AUTOMORPHISMS OF FUSION SYSTEMS OF FINITE SIMPLE
GROUPS OF LIE TYPE

CARLES BROTO, JESPER M. MOLLER, AND BOB OLIVER

ABSTRACT. For a finite group G of Lie type and a prime p, we compare the automorphism
groups of the fusion and linking systems of G at p with the automorphism group of G itself.
When p is the defining characteristic of G, they are all isomorphic, with a very short list
of exceptions. When p is different from the defining characteristic, the situation is much
more complex, but can always be reduced to a case where the natural map from Out(G)
to outer automorphisms of the fusion or linking system is split surjective. This work is
motivated in part by questions involving extending the local structure of a group by a group
of automorphisms, and in part by wanting to describe self homotopy equivalences of BGQ
in terms of Out(G).
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INTRODUCTION

When p is a prime, G is a finite group, and S € Syl (G), the fusion system of G at S is
the category Fs(G) whose objects are the subgroups of S, and whose morphisms are those
homomorphisms between subgroups induced by conjugation in G. In this paper, we are
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interested in comparing automorphisms of GG, when G is a simple group of Lie type, with
those of the fusion system of G at a Sylow p-subgroup of G (for different primes p).

Rather than work with automorphisms of Fg(G) itself, it turns out to be more natural
in many situations to study the group Out(L§(G)) of outer automorphisms of the centric
linking system of G. We refer to Section 1 for the definition of L(G), and to Definition 1.2

for precise definitions of Out(Fs(G)) and Out(LE(G)). These are defined in such a way that
there are natural homomorphisms

Out(G) —29— Out(£4(G)) —9— Out(Fs(G))  and kg = ug o kg -

For example, if S controls fusion in G (i.e., if S has a normal complement), then Out(Fs(G)) =
Out(5), and K¢ is induced by projection to S. The fusion system Fg(G) is tamely realized by
G if k¢ is split surjective, and is tame if it is tamely realized by some finite group G* where
S € Syl,(G*) and Fs(G) = Fs(G*). Tameness plays an important role in Aschbacher’s
program for shortening parts of the proof of the classification of finite simple groups by
classifying simple fusion systems over finite 2-groups. We say more about this later in the
introduction, just before the statement of Theorem C.

By [BLO1, Theorem B], Out(£$(G)) = Out(BG)): the group of homotopy classes of
self homotopy equivalences of the p-completed classifying space of G. Thus one of the
motivations for this paper is to compute Out(BGQ) when G is a finite simple group of Lie
type (in characteristic p or in characteristic different from p), and compare it with Out(G).

Following the notation used in [GLS3], for each prime p, we let Lie(p) denote the class of
finite groups of Lie type in characteristic p, and let £ie denote the union of the classes Lie(p)
for all primes p. (See Definition 2.1 for the precise definition.) We say that G € Lie(p) is of
adjoint type if Z(G) = 1, and is of universal type if it has no nontrivial central extensions
which are in £ie(p). For example, for n > 2 and ¢ a power of p, PSL,(q) is of adjoint type
and SL,(q) of universal type.

Our results can be most simply stated in the “equi-characteristic case”: when working
with p-fusion of G € Lie(p).

Theorem A. Let p be a prime. Assume that G € Lie(p) and is of universal or adjoint type,
and also that (G,p) # (52(2),2). Fir S € Syl,(G). Then the composite homomorphism

R Out(G) —=—s Out(L4(G)) —1“—s Out(Fs(Q))

is an isomorphism, and kg and pg are isomorphisms except when G = PSL3(2).

Proof. Assume G is of adjoint type. When G % GL3(2), pg is an isomorphism by [O1,
Proposition 4.3]' or [02, Theorems C & 6.2]. The injectivity of kg = pg o kg (in all cases)
is shown in Lemma 4.3. The surjectivity of k¢ is shown in Proposition 4.5 when G has Lie
rank at least three, and in Proposition 4.8 when G has Lie rank 1 and G 2 Sz(2). When G
has Lie rank 2, k¢ is onto (when G' 2 SL3(2)) by Proposition 4.12, 4.14, 4.15, 4.16, or 4.17.
(See Notation 4.1(H) for the definition of Lie rank used here.)

If G is of universal type, then by Proposition 3.8, G/Z(G) € Lie(p) is of adjoint type
where Z(G) has order prime to p. Also, Out(G) = Out(G/Z(G)) by [GLS3, Theorem
2.5.14(d)]. Hence Fs(G) = Fs(G/Z(G)) and LE(G) = LL(G/Z(G)); and kg and/or kg is
an isomorphism if kg7 (@) and/or kg z (@), respectively, is an isomorphism. O

ISteve Smith recently pointed out to the third author an error in the proof of this proposition. One can
get around this problem either via a more direct case-by-case argument (see the remark in the middle of
page 345 in [O1]), or by applying [O3, Theorem C]. The proof of the latter result uses the classification of
finite simple groups, but as described by Glauberman and Lynd [GLn, §3], the proof in [O3] (for odd p)
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When G = PSL3(2) and p = 2, Out(G) = Out(Fg(G)) = Oy (and K¢ is an isomorphism,
while Out(£4(G)) = C3. When G = Sz(2) & Cs x Cy and p = 2, Out(G) = 1, while
Out(L%(G)) = Aut(Cy) = Cy. Thus these groups are exceptions to Theorem A.

To simplify the statement of the next theorem, for finite groups G and H, we write G ~, H
to mean that there are Sylow subgroups S € Syl,(G) and T' € Syl (H), together with an

isomorphism ¢: § —— T which induces an isomorphism of categories Fg(G) = Fr(H)
(i.e., ¢ is fusion preserving in the sense of Definition 1.2).

Theorem B. Fiz a pair of distinct primes p and qo, and a group G € Lie(qo) of universal or
adjoint type. Assume that the Sylow p-subgroups of G are nonabelian. Then there is a prime
q5 # p, and a group G* € Lie(qy) of universal or adjoint type, respectively, as described in
Tables 0.1-0.3, such that G* ~, G and kg~ is split surjective. If, furthermore, p is odd or
G* has universal type, then ug+ s an isomorphism, and hence kg« s also split surjective.

Proof. Case 1: Assume p is odd and G is of universal type. Since g is an isomorphism
by [O1, Theorem C], k¢ or kg= is (split) surjective if and only if kg or K« is.

By Proposition 6.8, we can choose a prime ¢ and a group G* € Lie(g;) such that either

(l.a) G* = G(q*) or 2G(g*), for some G with Weyl group W and ¢* a power of ¢}, and has
a o-setup which satisfies the conditions in Hypotheses 5.1 and 5.11, and

(L.a.1) —Id ¢ W and G* is a Chevalley group, or
(1.a.2) —Id € W and ¢* has even order in F); or

(1.b) p = 3, ¢¢ = 2, G = 3D,(q) or *Fy(q) for q some power of gy, and G* = 3D,(q*) or
’Fy(q*) for ¢* some power of 2.

Also (by the same proposition), if p = 3 and G* = Fy(q¢*), then we can assume ¢} = 2.

In case (1.b), kg« is split surjective by Proposition 6.9. In case (1.a), it is surjective by
Proposition 5.15. In case (1.a.1), kg« is split by Proposition 5.16(b,c). In case (1.a.2), if G*
is a Chevalley group, then K¢« is split by Proposition 5.16(c).

This leaves only case (1.a.2) when G* is a twisted group. The only irreducible root systems
which have nontrivial graph automorphisms and for which —Id € W are those of type D,, for
even n. Hence G* = Spin,, (¢*) for some even n > 4. By the last statement in Proposition
6.8, G* is one of the groups listed in Proposition 1.10, and so ¢" = —1 (mod p). Hence kg=
is split surjective by Example 6.6(a), and we are done also in this case.

Case 2: Now assume p = 2 and G is of universal type. By Proposition 6.2, there is an odd
prime ¢j, a group G* € £Lie(qgp), and S* € Syl,(G*), such that Fs(G) = Fg-(G*) and G* has
a o-setup which satisfies Hypotheses 5.1 and 5.11. By the same proposition, if G* = G5(q*),
then we can arrange that ¢* = 5 or ¢f = 3. If G* = G4(5), then by Propositions 6.3 and
A6, G* ~y G2(3), Kays) is split surjective, and fig,es) is injective.

In all remaining cases (i.e., G* 2 Ga(q*) or ¢ = 3), K~ is split surjective by Proposition
5.16(a). If G* is a linear, symplectic, or orthogonal group, or an exceptional Chevalley group,
then ug- is injective by Proposition A.3 or A.12, respectively. If G* = SU,(¢*) or ?Eg(q*),
then by Theorem 1.8(d), Fgs«(G*) is isomorphic to the fusion system of SL,(q") or Fg(q")
for some odd prime power ¢v, and so ug- is injective by A.3 or A.12 again. Since neither
the triality groups ®D4(q) nor the Suzuki or Ree groups satisfy Hypotheses 5.1, this shows
that pg- is injective in all cases, and hence that kg« is also split surjective.

can be modified to use an earlier result of Glauberman [G12, Theorem A1l.4], and through that avoiding the
classification.
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Case 3: Now assume G is of adjoint type. Then G = G,/Z for some G, € Lie(qy) of
universal type and Z < Z(G,). By Proposition 3.8, Z = Z(G,) and has order prime to qo.

By Case 1 or 2, there is a prime ¢} # p and a group G}, € Lie(g;) of universal type such
that G}, ~, G, and kg is split surjective. Also, G, is p-perfect by definition of Lie(qf)
(and since ¢ # p), and H?(G%;Z/p) = 0 by Proposition 3.8. Set G* = G%/Z(G?). By
Proposition 1.7, with G} /0,,(GY) in the role of G, kg« is also split surjective.

It remains to check that G ~, G*. Assume first that GG, and G} have o-setups which
satisfy Hypotheses 5.1. Fix S € Syl,(G,) and S* € Syl (G7}), and a fusion preserving iso-
morphism ¢: S —— S* (Definition 1.2(a)). By Corollary 5.10, Z(Fs(G.)) = O,(Z(G.))
and Z(Fs-(G?)) = O,(Z(G:)). Since ¢ is fusion preserving, it sends Z(Fg(G,)) onto
Z(Fs+(GY)), and thus sends O,(Z(G,)) onto O,(Z(G:)). Hence ¢ induces a fusion pre-
serving isomorphism between Sylow subgroups of G = G,,/Z(G,) and G* = G} /Z(G?).

The only cases we considered where G or G* does not satisfy Hypotheses 5.1 were those in
case (1.b) above. In those cases, G = ?Fy(q) or *D4(q) and G* = ?Fy(q*) or *D4(q*) for some
q and ¢*, hence G and G* are also of universal type (d = 1 in the notation of [Ca, Lemma
14.1.2(iii)]), and so there is nothing more to prove. O

Since the strategy for replacing G by G* is quite elaborate, we summarize these replace-
ments in Tables 0.1, 0.2, and 0.3 at the end of the introduction.

The last statement in Theorem B is not true in general when G* is of adjoint type. For
example, if G* = PSLy(9), p = 2, and S* € Syl,(G*), then Out(G*) = Out(L%.(G*)) = C3,
while Out(S*, Fs:(G*)) = Cy. By comparison, if G SLy(9) is the universal group, then
Out(S5*, Fz.(G*)) = C3, and k. and pg. are isomorphisms.

As noted briefly above, a fusion system Fg(G) is called tame if there is a finite group
G* such that G* ~, G and kg~ is split surjective. In this situation, we say that G* tamely
realizes the fusion system Fg(G). By [AOV, Theorem B|, if Fg(G) is not tame, then some
extension of it is an “exotic” fusion system; i.e., an abstract fusion system not induced by
any finite group. (See Section 1 for more details.) The original goal of this paper was to
determine whether all fusion systems of simple groups of Lie type (at all primes) are tame,
and this follows as an immediate consequence of Theorems A and B. Hence this approach
cannot be used to construct new, exotic fusion systems.

Determining which simple fusion systems over finite 2-groups are tame, and tamely realiz-
able by finite simple groups, plays an important role in Aschbacher’s program for classifying
simple fusion systems over 2-groups (see [AKO, Part II] or [A3]). Given such a fusion sys-
tem F over a 2-group S, and an involution z € S, assume that the centralizer fusion system
Cx(x) contains a normal quasisimple subsystem & < Cx(z). If £ is tamely realized by a
finite quasisimple group K, then under certain additional assumptions, one can show that
the entire centralizer Cz(x) is the fusion system of some finite extension of K. (See, e.g.,
[06, Corollaries 2.4 & 2.5].) This is part of our motivation for looking at this question, and
is also part of the reason why we try to give as much information as possible as to which
groups tamely realize which fusion systems.

Theorem C. For any prime p and any G € L£ie of universal or adjoint type, the p-fusion
system of G is tame. If the Sylow p-subgroups of G are nonabelian, or if p is the defining
characteristic and G % Sz(2), then its fusion system is tamely realized by some other group
in Lie.
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Proof. 1f S € Syl (G) is abelian, then the p-fusion in G is controlled by Ng(S), and Fs(G)
is tame by Proposition 1.6. If p = 2 and G = SL3(2), then the fusion system of G is tamely
realized by PSLy(9). In all other cases, the claims follow from Theorems A and B. O

We have stated the above three theorems only for groups of Lie type, but in fact, we
proved at the same time the corresponding results for the Tits group:

Theorem D. Set G = ?Fy(2)" (the Tits group). Then for each prime p, the p-fusion system
of G is tame. If p =2 or p =3, then kg is an isomorphism.

Proof. The second statement is shown in Proposition 4.17 when p = 2, and in Proposition
6.9 when p = 3. When p > 3, the Sylow p-subgroups of G are abelian (|G| = 21-33.52.13),
so G is tame by Proposition 1.6(b). O

As one example, if p = 2 and G = PSLy(17), then kg is not surjective, but G* = PSLy(81)
(of adjoint type) has the same 2-fusion system and kg« is an isomorphism [BLO1, Proposition
7.9]. Also, kg+ is non-split surjective with kernel generated by the field automorphism of
order two by [BLO1, Lemma 7.8]. However, if we consider the universal group G* = SL,(81),
then kg. and kg, are both isomorphisms by [BL, Proposition 5.5] (note that Out(F) =
Out(S) in this situation).

As another, more complicated example, consider the case where p = 41 and G = Spiny, (9).
By [St1, (3.2)-(3.6)], Outdiag(G) = Cy, and Out(G) = Cy x Cy is generated by a diagonal
element of order 2 and a field automorphism of order 4 (whose square is a graph automor-
phism of order 2). Also, pug is an isomorphism by Proposition A.3, so k¢ is surjective, or
split surjective, if and only if kg is. We refer to the proof of Lemma 6.5, and to Table 6.1 in
that proof, for details of a o-setup for G in which the normalizer of a maximal torus contains
a Sylow p-subgroup S. In particular, S is nonabelian if k£ > 41. By Proposition 5.16(d) and
Example 6.6(a,b), when k > 41, k¢ is surjective, k¢ is split (with Ker(kg) = Outdiag(G))
when k is odd, and kg is not split (Ker(kg) = Cy x Cy) when k is even. By Proposition
1.9(c), when k is even, G ~y4; G* for G* = Spiny,_,(9), and kg« is split surjective (with
Ker(kg+) = Outdiag(G*)) by Proposition 5.16(c). Thus Fg(G) is tame in all cases: tamely
realized by G itself when k is odd and by Sping,_;(9) when k is even. Note that when k is
odd, since the graph automorphism does not act trivially on any Sylow p-subgroup, the p-
fusion system of G (equivalently, of SOy, (9)) is not isomorphic to that of the full orthogonal
group Oy, (9), so by [BMO, Proposition A.3(b)], it is not isomorphic to that of Spin,;,,(9)
either (nor to that of Spiny,_,(9) since its Sylow p-subgroups are smaller).

Other examples are given in Examples 5.17 and 6.6. For more details, in the situation of
Theorem B, about for which groups GG the homomorphism k¢ is surjective or split surjective,
see Propositions 5.15 and 5.16.

The following theorem was shown while proving Theorem B, and could be of independent
interest. It is closely related to [Ma2, Theorem 5.19]. The case where p is odd was handled
by Gorenstein and Lyons [GL, 10-2(1,2)].

Theorem E. Assume G € Lie(qo) is of universal type for some odd prime qo. Firx S €
Syly(G). Then S contains a unique abelian subgroup of maximal order, except when G =
Spy, (q) for some n > 1 and some ¢ = +3 (mod 8).

Proof. Assume S is nonabelian; otherwise there is nothing to prove. Since qq is odd, and since
the Sylow 2-subgroups of 2G(3?**1) are abelian for all k¥ > 1 [Ree, Theorem 8.5], G must be
a Chevalley or Steinberg group. If G = ®D,(q), then (up to isomorphism) S € Syl,(Ga(q))
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by [BMO, Example 4.4]. So we can assume that G = "G(q) for some odd prime power ¢,
some G, and r =1 or 2.

If ¢ = 3 (mod 4), then choose another prime power ¢* = 1 (mod 4) such that ve(¢* — 1) =

va(q + 1) (where vy(m) = k if 28|n and 21 ¥ n). Then (¢*) = (—¢) and ( —¢*) = {(q) as
closed subgroups of (Zy)*. By [BMO, Theorem A] (see also Theorem 1.8), there is a group
G* 2 'G(q*) (where t < 2) whose 2-fusion system is equivalent to that of G. We can thus
assume that ¢ = 1 (mod 4). So by Lemma 6.1, G has a o-setup which satisfies Hypotheses
5.1. By Proposition 5.13(a), S contains a unique abelian subgroup of maximal order, unless
g =5 (mod 8) and G = Sp,,(q) for some n > 1. O

In fact, when G = Sp,,(q) for ¢ = £3 (mod 8), then S € Syl,(G) is isomorphic to
(Qs)™ x P for P € Syly(X,,), S contains 3" abelian subgroups of maximal order 22", and all
of them are conjugate to each other in Ng(.5).

The main definitions and results about tame and reduced fusion systems are given in
Section 1. We then set up our general notation for finite groups of Lie type in Sections 2 and
3, deal with the equicharacteristic case in Section 4, and with the cross characteristic case
in Sections 5 and 6. The kernel of i, and thus the relation between automorphism groups
of the fusion and linking systems, is handled in an appendix.

The third author would like to thank Richard Weiss for explaining how to apply the
Delgado-Stellmacher paper [DS] to simplify some of our arguments (see Section 4), and also
thank Andy Chermak and Sergei Shpectorov for first pointing out this connection. All three
authors would especially like to thank the referee for reading the paper very thoroughly and
for the many suggestions for improvements.

Notation: In general, when C is a category and = € Ob(C), we let Aut¢(x) denote the
group of automorphisms of z in C. When F is a fusion system and P € Ob(F), we set
Outz(P) = Autx(P)/Inn(P).

For any group G and g € G, ¢, € Aut(G) denotes the automorphism ¢,(h) = ghg™'. Thus
for H < G, 9H = cy(H) and H? = ¢;'(H). When G, H, K are all subgroups of a group T,
we define

Te(H,K)={9g€ G|H < K}
Homg(H,K) = {c, € Hom(H,K) |g € T¢(H, K)} .

We let Autg(H) be the group Autg(H) = Homg(H, H). When H < G (so Autg(H) >
Inn(H)), we also write Outg(H) = Autg(H)/Inn(H).

Tables of substitutions for Theorem B. We now present tables which describe the
strategy for replacing G by G* in the context of Theorem B. In all three tables, an entry
within the column G* means that the given group is p-locally equivalent to G and tamely
realizes its fusion system, while an entry “G ~, X" carried over two columns means that
the group X is p-locally equivalent to G but does not tamely realize its fusion system. In
other words, in the latter case, X is one step towards finding the appropriate group G*, but
one must continue, following the information in the tables for G = X.

Whenever G* is listed as satisfying (III.1), (II1.2), or (IIL.3), this holds by Lemma 6.1,
Lemma 6.4, or Lemma 6.5 or 6.7, respectively.
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The following notation is used in Table 0.1 (the case p = 2):
® g5 =3 or 5, and ¢j = 3 when G = Go;

o ¢* = (g3)*" is such that () = (¢*); and

e ¢V = (¢)¥ is such that ( — ¢) = (¢") (equivalently, (¢) = ( —¢")).

In all cases except when G* = G4(3), G* satisfies case (I11.1) of Hypotheses 5.1 by Lemma 6.1,
and kg« is split surjective by Proposition 5.16(a). When G* = (G5(3), kg+ is an isomorphism
by Proposition 6.3. For all odd ¢, *D4(q) ~2 Ga(q) by [BMO, Example 4.4(a)].

G G q G* G~y G*
A, Eq 1 (mod 4) | G(g*) | Thm. 1.8(a)
n G(q)
n (n odd) 3 (mod 4) | 2G(¢") | Thm. 1.8(d)
Bny Cny Do, G(q) mod4) | Glg') Thm. 1.8(c)
Fy, Eq, Eg 3 (mod 4) | G(¢¥)
1 (mod 8 G(q”
(o) ( ) | G(¢)
7 (mod 8) | G(¢¥) | Thm. 1.8(c)
°D4(q)
3,5 (mod 8) | G2(3)

A,, Eg 1 (mod 4) | 2G(q*) | Thm. 1.8(b)
*G(q)
D, (n odd) 3 (mod 4) | G(¢¥) | Thm. 1.8(d)
D, ) 1 (mod 4) | 2D,(q%)
neven) | M0 (mod 4) | *Dn(q”) e 18O
Gy (q) S abelian

TABLE 0.1. Substitutions in cross-characteristic for p = 2
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The following notation is used in Tables 0.2 and 0.3, where p is always an odd prime:

e ¢ is any given odd prime whose class generates (Z/p®)*.

e ¢* = (q;)° is such that (¢) = (¢*) and b|(p — 1)p* for some £ > 0.

e ¢" = (q})° is such that { — ¢) = {¢¥) and c|(p — 1)p* for some ¢ > 0.

G q, p G* Hyp 5.1 | kg~ split surj. G~y G
SL,(q) all cases SLy(¢*) | (IIL.1,3) Th. 1.8(a)
SU,.(q) all cases SL.(¢¥) | (1I1.1,3) Th. 1.8(d)

Prop. 5.16(b,c)
Spy,, (q) or ord,(g) even SLan(q%) (I11.3) Prop. 1.9(a,b)
Sping,41(a) | ordy(g) odd | SLyn(q¥) | (IIL3 Prop. 1.9(a,b)
2n+1 ordy(g) o 2n(g”) | (IIL3) Th. 1.8(c)
¢" #¢e (mod p) | G~ Spiny,_1(q) — Prop. 1.9(c)
¢" =¢ (mod p) | grint (4*) | (IIL.1,3) Th. 1.8(a)
nodd, e =1
(mod p) Prop. 5.16(b,c)
- ¢" =€ (mod p) | qpint (V) | (IT1.1,3 Th. 1.8(d
Sping,(q) | nodd, e = —1 ping,(¢") | ( ) (@)
q"=¢ (mod p) | guint (4 1113 Prop. 5.16(c) | Ty 1.8(ab
n, ord,(q) even pinga(a7) | ) Ex. 6.6(a) (a,b)
q" = ¢ (mod p)
neven, e =1 |Sping, (¢¥) | (IIL3) | Prop. 5.16(c) Th. 1.8(c)
ord,(g) odd

TABLE 0.2. Substitutions in cross-characteristic for p odd: classical groups
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o
G D %\ G* Hyp 5.1 | kg~ split surj. G ~p, G*
=
’By(q) all cases S abelian
3 1 | 3Du(q¥)
(¢ =2)| Prop. 6.9 | Theorem 1.8(b)
Dalg) | 3 | 2 |°Dalq’)
>5 | — S abelian
3 1 | Ga(q¥)
(IT1.2) | Prop. 5.16(c) | Theorem 1.8(c)
Ga(q) | 3 | 2 | Gaq")
>5 | — S abelian
Ga(q) all cases S abelian
3 | 1 | Fy(q¥) | (IL2)
Prop. 5.16(c) | Theorem 1.8(c)
Falg) | 3 | 2 | Fulg") | (g5 =2)
>0 | — S abelian
2Fy(q) or | 3 2 | 2Fy(q*) — Prop. 6.9 Prop. 6.8(b)
2F4<2)/ >5 S abelian
3,5 1 | Es(¢*) | (IIL1) | Prop. 5.16(b) | Theorem 1.8(a)
Theorem 1.8(d)
Es 3 2 G ~p Fy(¢* —
6(9) » Fald?) [BMO, Ex. 4.4]
other cases S abelian
2E6(q) all cases G ~p Es(q") — Theorem 1.8(d)
35,71 1 E7(qY)
(IT1.2) | Prop. 5.16(c) | Theorem 1.8(c)
E7((]) 37577 2 E7(q*)
other cases S abelian
3,57 1 | Es(¢¥)
(II1.2) | Prop. 5.16(c) | Theorem 1.8(c)
EB(q) 37577 2 Eg(q*)
5 4 | Es(¢*) | (II.3) | Prop. 5.16(c) | Theorem 1.8(a)
other cases S abelian

TABLE 0.3. Substitutions in cross-characteristic for p odd: exceptional groups

9
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1. TAME AND REDUCED FUSION SYSTEMS

Throughout this section, p always denotes a fixed prime. Before defining tameness of
fusion systems more precisely, we first recall the definitions of fusion and linking systems of
finite groups, and of automorphism groups of fusion and linking systems.

Definition 1.1. Fiz a finite group G and a Sylow p-subgroup S < G.

(a) The fusion system of G is the category Fs(G) whose objects are the subgroups of S, and
where Mor ey (P, Q) = Homg(P, Q) for each P,Q < S.

(b) A subgroup P < S is p-centric in G if Z(P) € Syl,(Ca(P)); equivalently, if Ca(P) =
Z(P) x Ci(P) for a (unique) subgroup C{(P) of order prime to p.

(¢) The centric linking system of G is the category LE(G) whose objects are the p-centric
subgroups of G, and where Morce ) (P, Q) = Ta(P, Q)/Ce(P) for each pair of objects
P,Q. Let m: LLYG) —— Fs(G) denote the natural functor: m is the inclusion on
objects, and sends the class of g € Ta(P, Q) to ¢g € Morzy (P, Q).

(d) For P,Q < S p-centric in G and g € Tg(P,Q), we let [g]pq € Morce ) (P, Q) denote
the class of g, and set [g]p = [g]lppr if g € Na(P). For each subgroup H < Ng(P),
[H]p denotes the image of H in Aut,(P) = Ng(P)/C(P).

The following definitions of automorphism groups are taken from [AOV, Definition 1.13
& Lemma 1.14], where they are formulated more generally for abstract fusion and linking
systems.

Definition 1.2. Let G be a finite group with S € Syl (G), and set F = Fs(G) and L =
LL(G).

(=23

(a) If H is another finite group with T € Syl,(H), then an isomorphism ¢: S — T is called
fusion preserving (with respect to G and H ) if for each P,Q < S,

Homp (¢(P), ¢(Q)) = ¢ o Homg (P, Q) o ¢~

(Composition is from right to left.) Equivalently, ¢ is fusion preserving if it induces an
isomorphism of categories Fs(G) — Fr(H).

(b) Let Aut(F) < Aut(S) be the group of fusion preserving automorphisms of S. Set
Out(F) = Aut(F)/Autz(S).

(c) For each pair of objects P < Q in L, set tpg = [1]pg € Mor ( Q), which we call the
inclusion in £ of P in Q. For each P, we call [P] = [P]p < Aut.(P) the distinguished
subgroup of Aut.(P).

(d) Let Aut(L) be the group of automorphisms « of the category L such that o sends
inclusions to inclusions and distinguished subgroups to distinguished subgroups. For
v € Autg(S), let ¢, € Aut(L) be the automorphism which sends an object P to w(~y)(P),
and sends 1 € Morz (P, Q) to v'¢(y")~! where v and ~" are appropriate restrictions of
v. Set

Out(L) = Aut(L) /{c, |y € Autg(S5)}.

(e) Let kg: Out(G) — Out(L) be the homomorphism which sends the class [a], for
a € Aut(G) such that a(S) = S, to the class of 5 € Aut(LE(G)), where B(P) = a(P)

for an object P, and 5([g]pq) = [2(9)]ap).a@) for g € Ta(P, Q).



AUTOMORPHISMS OF FUSION SYSTEMS OF FINITE SIMPLE GROUPS OF LIE TYPE 11

(f) Define ug: Out(L) —— Out(F) by restriction: ug([f]) = [Bs|s] for B € Aut(LE(G)),
where Bg is the induced automorphism of Autz(S), and Bs|s € Aut(S) is its restriction
to S when we identify S with its image in Aut,(S) = Ng(S)/CL(S).

(g) Set kg = pg o kg : Out(G) —— Out(F): the homomorphism which sends the class of
a € Nawye)(5) to the class of as.

By [AOV, Lemma 1.14], the above definition of Out(L) is equivalent to that in [BLO2], and
by [BLO2, Lemma 8.2], both are equivalent to that in [BLO1]. So by [BLO1, Theorem 4.5(a)],
Out(L5(G)) = Out(BG)): the group of homotopy classes of self homotopy equivalences of
the space BG).

We refer to [AOV, §2.2] and [AOV, §1.3] for more details about the definitions of k¢ and
it and the proofs that they are well defined. Note that p is defined there for an arbitrary
linking system, not necessarily one realized by a group.

We are now ready to define tameness. Again, we restrict attention to fusion systems of
finite groups, and refer to [AOV, §2.2] for the definition in the more abstract setting.

Definition 1.3. For a finite group G and S € Syl (G), the fusion system Fg(G) is tame if
there is a finite group G* which satisfies:

e there is a fusion preserving isomorphism S BN for some S* € Syl (G*); and

e the homomorphism kg-: Out(G*) — Outyy, (LG(G*)) = Out(BG*)) is split surjective.

In this situation, we say that G* tamely realizes the fusion system Fg(G).

The above definition is complicated by the fact that two finite groups can have isomorphic
fusion systems but different outer automorphism groups. For example, set G = PSL5(9) =
Ag and H = PSLy(7) = GL3(2). The Sylow subgroups of both groups are dihedral of
order 8, and it is not hard to see that any isomorphism between Sylow subgroups is fusion
preserving. But Out(G) = C? while Out(H) = Cy (see Theorem 3.4 below). Also, k¢ is
an isomorphism, while ky fails to be onto (see [BLO1, Proposition 7.9]). In conclusion, the
2-fusion system of both groups is tame, even though kg is not split surjective.

This definition of tameness was motivated in part in [AOV] by an attempt to construct
new, “exotic” fusion systems (abstract fusion systems not realized by any finite group) as
extensions of a known fusion system by an automorphism. Very roughly, if & € Aut(L%(G))
is not in the image of kg, and not in the image of kg« for any other finite group G* which
has the same fusion and linking systems, then one can construct and extension of Fg(G) by
« which is not isomorphic to the fusion system of any finite group. This shows why we are
interested in the surjectivity of kg; to see the importance of its being split, we refer to the
proof of [AOV, Theorem B].

It is usually simpler to work with automorphisms of a p-group which preserve fusion than
with automorphisms of a linking system. So in most cases, we prove tameness for the fusion
system of a group G by first showing that kg = g o k¢ is split surjective, and then showing
that pg is injective. The following elementary lemma will be useful.

Lemma 1.4. Fiz a finite group G and S € Syl,(G), and set F = Fs(G). Then

(a) kg is surjective if and only if each ¢ € Aut(F) extends to some p € Aut(G), and
(b) Ker(fie) = Caue)(5)/Auteg(s) (G).



12 CARLES BROTO, JESPER M. MOLLER, AND BOB OLIVER

Proof. This follows from the following diagram

0—— AUtNG(S)(G) —_— NAut(G)(S) E— Out(G) —0

0 —— Auty,(s)(5) —— Aut(F) ——— Out(F) ——0
with exact rows. O

The next lemma can be useful when kg or kg is surjective but not split.
Lemma 1.5. Fiz a prime p, a finite group G, and S € Syl,(G).
(a) Assume G > G is such that G < G, p 1 |@/G|, and Outz(G) < Ker(kg). Then

Fs(G) = Fs(G) and L5(G) = L5(G).
(b) If kg is surjective and Ker(kg) has order prime to p, then there is G > G/Oy(Z(G))
such that Fs(G) = Fs(G) (where we identify S with its image in G /Oy (G)) and kg is

~

split surjective. In particular, Fs(G) is tame, and is tamely realized by G.

Proof. (a) Since Outsz(G) < Ker(kg), each coset of G in G contains an element which
centralizes S. (Recall that k¢ is induced by the restriction homomorphism from Nyu()(.S)

to Aut(F).) Thus Fs(G) = Fs(G) and L%(G) = L%(G).

(b) Since G and G/O,(Z(G)) have isomorphic fusion systems at p, we can assume that
Z(Q) is a p-group. Set K = Ker(rg) < Out(G). Since H(K; Z(G)) = 0 for i = 2,3, by the
obstruction theory for group extensions [McL, Theorems IV.8.7-8|, there is an extension G
of G by K such that G < G and G/G =~ K = Outs(G). In particular, Cz(G) < G. Since
K = Ker(rg) < Ker(ig), Fs(G) = Fs(G), and £5(G) = L5(G) by (a).

