such that Tn1 ≥ Ωn0(T ); then the same conclusion holds
whenever Tn1 ≤ A ≤ T .

Since F is the union of the Fi, we have AutF(Tn1) =
⋃∞
i=n1

AutFi(Tn1). This is an
increasing union, and AutF(Tn1) is finite since Tn1 is finite. Hence there is n ≥ n1 such that
AutF(Tn1) = AutFi(Tn1) for all i ≥ n.

Now assume i ≥ n and Tn ≤ A ≤ Ti, where A is AutF(T )-invariant. We already showed
that (a) and (b) hold in this situation (A is weakly closed in Fi since it is weakly closed in
F). Since A and Tn1 are both weakly closed in F and in Fi, they are both fully centralized in
Fi. For each α ∈ AutF(A), we have α|Tn1 ∈ AutF(Tn1) = AutFi(Tn1), and by the extension
axiom for Fi (and since A ≤ CS(Tn1)), this extends to α′ ∈ AutFi(A) ≤ AutF(A). Since ρA
and ρTn1 are isomorphisms, restriction induces an isomorphism from AutF(A) to AutF(Tn1),
and hence α′ = α. Thus AutFi(A) = AutF(A), and (c) holds.

It remains to prove the last statement. Choose m,n′ ≥ 1 such that Tn ≤ Ωm(T ) ≤ Tn′ .
By Lemma 5.1, we can do this so that CS(Ωm(T )) = T , and so that each subgroup of T
containing Ωm(T ) is fully centralized in F . Set A = Ωm(T ), and note that A is AutF(T )-
invariant and hence (a), (b), and (c) hold for A. Fix i ≥ n′ and α ∈ AutF(T ). Then
α|A ∈ AutF(A) = AutFi(A) by (c), and since A is weakly closed (hence fully centralized) in
Fi by (a), this extends to some β ∈ HomFi(Ti, Si) by the extension axiom. Also, β(Ti) ≤
CSi(A) = CSi(Ωm(T )) = Ti. Since Ti is fully centralized in F , β extends to γ ∈ AutF(T ) by
the extension axiom again. Then γ|A = α|A, so α = γ by (b), and α(Ti) = Ti. This proves
that Ti is AutF(T )-invariant for all i ≥ n′, and so the last statement holds upon replacing n
by n′. �

We next focus on strongly closed subgroups in fusion systems over discrete p-toral groups.

Definition 5.3. For each fusion system F over a discrete p-toral group S, let F sc be the set
of all nontrivial subgroups 1 6= R ≤ S strongly closed in F . Set minsc(F) =

⋂
R∈Fsc R.

Clearly, minsc(F) is always strongly closed in F . But it can be trivial.

Lemma 5.4. Let F be a saturated fusion system over a discrete p-toral group S, and let
{Fi}i≥1 be an increasing sequence of saturated fusion subsystems of F over S1 ≤ S2 ≤ · · ·
such that S =

⋃∞
i=1 Si and F =

⋃∞
i=1Fi. Then there is n ≥ 1 such that Sn ≥ Ω1(Z(S))

and CS(Sn) = Z(S). For each such n, we have minsc(Fi) ≤ minsc(Fi+1) for all i ≥ n, and
minsc(F) =

⋃∞
i=nminsc(Fi).

Proof. Since Ω1(Z(S)) is finite, we have Sn ≥ Ω1(Z(S)) for n large enough. Since Z(S) =⋂∞
i=1CS(Si), and S is artinian, we have CS(Sn) = Z(S) for n large enough.

Now fix n ≥ 1 such that Sn ≥ Ω1(Z(S)) and CS(Sn) = Z(S). It will be convenient to set
F∞ = F and S∞ = S, and then refer to indices n ≤ i ≤ ∞. We first claim that for each
n ≤ j < i ≤ ∞,

Sj ≥ Ω1(Z(Si)), F sc
j ⊇ {R ∩ Sj |R ∈ F sc

i }, and minsc(Fj) ≤ minsc(Fi). (5-1)

The first statement holds since Sj ≥ Sn ≥ Ω1(Z(S)) = Ω1(CS(Si)) ≥ Ω1(Z(Si)). For each
R ∈ F sc

i , the subgroup R ∩ Sj is strongly closed in Fj since R is strongly closed in Fi, and
R∩Sj ≥ R∩Ω1(Z(Si)) 6= 1 where the last inequality holds by Lemma 1.8 and since R E Si.
This proves the second statement, and the third holds since

minsc(Fi) =
⋂

R∈Fsc
i

R ≥
⋂

R∈Fsc
i

(R ∩ Sj) ≥
⋂

R∈Fsc
j

R = minsc(Fj).
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By (5-1) when i = ∞, we have
⋃∞
i=nminsc(Fi) ≤ minsc(F), and it remains only to show

that this is an equality. For each x ∈
⋃∞
i=nminsc(Fi) and each y ∈ xF , there is i ≥ n such

that x ∈ minsc(Fi), x, y ∈ Si, and y ∈ xFi . Then y ∈ minsc(Fi) since that subgroup is
strongly closed. Thus

⋃∞
i=nminsc(Fi) is also strongly closed in F . So either minsc(F) is the

union of the minsc(Fi), or minsc(Fi) = 1 for all n ≤ i <∞ while minsc(F) 6= 1. It remains
to show that this last situation cannot occur.

For the rest of the proof, we assume that minsc(F) 6= 1, while minsc(Fi) = 1 for all
n ≤ i < ∞. Set U = Ω1(Z(S)) for short. Thus minsc(F) ∩ U 6= 1 since minsc(F) E S

(see Lemma 1.8). For each i ≥ 1 and V ≤ U , let C (V )
i be the set of all R ∈ F sc

i such that

R ∩ U = V . Thus F sc
i is the (finite) union of the C (V )

i for V ⊆ U . Also,

R ∈ C (V )
i =⇒ R ∩ Sj ∈ C (V )

j ∀n ≤ j < i and C (1)
i = ∅ ∀ i ≥ n : (5-2)

the implication holds by (5-1) and the second statement since for each 1 6= P E Si,

P ∩ U = P ∩Ω1(Z(S)) = P ∩Ω1(CS(Si)) ≥ P ∩Ω1(Z(Si)) 6= 1.

Set W = minsc(F) ∩ U 6= 1. If, for some finite i ≥ n, we have R ≥ W for each R ∈ F sc
i ,

then minsc(Fi) ≥ W 6= 1, contradicting our assumption. Hence for each n ≤ i <∞, there is

Vi ≤ U such that Vi � W and C (Vi)
i 6= ∅. Since U has only finitely many subgroups, there

is V ≤ U such that V � W and C (V )
i 6= ∅ for infinitely many i, and hence by (5-2) for all

m ≤ i <∞ (some m ≥ n). By (5-2) again, V 6= 1.

For this fixed subgroup V , the C (V )
i form an inverse system of sets, nonempty for all

i ≥ m, where C (V )
i −→ C (V )

i−1 sends R to R ∩ Si−1. Also, C (V )
i is finite for each i since its

members are subgroups of the finite p-group Si. So the inverse limit is nonempty: there is

a sequence of subgroups Rm ≤ Rm+1 ≤ · · · with Ri ∈ C (V )
i for each i. Set R =

⋃∞
i=mRi.

Then R ∩ U = V , and R is strongly closed in Fi for each m ≤ i < ∞ and hence in F . In
particular, R ∈ F sc and R � minsc(F), a contradiction. �

The first part of the following lemma implies that if Q is a finite strongly closed subgroup
in a saturated fusion system F over a discrete p-toral group S, then there is a morphism of
fusion systems from F onto F/Q. For fusion systems over finite p-groups, this is originally
due to Puig [Pg, Proposition 6.3], and the proof below is based on that of [Cr, Theorem
II.5.14].

Lemma 5.5. Let F be a saturated fusion system over a discrete p-toral group S, and let
Q E S be a finite subgroup strongly closed in F .

(a) For each P,R ≤ S and each ϕ ∈ HomF(P,R), there is ϕ̂ ∈ HomF(PQ,RQ) such that
ϕ(g) ≡ ϕ̂(g) (mod Q) for all g ∈ P .

(b) If R ≤ S is strongly closed in F , then RQ/Q is strongly closed in F/Q. Conversely, if
R ≥ Q and R/Q is strongly closed in F/Q, then R is strongly closed in F . In particular,
if R ≤ S is strongly closed in F , then so is RQ.

Proof. (a) By Alperin’s fusion theorem (Theorem 1.15), it suffices to prove this when
ϕ ∈ AutF(P ) and P is fully normalized in F . We will do so by induction on |P ∩ Q|. If
P ≥ Q, then there is nothing to prove, so we assume P � Q and hence |P ∩Q| < |Q|.

Set

K = Ker
[
AutF(P ) −−−→ Aut(PQ/Q)

]
and NK

S (P ) = {g ∈ NS(P ) | cPg ∈ K}.
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Set P1 = PNK
S (P ). We will show that |P1∩Q| > |P∩Q|, and also that there is ϕ1 ∈ AutF(P1)

such that ϕ1(g) ≡ ϕ(g) (mod Q) for each g ∈ P . Since Q is finite, we can continue
this procedure, and after finitely many steps construct a morphism ϕ̂ ∈ AutF(PQ) whose
restriction to P is congruent to ϕ modulo Q.

Now, PQ > P since P � Q, so PNQ(P ) = NPQ(P ) > P (see [BLO3, Lemma 1.8]), and
hence NQ(P ) � P . Choose x ∈ NQ(P ) r P ; then cPx ∈ K, and so x ∈ (P1 ∩ Q) r P . This
proves that P1 ∩Q > P ∩Q.

Since K E AutF(P ), we have K ∩ AutS(P ) ∈ Sylp(K). So by the Frattini argument (see
[G, Theorem 1.3.7]),

AutF(P ) = K ·NAutF (P )(K ∩ AutS(P )).

Thus ϕ = χψ, where χ ∈ K and ψ ∈ NAutF (P )(K ∩ AutS(P )). In particular, ψ(g) ≡ ϕ(g)
(mod Q) for each g ∈ P . By the extension axiom, ψ extends to some ϕ1 ∈ AutF(P1) (recall
P1 = PNK

S (P )), which is what we needed to show.

(b) If R ≤ S and RQ/Q is not strongly closed in F/Q, then there are elements x ∈ R
and y ∈ S r RQ, and a map ϕ ∈ HomF/Q(〈xQ〉, 〈yQ〉) that sends xQ to yQ. Hence there
is ϕ̂ ∈ HomF(Q〈x〉, Q〈y〉) such that ϕ̂(x) ∈ yQ, and in particular, ϕ̂(x) /∈ R. So R is not
strongly closed in F .

Conversely, assume R ≥ Q is not strongly closed in F . Thus there are elements x ∈ R and
y ∈ xF rR, and ϕ ∈ HomF(〈x〉, 〈y〉) with ϕ(x) = y. By (a), there is ψ ∈ HomF(Q〈x〉, Q〈y〉)
with ψ(x) ∈ yQ, and in particular, ψ(x) /∈ R. Then (ψ/Q)(xQ) = yQ in F/Q, so R/Q is
not strongly closed in F/Q.

The last statement (R strongly closed implies RQ strongly closed) follows immediately
from the first two. �

In the following lemma, we show among other things that under certain conditions on a
fusion system over S, the strongly closed subgroups properly contained in S are all finite of
bounded order.

Lemma 5.6. Let F be a saturated fusion system over an infinite discrete p-toral group S,
and let T E S be the identity component. Assume that S > T and CS(T ) = T .

(a) Assume there are elements s1, . . . , sk ∈ S r T such that sFi ∩ T 6= ∅ for each i and
S = T 〈s1, . . . , sk〉. Then there is no proper subgroup R < S containing T that is
strongly closed in F .

(b) Assume that
(i) there is no proper subgroup T ≤ R < S that is strongly closed in F ; and

(ii) no infinite proper subgroup of T is invariant under the action of AutF(T ).

Let Q ≤ S be the subgroup generated by all proper subgroups of S that are strongly closed
in F . Then Q ≤ T , Q is finite and strongly closed in F , and minsc(F/Q) = S/Q.

Proof. (a) Let s1, . . . , sk ∈ S r T be as assumed. If R ≥ T and is strongly closed in F ,
then for each 1 ≤ i ≤ k, we have si ∈ R since it is F -conjugate to an element in T ≤ R, and
hence R ≥ T 〈s1, . . . , sk〉 = S.

(b) Assume (i) and (ii). If R < S is strongly closed in F , then [R, T ] ≤ R ∩ T since
R, T E S, and R ∩ T is invariant under the action of AutF(T ) since R is strongly closed.
Also, R ∩ T < T since R � T by (i), so R ∩ T is finite by (ii).

If R < S is strongly closed in F and R � T , then for x ∈ Rr T , we have [x, T ] 6= 1 since
CS(T ) = T , and [x, T ] is infinitely divisible since T is abelian and infinitely divisible and
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normalized by x. Thus R∩T ≥ [x, T ] is infinite, which we just saw is impossible. So R ≤ T ,
and R = R ∩ T is finite.

Let C be the set of all subgroups of T strongly closed in F . For each n ≥ 1, let Cn be the
set of members of C contained in Ωn(T ). Thus each set Cn is finite, C =

⋃∞
i=1 Ci since all

members of C are finite, and there are maps ωn : C −→ Cn that send R ∈ C to R∩Ωn(T ) ∈
Cn. If C is infinite, then we can inductively choose indices 1 ≤ n0 < n1 < n2 < · · · together
with subgroups Ri ∈ Cni such that ω−1

ni
(Ri) is infinite, and such that ωni(Ri+1) = Ri and

Ri+1 > Ri for each i. But then
⋃∞
i=1 Ri ≤ T < S is infinite and strongly closed in F , which

we just showed is impossible.