By [OV, Lemma 1.2], and since K < Out(G@) and HY(K; Z(G)) = 0 for i = 1,2, each
automorphism of G extends to an automorphism of G which is unique modulo inner auto-

~

morphisms. Thus Out(G) contains a subgroup isomorphic to Out(G)/K, and kg5 sends this

~

subgroup isomorphically onto Out(L£S(G)). So kg is split surjective, and Fg(G) is tame. [

The next proposition is really a result about constrained fusion systems (cf. [AKO, Def-
inition 1.4.8]): it says that every constrained fusion system is tame. Since we are dealing
here only with fusion systems of finite groups, we state it instead in terms of p-constrained
groups.

Proposition 1.6. Fiz a finite group G and a Sylow subgroup S € Syl,(G).
(a) If Ca(O,(G)) < Oy(G), then kg and pg are both isomorphisms:
Out(G) —<— Out(L4(G)) —E5— Out(Fs(@)).

o o

(b) If S is abelian, or more generally if Ng(S) controls p-fusion in G, then Fs(G) is tame,
and is tamely realized by Ng(S)/Op(Ca(S5)).

Proof. (a) Set @ = O,(G), F = Fs(G), and L = LG(G). Then Aut.(Q) = G, so (o — ag)
defines a homomorphism
O: Aut(L) —— Aut(Aut,(Q)) = Aut(G)

whose image lies in Naye()(S). For each a € Ker(®), ag = Idg and hence a = Id.. (Here,
it is important that « sends inclusions to inclusions.) Thus @ is a monomorphism. Also,
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a = ¢, for some v € Aut,(S) if and only if ag = ¢, for some g € Ng(S), so ® factors through
a monomorphism ¢ from Out(L) to Nauyc)(S)/Auta(S) = Out(G), and $go ke = Idowe)-
Thus k¢ is an isomorphism.

In the terminology in [AKO, §1.4], G is a model for F = Fg(G). By the uniqueness of
models (cf. [AKO, Theorem I11.5.10(c)]), each 5 € Aut(F) extends to some x € Aut(G),
and x is unique modulo Auty(s)(G). Hence k¢ is an isomorphism, and so is jc.

(b) If Ng(S) controls p-fusion in G, then Ng(S) ~, G. Also, Ng(S) ~, G* where G* =
Na(S)/0y(Cs(S)), G* satisfies the hypotheses of (a), and hence tamely realizes Fg(G). In
particular, this holds whenever S is abelian by Burnside’s theorem. Il

When working with groups of Lie type when p is not the defining characteristic, it is easier
to work with the universal groups rather than those in adjoint form (ug is better behaved
in such cases). The next proposition is needed to show that tameness for fusion systems of
groups of universal type implies the corresponding result for groups of adjoint type.

Proposition 1.7. Let G be a finite p-perfect group such that Oy (G) =1 and Hy(G;Z/p) =0
(i.e., such that each central extension of G by a finite p-group splits). Choose S € Syl (G),
and set Z = Z(G) < S. If F5(Q) is tamely realized by G, then Fs;/7(G/Z) is tamely realized
by G/Z.

Proof. Let H be the set of all P < S such that P > Z and P/Z is p-centric in G/Z, and let
LE(G) C LL(G) be the full subcategory with object set H. By [AOV, Lemma 2.17], L¥(G)
is a linking system associated to Fgs(G) in the sense of [AOV, Definition 1.9]. Hence the
homomorphism

R: Out(L£4(G)) ———— Out(LE(Q))
induced by restriction is an isomorphism by [AOV, Lemma 1.17].
Set F = Fs(G), £L=LY¥G), G=G[Z,5=5/Z, F = F5(G), and L = L(G) for short.

Consider the following square:

Out(G) —<— Out(L) = Out(L4(G))

lu I_JV (1)

Out(@) —2—s Out(L) .
Here, pu sends the class of an automorphism of G to the class of the induced automorphism
of G =G/Z(G).
Assume that v has been defined so that (1) commutes and v is injective. If k¢ is onto, then

v is onto and hence an isomorphism, so kg is also onto. Similarly, if r¢ is split surjective,

then kg is also split surjective. Thus F is tamely realized by G if F is tamely realized by
GG, which is what we needed to show.

It thus remains to construct the monomorphism v, by sending the class of a € Aut(L)
to the class of a lifting of a to £. So in the rest of the proof, we show the existence and
uniqueness of such a lifting.

Let pr: L —— L denote the projection. Let End(L) be the monoid of functors from £
to itself which send inclusions to inclusions and distinguished subgroups into distinguished
subgroups. (Thus Aut(L) is the group of elements of End(£) which are invertible.) We will
prove the following two statements:

(2) For each o € Aut(L), there is a functor @ € End(£) such that proa = a o pr.
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(3) If B € End(L) is such that pro 8 = pr, then 8 = Id,.

Assume that (2) and (3) hold; we call a a “lifting” of « in the situation of (2). For each

« € Aut(L), there are liftings @ of o and &* of @' in End(L), and these are inverses to each
other by (3). Hence a € Aut(L), and is the unique such lifting of « by (3) again.

Define v: Out(L) —— Out(L) by setting v([a]) = [@] when a is the unique lifting of a.

This is well defined as a homomorphism on Aut(L£) by the existence and uniqueness of the
lifting; and it factors through Out(£) since conjugation by 7 € Autz(sY ) lifts to conjugation
by v € Aut.(S) for any v € prg' (7).

Thus v is a well defined homomorphism, and is clearly injective. The square (1) commutes
since for each 5 € Aut(G) such that 5(S) = S, kg([f]) and l/lfé,u([ﬁ]) are the classes of
liftings of the same automorphism of L.

It remains to prove (2) and (3).

Proof of (2): For each o € Aut(L£), consider the pullback diagram
p1

L — L
lpz a2 lpr (4)
L= L

prZ

R|e

Each functor in (4) is bijective on objects, and the diagram restricts to a pullback square of
morphism sets for each pair of objects in £ (and their inverse images in £ and L).

Since the natural projection G —— G is a central extension with kernel Z, the projection
functor pr: £ — L is also a central extension of linking systems in the sense of [ba2,
Definition 6.9] with kernel Z. Since ps is the pullback of a central extension, it is also a
central extension of linking systems by [5a2, Proposition 6.10], applied with w = pr*a*(wg) €
Z%(L: Z), where wy is a 2-cocycle on £ which determines the extension pr. By [BLOI,
Proposition 1.1], H*(|£|; F,) = H?*(G;F,), where the last group is zero by assumption. Hence
H?(|L]; Z) = 0, so w is a coboundary, and p, is the product extension by [5a2, Theorem
6.13]. In other words, = L (Z) x L, where L (Z) has one object and automorphism group
7, and there is a subcategory Ly C L (with the same objects) which is sent isomorphically
to £ by pa. Set @ = py o (palz,) "

We first check that a sends distinguished subgroups to distinguished subgroups. Let
prg: S —— S = S/Z be the projection. Fix an object P in £, and set Q = &(P). Then
Q/Z = a(P/Z), and apjz([P/Z]) = [Q/Z]. so ap([P]) < prs'([Q/Z]) = [Q]-

For each subgroup P € Ob(L), there is a unique element zp € Z such that a(tps) =
ta(p),solzplacp). Note that zg = 1. Define a new functor 3: £L — L by setting 8(P) = a(P)
on objects and for each ¢ € Morz(P, @), 5(¢) = [20]ag) o a(y) o [[zp]]g(lp). Then £ is still a
lifting of «, and for each P:

Bups) = [zsls o alps) o [[ZP]](E(IP) = 15(p),s ° [2pla(p) o [[ZP]]g(lp) = La(P),s -

For arbitrary P < (), since tz(p) (@) is the unique morphism whose composite with t5(g),s
is ta(p),s (see [BLO2, Lemma 1.10(a)]), 8 sends tpg to ta(py,a(Q)-

Thus, upon replacing o by 5, we can assume that a sends inclusions to inclusions. This
finishes the proof of (2).
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Proof of (3): Assume that § € End(£) is a lift of the identity on £. Let B(Z) be the
category with one object * and with morphism group Z. Define a functor x: £L —— B(Z)

by sending all objects in £ to * , and by sending a morphism [¢] € Mor,(P, Q) to the unique
element z € Z such that Spo([g]) = [92] = [#9]. (Recall that Z < Z(G).)

Now,
H1<|£|§Fp) = H1(|£CS<G)|§FP) = HI(BGQ F,) = HI(G§ F,) =0,
where the first isomorphism holds by [5al, Theorem B] and the second by [BLO1, Proposition
1.1]. Hence Hom(m (|£|),F,) = Hom(H:(|£|),F,) = H'(|L|;F,) = 0, where the second
isomorphism holds by the universal coefficient theorem (cf. [McL, Theorem I11.4.1]), and
so Hom(m (|£]), Z) = 0. In particular, the homomorphism x: m(|£]|) —— m(|B(Z)|) = Z
induced by y is trivial.

Thus for each ¢ € Mor,(P, @), the loop in |£| formed by ¢ and the inclusions tpg and
Lg.s is sent to 1 € Z. Since f sends inclusions to inclusions, this proves that xpq(¢) = 1,
and hence that fpg(v) = . Thus g = Id,. O

By Proposition 1.7, when proving tameness for fusion systems of simple groups of Lie
type, it suffices to look at the universal groups (such as SL,(q), SU,(q)) rather than the
simple groups (PSL,(q), PSU,(q)). However, it is important to note that the proposition is
false if we replace automorphisms of the linking systems by those of the fusion system. For

example, set G = SLy(3%) and G = PSLy(3%). Then S = Q35 and S = Dy, Out(Fs(G)) =
Out(S) = Owt(G) = Cy x Cy (and kK¢ is an isomorphism), while Out(G) = Cy x Cy and
OUt(S,.FS(G» = Out(S) = CQ X 02.

We already gave one example of two groups which have the same fusion system but different
outer automorphism groups. That is a special case of the main theorem in our earlier paper,
where we construct many examples of different groups of Lie type with isomorphic fusion
systems. Since this plays a crucial role in Section 6, where we handle the cross characteristic
case, we restate the theorem here.

As in the introduction, we write G ~, H to mean that there is a fusion preserving
isomorphism from a Sylow p-subgroup of G to one of H.

Theorem 1.8 ([BMO, Theorem Al). Fiz a prime p, a connected reductive group scheme G
over Z, and a pair of prime powers q and q* both prime to p. Then the following hold.

(a) G(q) ~p G(q*) if (q) = (¢*) as subgroups of Z}.

(b) If G is of type A,,, D,,, or Eg, and T is a graph automorphism of G, then "G(q) ~, "G(q*)
if @ = (q*) as subgroups of Z;.

(c) If the Weyl group of G contains an element which acts on the mazimal torus by inverting
all elements, then G(q) ~, G(q*) (or "G(q) ~p "G(¢*) for 7 as in (b)) if (—1,q) =
(—1,q%) as subgroups of Z);.

(d) If G is of type A, D, forn odd, or Eg, and T is a graph automorphism of G of order
two, then "G(q) ~, G(q*) if ( — q) = (¢*) as subgroups of Z;.

The next proposition is of similar type, but much more elementary.

Proposition 1.9. Fiz an odd prime p, a prime power q prime to p, n > 2, and € € {£1}.
Then

(&) Span(q) ~p SLan(q) if ord,(q) is even;
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(b) Span(q) ~p Spin2n+1(q),‘ and
(c) Sping,(q) ~p Spiny,_1(q) if ¢ is odd and ¢" # € (mod p).

Proof. If we replace Spini (¢q) by SOE(q) in (b) and (c), then these three points are shown
in [BMO, Proposition A.3] as points (d), (a), and (c), respectively. When ¢ is a power of
2, (b) holds because the groups are isomorphic (see [Ta, Theorem 11.9]). So it remains to
show that
Sping, (¢) ~p ,(q) ~p SO, (q)

for all m > 3 (even or odd) and ¢ odd. The first equivalence holds since p is odd and Q¢ (q) =
Spin;, (q)/ K where | K| = 2. The second holds by Lemma 1.5(a), and since Outgos (¢)(€25,(q))
is generated by the class of a diagonal automorphism of order 2 (see, e.g., [GLS3, §2.7]) and
hence can be chosen to commute with a Sylow p-subgroup. This last statement is shown in
Lemma 5.9 below, and holds since for appropriate choices of algebraic group G containing
the given group G, and of maximal torus 7" < G, a Sylow p-subgroup of G is contained in
N=(T') (see [GLS3, Theorem 4.10.2]) and the diagonal automorphisms of G are induced by

G
conjugation by elements in Nz (G) (see Proposition 3.5(c)). O

Theorem 1.8 and Proposition 1.9, together with some other, similar relations in [BMO],
lead to the following proposition, which when p is odd provides a relatively short list of
“p-local equivalence class representatives” for groups of Lie type in characteristic different
from p.

Proposition 1.10. Fiz an odd prime p, and assume G € Lie(qy) is of universal type for
some prime qo # p. Assume also that the Sylow p-subgroups of G are nonabelian. Then
there is a group G* € £ie(q}) of universal type for some q§ # p, such that G* ~, G and G*
is one of the groups in the following list:

(a) SL,(q*) for some n > p; or

(b) Spin3,(¢*), where n > p, e = £1, (¢*)" =€ (mod p), and € = +1 if n is odd; or
(c) 3Dy(q*) or *Fy(q*), where p =3 and q* is a power of 2; or

(d) G(q%), where G = Gy, Fy, Eg, E;, or Eg, p‘ [W(G)|, and ¢* =1 (mod p); or
(e) Es(q*), where p=1>5 and ¢* = £2 (mod 5).

Furthermore, in all cases except (c), we can take qf to be any given prime whose class
generates (Z/p?)*, and choose G* so that ¢* = (q})° where b|(p — 1)p* for some £.

Proof. Let q be such that G = "G(q) for some 7 and some G. Thus ¢ is a power of ¢o. Fix a
prime ¢ as specified above. By Lemma 1.11(a), there are positive integers b, ¢, and powers

¢ = (g5)" and ¢ = (q)° such that (q) = (¢"), (—q) = (¢"), and b, c|(p — 1)p’ for some

(> 0.

(i)  Assume G = Sz(q), *G2(q), *Fu(q), or G = °Dy(q). Since p # qo, and since S € Syl (G)
is nonabelian, p divides the order of the Weyl group W of G by [GL, 10-1(3)]. The
Weyl group of Bs is a 2-group, and 2 and 3 are the only primes which divide the orders
of the Weyl groups of Gy, Fy, and Dy. Hence p = 3, G % >G5 (q) since that is defined
only in characteristic 3, and so G = ?Fy(q) or ®D4(q). Set G* = ?Fy(q*) or 3D4(q*),
respectively, where ¢ = 2. Then G* ~, G, and we are in case (c).

(ii) If G = SU,(q) or *Es(q), then by Theorem 1.8(d), G ~, G* where G* = SL,(¢") or
Es(q"), respectively. So we can replace G by a Chevalley group in these cases.
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(i) Assume G = Sp,,(¢q) for some n and ¢. If ord,(q) is even, then by Proposition 1.9(a),
G ~p SLyn(q). If ord,(q) is odd, then ord,(¢q") is even since (¢') = ( — ¢) in F), and
G ~p Spy,(qY) by Theorem 1.8(c). So G is always p-locally equivalent to a linear group

in this case.

(iv) Assume G = Spin,, ,,(q) for some n and ¢q. Then G ~,, Sp,,(¢) by Proposition 1.9(b).
So G is p-locally equivalent to a linear group by (iii).

(v) If G=SL,(q),set G* = SL,(¢*). Then G* ~, G by Theorem 1.8(a), n > p since the
Sylow p-subgroups of G are nonabelian, and we are in the situation of (a).

(vi) Assume G = Spinj,(q) for some n and ¢, and ¢ = +1. If ¢ is a power of 2, then by
using point (a) or (b) of Theorem 1.8, we can arrange that ¢ be odd. If ¢" # € (mod p),
then G' ~,, Spin,,_,(¢) by Proposition 1.9(c), and this is p-equivalent to a linear group
by (iv). So we are left with the case where ¢" = ¢ (mod p). If n is odd and ¢ = —1,
set G* = Sping, (¢¥) ~, G (Theorem 1.8(d)). Otherwise, set G* = Spinj,(¢*) ~, G
(Theorem 1.8(a,b)). In either case, we are in the situation of (b).

We are left with the cases where G = G(q) for some exceptional Lie group G. By [GL, 10-
1(3)] and since the Sylow p-subgroups of G are nonabelian, p ‘ |[W(G)|. If ord,(q) = 1, then
G* = G(q*) ~, G by Theorem 1.8(a). If ord,(¢) = 2 and G # Eg, then G* = G(¢") ~, G
by Theorem 1.8(c), where ¢¥ = 1 (mod p). In either case, we are in the situation of (d).

If ord,(q) = 2 and G = FEg(q), then (q) = (—¢°) as closed subgroups of Z* (note
that v,(¢> — 1) = v,((—¢*)* — 1)). So by Theorem 1.8(d) and Example 4.4 in [BMO],
G = FEg(q) ~p *Es(q?) ~p Fu(q®). So we can choose G* satisfying (d) as in the last paragraph.

Assume ord,(q) > 2. By [GL, 10-1(3)], for S € Syl,(G) to be nonabelian, there must be
some n > 1 such that p-ord,(q) | n, and such that ¢"™ — 1 appears as a factor in the formula
for |G(q)| (see, e.g., [GL, Table 4-2] or [Ca, Theorem 9.4.10 & Proposition 10.2.5]). Since
ord,(q)|(p — 1), this shows that the case ord,(q) > 2 appears only for the group Es(q), and
only when p =5 and ord,(¢) = 4. In particular, ¢,¢* = £2 (mod 5). Set G* = Es(q*); then
G* ~, G by Theorem 1.8(a), and we are in the situation of (e). O

The following lemma was needed in the proof of Proposition 1.10 to reduce still further
the prime powers under consideration.

Lemma 1.11. Fiz a prime p, and an integer q prime to p such that ¢ # +1.

(a) If p is odd, then for any prime ro whose class generates (Z/p?)*, there is b > 1 such

that {g) = ((ro)®), and b|(p — 1)p* for some (.

(b) If p = 2, then either (q) = (3), or (¢) = (5), or there are ¢ = £1 and k > 1 such that

e=q (mod8) and (q) = (e - 3%").

Proof. Since q € Z and |q| > 1, {(¢) is infinite.

(a) If pis odd, then for each n > 1, (Z/p™)* = (Z/p)* x (Z/p™~') is cyclic and generated
by the class of ro. Hence Z) = (Z/p)* X (Zp,+), and (ro) = Z;. Also, (q) > 1+ p'Z, for
some ¢ > 1, since each infinite, closed subgroup of (Z,, +) contains p*Z, for some k.

Set b= [Z2 : (q)] = [(Z/p")* : {¢+p"Z)]|(p — 1)p*~". Then (gq) = ((ro)").
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(b) If p = 2, then Z5 = {£1} x (3), where (3) 2 (Z,,+). Hence the only infinite closed

subgroups of @ are those of the form (32") for some k > 0. So @ = (e - 3%") for some k > 0
and some € = £1, and the result follows since (5) = ( — 3). O

We also note, for use in Section 4, the following more technical result.

Lemma 1.12. Let G be a finite group, fix S € Syl,(G), and set F = Fs(G). Let P < S
be such that Co(P) < P and Ns(P) € Syl,(Na(P)). Then for each ¢ € Aut(F) such that
©(P) = P, ¢|ngp) eatends to an automorphism ¢ of Ng(P).

Proof. Since Cg(P) < P and Ng(P) € Syl,(Ng(P)), Na(P) is a model for the fusion system
E = Fngp)(Ng(P)) in the sense of [AKO, Definition 1.4.8]. By the strong uniqueness
property for models [AKO, Theorem 1.4.9(b)], and since ¢|yg(p) preserves fusion in &, ¢|ny(p)
extends to an automorphism of the model. O

The following elementary lemma will be useful in Sections 5 and 6; for example, when
computing orders of Sylow subgroups of groups of Lie type.

Lemma 1.13. Fiz a prime p. Assume ¢ =1 (mod p), and ¢ =1 (mod 4) if p = 2. Then
for each n > 1, v,(¢" — 1) = v,(¢ — 1) + vp(n).

Proof. Set r = v,(q — 1), and let k be such that ¢ = 1+ p"k. Then ¢" = 1+ np"k + £, where
vp(np"k) = vy(n) + r, and where each term in ¢ has strictly larger valuation. d

2. BACKGROUND ON FINITE GROUPS OF LIE TYPE

In this section and the next, we fix the notation to be used for finite groups of Lie type,
and list some of the (mostly standard) results which will be needed later. We begin by
recalling the following concepts used in [GLS3]. We do not repeat the definitions of maximal
tori and Borel subgroups in algebraic groups, but refer instead to [GLS3, §§1.4-1.6].

Definition 2.1 ([GLS3, Definitions 1.7.1, 1.15.1, 2.2.1]). Fiz a prime qo.

(a) A connected algebraic group G over IF‘qO is simple if [G,G] # 1, and all proper closed
normal subgroups of G are finite and central. If G is simple, then it is of universal type
if it is simply connected, and of adjoint type if Z(G) = 1.

(b) A Steinberg endomorphism of a connected simple algebraic group G is a surjective al-

gebraic endomorphism o € End(G) whose fized subgroup is finite.

(¢) A o-setup for a finite group G is a pair (G, o), where G is a simple algebraic group over
Fy. and where o is a Steinberg endomorphism of G such that G = O%'(Cx(0)).

q0

(d) Let Lie(qo) denote the class of finite groups with o-setup (G, o) where G is simple and is
defined in characteristic qo, and let £ie be the union of the classes Lie(qo) for all primes
qo- We say that G is of universal (adjoint) type if G is of universal (adjoint) type.

If G is universal, then C5(0) is generated by elements of go-power order (see [St3, Theorem
12.4]), and hence G = Cg(0) in (c) above. In general, Cx(0) = G - Cyz(0) (cf. [GLS3,
Theorem 2.2.6]).

A root group in a connected algebraic group G over IFqO with a given maximal torus T
is a one-parameter closed subgroup (thus isomorphic to F, ) which is normalized by T
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The roots of G are the characters for the T—agtions on the root groups, and lie in the Z-
lattice X(7T') = Hom(T,Fy ) of characters of T'. (Note that this is the group of algebraic

homomorphisms, and that Hom(IE‘qXO,FX) = 7Z.) The roots are regarded as lying in the

R-vector space V = R ®z X(T). We refer to [GLS3, §1.9] for details about roots and
root subgroups of algebraic groups, and to [Brb, Chapitre VI] for a detailed survey of root
systems.

The following notation and hypotheses will be used throughout this paper, when working
with a finite group of Lie type defined via a o-setup.

Notation 2.2. Let (G o) be a o-setup for the finite group G, where G is a connected, simple

algebraic group over qu for a prime qo. When convenient, we also write G = G(F qo) where
G s a group scheme over Z.

(A) The nlamirrial torus and YVeyl group of G. Fix a mazimal torus T in G such
that o(T) =T. Let W = Ng(T)/T be the Weyl group of G (and of G).

(B) The root system of G. Let X be the set of all roots of G with respect to T, and let
X, < G denote the root group for the root a € . Thus Xo = {24(u)|u € Fy} with

respect to some fized Chevalley parametrization of G. Set V =R®g, X(T) : a real vector
space with inner product (—, —) upon which the Weyl group W acts orthogonally. Let
IT C X be a fundamental system of roots, and let Xy C X be the set of positive roots
with respect to T1. For each o € X, let ht(«) denote the height of a: the number of
summands in the decomposition of a as a sum of fundamental roots.

For each o € X, let w, € W be the reflection in the hyperplane a*+ C V.
For a € ¥ and A € FX, let no(\) € (X0, X_o) and ho(N) € TN ()7(&,)7(_0)

be as defined in [Ca, §6.4]qoo7" [GLS3, Theorem 1.12.1]: the images of (_\-1 ) and
(6\/\91), respectively, under the homomorphism SLQ(IF‘qO) — G that sends ( 7{) to
za(u) and (19) to x_a(v). Equivalently, no(\) = 24(AN)z_o(—=A"Nza(X) and ha(X) =
na(AN)nq(1)7L

(C) The maximal torus, root system and Weyl group of G. Set T = TNG.
Let 7 € Aut(V) and p € Aut(X) be the orthogonal automorphism and permutation,
respectively, such that for each a € 2, 0(X,) = )?p(a) and p(a) is a positive multiple
of T(a). Set Wy = Cw (7).
If p(I1) =11, then set Vo = Cy(7), and let pr%,o be the orthogonal projection of V' onto

Vo. Let S be the set of equivalence classes in Y determined by T, where a, 3 € 3 are
equivalent if pr‘l,o(&) is a positive scalar multiple of prﬁo(ﬁ) (see [GLS3, Definition 2.3.1]

or [Ca, §13.2]). Let 1 C S, denote the images in & of 11 C 3.

For each @ € S, set Xa = (Xo|a € @) and Xz = Cx (o). When a € X is of minimal
height in its class @ € S, and ¢ = | X2P|, then foru € Fy, let To(u) € X5 be an element
whose image under projection to X, is x4(u) (uniquely determined modulo [Xg, Xz]).
For a € 11 and X € I?;O, let ho(X) € T be an element in G N <h5< <) B € @) whose

component in ha(@jo) is ho(X) (if there is such an element).

To see that 7 and p exist as defined in point (C), recall that the root groups X, for o € ¥

are the unique closed subgroups of G which are isomorphic to (qu, +) and normalized by T
(see, e.g., [GLS3, Theorem 1.9.5(a,b)]). Since o is algebraic (hence continuous) and bijective,
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o1 sends root subgroups to root subgroups, and o permutes the root subgroups (hence the
roots) since there are only finitely many of them. Using Chevalley’s commutator formula,
one sees that this permutation p of ¥ preserves angles between roots, and hence (up to
positive scalar multiple) extends to an orthogonal automorphism of V.

These definitions of 7, (u) € X5 and ﬁa()\) € T are slightly different from the definitions
in [GLS3, §2.4] of elements xa(u) and haz(X). We choose this notation to emphasize that

these elements depend on the choice of @ € X, not only on its class a € 5. This will be
important in some of the relations we need to use in Section 5.

Lemma 2.3. Under the assumptions of Notation 2.2, the action of W on T restricts to an
action of Wy on T', and the natural isomorphism Ng(T)/T = W restricts to an isomorphism

(Na(T) N N4(T)) /T = Cw (1) = W .

Proof. For each a € ¥, n,(1) = 24(1)z_o(—1)x4(1) represents the reflection w, € W, and

hence 0(na) € (Xy), X_p)) N Ng(T) represents the reflection w,@) = "(w,). Since W is
generated by the w, for a € ¥, we conclude that ¢ and 7 have the same action on W.

Thus the identification IV, é(T)/ T = W restricts to the following inclusions:
(Ne(T)n Né(T))/T < CNG(T)(U)/CT(U) < CNE,(T)/T(U> = Cy(r)=Wy.

If w € W, represents the coset 2T C Né(T), then 2~ 'o(z) € T. By the Lang-Steinberg

theorem, each element of T has the form ¢ 'o(t) for some t € T, and hence we can choose
 such that o(z) = z. Then z € Cx(0), and hence z normalizes G = O%(C5(0)) and

T = GNT. Since Cz(o0) = GCz(0) (see [GLS3, Theorem 2.2.6(g)] or [St3, Corollary

12.3(a)]), some element of 2T lies in Ng(T). So the above inclusions are equalities. d

The roots in G are defined formally as characters of its maximal torus 7. But it will be
useful to distinguish the (abstract) root o € ¥ from the character 0, € Hom(T,F; ) C V.

For each root & € ¥ C V, let a¥ € V* be the corresponding co-root (dual root): the
unique element such that (o", «) = 2 and w, is reflection in the hyperplane Ker(a). Since
we identify V' = V* via a W-invariant inner product, o = 2a/(«, ). Point (c) of the next

lemma says that a¥ = h,, when we regard h,, € Hom(ﬁgo, T) as an element in V*.
Lemma 2.4. Assume we are in the situation of (A) and (B) in Notation 2.2.

(a) We have C’a,(T) = T. In particular, Z(G) < T, and is finite of order prime to the
defining characteristic qq.
(b) The mazimal torus T in G is generated by the elements ho(\) for o € I and X € IF‘qXO.

If G is universal, and Ay € Fyy are such that [],cqha(Ma) = 1, then Ay = 1 for each
a € Il. Thus

T =] ha(Fy),
a€cll

and h,, 1s injective for each a.

(c) For each B € X, let O3 € X(T) = Hom(T,IF?O) be the character such that

wg(u) = xp(05(t)-u)
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fort €T and u € Fy,. Then
05(ha(N) = A" for Bla e X, AeFy.

The product homomorphism 0y = [[0g: T —— Hﬂel‘[  is surjective, and Ker () =
Z(@).

(d) If a,B1,...,0c € X and ny, ..., n, € Z are such that o =ni Y + ...+ npfBy, then for
each \ € FX ha(X) = hg, (A™) - - - hg, (A™).

90’
()Foreachw eW, aek, and)\EIFX, and each n € N( ) such that nT = w €
( )/T =W, (Xa) = X and (ha(N) = hu@)(N). For each o, B € ¥ and each

A€ FX

q0’

wa(hs(N) = hua(5)(N) = hs(Nha(A7))
Hence wy(t) =t - ha(04(t))~! for each t € T.

Proof. (a) By [Hu, Proposition 24.1.A], the maximal torus T is regular (i.e., contained in only
finitely many Borel subgroups). So Cx(T') =T by [Hu, Corollary 26.2.A]. Hence Z(G) < T,
it is finite since G is assumed simple, and so it has order prime to the defining characteristic
do-

We claim that it suffices to prove the relations in (c)(e) in the adjoint group G/Z(G),
and hence that we can use the results in [Ca, §§7.1-2]. For relations in T this holds since
T is infinitely divisible and Z(G) is finite (thus each homomorphism to 7'/Z(G) has at most
one lifting to T'). For relations in a root group X, this holds since each element of X ,Z(G)
of order qq lies in X, since | Z(G)| is prime to gy by (a).

(b) This is stated without proof in [GLS3, Theorem 1.12.5(b)], and with a brief sketch of
a proof in [St4, p. 122]. We show here how it follows from the classification of reductive
algebraic groups in terms of root data (see, e.g., [Sp, §10]).
Consider the homomorphism
def

e TET[E T
a€ll

which sends (Aq)acr to [], ha(Aa). Then hy is surjective with finite kernel (see [Ca, §7.1]).
It remains to show that it is an isomorphism when G is of universal type.

We recall some of the notation used in [Sp, §7]. To G is associated the root datum

(X(T),%, X¥(T), V), where
X(T) = Hom(T,F)), X¥(T) = Hom(F},T), & = {a" = ho|a € S} € X¥(T).

As noted before, X(T) and XV(T) are groups of algebraic homomorphisms, and are free
abelian groups of finite rank dual to each other. Recall that ¥ C X (T), since we identify a
root o with the character 6,.

Set YV = Z¥V C XY(T), and let Y D X(T) be its dual. Then (V,%,YV, V) is still
a root datum as defined in [Sp, §7.4]. By [Sp, Proposition 10.1.3] and its proof, it is
realized by a connected algebraic group G with maximal torus T which lies in a central

extension f: G —— G which extends hyy. Since G is of universal type, f and hence hy are
isomorphisms.
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(c) Let ZX < V be the additive subgroup generated by . In the notation of [Ca, pp.
97-98], for each a € X and A € F)x | ho(A) = h(Xa,n) Where

Xax € Hom(ZY, IF‘;O) is defined by xan(v) = A2@0)/(@a) — \(@¥v),
Also, by [Ca, p. 100], for each x € Hom(ZZ,IF‘;O), B € and u € F, "Nrg(u) =

zg(x(B)-u). Thus there are homomorphisms 65 € Hom(7, IF;O), for each 8 € ¥, such that
wa(u) = 25(05(t)-u), and O5(h(x)) = x(B) for each . For each o € ¥ and \ € F*

03(ha(N) = O5(h(Xan)) = Xan(B) = A7) . (1)

Assume t € Ker(6y). Thus t € Ker(6,,) for all o € 11, and hence for all o € ¥ C ZII. So
[t, Xo] = 1 for all @ € X, these root subgroups generate G (see [Sp, Corollary 8.2.10]), and

this proves that ¢t € Z(G). The converse is clear: t € Z(G) implies t € T by (a), and hence
05(t) = 1 for all g € II by definition of 65.

It remains to show that 6 sends T onto [] et F,,. Consider the homomorphisms

= def X h — 0 =
rT=I]F, —2—T—"— [[Fs. (2)

a€ll pell

where hy was defined in the proof of (b). We just saw that 6o A has matrix ((a", 3))

Oé,ﬁEH’
which has nonzero determinant since I C V and IIV C V* are bases. Since IE‘qXO is divisible
and its finite subgroups are cyclic, this implies that 0r o hyy is onto, and hence 6y is onto.

(d) This follows immediately from (c), where we showed, for a € X, that o¥ can be identified
with hq in Hom(Fx ,T') C V*.

(e) The first statement ((X,) = X ) and "(ha(N)) = hy@)(A)) is shown in [Ca, Lemma
7.2.1(i1) & Theorem 7.2.2]. By the usual formula for an orthogonal reflection, w,(5) =

_ 2(xf)
B (a,2)
wq () and S have the same norm,

v 2w.(B) 2B _2(04,6). 20 oy Vo) o
walP) = T3 T BE (B8 (ma) P Pelal

a = —(a¥, B)a. Here, we regard w, as an automorphism of V' (not of T). Since

and by (d),
wa(hg(N) = huu@)(A) = hs(WNha(A™ ) = hy(\)ha(Ba(hs (X))

where the last equality follows from (c). Since T is generated by the hg(\) by (b), this
implies that wy(t) =t - ha(6a(t)) ! for all t € T. O

For any algebraic group H, H® denotes its identity connected component. The following
proposition holds for any connected, reductive group, but we state it only in the context of
Notation 2.2. Recall the homomorphisms 65 € Hom(7T',Fy ), defined for § € ¥ in Lemma
2.4(c).

Proposition 2.5. Assume Notation 2.2. For any subgroup H < T, Cz(H) is an algebraic
group, C(H)" is reductive, and

Co(H)’ =(T,X,|a€X, H<Ker(b,)) )
Cz(H) = Cz(H)" - {g € Ng(T)|[g, H] =1} .

If, furthermore, G is of universal type, then Z(G) = Cz(W).
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Proof. The description of Cx(H)? is shown in [Ca2, Theorem 3.5.3] when H is finite and
cyclic, and the proof given there also applies in the more general case. For each g € C@(H ),

(H) for some h € Cx(H)°, and

¢g(T) is another maximal torus in Cx(H)°, so gh € C}_ @)
G

Assume G is of universal type. Since Z(G) < T by Lemma 2.4(a), we have Z(G) < Cz(W).
Conversely, by Lemma 2.4(b), for each t € T and each a € ¥, {z4(u)) = zo(fa(t)u), and
0_o(t) = 0,(t)~1. Hence also (n,(1)) = na(0,(t)) (see the formula for n,(A) in Notation
2.2(B)). If t € Cx(W), then [t,n,(1)] = 1 for each «, and since G is of universal type,
(X, X _o) =2 SLy(F,,). Thus 6,(t) = 1 for all & € &, ¢ acts trivially on all root subgroups,
and so t € Z(G). O

We now look more closely at the lattice ZXV generated by the dual roots.
Lemma 2.6. Assume Notation 2.2(A,B), and also that G (and hence G) is of universal
type.

(a) There is an isomorphism
®: 2% @z Ff ——— T
with the property that ®(a” @ \) = ha(A) for each o € 3 and each \ € IF;O.

Fiz some A € FX | and set m = |\|. Set &y = ®(—,\): Z8Y —— T.

d07
(b) The map ®y is Z]W]-linear, Ker(®y) = mZXY, and Im(®,) = {t € T |t" = 1}.
(¢) Fizt € T and x € ZX" such that ®5(z) =t, and also such that
Jall < tm-min{lla¥] | a € II}.
Then Cw (t) = Cw(x).
(d) If m = |A| >4, then for each a € X, Cyw (ha(N)) = Cw(a).

Proof. (a,b) Identify ZX" as a subgroup of Hom(IF;), T), and let

§: 25 xFX — T
be the evaluation pairing. This is bilinear, hence induces a homomorphism on the tensor
product, and ®(a¥, \) = he(\) by Lemma 2.4(c). Since {a" |« € 11} is a Z-basis for ZXY

(since XV is a root system by [Brb, § VI.1, Proposition 2]), and since G is of universal type,
® is an isomorphism by Lemma 2.4(b).

In particular, for fixed \ € I@‘qxo of order m, ®(—,\) induces an isomorphism from the

quotient group ZXY/mZY¥Y onto the m-torsion subgroup of T.

(c) Clearly, Cyw(z) < Cw(t); it remains to prove the opposite inclusion. Fix w € Cy (¢).
By (a), w(z) =z (mod mZXY).

Set r = min{[|a”|||a € II}. For each a € %, ||| = VEk -7 for some k = 1,2,3, and
hence (a¥,aV) € r*Z. For each o, € %, 2(a¥,8Y)/(a",a") € Z (cf. [Ca, Definition
2.1.1]), and hence (o, 8Y) € 1r?Z. Thus (z,z) € r?Z for each z € Z¥", and in particular,
min{||z| |0 #z € ZLV} = 7.
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By assumption, |w(z)|| = ||z| < mr/2, so ||w(z) — x| < mr. Since each nonzero element
in mZYY has norm at least mr, this proves that w(z) — z = 0, and hence that w € Cy ().

(d) This is the special case of (c), where z = " and t = hqy()). O

Lemma 2.7. Assume Notation 2.2, and assume also that G is of universal type. Let I' <
Aut(V') be any finite group of isometries of (V,X). Then there is an action of I' on T, where
g(ha(w)) = hya)y(u) for each g €T, a € X, and u € Fy5. Fiz m > 3 such that qo { m, and

set T, = {t € T|t™ =1}. Then T acts faithfully on Tp,. If 1 # g € T and £ € Z are such
that g(t) = t* for each t € T,,, then { = —1 (mod m).

Proof. The action of T on T is well defined by the relations in Lemma 2.4(d,b).

Now fix m > 3 prime to ¢y, and let T}, < T be the m-torsion subgroup. It suffices to
prove the rest of the lemma when m = p is an odd prime, or when m = 4 and p = 2. Fix
A € Fx of order m, and let ®y: ZXY —— T be the homomorphism of Lemma 2.6(b). By
definition of ®,, it commutes with the actions of I' on ZXY < V and on T,,.

Assume 1 # g € I' and ¢ € Z are such that g(t) = t* for each t € T},. Set r = dim(V'), and
let B € GL.(Z) be the matrix for the action of g on ZX", with respect to some Z-basis of
ZYY. Then |g| = |B|, and B = (I (mod mM,(Z)). If p =2 (m =4), let u € {1} be such
that £ = p (mod 4). If p is odd (so m = p), then let u € (Z,)* be such that y = ¢ (mod p)
and y#~!' = 1. Set B’ = u~'B € GL,(Z,). Thus B’ also has finite order, and B’ = I (mod
mM,(Zy)).

The logarithm and exponential maps define inverse bijections

In
I +mM,.(Z,) —— mM,(Z,).
exp
They are not homomorphisms, but they do have the property that In(M*) = kIn(M) for
each M € I + mM,(Z,) and each k > 1. In particular, the only element of finite order in
I +mM,(Z,) is the identity. Thus B’ = I, so B = ul. Since p € Z and B # I, we have
pw=—1land B=—1I. U

The following lemma about the lattice Z}]V will also be useful when working with the
Weyl group action on certain subgroups of 7T'.

Lemma 2.8. Assume Notation 2.2(A,B). Set A = ZXV: the lattice in V generated by the
dual roots. Assume that there are b € W of order 2, and a splitting A = A, x A_, such that
A, A #0 and b acts on Ay via £1d. Then G = C,, (= Spy,,) for some n > 2.

Proof. Fix b € W and a splitting A = A, x A_ as above. When considering individual cases,
we use the notation of Bourbaki [Brb, Planches I-IX] to describe the (dual) roots, lattice,
and Weyl group.

o If G=A, (n>2), then A = {(ap,...,a,) € Z"" |ag + ...+ a, = 0}, and b exchanges
certain coordinates pairwise. Choose v € A with coordinates 1, —1, and otherwise 0;
where the two nonzero entries are in separate orbits of b of which at least one is nonfixed.
Then v ¢ AL x A_, a contradiction.

e If G = Gy, then as described in [Brb, Planche IX], A is generated by the dual fundamental

roots (1,—1,0) and (2, —3, —31), and does not have an orthogonal basis.

e If G=DB, (n>3), D, (n>4),or Fy, then A < Z" is the sublattice of n-tuples the sum
of whose coordinates is even. Also, b acts by permuting the coordinates and changing
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sign (or we can assume it acts this way in the Fy case). Choose v with two 1’s and the
rest 0, where the 1’s are in separate b-orbits, of which either at least one is nonfixed, or
both are fixed and exactly one is negated. Then v ¢ A, x A_, a contradiction.

o If G = Eg, then A = A(Fg) < R® is generated by %(1, 1,...,1) and the n-tuples of
integers whose sum is even. We can assume (up to conjugation) that b acts as a signed
permutation. Choose v as in the last case.

e If G = E7, then A < R® is the lattice of all x = (x1,...,x3) € A(Eg) such that 7 = —zs.
Up to conjugation, b can be again be assumed to act on A via a signed permutation
(permuting only the first six coordinates), and v can be chosen as in the last case.

o If G = Fj, then A < R® is the lattice of all x = (xy,...,xs8) € A(Eg) such that zg = 7 =
—x5. Also, W contains a subgroup isomorphic to 2* : S5 with odd index which acts on
the remaining five coordinates via signed permutations. So b and v can be taken as in the
last three cases. Il

We finish the section with a very elementary lemma.

It will be useful to know, in certain situations, that each coset of T in N é(T) contains
elements of G.

Lemma 2.9. Assume that we are in the situation of Notation 2.2(A,B). Assume also that
o acts on T wia (t — t™) for some 1 # m € Z. Then for each g € Ng(T), gT NCgx(0) # @.

Proof. Since 0| € Z(Aut(T)), we have g~lo(g) € Cé(T) = T, the last equality by Lemma
2.4(a). So for each t € T, o(gt) = gt if and only if g~'o(g) = ¢'™™. Since T = (F))" for

some 7, and IF‘qO is algebraically complete (and 1 —m # 0), this always has solutions. O

3. AUTOMORPHISMS OF GROUPS OF LIE TYPE

Since automorphisms of G play a central role in this paper, we need to fix our notation
(mostly taken from [GLS3]) for certain subgroups and elements of Aut(G). We begin with

automorphisms of the algebraic group G.
Definition 3.1. Let G and its root system ¥ be as in Notation 2.2(A,B).

(a) When q is any power of qo (the defining characteristic of G), let Y, € End(G) be the
field endomorphism defined by 1, (xq(u)) = x4(u?) for each o € ¥ and each u € IF‘qD.
Set Oz = {@/qu |b>1}: the monoid of all field endomorphisms of G.

(b) Let I'z be the group or set of graph automorphisms of G as defined in [GLS3, Definition
1.15.5(e)]. Thus when (G,q) # (B2,2), (Ga,3), nor (Fy,2), I'g is the group of all

v € Aut(G) of the form y(xzq(w)) = xpa)(u) (all a € £II and v € Fy,) for some
isometry p of ¥ such that p(Il) = II. If (G,q) = (Bs,2), (G2,3), or (Fy,2), then
Iz = {1,¥}, where for the angle-preserving permutation p of ¥ which exchanges long
and short roots and sends 11 to itself, 1 (xo(u)) = p@)(u) when a is a long root and
P(xa(u)) = p)(u®) when o is short.

(c) A Steinberg endomorphism o of G is “standard” if o = Pg oy = 7oy, where q is a
power of qo and v € U'g. A o-setup (G, 0) for a finite subgroup G < G is standard if o
1s standard.
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By [GLS3, Theorem 2.2.3], for any G with o-setup (G, o) as in Notation 2.2, G is G-
conjugate to a subgroup G* which has a standard o-setup. This will be made more precise
in Proposition 3.6(a).

Most of the time in this paper, we will be working with standard o-setups. But there are
a few cases where we will need to work with setups which are not standard, which is why
this condition is not included in Notation 2.2.

Following the usual terminology, we call G a “Chevalley group” if it has a standard o-
setup where v = Id in the notation of Definition 3.1; i.e., if G = G(q) where ¢ is some power
of go. In this case, the root groups X5 are all abelian and isomorphic to F,. When G has a
standard o-setup with v # Id, we refer to G as a “twisted group”, and the different possible
structures of its root groups are described in [GLS3, Table 2.4]. We also refer to G as a

“Steinberg group” if v # Id and is an algebraic automorphism of G; i.e., if G is a twisted
group and not a Suzuki or Ree group.

The following lemma will be useful in Sections 5 and 6.

Lemma 3.2. Assume G is as in Notation 2.2(A,B). Then for each algebraic automorphism

vy of G which normalizes T, there is an orthogonal automorphism T of V. such that T(X) =%,
and

Y(Xa) =X and Y (ha(N) = hr@ (V)
for each a € ¥ and each \ € ]F‘;O. In particular, MT‘ = |7| < oo. If, in addition, ~
normalizes each of the root groups X (i.e., 7 =1d), then v € Autf(é).

Proof. By [GLS3, Theorem 1.15.2(b)], and since v is an algebraic automorphism of G, v =
¢y for some g € G and some 7, € ['z. Furthermore, 7o has the form: (74 (1)) = oy(a)(u)
for all & € ¥ and u € F,, and some isometry y € Aut(V) such that y(IT) = IT. Since v and
Yo both normalize T, we have g € NG(T).

Thus by Lemma 2.4(e), there is 7 € Aut(V) such that 7(3) = %, and v(X,) = X, (o) and
Y(ha(X)) = hr@)(A) for each o € ¥ and A € IF‘QXO. In particular, ||| = |7.
If 7 =1d, then 79 = Id and g € T. Thus v € Autf(é). O

We next fix notation for automorphisms of G.

Definition 3.3. Let G and G be as in Notation 2.2(A,B,C), where in addition, we assume
the o-setup is standard.

(a) Set
Inndiag(G) = Autz(G)Inn(G) and Outdiag(G) = Inndiag(G)/Inn(G) .
(b) Set &g = {wq|G | q=q, b> 1}, the group of field automorphisms of G.

(c¢) If G is a Chevalley group, set I'q = {7|G ‘ v E Fé}, the group of graph automorphisms
of G. Set ' =1 if G is a twisted group (a Steinberg, Suzuki, or Ree group).

Note that in [GLS3, Definition 2.5.13], when G has a standard o-setup (G, o), Inndiag(G)

is defined to be the group of automorphisms induced by conjugation by elements of Cg 12@) (o)

(lifted to G). By [GLS3, Lemma 2.5.8], this is equal to Inndiag(G) as defined above when

G is of adjoint form, and hence also in the general case (since Z(G) < T).
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Steinberg’s theorem on automorphisms of groups of Lie type can now be stated.

Theorem 3.4 ([Stl, §3]). Let G be a finite group of Lie type. Assume that (G,0) is a
standard o-setup for G, where G s in adjoint or universal form. Then

Aut(G) = Inndiag(G)Psl ¢,
where Inndiag(G) < Aut(G) and Inndiag(G) N (®cl'g) = 1.

Proof. See, e.g., [GLS3, Theorem 2.5.12(a)] (together with [GLS3, Theorem 2.5.14(d)]).
Most of this follows from the main result in [St1], and from [St2, Theorems 30 & 36]. O

We also need the following characterizations of Inndiag(G) which are independent of the
choice of o-setup.

Proposition 3.5. Assume the hypotheses and notation in 2.2. Then
(8) C4(G) = 2(C);
(c) Inndiag(G) = Aut;(G)Inn(G) = Autz(G) and hence Outdiag(G) = Outz(G).

In fact, (b) and (c) hold if we replace T by any o-invariant mazimal torus in G.

Proof. (a) Since the statement is independent of the choice of o-setup, we can assume that
o is standard. Set U =[]y, Xo and U* =[] X _q.

Fix g € Cgz(G). Since G has a BN-pair (see [Ca, Proposition 8.2.1]), it has a Bruhat

decomposition G = BNB = UNU [Ca, Proposition 8.2.2(i)], where B = TU and N =

Ng(T). Write g = unv, where u,v € Uandn € N. Foreach z € UNG, % = {("z) € U

implies that "z = "("z) € U.

OéEE+

Since n € N. G(T)> conjugation by n permutes the root groups of G, in a way determined by

the class w =nT € W = N G(T )/T. Thus w sends each (positive) root in the decomposition
of Yz to a positive root. For each o € ¥, T,(1) € G, Y(Z,(1)) has « in its decomposition,
and hence w(«a) € 3.

Thus w sends all positive roots to positive roots, so w(II) = II, and w = 1 by [Ca, Corollary
2.23]. SoneT, and g =unv € TU.

By the same argument applied to the negative root groups, g € TU*. Hence g € T.
For each o € ¥, g € T commutes with Z,(1) € G, and hence g centralizes X g for each

f € a (Lemma 2.4(c)). Thus g centralizes all root groups in G, so g € Z(G).

(b) Let T* be any o-invariant maximal torus in G. Fix g € Nz(G). Then g7' - 0(g) €
Cx(G) = Z(G) < T* by (a). By Lang’s theorem [GLS3, Theorem 2.1.1], there is t € T* such
that 7! - o(g) =t o(t). Hence gt~* € Cgz(0) = G- Cy.(0), where the last equality holds
by [GLS3, Theorem 2.2.6(g)]. So g € GT*, and g € GNz,(G) since g normalizes G.

(c) By (b), Autz(G) = Auts, (G)Inn(G) for each o-invariant maximal torus T*. By defi-
nition, Inndiag(G) = Autz., (G)Inn(G) when T* is the maximal torus in a standard o-setup
for G. Hence Inndiag(G) = Autg(G) = Autsz, (G)Inn(G) for all such T*. O

T
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We refer to [GLS3, Definitions 1.15.5(a,e) & 2.5.10] for more details about the definitions
of &4 and I';. The next proposition describes how to identify these subgroups when working
in a nonstandard setup.

Proposition 3.6. Assume G, T, and the root system of G, are as in Notation 2.2(A,B).
Let o be any Steinberg endomorphism of G, and set G = Oq()(Cé(o)).

(a) There is a standard Steinberg endomorphism o* of G such that if we set G* = O% (Cz(07)),
then there is © € G such that G = %(G*).

Fiz G*, o*, and = as in (a). Let Inndiag(G*), ®g+, and Tg+ be as in Definition 3.3 (with
respect to the o-setup (G,0*)). Set Inndiag(G) = c,Inndiag(G*)c;!, ®¢ = ¢, Pe-c, !, and
Ta = c.Lg-c;t, all as subgroups of Aut(G). Then the following hold.

x

(b) Inndiag(G) = Autg(G).

(c) For each a € @5y such that a|g- € ®g-T'gr, and each B € a - Inn(G) such that
B(G) =G, Blg = c(@)c;t (mod Inndiag(G) ).

(d) If ¢y, normalizes G, then Inndiag(G)®s = Inndiag(G) (Y, |c) -

Thus the subgroups ®g and T'¢ are well defined modulo Inndiag(G), independently of the
choice of standard o-setup for G.

Proof. (a) See, e.g., [GLS3, Theorem 2.2.3]: for any given choice of maximal torus, posi-
tive roots, and parametrizations of the root groups, each Steinberg automorphism of G is
conjugate, by an element of Inn(G), to a Steinberg automorphism of standard type.

(b) This follows immediately from Proposition 3.5(c).

(c) By assumption, 8 = a = c,ac; ' (mod Inn(G)). Since 8 and c,ac; ' both normalize G,
Bla = c.a*c;t modulo Autg(G) = Inndiag(G).

(d) If ¥, normalizes G, then (c), applied with a = 8 = 1,,, implies that as elements of
Aut(G)/ndiag(G), [ ]6) = [ce(Yola-)c;"] generates the image of B, O

Lemma 3.7. Assume G, T, 0, G = Oqé(C'é(a)), and the root system of G, are as in Notation
2.2(A,B). Assume that ¢ € Aut(T) is the restriction of an algebraic automorphism of G

such that [p,0|z] = 1. Then there is an algebraic automorphism o € Aut(G) such that
Plz =@, [p,0] =1, and p(G) = G.

Proof. By assumption, there is » € Aut(G) such that ¢lz = ¢. Also, [p,0] is an algebraic
automorphism of G by [GLS3, Theorem 1.15.7(a)], it is the identity on T', and hence [, o] =
¢ for some ¢ € T' by Lemma 3.2. Using the Lang-Steinberg theorem, upon replacing ¢ by

¢y for appropriate u € T', we can arrange that [p, o] = 1. In particular, p(G) = G. O

The following proposition is well known, but it seems to be difficult to find references
where it is proven.

Proposition 3.8. Fiz a prime qy, and a group G € £ie(qo) of universal type. Then Z(Q)
has order prime to qy, G/Z(G) € Lie(qo) and is of adjoint type, and Z(G/Z(G)) = 1. If
G/Z(G) is simple, then each central extension of G by a group of order prime to qq splits
(equivalently, H*(G;Z/p) = 0 for all primes p # qq).
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Proof. Let (é, o) be a o-setup for GG, and choose a maximal torus and positive roots in G.
We can thus assume Notation 2.2. By Lemma 2.4(a), Z(G) is finite of order prime to go.
Since Z(G) < Cg(G) = Z(G) by Proposition 3.5(a), Z(G) also has order prime to go.

Set G, = é/Z(é) and let G, < G, be the image of G under projection. Thus G, is an
algebraic group of adjoint type, and G, = OqOI(C’éa(aa)) € Lie(qo) where 0, € End(G,) is
induced by 0. Also, Z(G,) < Z(G,) = 1 by Proposition 3.5(a) again.

It remains to prove the statement about central extensions. When G is a Chevalley group,
this was shown in [St4, Théoreme 4.5]. It was shown in [St6, Corollary 6.2] when G = 24,,(q)
for n even, and in [AG] when G = 2Gy(q) or Sz(q). The remaining cases follow by similar

arguments (see [St5, 9.4 & 12.4]). (See also [Cu, §1], as well as Theorem 6.1.4 and Tables
6.1.2 and 6.1.3 in [GLS3].) 0

The next proposition shows that in most cases, Cg(7T) = T. In Section 5, we will see some

conditions which imply that C(0,(T)) = T when p is a prime different from the defining
characteristic.

Proposition 3.9. Let (é, o) be a o-setup for G, where G and G are of universal type.
Assume Notation 2.2, and in particular, that we have fized a mazimal torus T' and a root
system X in G.
(a) Assume that Cz(T)° 2 T, where (—)° denotes the connected component of the identity.
Then there is o € ¥4 such that 9 (T) = 1. Also, there is p € Hom(T,IF?O) such that
0o = B710%(B); i.e., 0a(t) = B(t o (t)) for each t € T.
(b) If the o-setup is standard, then C(T)° =
G and some r < 3, or when G = A1(3), Ch,

(c) If C5(T)° =T, then Ng(T)/T = W,

T except possibly when G =2 "G(2) for some
(3) forn > 2, or 2Gy(3).

Proof. (a) By Proposition 2.5, and since Cé(T)O > T, there is o € ¥ such that T < Ker(6,)
(equivalently, [T, X,] = 1). Since Ker(f_,) = Ker(6,), we can assume that o € 2.

Since G is of universal type, G = Cgz(0) and T = Cz(0). Hence there is a short exact
sequence

=  t=tTlot) =

1 —— 7T s T T,

where the last map is onto by the Lang-Steinberg theorem. Upon dualizing, and regarding
Hom(7, IF;O) additively, we get an exact sequence

o*—Id oTX restr

0 — Hom(7,F)) —=—— Hom(T,F} ) —— Hom(T,F})

(see also [Ca2, Proposition 3.2.3]), where Hom(T, I[E’;O) is the group of algebraic homomor-
phisms. Since 6, is in the kernel of the restriction map, by assumption, it has the form

B~1o*(B) for some € Hom(T, IF;O).

(b) Let P(X) and Q(X) be as in [Brb, § VI.1.9] (but with ¥ in place of R to denote the
root system). Thus Q(X) = ZX, the integral lattice generated by X, and

PX)={veV]|(v,a¥)eZforall a € T} > Q).
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For each v € P(X), define 0, € X(T) = Hom(T,]F;O) by setting ,(ha(N)) = A7) for
a €Il and X € Iﬁ‘qo. Since G is of universal type, this is a well defined homomorphism by

Lemma 2.4(b), and the same formula holds for all @ € ¥ by Lemma 2.4(d). By Lemma
2.4(c), this extends our definition of 65 for § € ¥ C P(¥).

Recall that Hom(F* I?;O) >~ 7, For each § € X(T) and each a € &, let ng,, € Z be such

q0’ N
that 0(ha())) = A"« for all A € F . For given 6, there is v € P(X) such that (v, o) = ngq
for all & € I1, and hence (by Lemma 2.4(d)) for all « € ¥. Then 6 = 0, as defined above. In
this way, we identify P(X) with the lattice X (7") of characters for T', while identifying Q(X)
with ZX..

From the appendix to Chapter VI in [Brb] (Planches I-IX), we obtain the following table:

root system X A, Ch B,, D, Gy | Fy, | FEg | E7| Eg
min{||v]||v € P(X)} | v/n/(n+1) | 1 |min{\/n/4,1} |V2]| 1 4/3 V2|2
max{||af| |a € X} V2 2 V2 V6 1vV2| V2 V2] V2

Here, the norms are given with respect to the descriptions of these lattices in [Brb| as
subgroups of Euclidean spaces.

Assume Cx(T)° 2 T. By (a), there are o € X, and j € Hom(T,]F;O) such that o =
f~1o*(B). If we regard a and 8 as elements in the normed vector space V, then ||| =

lo*(B) =Bl = [lo*(B)I=IB]l- If G = "G(qg) (and 0 is a standard setup), then [|o*(53)[| = q[| 3],
except when G is a Suzuki or Ree group in which case [|o*(3)| = /q||5]|. Thus

]
=t 1>
18]

By the above table, this is possible only if ¢ = 2, or if GG is isomorphic to one of the groups
A1(3)7 B2(3)7 Cn<3) (n Z 3), 2G2(3), or 2B2(8)

Assume G = 2B,(8) = Sz(8). It is most convenient to use the root system for Cy con-
structed in [Brb]: P(X) = Z? and ¥ = {(£2,0), (0, £2), (£1,+1)}. Then a and 3 satisfy
the above inequality only if [|af| = 2, ||| = 1, and ||a 4+ 8] = V8. So (a,3) = £, which is
impossible for o, € Z*. Hence Cx(T)? = T in this case.

q if G is a Chevalley or Steinberg group
Vvq if G is a Suzuki or Ree group.

(c) If C5(T)° =T, then N5(T) < N(T), and so Ng(T)/T = W, by Lemma 2.3. O

The following, more technical lemma will be needed in Section 6.

Lemma 3.10. Assume the hypotheses and notation in 2.2, and also that the o-setup (G, o)
is standard. Then under the action of Wy on X, each orbit contains elements of I1.

Proof. When p = Id, this is [Ca, Proposition 2.1.8]. When p # Id, it follows from the
descriptions of Wy and ¥ in [Ca, §§13.2-13.3]. O

4. THE EQUICHARACTERISTIC CASE

The following notation will be used in this section.

Notation 4.1. Assume the notation in 2.2, and also that p(I1) =11, qo = p, and Z(G) = 1.
Thus G = G(F,) is a connected, simple group over F, in adjoint form, o is a Steinberg

endomorphism of G of standard form, and G = O¥ (Cx(0)).
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(D) Set U = <X | € $y) and BY N@(U) — UT (the Borel subgroup of G). Set
U=Cgy0)=(XaladeS,), B=NgU), ad T=TnG.
Thus U = [[zes, Xa € SyL(G), and B = UT. (See, e.g., [GLS3, Theorems 2.3.4(d)

& 2.3.7], or [Ca, Theorems 5.3.3(ii) & 9.4.10] in the case of Chevalley groups.) When

J C Il is the image in E+ of a T-invariant subset J C II, let U3 < U be the subgroup
genemted by root groups for positive roots in X~ (J) ( the umpotent radical subgroup

associated to J), and set PB; = Na(Uz) = B(X_5|a € (J)) (the parabolic subgroup
associated to j) Thus U = Ug and B =*Bg. We also write Uz = Uygy and Pa = Pya)
for each o € 11.

(E) The height of a positive root o = > _ynyy € Xy (ny > 0) is defined by ht(a) =

> veniy- The height ht (@) of a class of roots @ € §+ is the minimum of the heights of
roots in the class Q.

(F) Set F = Fy(G) and L = L§(G).
(G) Set Uy = (Xz|a €S, anll = @) = (Xz | ht(@) > 2).

(H) The Lie rank of G is equal to \ﬁ], equivalently, to the number of mazimal parabolic
subgroups containing B.

For example, assume o = 1), o 7, where v € Aut(G) is a graph automorphism which
induces p € Aut(X,), and ¢, is the field automorphism induced by ¢ — ¢9. Then for a € s,
Xa = F, when @ = {a} contains only one root, Xz = F,. if @ = {p'(a)} is the p-orbit of «
with length a, and X35 is nonabelian if & contains a root a and sums of roots in its p-orbit.

We need the following, stronger version of Theorem 3.4.

Theorem 4.2 ([St1, §3]). Assume G is as in Notation 2.2 and 4.1. If o € Aut(G) is such
that a(U) = U, then o = ¢, df g for unique automorphisms ¢, € Auty(G), d € Inndiag(G) =
Aut(G), f € ®g, and g € T'g.

Proof. Let Naw(e)(U) < Aut(G) and Nindiag(c)(U) < Inndiag(G) be the subgroups of those
automorphisms that send U to itself. Since ®¢I'¢ < Nayy(e)(U) by definition, Theorem 3.4
implies that Naut(e)(U) = Nindiag@)(U) - (Pclc), a semldlrect product. Smce OoNTg =1,
it remains to show that Nundgiag(c)(U) = Auty(G)Autz(G) and Auty(G) N Autz(G) = 1.
The first is immediate: since Autz(G) < Nawe)(U) and Ng(U) =1TU,

NInndiag(G)(U) = (IHD(G)AUJCI:(G)) N NAut(G)(U)
= Auty, ) (G)Aut(G) = Auty(G)Auts(G) .

Finally, if ¢, = ¢, € Aut(G) where u € U and t € T, then ¢, = Idg, since u has p-power
order and t has order prime to p. U

Lemma 4.3. Assume G € Lie(p). Then for U € Syl (G), kg sends Out(G) injectively into
Out(F).

Proof. Assume that kg 7 is injective. We claim that Aut(G) injects into Aut(G/Z(G)),
and hence that k¢ is also injective. To see this, fix a € Aut(G) such that [a, G] < Z(G).
Recall that Z(G) has order prime to p (Proposition 3.8). For each g € G of p-power order,
a(g) = gz for some z € Z(G), and z = 1 since otherwise |zg| > |g|. Since G is generated by
such elements by definition of £ie(p), o = Idg, proving the claim. It thus suffices to prove
the lemma when G is in adjoint form.
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We can thus assume Notation 4.1. By Lemma 1.4, it will suffice to prove that Cpye(q)(U) <
Inn(G). Fix § € Aut(G) such that 8|y = Idy. By Theorem 4.2, there are unique automor-
phisms ¢, € Auty(G), d € Aut(G), f € @g, and g € I'g such that 3 = c,dfg.

If g # 1d, then it permutes the fundamental root groups nontrivially, while ¢,df|y sends
each such group to itself modulo higher root groups and commutators. Hence g = Id.
Similarly, f = Id, since otherwise § would act on the fundamental root groups (modulo
higher root groups) via some automorphism other than a translation.

Thus 3 = c,d, where d = ¢, for some t € Nz(G). Then u has p-power order while ¢ has
order prime to p, so d|y = ¢y = Id. By Lemma 2.4(c), ¢ sends each root group in U to
itself via z4(u) — T (fa(t)-u) for some character 6, € Hom(T, IFX) which is linear in . For

cach @ € 3, ¢t|x, = Id implies that 6,(t) = 1 for all @ € @. Thus 6,(t) =1 for all v € ¥,
so ¢; = Ildg, and 8 = ¢, € Inn(G). g

It now remains, when proving Theorem A, to show the surjectivity of k5. This will be
done case-by-case. We first handle groups of Lie rank at least three, then those of rank one,
and finally those of rank two.

For simplicity, we state the next two propositions only for groups of adjoint type, but they
also hold without this restriction. The first implies that each element of Aut(F) permutes
the subgroups U5 (as defined in Notation 4.1), and that each element of Aut(L£%(G)) induces

an automorphism of the amalgam of parabolics B ; for J ; IL.

Proposition 4.4. Assume Notation 4.1. For 1 # P < U, the following are equivalent:
(i) P =U; for some j; I1;

(i) P < B, Cy(P)<P,and O,(Outx(P)) =1; and

(ii) P <9 B, Cg(P)< P, and O,(Ng(P)) = P.

Hence for each ¢ € Aut(F), ¢ permutes the subgroups Uz, and in particular permutes the
subgroups Ug for a € II.