Thus the set C is finite, and hence the subgroup Q = 〈C 〉 is finite. By Lemma 5.5(b), Q
is strongly closed in F and no proper nontrivial subgroup of S/Q is strongly closed in F/Q.
So minsc(F/Q) = S/Q. �

6. Large abelian subgroups of finite simple groups

The main results in this section are Propositions 6.3, 6.4, and 6.10, which together with
the classification of finite simple groups (CFSG) are our main tools for proving that certain
fusion systems are exotic. In Propositions 6.3 and 6.4, we show that if a known finite simple
group G has a “large abelian p-subgroup” (in a sense made precise in Definition 6.5), then
G must be of Lie type in characteristic different from p. In Proposition 6.10, we show that
if G is of Lie type in characteristic different from p and has a large abelian p-subgroup A,
then AutG(A) must be one of the groups appearing in a very short list. All of these results
are summarized by Corollary 6.11.

All results in this section are independent of CFSG. We begin with the following definition.

Definition 6.1. Fix a prime p. For each finite p-group S, set ex(S) = pn where n ≥ 1 is the
smallest integer for which there is a sequence of subgroups 1 = S0 < S1 < S2 < · · · < Sk = S,
all of them normal in S, such that |Si| = pi for each i, and such that for each 1 ≤ i ≤ k there
is an element gi ∈ SirSi−1 of order at most pn. For each finite group G, set exp(G) = ex(S)
if S ∈ Sylp(G). We call ex(S) the subexponent of the p-group S, and call exp(G) the
p-subexponent of G.

Note that the conditions on the Si in Definition 6.1 are equivalent to requiring that they
form a chief series for S. Note also that ex(S) = 1 if and only if S = 1, and hence exp(G) = 1
if and only if p - |G|.

We first list some of the basic properties of ex(−). All of them follow easily from the
definition. Let expt(S) denote the exponent of a finite p-group S.

Lemma 6.2. Fix a prime p, and let S be a finite p-group.

(a) In all cases, ex(S) ≤ expt(S), with equality if S is abelian.

(b) If S = T × U , then ex(S) = max{ex(T ), ex(U)}.
(c) If T E S, then ex(S/T ) ≤ ex(S) ≤ expt(T ) · ex(S/T ).

(d) If S = TU where T E S, then ex(S) ≤ max{expt(T ), ex(U)}.
(e) If S ∼= D2k , Q2k , or SD2k for k ≥ 4, then ex(S) = 2k−2.

Proof. Point (a) follows directly from Definition 6.1, and point (b) is clear. In point (e),
ex(S) ≥ 2k−2 since S contains a unique normal subgroup of index 4 and it is cyclic, and the
opposite inequality is easily checked.
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The first inequality in (c) is clear. To see the second, set pn = ex(S/T ) and pm = expt(T ),
and let 1 = S0 < S1 < S2 < · · · < S` = T be an arbitrary sequence of subgroups normal in
S such that |Si| = pi. Let T = S` < S`+1 < · · · < S`+k = S be normal subgroups such that
for each i, |S`+i/T | = pi and (S`+i/T )r (S`+i−1/T ) contains an element of order at most pn.
Then for each 1 ≤ i ≤ ` + k, the set Si r Si−1 contains an element of order at most pm+n,
and hence ex(S) ≤ pm+n = expt(T ) · ex(S/T ).

Now assume S = TU where T E S. Let 1 = S0 < S1 < · · · < S` = T be subgroups normal
in S such that |Si| = pi. Set ex(U) = pn, and let 1 = U0 < U1 < · · · < Uk = U be subgroups
normal in U such that UirUi−1 contains an element of order at most pn for each 1 ≤ i ≤ k.
Set S`+i = TUi for each 1 ≤ i ≤ k. For each such i, the subgroup S`+i contains T and is
normalized by U , and hence is normal in S = TU . Also, Ui = Ui−1〈xi〉 for some xi ∈ Ui
of order at most pn, so S`+i = TUi = TUi−1〈xi〉 = S`+i−1〈xi〉. Finally, |Si| ≤ pi for each i,
so upon removing duplicated terms, we get a sequence of the form given in Definition 6.1,
proving that ex(S) ≤ max{expt(T ), ex(U)}. �

The main property of these functions ex(−) that we need here is the following:

Proposition 6.3. Fix a prime p, let S be a finite nonabelian p-group, and assume A E S
is a normal abelian subgroup.

(a) If ex(S) = pn, then there is x ∈ S r A of order at most pn such that [x, S] ≤ Ωn(A).

(b) If 1 ≤ k ≤ m are such that CS(Ωk(A)) = A and Ωm(A) is homocyclic of exponent pm

(i.e., every element of Ω1(A) is a pm−1-st power in A), then ex(S) ≥ pm−k+1.

Proof. (a) By assumption, there is a sequence 1 = S0 < S1 < · · · < Sk = S of subgroups
normal in S, where |Si| = pi for each i = 1, . . . , k, and where there is an element of order at
most pn in Si r Si−1 for each i = 1, . . . , k. Let ` ≤ k − 1 be such that S` ≤ A but S`+1 � A
(recall that S is nonabelian, so S 6= A). Then expt(S`) = ex(S`) ≤ pn by Lemma 6.2(a) and
since S` is abelian, and hence S` ≤ Ωn(A).

Now, S`+1/S` is normal of order p in S/S`, hence lies in Z(S/S`), and so [S, S`+1] ≤ S`.
By assumption, there is x ∈ S`+1r S` of order at most pn. Then x /∈ A since S`+1 ∩A = S`,
and [x, S] ≤ [S`+1, S] ≤ S` ≤ Ωn(A).

(b) For each x ∈ S r A, since CS(Ωk(A)) = A, there is a0 ∈ Ωk(A) such that [a0, x] 6= 1.

Choose a ∈ A such that ap
m−k

= a0; then [a, x] has order at least pm−k+1 and lies in [A, x].
Hence [A, x] � Ωm−k(A), so ex(S) ≥ pm−k+1 by (a). �

We will use exp(−) to characterize certain simple groups of Lie type in characteristic
different from p. The next proposition is the key to doing this.

Proposition 6.4. Fix a prime p. Let G be an alternating group, a simple group of Lie type
in defining characteristic p, the Tits group 2F4(2)′ (if p = 2), or a sporadic simple group.
Then exp(G) ≤ p3, and exp(G) ≤ p2 if p is odd.

Proof. We consider the three cases separately. Fix S ∈ Sylp(G).

Case 1: Assume G = An and S ∈ Sylp(G). If p is odd, then S is a product of iterated
wreath products Cp o · · · o Cp, so exp(An) = ex(S) = p by Lemma 6.2(b,d). If p = 2, then
S ∼= E o T where E is elementary abelian of rank [n/2] − 1 and T is a product of iterated
wreath products C2 o · · · o C2, so ex2(S) = 2 by Lemma 6.2(b,d) again.

Case 2: If S ∈ Sylp(G) where G is a finite group of Lie type in defining characteristic
p, then S has a normal series where each term is the semidirect product of the previous
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term with a root group. This follows from [GLS3, Theorem 3.3.1] when G is a Chevalley
group or a Steinberg group; from [R, (3.4,3.8)] when G ∼= 2F4(q) (and p = 2); and holds
when G ∼= Sz(q) (p = 2) or G ∼= 2G2(q) (p = 3) since S is a root group in those cases. By
[GLS3, Table 2.4], these root groups are all elementary abelian, except when G is an odd
dimensional unitary group or a Suzuki or Ree group in which case they can have exponent
p2. So exp(G) ≤ p2 in all cases (and exp(G) = p if G is a Chevalley group, or a Steinberg
group other than an odd dimensional unitary group).

By Lemma 1 and Section 3 in [Pa], the Tits group 2F4(2)′ contains a Sylow 2-subgroup
of the form T = J〈x〉, where J is an extension of E = [J, J ] ∼= E25 by E24 and |x| = 4. So
ex2(2F4(2)′) ≤ 4.

Case 3: In Table 6.1, for each sporadic group G, and each prime p such that S ∈ Sylp(G)
is neither elementary abelian nor extraspecial of exponent p, we give an upper bound for
exp(G), based on a chosen subgroup Hp ≤ G containing S. These subgroups are all listed
in the Atlas [Atlas], and more precise references in many cases are given in Tables 2.1–2.2
and 3.2–3.3 in [O2]. In most cases, the bound follows immediately from the description of
Hp together with Lemma 6.2.

By [Jn, § 5] or [A1, § 13], if G = J3 and p = 3, then Ω1(S) ∼= E33 and S/Ω1(S) ∼= E9,
so ex3(J3) = 9. If G = F3 and p = 3, then by [A1, 14.2(1,5)], S is an extension of E35 by
C3 × (C3 o C3), so ex3(F3) ≤ 9 by Lemma 6.2(c). If G = Fi23, then H3

∼= O+
8 (3):3 where a

Sylow 3-subgroup of O+
8 (3) has exponent at most 9 by Lemma 3.6(b), so ex3(Fi23) ≤ 9 by

Lemma 6.2(d).

If G = F5 and p = 2, then H2 is an extension of the group 21+8
+ of exponent 4 by A5 o C2.

Since ex2(A5 o C2) = 2, we have ex2(F5) ≤ 8. �

Propositions 6.3(b) and 6.4 motivate the following definition.

Definition 6.5. A large abelian subgroup of a finite p-group S is a normal abelian subgroup
A E S such that CS(Ω2(A)) = A and Ω5(A) is homocyclic of exponent p5. A large abelian
p-subgroup of an arbitrary finite group G is a large abelian subgroup of a Sylow p-subgroup
of G.

Our next main result, Proposition 6.10, describes the possible automizers of a large abelian
subgroup of a simple group G. Some technical lemmas are first needed.

Lemma 6.6. Let B ≤ A be finite abelian groups, and set

G = {α ∈ Aut(A) |α|B = Id, [α,A] ≤ B}.
Then G is abelian, and expt(G) = gcd(expt(B), expt(A/B)).

Proof. We write the groups A and B additively. Set

D = {ϕ ∈ End(A) | Im(ϕ) ≤ B ≤ Ker(ϕ)} ∼= Hom(A/B,B),

regarded as an additive group. For all ρ, σ ∈ D, we have ρ ◦ σ = 0, so (ρ+ IdA) ◦ (σ+ IdA) =
(ρ+σ+IdA). In particular, this shows that ρ+IdA ∈ G for all ρ ∈ D, so there is an injective
homomorphism χ : D −→ G defined by χ(ρ) = ρ + IdA. Also, α − IdA ∈ D for each α ∈ G
by definition of G, so χ is an isomorphism, and hence

expt(G) = expt(D) = expt(Hom(A/B,B)) = gcd(expt(A/B), expt(B)). �

Lemma 6.7. Fix a prime p and an integer m ≥ 1. Let S be a finite, nonabelian p-group,
and let A E S be a normal abelian subgroup such that

(i) A = CS(Ωm(A)), and
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G M11 M12 M22 M23 M24 J1 J2 J3 J4 Co3

ex2(G) 4 ≤ 4 2 2 2 2 ≤ 4 ≤ 4 2 ≤ 4

H2 SD16 42:D12 24:A6 24:A7 24:A8 23 22+4:S3 22+4:S3 211:M24 24·A8

ex3(G) 3 3 3 3 3 3 3 9 3 3

H3 32 31+2
+ 32 32 31+2

+ 3 31+2
+ 33.32 31+2

+ 35:M11

G Co2 Co1 HS McL Suz He Ly Ru O’N

ex2(G) 2 2 4 2 ≤ 4 2 ≤ 4 ≤ 4 ≤ 8

H2 210:M22:2 211:M24 43:L3(2) M22 24+6:3A6 26:3S6 2A11 23+8:L3(2) 43·L3(2)

ex3(G) 3 3 3 3 3 3 3 3 3

H3 McL 36:2M12 S8 34:A6 35:M11 31+2
+ 35:M11 31+2

+ 34

ex5(G) 5 5 5 5 5 5 5 5 5

H5 51+2
+ 53:A5 51+2

+ 51+2
+ 52 52 G2(5) 51+2

+ 5

G Fi22 Fi23 Fi′24 F5 F3 F2 F1

ex2(G) 2 ≤ 4 ≤ 4 ≤ 8 ≤ 4 ≤ 8 ≤ 8

H2 210:M22 211·M23 211·M24 21+8
+ .(A5 o 2) 25·L5(2) 21+22

+ ·Co2 21+24
+ ·Co1

ex3(G) 3 ≤ 9 ≤ 9 3 ≤ 9 ≤ 9 ≤ 9

H3 O7(3) O+
8 (3):3 37·O7(3) 34:2(A4 ×A4) 35.34.GL2(3) Fi23 38·O−

8 (3)

ex5(G) 5 5 5 5 5 5 5

H5 52 52 52 51+4
+ :(21+4

− .5) 51+2
+ F5 51+6

+ :4J2

ex7(G) 7 7 7 7 7 7 7

H7 7 7 71+2
+ 7 72 72 71+4

+ :2S7

Table 6.1. Upper bounds for exp(G) for sporadic groups G. In each case,
Hp is a subgroup of G of index prime to p, except when in brackets in which
case it is some group whose Sylow p-subgroups are isomorphic to those of G.
The groups are described using [Atlas] notation; in particular, H:K and H·K
denote split and nonsplit extensions, respectively.

(ii) Ω2m(A) is homocyclic of exponent p2m.

Then A is the only normal abelian subgroup of S that satisfies (i).