Proof. (i) = (iii): For each j\; I, Cq(U;z) = Z(U3) by [GLS3, Theorem 2.6.5(e)] (recall
that G is of adjoint type). Also, O,(Ng(Uz)) = Op(B7) = Uz, and U5 is normal in B since
N¢(U;) =B; > B.

(iii) = (ii): This holds since Outz(P) = Ng(P)/PCqs(P).

(ii) = (i): In this case, P 4 B, so Ng(P) > B, and Ng(P) = B; for some
J 11 (cf. [Ca, Theorem 8.3.2]). Then P < O,(B3) = Uz Also, U;Cq(P)/PCq(P
Op(Na(P)/PCq(P)) = 1, so Us < PCg(P). Since U; < U, this implies that U; <
PCy(P) = P;ie., that P =Us;. So()holds

The last statement follows from the equivalence of (i) and (ii). O

When G has large Lie rank, Theorem A now follows from properties of Tits buildings.

Proposition 4.5. Assume G € Lie(p) is of adjoint type and has Lie rank at least 3. Fiz
U € Syl (G). Then kg is split surjective.

Proof. Set £ = L{,(G). By Proposition 4.4, for each a € Aut(L), a permutes the subgroups
Uz for J G II. For each such J, Cq(U;) = Z(Uj), so Aut,(U;) = Ng(U;) = ;. Thus
a induces an automorphism of the amalgam of parabolic subgroups ‘B;. Since G is the
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amalgamated sum of these subgroups by a theorem of Tits (see [Ti, Theorem 13.5] or [Se,
p. 95, Corollary 3]), @ extends to a unique automorphism @ of G.

Thus o — a defines a homomorphism 5: Aut(L) —— Aut(G). If a = ¢, for v €
Aut,(U) = Ng(U), then & is conjugation by v € G and hence lies in Inn(G). Hence 5 factors
through s: Out(£) —— Out(G), k¢ o 5 = Idout(c), and thus k¢ is split surjective. O

Before we can handle the rank 1 case, two elementary lemmas are needed.

Lemma 4.6. Let G be a finite group with normal Sylow p-subgroup S < G such that Cg(S) <
S. Fix subgroups 1 = Sy < S < --- < Sp = S normal in G such that

(i) Sk-1 < Fr(5); and

(ii) foreach 1 <i <k —1,S; is characteristic in G, [S,S;] < Si—1, Si/Si—1 has exponent
p, and Homg ¢/s(S/Fr(S), S;/Si—1) = 0 (i.e., no irreducible F,[G/S]-submodule of
S;/Si—1 appears as a submodule of S/Fr(S5)).

Let a € Aut(G) be such that [, S] < Si—1. Then a € Autg(G).

Proof. For 1 # g € GG of order prime to p, the conjugation action of g on S is nontrivial since
Cs(S) < S, and hence the conjugation action on S/Fr(S) is also nontrivial (see |G, Theorem

5.3.5]). Thus G/S acts faithfully on S/Fr(S). Since a induces the identity on S/Fr(S), a
also induces the identity on G/S.

Assume first that als = Id. Since S is a p-group and G/S has order prime to p,
HY(G/S;Z(S)) = 0. So by [OV, Lemma 1.2], @ € Inn(G). If g € G is such that a = ¢,
then [g, S] = 1 since a|s = Id, and g € S since C(S) < S. Thus o € Autg(G) in this case.

In particular, this proves the lemma when k£ = 1. So assume k£ > 2. We can assume
inductively that the lemma holds for GG/S, and hence can arrange (after composing by an
appropriate element of Autg(G)) that o induces the identity on G/S;.

Let ¢ € Hom(S, S1) be such that a(x) = z¢(x) for each z € S (a homomorphism since
S1 < Z(95)). Then ¢ factors through @ € Hom(S/Fr(S), S1) since S; is elementary abelian,
and ¢ is a homomorphism of F,[G/S]-modules since a(g) = g (mod 5;) for each g € G (and
Sy < Z(S)). Thus ¢ = 1 since Homg,5(Sk/Sk-1,S1) = 0 by (ii), so a|s = Id, and we already
showed that this implies a € Autg(G). O

The next lemma will be useful when checking the hypotheses of Lemma 4.6.

Lemma 4.7. Fiz a prime p and e > 1, and set ¢ = p® and I' = F. For each a € Z, set
V., =F,, regarded as an FpI'-module with action A\(z) = Az for A €T and x € F,.

(a) For each a, V, is F,I-irreducible if and only if a/ ged(a,q— 1) does not divide p* — 1 for
any tle, t < e.

(b) For each a,b € Z, V, =V}, as F,I'-modules if and only if a = bp' (mod ¢ — 1) for some
1 € 7.

Proof. (a) Set d = ged(a,q — 1), and let t be the order of p in (Z/%)X. Thus t|e since
%’(pe —1). If t < e, then \* € Fy for each A € Fy, so 0 # Fpr G V, is a proper
F,I'-submodule, and V}, is reducible.

Conversely, if V, is reducible, then it contains a proper submodule 0 # W ; V, of
dimension i, some 0 < i < e. All I'-orbits in V,\0, hence in W0, have length %, SO
%‘(pi —1),and t <i<e.
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or each a € Z, let 7@ = e the -module where I' acts via A(x) = A\x. en
b) F h Z, let 'V F, be the F,I'-module where I A A Th

Fo@p, Vo 2V,® Ve @ @ Viper as FI-modules. Since V, =V, if and only if b = a
(mod ¢ — 1), V;, 2V, if and only if b = ap’ (mod q — 1) for some 1. O

In principle, we don’t need to look at the fusion systems of the simple groups of Lie rank 1
if we only want to prove tameness. Their fusion is controlled by the Borel subgroup, so their
fusion systems are tame by Proposition 1.6. But the following proposition is needed when
proving Theorem A in its stronger form, and will also be used when working with groups of
larger Lie rank.

Proposition 4.8. Fiz a prime p, and a group G € Lie(p) of Lie rank 1. Assume (G,p) 2
(Sz(2),2). Then each ¢ € Aut(F) extends to an automorphism of G. Also, if [p, U] < [U, U],
then ¢ € Inn(U).

Proof. 1f G is of universal form, then Z(G) is cyclic of order prime to p by Proposition 3.8. For
each Z < Z(G), Out(G/Z) = Out(G) by [GLS3, Theorem 2.5.14(d)], and Out(Fy(G/Z)) =
Out(Fy(G)) since G and G/Z have the same p-fusion systems. It thus suffices to prove the
proposition when G has adjoint form.

Assume first G = PSLy(q). Thus U = F, (as an additive group), T' = C(4-1)/. where

e =ged(g—1,2), and T o Autr(U) is the subgroup of index ¢ in Fy. If ¢ € Aut(U) is
fusion preserving, then under these identifications, there is a € Aut(I") such that a(u)p(v) =
¢(uv) for each uw € I' < Fx and v € F,. After composing with an appropriate diagonal
automorphism (conjugation by a diagonal element of PG Ly(q)), we can assume that ¢(1) =
1. Hence the above formula (with v = 1) implies that & = ¢|p, and thus that ¢(uv) =
o(u)p(v) for each u,v € F, with v € I". If ¢ = 1, then ¢ acts as a field automorphism on
U, hence is the restriction of a field automorphism of G, and we are done. Otherwise, there
is w € I' such that F, = F,(u), v and ¢(u) have the same minimal polynomial over F,, and
there is ¢ € Aut(F,) (a field automorphism) such that ¢(u) = p(u). Thus ¥ (u’) = @(u’)
for each i, so ¥ = ¢ since both are additive homomorphisms, and hence ¢ extends to a field
automorphism of G. (Note that this argument also holds when ¢ =3 and I' = 1.)

Next assume G' = PSUs(q). Following the conventions in [H, Satz I11.10.12(b)], we identify
_ q_ _ q+1 _ 1“7211 .
U—{[[a,b]Ha,bGIFqQ,b—l—b = —a’} where [[a,b]]-(gé ¢ ),

T={dN|reF)} where d()\) = diag(A™%, A7) N).

Here, whenever we write a matrix, we mean its class in PSUs(q). Then B = UT = Ng(U) <
G (see [H, Satz 11.10.12(b)]), and

[a,b] - [c,d] = [a+¢c,b+d—ac?] and  Wa,b] = [\"%a, A1) .
Set ¢ = ged(2¢ — 1,¢*> — 1) = ged(2qg — 1,¢* — 2q) = ged(g + 1,3). Then d(\) = 1 exactly
when X\* = 1, Cp(U) = 1, and hence |T| = |Autg(U/Z(U))| = (¢*> — 1)/e. If ¢ > 2, then
|T| does not divide p' — 1 for any power 1 < p' < ¢?, and by Lemma 4.7(a), U/Z(U) and
Z(U) are both irreducible as F,[T]-modules. (Note, in particular, the cases ¢ = 5 and g = 8,
where (U/Z(U),T) is isomorphic to (Fa5, Cg) and (Fey, Ca1), respectively.)

Fix ¢ € Aut(F), and extend it to a € Aut(B) (Lemma 1.12). Via the same argument
as that used when G = PSLs(q), we can arrange (without changing the class of ¢ modulo
Im(kq)) that ¢ = Id (mod [U,U]). If ¢ > 2, then the hypotheses of Lemma 4.6 hold (with
[U,U] <U < B in the role of S} < S5 =5 < G), so a € Auty(B) and ¢ € Inn(U).

If G = PSU3(2) 2 C% x Qg (cf. [Ta, p. 123-124]), then U = Qg and T = 1, so Out(F) =
Out(U) = ¥3. By Theorem 3.4 (or by direct computation), Out(G) = Outdiag(G)®P¢ has
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order six, since |Outdiag(G)| = ged(3,¢+ 1) = 3 and |®g| = 2. Thus k¢ is an isomorphism,
since it is injective by Lemma 4.3.

The proof when G = Sz(q) is similar. Set § = /2¢q. We follow the notation in [HB,
§ XI.3], and identify U as the group of all S(a,b) for a,b € F, and T' < B = Ng(U) as the
group of all d(\) for A € F, with relations

S(a,b) - S(c,d) = S(a+c,b+d+a’c) and d(’\)S(a, b) = S(\a, A1) .

As in the last case, we can arrange that ¢ € Aut(F) is the identity modulo [U,U]. Since
q > 8 (q # 2 by hypothesis), Z(U) and U/Z(U) are nonisomorphic, irreducible FyT-modules
by Lemma 4.7(a,b) (and since Z(U) = Vip and U/Z(U) = V; in the notation of that
lemma). We can thus apply Lemma 4.6 to show that ¢ € Inn(U).

It remains to handle the Ree groups 2Gy(q), where ¢ = 3™ for some odd m > 1. Set
6 = /3qg. We use the notation in [HB, Theorem XI.13.2], and identify U = (F,)* with
multiplication given by

(21,91, 21) (T2, Y2, 20) = (T1 + Do, Y1 + Yo + 7175, 21 + 20 — T1Y2 + Y1-72 — 31-25-79) .
Note that % = 2%, Let T < B = Ng(U) be the set of all d(\) for X € Fx, acting on U via
Wa,y, 2) = (e, A7y, X22).

Again, we first reduce to the case where ¢ € Aut(F) is such that [p, U] < [U, U], and extend
¢ to a € Aut(B). If ¢ > 3, then U/[U,U| = Vi, [U,U]/Z(U) = Vyy1, and Z(U) = Vyyo are
irreducible and pairwise nonisomorphic as F37T-modules by Lemma 4.7 (for V,, as defined in
that lemma), since neither # + 1 nor 6 4 2 is a power of 3. So ¢ € Inn(U) by Lemma 4.6.

If ¢ = 3, then U = (a,b), where |a| =9, |b] = 3, and [a,b] = a®. Set Q; = (ab’) = Cy
(i = 0,1,2): the three subgroups of U isomorphic to Cy. Let Aut®(U) < Aut(U) be the
group of those a@ € Aut(U) which send each @; to itself. For each such «, the induced
action on U/Z(U) sends each subgroup of order three to itself, hence is the identity or
(9 — g7'), and the latter is seen to be impossible using the relation [a,b] = a®. Thus each
a € Aut’(U) induces the identity on U/Z(U) and on Z(U), and has the form a(g) = gp(g)
for some ¢ € Hom(U/Z(U),Z(U)). So Aut’(U) = Inn(U) since they both have order 9
(and clearly Inn(U) < Aut’(U)). The action of Aut(U) on {Qo, Q1,Q2} thus defines an
embedding of Out(U) into X3, and the automorphisms (a,b) — (ab,b) and (a,b) — (a™*,b)
show that Out(U) = ¥3. Since |Outz(U)| = 2 and Autz(U) < Aut(F), it follows that
Out(F) =1 = Out(G). (See also [BC, Theorem 2| for more discussion about Aut(U).) O

It remains to show that kg (at the prime p) is surjective when G € Lie(p) has Lie rank
2, with the one exception when G = SL3(2). Our proof is based on ideas taken from the
article of Delgado and Stellmacher [DS], even though in the end, we do not actually need to
refer to any of their results in our argument. The third author would like to thank Richard
Weiss for explaining many of the details of how to apply the results in [DS], and also to
Andy Chermak and Sergey Shpectorov for first pointing out the connection.

Fix a prime p, and a finite group G € £Lie(p) of Lie rank two. We assume Notation 2.2
and 4.1. In particular, (G, o) is a o-setup for G, T < G is a maximal torus, U € Syl (G)
is generated by the positive root subgroups, and B = Ng(U) is a Borel subgroup. Set
Il = {@1, a5}, and set P, = Pa, = (B, X_5,) and Py = Pa, = (B, X_5,): the two maximal
parabolic subgroups of G' containing B. Our proofs are based on the following observation:

Lemma 4.9. Assume, for G € Lie(p) of rank 2 and its amalgam of parabolics as above, that

each automorphism of the amalgam (B, > B < Py) extends to an automorphism (%)
of G.
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Then kg s surjective.

Here, by an automorphism of the amalgam, we mean a pair (x1, x2), where either y; €
Aut(;) for i = 1,2 or x; € Iso(P;, P3_;) for i = 1,2, and also x1|p = x2|5-

Proof. Set £ = L§,(G) and U; = O,(B;). By Proposition 4.4, each x € Aut(L) either sends
U; and Uj to themselves or exchanges them. For each i = 1,2, Cq(U;) < Uy, so Autg(U;) =
Ng(U;) = ;. Thus y induces an automorphism of the amalgam (8, > B < %Bs). By
assumption, this extends to an automorphism x of G, and kg(x) = &. U

Set & = Py * pPo: the amalgamated free product over B. Let p: & —— G be the
natural surjective homomorphism. Since each automorphism of the amalgam induces an
automorphism of &, (%) holds if for each automorphism of (B; > B < PBy), the induced
automorphism of & sends Ker(p) to itself.

Let A be the tree corresponding to the amalgam (1 > B < 3). Thus A has a vertex
[¢°B;] for each coset ¢*B; (for all g € & and i = 1,2), and an edge g(ep) connecting [¢*F3;] to
[9°Bs] for each coset gB in &. Also, & acts on A via its canonical action on the cosets, and
in particular, it acts on g(ep) with stabilizer subgroup 9B.

Similarly, let Ag be the graph of G with respect to the same amalgam: the graph with
vertex set (G/%B1) U (G/P2) and edge set G/B. Equivalently, since P, By, and B are
self-normalizing, A is the graph whose vertices are the maximal parabolics in G and whose
edges are the Borel subgroups. Let p: A —— Ag be the canonical map which sends a
vertex [¢3;] in A to the vertex in Ag corresponding to the image of ¢%3; in G.

Fix a subgroup N < G such that (B, N) is a BN-pair for G, and such that BAN =T and
N/T = Wy (where T and W) are as defined in Notation 2.2). We refer to [Ca, §§8.2, 13.5] for
the definition of BN-pairs, and the proof that G has a BN-pair (B, N) which satisfies these
conditions. For ¢ = 1,2, choose t; € (N NP;)N\B = (N NP,)~\T'. Since (N NP,)/T = Cy
and N = (N NPy, N NPy), we have N = T'(t,t2), consistent with the notation in [DS].
Note that 1" can be the trivial subgroup. We also regard the t; € *J3; as elements of &, and
T < B as a subgroup of &, when appropriate.

Let .7 be the union of the edges in the T'(t, t3)-orbit of eg. Thus .7 is a path of infinite
length in A of the following form:

titati(ep) _ tita(ep) _ ti(es) _ eB . ta(ep) _ tati(ep)
[t1t2%1] [t1%B2] [P1] [B2] [t2%1]

Thus p(7) is an apartment in the building Ag under Tits’s definition and construction of
these structures in [Ti, 3.2.6].

A path in A is always understood not to double back on itself.

Lemma 4.10. Let G, A, (T,t1,t2), and 7 be as above, and let n € {3,4,6,8} be such that
Wy = Ds,. Then each path in A of length at most n + 1 is contained in g(7) for some
ge 6.

Proof. A path of length 1 is an edge, and is in the &-orbit of eg which has stabilizer group
B. If ep is extended to a path of length 2 with the edge t;(eg) (i = 1 or 2), then this path
has stabilizer group
Bn'B= ] Xa-T.
aesS~{a;}
(Recall that X5 = X _5,, and X_5 N B = 1 by [Ca, Lemma 7.1.2].) Thus the stabilizer
subgroup has index p’ in B, where p/ = |X5,|. Furthermore, |B;/B| = 1 + p/, since by [Ca,
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Proposition 8.2.2(ii)],
i = BU(Bt;B) where |Bt;B|=|B|-|B/(BN"“B)|=|B| -p.

Hence there are exactly p’ extensions of eg to a path of length 2 containing the vertex [}3;]
in the interior, and these are permuted transitively by B.

Upon continuing this argument, we see inductively that for all 2 < k < n+ 1, the paths of
length k& starting at ep with endpoint [B3_;] are permuted transitively by B, and of them,
the one contained in .7 has stabilizer subgroup the product of 7" with (n + 1 — k) root
subgroups in U. (Recall that B = TU, and U is the product of n root subgroups.) Since &
acts transitively on the set of edges in A, each path of length £ is in the &-orbit of one which
begins with ep (and with endpoint [J3;] or [Bs]), and hence in the B-orbit of a subpath of
. O

Proposition 4.11. Let G, &, and (T, t1,ts) be as above, and let n € {3,4,6,8} be such that
Wy =2 Ds,,. Assume that

for each (x1,x2) € Aut(Py > B < PBa), where x; € Aut(P;) or x; € )
Iso(PBs, Ps—i) for i = 1,2, we have (x1(t1)x2(t2))" € x1(T) < G.

Then (x) holds (each automorphism of (PB1 > B < Ps) extends to an automorphism of G),
and hence kg 1S onto.

Proof. Let =~ be the equivalence relation on the set of vertices in A generated by setting = ~ y
if z and y are of distance 2n apart in some path in the &-orbit of .7. Since T'(t,t2)/T = Do,
as a subgroup of Ng(T')/T, the natural map p: A —— Ag sends 7 to a loop of length
2n, and hence sends all apartments in the &-orbit of 7 to loops of length 2n. Hence
p: A —— Ag factors through A/~. We will show that p induces an isomorphism (A/~) =
Ag of graphs, and then use that and (}) to prove the proposition.

We claim that

A¢ contains no loops of length strictly less than 2n; and (1)

each pair of points in A/~ is connected by a path of length at most n. (2)

Assume (1) does not hold: let L be a loop of minimal length 2k (k < n). Fix edges o; = [z, yi]
in L (¢ = 1,2) such that the shortest path from z; to ys_; in L has length & — 1, and let
Ly € L be the path of length £ + 1 from x; through y; and x5 to ys. Then Ly lifts to a
path of length &k + 1 < n in A, this is contained in some apartment in the &-orbit of .7 by
Lemma 4.10, and hence Ly C 3, where ¥ C Ag is an apartment in the G-orbit of p(.7). By
[Ti, Theorem 3.3] or [Br, p. 86|, there is a retraction of Ag onto ¥. Hence the path from
Yo to x1 in X has length at most & — 1, which is impossible since ¥ is a loop of length 2n
and Lo is a path of length £ +1 < n in X. (See also [Br, §1V.3, Exercise 1]. Point (1) also
follows since Ag is a generalized n-gon in the sense of Tits [Br, p. 117], and hence any two
vertices are joined by at most one path of length less than n.)

Now assume (2) does not hold: let z, y be vertices in A such that the shortest path between
their classes in A/~ has length k > n+ 1. Upon replacing = and y by other vertices in their
equivalence classes, if needed, we can assume that the path [z,y] in A has length k. Let z
be the vertex in the path [x,y] of distance n + 1 from z. By Lemma 4.10, [z, 2] is contained
in g(.7) for some g € &; let 2’ be the vertex in ¢g(.7) of distance 2n from = and distance
n—1 from z. Then 2’ = z, and [2/,y| has length at most (n — 1)+ (k—n—-1)=k—2, a
contradiction. This proves (2).

Assume the map (A/~) —— Ag induced by p is not an isomorphism of graphs, and let
x and y be distinct vertices in A/~ whose images are equal in Ag. By (2), there is a path



38 CARLES BROTO, JESPER M. MOLLER, AND BOB OLIVER

from x to y of length at most n, and of even length since the graph is bipartite. This path
cannot have length 2 since p: A —— Ag preserves valence, so its image in Ag is a loop of
length at most n, and this contradicts (1). We conclude that Ag = A/~.

Let (x1,x2) be an automorphism of the amalgam (; > B < Pa), let x € Aut(&) be
the induced automorphism of the amalgamated free product, and let ¥ € Aut(A) be the
automorphism which sends a vertex [¢93;] to [x(¢B:)]. By (1),

(xa(t)xa(t2))" € xa(T) = x2(T) < Ca(p(X(7)))

where y1(t1)x2(t2) acts on X(.7) by translating it by distance 2. Hence p(X(.7)) is a loop of
length 2n in Ag. So po Y factors through (A/~) = A, and since Ag is a finite graph, the
induced map Ag —— Ag is an automorphism of Ag. So y sends Ker[® -, G] to itself,

and thus induces an automorphism of G. The last statement (k¢ is onto) now follows from
Lemma 4.9. O

It remains to find conditions under which (}) holds. The following proposition handles all
but a small number of cases.

Proposition 4.12. Assume N = Ng(T) (and hence Ng(T)/T is dihedral of order 2n).
Then (1) holds, and hence each automorphism of the amalgam (P > B < Ps) extends to
an automorphism of G. In particular, (1) and (x) hold, and hence kg is onto, whenever

G ="X,(q) € Lie(p) has Lie rank 2 for ¢ > 2 and G 2 Sp,(3).

Proof. Assume that Ng(T) = N = T'(t1,t5). Then the choices of the ¢; are unique modulo
T. Also, any two choices of T are B-conjugate, so each automorphism of the amalgam is B-
conjugate to one which sends 7 to itself. Thus (1) holds, and so (x) follows from Proposition
4.11.

The last statement now follows from Proposition 3.9. Note that if (1) holds for G of
universal type, then it also holds for G/Z(G) of adjoint type. O

What can go wrong, and what does go wrong when G = SL3(2), is that an automorphism
of the amalgam can send t,ty to another pair of elements whose product (modulo T') has
order strictly greater than 2n. This happens when .7 is sent to another path not in the
&-orbit of .7: one whose image in Ag is a loop of a different length.

Example 4.13. Assume G = SL3(2). In particular, T = 1. Let B be the group of upper
triangular matrices, let t; and ty be the permutation matrices for (12) and (23), respectively,
and set P, = (B, ;).

Consider the automorphism « of the amalgam which is the identity on B (hence on B),
and which is conjugation by ey (the involution in Z(B)) on Pa. Set t, = a(t;). Thus

A= (388)  ad h-(33))
001 010
One checks that t\ty, has order 4, so that (t|,t5) = Ds while (t1,t3) = Dg. In other words,
a sends the lifting (from Ag to A) of a loop of length 6 to the lifting of a loop of length 8,
hence is not compatible with the relation =, hence does not extend to an automorphism of

G.

We are left with seven cases: four cases with n = 4, two with n = 6, and one with n = 8.
Those with n = 4 are relatively easy to handle.

Proposition 4.14. Assume G is one of the groups Sp,(2), PSp,(3), PSUL(2), or PSUs(2).
Then (T) holds, and hence (x) also holds and kg is onto.
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Proof. In all cases, we work in the universal groups Sp,(q) and SU,(2), but the arguments
are unchanged if we replace the subgroups described below by their images in the adjoint
group. Recall that p is always the defining characteristic, so the second and third cases are

distinct, even though PSp,(3) = SU4(2) (see [Wi, §3.12.4] or [Ta, Corollary 10.19]).

Let (x1, x2) be an automorphism of (F; > B < Ps). Since all subgroups of B isomorphic
to T are conjugate to T by the Schur-Zassenhaus theorem, we can also assume that x;(7") =
T. Set xo = x1|B = x2|p and tf = x;(t;) for short; we must show that |tjt5| = n = 4. Note
that ¢t5 has order at least 4, since otherwise As would contain a loop of length strictly less
than 8 = 2n, which is impossible by point (1) in the proof of Proposition 4.11.

G = Sp,y(2) & 3¢ : Set ' = [G,G]: the subgroup of index 2. The elements z,(1) for
v € ¥ are all Aut(G)-conjugate: the long roots and the short roots are all W-conjugate and
a graph automorphism exchanges them. Since these elements generate GG, none of them are
in G'. Hence for i = 1, 2, all involutions in

<xai(1),I,ai<1)> = GLQ(Q) & 23
lie in GN\G’, and in particular, t; € GNG'.

Each automorphism of the amalgam sends the focal subgroup to itself (as a subgroup of
B), and hence also sends the intersections 3; N G’ to themselves. So t],t5 € GNG’, and
tith € G' = Ag. It follows that |tit5| < 5, and |tjt5| = 4 since every dihedral subgroup of
order 10 in g is contained in Ag.

G = Sp,(3) : In this case, T = C%, and Ng(T) = SLy(3) 1 Cy. Hence Ng(T)/T = Ay Cy
contains elements of order 2, 3, 4, and 6, but no dihedral subgroups of order 12. Since t;t}
has order at least 4, |t{t5| = 4, and condition (f) holds.

G = SU,(2) for n =4 or 5: We regard these as matrix groups via
SUn(Q) = {M S SLTL(4) | Mt = M_l} where (aij)t = (an+1_j7n+1_i) s

and where 7 = 22 for x € F,. We can then take B to be the group of upper triangular
matrices in SU,(2), U the group of strict upper triangular matrices, and 7' the group of
diagonal matrices. We thus have

T = {diag(m,x’l,x’l,x)‘xeﬁ} = ifn=4
T = {diag(z,y, 2y, y,z) ! z,y € Fy} = CF if n =>5.

Since N¢(T') must permute the eigenspaces of the action of 7" on F}, we have Ngy, 2)(T) =
GUy(2)0Cy (if n=4) or (GU3(2)1Cs) x FY (if n =5). So in both cases,

Nea(T))T = PGUy(2) 1 Cy & ¥30Cy =2 O3 % Dyg.
Set @ = Ng(T')/O3(Ng(T)) = Ds, and let ¢: Ng(T) —— @ be the natural projection.

Set Qo = ¥(Cq(T)). Since C(T)/T = X3 x X3 (the subgroup of elements which send each
eigenspace to itself), Qp = C% and Cg(T) = ¥~ Qo).

Choose the indexing of the parabolics such that 3, is the subgroup of elements which fix
an isotropic point and P, of those which fix an isotropic line. Thus

= { (1) < 002

and
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Then ¢(Ng, (T')) < Qo: no matrix in By can normalize 7" and exchange its eigenspaces. Also,
Np(T) contains Cy(T) = (e1,(1),e2,-1(1)), where e; ;j(u) denotes the elementary matrix
with unique off-diagonal entry w in position (i, j). Thus Qo > (N, (T')) > (Ng(T)) = C3,
so these inclusions are all equalities. Also, Py contains the permutation matrix for the
permutation (12)(n—1n), this element exchanges the eigenspaces of rank 2 for 7', and so
U (No, (T)) = Q.

Since T'(t1,t2)/T = Dy, (¢(t1),¢(t2)) = Q, and so ¢(t1) € Qo~Z(Q) and P(t2) € Q\Qo.
Since (1, x2) induces an automorphism of the amalgam (Q > Qo = @), this implies that
W(t7) € Qo~Z(Q) and ¥(t3) € Q~Qo. But then (Y(t7),9(t5)) = @Q since these elements
generate modulo Z(Q), so |tit;| € 4Z, and |tit5| = 4 since Ng(T')/T = Y30 Cy contains no
elements of order 12. 0

It remains to handle the groups Go(2), ®D4(2), and ?F4(2). In the first two cases, if ¢} is
an arbitrary involution in Ny, (T)N\Ng(T) for ¢ = 1,2, then t{t; can have order 6, 7, 8, or
12 when G = G4(2), or order 6 or 8 when G = 3D,(2), and there does not seem to be any
way to prove condition (f) short of analyzing automorphisms of the amalgam sufficiently to
prove (x) directly.

Let {«, 5} be a fundamental system in the root system of G5 where « is the long root.

Let a, o/, a” be the three long positive roots, and 3, 5/, 5" the three short positive roots, as
described in (3) below.

Let 70,71, 72,73 denote the four fundamental roots in the D4 root system, where vq is in
the center of the Dynkin diagram, and the other three are permuted cyclically by the triality
automorphism. Set 7;; = 7; + 7; (when it is a root), etc. We identify the six classes of
positive roots in 3D, with the roots in G by identifying the following two diagrams:

700123

o 1

AL {71727} (3)

Y012,
7023,
7013 Y0123

G

3D4 A

—« -0

The following list gives all nontrivial commutator relations among root subgroups of G(q)
or *Dy(q) (see [GLS3, Theorems 1.12.1(b) & 2.4.5(b)]):

[2a(u), 25(v)] = 25 (Fuv)zn (Fuv' ) (mod X X o) (4)
(), 25(0)] = 0 (e + ) (mod XuXy) ()
[0 (w), Tar (V)] = Tan (Fuv) (6)
(), 230 (0)] = (£ Tr()) 7)
[2g0(w), 25(v)] = Tar (£ Tr(uv)) (8)

Again, Tr: F s —— F, denotes the trace. Note that when G = G2(¢), then u,v € F, in all
cases, and hence u? = u?° = u, ©I+? = 42, and Tr(u) = 3u. When G = 3Dy(q), the notation
zg(—), xg(—), and xz(—) is somewhat ambiguous (and formula (5) depends on making the
right choice), but this doesn’t affect the arguments given below.
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Proposition 4.15. Assume p = 2 and G = G2(2). Then (x) holds: each automorphism
of the amalgam (P, > B < Pg) extends to an automorphism of G. (In fact, each au-
tomorphism of the amalgam is conjugation by some element of B.) In particular, kg is
onto.

Proof. In this case, T'=1, and
Pa = (C4 x Cy) x Dy and Py = (Qs X, Qg) X X3.
Also, B = U has presentation U = A x (r,t), where
A={a,b) 20Oy xCy, (rnt)=2Cs a=a?t, b=b" a=b, b=a.

In terms of the generators z., = z.,(1) for v € X, we have A = (zg s, xg:75) and O (A) =
(s, Tor), and we can take r = v, t = x,, and a = 25z (and then b = ). Note that (5)
takes the more precise form [xp, 23] = T4 in this case. Also,

Ua:A<T> = (C4 X C4) ><IC’2
Us = {ab™ ', a’t) X (a2p2) (ab, a’rt) = Qg X ¢, Qs

The last formula holds since G' = |G, G] = SUs(3) has index two in G (see [Wi, §4.4.4] or
[Di, pp. 146-150]), since xq, Tor, Tor € G’ (n0te that x, = [x_g, z4]), and since x4, x4, and
xgr are all G-conjugate and hence none of them lies in G'.

Fix an automorphism (X, xs) of the amalgam (P, > B < Pj), and set xo = Xa|lp =
Xs|p € Aut(B). Then y, normalizes each of the subgroups U,, U, and U N G'. Also, xo
normalizes U, NG’ = A, and since Us N G’ = (ab,ab™ " t) = Qg X, Cy contains a unique
quaternion subgroup, X, normalizes each of the two quaternion subgroups in Ug. After
composing by an appropriate element of Auty(Bs), we can arrange that xo(ab) = ab and
Xo(ab™') = ab~!. In particular, o induces the identity on ©;(A) and hence also on A/Q;(A).

Let g € B, be an element of order 3, chosen so that 9a®) = b? and 9b*) = a®b®. The
image of (g) in P,/A = Di is normal, so x.(g9) € Ag. Let z € Qi(A) be such that
Xa(b) = x0(b) = az. Then % € (ab,v*) < Ca(xo), $0 b = Xo(D) = 9(bx) implies that % = 1
and hence z = 1. Thus xola = Id. Also, xa({9)) € Syl;(*B,) is conjugate to (g) by an
clement of A, so we can arrange that x.((g9)) = (¢9) and hence that xq|a(y = Id. But then
Xa is the identity modulo Cy, (A(g)) = Z(A(g)) =1, so xo = Idsp,.

Since xg|v, = Id, x induces the identity modulo Cy, (Us) = Z(Ug) = C,. It thus has the

form yp(x) = x¢(x) for some ¢ € Hom(Ps, Z(Us)). Hence x5 = Id, since it is the identity
on U € Syl,(PBg). O

Proposition 4.16. Assume p =2 and G =3D4(2). Then (%) holds, and k¢ is onto.

Proof. In this case, T = F§ = C7, Po/Us = C7 x X3, and Pps/Uz = SLy(8). Also, by (6)
and (7), Up is extraspecial with center X,~. Fix an automorphism (xa, xs) of the amalgam
(Bo > B < Pp), and set xo = Xalp = Xxs|p. We must show that x, and yz are the
restrictions of some automorphism of G.

By Theorem 3.4, and since Outdiag(SLy(8)) = 1 = I'gz,s), Out(Ps/Us) = Out(SL(8))
is generated by field automorphisms, and hence automorphisms which are restrictions of
field automorphisms of G. So we can compose xg and X, by restrictions of elements of
Autp(G)Pg = NAut,Bﬁ(G)(U)d)G, to arrange that xz induces the identity on Bg/Us. Then,
upon composing them by some element of Auty(G), we can also arrange that yo(7) = T.
Since Xg and Xg» are dual to each other by (7) and hence nonisomorphic as Fy[T']-modules,
Xo sends each of them to itself.
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Since xo(T) = T, xo sends Cy(T) = XoXuXor = Dg to itself. It cannot exchange the
two subgroups X,X,» and X, X,» (the first is not contained in U, and the second is),
s0 Xolcy(ry € Inn(Cy(T')). Hence after composing by an element of Aute,(1)(G), we can
arrange that xo is the identity on this subgroup. Also, by applying (4) with v = 1, and since
Xolx, = Id (mod Us) and [X,, Us] < X, we see that xo is the identity on Xz Xgr. We
conclude that xq is the identity on Ug.

Since xp induces the identity on Us and on Pz/Up, it has the form xg(x) = x¢p(x) (all
x € Pg) for some

Y € Hom(PBs/Up; Z(Us)) = Hom(SL2(8),Cy) = 1.
So xp = Idsp,.

Now, Cyp, (T') = X4 x C7, and Out(%,) = 1. Hence xa|cy, () must be conjugation by some
element z € Z(Cy(T)) = Xov = Z(*Pp). After composing x, and xz by restrictions of c,,
we can thus assume that x, is the identity on Cyp, (7') (and still x5 = Idy,). Since xo|v = Id
and B, = (U, Cy,,(T')), we have x, = Idg, . d

It remains only to handle ?F(2) and the Tits group.

Proposition 4.17. Assume G = ?Fy(2)" or *F4(2). Then kg is an isomorphism.

Proof. By the pullback square in [AOV, Lemma 2.15] (and since Out(£) is independent of
the choice of objects in £ by [AOV, Lemma 1.17]), k¢ is an isomorphism when G = %Fy(2)
if it is an isomorphism when G is the Tits group. So from now on, we assume G = 2y (2)’.

We adopt the notation for subgroups of G used by Parrott [Pal. Fix T" € Syl,(G), and
set Z = Z(T) = Cy, H=Cg(Z), and J = Os(H). Let z € Z be a generator. Then H
is the parabolic subgroup of order 2 -5 |J| = 2° and H/J = C5 x Cy. Set E = [J, J].
By [Pa, Lemma 1], E = Zy(J) = Fr(J) = C3, and by the proof of that lemma, the Sylow
5-subgroups of H act irreducibly on J/E = Cy and on E/Z = Cj. Since each element of
Auty;(J/E) sends Cy/p(T/J) = Cs to itself,

AutH/J(J/E) = {IdJ/E} and
|Hompy,;(J/E,E/Z)| < |Homp, ;s (J/E, J/E)| =2. (9)

Let N > T be the other parabolic, and set K = Oy(N). Thus N/K = %3, and [T : K| = 2.
Fix P € Syl.(H) C Syl,(G) (so P = C5). By [Pa, p. 674], H/E = (J/E) - (Na(P)/Z),
where Ng(P)/Z = H/J = C5 x Cy. For each f € Aut(H) such that 8(T) = T, there is
p1 = B (mod Aut;(H)) such that 51(P) = P. Since each automorphism of H/J which sends
T/J =2 Cy to itself is conjugation by an element of 7'/ J, there is 8 = 1 (mod Auty,py(H))
such that 5 induces the identity on H/J. By (9), B2 also induces the identity on J/E, and

hence on H/E = (J/E) - (Ng(P)/Z). Thus
Nawm)(T) = Autp(H) - {8 € Aut(H) | B(P) =P, [5,H] < E}. (10)

Now set £ = L$(G) for short, and identify N = Aut,(K) and H = Aut,(J). For each
a € Aut(L), let ay € Aut(H) and ay € Aut(N) be the induced automorphisms, and set
ar = OJH‘T = OéN|T. Set

A(] = {Oé c Aut(ﬁ) ‘ [OéH,H] < F and aH|p = Idp} .
By (10), each class in Out(L£) contains at least one automorphism in 4.

Fix o € Ap. Since [ay, H| must be normal in H, we have [ay,H| € {FE,Z, 1}. If
lay, H| = Z, then ay|;p = 1d, so [ay, K| = [ay, K] = Z, which is impossible since Z is not
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normal in N by [Pa, Lemma 6] (or since z ¢ Z(G) and G = (H, N)). Thus either ay = Id,
or [ay,H| = E.

If ag = Idy, then ay|r = Id. In this case, ay determines an element of H'(N/K; Z(K))
whose restriction to H'(T'/K; Z(K)) is trivial, and since this restriction map for H'(—; Z(K))
is injective (since T/K € Syl,(N/K)), any € Inn(N) (see, e.g., [OV, Lemma 1.2]). Hence
ay € Autz(N) since ay|r = Id (and Z = Z(T)). So a € Autz(L) in this case, and
[a] =1 € Out(L).

Set H = H/Z, and similarly for subgroups of H. Let ay € Aut(H) and ar € Aut(T)
be the automorphisms induced by ay and ar, and set 8 = ar|y. Then E = Z(J) since
E = Zy(J), so B(g) = gp(g) for some ¢ € Hompy;(J/E, E). If ¢ = 1, so that [a, J] < Z,
then since a|p = Id, we have [y, H|] < FE and so ay = Id.

We have now constructed a homomorphism from Ay to Homp,;(J/E, E) with kernel
Autz(L). Thus

|Out(£)] < |Ag/Autz(L)| < [Homp,,(J/E, E)| < 2.

where the last inequality holds by (9). Since |Out(G)| = 2 by [GrL, Theorem 2], and since
k¢q is injective by Lemma 4.3, this proves that k¢ is an isomorphism.

Alternatively, this can be shown using results in [Fn]. Since T/[T,T] = Cy x Cy by the
above description of T/E (where E < [T,T]), Aut(7T") and hence Out(L) are 2-groups. So
each automorphism of the amalgam H > T < N determines a larger amalgam. Since the
only extension of this amalgam is to that of ?/4(2) by [Fn, Theorem 1], [Out(£)|=2. O

5. THE CROSS CHARACTERISTIC CASE: I

Throughout this section, we will work with groups G' = Cg () which satisfy the conditions
in Hypotheses 5.1 below. In particular, 5.1(I) implies that G is not a Suzuki or Ree group.
We will see in Section 6 (Proposition 6.8) that while these hypotheses are far from including
all finite Chevalley and Steinberg groups, their fusion systems at the prime p do include
almost all of those we need to consider.

For any finite abelian group B, we denote its “scalar automorphisms” by
YP € Aut(B),  P(g)=¢*  for all k such that (k,|B|) =1
and define the group of its scalar automorphisms
Autye(B) = {v¢ | (k,|B|) = 1} < Z(Aut(B)) .
Hypotheses 5.1. Assume we are in the situation of Notation 2.2(A,B,C).
(I)  Let p be a prime distinct from qo such that p}|W0|. Assume also that 0 = 1,0y =

v o1, € End(G), where
e ¢ is a power of the prime qo;

® b, € O is the field automorphism (see Definition 3.1(a)); and

o v € Aut(G) is an algebraic automorphism of finite order which sends T to itself and
commutes with vy, (so that 1, (G) = G).

Also, there is a free (T)-orbit of the form
{ag,a9,..., a4} or {tay, tay, ..., tag}

in ¥ such that the set {aq,as, ..., a4} is linearly independent in V.
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(I) The algebraic group G is of universal type, and Ng(T) contains a Sylow p-subgroup of
G. Set A= Oy(T), and fix S € Syl,(Na(T)) C Syl,(G); thus A < S.

(III) Assume one of the following holds: either

(IIL.1) ¢ =1 (mod p), g =1 (mod 4) if p =2, |y| <2, and v € 'z (thus p(I1) = 11); or

(I11.2) p is odd, ¢ = —1 (moii p), G is a Chevalley group (i.e., v € Inn(G)), and
v(t) =" for each t € T; or

(II1.3) p is odd, |T| = ord,(q) > 2, Ca(Oy(Wy)) = 1, Cs(21(A)) = A, Autg(A) =
AutWO(A),

Naue(a) (Autyy, (A)) < AutSC(A)AUtAut(G)<A>

where Autaya)(A) = {8]4]6 € Aut(G), 6(A) = A}, and

Autyy, (A) N Autg(A) < (114 if 2|ord,(q) or —Id ¢ W
0 T 1 (Vs vdy)  otherwise,

Since Wy acts on T' by Lemma 2.3, it also acts on A = O,(T).

We will see in Lemma 5.3 that the conditions Cs(€21(A)) = A (or Cs(A) = A when p = 2)
and Autg(A) = Auty, (A), both assumed here in (II1.3), also hold in cases (III.1) and (I11.2).

Recall, in the situation of (II1.3), that |7| = |y|z| by Lemma 3.2.

Note that the above hypotheses eliminate the possibility that G be a Suzuki or Ree group.
Since we always assume the Sylow p-subgroups are nonabelian, the only such case which
needs to be considered here (when gy # p) is that of ?Fy(g) when p = 3, and this will be
handled separately.

By Lemma 3.2, whenever 0 = 1, o 7, and 7 is an algebraic automorphism of G' which
normalizes T, there is 7 € Aut (V') such that 7(3) = ¥ and 0(X,) = X,(q) for each o € 3. So
under Hypotheses 5.1, the condition at the beginning of Notation 2.2(C) holds automatically,
and with p = 7|x. To simplify the notation, throughout this section and the next, we write
T = p to denote this induced permutation of ¥.

The following;\ notation will be used throughout this section, in addition to that in Notation
2.2. Note that IT and ¥ are defined in Notation 2.2(C) only when p(II) = II, and hence only
in case (IT1.1) of Hypotheses 5.1. It will be convenient, in some of the proofs in this section,
to extend this definition to case (IIL.2).

Recall (Notation 2.2) that for « € ¥, w, € W denotes the reflection in the hyperplane
at CV.

Notation 5.2. Assume we are in the situation of Notation 2.2 and Hypotheses 5.1.

(D) If (II1.2) holds, then set & =%, 1 =11, and Vo = V. Note that Wy = W in this case.

(B) If (IIL.1) holds, then for each & € 5, let wg € Wy be the element in (wq |« € &) which
acts on Vy as the reflection across the hyperplane <a>i and which exchanges the positive

and negative roots in the set (&) N X. (Such an element exists and lies in Wy by [Ca,
Proposition 13.1.2].)
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(F) If (IIL.1) or (II.2) holds, then for each a € ¥ and each @ € S, set
Ko=(Xo, X _4) To = ha(F))
Ks=(K,|a€a) Ta = (Ty|aca).
(G) Set N = Ng(T)/Op(T), and identify A = O,(T') with T/Oy(T) < N. If (IIl.1) or
(I11.2) holds, then for & € ¥, set Az = ANT5.
(H) Set F = Fs(G), and
Aut(A, F) = {8 € Aut(A) | 8 = B4, some 3 € Aut(F)}.
Set Autging(F) = Caur)(A) = {8 € Aut(F)|Bla = 1d}, and let Outging(F) be the
image of Autgiag(F) in Out(F).

Note that when (G, o) is a standard setup (i.e., in case (IIL.1)), Wy acts faithfully on V
(see [Ca, Lemma 13.1.1]).

Recall that N = Ng(T')/Oy (T'). We identify A = O,(T") with T/0,,(T') < N.
Lemma 5.3. Assume Hypotheses 5.1 and Notation 5.2.
(a) If condition (I11.1) or (III.2) holds, then Cy (A) = 1, Cz(A) = C5(T) = T,Ca(A) =T
and Cs(A) = A. If p is odd, then Cyw(Q1(A)) =1 and Cs(21(A)) = A.
(b) If Cz(A)Y = T (in particular, if (II1.1) or (IIL2) holds), then Ng(A) = Ng(T) <
Né(T), and the inclusion of Ng(T) in Né(T) induces isomorphisms Wy = Ng(T') /T =
N/A. Thus Autg(A) = Auty, (A).

-

Proof. (a) Assume condition (III.1) or (III.2) holds. We first prove that Cy (A) = 1, and
also that Cy(Q21(A)) = 1 when p is odd.

If pis odd, set Ag = Q1(A) and p = p. If p =2, set Ag = Q3(A) and p = 4. Thus in all
cases, Ag is the p-torsion subgroup of A. Set € = 1 if we are in case (III.1), or ¢ = —1 in
case (II1.2). By assumption, p[(¢ —¢). Choose A € F¥ (or A € F; if e = —1) of order p. Set
II = {C(l, . ,Ctr}. Fix w € CW(A(])

Assume first G = G(q), a Chevalley group. Then T' = {t eT ‘ t1—¢ = 1}, and Ay contains
all elements of order pin T. So w = 1 by Lemma 2.7.

Now assume that Id # v € T'g; i.e., G is one of the Steinberg groups ?A,.(q), *Dy(q), or
°Eg(q). Then Cz(v) is a simple algebraic group of type By, Cp,, or Fy (cf. [Ca, §13.1-3])
with root system S C Vo = Cy(7), and Ay contains all p-torsion in Cz(y). By Lemma 2.7
again, w|y, = Id. Since w and 7 are both orthogonal, w also sends the (—1)-eigenspace for
the action of 7 to itself, and thus w € Cy (1) = Wy. But Wy acts faithfully on V4 (see, e.g.,

[Ca, 13.1.1]), so w = 1.

Thus Cw(Ag) = 1. Hence Cx(Ag) = T by Proposition 2.5, and the other statements
follow immediately.
(b) If C5(A)° =T, then N5(T) < N4 (A) < N5 (T) (recall that A is the p-power torsion in

T). If g € N5(T) and 0(g) = g, then g also normalizes T' = Cz (o). Thus Ng(T) = Ng(A) <

Ng(T'), and hence Ng(T)/T = Wy by Lemma 2.3. The identification N/A = Ng(T)/T is
immediate from the definition of N. U

We next look at the centralizer of the Weyl group acting on T or T.



46 CARLES BROTO, JESPER M. MOLLER, AND BOB OLIVER
Lemma 5.4. Assume Hypotheses 5.1, case (I11.1), and Notation 5.2.

(a) Assume that all classes in & have order 1 or 2. (Equivalently, 7(a) = a or 7(a) L
for each a € ¥.) Then Cz(Wy) = C2(W) = Z(G), and Z(G) = Cr(Wy).

(b) Assume that S contains classes of order 3. Then G 2 SLo,_ ((Fy,) and G = SUs,_1(q)
for some n > 2. Also, Cz(Wy) = ]FX , and o(t) =t79 for all t € Cz(Wh).

Proof. (a) Assume that 7(a) = a or 7(a) L « for each a € 3. We first show, for each
a = {a,7(a)} € II, that Cr(wg) = Cz(Wa, Wr(a)). This is clear if a = 7(a). If a L 7(a),
then wg = Wawr(a), so if t € Cx(w ) then w,(t) = wy)(t) and 7 wa(t) =t w(q)(t).
Also, t7tw,(t) € T, and w0 (t) € TT(a) by Lemma 2.4(e). Since T, N TT(a) =1 by
Lemma 2.4(b), t~'wq(t) = 1, and hence t € Cz.(Wa, wr(a))-

Since W = (wq |a € II), this proves that Cz(Wy) = Cz(W). Since G is universal,
Cz(W) = Z(G) by Proposition 2.5. In particular, Cr(Wy) < G N Z(G) < Z(G); while
Z(GQ) < Cr(Wy) since Cq(T) = T by Lemma 5.3(a).

(b) Assume S contains a class of order 3. Then by [GLS3, (2.3.2)], v # Id, G = SLg,_1,
and G = SUy,_1(q) (some n > 2). Also, if we identify

T = {diag(A1,..., Aon1) | X € F

(67

MAg- - Agn1 =1},

q0°
and identify W = 3, 1 with its action on T permuting the coordinates, then

V(dlag()\lv T )\27171)) = diag()\gnl—b R )‘Il)>
and Wy = Cy 0 X, is generated by the permutations (i2n—i) and (ij)(2n—i2n—j) for
i,j < n. So Cz(Wy) is the group of all matrices diag(Ay, ..., A2p—1) such that A\; = A, for
all i # n and A\, = /\l_(gn_Q), and Cz(Wo) = IF‘(IXO. Also, v inverts Cz(Wo), so o(t) =t~ for
t e OT(WO) [l

Recall (Notation 5.2(F)) that when case (III.1) of Hypotheses 5.1 holds (in particular,
when p = 2), we set Kg = (Ko |a € @) for @ € 3, where K, = (X4, X_o). The conditions
in (II1.1) imply that each class in 3 is of the form {a}, {o, (@)}, or {o, 7(), a + 7(a)} for
some «. This last case occurs only when G = SU,(q) for some odd n > 3 and some ¢ = 1
(mod p or mod 4).

Lemma 5.5. Assume Hypotheses 5.1, case (I111.1), and Notation 5.2. For each o € X,
K, = SLy(F,,). For each @ € S, Ka ™ SLy(F,,), SLy(Fy) % SLa(F,,), or SLs(F,,) whenever
the class & has order 1, 2, or 3, respectively. Also, GN Ky is isomorphic to SLy(q), SLy(¢?),
or SUs(q), respectively, in these three cases.

Proof. By Lemma 3.10, each class in S is in the Wy-orbit of a class in II. So it suffices to
prove the statements about K, and K5z when o € II, and when & € II is its equivalence
class.

By Lemma 2.4(b) (and since G is universal), Ko = SLy(F,,) for each o € II. So when
a=7(a) (when |a] = 1), Kg = K, = SLy(Fy,).

When a # 7(a) and they are not orthogonal, then G = SLy,,,(F,,) for some n, and the
inclusion of SL3(Fy,) is clear. When o L 7(«), then [Ko, K;)] =1, and Ko N K (o) = 1
by Lemma 2.4(b) and since G is universal, and since the intersection is contained in the
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centers of the two factors and hence in the maximal tori. Hence K; = (Xia,XiT(a)) =
Ko X Kooy = SLa(Fyy) x SLa(Fy,).

In all cases, since G is universal, G N K5 = Czlo) N Ks= Cx (0). If @ = 7(«), then v
acts trivially on K4, and Cx . (0) = SLy(q). If v L 7(r) then 7 exchanges the two factors
and CRa(U) ~ SLy(¢%). Finally, if @ # 7(«) and they are not orthogonal, then v is the
graph automorphism of SLs(F,,), so C% (o) = SUs(q). O

Recall, for @ € &, that Az = AN Ty, where Tz = <ha(]?é<o) | € @). These subgroups are
described in the next lemma.

Lemma 5.6. Assume that G and (G, o) satisfy Hypotheses 5.1, case (II1.1) or (II1.2).
Assume also Notation 5.2.

(a) If 7 #1d (hence we are in Case (II1.1)), then for each @ € 3,
We, if @ = {a}
Wa = § Walr(a) ifa={a,7(a)}, o L 7(c)

Watr(a) = WalWr@)Wa if @ = {a,7(a), a0+ 7(a)},

7o T, if a = {a}
N TaxTre ifa,7(@) €8, a#7(a),
and
Bu(\) = ha(X) if @ ={a}, N
“ ha(Mhr@) (A1) if o, 7(a) €@, a # T(a), A € F5.

(b) In all cases, T = Cz(¥yy) = [lseh C’Ta(wq’y) and hence A = [],.q Aa (direct products).

(c) Sete =1 if we are in case (II1.1), or e = —1 if we are in case (II1.2). Set m = v,(¢—¢).
For each a € X,

o~ LW INEFS, M= A} = Cp e ifd = {a)
T el = G if @, 7(a) € @, 0 £ 7(a).

In particular,

Com ifp=2and |a] =1

Az = Cpm if p is odd,; Az = .
pr BP0 {sz+1 if p=2and |a| > 2.

Proof. Recall that & and II are defined in Notation 2.2(C) only when p(IT) =TI i.e., in case
(ITI.1) of Hypotheses 5.1. In case (II1.2), they were defined in Notation 5.2(D) by setting

Y =3 and II =1II (and also W, = W in this case).

(a,c) If we are in case (III.1) of Hypotheses 5.1 (where the o-setup is standard), then by
Lemma 3.10, each orbit of W, under its action on S} contains an element of II. If we are in
case (I11.2), then since Wy = W, S = Y, and = I1, the same statement follows from [Ca,
Proposition 2.1.8]. So it suffices to prove these two points when a € 1.

The formulas for wg, T, and ﬁa(/\), and the description of GN T4 = CTa<‘7)7 are clear
when @ = {a}. So assume now that a@ = {«a, 7(a)} or {o, 7(), @ + 7(a) }, where a # 7(av).
By the definition in Notation 5.2(E), wa € (wa, w;(a)) acts on Vo = Cy(7) as the reflection
across the hyperplane (@), and exchanges the positive and negative roots in (&) N X. If
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o L 7(a), then [wq, wr(q)] = 1, and hence wy is the product of these reflections. If |a| = 3,
then (wa,wf(aﬁ = Y3, and one sees by inspection that wair(a) = WaWr(a)Wq is the only
element which satisfies the above conditions.

If |a] = 3, then TaJrT(a) < TQTT(Q) by Lemma 2.4(d). Hence Ts; = TQTT(Q) whenever
a # 7(a) € @. We can assume a, 7(a) € II, and 80 T N Tr(a) = 1 by Lemma 2.4(b).
By definition (see Notation 2.2(C)), for A € F, if ﬁa()\) is defined, it has the form
ha(X)hz o) (1) for some p € Fy,. Since
0 (ha (M) r(a) (1) = ha () hr(a) (A7) ,
this element lies in G if and only if = A% and A7 = ); i.e., A € FJ5.

This proves the formulas for /fza(/\) in (a), and also the description of G N T4 in (c). The
last statement in (c) is now immediate, since v,(¢*> — 1) = m + v,(¢ + 1) = m (if p is odd)
orm+1 (if p=2).

(b) By Lemma 2.4(b), T = [[,cnTo = [1acsi Ta (a direct product), the last equality by
(a). The direct product decompositions for 7" and A = O,(T") follow immediately. O

We would like to know that fusion preserving automorphisms of S (i.e., elements of
Aut(Fs(G))) permute the subgroups Az < S. We next characterize (when possible) these
subgroups in terms of fusion in S. Recall the definition of the focal subgroup of a saturated
fusion system JF over a finite p-group S:

foc(F) = (zy~'|z,y € S, x is F-conjugate to y).

By the focal subgroup theorem for groups (cf. [G, Theorem 7.3.4]), if F = Fg(G) for some
finite group G with S € Syl (G), then foc(F) = SN [G,G].

Lemma 5.7. Assume Hypotheses 5.1, case (111.1) or (II1.2), and Notation 5.2.

(a) If p is odd, then [wg, A] = Ag for each a € S. Ifp = 2, then for each @ € 3,
[wa, A] < Az with index at most 2, and [wg, A] = Ag with the following exceptions:

e 7=1Id, G Ay, and & = {a}; or
e 7=1d, G=C, forn>2 (or By), and & = {a} where a is a long root; or
o |7|=2,G= D, forn>3 (orA;s), and & = {«a,7(a)} where a L 7(a); or
o 7| =2,G= Ay, forn>1, and |a] = 3.
(b) For each w € Wy of order 2, w = wg for some & € S if and only if [w, A] is cyclic.
(¢) If p =2, then for each a € S
Ca(Calwa)) = {TKa+7(a) if & :_{a,T(a), a+7(a)}. 1)
If in addition, |a| < 2, then
Az = AN [Ca(Ca(wa)), Ca(Ca(wa))] = ANfoc(Cr(Calwa))).

Proof. As in the proof of Lemma 5.6, we can assume in the proofs of (a) and (c) that a € 1.

(a) Fixa €Il,and let a € II be its class. By Lemma 2.4(e) and since wg € (Wa, Wr(a)), WE
have [wa, A] < ANTsz = Az in all cases. By the same lemma, wz(ho(A)) = ho(A71) for all
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A€ F if [a] <25 and wa(ha(X)) = ha(A79) for A € F if |a] = 3. So [wg, A] = Ag if p is
odd, and (since Aj is cyclic by Lemma 5.6(c)) [wa, A] has index at most 2 in Az if p = 2.

Assume now that p = 2, and hence that ¢ = 1 (mod 4). If 7 = Id (and hence a = {a}),
then for each 8 € IT and each A € F¢, Lemma 2.4(e) implies that

hﬁ(/\) if 5 1L a
wa(hs(X) = § he(Mha(X) i B Lo, [|B] = (o]
he(Nha(N) i B L, flall = vVE- IBIl, b =1,2,3.
(Note that ws(8Y) = 8Y, Y + Y, or Y + kaV, respectively, in these three cases.) Since T
is generated by the hg(A) for 5 € H and \ € ]F , it follows that [w,, A] has index 2 in A,
exactly when |II| = 1, or there are roots with tWO lengths and ratio v/2, a is a long root,
and is orthogonal to all other long roots in II. This happens only when G = A; or C,.

Now assume |7| = 2. In particular, all roots in ¥ have the same length. By Lemmas 2.4(e)
and 5.6(a), for each 5 € II\a such that § L o and with class 6 € H we have

hs(Nha(N) if |5\ =1and \ € F¥
wa(hs(N) = @(A)Ea(x) if |5| > 2. |8 =2, and ) € F,
hg(A)ha (X)) if 18] > 2, @] =1 or 3, and /\ S

By these formulas and Lemma 5.6(c), [wg, A] = As exactly when |a| = 1, or |a] = 2 and
there is some € II such that § £ «a and § # 7(8). The only cases where this does not
happen are when G = D,, or A3 and |a] = 2, and when G = A,,, and |a| > 3.

(b) For each @ € &, [wa, A] < Az by (a), and hence is cyclic. It remains to prove the
converse.

Recall (Notation 5.2(D)) that when we are in case (III.2) (and hence the setup is not
standard), we define V) = V. By assumption, G is always a Chevalley group in this case.

Let w € W, be an element of order 2 which is not equal to wg for any a. If G is a Chevalley
group (if Wy = W and Vj = V), then Cy(w) contains no points in the interior of any Weyl
chamber, since W permutes freely the Weyl chambers (see [Brb, §V.3.2, Théoreme 1(iii)]).
Since w is not the reflection in a root hyperplane, it follows that dim(V/Cy(w)) > 2. If G
is a Steinberg group (thus in case (III.1) with a standard setup), then Wy acts on V; as the
Weyl group of a certain root system on V; (see [Ca, §13.3]), so dim(Vy/Cy,(w)) > 2 by a
similar argument.

Set ¢ = +1 if we are in case (III.1), or ¢ = —1 if we are in case (II1.2). Set m = v,(q —¢),
and choose A € (F2)* of order p™. Set A = ZXY, regarded as the lattice in V' with Z-basis

V={a"|aell}. Let

®y: A/p"A ——— T

be the Z[W]-linear monomorphism of Lemma 2.6(b) with image the p™-torsion in T. Thus
Py(a¥) = ha(A) for each o € X. Also, 0(ha()X)) = hr@)(A) for each a € ¥ (A7 = X by
assumption), and thus ®, commutes with the actions of 7 on A < V and of ¢ on T.

Set Ag = Cx(7) in case (III.1), or Ag = A in case (II1.2). Then Ch/pma(T) = Ag/p™A¢ in
case (IIL.1), since 7 permutes the basis ITV of A. We claim that ®, restricts to a Z[Wy]-linear
isomorphism

Dg: No/p" Ao ——— U (A)
where €2,,,(A) is the p™-torsion subgroup of A and hence of T' = Cz (o). If G is a Chevalley
group (in either case (III.1) or (IT1.2)), then Ag = A, so Im(®y) is the p™-torsion subgroup
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of T and equal to Q,,(A). If G is a Steinberg group, then € = +1, each element of order
dividing p™ in T is fixed by #?, and hence lies in €,,(A) if and only if it is fixed by ~ (thus
n @)\(CA/pmA(T))).
Thus [w, A] > [w, Qn(A)] = [w, Ag/p™Ao]. Set B = Ay/p™A¢ for short; we will show that
[w, B] is noncyclic. Set
r =rk(Ag) = dim(Vp) and s = 1k(Ch, (w)) = dimg(Cy, (w)) < r —2.
For each b € Cp(w), and each v € A such that b = v + p"Ag, v + w(v) € Cy,(w) maps to
2b € Cp(w). Thus B = (Z/p™)", while {2b|b € Cp(w)} is contained in Cy,(w)/p™Ch,(w) =
(Z/p™)*. Since p™ > 2 by assumption (and r — s > 2), it follows that B/Cp(w) = [w, B] is
not cyclic.
(c) Fix @ € &. We set up our notation as follows.
Case (1): |a| = 1 or 3. Set o = a if @ = {a} (where 7(a) = ), or a* = a + 7(«a) if
a={a,7(a),a+1(a)}. Set wg = wyx, Wz = (wg), and A = {+a*} C X.
Case (2): |a| = 2. Thus @ = {a,7(a)}, where a L 7(a). Set wag = WaWr(a), Wa =
(Way Wr(a)), and A = {£ao, £7(a)} C X.
In case (1), by Lemma 2.4(c,e),
Cz(wa) = Cy(wa-) = Ker(0y) = Cp(X o) = Ci(X _ar) -

Hence Cx(Ca(wa)) > Cz(Ch(wa)) > T(Xq, X_o) = TKq-. In case (2), by the same
lemma,

Ci’ (<wa, w-r(a)>) - CT(<)?047 )?—ay Xr(a)y X—T(O&))) = CT(Ral?T(a))
so that Cz(Ca(wa)) > TK4. This proves one of the inclusions in (1). By Proposition 2.5,
the opposite inclusion will follow once we show that

Cw(Ca(wa)) < Wa. (2)

(wa) == OT

Fix w € Cyw(Ca(wg)).

e Let 8 € ¥ N AL be such that 3 = 7(8). Then hg(\) € Ca(wg) for A € IF‘qXO of order 4, so
w(hg(N\)) = hg(A), and € Cy(w) by Lemma 2.6(d).

e Let 5 € ¥ N AL be such that 8 # 7(3), and set 3 = 7(8) for short. Let r > 2 be such
that ¢ = 142" (mod 2""), and choose A € Fy of order 2", Set a = 1 — 2", s0 A* = A9,
Then

ha(Mhg (X), hs(X*)hg (X) € Ca(ws) < Cg(w).
Also, (18 +af'll = llaf + B < (1 - )| = L] since a < 0 and & £ —§ (since
7(X4) =%4). Thus S+ af,af + ' € Cy(w) by Lemma 2.6(c), so 3, 5 € Cy(w).

e Let 8 € ¥ besuch that 8 = 7(8) and 8 ¢ AL, and set n = B+wz(B). Since waT = Twg in
Aut(V), 7(n) = n. Since § ¢ At = Oy (wg), we have ws(3) # 3, and hence ||n|| < 2||3].
For A € T of order 4, t = hg(A)hw,(s)(N) € Ca(wa), so w(t) =t, and n = B+ wa(B) €
Cy(w) by Lemma 2.6(c).

Consider the set

= (SNAY)U{B+walB)[BES, m(8) =8, B LA} C V.

We have just shown that w(n) = 1 for each n € ¥*, and hence that w|(s+y = Id. We next
claim that
YNEHt=A except when G = A, and |7| = 2. (3)
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From the description of the root systems in [Brb, Planches I-I1X], whenever G is not of
type A,, we get that (X N 1) is a hyperplane in V for each 8 € ¥. (It suffices to check
this for one root in ¥, or for one short root and one long root.) In particular, (3) holds
whenever |a| = 1 or 3 and G is of one of these types. If |a| =2, so |7| =2 and & = {«, 7(a)}
where a | 7(a), and G = D,, or Eg, then a similar check shows that (X N {a, 7(a)}*) has
codimension 2 in V, and hence that (3) holds. For example, when G = Fj, it suffices to
check this with the roots & = a3 = €3 — &1 and 7(a) = a3 = €4 — €3 in the notation of [Brb,
Planche V].