Proof. Let A∗ be an arbitrary normal abelian subgroup of S such that A∗ = CS(Ωm(A∗)). Set
B = A∩A∗. Then [A,Ωm(A∗)] ≤ A∩Ωm(A∗) = Ωm(B) since A and Ωm(A∗) are both normal.
So AutA(Ωm(A∗)) has exponent at most pm by Lemma 6.6, applied with Ωm(B) ≤ Ωm(A∗)
in the role of B ≤ A. Also, AutA(Ωm(A∗)) ∼= A/CA(Ωm(A∗)) = A/(A ∩ A∗) = A/B by
assumption, so A/B has exponent at most pm.

Since Ω2m(A) is homocyclic of exponent p2m by (ii), every element of Ωm(A) is a pm-power
in A, and hence lies in B. So Ωm(A) = Ωm(B) ≤ Ωm(A∗), and hence A = CS(Ωm(A)) ≥
CS(Ωm(A∗)) = A∗ by (i). So Ωm(A) = Ωm(A∗), and hence A = A∗. �

In particular, Lemma 6.7 shows that if A E S is a large abelian subgroup, and B E S is
such that CS(Ω2(B)) = B, then B = A.
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Lemma 6.8. Let T be a discrete p-torus, and let G ≤ Aut(T ) be a finite group of automor-
phisms. Then G acts faithfully on Ω1(T ) if p is odd, and on Ω2(T ) if p = 2.

Proof. Set q = pk, where k = 1 if p is odd and k = 2 if p = 2. Let θ : Aut(T ) −→ Aut(Ωk(T ))
be the homomorphism induced by restriction; we must show that θ|G is injective. Upon
identifying Aut(T ) = GLn(Zp) and Aut(Ωk(T )) = GLn(Z/q), we see that it suffices to show
that the multiplicative group Ker(θ) = I + qMn(Zp) contains no nonidentity elements of
finite order. Note that this is not true when q = 2, since −I ∈ I + 2Mn(Zp).

Assume otherwise: let 0 6= X ∈Mn(Zp) and n > 1 be such that (I + qX)n = I. Let i ≥ k
and Y ∈Mn(Zp) be such that qX = piY and p - Y . Write n = pjm where p - m. Then

I = (I + qX)n = (I + piY )p
jm = I + pi+jmY + p2i+jm

(
n−1

2

)
Y 2 + . . .

≡ I + pi+jmY (mod pi+j+1Mn(Zp)),

which is impossible. (This argument does not work when p = 2 and i = 1, since p2i+j = pi+j+1

and the factor n−1
2

need not be in Zp.) �

Notation 6.9. For all 4 ≤ i ≤ 37, let STi denote the i-th group in the Shephard-Todd list
[ST, Table VII] of irreducible unitary reflection groups. For each prime p, each k | m | (p−1),
and each n ≥ 2, set

G(m, k, n) =
〈
diag(u1, . . . , un)

∣∣um1 = · · · = umn = 1, (u1u2 . . . un)m/k = 1
〉

Permn

≤ GLn(Fp);
i.e., the group of all monomial matrices in GLn(Fp) whose nonzero entries are m-th roots of
unity with product an (m/k)-th root of unity.

Thus for each m, k, and n as above, G(m, k, n) is normal of index k in G(m, 1, n) ∼= CmoΣn.

We are now ready to apply Lemma 6.7 to show that if a finite simple group G of Lie type
contains a large abelian p-subgroup A, then its automizer is one of the groups on a very
short list.

Proposition 6.10. Fix a prime p, and let G be a finite simple group of Lie type in char-
acteristic different from p. Assume G has a large abelian p-subgroup A ≤ G. Set k = 2 if
p = 2, or k = 1 if p is odd. Then (AutG(A), Ωk(A)) ∼= (W,M) where either

(a) W ∼= AutG(T) for some simple compact connected Lie group G with maximal torus T,
and M is the group of elements of order dividing pk in T; or

(b) W ∼= G(m, 1, n) ∼= Cm oΣn where 3 ≤ m | (p−1), n ≥ p, and M ∼= (Fp)n has the natural
action of W ≤ GLn(p); or

(c) W ∼= G(2m, 2, n) where 2 ≤ m | (p−1)/2, n ≥ p, and M ∼= (Fp)n has the natural action
of W ≤ GLn(p); or

(d) p = 3, W ∼= ST12
∼= GL2(3), and M ∼= (F3)2 has the natural action of W ; or

(e) p = 5, W ∼= ST31 (an extension of the form (C4 ◦ 21+4).Σ6), and M is the unique
faithful F5W -module with rk(M) = 4.

Proof. Let S ∈ Sylp(G) be such that A E S is a large abelian subgroup. Thus A =
CS(Ω2(A)), and Ω5(A) is homocyclic of exponent p5.

By definition, and since G is a finite group of Lie type in characteristic r for some prime

r 6= p, there is a simple algebraic group G over Fr, and an algebraic endomorphism σ ∈
End(G), such that C

G
(σ) is finite (the group of elements fixed by σ) and G ∼= Or′(C

G
(σ)).
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See, e.g., [GLS3, § 2.2] for more detail. From now on, we identify G with Or′(C
G

(σ)). By

[GLS3, Theorem 4.10.2(a,b)], there is a maximal torus T ≤ G (denoted Tw there) and a

Sylow p-subgroup S ∈ Sylp(G) such that σ(T ) = T and S ≤ N
G

(T ), and such that if we set

ST = S ∩ T , then S/ST is isomorphic to a subgroup of the Weyl group of G. (The relation

ST = S ∩ T isn’t stated explicitly in that theorem, but it appears in its proof.)

Thus AutS(ST ) consists of the restrictions to ST of a finite group of automorphisms of a

discrete p-torus (the p-power torsion in T ). Hence it acts faithfully on Ω2(ST ) by Lemma

6.8, and so CS(Ω2(ST )) = CS(T ) = ST . The hypotheses of Lemma 6.7 thus apply with A
and ST in the roles of A1 and A2 (and m = 2). So A = ST by that lemma.

Assume G∗ is a finite group whose p-fusion system is isomorphic to that of G. Choose a

fusion preserving isomophism ρ : S
∼=−−→ S∗ for some S∗ ∈ Sylp(G

∗), and set A∗ = ρ(A) E
S∗. Then A∗ = CS∗(Ω2(A∗)) and Ω4(A∗) is homocyclic of exponent p4, and AutG∗(A

∗) ∼=
AutG(A). So the proposition holds for G if it holds for G∗.

We first handle two special cases: certain Chevalley groups and Steinberg groups. After-
wards, we deal with the remaining cases: first when p = 2 and then when p is odd.

Case 1: Assume G ∼= G(q), where q ≡ 1 (mod pk) (and q is a power of r). By [BMO2,

Lemma 6.1], we can choose G = G(Fr) and σ such that [BMO2, Hypotheses 5.1, case (III.1)]
holds. So by [BMO2, Lemma 5.3], AutG(A) = Aut

G
(A) is isomorphic to the Weyl group G,

and so (AutG(A), Ωk(A)) ∼= (Aut
G

(T ), Ωk(Op(T ))).

Let G be a maximal compact subgroup of G(C), let T be a maximal torus in G, and
let Op(T) ≤ T be the subgroup of elements of p-power order. Then (AutG(T), Op(T)) ∼=
(Aut

G
(T ), Op(T )), by Theorem 4.2, and hence (AutG(T), Ωk(Op(T))) ∼= (AutG(A), Ωk(A)).

Case 2: Now assume G ∼= 2G(q), where G ∼= An, Dn, or E6, and q ≡ 1 (mod pk) (and

q is a power of r). Again by [BMO2, Lemma 6.1], we can choose G = G(Fr) and σ such
that [BMO2, Hypotheses 5.1, case (III.1)] holds. So by [BMO2, Lemma 5.3], AutG(A) =

AutW0(A), where W0 = C
W (G)

(τ), and where τ ∈ Aut(G) is a graph automorphism of order

2 that permutes the root groups for positive roots. Also, AutG(A) acts faithfully on Ωk(A)
by Lemma 6.8, and Ωk(A) = Ωk(CT (τ)) since q ≡ 1 (mod pk).

By [Car, § 13.3], W0 (denoted W 1 in [Car]) is isomorphic to the Weyl group of H, where

H ∼= Bn/2 or C(n+1)/2, Bn−1, or F4 when G has type An (n even or odd), Dn, or E6,
respectively. Furthermore, the arguments in [Car, § 13.3] show that the pair (W0, CT (τ)) is

isomorphic to the Weyl group and maximal torus of H(Fr). So if we let H be a maximal
compact subgroup of H(C) and let T0 ≤ H be a maximal torus, then (AutG(A), Ωk(A)) is
isomorphic to (AutH(T0), Ωk(Op(T0))) by Theorem 4.2.

General case when p = 2: By [BMO2, Table 0.1] and the remark just before the table,
the 2-fusion system of G is isomorphic to that of a group G∗, where either G∗ is one of the
Chevalley or Steinberg groups considered in Cases 1 and 2, or G∗ ∼= G2(3) or 2G2(q). But
neither G2(3) nor 2G2(q) satisfies the hypotheses of the proposition, since neither contains
elements of order 24 = 16.

General case when p is odd: By [BMO2, Proposition 1.10], the p-fusion system of G is
isomorphic to that of a group G∗, where either G∗ is one of the groups handled in Cases 1
and 2, or it is one of the following groups:
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G∗ ∼= PSLn(q) or PΩ±2n(q), where n ≥ p and q 6≡ 0, 1 (mod p). By [BMO2, Lemma
6.5], we can choose a σ-setup for G∗ such that [BMO2, Hypotheses 5.1, case (III.3)] holds.
In particular, AutG∗(A) = AutW0(A), where W0 is a certain subgroup of the Weyl group of
PΩ2n described, together with its action on a maximal torus, in [BMO2, Table 6.1]. By that
table, there are µ ≥ 1 and κ ≥ p such that rk(A) = κ, and AutW0(A) has index at most 2 in
a group AutW ∗0 (A) ∼= C2µ oΣκ

∼= G(2µ, 1, κ). More precisely, from the proof of that lemma,
one sees that AutW0(A) ∼= G(2µ, 1, κ) or G(2µ, 2, κ).

G∗ ∼= 2F4(q), where p = 3. By [Ma, Section 1.2], G∗ contains a maximal subgroup
H ∼= (Cq+1×Cq+1)oGL2(3), and it has index prime to 3 in G∗. So we can take A = O3(H).
Then H = NG∗(A) since it is maximal, and thus AutG∗(A) ∼= GL2(3) with its natural action
on Ω1(A) ∼= (F3)2.

G∗ ∼= 3D4(q), where p = 3. By [GL, 10-1(4)], S is a semidirect product A o C3, where
A ∼= C3a ×C3a+1 for a = v3(q2− 1). Thus AutG∗(A) is isomorphic to a subgroup of C2×Σ3,
which we identify with the group of upper triangular matrices in GL2(3). Also, by the main
theorem in [Kl], G∗ contains a maximal subgroup H ∼= (Cq2+q+1 ◦ SL3(q)).Σ3 (if q ≡ 1 (mod
3)) or H ∼= (Cq2−q+1 ◦ SL3(q)).Σ3 (if q ≡ 2 (mod 3)), in either case of index prime to 3, and
using these we see that |NG∗(S)/S| = 4 and hence AutG∗(A) ∼= C2 × Σ3

∼= W (G2). Since
this is the normalizer of a Sylow 3-subgroup in GL2(3), its action on Ω1(A) ∼= (F3)2 is unique
up to isomorphism. (The 3-fusion system of G∗ is described in detail in case (a.ii) of [O1,
Theorem 2.8].)

G∗ ∼= E8(q), where p = 5 and q ≡ ±2 (mod 5). In this case, AutG∗(A) ∼= ST31 by
[BMO2, Lemma 6.7] and its proof. More precisely, a subgroup W1 E AutG∗(A) was defined
in that proof and shown to be isomorphic to C4 ◦ 21+4, and AutG∗(A)/W1 was shown to be
isomorphic to Σ6.

Let Out0(W1) be the subgroup of elements that are the identity on Z(W1); then Out0(W1) ∼=
Sp4(2) ∼= Σ6. Since W1 is irreducible in GL4(F5), we have CGL4(5)(W1) ∼= F×5 , and hence
AutG∗(A) ∼= NGL4(5)(W1).

Since GL4(5) has only one conjugacy class of subgroups isomorphic to W1, this shows that
it also contains only one class of extensions of the form (C4 ◦ 21+4).Σ6. On the other hand,
Shephard [Sh, p. 275] constructed explicit matrices in GL4(C) representing reflections that
generate ST31, and those matrices have entries in Z[1

2
, i] and hence reduce to matrices over

F5. Thus ST31 embeds in GL4(5), so AutG∗(A) ∼= ST31. See also Aguadé’s paper [Ag, §6]
for more discussion. �

The following corollary combines the three main propositions in this section.

Corollary 6.11. Fix a prime p, and set k = 2 if p = 2, or k = 1 if p is odd. If G is a
known finite simple group and has a large abelian p-subgroup A ≤ G, then G is a group of
Lie type in characteristic different from p, and (AutG(A), Ωk(A)) ∼= (W,M) where (W,M)
is one of the modules listed in cases (a)–(e) of Proposition 6.10.

Proof. Let S ∈ Sylp(G) be such that A E S is a large abelian subgroup. Then CS(Ω2(A)) =
A and Ω5(A) is homocyclic of exponent p5, so by Proposition 6.3(b), exp(G) = ex(S) ≥ p4.
Hence by Proposition 6.4 and since G is a known simple group, G must be of Lie type in
characteristic different from p. The conclusion now follows from Proposition 6.10. �

The following lemma will be useful when applying Proposition 6.10 in the proof of Theorem
9.3.
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Lemma 6.12. Fix an odd prime p, and let (W,M) be one of the pairs that appears in cases
(a)–(e) of Proposition 6.10. Then M is a simple FpW -module, except in case (a) when
W = AutG(T ) and M = Hom(Cp, T ), and either G ∼= PSU(n) and p | n, or G ∼= G2 or E6

and p = 3.

Proof. We refer to the five cases (a)–(e) listed in the statement of Proposition 6.10. In cases
(b) and (c), we have W ∼= G(m, k, n) for some k | m | (p − 1) and some n ≥ p, and M is
the natural n-dimensional FpW -module. Let W0 E W be the subgroup of diagonal matrices
(in the notation of 6.9); then M |W0 splits in a unique way as a direct sum of 1-dimensional
submodules, and these summands are permuted transitively by W/W0

∼= Σn. So M is simple
in this case.

In case (d), we have W ∼= GL2(3), and M ∼= (F3)2 is clearly simple. In case (e), there is
a subgroup H ∼= 21+4

+ of index 2 in O2(W ) whose action on M is generated by the diago-
nal matrices −Id, diag(1, 1,−1,−1), and diag(1,−1, 1,−1), together with the permutation
matrices for the permutations (1 2)(3 4) and (1 3)(2 4), and M |H is irreducible. So M is also
irreducible as an F5W -module.

Now assume we are in case (a), where W ∼= AutG(T ) and M is the p-torsion in T for
some simple compact connected Lie group G with maximal torus T . If G has type An−1, so
W ∼= Σn and M ∼= (Fp)n−1, then M is simple except when p | n (see [Jm, Example 5.1]). If
G has type Bn, Cn, or Dn, then W ∼= G(2, 1, n) or G(2, 2, n), and M is simple by a similar
argument to that used in cases (b) and (c). If G has type F4, then W contains a subgroup
isomorphic to G(2, 1, 4) (with the natural action on M ∼= (Fp)4), and hence M is simple. If
G is of type En for n = 6, 7, 8, then by the character tables in [Atlas] (when p - |W |) and
[BrAtl] (when p | |W |), we have that M is a simple FpW -module in all cases except when G
has type E6 and p = 3. �

7. Realizability of fusion systems over discrete p-toral groups

We are now ready to prove our main nonrealizability results. Theorem 7.4 (a slightly
more general version of Theorem C) says that saturated fusion systems over infinite discrete
p-toral groups satisfying certain conditions are not sequentially realizable. In Proposition
7.5, we give a criterion for showing that certain fusion systems are not realized by linear
torsion groups in characteristic 0. All of the results in this section (except Lemmas 7.1 and
7.2) depend on the classification of finite simple groups.

We first note that a quotient of a sequentially realizable fusion system (see Definition 1.16)
is again sequentially realizable.

Lemma 7.1. Let F be a sequentially realizable fusion system over a discrete p-toral group S,
and let Q E S be a finite subgroup that is weakly closed in F . Then F/Q is also sequentially
realizable. If T E S is the identity component of S and Q ≤ T , then CS/Q(T/Q) = CS(T )/Q
and AutF/Q(T/Q) ∼= AutF(T ).

Proof. Since F is sequentially realizable, there is an increasing sequence F1 ≤ F2 ≤ . . .
of realizable fusion subsystems of F over finite subgroups S1 ≤ S2 ≤ . . . of S, such that
S =

⋃∞
i=1 Si and F =

⋃∞
i=1Fi. Since Q is finite, we have Q ≤ Sk for some k ≥ 1, and by

removing the first (k − 1) terms in the sequence, we can arrange that Q ≤ Si, and hence Q
is weakly closed in Fi, for all i ≥ 1.

For each i, since Fi is realizable, there is a finite group Gi with Si ∈ Sylp(Gi) and Fi =
FSi(Gi). Then Fi/Q = FSi/Q(NGi(Q)/Q) by Lemma 1.17, where Si/Q ∈ Sylp(NGi(Q)/Q),
so Fi/Q is realizable. Also, F/Q =

⋃∞
i=1Fi/Q, so F/Q is sequentially realizable.
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If Q ≤ T where T is the identity component of S, then by definition and since Q is weakly
closed in F , AutF/Q(T/Q) is the image of the natural homomorphism χ : AutF(T ) −→
Aut(T/Q). Let m be such that Q has exponent pm. If α ∈ Ker(χ), then α(t) ∈ tQ for each
t ∈ T , so α(tp

m
) = tp

m
, and α = IdT since T is infinitely divisible. Thus Ker(χ) = 1, and so

AutF/Q(T/Q) ∼= AutF(T ) and CS/Q(T/Q) = CS(T )/Q. �

The following elementary lemma will also be needed.

Lemma 7.2. Let T be a discrete p-torus, and let G ≤ Aut(T ) be a finite group of automor-
phisms of T . Set ` = vp(|G|); thus p` | |G| but p`+1 - |G|. Then either CT (G) is infinite, or
it has exponent at most p`.

Proof. Set P1 = CT (G) for short, and set

P2 =
{
x ∈ T

∣∣ ∏
g∈G g(x) = 1

}
.

For each x ∈ T , we have
∏

g∈G g(x) ∈ P1. Also, x(g(x))−1 ∈ P2 for each g ∈ G since∏
h∈G h(x) ·

∏
h∈G(hg(x))−1 = 1. So

x|G| =
(∏

g∈G gx
)
·
(∏

g∈G x(gx)−1
)
∈ P1P2,

and T = P1P2 since it is infinitely divisible.

If P1 is finite, then P2 has finite index in T , and hence P2 = T , again since it is infinitely
divisible. Hence for each x ∈ P1 = CT (G), we have x|G| =

∏
g∈G gx = 1 by definition of P2,

and so xp
`

= 1 since T has no nonidentity elements of order prime to p. �

We next recall the definition of the generalized Fitting subgroup F ∗(G) of a finite group
G. A subgroup H ≤ G is subnormal (denoted H EE G) if there is a sequence of subgroups
H = H0 E H1 E · · · E Hn = G each normal in the following one. A component of G is a
subnormal subgroup C EE G that is quasisimple (i.e., C is perfect and C/Z(C) is simple).
All components of G commute with each other and with the subgroups Op(G) for all primes
p. Thus F ∗(G), the subgroup generated by all components of G and all subgroups Op(G)
for primes p, is a central product of these groups. One of the important properties of F ∗(G)
is that it is centric in G; i.e., CG(F ∗(G)) ≤ F ∗(G). We refer to [A2, §31] for more details
and proofs of these statements, and also to [AKO, A.11–A.13] for a shorter summary.

Lemma 7.3. Let F be a saturated fusion system over an infinite discrete p-toral group S,
and let T E S be the identity component. Assume

(i) S > T and CS(T ) = T , and

(ii) minsc(F) = S.

Assume also that F is sequentially realizable, and let F1 ≤ F2 ≤ F3 ≤ · · · be realizable
fusion subsystems of F over finite subgroups S1 ≤ S2 ≤ · · · of S such that S =

⋃∞
i=1 Si and

F =
⋃∞
j=1Fi. If G1, G2, G3, . . . are finite groups such that for each i ≥ 1,

Si ∈ Sylp(Gi), Op′(Gi) = 1, and Fi = FSi(Gi),

then for n large enough, the generalized Fitting subgroup F ∗(Gn) is a product of nonabelian
simple groups of Lie type in characteristic different from p that are pairwise conjugate in
Gn.

Proof. Set Ti = T ∩ Si and Qi = minsc(Fi) ≤ Si for each i. Then
⋃∞
i=1Qi = minsc(F) = S

by Lemma 5.4 and (ii). So we can choose m ≥ 1 such that for all n ≥ m, we have

TQn = S, Qn ≥ Ω5(T ), and CS(Qn ∩ T ) = CS(T ) = T. (7-1)
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For the rest of the proof, we fix n such that n ≥ m and hence (7-1) holds. If Op(Gn) 6= 1,
then Ω1(Z(Op(Gn))) is nontrivial and strongly closed in Fn, hence contains Qn = minsc(Fn),
contradicting (7-1). Thus Op(Gn) = 1, and since Op′(Gn) = 1 by assumption, the generalized
Fitting subgroup F ∗(Gn) is a product of nonabelian simple groups. Set H = F ∗(Gn) and let
H1, . . . , H` ≤ H be its simple factors; thus

H = F ∗(Gn) = H1 × · · · ×H`.

Let prj : H −→ Hj be projection to the j-th factor.

Set U = H ∩ Sn = H ∩ S ∈ Sylp(H), and set Uj = U ∩ Hj ∈ Sylp(Hj) for each j. Thus
U = U1 × · · · × U`. Also, Uj 6= 1 for each j since otherwise Hj ≤ Op′(Gn) = 1. Finally,
U ≥ Qn = minsc(Fn) since U is strongly closed in Fn.

Set A = U ∩ T = H ∩ T , and set Aj = Uj ∩ T = Hj ∩ T for each 1 ≤ j ≤ `. Then
CU(A) ≤ U ∩ CS(Qn ∩ T ) = A by (7-1), so A is a maximal abelian subgroup of U . Since
A ≤ pr1(A) × · · · × pr`(A) ≤ U , this implies that Aj = prj(A) for each j, and hence that
A = A1 × · · · × A`. If Aj = 1 for some j, then Uj ≤ CU(A) = A, so Uj = 1 which we just
saw is impossible. Thus each factor Aj is nontrivial.

For each j, since 1 6= Aj ≤ T , we have Ω1(T ) ∩ Aj 6= 1. If the simple factors Hj are not
permuted transitively by AutGn(H), then there is a nonempty proper subset J $ {1, . . . , `}
such that 〈Hj | j ∈ J〉 E Gn. Then 〈Uj | j ∈ J〉 ∈ F sc

n , hence contains Qn but does not contain
Ω1(T ). This contradicts (7-1), and we conclude that the Hj are permuted transitively by
AutGn(H) and hence are pairwise conjugate in Gn.

Now,

• A E U since T E S and A = U ∩ T ;

• Ω5(A) is homocyclic of exponent p5 since Ω5(T ) ≤ Qn ≤ U by (7-1) and A = T ∩U ; and

• CU(Ω2(A)) = A by Lemma 6.8 and since AutU(A) is the restriction of an action on T .

Hence for each j = 1, . . . , `, we have Aj E Uj, Ω5(Aj) is homocyclic of exponent p5, and
CUj(Ω2(Aj)) = Aj. So Aj is a large abelian p-subgroup of Hj, and by Corollary 6.11 and the
classification of finite simple groups, each simple factor Hj is of Lie type in characteristic
different from p. �

We are now ready to show that under certain hypotheses on a fusion system F , if it is
sequentially realizable, then the automizer of a maximal torus contains one of the groups W
that appears in cases (a)–(e) of Proposition 6.10 as a normal subgroup of index prime to p.

Theorem 7.4. Let F be a saturated fusion system over an infinite discrete p-toral group S,
and let T E S be the identity component. Assume

(i) S > T and CS(T ) = T ;

(ii) no proper subgroup R < S containing T is strongly closed in F ; and

(iii) no infinite proper subgroup of T is invariant under the action of AutF(T ).

Assume also that F is sequentially realizable. Set k = 2 if p = 2, or k = 1 if p is odd. Then
there is a normal subgroup H E AutF(T ) of index prime to p such that for some ` ≥ 1,
(H,Ωk(T )) ∼= (W `, (M ′)⊕`), where (W,M) is one of the pairs listed in Proposition 6.10(a–e)
and M ′ is an Z/pkW -module with the same composition factors as M . If ` > 1, then the
` factors are permuted transitively by AutF(T ). If (i) and (ii) hold and no infinite proper
subgroup of T is invariant under the action of Op′(AutF(T )), then this conclusion holds with
` = 1.
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Proof. Let Q ≤ S be the subgroup generated by all proper subgroups of S strongly closed in
F . By Lemma 5.6(b) and points (i)–(iii), Q is finite, is contained in T , is strongly closed in
F , and minsc(F/Q) = S/Q. So by Lemma 7.1 and since F is sequentially realizable, F/Q is
also sequentially realizable, CS/Q(T/Q) = CS(T )/Q = T/Q, and AutF/Q(T/Q) ∼= AutF(T ).
Also, F/Q is saturated by Lemma 1.18. We claim that

Ωk(T ) and Ωk(T/Q) have isomorphic composition factors as Z/pkAutF (T )-modules. (7-2)

Then upon replacing F by F/Q, we can assume without loss of generality that minsc(F) = S.

To prove (7-2), first note that for each i ≥ 0, there is an exact sequence

0→ Ωi+1(Q)/Ωi(Q) −→ Ωk(T/Ωi(Q)) −→ Ωk(T/Ωi+1(Q))
ρi−−→ Ωi+1(Q)/Ωi(Q)→ 0,

where ρi(xΩi+1(Q)) = pkxΩi(Q). (Here, Ω0(T ) = 1.) So Ωk(T/Ωi(Q)) and Ωk(T/Ωi+1(Q))
have isomorphic composition factors for each i ≥ 0 by the Jordan-Hölder theorem, and
since Q = Ωi(Q) for i large enough, this implies that Ωk(T ) and Ωk(T/Q) have isomorphic
composition factors.

Now assume that minsc(F) = S. Fix realizable fusion subsystems F1 ≤ F2 ≤ . . . of
F over finite subgroups S1 ≤ S2 ≤ . . . of S such that F =

⋃∞
i=1Fi and S =

⋃∞
i=1 Si.