Now assume G = A,, for some n. If n > 3, then (3 N B+) has codimension 2 for € ¥,
but the only roots in the orthogonal complement of this space are 3. Thus (3) holds for
A, when n > 3 and |a| =1 or 3, and the cases n = 1,2 are easily checked. If & = {a, 7(a)}
where o L 7(«), then n > 3, and we can take a = &1 — g9 and 7(a) = €, — ,41 in the
notation of [Brb, Planche I|, where 7(z1,...,2,11) = (—Tpy1,...,—21). In this case, ¥*
contains all roots ¢; —¢; for 3 <i < j <n—1as well as (e; — €,41) + (€2 — &,,), and these
elements suffice to show that +a and +7(«) are the only roots in (X*)1. This finishes the
proof of (3).

By (3), when G 22 SUs(q), the only reflection hyperplanes which contain (3*) are those in
the set {8+ |8 € A}. Fix a “generic” element v € (X*); i.e., one which is not contained in
any other hyperplane. In case (1), v is contained in only the one reflection hyperplane a**,
and hence is in the closure of exactly two Weyl chambers for (3, W): chambers which are
exchanged by wg. In case (2), v is contained in the two reflection hyperplanes at and 7(a)*,
and hence in the closure of four Weyl chambers which are permuted freely and transitively
by Wa = (Wa, Wr(a)). Since W permutes the Weyl chambers freely and transitively (see [Brb,
§V.3.2, Théoreme 1(iii)]), and since (w, W5) permutes the chambers whose closures contain
v, we have w € Wj.

This proves (2) when G % SUs(q). If G = SUs(q), then hy+(—1) € Cy(wsz). But no
element of order 2 in T' < SL; (]qu) centralizes the full Weyl group W = X3, so (2) also holds
in this case. This finishes the proof of (1).

If |a| <2, then

Ca(Ca(wg)) = GNCx(Ca(wg)) =T(GN Kz)
where by Lemma 5.5, GN K5 22 SLy(q) or SLy(¢%). Hence C(Ca(wg)) has commutator sub-

group GNKy, and focal subgroup As. Since Cr(Ca(wg)) is the fusion system of Cg(Ca(wg))
(cf. [AKO, Proposition 1.5.4]), this proves the last statement. O

Recall (Notation 5.2(H)) that Aut(A, F) is the group of automorphisms of A which extend
to elements of Aut(F). The next result describes the structure of Aut(A, F) for a group G in
the situation of case (III.1) or (II1.2) of Hypotheses 5.1. Recall that W, acts faithfully on A
by Lemma 5.3(a), and hence that Wy = Auty(A) = Auty, ) (A) by Lemma 5.3(b). It will
be convenient to identify W, with this subgroup of Aut(A). Since each element of Aut(A, F)
is fusion preserving, this group normalizes and hence acts on Wy, and WyAut(A, F) is a
subgroup of Aut(A).

For convenience, we set Autau(c)(A) = {6]a |6 € Aut(G), §(4) = A}.
Lemma 5.8. Assume that G and (G,0) satisfy Hypotheses 5.1, case (III.1) or (III.2).
Assume also Notation 5.2.
(a) Cwoaus(a,r)(Wo) < WoAutg(A).
(b) Aut(A, F) < Auty.(A)Autawya)(A), with the exceptions
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e (G,p) = (*Fs(q),3), or
e (G,p) = (Ga(q),2) and qo # 3, or

e (G,p) = (Fy(q),3) and gy # 2.
(c) In all cases, the index of Aut(A, F) N Aute(A)Autauyc)(A) in Aut(A, F) is at most 2 .

Proof. Recall that in Notation 2.2(C), Vo, &, and II are defined when p(IT) = II, and hence

in case (II1.1) of Hypotheses 5.1. In case (III.2), we defined V; =V, S =% and I =1 in
Notation 5.2(D). So under the hypotheses of the lemma (and since G is always a Chevalley

group in case (I11.2)), we have V5 =V and II = II if and only if G is a Chevalley group.

Set ¢ = 1 if we are in case (III.1), ¢ = —1 if we are in case (III.2), and m = v,(¢ — €).

Step 1: We first prove that
¢ € Cpauar(Wo) = ¢(Ag) = Az forall G e X, (4)
If p is odd, then Az = [wg, A] by Lemma 5.7(a), so (4) is immediate.

Next assume that p = 2, and also that |@| < 2. Write ¢ = w o ¢y, where w € W, and
po € Aut(A, F). Then ¢y(Ca(wa)) = w ' (Ca(waz)) = Ca(wg), where f = w™(@). By
definition of Aut(A, F) (Notation 5.2), ¢g = po|a for some @y € Aut(F). Since @q is fusion
preserving, it sends foc(Cr(Ca(wa))) onto foc(Cr(Ca(wg))). Since these focal subgroups are
Az and Ag, respectively, by Lemma 5.7(c), p(Az) = w(Aj) = A, 3 = Aa also in this case
(the second equality by Lemma 2.4(e)).

It remains to consider the case where p = 2 and |a| = 3, and thus where G = SUs,11(q)
for some n > 1. There is a subgroup (H; X -+ x H,) X ¥, < G of odd index, where
H; = GUy(q). Fix S; € Syly(H;); then S; = SDyx where k = vy(q®> — 1) +1 > 4. Let
A;, Q; < S; denote the cyclic and quaternion subgroups of index 2 in S;. Then we can take
A=A x - x A, = (Cor1)", N = (51 X -+ X 5,) x5, and S € Syl,(N).

There are exactly n classes ay, ..., q, € fLr of order 3, which we label so that [wg,, A] < A;
([wa,, A] = ANQ;). Equivalently, these are chosen so that wg, acts on A via conjugation by
an element of S;\A;. Let af € ¥ be the root in the class @; which is the sum of the other
two.

Write ¢ = w o g, where w € Wy and ¢y € Aut(A, F), and let ¢g € Aut(F) be such that
0o = po|a. For each 1 < i < n, po(Calwg,)) = w1 (Calwg,)) = Ca(way,,,), where f € ¥,
is such that ay; = w™'(@;). Since {o is fusion preserving, it sends foc(C’;(CA(wal)))
onto foc(Cr(Ca(wa,,))). By Lemma 5.7(c), Cq(Ca(ws,)) = G N (T[?a;), its commutator
subgroup is G N %a;« = SLy(q), and hence foc(Cr(Ca(wg,))) = Q. Thus ¢o(Q;) = Q)

For each i, set QF = (Q;]7 # 7). Then Cg(Q}) is the product of G N K5, = SL3(q)
(Lemma 5.5) with Z(Q7). Thus @y sends foc(Cr(Q7)) = S; to foc(Cr(Q% ;) = Sy, and
hence po(A;) = Ay So p(A;) = w(Asu)) = A; for each i where A; = Ag,, and this finishes
the proof of (4).

Step 2: We next prove point (a): that Chy,au A,]—')(WO) < WhAute.(A). Let ¢ €
WoAut(A, ) be an element which centralizes Auty(A) = N/A=W,. By (4), ¢(4a) = Az
for cach @ € £. Since Aj is cyclic for each & € &, by Lemma 5. 6(c), ¢|a, is multiplication
by some unique ug € (Z/qa)*, where gz = |Az|. We must show that ug is independent of a.

Assume first that 7 = Id. By Lemma 5.6(c), |As| = p™ for each a € II. Fix a,as € 11
and 3 € 3, such that ; 13 = al + g, where either
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e k=1 and all three roots have the same length; or
o ke {23} and [|B]| = [laa|| = V- [Jaz].

The relation between the three roots is chosen so that hg(A) = hq, (A)ha,(A) for all X € IF‘;O
by Lemma 2.4(d). Hence u,, = ug = tq, (mod p™) by Lemma 5.6(b). By the connectivity
of the Dynkin diagram, the u, for a € IT are all equal, and ¢ € Autg.(A).

Now assume |7| = 2; the argument is similar but slightly more complicated. By assump-
tion, G is of type A,, D,, or E,; i.e., all roots have the same length. Set m’ = v,(¢* — 1);

then m’ = m if p is odd, and m’ = m + 1 if p = 2. Fix ay, ag € 11 such that oy # 7(as) and

15} of a1+ ag € .. Choose A € IF‘QXO of order p™ .

If oy # 7(a;) and @y # T(ay), then |Ag, | = |Ag,| = p™ by Lemma 5.6(c), and
P Mz (A) = s (M) (A (M) (V)
= ha(\)he(a) (1) = ha()) € Aj.
Hence
(has WVas(N)"? = @ (s NPy (\)) = hay (V)1 - Brag (V)52

and together with Lemma 5.6(b), this proves that ua, = ug = ug, (mod ™).

If () = o for i = 1,2, then a similar argument shows that ua, = ug = ug, (mod p™). It
remains to handle the case where ay # 7(a1) and ap = 7(az2). In this case, |Ag | = p™ and

|Aa,| = p™ by Lemma 5.6(c), and these groups are generated by hq, (A) = ha, (A)r(ar) (A7)
and hg, (A1), respectively. Then
hal (/\)ha2()‘q+l> = hal ()‘)hT(Oél)(/\q)haz ()\q+1) = hﬁ<)‘)h7(ﬁ)<)‘q) - hﬂ(/\) S AE’
SO
(Ray (N hay (A1) 7 = o (hay (Mhay (AT)) = Ty (A)'51 - Ry (ATH) 22

and ug, = ug = ug, (mod p™) by Lemma 5.6(b) again.

Since the Dynkin diagram is connected, and since the subdiagram of nodes in free orbits
in the quotient diagram is also connected, this shows that the ug are all congruent for a € II
(modulo p™ or p™, depending on where they are defined), and hence that ¢ € Auts.(A).

Step 3:  Consider the subset W5 = {ws|a € ﬁ} We need to study the subgroup
Nwoaut(a,7) (Wg): the group of elements of WyAut(A, F) which permute the set W5. Note
that Wy = (W5g) (see, e.g., [Ca, Proposition 13.1.2], and recall that W, = W and II=1in
case (II1.2)). We first show that

Aut(A, .F) S WONWOAut(A,_F)(Wﬁ) . (5)

Write I = {ay,...,ax}, ordered so that for each 2 < i < k, @; is orthogonal to all but one
of the a; for j < i. Here, &; L &; means orthogonal as vectors in Vj. Thus ws, commutes
with all but one of the wg, for j < i. By inspection of the Dynkin diagram of G (or the
quotient of that diagram by 7), this is always possible.

Fix ¢ € Aut(A,F). In particular, ¢ normalizes W, (recall that we identify W, =
Autyy, (A)) since ¢ is fusion preserving. (Recall that Autg(A) = Auty,(A) by Lemma
5.3(b).) We must show that some element of I, normalizes the set Wp.

By definition of Aut(A,F) (Notation 5.2), ¢ = p|4 for some p € Aut(F). Since p is
fusion preserving, ¢ normalizes Autz(A) = Autg(A), where Autg(A) = N/A = W, since
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Cn(A) = A by Lemma 5.3(a). Thus there is a unique automorphism @ € Aut(W;) such that
P(w) = powo ! for each w € W.

For each i, since |p(wg,)| = 2 and [P(wg,), A] = [wa,, A] is cyclic, p(wa,) = wa for some
S S by Lemma 5.7(b), where @ is uniquely determined only up to sign. For i # j,

a; La; <= [wa,wa] =1 <= [P(wa,), Plwa,)] =1 <= a; La).

So via the assumption about orthogonality, we can choose successively elements o, &, . . .,
such that $(wg,) = wg for each 4, and (aj, @) <0 for i # j.

For each i # j, since |wg,wa,;| = |wa;wa: |, the angle (in Vp) between &; and @; is equal
to that between a; and @’ (by assumption, both angles are between 7 /2 and 7). The roots

al for 1 < i < k thus generate X as a root system on V; with Weyl group Wy, and hence

are the fundamental roots for another Weyl chamber for ¥. (Recall that ¥ = X, Vj = V|
and Wy = W in case (II11.2).) Since W, permutes the Weyl chambers transitively [Brb,
§ VI.1.5, Theorem 2(i)], there is w € Wy which sends the set {wg,} onto {P(wg,)}. Thus
Co' 0 € Nwyaura,r) (W), s0 ¢ € WoNwyauya,r) (W), and this proves (5).

Step 4:  Set Auty,auea,r)(Wg) = NWOAut(A,f)(Wﬁ)/CWOAut(Af)(Wﬁ): the group of per-
mutations of the set W5 which are induced by elements of WyAut(A4, F). By (a) (Step 2)
and (5), and since Wy = (Wp), there is a surjection

onto WONWQAut(A,.F) (Wﬁ) _ WoAut(A, ]:) (6)
WoCwoauaryWg)  WoAutg(A)
To finish the proof of the lemma, we must show that each element of the group Auty, aue(a,r) (W5)

is represented by an element of Autaye)(A) (i.e., the restriction of an automorphism of G),
with the exceptions listed in point (b).

Autyyy aut(a,7) (W)

In the proof of Step 3, we saw that each element of Autyy,aui(a,r) (Ws) preserves angles
between the corresponding elements of II, and hence induces an automorphism of the Coxeter

~

diagram for (V4, %) (i.e., the Dynkin diagram without orientation on the edges).

Case 1: Assume G = G(q) is a Chevalley group. The automorphisms of the Coxeter
diagram of G are well known, and we have

6 HG=D,
|Autwyauearn(Wa)| <42 G2 A, (n>2), D, (n>5), B, By, Go,or Fy  (7)
1 otherwise.

In case (III.1) (i.e., when the setup is standard), all of these automorphisms are realized
by restrictions of graph automorphisms in I'c (see [Ca, §§12.2-4]), except possibly when
G = Bs(q), Ga(q), or Fy(q). In case (II1.2), with the same three exceptions, each such
automorphism is realized by some graph automorphism ¢ € I'z, and ¢|z commutes with
olz € Z(Aut(T)). Hence by Lemma 3.7, |7 extends to an automorphism of G whose
restriction to A induces the given symmetry of the Coxeter diagram. Together with (6), this

proves the lemma for Chevalley groups, with the above exceptions.

If G = By(q) or Fy(q) and p # 2, then }AutWOAut(A,;)(WﬁH = 2, and the nontrivial element
is represented by an element of Autr,(A) exactly when gy = 2. This proves the lemma in
these cases, and a similar argument holds when G = G2(q) and p # 3.

It remains to check the cases where (G, p) = (Bs(q),2), (G2(q),3), or (F4(q),2). We claim

that Auty,aw(a,7) (Wg) = 1 in these three cases; then the three groups in (6) are trivial, and
so Aut(A, F) < WoAuts.(A). If (G,p) = (Ba,2) or (Go,3), then with the help of Lemma
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2.4(d,b), one shows that the subgroups Q;(A,) are all equal for a a short root, and are all
distinct for the distinct (positive) long roots. More precisely, of the p+ 1 subgroups of order
pin Q(A) & Cz, one is equal to A, when « is any of the short roots in X, ; while each of the
other p is equal to A, for one distinct long root a. Since §2;(A,) = Q4 ([wa, 4]) for each o, no
element of Nyy,aut(a,7) (Wg) can exchange the long and short roots, so Auty, auea,r)(Wsg) =
1.

Now assume (G, p) = (F}y,2). Let o, 8 € II be such that « is long, 3 is short, and o £ S.
Then a and 8 generate a root system of type By, and by the argument in the last paragraph,
no element of Ny, aut(a,7) (Wg) can exchange them. Thus no element in Nyyau(a,z)(W5)
can exchange the long and short roots in G, so again Auty,auwa,r(Wq) = 1.

Case 2: Assume G is a Steinberg group. In particular, we are in case (II1.1). The Coxeter
diagram for the root system (Vj, i) has type B,, C,, or F, (recall that we excluded the
triality groups ®Dy4(q) in Hypotheses 5.1), and hence has a nontrivial automorphism only
when it has type By or Fj. It thus suffices to consider the groups G = ?43(q), 2A4(q), and
*Es(q)-

For these groups, the elements ﬁa()\) for A € Fy, and hence the (¢ — 1)-torsion in the
subgroups Tj for a € §]+, have relations similar to those among the corresponding subgroups
of T'when G = By(q) or Fy(q). This follows from Lemma 2.6(b): if A € F) is a generator,
then @, restricts to an isomorphism from Czsv(7)/(¢ — 1) to the (¢ — 1)-torsion in T', and
the elements in II can be identified in a natural way with a basis for Czyv (7). Hence when
p = 2, certain subgroups €);(Ag) are equal for distinct a € §+, proving that no element in
Nw,aut(a,r)(Wi) can exchange the two classes of roots. Thus the same argument as that
used in Case 1 when (G, p) = (B2(q), 2) or (Fu(q), 2) applies to prove that Ny aue(a,r)(Wsg) =
Autg.(A) in these cases.

Since p‘|WO| by Hypotheses 5.1(I), we are left only with the case where p = 3 and G =
2Es(q) for some ¢ = 1 (mod 3). Then (Vp,X) is the root system of Fy, so Aut(A4,F) N
WhAuts.(A) has index at most 2 in Aut(A, F) by (6) and (7). Thus (c¢) holds in this case.
(In fact, the fusion system of G is isomorphic to that of Fy(q) by [BMO, Example 4.4], and
does have an “exotic” graph automorphism.) O

We now look at groups which satisfy any of the cases (I11.1), (IIL.2), or (IIL.3) in Hypothe-
ses 5.1. Recall that kg = pg o kg: Out(G) —— Out(F).

Lemma 5.9. Assume Hypotheses 5.1 and Notation 5.2. Then each element ¢ € Autgiag(F)
is the restriction of a diagonal automorphism of G. More precisely, kg restricts to an epi-

morphism from Outdiag(G) onto Outgiag(F) whose kernel is the p'-torsion subgroup. Also,
Ca(Wo) = 0,(2(G)).

Proof. In general, whenever H is a group and B < H is a normal abelian subgroup, we let
Autgiag(H, B) be the group of all ¢ € Aut(H) such that ¢|p = Idg and [p, H] < B, and
let Outqiag(H, B) be the image of Autgiag(H, B) in Out(H). There is a natural isomorphism

Autging(H, B)/Autp(H) WLJB) H'(H/B; B) (cf. [Sz1, 2.8.7]), and hence H'(H/B; B) sur-
jects onto Outgig(H, B). If B is centric in H (if Cy(B) = B), then Outgie(H, B) =
H'(H/B; B) since Autp(H) = Inn(H) N Autging(H, B).

In particular, Outgig(S, A) is a p-group since H'(S/A; A) is a p-group. Also, Cs(A)

by Lemma 5.3(a) (or by assumption in case (III.3)), and hence we have Outgiag (.S, A
Autging (S, A)/Aut4(S). So Autging(S, A) is a p-group, and its subgroup Autgig(F) is

o (IR

)
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p-group. It follows that
Autgiag(F) N Aute(S) = Autgiag(F) N Inn(S) = Auta(9),

and thus Outgiag(F) = Autgiag(F)/Aut4(5).

Since Outdiag(G') = Outz(G) by Proposition 3.5(c), we get kg (Outdiag(G)) < Outgiag(F).
In particular, K¢ sends all torsion prime to p in Outdiag(G) to the identity. It remains to
show that it sends O,(Outdiag(G)) isomorphically to Outgiag(F).

Consider the following commutative diagram of automorphism groups and cohomology
groups:

X

Outdiag(}") = Autdiag (f)/AutA(S) — Hl (Autg<A); A)

lincl lpz (8)

n

Outging (S, A) 2 Autging(S, A)/Aut4(S) —=— H(Autg(A); A).

o

Here, py is induced by restriction, and is injective by [CE, Theorem XII.10.1] and since
Auts(A) € Syl,(Autg(A)) (since A 4 S € Syl (G)). For each w € Autgig(F), since
w is fusion preserving, nsa([w]) € H'(Auts(A); A) is stable with respect to Autg(A)-
fusion, and hence by [CE, Theorem XII.10.1] is the restriction of a unique element y([w]) €
H'(Autg(A); A).

The rest of the proof splits into two parts, depending on which of cases (III.1), (I11.2), or
(II1.3) in Hypotheses 5.1 holds. Recall that Autz(A) = Autg(A) = Autyy,(A): the second
equality by Lemma 5.3(b) in cases (III.1) or (II1.2), or by assumption in case (IIL.3).

Cases (III.2) and (III.3): We show that in these cases, Outdiag(G), Outaiag(F), Z(G),
and Cy(Wp) all have order prime to p. Recall that p is odd in both cases. By hypothesis

in case (IIL3), and since 7|3 € O, (Wy) inverts T in case (II1.2), C4(Oy(Wy)) = 1. In
particular, C4x(Wy) = 1. Since Z(G) < Z(G) by Proposition 3.5(a), and Z(G) < T by
Lemma 2.4(a), Z(G) < GNCZ(W) < Op(Wp), so O,(Z(G)) < Ca(Wy) = 1. This proves
the last statement.

Now, O, (Outdiag(G)) = 1 since Outdiag(G) = Z(G) (see [GLS3, Theorem 2.5.12(c)]) and
0,(Z(G)) = 1. Also,

H'(Autg(A); A) = H'(Autyy, (A); A)
= H'(Auty, (A)/Auto ,(wy) (A); Ca(Op(Wp))) = 0
since A is a p-group and C4 (O, (Wp)) = 1. Hence Outgiag(F) = 1 by diagram (8).

Case (III.1): Since Cy(A) = 1 by Lemma 5.3(a) (and since Autg(A) = Auty,(A)), we
can identify H'(Autg(A); A) = H'(Wy; A). Consider the following commutative diagram of
automorphism groups and cohomology groups

R NIN(T), T
_—

O, (Outdiag(@)) ———— O,(Outgiag(Ng(T), T)) HY(Wo; T)p)

%lag

Outdiag(N, A) - Hl(Wo, A) (9)

X0
/ lm
1s,A

OUtdiag(F) nel OU-tdiag(Su A) U E— Hl(S/Aa A)

~
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where R is induced by restriction to Ng (7). By Lemma 5.3(a), T is centric in Ng(7') and
A is centric in N, so the three n’s are well defined and isomorphisms (i.e., Outgiag (N, A) =
Autging(N, A)/Aut4(N), etc.). The maps o; are induced by dividing out by O, (7T'), and are
isomorphisms since A = O,(T"). The maps p; are induced by restriction, and are injective
since S/A € Syl (W) (see [CE, Theorem XII.10.1]).

Consider the short exact sequence
1 T » T
where W(t) = t~1 - yap,(t) = t~'y(t9) for t € T. Let

Y T,

1 — Cr(Wo) —— Co(Wy) —2 Co(Wo) —— H'(Wy; T) —— H'(Wy;T)  (10)
be the induced cohomology exact sequence for the Wy-action, and recall that H*(Wy; A) =
HY(Wo; T)(p by (9). We claim that

(11) |Op(Outdiag(G))| = [Im(d) )| = [Op(Z(G))] = |Ca(Wo);
(12) R is injective; and
(13) x(Outgiag(F)) < Ker(6).

These three points will be shown below. It then follows from the commutativity of dia-
gram (9) (and since Im(0) = Ker()) that kg sends O,(Outdiag(G)) isomorphically onto
Outdiag(]-" )

Proof of (11) and (12): Assume first that v # Id and G = SLy,_; (some n > 1). Thus
G = SUsn-1(q). By [St1, 3.4], Outdiag(G) and Z(G) are cyclic of order (¢ + 1,2n — 1), and
hence have no p-torsion (recall p|(¢ —1)). By Lemma 5.4(b), C7(W;) = IF;O, and o(u) = u™1
for u € Cz(Wp). Thus ¥, (u) = u'o(u) = u ' for u € C;(Wy), so W, is onto, and
Im(§) = 1 = O,(Outdiag(G)) in this case. Also, Cr(Wy) = Ker(¥,) has order g + 1, so
Ca(Wp) = O,(Cr(Wy)) = 1.

Now assume v = Id or G # SLy,_1. By Lemma 5.4, in all such cases,

Cz(Wo) = Cz(W) = Z(G) and  Cp(Wy) = Z(G) . (14)
In particular, these groups are all finite, and hence [Im(9)| = |Z(G)| by the exactness of (10).
By [GLS3, Theorem 2.5.12(c)], Outdiag(G) = Z(G) in all cases, and hence |Outdiag(G)| =
[Tm(4)].

If [¢] € Ker(R), then we can assume that it is the class of ¢ € Autz(G). Thus ¢ = ¢,
for some x € Nz(G), and ¢|y, 1) = ¢, for some y € Ng(T) which centralizes A. Then
y € Cg(A) =T by Lemma 5.3(a), and upon replacing ¢ by ¢, " o ¢ and z by y "z (without
changing the class [p]), we can arrange that ¢|y,) = Id. Then z € Cx(W)) since it

centralizes Ng(T') (and since Ng(T')/T = Wy by Lemma 5.3(b)), so z € Z(G) by (14), and
hence ¢ = Idg. Thus R is injective.
Proof of (13): Fix ¢ € Autgig(F). Choose ¢ € Autgig(N, A) such that pls = ¢ (ie.,
such that [p] = xo([¢]) in diagram (9)). Recall that Wy = N/A by Lemma 5.3(b). Let
c: Wy =2 N/JA —— A be such that ¢(g) = c(gA)-g for each g € N; thus nya([p]) = [c].
We must show that #([c]) = 1: that this is a consequence of ¢ being fusion preserving.

For each a € ﬁ, set ug = c(wg). Thus for g € N, o(g9) = uag if g € ws (as a coset of
Ain N). Since w2 =1, ¢> = 9(¢°) = (uag)?, and hence ws(uz) = u;'. We claim that
uz € Ag = AN Ky for cach @ € 1.

e If p is odd, then ug € Ay, since Az = {a € A|wa(a) =a '} by Lemma 2.4(e).
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o If p =2 wyz € S/A, and |a] < 2, choose gz € SN K4 such that wy = gaA. (For
example, if we set g = [[,ca7a(1) (see Notation 2.2(B)), then g € Ng(T') represents
the class wg € Wy, and is T-conjugate to an element of SN K4.) By Lemma 5.7(c),
Ca(Ca(wg)) = GNTKg, where G N K5 22 SLy(q) or SLy(¢*) by Lemma 5.5. Hence

foc(Cr(Ca(wg))) = foc(Ca(Calws))) = SN[GNTK;, GNTK;] =SN Kz

(see the remarks before Lemma 5.7), and ga lies in this subgroup. Since ¢ is fusion
preserving, ¢(ga) € foc(Cr(Ca(wg))). By Lemma 5.7(c) again,

uz = p(ga) - 95" € ANfoc(Cr(Calws))) = Az
o If p=2 wz € S/A, and a = {«, 7(a),a*} where a* = o + 7(«), then wz = wy+. Choose
ga € SN K, such that gzA = ws € N/A. (For example, there is such a gg which is T-
conjugate to n4+(1).) By Lemma 5.7(c), Cq(Ca(wz)) = GNTK o+, GNK 4+ =2 SLy(q), and

hence gz € foc(Cr(Ca(wz))). So ¢(ga) € foc(Cr(Ca(ws))) since ¢|g is fusion preserving.
By Lemma 5.7(c),

ug = ¢(ga) ~g§1 € ANfoc(Cr(Ca(wz))) = AN K, < A;.

o If p =2 and wyg ¢ S/A € Syly,(Wy), then it is Wy-conjugate to some other reflection
ws € S/A (for f € X), ¢(wg) € Ag by the above argument, and hence ug = c(wa) € Az.

Consider the homomorphism

D= (P)aen: T — H T, where ®,(t) =t"twy(t) VteT, acll
a€ell

Since W = (w, | a € II), we have Ker(®) = Cz(W) = Z(G) is finite (Proposition 2.5). Thus
® is (isomorphic to) a homomorphism from (IF‘;O)T to itself with finite kernel (where r = |II|),

and any such homomorphism is surjective since IF‘;D has no subgroups of finite index.
Choose elements v, € T, for o € II as follows.

o If & = {a} where 7(a) = a, we set v, = ug.

o If & = {a,7(a)}, where a L 7(a), then Ty = T, x TT(a), and we let v, V- () be such that
Uoé’UT(a) = Ug-

o If & = {a,7(av), a*} where o = o + 7(av), then ug = ha(A)hr(a)(N') for some A\, X € F>

q0’

wa(ha(Mhr@) (X)) = ha(N ™ he@(A)

by Lemma 2.4(e), and A = X since wgz(uz) = uz'. Set vo = ho(N) and v,(,) = 1. (This
depends on the choice of a € a N 1II.)

Let t € T be such that ®() = (va)ac. We claim that t~'ws(t) = ug for each a € II. This
is clear when |a| < 2. If @ = {a, 7(a),a*} and A are as above, then

Wa (t) = War (t) = Wr()Walr(a) (1) = Wr(a) (Wa(t)) = Wr(a) (t - ha(N))
=t- wT(a)(ha( )) =t hy ()\) =1t-us.

Thus c(wa) = di(wa) for each @ € II. Since Wy = (wg |@ € II) (and since ¢ and dt are
both cocycles), this implies that ¢ = dt, and hence that [c] = 0 in H*(W;T). O
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As one consequence of Lemma 5.9, the Z*-theorem holds for these groups. This is known
to hold for all finite groups (see [GLS3, §7.8]), but its proof for odd p depends on the
classification of finite simple groups, which we prefer not to assume here.

Corollary 5.10. Assume that G € £ie(qo), p # qo, and S € Syl (G) satisfy Hypotheses 5.1.
Then Z(Fs(G)) = Ou,(Z(G)).

Proof. By Lemma 5.9, O,(Z(G)) = C4(Wy). By Lemma 5.3(a,b), or by hypothesis in Case
5.1(I1IL.3), Cs(A) = A and Autg(A) = Auty,(A). Hence Z(Fs(G)) < O,(Z(G)), while the
other inclusion is clear. Il

We now need the following additional hypotheses, in order to be able to compare Autg.(A)
with the group of field automorphisms of G. With the help of Lemma 1.11, we will see in
Section 6 that we can always arrange for them to hold.

Hypotheses 5.11. Fiz a prime p and a prime power q. Assume that ¢ = qg where qqg s
prime, b > 1, qo # p, and

(i)  qo =43 (mod8) if p=2;

(i)  the class of qo generates (Z/p*)* if p is odd; and

(iii) b|(p — 1)p* for some £ > 0.

We will also say that “G satisfies Hypotheses 5.11” (for a given prime p) if G = 'G(q) for
some t and G, and some q which satisfies the above conditions.

By Hypothesis 5.1(I), ¢, (G) = G, and thus all field endomorphisms of G normalize G.
When G has a standard o-setup, @ was defined to be the group of restrictions of such
endomorphisms 9, € ® for a > 0. Under our Hypotheses 5.1, this applies only when we
are in case (IIL.1) (although Proposition 3.6 describes the relation between ®¢ and 1), in
the other cases). In what follows, it will be useful to set

O = (Ygl) < Aut(G).

By Proposition 3.6(d), Inndiag(G)EI\DG = Inndiag(G)®s. However, d¢ can be strictly larger
than ®, and ¢4 NInndiag(G) need not be trivial. For example, if G = SL,(q) where p does

not divide ¢ — 1, then there is a o-setup with o = ¢, for some x € Ng(T) that satisfies
Hypotheses 5.1 (see Lemma 6.5), and ¢,l¢ = ¢, '|¢ € Inndiag(G). Note that since each

element of ®¢ acts on T via (t — t") for some r, &5 normalizes T and each of its subgroups.

Recall that 7 € Aut(V) is the automorphism induced by o, and also denotes the induced
permutation of 3.

Lemma 5.12. Assume Hypotheses 5.1 and 5.11 and Notation 5.2. Let
Xo: &g ——— Aut(A, F)

be the homomorphism induced by restriction from G to A. Set m = |7| = |y|z|. Then the
following hold.

(a) Either T has exponent ¢™ — 1; or p is odd, m = ord,(q), m is even, and (¢™? +
1)expt(1)] (g™ — 1).

(b) If p is odd, then xo(Pc) = Autsc(A). If p =2, then xo(®¢) has index 2 in Autuc(A),
and Auty.(A) = Im(xo){(¥2,).
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(¢c) If p =2, then xo is injective. If p is odd, then

r _ ) Wdla) = (vla) R in case (IIL.1)
Kerlxo) = {<(¢q|G)m> = (Y"a) = ®¢ N Aut(G) in cases (I11.2) and (IIL.3).

Proof. We first recall some of the assumptions in cases (III.1-3) of Hypotheses 5.1:

case (IIL.1) || ord,(¢) =1, m = |y|, and m <2
case (II1.2) || ord,(q) =m =2 p is odd (15)
case (III.3) || ord,(q) =m p is odd

(Recall that 7 is a graph automorphsm in case (III.1), so |y| = |7] = m.) In all of these
cases, p|(¢"™ — 1) since ord,(g)|m.

(a) ForeachteT = Cz(1g07), 19 =1hy(t) =~7'(t). Hence t =y ™(t) = ()™ (t) = 7",
and 7"~ = 1. Thus expt(T)|(¢™ — 1).