Let G1, G2, . . . be finite groups such that for each i ≥ 1, Op′(Gi) = 1, Si ∈ Sylp(Gi), and
Fi = FSi(Gi). Set F ∗i = F ∗(Gi), Ui = F ∗i ∩ Si ∈ Sylp(F

∗
i ), Ti = T ∩ Si, and Ai = T ∩ Ui.

Also, set Qi = minsc(Fi) ≤ Si for each i. Note that Ui ≥ Qi for each i since Ui is strongly
closed in Fi.

We now fix n0 ≥ 1 such that

(1) for all i ≥ n0, F ∗i is a product of nonabelian simple groups of Lie type in characteristic
different from p that are pairwise conjugate in Gi;

(2) Qi ≤ Qi+1 for all i ≥ n0, and
⋃∞
i=n0

Qi = minsc(F) = S;

(3) Qn0T = S and Qn0 ≥ Ω5(T );

(4) for all i ≥ n0, the subgroup Ti is AutF(T )-invariant; and

(5) AutGi(A) = AutF(A) ∼= AutF(T ) for each i ≥ n0 and each AutF(T )-invariant subgroup

A ≤ Ti containing Tn0 , where the isomorphism AutF(T )
∼=−−→ AutF(A) is induced by

restricting from T to A.

Point (1) holds for n0 large enough by Lemma 7.3, point (2) by Lemma 5.4, point (3) as a
consequence of (2), and points (4) and (5) by Lemma 5.2.

For each i ≥ n0, the subgroup Ti = T ∩ Gi is AutF(T )-invariant by (4), and hence
AutGi(Ti) = AutF(Ti) ∼= AutF(T ) by (5). Since F ∗i E Gi, the subgroup Ai = F ∗i ∩ Ti is
AutGi(Ti)-invariant, and hence is AutF(T )-invariant. By (2), we can choose n ≥ n0 so that
Qn ≥ Tn0 ; then Ai ≥ Tn0 for all i ≥ n, and so AutGi(Ai) = AutF(Ai) ∼= AutF(T ) by (5).

Now assume i ≥ n ≥ n0. Thus UiT = S by (3) and since Ui ≥ Qi ≥ Q0. So for each g ∈
NSi(Ai), there is h ∈ Ui ∩ gT , and hence cg = ch ∈ Aut(Ai). Thus AutSi(Ai) ≤ AutF ∗i (Ai).
Since AutSi(Ai) ∈ Sylp(AutGi(Ai)), this proves that AutF ∗i (Ai) is normal of index prime to
p in AutGi(Ai). Set Hi = AutF ∗i (Ai), and let H E AutF(T ) be the corresponding normal
subgroup of index prime to p under the isomorphism AutGi(Ai)

∼= AutF(T ). Thus

H =
{
α ∈ AutF(T )

∣∣α|Ai ∈ Hi

}
=
{
α ∈ AutF(T )

∣∣α|Ai ∈ AutF ∗i (Ai)
}
.

Still assuming i ≥ n, since Ui ≥ Qi ≥ Qn0 ≥ Ω5(T ), we have Ai = Ui ∩ T ≥ Ω5(T ). So
CUi(Ai) ≤ CS(Ω2(T )) = T by Lemma 6.8, and hence CUi(Ai) = Ui ∩ T = Ai. Thus Ui is
nonabelian (Ui > Ai since UiT = S), and Ai is a maximal abelian subgroup of Ui. Also,
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Ω5(Ai) = Ω5(T ) is homocyclic of exponent p5, and F ∗i is a product of simple groups of Lie
type in characteristic different from p permuted transitively by Gi by (1). So Ai is a large
abelian p-subgroup of F ∗i , and each of the simple factors of F ∗i has some direct factor of
Ai as a large abelian p-subgroup. By Proposition 6.10, for one of the pairs (W,M) listed
in 6.10(a)–(e), we have (H,Ωk(T )) ∼= (Hi, Ωk(Ai)) ∼= (W `,M⊕`), where ` is the number of
simple factors in F ∗i . We have already seen that the ` factors are permuted transitively by
AutGi(Ai)

∼= AutF(T ).

It remains to prove the last statement. Assume there is no infinite proper subgroup of
T that is Op′(AutF(T ))-invariant; we must show that ` = 1. Assume otherwise: assume
` ≥ 2. Then AutF ∗i (Ai) ≥ Op′(AutGi(Ai)), and we can write AutF(T ) = W1 × · · · × W`

and Ai = M1 × · · · × M`, where Wj
∼= W1 and Mj

∼= M1 for all 2 ≤ j ≤ `, and where
Wj acts trivially on Mt for t 6= j. We can assume that i was chosen so that Ai ≥ Ωm(T )
where m = vp(|AutF(T )|); in particular, so that each Mj has exponent at least pm. Thus
M2 ≤ CT (W1) < T , so CT (W1) has exponent at least equal to |AutF(T )| > |W1|, and hence
is infinite by Lemma 7.2. Thus CT (W1) is an infinite proper subgroup of T invariant under
the action of Op′(AutF(T )), contradicting our assumption. �

We now show that a fusion system that satisfies the same hypotheses (i)–(iii) as in Theorem
7.4 cannot be realized by a linear torsion group in characteristic zero.

Recall that rkq(G) denotes the q-rank of a group G: the least upper bound for ranks of
finite abelian q-subgroups of G.

Proposition 7.5. Let F be a saturated fusion system over an infinite discrete p-toral group
S, and let T E S be the identity component. Assume

(i) S > T and CS(T ) = T ;

(ii) no proper subgroup R < S containing T is strongly closed in F ; and

(iii) no infinite proper subgroup of T is invariant under the action of AutF(T ).

Then if F = FS(G) for some locally finite group G with S ∈ Sylp(G), there is a prime r 6= p
such that srkr(G) =∞. In particular, F is not isomorphic to the fusion system of any linear
torsion group in characteristic 0.

Proof. Assume F = FS(G), where G is a locally finite group with S ∈ Sylp(G). We will
show that srkr(G) = ∞ for some prime r 6= p. It then follows from Lemma 3.6(a) that G
cannot be a subgroup of GLN(K) for any N ≥ 1 and any field K of characteristic 0.

Let Q E S be the subgroup generated by all proper subgroups of S strongly closed in
F . By Lemma 5.6(b) and (i)–(iii), the subgroup Q is finite, Q ≤ T , Q is strongly closed
in F , and minsc(F/Q) = S/Q. By Lemma 1.17, we have F/Q = FS/Q(NG(Q)/Q), where
S/Q ∈ Sylp(NG(Q)/Q) since Q is strongly closed. Also, F/Q is saturated by Lemma 1.18,
and CS/Q(T/Q) = CS(T )/Q = T/Q and AutF/Q(T/Q) ∼= AutF(T ) by Lemma 7.1. So
conditions (i)–(iii) also hold for F/Q. Since srkq(G) ≥ srkq(NG(Q)/Q) for every prime
q 6= p, we can replace F by F/Q, and reduce to the case where minsc(F) = S.

By Proposition 2.4, there is an increasing sequence G1 ≤ G2 ≤ · · · of finite subgroups of
G such that if we set Si = S ∩Gi and Fi = FSi(Gi) for each i, then Si ∈ Sylp(Gi) for each i,

and S =
⋃∞
i=1 Si and F =

⋃∞
i=1Fi. Also, F = FS

(⋃∞
i=1Gi

)
by the same proposition, so we

can assume that G is the union of the Gi.

For each i, set G∗i = Gi/Op′(Gi). For all j ≥ i, we have Op′(Gj) ∩ Gi E Gi, and hence
Op′(Gj) ∩ Gi ≤ Op′(Gi). So G∗i is isomorphic to a section (subquotient) of G∗j whenever
i < j.
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For each i, set H∗i = F ∗(G∗i ): the generalized Fitting subgroup of G∗i . By Lemma 7.3, there
is n ≥ 1 such that for all i ≥ n, H∗i is a product of simple groups of Lie type in characteristic
different from p, where the simple factors are permuted transitively by AutGi(H

∗
i ). Assume,

for each i ≥ n, that H∗i is isomorphic to a product of `i copies of the simple group diGi(qi),
where qi is a power of a prime ri, where Gi is a simple group scheme over Z, and where
diGi(−) means the group Gi(−) twisted by a graph automorphism of order di = 1, 2, 3.
Thus `i · rk(diGi) = rk(T ) for each i, where rk(diGi) is its Lie rank. Since there are only
finitely many possibilities for diGi of any given Lie rank, there must be some pair (diGi, `i)
that occurs for infinitely many indices i ≥ n. So upon removing the other terms in the
sequence, we can assume there are `, G, and d = 1, 2, 3 such that H∗i is a product of ` copies

of dG(qi) for each i. Let W be the Weyl group of G.

We claim that

there is a prime r such that ri = r for infinitely many i ≥ n. (7-3)

Once we have shown this, it then follows that the set {qi | i ≥ n} contains arbitrarily large
powers of r. But the group dG(qi) always contains a subgroup isomorphic to (Fqi ,+) (a
subgroup of a root subgroup), and hence the set {rkr(G∗i )} of r-ranks of the G∗i is unbounded.
So srkr(G) =∞, which is what we needed to show.

To prove (7-3), let Ĥ∗i E G∗i be the subgroup of elements that normalize each simple factor
in H∗i . If (7-3) does not hold, then in particular, there are only finitely many terms for which

ri | |W | or ri ≤ rk(T ). Upon removing those terms, we have ri - |W | and ri - |G∗j/Ĥ∗j | for all

i, j ≥ n. (Note that |G∗j/Ĥ∗j | divides rk(T )! since G∗j/Ĥ
∗
j acts faithfully on the set of simple

factors of H∗j , and the number of factors is at most rk(T ).)

For each pair i < j, we already saw that G∗i , and hence each simple factor of H∗i , is
isomorphic to a section (subquotient) of G∗j . Hence each simple factor is isomorphic to a

section of H∗j , Ĥ∗j /H
∗
j , or G∗j/Ĥ

∗
j : the second is impossible since Ĥ∗j /H

∗
j is solvable (since the

outer automorphism group of each simple factor is solvable), and the last since ri - |G∗j/Ĥ∗j |.
Hence for each i < j, each simple factor of H∗i is isomorphic to a section of a simple factor
of H∗j .

By [GLS3, Theorem 4.10.2] and since ri - |W |, the Sylow ri-subgroups of H∗j are abelian
for all j > i such that rj 6= ri. Hence the Sylow ri-subgroup of H∗i is abelian for all i, and H∗i
is a product of copies of PSL2(qi). So PSL2(qi) is isomorphic to a subquotient of PSL2(qj)
for all i < j, which for qi ≥ 7 is possible only when ri = rj (see, e.g., [GLS3, Theorem
6.5.1]). �

Proposition 7.5 will be applied in the next section to fusion systems of connected p-compact
groups, and in particular, of connected compact Lie groups.

8. Fusion systems of p-compact groups

A p-compact group consists of a triple (X,BX, i), where X and BX are spaces and
i : X −→ Ω(BX) is a homotopy equivalence, and such that BX is p-complete in the sense of
Bousfield and Kan [BK] and H∗(X;Fp) is finite. Usually, we just say that X is a p-compact
group and BX is its classifying space. For example, if G is a compact Lie group such that
π0(G) is a p-group, then G∧p ' Ω(BG∧p ) is a p-compact group with classifying space BG∧p .

A p-subgroup of a p-compact group X is a pair (P, f), where P is a discrete p-toral group
and f : BP −→ BX is a pointed map that does not factor (up to homotopy) through any
quotient group P/Q for 1 6= Q E P . (By [DW2, Theorems 7.2–7.3], this is equivalent to the
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definition of a p-subgroup of X given in [DW2, § 3] and used in [BLO3, § 10].) By a theorem
of Dwyer and Wilkerson (see [DW4, Propositions 2.10 and 2.14] or [BLO3, Proposition
10.1(a)]), every p-compact group X contains a Sylow p-subgroup: a p-subgroup (S, f) of X
such that every other p-subgroup of X factors through f up to homotopy.

Let X be a p-compact group with (S, f) ∈ Sylp(X). In [BLO3, Definition 10.2], we give
an explicit construction of a fusion system FS,f (X) over S, defined via maps to BX. If T is
the identity component of S, we refer to T (or (T, f |BT )) as the maximal torus of X and to
AutFS,f (X)(T ) as its Weyl group.

Recall that Zp denotes the ring of p-adic integers and Qp = Zp[1/p] its field of fractions.
Note that Qp/Zp ∼= Z[1

p
]/Z ∼= Z/p∞.

Lemma 8.1. Let T be a discrete p-torus of rank r. Then

(a) Hom(Qp/Zp, T ) ∼= (Zp)r and Hom(Qp, T ) ∼= (Qp)
r, and the inclusion of Hom(Qp/Zp, T )

into Hom(Qp, T ) induces an isomorphism Q⊗Z Hom(Qp/Zp, T ) ∼= Hom(Qp, T ); and

(b) there is a natural isomorphism of ZpAut(T )-modules Hom(Qp/Zp, T )
∼=−−→ π2(BT∧p ).

Proof. (a) It suffices to prove this when r = 1; i.e., when T = Qp/Zp. Consider the
homomorphisms

Qp
ψ−−−−−→ Hom(Qp,Qp/Zp)

ev1−−−−−→ Qp/Zp
defined by setting ψ(x)(y) = xy+Zp and ev1(ρ) = ρ(1). One easily seens that ψ is injective,
and ev1 is surjective with kernel Hom(Qp/Zp,Qp/Zp). If ρ ∈ Hom(Qp,Qp/Zp), then for each
n ≥ 1, we can choose elements xn ∈ Qp such that ρ(p−n) = xn +Zp; the sequence {pnxn}n≥0

converges in the p-adic topology to some x ∈ Qp, and ρ = ψ(x). So ψ is surjective.

Thus ψ is an isomorphism, and Hom(Qp/Zp,Qp/Zp) = Ker(ev1) ∼= Ker(ev1 ◦ ψ). Since
ev1 ◦ ψ is the natural surjection of Qp onto Qp/Zp, this proves that

Hom(Qp/Zp,Qp/Zp) ∼= Zp and Hom(Qp,Qp/Zp) ∼= Q⊗Z Hom(Qp/Zp,Qp/Zp).

(b) This is a special case of [BK, VI.5.1], applied with X = BT . �

In the next lemma, we use these Qp-vector spaces Hom(Qp, T ) to provide a useful criterion
when verifying condition (iii) in Theorem 7.4.

Lemma 8.2. Let T be a discrete p-torus, and let G be a finite group of automorphisms of T .
Then there is an infinite proper G-invariant subgroup T0 < T if and only if the QpG-module
Hom(Qp, T ) is reducible.

Proof. Set V = Hom(Qp, T ) for short, regarded as a QpG-module. Assume P < T is an
infinite proper G-invariant subgroup of T , and let T0 ≤ P be its identity component. Then
T0 is an infinite discrete p-torus and is also G-invariant. Set V0 = Hom(Qp, T0) ≤ V . Then
0 < rk(T0) < rk(T ) implies that 0 < dimQp(V0) < dimQp(V ), so V0 is a proper nontrivial
QpG-submodule of V , and V is reducible.

Conversely, assume V is reducible, and let V0 < V be a proper nontrivial submodule. Let
ev1 : V = Hom(Qp, T ) −→ T be the homomorphism ev1(v) = v(1), and set T0 = ev1(V0).
The image under ev1 of each 1-dimensional subspace of V is isomorphic to Qp/Zp ∼= Z/p∞,
and from this it follows that T0 is a discrete p-torus where rk(T0) = dimQp(V0) < dimQp(V ) =
rk(T ). Thus T0 is an infinite, G-invariant, proper subgroup of T . �

We showed in [BLO3, Theorem 10.7] that if X is a p-compact group and (S, f) ∈
Sylp(X), then FS,f (X) is saturated, it has an associated centric linking system LcS,f (X),
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and |LcS,f (X)|∧p ' BX. We also showed that the fusion system of X is determined by the
homotopy type of BX, as is made explicit in the following lemma.

Lemma 8.3. Let X and Y be p-compact groups. If BX ' BY , then for (S, f) ∈ Sylp(X)
and (U, g) ∈ Sylp(Y ) we have FS,f (X) ∼= FU,g(Y ). If p is odd and X and Y are connected,
then this is the case if the Weyl groups of X and Y are isomorphic and have isomorphic
actions on their maximal tori.

Proof. By [BLO3, Theorem 10.7], there are centric linking systems LcS,f (X) and LcU,g(Y ),
associated to FS,f (X) and FU,g(Y ), such that

|LcS,f (X)|∧p ' BX∧p ' BY ∧p ' |LcU,g(Y )|∧p .
Hence FS,f (X) ∼= FU,g(Y ) by [BLO3, Theorem 7.4]. This proves the first statement. The
second follows from [AGMV, Theorem 1.1], together with Lemma 8.1(b) which says that the
actions of the Weyl groups on Hom(Qp/Zp, TX) and Hom(Qp/Zp, TY ), where TX and TY are
maximal discrete p-tori in X and Y , are isomorphic to the actions on LX and LY used in
[AGMV]. �

The next lemma is similar, and is our means of showing that the fusion systems of certain
p-compact groups are realized by linear torsion groups.

Lemma 8.4. Fix a prime p, a p-compact group X, and a linear torsion group Γ in charac-
teristic different from p such that BX ' BΓ∧p . Then for (S, f) ∈ Sylp(X) and SΓ ∈ Sylp(Γ ),
we have FS,f (X) ∼= FSΓ (Γ ).

Proof. By [BLO3, Theorems 8.10 and 10.7], there are centric linking systems LcS,f (X) and
LcSΓ (Γ ), associated to FS,f (X) and FSΓ (Γ ), respectively, such that

|LcS,f (X)|∧p ' BX∧p ' BΓ∧p ' |LcSΓ (Γ )|∧p .
So FS,f (X) ∼= FS∗(Γ ) by [BLO3, Theorem 7.4]. �

The next lemma proves some of the properties of fusion systems of p-compact groups
needed to apply Theorem 7.4 and similar results. Recall that a connected p-compact group
X with maximal torus T and Weyl group W is simple if Z(X) = 1 and Q ⊗Z π2(BT∧p ) is
irreducible as a QpW -module (see [DW3, Definition 1.2]).

Lemma 8.5. Let X be a connected p-compact group, fix (S, f) ∈ Sylp(X), and set F =
FS,f (X). Let T E S be the identity component. Then

(a) each s ∈ S is F-conjugate to an element in T ;

(b) CS(T ) = T , and no proper subgroup of S containing T is strongly closed in F ; and

(c) if X is simple, then no infinite proper subgroup of T is invariant under the action of
AutF(T ).

Thus whenever X is simple and p | |AutF(T )|, conditions (i), (ii), and (iii) in Theorem 7.4
all hold.

Proof. The last statement follows immediately from (b) and (c), and since p | |AutF(T )|
implies S > T .

(a) By assumption, f : BS −→ BX is a Sylow p-subgroup of X. Set f0 = f |BT : BT −→
BX.

Fix s ∈ S r T , and let m ≥ 1 be such that |s| = pm. Let ρ ∈ Hom(Z/pm, S) be the
homomorphism that sends the class of 1 to s, and set χ = f ◦Bρ. By [DW2, Proposition 5.6]



42 CARLES BROTO, RAN LEVI, AND BOB OLIVER

and since X is connected, χ extends to maps defined on BZ/pn for all n > m, and hence to
a map χ̂ : BA −→ BX where A ∼= (S1)∧p has discrete approximation A∞ ∼= Z/p∞.

By [DW2, Proposition 8.11], there is a pointed map τ̂ : BA −→ BT∧p such that χ̂ ' f0 ◦ τ̂ .
By [DW4, Proposition 3.2], there is τ ∈ Hom(A∞, T ) such that τ̂ ' Bτ . So f ◦ Bρ =
χ̂|BZ/pm ' f0 ◦ B(τ |Z/pm), and by definition of the fusion system F , this means that the
homomorphisms ρ ∈ Hom(Z/pm, S) and τ |Z/pm ∈ Hom(Z/pm, T ) are F -conjugate. So s =
ρ(1) is F -conjugate to τ(1) ∈ T .

(b) Fix an element x ∈ CS(T ). By (a), 〈x〉 is F -conjugate to a subgroup of T , so by
[BLO3, Lemma 2.4(a)], it is conjugate to a subgroup of T fully centralized in F . So fix
ϕ ∈ HomF(〈x〉, T ) such that ϕ(〈x〉) ≤ T and is fully centralized in F . Then ϕ extends to
some ϕ ∈ HomF(CS(x), S) by the extension axiom. But T ≤ CS(x) and ϕ(T ) = T , so x ∈ T
since ϕ(x) ∈ T . Thus CS(T ) = T .

If R is strongly closed in F and T ≤ R ≤ S, then R = S since each element of S is
F -conjugate to an element of R.

(c) Set LX = π2(BT∧p ) (following the notation of Dwyer and Wilkerson [DW3]). By
the definition in [DW3, § 1] of a simple connected p-compact group, Q ⊗ LX is a simple
QpAutF(T )-module whenever X is simple. So Hom(Qp, T ) is a simple QpAutF(T )-module
by Lemma 8.1(a,b), and there is no infinite proper AutF(T )-invariant subgroup of T by
Lemma 8.2. �

The following notation for certain infinite algebraic extensions of Fq will be useful when
stating our main theorem.

Notation 8.6. When q is a prime power and P is a set of primes, then Fq〈P〉 denotes the
union of all finite fields Fqa for a ≥ 1 divisible only by primes in P. When 0 6= m ∈ N, we
also write Fq〈m〉 =

⋃∞
i=1 Fqmi and Fq〈m′〉 =

⋃
{Fqk | gcd(k,m) = 1}; i.e., the special cases of

Fq〈P〉 where P is the set of primes dividing m or its complement.

Thus, for example, Fq〈1〉 = Fq and Fq〈1′〉 = Fq.
We are now ready to determine exactly which fusion systems of simple, connected p-

compact groups are sequentially realizable and which are not.

Theorem 8.7. Let X be a simple, connected p-compact group, choose S ∈ Sylp(X), and set
F = FS(X). Let T E S be the identity component of S, and let W = AutF(T ) be the Weyl
group.

(a) If p - |W |, then F is LT-realized by the semidirect product T oW .

(b) If W is the Weyl group of a simple group scheme G over Z, then F is LT-realized by

the algebraic group G(Fq) for each prime q 6= p.

(c) If p | |W | and W is not the Weyl group of a simple algebraic group scheme, then F is
either LT-realizable or not sequentially realizable, as described in Table 8.1.

Proof. For the proofs that each simple, connected p-compact group has the form listed in
(a) or (b) or is one of the entries in Table 8.1, we refer to [AGMV, Theorem 1.1] or [AG,
Theorem 1.1], as well as the classification by Clark and Ewing [CE] of finite reflection groups
over Zp. Also, when p is odd, a simple, connected p-compact group is uniquely determined
by the Weyl group and its action on the maximal torus by [AGMV, Theorem 1.1] again.

(a) If p - |W |, then S = T E F by Theorem 1.15 (Alperin’s fusion theorem), and so F is
the fusion system of T oW .
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p W conditions or comments rk(T ) realized by

p G(m, 1, n) 3 ≤ m | (p− 1), n ≥ p n GLmn(F
q
〈p〉
1

)

p G(2m, 2, n) 2 ≤ m | (p− 1)/2, n ≥ p n PSO
(−1)n

2mn (F
q
〈p〉
2

)

p G(m, k, n) 1 6= k | m | (p− 1), k ≥ 3, n ≥ p n not seq. real.

3 ST12 W ∼= GL2(3) 2 2F4(F2〈3〉)

2 ST24 W ∼= C2 × SL3(2) 3 not seq. real.

5 ST29 W ∼= (C4 ◦Q8 ◦Q8).Σ5 4 not seq. real.

5 ST31 W ∼= (C4 ◦Q8 ◦Q8).Σ6 4 E8(F
q
〈5〉
3

)

7 ST34 W ∼= 6.PSU4(3).2 6 not seq. real.

Table 8.1. Here, q1, q2, and q3 are prime powers: q1 and q2 have order m
and 2m, respectively, in (Z/p)×, while q3 ≡ ±2 (mod 5). In the last five cases,
STn is the reflection group of type n in the Shephard-Todd list [ST, p. 301].
Also, G ◦ H denotes a central product of the groups G and H, while G.H
denotes an extension of G by H.

(b) This was shown in Theorem 4.2.

(c) We consider individually the entries in Table 8.1.

Case 1: Assume W ∼= G(m, 1, n) ∼= Cm o Σn for some 3 ≤ m | (p − 1) and n ≥ p. In

particular, p is odd. Fix q1 of order m in (Z/p)×, set K = F
q
〈m′〉
1

⊆ Fq1 , the union of all finite

extensions of q1 of degree prime to m, and set Γ = GLmn(K). Also, set K0 = F
q
〈p〉
1
≤ K and

Γ0 = GLmn(K0) ≤ Γ . For each r ≥ 1 prime to m, if pi | r is the largest power of p dividing r,

then the p-fusion systems of GLmn(qp
i

1 ) and of GLmn(qr1) are isomorphic by [BMO1, Theorem

A(a)]. Since Γ0 =
⋃∞
i=0 GLmn(qp

i

1 ) and Γ is the union of the groups GLmn(qr1) for all r prime
to m, the p-fusion systems of Γ0 and Γ are also isomorphic.

By a theorem of Quillen [Q, §10], H∗(BΓ ;Fp) is a polynomial algebra, and hence the loop
space Ω(BΓ∧p ) has finite cohomology (an exterior algebra). So BΓ∧p is the classifying space
of a p-compact group. Thus by Lemma 8.4, the p-fusion system of Γ is the fusion system
of a p-compact group. From [BMO2, Table 6.1] (applied to finite subfields of K), it follows
that Γ has a maximal torus T of rank n with Weyl group AutF(T ) ∼= Cm o Σn. So by the
uniqueness statement in [AGMV, Theorem 1.1], F is the fusion system of X.

Case 2: Assume W ∼= G(2m, 2, n) for some 2 ≤ m | (p − 1)/2 and n ≥ p. Let G =
SO2nm(C) be the simple complex algebraic group of type SO2nm. Let τ ∈ Aut(BG) be the
self map induced by a graph automorphism of order 2. By [Fr, Theorem 12.2], if q = rm

for some prime r 6= p and ψq ∈ Aut(BG∧p ) is the unstable Adams map of degree q, then

(BSO+
2nm(q))∧p and (BSO−2nm(q))∧p are the spaces of homotopy fixed points of the actions of

ψq and τψq, respectively, on BG∧p .