By Hypotheses 5.1(I), there is a linearly independent subset 2 = {ay,...,as} C ¥ such
that either Q or £Q = {+a,...,+as} is a free (7)-orbit in ¥. Assume € is a free orbit
(this always happens in case (III.1)). In particular, m = |7| = s. For each 1 # X € ]F;O such
that A\~! = 1, the element

m—1
() = [ Arigen (A7)
=0

is fixed by 0 = 14 0y (recall o(hg()\)) = hr(3) (A7) for each § € ¥ by Lemma 3.2). Hence
t(\) € T, and t(\) # 1 when A # 1 by Lemma 2.4(d,b). Thus T contains the subgroup
{t(A\) | A" 1 = 1} of order ¢™ — 1, this subgroup is cyclic (isomorphic to a subgroup of IFqXO),
and hence expt(T) = ¢ — 1.

Assume now that £ is a free (7)-orbit (thus m = |7| = 2s). In particular, we are not
in case (IT1.1), so p is odd and m = ord,(q). Then 7*(a;) = —a; for some 0 < i < 2s, and

i = s since 7% (o) = ay. For each 1 # \ € ]?‘qxo such that A\t =1,

s—1
t(A) = [ brigan (A7)
i=0

is fixed by o = 1), oy by Lemma 3.2 and since hys(q,) (A7) = h_n, (A7) = hg, (A). Hence
t(A\) € T, and t(\) # 1 when A # 1 by Lemma 2.4 again. Thus {t(\) |\ =1} < Tis
cyclic of order ¢* + 1, and so (¢° 4 1)|expt(T).

(b) By definition, Im(xo) = Xo@g) is generated by x0(¢g,) = Vg |a, which acts on A via
(a — a®). If p is odd, then by Hypotheses 5.11(ii), the class of gy generates (Z/p?)*, and
hence generates (Z/p*)* for each k > 0. So Im(o) = Auts.(A) in this case.

If p =2, then ¢o = £3 (mod 8) by Hypotheses 5.11(i). So for each k > 2, (go) has index
2 in (Z/2%) = (qo, —1). Hence Im(xo) = (1g,|4) has index 2 in Auty.(A) = (Pg]a,0%,).

(c) Set ¢g = Vg lc, a generator of ®c. Then (60)" = Ygla = (v]a) ™! since G = Cx(1hg 0 ),
and so |do|r| divides bly|7| = bm. Also, (¢)"™ = (7]¢)™™ € Autz(G) by Lemma 3.2.

By (a), either expt(T) = ¢™ — 1; or m is even, p is odd, ord,(q) = m, and (¢™/* +
1)‘expt(T)|(qm —1). In the latter case, v,(¢™?2 + 1) = v,(¢™ — 1) > 0 since p 1 (¢™/? — 1).
Thus

expt(A) = p° where e=v,(qg" —1) = v,(q"™ — 1) > 0. (16)
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If p = 2, then we are in case (II1.1). In particular, ¢ = ¢} = 1 (mod 4), and m < 2. Also, b
(and hence bm) is a power of 2 by Hypotheses 5.11(iii). If bm = 1, then ¢ = ¢o = 5 (mod 8),
soe = vy(q—1) = 2. If bm is even, then e = vo(gf™ —1) = vo(g2 —1)+va(bm/2) = 3+vy(bm/2)
by Lemma 1.13. Thus in all cases, e = 2 + vo(bm). So Im(xo) < Auts.(A) = (Z/2°) has
order 2°72 = bm. Since (VYy|c)™ = (Vo)™ = (v o)™ = Idg (recall m = |y| in case
(II1.1)), xo is injective.

Now assume p is odd, and set mqy = ord,(¢). Then b|(p—1)p* for some ¢ > 0 by Hypotheses
5.11(iii), and ¢ = ¢} where the class of gy generates (Z/p*)* for each k > 1. For r € Z,
q¢" = ¢y =1 (mod p) if and only if (p — 1)|br. Hence bmg = b - ord,(q) = (p — 1)p* for some

¢ > 0. Since v,(qh " — 1) = 1, and since m = mq or 2mg, Lemma 1.13 implies that
e=up(q" —1) = v(qg" — 1) = Up(qgmo —1)=1+y() =1+

Thus ¢ = e — 1, where p° = expt(A4) by (16), so |[Auts.(4)] = (p — 1)p™t = bmy.
Since yo sends the generator ¢y of ®¢ to the generator Xo(¢o) of Auts.(A), this proves
that Ker(xo) = (¢¥7"[¢) = (7"™|g). The descriptions in the different cases now follow
immediately. Note that in cases (IIL.2) and (IIL3) (where m = mq), ¢§™ = v "|¢ € Autz(G)

by Lemma 3.2. The converse is immediate: ¢ N Aut(G) < Ker(xo). O

Before applying these results to describe Out(F) and the homomorphism k¢, we need to
know in which cases the subgroup A is characteristic in .S.

Proposition 5.13. Assume Hypotheses 5.1 and Notation 5.2.

(a) If p=2, then A is characteristic in S, and is the unique abelian subgroup of S of order
|A|, except when ¢ =5 (mod 8) and G = Sp,,,(q) for some n > 1.

(b) If p is odd, then A is characteristic in S, and 21(A) is the unique elementary abelian
subgroup of S of maximal rank, except when p =3, ¢ =1 (mod 3), v3(q—1) =1, and
G = SUs(q) or Ga(q).

In all cases, each normal subgroup of S isomorphic to A is Ng(S)-conjugate to A.

Proof. 1f p is odd, then by [GL, 10-2(1,2)], there is a unique elementary p-subgroup F < S
of rank equal to that of A (denoted 7, in [GL]), except when p = 3 and G is isomorphic
to one of the groups SLs3(q) (¢ = 1 (mod 3)), SUs(q) (¢ = —1 (mod 3)), or Ga(q), *D4(q),
or ?Fy(q) (¢ = £1 (mod 3)). When there is a unique such subgroup E, then A = Cs(FE) by
Lemma 5.3(a) (or by assumption in case (II1.3)), and hence A is characteristic in S.

Among the exceptions, SL3(q) and G(q) are the only ones which satisfy Hypotheses 5.1.
In both cases, S is an extension of A = (Cy)? by C3, where ¢ = v3(q — 1), and where
Z(S) = C4(S) has order 3. If ¢ > 1, then A is the unique abelian subgroup of index p in
S. If £ = 1, then S is extraspecial of order 3% and exponent 3. By Theorem 1.8(a), we can
assume ¢ = 4 without changing the isomorphism type of the fusion system, so GG contains
SUs(2). This is a semidirect product S x Qg (cf. [Ta, p. 123-124]), and hence the four
subgroups of S of order 9 are N¢(S)-conjugate.

It remains to prove the proposition when p = 2. We use [03, §2] as a reference for
information about best offenders, since this contains what we need in a brief presentation.
Assume A is not the unique abelian subgroup of S of order |A|. Then there is an abelian
subgroup 1 # B < W, such that |B|-|C4(B)| > |A|. In other words, the action of the Weyl
group W, on A has a nontrivial best offender [O3, Definition 2.1(b)]. Hence by Timmesfeld’s
replacement theorem [O3, Theorem 2.5], there is a quadratic best offender 1 # B < Wy: an
offender such that [B,[B, A]] = 1.
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We consider three different cases.

Case 1: G = G(q) is a Chevalley group, where either ¢ = 1 (mod 8), or G %
Sp,,(q) for any n > 1. Set n = rk(A) = rk(T"): the Lie rank of G (or of G). Set
¢ =wvy(q—1) > 2. Then A = (Cy )" is the group of all 2*torsion elements in T (or in T').
Since the result is clear when n = 1 (G = SLy(q) = Spy(q), A = Coe, and S = Qgetr), we
assume n > 2.

Let A = ZXY be the lattice in V' generated by the dual roots. By Lemma 2.6(b), there
are Z[W]-linear isomorphisms A = A/2¢A and ©;(A) = A/2A.

Assume first that B acts faithfully on ;(A). Since B has quadratic action, it is elementary
abelian (O3, Lemma 2.4]. Set k = rk(B); thus B = C§ and |A/C4(B)| < 2*.

Since the B-action on V is faithful, the characters x € Hom(B,{£1}) which have non-
trivial eigenspace on V' generate the dual group B*. So we can choose a basis x1, ..., xx for
B* such that each yx; has nontrivial eigenspace. Let b € B be the unique element such that
Xi(b) = —1 for each ¢ = 1,..., k. Let V., V_ be the +1-eigenspaces for the b-action on V,
and set AL = AN VL. By construction, dim(V_) > k.

Let v € A be an element whose class modulo 2°A is fixed by b, and write v = v, + v_
where v4 € V4. Then 2v_ = v —b(v) € 2°ANV_ =2°A_,sov_ € 2" A_and v, =v—v_ €
ANV, =A,. Thus Cpjaep(b) = (Ay x 271A) /2°A. Set r = rk(A_) = dim(V_) > k; then

28 > |A/Ca(B)| = |A/Ca(D)| = [A/(Ay x 27T A)[ = 27D - JA/(Ay x AL))
> 2"V A/ (A x A

|.
In particular, A = A, x A_. But then b acts trivially on A/2A, hence on Q;(A), which
contradicts our assumption.

Thus B does not act faithfully on Q4(A). Set By = Cp(21(A)) = Cp(A/2A) # 1. If
—Idy € By, then it inverts A, [B,(A)] < [B, [Bo, A]] = 1 since B acts quadratically, so
B = By, and |By| > |A/C4(B)| > |A/Q(A)] = 2=V, If b € By is such that b* = —Idy,
then b defines a C-vector space structure on V', and hence does not induce the identity on
A/2A, a contradiction.

Thus there is b € By which does not act on V' via £Id. Let V. # 0 be the +1-eigenspaces
for the b-action on V', and set AL = ANV,. For each v € A, v—b(v) € 2A since b acts trivially
on 4(A) = A/2A. Set v =v; +v_, where vy € Vy. Then 20_ =v —b(v) € 2ANV_ =2A_
implies that v_ € A_, and hence vy € A;. Thus v € Ay X A_, so by Lemma 2.8, G = C,.
By assumption, ¢ = 1 (mod 8), so ¢ > 3, and [b, [b, A/2°A]] > 4A_/2°A_ # 1, contradicting
the assumption that B acts quadratically on A.

Case 2: G = Sp,,(q) for some n > 1 and some q = 5 (mod 8). Fix subgroups
H; <G (1 <i<n)and K < G such that H; = Sp,(q) for each i, K = ¥, is the group of
permutation matrices (in 2 x 2 blocks), and K normalizes H = H; X - - - X H,, and permutes
the factors in the obvious way. We can also fix isomorphisms y;: H; = Spy(q) such that
the action of K on the H; commutes with the x;.

Fix subgroups A< @ < Spy(q), where @ >~ Qs (a Sylow 2-subgroup), and A~
is contained in the maximal torus. Set Q; = Xi’l(@) and A; = X;l(g), and set Q =
Q1Q2--Q, and A = AjAy---A,. Thus A = O,(T) is as in Hypotheses 5.1(III): the 2-
power torsion in the maximal torus of G. By [CF, §1], S = QR for some R € Syl,(K). Also,
W =2QK/A (Cy1%, acts on A via signed permutations of the coordinates.

Let B be any nontrivial best offender in W on A. Consider the action of B on the set
{1,2,...,n},let Xi,..., X}, be the set of orbits, and set d; = | X;|. For 1 <i <k, let A; < A
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be the subgroup of elements whose coordinates vanish except for those in positions in X;
thus A; 2 (Cy)% and A = A, x --- x Ay. Set B; = B/Cp(A;); then |B| <[]\, |Bi|. Since B
is abelian, either |B;| = d; and B; permutes the coordinates freely, or |B;| = 2d; and there is
a unique involution in B; which inverts all coordinates in A;. In the first case, |Cya,(B;)| = 4,
and so |B;| - [Ca,(B;)| = d; - 4 < 4% = | A4;] with equality only if d; = 1. In the second case,
|Ca,(B;)| = 2, and again |B;| - |Ca,(B;)| = 2d; - 2 < 4% = | A;| with equality only if d; = 1.
Since

[T14 =141 < |81 1cam] = 181 TT1ea 8 < [T051 - Ca(B)

we conclude that d; = 1 for all 7, and hence that B acts only by changing signs in certain
coordinates.

For each 1 < i < mn, let pr;: Q@ —— @, be the projection onto the i-th factor. If A* < S
is abelian of order 4", then A*A/A is a best offender in W on A, and hence A* < @ by the
last paragraph. Also, pr;(A*) is cyclic of order at most 4 for each i, and since |A*| = 4™,
pr;(A*) = Cy for each i and A* =[]}, pr;(A*). Thus there are exactly 3" such subgroups.

Now assume A* < S, and set AF = pr;(A*) < @, for short. Since A* is normal, the
subgroups x;(A}) < @ < Spy(q) are equal for all i lying in any R-orbit of the set {1,2,... n}.
Hence we can choose elements x4, za, . .., ,, where z; € Ny, (Q;) = SLy(3) and *( 4, ) A*

for each i, and such that y;(z;) € Spy(q) is constant on each R-orbit. Set x = z1z5 - xp;
then “A = A*, and = € Ng(95).

Case 3: G is a Steinberg group. Assume y € I'; is a graph automorphism of order 2,
and that G = Cz (o) where 0 = 71, Set Gy = Cz(7,1,); thus Go < G. Set £ = vy(g—1) > 2.
We must again show that the action of Wy on A has no nontrivial best offenders.

If G = 2Fg(q) or Spiny,(q) (n > 4), then Gy = Fy(q) or Spiny, ,(q), respectively, and W)
is the Weyl group of Gy. If 1 # B < W} is a best offender in W, on A, then it is also a best
offender on Q,(A) < Gy (see [03, Lemma 2.2(a)]), which is impossible by Case 1.

If G 2 SUsnyi1(q) = 2As,(q), then S = (SDyer2)™ x R for some R € Syl,(3,) [CF, pp. 143~
144]. Thus A = (Coera)", Wy = Cy1 5, 3, < Wy acts on A by permuting the coordinates,
and the subgroup W; = (CZ) in Wy has a basis each element of which acts on one coordlnate
by (a+— a* ). If B < W, is a nontrivial quadratic best offender on A, then it is also a best
offender on ,(A) [0O3, Lemma 2.2(a)], hence is contained in W; by the argument in Case 2,
which is impossible since no nontrivial element in this subgroup acts quadratically. Thus A
is characteristic in this case.

It remains to consider the case where G = SUs,(q) = ?A3,_1(q). Since the case SUy(q) =
Sp,(q) has already been handled, we can assume n > 2. Set G = GU(q) > G, set
Go = GUs(q) x -+ x GUs(q) < @, and set Gy = Ng(Go) = GUs(q) 1 E,. Then Gy has
odd index in G [CF, pp. 143-144], so we can assume S < G NG. Fix Hy € Syly(Gy);
thus Hy = (SDye+2)". Since vy(q + 1) = 1, and since the Sylow 2-subgroups of SUs(q) are
quaternion,

G N Hy = Ker[Hy & (SDy)® —— Cp 22, (],
where y: SDyire —— (5 is the surjection with quaternion kernel. As in the last case,
Wy = Oy Y, with normal subgroup Wy = C%. If B < W, is a nontrivial quadratic best
offender on A, then it is also a best offender on Q,(A) [03, Lemma 2.2(a)], so B < W; by

the argument used in Case 2. Since no nontrivial element in W; acts quadratically on A, we
conclude that A is characteristic in this case. O
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The next lemma is needed to deal with the fact that not all restrictions to A of automor-
phisms of G lie in Aut(A, F) (since they need not normalize S).

Lemma 5.14. Let G be any finite group, fix S € Syl,(G), and let Sy < S be a normal
subgroup. Let ¢ € Aut(G) be such that ¢(So) = So and ¢|s, € Naug(sy)(Auts(So)). Then
there is ¢' € Aut(G) such that ¢'|s, = ¢ls,, ¢'(S) =S, and ¢’ = ¢ (mod Inn(G) ).

Proof. Since ¢|g, normalizes Autg(Sp), and cyy) = @c,o ! for each g € G, we have
Autyg)(So) = PAutg(Sy) = Autg(Sp). Hence p(S) < Cg(S)S. Since S normalizes Ce(.Sy)
and S € Syl (C(Sh)S), we have p(S) = “S for some z € Cg(Sp). Set ¢’ = ¢;'op € Aut(G);
then ¢/(S) = S and ¢'|s, = ¢|s,- O

In the next two propositions, we will be referring to the short exact sequence

1 —— Autdiag(]—") —_— NAut(]—')(A) L) Aut(A,}") — 1. (17)

Here, R is induced by restriction, and Aut(A,F) = Im(R) and Autgie(F) = Ker(R) by
definition of these two groups (Notation 5.2(H)). By the last statement in Proposition 5.13,
in all cases, each class in Out(F) is represented by elements of Ny r)(A).

Proposition 5.15. Assume Hypotheses 5.1 and 5.11 and Notation 5.2. Then kg is surjec-
tive, except in the following cases:

b (G>p) = (QEG(q),ZS), or
e (G,p) = (Ga(q),2) and qo # 3, or
o (G.p) = (Fi(q),3) and o # 2.

In the exceptional cases, |Coker(kg)| < 2.

Proof. We first claim that for ¢ € Aut(F),
p(A)=A and ¢[s € Autg(A)Autaue)(A) = [o] € Im(ke) . (18)

To see this, fix such a . By Lemma 5.12(b), each element of Auts.(A), or of Aute.(A)/(14,)

if p = 2, is the restriction of an element of (5(;. If p = 2, then we are in case (III.1), the
o-setup is standard, and hence the inversion automorphism 1%, is the restriction of an inner
automorphism of G (if —Idy € W) or an element of Inn(G)I'¢. Thus ¢|4 extends to an
automorphism of G.

Now, ¢|4 normalizes Autg(A) since ¢(S) = S. So by Lemma 5.14, ¢|4 is the restriction
of an automorphism of G which normalizes S, and hence is the restriction of an element
¢ € Aut(F) such that [¢] € Im(kg). Then pyp=! € Ker(R) = Autqiag(F) by the exactness
of (17), and [py~!] € Im(kg) by Lemma 5.9. So [¢] € Im(kg), which proves (18).

By Proposition 5.13, each class in Out(F) is represented by an element of Ny r)(A).
Hence by (18), |Coker(k¢)| is at most the index of Aut(A,F) N Autg(A)Autaue (A) in
Aut(A, F). So by Lemma 5.8, |Coker(kg)| < 2, and k¢ is surjective with the exceptions
listed above. U

We now want to refine Proposition 5.15, and finish the proof of Theorem B, by determining
Ker(k¢) in each case where 5.1 and 5.11 hold and checking whether it is split. In particular,
we still want to show that each of these fusion systems is tamely realized by some finite
group of Lie type (and not just an extension of such a group by outer automorphisms).

Since Oy (Outdiag(G)) < Ker(kg) in all cases by Lemma 5.9, kg induces a quotient
homomorphism

ke Out(G) /O, (Outdiag(G)) ——— Out(F),
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and it is simpler to describe Ker(rg) than Ker(ig). The projection of Out(G) onto the
quotient Out(G)/O, (Outdiag(G)) is always split: by Steinberg’s theorem (Theorem 3.4),
it splits back to O,(Outdiag(G))®sl¢ as defined with respect to some choice of standard
setup. (Recall that Outdiag(G) is independent of the o-setup by Propositions 3.5(c) and

3.6(a).) Hence k¢ is split surjective if and only if /¢ is split surjective.

Proposition 5.16. Assume Hypotheses 5.1 and 5.11 and Notation 5.2. Assume also that
none of the following hold: neither

 (G,p) = (*Es(q),3), nor

e (G,p) = (Ga(q),2) and qo # 3, nor

o (G,p) = (Fi(q),3) and qo # 2.

(a) If p=2, then ke is an isomorphism, and k¢ is split surjective.
)

(b) Assume that p is odd, and that we are in the situation of case (II1.1) of Hypotheses 5.1.
Then \/q € N, and

(Wyal) = Cy  ify=1d and ~1d € W
Ker(kg) = <[%¢\/§]> ~(Cy ify=Idand —Id ¢ W
(Wyql) = Cy  if y#1d (G is a Steinberg group)

where in the second case, vg € U'q is a graph automorphism of order 2. Hence kg and
ka are split surjective if and only if either v = 1d and —1d ¢ W, or p=3 (mod 4) and
G is not Fy.

(c) Assume that p is odd, and that we are in the situation of case (II1.2) or (1I1.3) of

Hypotheses 5.1. Assume also that G is a Chevalley group (y € Inn(G)), and that
ord,(q) is even or —Id ¢ Wy. Let ®¢,I'c < Aut(G) be as in Proposition 3.6. Then

dc NKer(kg) = 1, so |Ker(kg)| < |Tg|, and kg and kg are split surjective.

(d) Assume that p is odd, and that we are in the situation of case (II1.3) of Hypotheses 5.1.
Assume also that G is a Steinberg group (v ¢ Inn(G)), and that ord,(q) is even. Then

([Vle]) = Cy if v]4 € Autyy,(A)

1 otherwise.

KGI(I%G') = {

Hence kg and k¢ are split surjective if and only if q is an odd power of qo or Ker(kg) =
O, (Outdiag(G)). If kg is not split surjective, then its kernel contains a graph auto-
morphism of order 2 in Out(G)/Outdiag(G).

Proof. In all cases, k¢ is surjective by Proposition 5.15 (with the three exceptions listed
above).

By definition and Proposition 5.13,
Out(]-") = Aut(]-")/Aut;(S) = NAut(}') (A)/NAut]:(S)<A) .

Also, Outgiag(F) is the image in Out(F) of Autgiag(F). Since Naue,(s)(A) is the group of
automorphisms of S induced by conjugation by elements in N¢(S) N Ng(A), the short exact
sequence (17) induces a quotient exact sequence

1l —— Outdiag(}") —_— Out(]:) L Aut(A, f)/AUtNG(S) (A) — 1. (19)
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We claim that
AutNG(S) (A) = Aut(A, f) N Aut(;(A) . (20)
That Auty,s)(A) is contained in the two other groups is clear. Conversely, assume o €
Aut(A, F) N Autg(A). Then a = ¢4|a for some g € Ng(A), and a € Nayya)(Autg(A))
since it is the restriction of an element of Aut(F). Hence g normalizes SCs(A), and since
S € Syl (SCq(A)), there is h € Cg(A) such that hg € Ng(S). Thus a = cyla = cpgla €
Auty,(s)(A), and this finishes the proof of (20).

By Lemma 5.9, k¢ sends Outdiag(G) onto Outgiag(F) with kernel the subgroup O,y (Outdiag(G)).
Hence by the exactness of (19), restriction to A induces an isomorphism

Ker(fig) —2 Ker[Out(G)/Outdiag(G) —— Aut(A, F)/Autygs) (A)]

(=23

= Ker [Out(G)/Outdiag(G) —— Nauy(a)(Autg(A4))/Auta(A)], (21)

where the equality holds by (20).
Recall that for each ¢ prime to p, ¥ € Aute.(A) denotes the automorphism (a > a).

(a,b) Under either assumption (a) or (b), we are in case (III.1) of Hypotheses 5.1. In
particular, (G, o) is a standard o-setup for G. Set k = v,(¢ — 1); then £ > 1, and k > 2 if
p=2.

If p is odd, then by Hypotheses 5.11(ii), the class of gy generates (Z/p)*. Since ¢ = ¢} =

(mod p), this implies that (p — 1)[b. In particular, b is even and /g = q3/2 € N in this case.
Also, for arbitrary p, Hypotheses 5.11(iii) implies that

b= (p—1)p° for some £ > 0. (22)

Since Out(G)/Outdiag(G) = ®I'¢ by Theorem 3.4, where ®I'¢ normalizes 7' and hence
A, and since Autg(A) = Auty, (A) by Lemma 5.3(b), (21) takes the form

Ker(kg) = {¢ € el | ¢la € Autyy, (A)} . (23)

In fact, when Ker(/c%g) has order prime to p (which is the case for all examples considered
here), the isomorphism in (23) is an equality since the quotient Outdiag(G)/O,y (Outdiag(G))
is a p-group.

Assume first that G = G(q) is a Chevalley group. Thus ¢ = v, where ¢ = 1 (mod p), and
A={teT|t" =1}. Set

o _ I'c if G is not one of By, Fy, or Gy
G 1 lngBQ, F4, OI"GQ

and similarly for F%. By Lemma 2.7 (applied with m = p* > 3), we have Auty (T) N

Autpo (T) = 1, the group Autyy (T)Autpo (T) acts faithfully on A, and its action intersects
G G

Aute.(A) only in (¢4,). By Lemma 5.12(b,c), restriction to A sends ® isomorphically onto
Aute.(A) if p is odd, and with index 2 and 1%, not in the image if p = 2. So ®cI'Y acts
faithfully on A, and

1 if p=2
{¢ € BTy | ¢la € Autw,(A)} =< (b g)  ifpisodd and —Id € W (24)
(Yo yq) if p is odd and —Id ¢ W
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where in the last case, 79 € I'g is a graph automorphism such that the coset W contains
—Id. (Recall that b = (p—1)p* for some ¢ > 0 by (22). Hence /g = —1 modulo p* = expt(A),

and w\/ﬂA = 1%‘1-)

Thus by (23) and (24), if G is not By, Fy, or Gy, then kg is injective if p = 2, and
|Ker(kg)| = 2 if p is odd. When p is odd, since Ker(kg) is normal of order prime to
p in Out(G) (hence of order prime to |0,(Outdiag(G))|), Ker(kg) is generated by [¢, 7] if

—Id € W (i.e., if there is an inner automorphism which inverts 7" and hence A), or by [0t /]

if —Id ¢ W and 7, is as above. In the latter case, k¢ is split since it sends O, (Outdiag(G))®¢
isomorphically onto Out(F) (note that in this case, G = A,,, D,, for n odd, or Es, and hence
I'c = Cy). When Ker(rg) = ([t 4q]), the map is split if and only if 4 f |®¢| = b, and since
b= (p—1)p™ for some m by (22), this holds exactly when p = 3 (mod 4).

If (G,p) = (Ba(q),2), (Fulq),2), or (Ga(q),3), then since ¢y # p, ¢ =1 =T%. So (23)
and (24) again imply that Ker(kg) = 1, 1, or <[¢ ﬁ]> >~ (,, respectively, and that k¢ is split
in all cases.

Next assume G = Gs(q), where p = 2, ¢ = 3%, and b is a power of 2. Then b > 2 since
g =1 (mod 4). By (23) and (24) again, ®¢ injects into Out(F). Since Out(G) is cyclic of
order 2b, generated by a graph automorphism whose square generates ®s (and since 2|b),
Out(G) injects into Out(F).

If G = Fy(q), where p = 3, ¢ = 2°, and b = 2 - 3° for some ¢ > 0, then by (23)
and (24), Ker(kglo@) = (g = Co. Fix 1 # v € TI'g. If [Ker(kg)| > 2, then since
Auts (21 (A4)) = {£Id} < Autw (Q1(A)), we have wy|q, 4y = Id for some w € W. Since
W acts faithfully on €,(A) (Lemma 2.7), this would imply that [wy, W] =1 in W (7), and
hence that v acts on W as an inner automorphism, which is impossible since the action of ~
exchanges reflections in W for long and short roots, unlike any inner automorphism. Thus
Ker(kg) = (1 ) = Co. Since Out(G) is cyclic of order 2b = 4 - 3%, neither k¢ nor kg splits.

It remains to handle the Steinberg groups. Let H be such that Cx(v) = H(F,,): a simple
algebraic group by [GLS3, Theorem 1.15.2(d)]. In particular, G > H = H(q). Also, W, is
the Weyl group of H by [GLS3, Theorem 1.15.2(d)] (or by the proof of [St3, Theorem 8.2]).
For a € A,

aceH <= 7(a)=a <= Y,la)=a'=a <= ac Q4.

Thus Q,(A) = ANH. So by Lemma 2.7 applied to H(F,,), Wy acts faithfully on §2;(A), and
intersects Auts.(A) at most in (4,).

If p = 2, then by Lemma 5.12(b), 1%, is not the restriction of an element in ®g. Also,
by = Cy is sent injectively into Autg.(A) by Lemma 5.12(c), so k¢ is injective by (23).

If p is odd, then A = Q(A) < H since v,(¢> — 1) = v,(¢ — 1) = k, and W acts on
A as the Weyl group of B,, or C,, (some m) or of Fy (see [GLS3, Proposition 2.3.2(d)] or
[Ca, §13.3]). Also, 1|4 has order b in Auty(A) by Lemma 5.12(c). Since (¢y,)"* = ¢ 4
where /g = —1 (mod p) (recall b = (p — 1)p* for some ¢ by (22)), and since —Idy, € Wy
by the above remarks, 1,,|4 has order /2 modulo Auty,(A). So by (23) and the remark
afterwards, and since ®¢ is cyclic of order 2b, Ker(kg) = ([0 4]) = Cy. In particular, kg is
split only if b/2 is odd; equivalently, p = 3 (mod 4).

(c,d) In both of these cases, p is odd, either ord,(q) is even or —Id ¢ W), and we are in the
situation of case (I11.2) or (IT1.3) in Hypothesis 5.1. Then v|¢ = (¢q]a) ™" since G < Cg(v¢)y).

Also, 94 (G) = G by 5.1(I), and hence v(G) = G. Since v, and v both normalize T'
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by assumption or by construction, they also normalize T = GNT and A = O,(T). By
Proposition 3.6(d), [¢,] generates the image of ®¢ in Out(G)/Outdiag(G).

We claim that in all cases,
Autg(A) = Auty, (A) and  Autg(A) NAute(A) < (v]a) . (25)

This holds by assumption in case (II1.3), and since ord,(q) is even or —Id ¢ Wy. In case
(II1.2), the first statement holds by Lemma 5.3(b), and the second by Lemma 2.7 (and since

Wy = W and A contains all p*-torsion in 7).

(c) Assume in addition that G is a Chevalley group. Thus v € Inn(G), so v|g €
Inndiag(G) = Inn(G)Autz(G) by Proposition 3.6(b), and hence y[4 € Autg(A). Also,
Y4 = (Wgla)™t = (¥gla)™? since 0 = 1), centralizes G > A. Since 1),|4 has order
b-ordy(q) in Aute.(A) by Lemma 5.12(c), its class in Naugay(Autg(A))/Autg(A) has order
b by (25).

Thus by (21), rg sends O, (Outdiag(G))®¢ injectively into Out(F). Since ' is isomorphic
to 1, Cy, or 33 (and since k¢ is onto by Proposition 5.15), ke and K¢ are split.

(d) Assume G is a Steinberg group and ord,(q) is even. In this case, v ¢ Inn(G), and
Out(G)/Outdiag(G) = O is cyclic of order 2b, generated by the class of 1, |¢. Hence by
(21), Ker(k¢) is isomorphic to the subgroup of those ¢ € ®¢ such that |4 € Autg(A). By
(25) and since 1g|a =774, Auta(A) N Aute(A) < (7). Thus [Ker(kg)| < 2, and

Ker(kg)| =2 <= 4|4 € Autg(A) = Autyy, (A).
When Ker(kg) # 1, K¢ is split if and only if 4 { |®g| = 2b; i.e., when b is odd. O

In the situation of Proposition 5.16(c), if —Id ¢ W, then Ker(rg) = ([01 q]) where 7o

is a nontrivial graph automorphism. If —Id € W (hence ord,(q) is even), then k¢ is always
injective: either because I'¢ = 1, or by the explicit descriptions in the next section of the
setups when ord,(¢) = 2 (Lemma 6.4), or when ord,(¢q) > 2 and G = D,,, (Lemma 6.5).

The following examples help to illustrate some of the complications in the statement of
Proposition 5.16.

Example 5.17. Set p =5. If G = Spiny, (3*), Spyy,(3*), or SUL(3*) (k >5), then by Propo-
sition 5.16(b), kg 1is surjective but not split. (These groups satisfy case (II1.1) of Hypotheses
5.1 by Lemma 6.1.) The fusion systems of the last two are tamely realized by Spo,(3?)
and SL,(3?%), respectively (these groups satisfy case (II1.2) by Lemma 6.4, hence Proposition
5.16(c) applies). The fusion system of Spiny, (3*) is also realized by Spiny, (3?), but not tamely
(Example 6.6(b)). It is tamely realized by Spiny,_1(3%) (see Propositions 1.9(c) and 5.16(c)).

6. THE CROSS CHARACTERISTIC CASE: II

In Section 5, we established certain conditions on a finite group G of Lie type in charac-
teristic qp, on a o-setup for GG, and on a prime p # ¢y, and then proved that the p-fusion
system of G is tame whenever those conditions hold. It remains to prove that for each G
of Lie type and each p different from the characteristic, there is another group G* whose
p-fusion system is tame by the results of Section 5, and is isomorphic to that of G.