Choose a prime power q2 with ordp(q2) = 2m. Let ζ be the primitive 2m-th root of unity
in the p-adic integers Zp such that ζ ≡ q2 (mod p). Set q0 = ζ−1q2 ∈ Zp; thus q2 = ζq0

and q0 ≡ 1 (mod p). Set Γ = 〈τnψζ〉. Since τ has order 2 and commutes with ψζ up to
homotopy by [JMO, Corollary 3.5], Γ is cyclic of order 2m as a subgroup of Out(BG∧p ) in
all cases. By [BM, Theorem B], the homotopy action of Γ ∼= C2m on BG lifts to an actual



44 CARLES BROTO, RAN LEVI, AND BOB OLIVER

action (i.e., a homomorphism Γ −→ Aut(BG)). So for each i ≥ 0,

(BSO
(−1)n

2nm (qp
i

2 ))∧p ' (BSO2nm(C)∧p )hτ
nψq

pi

2 '
(
(BSO2nm(C)∧p )hΓ

)
(qp

i

0 ) (8-1)

where the second equivalence follows from [BM, Theorem E] and since qp
i

2 = ζqp
i

0 (recall

ζ2m = 1 and 2m | (p− 1)). Here, BSO
(−1)n

2nm means BSO+
2nm if n is even and BSO−2nm if n is

odd. When X is a p-compact group, we follow the notation in [BM] and let BX(q2) denote
the homotopy fixed set of an unstable Adams operation of degree q2 acting on BX.

Set BY = (BSO2nm(C)∧p )hΓ for short. Then (8-1) implies that

(BSO
(−1)n

2nm (F
q
〈p〉
2

))∧p ' hocolim
i≥0

BY (qp
i

0 ).

By [BM, Theorem B], BY is the classifying space of a connected p-compact group. By the
same theorem and since H∗(BSO(2nm);Fp) is polynomial, H∗(BY ;Fp) is also polynomial.

So by [BM, Theorem F], for each i ≥ 1, H∗(BY (qp
i

0 );Fp) is isomorphic as a graded ring to
the tensor product of H∗(BY ;Fp) with an exterior algebra, where the polynomial generators
are higher Bocksteins of the exterior generators (different higher Bocksteins depending on i).

Hence the natural maps from BY (qp
i

0 ) to BY (qp
i+1

0 ) induce isomorphisms on the polynomial
parts of the cohomology rings and trivial maps on the exterior parts. The natural map from

hocolim(BY (qp
i

0 )) to BY thus induces an isomorphism

H∗(BY ;Fp) ∼= holim
i≥0

H∗(BY (qp
i

0 );Fp) ∼= H∗
(
hocolim

i≥0
(BY (qp

i

0 ));Fp)

∼= H∗(BSO
(−1)n

2nm (F
q
〈p〉
2

);Fp),

and so BSO
(−1)n

2nm (F
q
〈p〉
2

)∧p ' BY .

Thus BSO
(−1)n

2nm (F
q
〈p〉
2

)∧p is the classifying space of a connected p-compact group. Let W (Y )

denote its Weyl group; equivalently, the Weyl group (torus automizer) of BSO
(−1)n

2nm (qp
i

2 ) for
large i. From [BMO2, Table 6.1], we see that W (Y ) ∼= CG(2,2,mn)(w0) where w0 acts on a

maximal torus in SO2mn(Fq2) by sending (λ1, λ2, . . . , λmn) to

(λ−1
m , λ1, . . . , λm−1, λ

−1
2m, λm+1, . . . , λ2m−1, . . . , λ

−1
nm, λ(n−1)m+1, . . . , λnm−1).

Thus W (Y ) is generated by all products of evenly many permutations

[λim+1, . . . , λim+m−1, λ(i+1)m] 7→ [λ−1
(i+1)m, λim+1, . . . , λim+m−1]

(of order 2m) together with all permutations of the n blocks of length m, and is isomorphic
to G(2m, 2, n). So BY ' BX(2m, 2, n) by Lemma 8.3, and hence the fusion systems of

SO
(−1)n

2nm (Fq〈p〉) and X(2m, 2, n) are isomorphic by Lemma 8.4.

Case 3: Assume W ∼= ST12 or ST31. The fusion systems of these two p-compact groups
are described in [OR, Table 5.1].

Consider the pairs (G, p) = (2F4(2k), 3) and (E8(qk3), 5), where q3 ≡ ±2 (mod 5) is a prime
power and k is odd. In each of these cases, the Sylow p-subgroup S ∈ Sylp(G) contains a
homocyclic abelian subgroup A E S of index p, and information about the fusion systems
FS(G), including the essential subgroups other than A, is given in [OR, Table 4.2]. If
(G, p) = (2F4(2k), 3), then A has rank 2 and exponent 3e where e = v3(2k + 1) > 0. If
(G, p) = (E8(qk3), 5), then A has rank 4 and exponent 5e where e = v5(q2k

3 + 1) > 0. By
comparing Tables 4.2 and 5.1 in [OR], we see that F is the union of the fusion systems of
the finite groups 2F4(2k) or E8(qk3) taken over all odd k, and hence is realized by the linear
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torsion group 2F4(F2〈2′〉) or E8(F
q
〈2′〉
3

), respectively. A similar argument shows that F is also

realized by 2F4(F2〈3〉) or E8(F
q
〈5〉
3

).

Case 4: Assume either W ∼= G(m, k, n) where 1 6= k | m | (p − 1), k ≥ 3, and n ≥ p, or
W ∼= ST24, ST29, or ST34. By Lemma 8.5, F satisfies conditions (i)–(iii) in Theorem 7.4.

By inspection, W = AutF(T ) does not contain a normal subgroup of index prime to p
isomorphic to a product of copies of any of the groups listed in points (a)–(e) of Theorem
7.4. So F is not sequentially realizable by that theorem. �

Remark 8.8. In Theorem 8.7(c), the fusion systems of certain 3-compact groups are realized
by Ree groups 2F4(K) for an infinite field K of characteristic 2. The groups 2F4(K) are often
defined only when K is a finite extension of F2 of odd degree, but in fact, they were defined by
Ree in [R] for each perfect field K of characteristic 2 that has an automorphism θ ∈ Aut(K)
such that θ2ψ = IdK where ψ ∈ Aut(K) is the Frobenius (t 7→ t2). In particular, this is the
case for each algebraic extension of F2 that is a union of extensions of odd degree. Ree’s
construction in this general situation is also described in [Car, Sections 12.3 and 13.4].

More precisely, Ree defines, for each perfect field K of characteristic 2, a graph auto-

morphism σ ∈ Aut(F4(K)), with the property that σ2 = ψ̂, where ψ̂ ∈ Aut(F4(K)) is the
field automorphism induced by ψ. He does this by defining σ explicitly on the root groups,
exchanging the root groups for long and short roots. If θ ∈ Aut(K) is such that θ2ψ = IdK
and θ̂ ∈ Aut(F4(K)) is the induced field automorphism, then (σθ̂) = Id, and he defines
2F4(K) = CF4(K)(σθ̂).

So far, all of our examples of realizing fusion systems of p-compact groups involve linear
torsion groups in characteristic q for q 6= p. In Theorem 8.10, as well as generalizing Theorem
8.7 to arbitrary connected p-compact groups, we will apply Proposition 7.5 to show that in
most cases, their fusion systems cannot be realized by linear torsion groups in characteristic
0.

We first need to know that the fusion system of a product of p-compact groups is the
product of their fusion systems.

Proposition 8.9. Let X1 and X2 be p-compact groups, and set X = X1×X2. Choose Sylow
p-subgroups (Si, fi) ∈ Sylp(Xi), and set S = S1 × S2 and f = f1 × f2 : BS −→ BX. Then
(S, f) ∈ Sylp(X), and

FS,f (X) ∼= FS1,f1(X1)×FS2,f2(X2).

Proof. Set F = FS,f (X) and Fi = FSi,fi(Xi) for short. Let pri : S −→ Si and ρi : BX −→
BXi be the projections. By a theorem of Dwyer and Wilkerson (see [BLO3, Proposition
10.1(a)] for details), a pair (S, f) is in Sylp(X) if and only if the homotopy fiber of f : BS −→
BX has finite mod p homology and Euler characteristic prime to p. Since hofib(f) '
hofib(f1)× hofib(f2), it follows immediately that (S, f) ∈ Sylp(X).

Set L = LcS,f (X) and Li = LcSi,fi(Xi) in the notation of [BLO3, Theorem 10.7]. Then
BX ' |L|∧p and BXi ' |Li|∧p by the same theorem, and so |L|∧p ' |L1|∧p × |L2|∧p . For each
discrete p-toral group P , the projections pri induce a bijection [BP, |L|∧p ] ∼= [BP, |L1|∧p ] ×
[BP, |L2|∧p ], and hence by [BLO3, Theorem 6.3(a)] a bijection

Rep(P,L) ∼= Rep(P,L1)× Rep(P,L2). (8-2)

Here, Rep(P,L) = Hom(P, S)/∼, where ψ ∼ ψ′ if and only if there is ϕ ∈ HomF(ψ(P ), ψ′(P ))
such that ψ′ = ϕψ.
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Thus for each P ≤ S and each ϕ ∈ Hom(P, S), we have ϕ ∈ HomF(P, S) if and only if
[ϕ] = [P ↪→ S] in Rep(P,L). By (8-2), this holds if and only if [pri ◦ϕ] = [pri|P ] in Rep(P,Li)
for i = 1, 2; i.e., if and only if Ker(pri ◦ϕ) = Ker(pri|P ) = P ∩S3−i and pri ◦ϕ = ϕi ◦(pri|P ) for
some ϕi ∈ HomFi(pri(P ), Si). This is exactly the condition for ϕ to be in HomF1×F2(P, S),
and hence F = F1 ×F2. �

We are now ready to look more generally at fusion systems of connected p-compact groups.

Theorem 8.10. Let X be a connected p-compact group, fix (S, f) ∈ Sylp(X), and set F =
FS,f (X).

(a) Set q = 2 if p = 3, and let q be any prime whose class generates (Z/p)× if p 6= 3. If F
is sequentially realizable, then F is realized by a torsion group that is linear over Fq.

(b) The fusion system F is realized by a linear torsion group in characteristic 0 if and only
if the Weyl group of X has order prime to p.

Proof. By [AGMV, Theorem 1.2] or [AG, Theorem 1.1], there are a compact connected Lie
group G, and simple connected p-compact groups X1, . . . , Xk (some k ≥ 0) such that X is the
direct product of G∧p = Ω(BG∧p ) with the Xi. Hence for S0 ∈ Sylp(G) and (Si, fi) ∈ Sylp(Xi),
the fusion system F is the product of FS0(G) and the FSi,fi(Xi) by Proposition 8.9.

(a) The fusion system of G is realized by a linear torsion group in characteristic q by
Theorem 4.2. By Theorem 8.7(a,c) and Table 8.1, the fusion system of each Xi is either
realizable by a linear torsion group in characteristic q or is not sequentially realizable. So
either their product F is realizable by a linear torsion group in characteristic q; or the fusion
system of one of the factors Xi is not sequentially realizable, in which case F fails to be
sequentially realizable by Proposition 2.6(b).

(b) Let T E S be the identity component of S, and set W = AutF(T ) (the Weyl group of
X). If p - |W |, then S = T , and by Alperin’s fusion theorem, F is realized by an extension
Γ of T by W . Since W is finite, Γ is a linear torsion group in characteristic 0.

Now assume that p | |W |; equivalently, that S > T . Let Γ be a locally finite group such
that S ∈ Sylp(Γ ) and F = FS(Γ ). We will show that there is a prime q 6= p such that
srkq(Γ ) =∞, and hence that Γ cannot be linear in characteristic 0 by Lemma 3.6(a).

Assume first that X is simple. By Lemma 8.5 and since p | |W |, conditions (i), (ii), and
(iii) in Proposition 7.5 all hold. So by that proposition, there is a prime q 6= p such that
srkq(Γ ) =∞.

Now let X be arbitary (not necessarily simple). Then either p divides the order of the
Weyl group in one of the simple factors Xi (for 1 ≤ i ≤ k), or p divides the order of the
Weyl group of Γ . In either case, there is a connected simple p-compact group Y whose Weyl
group has order a multiple of p, and whose fusion system is a quotient of the fusion system
of X. Then for some U E S strongly closed in F , F/U is isomorphic to the fusion system
of Y . Then F/U ∼= FS/U(NΓ (U)/U) by Lemma 1.17, so by what was shown in the last
paragraph, there is a prime q 6= p such that srkq(NΓ (U)/U) =∞. Hence srkq(Γ ) =∞. �

Theorem 8.10(b) shows in particular that the fusion system of a compact connected Lie
group G at a prime p that divides the order of the Weyl group of G cannot be realized by
any torsion subgroup of G.
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9. Other examples

By analogy with groups, a saturated fusion system is simple if it contains no proper
nontrivial normal fusion subsystems (see [AKO, Definition I.6.1]). In Section 5 of [OR], the
authors described all simple fusion systems over nonabelian infinite discrete p-toral groups
containing a discrete p-torus with index p. With the help of Theorem 7.4, we can now
determine in all cases exactly which of those fusion systems are sequentially realizable and
which are not. We will see that in fact, most of them are not sequentially realizable. The
only exceptions are those that are fusion systems of p-compact groups and were shown in
Section 8 to be sequentially realizable.

Before going into details of the examples, we recall a few of the definitions used in [OR]. Let
Z2(G) denote the second term in the upper central series of a group G; thus Z2(G)/Z(G) =
Z(G/Z(G)).

Notation 9.1. Let p be an odd prime. Assume F is a saturated fusion system over a
nonabelian discrete p-toral group S whose identity component T has index p in S. Assume
also that T 5 F ; then S splits over T by [OR, Corollary 2.6].

• Let H be the set of all Z(S)〈x〉 for x ∈ S r T .

• Let B be the set of all Z2(S)〈x〉 for x ∈ S r T .

• Let EF be the set of all F-essential subgroups (see Definition 1.12). By [OR, Lemma
2.2], EF ⊆ {T} ∪ H ∪ B.

If rk(T ) = p− 1, then by Proposition A.4 and Lemma A.5(a,c) in [OR], T ∼= Qp(ζ)/Zp[ζ]

as Z[S/T ]-modules, where ζ is a primitive p-th root of unity in Qp and a generator of
S/T acts via multiplication by ζ. Hence Z(S) = CS(T ) has order p in this case, and
so Aut∨F(T ) = NAutF (T )(AutS(T )) in the terminology of [OR, Theorem B]. See also [OR,
Notation 2.9].

Lemma 9.2. Let F be a saturated fusion system over an infinite nonabelian discrete p-toral
group S whose identity component T E S has index p in S. Assume also that Op(F) = 1.
Then there is no infinite proper AutF(T )-invariant subgroup of T .

Proof. Set G = AutF(T ) for short. Set V = Hom(Qp, T ), regarded as a QpG-module, and
let ev1 : V −→ T be the surjective homomorphism evaluation at 1 ∈ Qp. By Lemma 8.2, it
suffices to show that the V is irreducible.

Set U = AutS(T ) ∈ Sylp(G). By [OR, Lemma 5.3] and since Op(F) = 1, T/CT (U) is a
discrete p-torus of rank p− 1. Hence dimQp(V/CV (U)) = p− 1, and V/CV (U) is irreducible
as a QpU -module. So if V = V1 ⊕ V2 where the Vi are QpG-submodules, then one of the
factors, say V2, has trivial action of U , and hence trivial action of Op′(G). But then ev1(V2)
is an infinite G-invariant subgroup of T on which Op′(G) acts trivially, which is impossible
by [OR, Lemma 2.7] and since Op(F) = 1. �

We are now ready to examine the realizability of such fusion systems.

Theorem 9.3. Let F be a simple saturated fusion system over an infinite nonabelian discrete
p-toral group S whose identity component T E S has index p in S. Then either

(a) F is isomorphic to the fusion system of a simple, connected p-compact group, and is
LT-realizable or not sequentially realizable as described in Theorem 8.7; or

(b) F is not sequentially realizable.



48 CARLES BROTO, RAN LEVI, AND BOB OLIVER

Proof. Let F be a simple saturated fusion system over an infinite nonabelian discrete p-
toral group S with identity component T of index p in S. Note that CS(T ) = T since S is
nonabelian.

If p = 2, then by [OR, Theorem 5.6], F is isomorphic to the fusion system of SO(3)
(AutF(T ) ∼= C2 and rk(T ) = 1) or PSU(3) (AutF(T ) ∼= Σ3 and rk(T ) = 2). Both of these
are LT-realizable by Theorem 4.2.

If p is odd and T /∈ EF , then by [OR, Theorem 5.12], AutF(T ) ∼= CpoCp−1, rk(T ) = p−1,
and EF = H, and there is a unique such fusion system for each odd prime p. When p = 3,
this is the 3-fusion system of the compact Lie group (or 3-compact group) PSU(3). So
assume p ≥ 5. Condition (i) in Theorem 7.4 clearly holds, (iii) holds by Lemma 9.2, and
(ii) holds by Lemma 5.6(a) and since T 5 F (since a normal subgroup is contained in all
essential subgroups and hence in each member of H). No subgroup of index prime to p in
Cp o Cp−1 is among those listed in Theorem 7.4(b), and so F is not sequentially realizable
by that theorem.

The remaining cases, where p is odd and T ∈ EF , are all described in [OR, Theorem B].
Note first that rk(T ) ≥ p−1 in all cases (the minimal dimension of a faithful QpCp-module).

We recall some more notation used in [OR], when F is a saturated fusion system over a
nonabelian discrete p-toral group S whose identity component T has index p in S.

• Set ∆ = (Z/p)× × (Z/p)×. For each i ∈ Z, set ∆i = {(r, ri) | r ∈ (Z/p)×} ≤ ∆.

• Define µ : Aut(S) −→ ∆ by setting µ(α) = (r, s) if α(x) ∈ xrT for x ∈ S r T and
α(g) = gs for g ∈ Z(S) ∩ [S, S]. (In all cases, |Z(S) ∩ [S, S]| = p by [OR, Lemma 2.4].)

• Define µF : NAutF (T )(AutS(T )) −→ ∆ by setting µF(β) = µ(α) for some α ∈ Aut(S)
such that α|T = β. (Such an α exists by the extension axiom.)

• Set Aut∨F(T ) =
{
β ∈ NAutF (T )(AutS(T ))

∣∣ [β, Z(S)] ≤ Z(S) ∩ [S, S]
}

.

By Theorem B in [OR], a simple fusion system F that realizes a given pair (AutF(T ), T )
is determined up to isomorphism by EF , where EF = {T} ∪ H or {T} ∪ B in all cases. Set
W = AutF(T ) and W∨ = Aut∨F(T ) for short. Then the following implications hold by [OR,
Theorem B] again:

rk(T ) = p− 1, EF = {T} ∪ B =⇒ µF(W∨) ≥ ∆0 and W = Op′(W )µ−1
F (∆0)

rk(T ) = p− 1, EF = {T} ∪ H =⇒ µF(W∨) ≥ ∆−1 and W = Op′(W )µ−1
F (∆−1).

(9-1)

rk(T ) ≥ p =⇒ EF = {T} ∪ B, µF(W∨) = ∆0, and W = Op′(W ) ·W∨. (9-2)

Thus there are up to isomorphism at most two simple fusion systems realizing (AutF(T ), T )
if rk(T ) = p− 1, and at most one such system if rk(T ) ≥ p.

Condition (i) in Theorem 7.4 (S > T and CS(T ) = T ) holds in all cases since |S/T | = p
and S is nonabelian. Condition (ii) (T is not strongly closed in F) holds since EF 6⊆ {T},
and (iii) holds by Lemma 9.2. Thus by Theorem 7.4, F can be sequentially realizable only
if there is a normal subgroup H E AutF(T ) of index prime to p isomorphic to one of the
groups listed in that theorem, and whose action on Ω1(T ) has the same composition factors
as the FpH-module M listed in Proposition 6.10.

Assume first that rk(T ) ≥ p. Thus we are in one of cases (a)–(c) in Proposition 6.10, so
there is a connected simple p-compact group X with maximal discrete p-torus T ∗ and Weyl
group H. Also, by Lemma 6.12, the FpH-module M is simple, and hence Ω1(T ∗) ∼= M ∼=
Ω1(T ) as FpH-modules. Let E be the fusion system of X, and set H∨ = H∩W∨ = Aut∨E (T ).
By [OR, Theorem B(b)], we have T ∗ ∼= T as ZpH-modules.
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By [COS, Lemma 2.5(a)], Ker(µF |W∨) = AutS(T ) ≤ H∨. Since µF(W∨) = ∆0 = µE(H
∨)

by (9-2), this proves that H∨ = W∨, and hence that H = W by (9-2) again (and since
Op′(H) = Op′(W )). We already saw that the fusion system is determined by (W,T ), and
hence F ∼= E . Thus F is always the fusion system of a connected simple p-compact group
in this case.

We are left with the cases where rk(T ) = p − 1 and H E AutF(T ) is one of the
groups listed in Theorem 7.4. Note that for such F , Z(S) ≤ [S, S] and hence Aut∨F(T ) =
NAutF (T )(AutS(T )). We list these cases in Table 9.1.

p AutF(T ) rk(T ) EF seq. realizable?

p ≥ 5 Σp p−1 {T} ∪ H PSLp(Fq)
3 ST12

∼= GL2(3) 2 {T} ∪ B 2F4(F2〈3〉)

3 ST12
∼= GL2(3) 2 {T} ∪ H not seq. real.

5 ST31
∼= (C4 ◦ 21+4).Σ6 4 {T} ∪ B E8(F2〈5〉)

5 ST31
∼= (C4 ◦ 21+4).Σ6 4 {T} ∪ H not seq. real.

Table 9.1. In each case, either the entry in the last column either is a linear
torsion group that realizes the fusion system F determined by the information
in the other columns, or F is not sequentially realizable. In Case 1, q is an
arbitrary prime different from p. See Notation 8.6 for the definition of the
fields F2〈3〉 and F2〈5〉 .

AutF(T ) contains Σp for p ≥ 5. Again set W = AutF(T ), and assume that H E W
has index prime to p, that H ∼= Σp, and that the action of H on Ω1(T ) has the same
composition factors as that of the Weyl group of PSU(p) on the p-torsion in its maximal
torus. Let M ∼= (Fp)p be the module with permutation action of H, and let M1 < Mp−1 < M
be the FpH-submodules of dimension 1 and p − 1, respectively. (Thus M1 = CM(H) and
Mp−1 = [H,M ].) By [OR, Table 6.1], Ω1(T ) is isomorphic toMp−1 orM/M1 as FpH-modules.
By direct computation,

Ω1(T ) ∼= Mp−1 =⇒ µF(H) = ∆0 and Ω1(T ) ∼= M/M1 =⇒ µF(H) = ∆−1.

By [OR, Theorem B] and since Mp−1 contains a 1-dimensional FpW -submodule, EF =
{T} ∪ H if Ω1(T ) ∼= Mp−1.

If Ω1(T ) ∼= Mp−1 and EF = {T} ∪ H or Ω1(T ) ∼= M/M1 and EF = {T} ∪ B, then the
first condition on each line in (9-1) implies that W = H × Cp−1. But then Op′(W )µ−1

F (∆t)
(t = 0,−1) has index 2 in W in each case, so the second condition fails to hold. So these
cases cannot occur, and we are left with the case where Ω1(T ) ∼= M/M1 and EF = {T}∪H,
where F is the fusion system of the compact Lie group PSU(p), and is sequentially realizable
by Theorem 4.2 and Proposition 3.3.

AutF(T ) contains ST12 or ST31. Set W = AutF(T ), and let H E W be such that either
H ∼= ST12, p = 3, and rk(T ) = 2; or H ∼= ST31, p = 5, and rk(T ) = 4. Recall (Lemma 6.8)
that W acts faithfully on Ω1(T ). So H = W if H ∼= ST12. If H ∼= ST31, then since ST31 is
the normalizer in GL4(5) of 4 ◦ 21+4, as shown in the proof of Proposition 6.10, we also have
W = H in this case.
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In both cases, µF(Aut∨F(T )) = ∆. If EF = {T} ∪ B, then F is the fusion system of a
p-compact group by Theorem B and Table 5.1 in [OR]. By Theorem 8.7, F is realized by
the group 2F4(F2〈3〉) or E8(F2〈5〉) as listed in Table 9.1.

Now assume AutF(T ) ∼= ST12 or ST31 and EF = {T} ∪ H; we must show that F is not
sequentially realizable. Assume otherwise, and let F1 ≤ F2 ≤ · · · be an increasing sequence
of realizable fusion subsystems of F over finite subgroups S1 ≤ S2 ≤ · · · of S such that
S =

⋃∞
i=1 Si and F =

⋃∞
i=1Fi. Let G1, G2, . . . be finite groups such that Si ∈ Sylp(Gi) and

Fi = FSi(Gi) for each i ≥ 1. Set Ti = T ∩ Si.
By Lemma 5.2, there is n such that Sn � T and Sn ≥ Ω2(T ), and also Tn 5 Fn and

AutFn(Tn) ∼= AutF(T ). Thus Tn = Ωk(T ) for some k ≥ 2 since AutF(T ) acts irreducibly on
Ω1(T ). By assumption, EF r {T} = H: the set of subgroups of S not contained in T and
isomorphic to Cp × Cp. Hence no extraspecial subgroups of order p3 can be essential in Fn,
so EFn ⊆ {Tn} ∪ H. Also, EFn % {Tn} since Tn 5 Fn.

We now check that Fn is reduced using the criteria in [COS, Lemma 2.7].

• By point (a) in that lemma, Op(F) = 1 if there are no nontrivial AutFn(Tn)-invariant
subgroups of Z(Sn), and this holds since AutFn(Tn) acts irreducibly on Ω1(Tn) > Z(Sn).

• By point (b) in the lemma, Op(Fn) = Fn since [AutFn(Tn), Tn] = Tn — again since the
action is irreducible.

• By point (c.iii) in the lemma and since EFn r {Tn} ⊆ H, Op′(Fn) = Fn if

AutFn(Sn) =
〈
AutFn(Sn) ∩ µ−1(∆−1),Aut

(Tn)
Fn (Sn)

〉
, (9-3)

where µ and ∆−1 are defined above and

Aut
(Tn)
Fn (Sn) =

{
α ∈ AutFn(Sn)

∣∣α|A ∈ Op′(AutFn(Tn))
}
.

One checks in each case that µ(Op′(AutFn(Tn))) = {(1, s) | s ∈ (Z/p)×} < ∆. Since this
subgroup together with ∆−1 = {(r, r−1) | r ∈ (Z/p)×} generates ∆, condition (9-3) does
hold, and hence Op′(Fn) = Fn.

Thus Fn is reduced, and we are in the situation of case (d.iii) in [COS, Theorem 2.8]. But
by Table 2.2 in that paper, such a fusion system is not realizable, contradicting the original
assumption that F is sequentially realizable. �

Note in particular the cases in Theorem 9.3 where AutF(T ) ∼= ST12 (p = 3) or ST31

(p = 5). Each of these groups is realized by two different simple fusion systems: one which
is realized by a p-compact group and by a linear torsion group, and another which is not
sequentially realizable.

There are many simple fusion systems over discrete p-toral groups S whose identity com-
ponent T has index p in S that are described by [OR, Theorem B] and are not sequentially
realizable. One can get an idea of the many possibilities for AutF(T ) by looking at Table
6.1 in [OR], and at Examples 6.2 and 6.3 in the same paper.
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[Bb2-3] N. Bourbaki, Groupes et algèbres de Lie, Chapitres 2 et 3, Hermann (1972)
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