We first list the groups which satisfy case (IT1.1) of Hypotheses 5.1.
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Lemma 6.1. Fiz a prime p and a prime power ¢ = 1 (mod p), where ¢ =1 (mod 4) if p = 2.
Assume G = G(q) for some simple group scheme G over Z of universal type, or G = 2G(q)

for G =2 A, D, or Eg of universal type. Then G has a o-setup (G, o) such that Hypotheses
5.1, case (111.1) holds.

Proof. Set G = G(ﬁq), and let ¢, € @ be the field automorphism. Set o = 1), € End(G),
where v = Id if G = G(q), and y € T', has order 2 if G = *G(q).

N¢(T) contains a Sylow p-subgroup of G. If v = Id, then by [Ca, Theorem 9.4.10]
(and since G is in universal form), |G| = ¢" []}_,(¢% — 1) for some integers N, dy,...,d, (r =
rk(G)), where dyd; - - - d, = |W| by [Ca, Theorem 9.3.4]. Also, |T| = (¢—1)", Na(T)/T =W,
and so

u(1G) = va(qdi 1) = (vl — 1) +v,(d))

i=1
= 0p(|T1]) + vp(IW]) = vp(Ne(T))
where the second equality holds by Lemma 1.13.

If |y| = 2, then by [Ca, §§14.2-3], for N and d; as above, there are g;,m; € {£1} for
1 <i < rsuchthat |G| = ¢V []_,(¢% —¢;) and |T| = [],_,(¢—n:). (More precisely, the n; are
the eigenvalues of the y-action on V', and polynomial generators Iy,..., I, € Rlzy,..., 2]V
can be chosen such that deg(/;) = d; and 7(I;) = ¢;1;.) By [Ca, Proposition 14.2.1],

r(l—sitdi) . Misisrla=1{=[{isi<rin=1}
i=1 11— 77175 and ‘Wg| = H{dl | E;i = —|—1}

Also, v,(¢% + 1) = vy(q + 1) for all d > 1: they are both 0 if p is odd, and both 1 if p = 2.
Hence

T

v,(|G]) = vp(|T']) = Z Up(qdi—_f)

i=1 q
= Z vp(di) = vp(IWal) = vp(ING(T)|) — vp(|T1)

by Lemma 1.13 again, and so Ng(7T') contains a Sylow p-subgroup of G.

The free (v)-orbit {a} (if v =1d) or {a, 7(a)} (if |7| =2 and o # 7(«)), for any a € ¥,
satisfies the hypotheses of this condition.

[V5 ¥qo] = Id since v € T'g. O

We are now ready to describe the reduction, when p = 2, to groups with o-setups satisfying
Hypotheses 5.1.

Proposition 6.2. Assume G € £ie(qo) is of universal type for some odd prime qy. Fiz
S € Syl,(G), and assume S is nonabelian. Then there is an odd prime q, a group G* €
Lie(qs) of universal type, and S* € Syly(G*), such that Fs(G) = Fg-(G*), and G* has a
o-setup which satisfies case (II1.1) of Hypotheses 5.1 and also Hypotheses 5.11. Moreover,
if G* = Go(q*) where ¢* is a power of ¢i, then we can arrange that either ¢* =5 or ¢ = 3.

Proof. Since qo is odd, and since the Sylow 2-subgroups of 2G5(3%**1) are abelian for all
k > 1 [Ree, Theorem 8.5], G must be a Chevalley or Steinberg group. If G = 3D,(q), then F
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is also the fusion system of Ga(q) by [BMO, Example 4.5]. So we can assume that G = "G(q)
for some odd prime power ¢, some G, and some graph automorphism 7 of order 1 or 2.

Let € € {£1} be such that ¢ = ¢ (mod 4). By Lemma 1.11, there is a prime ¢§ and k > 0

such that (g) = (e - (¢¢)"), where either ¢f = 5 and k = 0, or ¢¢ = 3 and k > 1.

If ¢ = 1, then set G* = "G((¢;)?"), and fix S* € Syl,(G*). Then Fg.(G*) = Fs(G)
by Theorem 1.8(a), G* satisfies case (III.1) of Hypotheses 5.1 by Lemma 6.1 (and since
(qé)Qk =1 (mod 4)), and G* also satisfies Hypotheses 5.11.

Now assume ¢ = —1. If —Id is in the Weyl group of G, then set G* = "G((¢)?"). If —Id
is not in the Weyl group, then G = A,,, D,, for n odd, or Eg, and we set G* = G((qS)Qk) if
7 # 1d, and G* = 2G((¢;)?") if G = G(g). In all cases, for S* € Syl (G*), Fs-(G*) = Fs(G)
by Theorem 1.8(c,d), G* satisfies case (III.1) of Hypotheses 5.1 by Lemma 6.1 again, and
also satisfies Hypotheses 5.11.

By construction, if G = G5, then either ¢f = 3 or (q3)2k =5. O

When G = G5(5) and p = 2, G satisfies Hypotheses 5.1 and 5.11, but k¢ is not shown to
be surjective in Proposition 5.15 (and in fact, it is not surjective). Hence this case must be
handled separately.

Proposition 6.3. Assume p = 2. Set G = G2(5) and G* = G1(3), and fir S € Syl,(G)
and S* € Syly(G*). Then Fs«(G*) = Fs(G) as fusion systems, and kg = g o Kgx S an
isomorphism from Out(G*) = Cy onto Out(S*, Fe«(G*)).

Proof. The first statement follows from Theorem 1.8(c). Also, |Out(G)| = 1 and |Out(G*)| =
2 by Theorem 3.4, and since G and G* have no field automorphisms and all diagonal automor-
phisms are inner (cf. [St1, 3.4]), and G* = G3(3) has a nontrivial graph automorphism while
G = G2(5) does not [Stl, 3.6]. Since G satisfies Hypotheses 5.1 and 5.11, |Coker(kg)| < 2
by Proposition 5.15, so |Out(Fs(G))| < 2.

By [O5, Proposition 4.2|, S* contains a unique subgroup @ = Qs X¢, Qs of index 2.
Let z € Z(Q) = Z(S5*) be the central involution. Set G = G5(F3) > G*. Then Cg(z) is
connected since G is of universal type [St3, Theorem 8.1], so Cz(z) = SLy(FF3) x¢, SLy(IF3)
by Proposition 2.5. Furthermore, any outer (graph) automorphism which centralizes = ex-
changes the two central factors SLy(F3). Hence for each v € Aut(G*)\Inn(G*) which nor-
malizes S*, a exchanges the two factors (g, and in particular, does not centralize S*. Thus
Ke+ s injective, and hence an isomorphism since |Out(G*)| = 2 and |Out(S*, Fs«(G*))| =
|Out(Fs(G))| < 2. O

We now turn to case (I11.2) of Hypotheses 5.1.

Lemma 6.4. Fixz an odd prime p, and an odd prime power q prime to p such that g = —1

(mOd p) Let G be one Of the groups San(q)7 Spin2n+1(Q)f Splnj{n(Q) (n > 2)7 GQ(CD? F4<q)?
E:(q), or Es(q) (i.e., G = G(q) for some G whose Weyl group contains —1d), and assume

that the Sylow p-subgroups of G are nonabelian. Then G has a o-setup (é,a) such that
Hypotheses 5.1, case (111.2), hold.

Proof. Assume q = ¢} where qq is prime and b > 1. Set G = G(I?qo), and let T < G be a

maximal torus. Set r = rk(7) and k = v,(q¢ + 1).

In all of these cases, —Id € W, so there is a coset wy € NG(T)/T which inverts T. Fix
go € N@(T) such that goT = wo and 1y, (go) = go (Lemma 2.9). Set v = ¢4 and o = 7 0 ¢,
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We identify G' = Oqé(C’é(U)), T=GNT,and A= O,(T). Since o(t) =t~ for each t € T,
T 22 (Cyy1)" is the (g + 1)-torsion subgroup of T, and A 22 (Cy )"

Ng(T) contains a Sylow p-subgroup of G. In all cases, by [Ca, Theorem 9.4.10]
(and since G is in universal form), |G| = ¢" []}_,(¢% — 1), where dids---d, = |W| by [Ca,
Theorem 9.3.4]. Also, the d; are all even in the cases considered here (see [St2, Theorem 25|
or [Ca, Corollary 10.2.4 & Proposition 10.2.5]). Hence by Lemma 1.13 and since p is odd,

T T

w61 = 3 ula" = 1) = D0 ((@)2 = 1) = 3 (e — 1)+ v, (ds/2)

i=1 =1

=r-v(q+ 1)+ Y up(di) = 0,(IT]) + v (W) = v, (|Ne(T)]).
i=1
[V5 thgo] = Id since v = cg, and 1, (g0) = go-
A free (v)-orbit in 3. For each a € 3, {£a} is a free (y)-orbit. O

We now consider case (IT11.3) of Hypotheses 5.1. By [GL, 10-1,2], when p is odd, each
finite group of Lie type has a o-setup for which Ng(7T') contains a Sylow p-subgroup of G.
Here, we need to construct such setups explicitly enough to be able to check that the other
conditions in Hypotheses 5.1 hold.

When p is a prime, A is a finite abelian p-group, and Id # ¢ € Aut(A) has order prime
to p, we say that & is a reflection in A if [A,£] is cyclic. In this case, there is a direct
product decomposition A = [A, ] x Cx(§), and we call [A, ] the reflection subgroup of &.
This terminology will be used in the proofs of the next two lemmas.

Lemma 6.5. Fiz an odd prime p, and an odd prime power q prime to p such that ¢ # 1
(mod p). Let G be one of the classical groups SLy(q), Sps,(q), Spin,,.:(q), or Spini,(q),

and assume that the Sylow p-subgroups of G are nonabelian. Then G has a o-setup (é, o)
such that case (111.3) of Hypotheses 5.1 holds.

Proof. Set m = ord,(q); m > 1 by assumption. We follow Notation 2.2, except that we have
yet to fix the o-setup for G. Thus, for example, qq is the prime of which ¢ is a power.

When defining and working with the o-setups for the spinor groups, it is sometimes easier
to work with orthogonal groups than with their 2-fold covers. For this reason, throughout

the proof, we set G, = SO, when G = Spiny, set G, = SO,(F,,) when G = Spin,(F,,), and
let x: G — G, be the natural surjection. We then set G, = Cg (o) = SOF(q), once &
has been chosen so that G = C(0) = Spinj (¢), and set T.=x(T) and T, = Cz. (o). Also,
in order to prove the lemma without constantly considering these groups as a separate case,
we set G. = G, G, = G, x = Id, etc. when G is linear or symplectic. Thus G, and G. are

classical groups in all cases.

Regard G, as a subgroup of Aut(V,b), where V is an qu—vector space of dimension n, 2n,
or 2n + 1, and b is a bilinear form. Explicitly, b =0 if G = SL,,, and b has matrix (_01 6)69"
if G = Spoy, (93)" if G = Spiny,, or (94)°" @ (1) if G = Spiny,,. Let T. be the group
of diagonal matrices in G, and set

diag(Aq, ..., An) if G=SL,
Ay = Cdiag( AL AT A, AT if G = Sp,,, or Spin,,,
diag(A\, AT, .., A, AL 1) if G = Sping,, ;.
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In this way, we identify the maximal torus 7. < G. with (]F;O)” in the symplectic and
orthogonal cases, and with a subgroup of (IF;O)" in the linear case.

Set W* = W (the Weyl group of G and of G.), except when G = Spin,,, in which
case we let W* < Aut(T.) be the group of all automorphisms which permute and invert
the coordinates. Thus in this last case, W* = {£1} 3, while W is the group of signed
permutations which invert an even number of coordinates (so [W* : W] = 2). Since W*
induces a group of isometries of the root system for Spin,, and contains W with index 2, it
is generated by W and the restriction to T'. of a graph automorphism of order 2 (see, e.g.,
[Brb, § VI.1.5, Proposition 16]).

We next introduce some notation in order to identify certain elements in W*. For each r, s

such that rs < n, let 75 € Aut(T.) be the Weyl group element induced by the permutation
(L---r)(r+1---2r)- - ((s=1)r +1---sr); ie.,
T ([, A]) =
[)\ra )\17 sy >\r71> >\2r> )\r+1; SRR >\sr; )‘(s—l)r+17 SR )\srfh >\sr+17 .- ]
For 1 <i < n,let & € Aut(T) be the automorphism which inverts the i-th coordinate. Set
T, =T1rand 77 =77§.&, - &, Thus for 6 = £1,
Tf,yg([)\l, ey )\n]) —
A A A Aty A A s - Asre 1y Asrp s - - -

Recall that m = ord,(q). Define parameters y, 6, k, and « as follows:

if m is odd : =m 0=1 k= (n/pul =n/m
it ’ N S T
ifmiseven: p=m/2 60=-1 k=[n/pu] =[2n/m].

We can now define our o-setups for G and G.. Recall that we assume m > 1. In Table
6.1, we define an element wy € W*, and then describe T, = C7, (woo¢y) and Wy = Chy-(wo)

(where Wy = Cyy(wp) has index at most 2 in W). In all cases, we choose v € Aut(G,) as

G, conditions |wg = ’y]j, T. W§
SL,(q) Tk (Cgm—1)F x Cp ™t (Ci 2 Sp) x H
Sp2n(Q)

S02n+1(q) TZﬂ (Oqu_g)"C X C;l:f'u (Cg'u l EK) x H
e=0"

e £ 0%, pn| T €, |(Coug)™ x Cy ™ x Cypa | (Coul i) x H

503,(q) gr B
) 7; - ’_lfm o (Coug)*t x Cl,
e#£ 0% uln 1 . ) (Copt¥p—1) x H
0 = ’+lIL Tho &n | (Coe)™ X G2y X Cya

In all cases, T 25 T, has kernel and cokernel of order < 2, and so A = O,(T) = O,(T.).

TABLE 6.1

follows. Write wo = wj o 70|z, for some wy € W and 7o € I'g,  (possibly 7o = Id). Choose

7,
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9o € Ng (T ) such that goT. = w} and vy, (go) = go (Lemma 2.9), and set 7y = ¢4, oyo. Then
[7s ¢q0] Idz , since ¢4, and o both commute with vy, and we set o = o)y = 1Py 0y
When G = Spm% or Spin,,,, ;, since G is a perfect group and Ker(x) < Z(G), v and o lift to
unique endomorphisms of G which we also denote v and o (and still [y, ¢,] = 1 in Aut(G)).

Thus G = Cg(o) and G, = Cg (o) in all cases, and we identify these groups. Set
T =Cz(0), T, = C; (0), W5 = Cw+(7), and Wy = Cw (7). It G = Spin,,;; or Spin,,, then
X(T) is the kernel of the homomorphism T, — Ker () which sends x(¢) to t o (¢), and thus

has index at most 2 in 7,.. Since p is odd, this proves the statement in the last line of Table
6.1.

In the description of W in Table 6.1, H always denotes a direct factor of order prime to
p. The first factor in the description of W acts on the first factor in that of 7', and H acts
on the other factors.

When G, = SL,(q) and m|n, the second factor C, '} in the description of T' doesn’t make
sense. It should be interpreted to mean that 7" is “a subgroup of index ¢ — 1 in the first
factor (Cym_1)*”.

Recall that T, = Cg, (7o th). When U = (F)< ), then

Cur(Thgotg) = {0, AT, AT [ (AT)® = 2}
= {QNNTL AT A =1} = Cy.
This explains the description of T, in the symplectic and orthogonal cases: it is always the

direct product of (Cyu_g)" or (Cyu_g)* ! with a group of order prime to p. (Note that p|(g+1)
only when m = 2; i.e., when §# = —1 and 1 = pn.)

Since the cyclic permutation (12 --- u) generates its own centralizer in ¥,,, the centralizer
of 7, ,in {1113, < Aut((FX)*) is generated by 7 ho and YT If 0 = —1, then (1, ,)* =

1# 1, while if § = 1, then 7! uo has order p. Since m = p is odd in the latter case, the
centralizer is cyclic of order 2,u in both cases. This is why, in the symplectic and orthogonal
cases, the first factor in Wy is always a wreath product of Cy, with a symmetric group.

We are now ready to check the conditions in case (I11.3) of Hypotheses 5.1.
N¢(T) contains a Sylow p-subgroup of G. Set

e=up(q" — 1) = vy(q" —0).
The second equality holds since if 2|m, then p t (¢* — 1) and hence e = v,(¢* + 1). Recall
also that m|(p — 1), so v,(m) = 0. Consider the information listed in Table 6.2, where the
formulas for v,(|T|) = v,(|Te]) and v,(|Ws]|) follow from Table 6.1, and those for |G| are
shown in [St2, Theorems 25 & 35] and also in [Ca, Corollary 10.2.4, Proposition 10.2.5 &
Theorem 14.3.2].

For all 7 > 0, we have

(g — 1) = {g ol i ZJ;

The first case follows from Lemma 1.13, and the second case since m = ord,(¢). Using this,
we check that v,(¢* — 1) = v,(¢" — 1) for all ¢ whenever m is odd, and that

" e +v,(2n/m) if m|2n and € = (—1)2/™
(¢" —¢) = .
0 otherwise.
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G cond. up(|Gl) up([T1) | vp([Wol)
SLn(q) 2?:2 Up(qi —1) ke vp(K!)
Sp2n(Q) Z?:l vp(q% _ 1)

Spiny,, 1 (q) ke v, (K!)
c=0" o
Spinga) |22 0% |
pmy, \g € )y
e#0%, pln FEE e D (r=1)e | v,((r—1)1)
TABLE 6.2

So in all cases, v,(|G]|) = v,(|T|) +v,(|Ws]|) by the above relations and the formulas in Table
6.2. Since Ng(T')/T = Wy by Lemma 5.3(b), this proves that v,(|G|) = v,(|Na(T)|), and
hence that Ng(T') contains a Sylow p-subgroup of G.

|7|z| = |7| = ord,(q) > 2 and [v, tg,] = Id by construction. Note, when G is a spinor
group, that these relations hold in G if and only if they hold in G..

Cs(22:(A)) = A by Table 6.1 and since pt |H]|.

Ca(Op(Wy)) = 1. By Table 6.1, in all cases, there are r,t > 1 and 1 # s|(p — 1) such
that A = (Cp)", and Autyx(A) = C, 1%, acts on A by acting on and permuting the cyclic
factors. In particular, Auto ) (A4) contains a subgroup of index at most 2 in (Cj)", this
subgroup acts nontrivially on each of the cyclic factors in A, and hence Cy(Oy(Wp)) =1

A free (7)-orbit in 3. This can be defined as described in Table 6.3. In each case, we
use the notation of Bourbaki [Brb, pp. 250-258] for the roots of G. Thus, for example, the
roots of SL,, are the £(g; —¢;) for 1 <i < j < n, and the roots of SOy, the *¢; £ ¢;. Note
that since S is assumed nonabelian, p! |Ws|, and hence n > pm in the linear case, and n > pu
in the other cases.

G =1 0=-1
SLy(q) {ei —emri|l <1 <m}
SPay(q) {26, 11 <i < u} {426, |1 <i < p}
Spiny, (o) | {el1<i<w) (e ll<i<u
Sping,(q) | {ei — g1 < i< p} [ {£(e — ) |1 <0< p}
TABLE 6.3

Auty,(A) N Auts.(A) < (7)) if ordp(.q) even or —Id ¢ W,

(v|a,?,) otherwise.
Set K* = Auty;(A) N Aute(A) and K = Autyy,(A4) N Aute(A) for short. By Table 6.1,
|K*| = m if G = SL,(q), and |K*| = 2 otherwise. Also, (y|4) = <1/1,1_1|A> has order ord,(q).
Thus K < K* = (y|4) except when G is symplectic or orthogonal and m = ord,(q) is odd.
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In this last case, K = K* (so |K| = 2u = 2m) if W, contains an element which inverts A
(hence which inverts T" and T'); and |K*/K| =2 (|K| = m) otherwise.

Autg(A) = Auty,(A). Since A = O,(T) = O,(T.) by Table 6.1, it suffices to prove
this for G.. Fix g € Ng.(A). Since 7T is a maximal torus in the algebraic group Cg (A)
(Proposition 2.5), there is b € C (A) such that T, =9, Seta=>b"'ge¢€ N@C(Tc); thus
Ca = ¢y € Aut(A). Set w=aT.€ W = N@c(Tc)/Tc; thus w € Ny (A), and w|4 = ¢,a.

By the descriptions in Table 6.1, we can factor T, = T; X T, where v and each element of
Nw (A) send each factor to itself, y|; =1Id, A < T4, and [Cy (A), Ty] = 1. Since o(g) = g,
o(a) = a (mod Cg (A)), and so 7(w) = w (mod Cw(A)). Thus 7(w)|z, = wlz, since Cw(A)
acts trivially on this factor, 7(w)|z, = wlz_ since 7|z = Id, and so w € Wy = C (7).
Nauay(Autw,(A)) < Auts(A)Autawc)(A). By Table 6.1, for some r,t > 1,
A=A x---xA,, where A; = Cy for each i. Also, for some 1 # s|(p—1), Autyy(A) = C%,
acts on A via faithful actions of C, on each A; and permutations of the A;.

Let Aut%,g(A) < Autyy; (A) and Autpy, (A) < Auty,(A) be the subgroups of elements

which normalize each cyclic subgroup A;. Thus Aut S(A) = (C5)", and contains Aut?,VO(A)
with index at most 2.

Case 1:  Assume first that Auty, (A) is characteristic in Auty,(A4). Fix some o €
Naug(a)(Autyy, (A)). We first show that o € Autyys (A)Auts.(A).

Since o normalizes Auty,(A), it also normalizes Auty, (4). For each 8 € Aut}y, (A),
[, A] is a product of A;’s. Hence the factors A; are characterized as the minimal nontrivial
intersections of such |3, A], and are permuted by «. So after composing with an appropriate
element of Auty:(A), we can assume that a(A;) = A; for each i.

After composing « by an element of Auts.(A), we can assume that a|s, = Id. Fix i # 1
(2 <i <), let u € Z be such that a|s, = ¥ = (a — a*), and choose w € Autyy,(A)
such that w(A;) = A;. Then wlawa™ € Auty,(A) since o normalizes Autyy,(A), and
(w_lawa_l)‘Al = 4. Hence u®* = 1 (mod p' = |A;|), and since this holds for each i,
o€ Autwg (A)

Thus Nau(a)(Autw, (A)) < Autyys (A)Auts(A). By Table 6.1, each element of Autyys(A)

extends to some ¢ € Auty«(1") which commutes with o[z. So Auty:(A) < Autawe)(A) by
Lemma 3.7, and this finishes the proof of the claim.

Case 2: Now assume that Autyy, (A) is not characteristic in Auty,(A). Then r < 4, and
since p < r, we have p = 3 and r = 3,4. Also, s = 2 since s|(p — 1) and s # 1. Thus r = 4,
since Autyy, (A) = Oa(Auty,(A)) if r = 3. Thus Auty,(A) = C3§ x Xy: the Weyl group of
Dy4. Also, m = 2 since p = 3, so (in the notation used in the tables) u = 1, § = —1, and
k =n. By Table 6.1, G = SOs(q) for some ¢ = 2 (mod 3) (and Wy = W).

Now, Ox(W) = Qs X ¢, Qs, and so Out(Oy(W)) = ¥30Cy. Under the action of W/Oy (W) =
Y3, the elements of order 3 act on both central factors and those of order 2 exchange
the factors. (This is seen by computing their centralizers in O9(W).) It follows that
Nout(0s(wy) (Outyy (O2(W))) /Outy (O2(W)) = X3 = I'g, and all classes in this quotient
extend to graph automorphisms of G = Sping(q). So for each av € Nayga)(Auty (A)), after
composing with a graph automorphism of G we can arrange that @ commutes with Oy (W),
and in particular, normalizes Aut(,(A). Hence by the same argument as used in Case 1,

o€ AUtSC(A)AutAut(G) (A)
This finishes the proof that this o-setup for G satisfies case (I11.3) of Hypotheses 5.1. [
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Example 6.6. Fiz distinct odd primes p and qo, and a prime power q = g} where b is even
and ord,q is even. Set G = Spiny,(q) for some k > 2. Let (G,0) be the setup for G of

Lemma 6.5, where 0 = 1,y for v € Aut(G). In the notation of Table 6.1, m = ord,(q),
p=m/2, 0 =—1=¢e,n=2k, and k = [2k/u] = [4k/m|. There are three cases to consider:

(a) If ¢** = —1 (mod p); equivalently, if m|4k and k = 4k/m is odd, then € = 0%, wy =
7|Tc = T Tk(A) = k, and W5 = C,,, 0 E.. Then Wy acts faithfully on A while
wy € Wi~Wo, and so vy|a ¢ Auty,(A). Hence by Proposition 5.16(d), kg is split.

(b) If ¢** = 1 (mod p); equivalently, if m|dk and k = 4k/m is even, then € # 0%, Vg7, =
T;l_el, rk(A) =k — 1, and Wi = (Co, 1 E,1) X H where H = (Cy1Y,). Then H acts
trivially on A and contains elements in Wi~Wy, so v|a € Auty,(A). Hence kg is not

split.

(c) If ¢** # £1 (mod p); equivalently, if m 1 4k, then in either case (k even or odd), the
factor H in the last column of Table 6.1 is nontrivial, acts trivially on A, and contains
elements in Wi~Wy. Hence y|a € Auty,(A) in this case, and K¢ is not split.

We also need the following lemma, which handles the only case of a Chevalley group of
exceptional type which we must show satisfies case (II1.3) of Hypotheses 5.1.

Lemma 6.7. Set p = 5, let ¢ be an odd prime power such that ¢ = +2 (mod 5), and set
G = Es(q). Then G has a o-setup which satisfies Hypotheses 5.1 (case (II1.3)).

Proof. We use the notation in 2.2, where ¢ is a power of the odd prime ¢o, and G = Eg(Iqu).

By [Brb, Planche VII], the of roots of Eg can be given the following form, where {e1, ..., es}
denotes the standard orthonormal basis of R3:

8
o 1 s
1§z<‘7§8}u{§§ (—1)™g;

1=

= {xei ke

8
Zmi even} C R® .
i=1

By the same reference, the Weyl group W is the group of all automorphisms of R® which
permute 3 (A(R) = W(R) in the notation of [Brb]). Give R® a complex structure by setting
1€9k—1 = €9 and ieg,, = —e9p_1, and set €f = €91 for 1 < k < 4. Multiplication by ¢
permutes Y, and hence is the action of an element wy € W. Upon writing the elements of X
with complex coordinates, we get the following equivalent subset ¥* C C*:

S = {(il +i)el

1<k < 4} U {imsz+i”52

1<k<(<4, m,nez}

.4
U {1;ZZimkaz ka even} :

k=1

Let ZY C R® be the lattice generated by ¥. By Lemma 2.4(d) (and since (o, ) = 2 for
all o € ), we can identify T = ZY @ IF‘QXO by sending h,(A) to a® A for a € ¥ and A € IF’;O.
Set Ag = ZX. N Z8, a lattice in R® of index 2 in Z¥ and in Z8. The inclusions of lattices
induce homomorphisms

T 27 ®y IF‘;O 2 Ay ®z fF:O —2 7@ IFZO = (quo)s
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each of which is surjective with kernel of order 2 (since Tor}(Z/2, IF;O) = 7/2). We can thus

identify T = (Iﬁ'qxo)g, modulo 2-power torsion, in a way so that
8 p—
a=> kg €%, AeFS = ha(\) =\, M),
Under this identification, by the formula in Lemma 2.4(c),
8
:Z&QEE — 96()\17---7)\8):)\?"')\? (1)

for Ap,...,A\s € F. Also,
U}Q()\l, .. .,)\8) = ()\2_1,>\1,)\Zl,)\3, .. .,)\8_1,)\7)

for each (Ag,..., As).

Choose gg € Né(T) such that goT = wy and 1y, (go) = go (Lemma 2.9), and set 7 = ¢,, €
Inn(G). Thus o = VYgoy = Yothy, G = Cgz(0), and T = Cz(0). By the Lang-Steinberg
theorem [St3, Theorem 10.1], there is h € G such that g = hib,(h~"); then o = cpi),c,* and

G = COg(1y) = Es(q). It remains to check that the setup (G, 0) satisfies the list of conditions
in Hypotheses 5.1.

We identify Wy = Cyy(wg) with the group of C-linear automorphisms of C* which permute
¥*. The order of Wy is computed in [Ca3, Table 11] (the entry I' = D4(a;)?), but since we
need to know more about its structure, we describe it more precisely here. Let Wy < GL4(C)
be the group of monomial matrices with nonzero entries +1 or 4+, and with determinant +1.
Then Wy < Wy, [Wa| = 5-4*-41 = 21°.3 and W, acts on X* with three orbits corresponding
to the three subsets in the above description of ¥*. The (complex) reflection of order 2 in
the hyperplane orthogonal to Y (e} + ¢} + ¢5 + ¢}) sends (14 i)e} to T (e] — e} — 5 — &),
and it sends (e} 4 ie}) to 1 (z ey + 1l — e§ — €3). Thus Wy acts transitively on X*.

Let X C P (C*) be the set of projective points representing elements of X*, and let [a] € )
denote the class of @ € X*. To simplify notation, we also write [x] = [a] for x € C*

representing the same point, also when = ¢ Z* Let ~ denote the relation on X: [a] ~ 4] if

a = (3, or if a L [ and the projective line < > C P(C*) contains four other points in .
By inspection, [¢}] ~ [g;] for all j,k € {1,2, 3 ,4}, and these are the only elements [a] such
that [a] ~ [7] for some j. Since this relation is preserved by W, and Wy acts transitively

on Y, we see that ~ is an equivalence relation on X with 15 classes of four elements each.
Set A =X /~, and let [a] denote the class of [a] in A. Thus |S| = 1|Z| = 60 and |A| = 15.
Since Wy is the stabilizer subgroup of [¢}]a under the transitive Wy-action on A, we have
[Wol = |Wa|-15=219.32.5.

Let W7 < W, be the subgroup of elements which act trivially on A. By inspection,
Wy < Wy, [Wy| = 2% and W, is generated by w, = diag(i,i,i,4), diag(1,1,—1,—1),
diag(1,—1,1, —1), and the permutation matrices for the permutations (12)(34) and (13)(24).
Thus Wi = 04 Xy Dg Xy Dg

By the above computations, |Wy/Wy| = 2*-3? -5 = |Sp,(2)|. There is a bijection from
A to the set of maximal isotropic subspaces in W, /Z(W;) which sends a class [a@]a to the

subgroup of those elements in W; which send each of the four projective points in [a]a to
itself. Hence for each w € Cy,(W1), w acts via the identity on A, and so w € W; by
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definition. Thus W, /Wy injects into Out(W;) = ¢ x Cy, and injects into the first factor
since Z(Wy) = Z(Wy) (= Cy). So by counting, Wy /Wi = 6. Also, Wi = Oy(W).

Set a = vs(¢* — 1) = vs(¢®> + 1), and fix u € IF;O of order 5*. Let A be as in Notation
5.2(G): the subgroup of elements in 7" of 5-power order. Thus

A= {(UlaU(1]7U27Ugau37ugvu47UZ) }Ul,UQ,Ug,’LM € <U>} = <C5a)4 . (2)

By (2) and (1), there is no 3 € ¥ such that A < Ker(3). Hence C5(A)° = T by Proposition
2.5. So by Lemma 5.3(b),

Ng(A) = Ng(T) and Ng(T)/T =W,. (3)
We are now ready to check the conditions in Case (II1.3) of Hypotheses 5.1.

N¢(T) contains a Sylow p-subgroup of G. Let S be a Sylow p-subgroup of Ng(T)
which contains A. Since Ng(T)/T = Wy by (3), A = (Cs)*, and Wy/02(Wy) = g,
|S| = 5%l By [St2, Theorem 25] or [Ca, Corollary 10.2.4 & Proposition 10.2.5], and since
v5(q" — 1) = 0 when 4 { k and v5(¢* — 1) = a + v5(¢) (Lemma 1.13),

vs(IG]) = vs((¢** = D)@ = 1)(¢? = 1)(¢* - 1)) =4da+1.
Thus S € Syl,(G).

‘7|T‘ = ord,(q) > 2 and [v,%4,] = Id. The first is clear, and the second holds since
Y = Cgo where ¢q0 (90) = Yo-
Cs(©21(A)) = A by the above description of the action of W, on A.

Ca(Oy(Wy)) =1 since wy € Oy (Wp) and Ca(wo) = 1.
A free (v)-orbit in 3. The subset {4(e; +¢3), £(e2 + &4)} C X is a free (7y)-orbit.

Autw, (A) N Aute(A) < (v]a). Recall that |y]=| =4 and [Aute(A)| = 4 - 5* for some
k, and W, acts faithfully on A. So if this is not true, then there is an element of order 5 in
Z(Wy), which is impossible by the above description of Wj.

Aute(A) = Autw,(A) by (3).

Nauga)y(Autw,(A)) < Autg(A)Autw,(A). For j=1,2,3,4, let A; < A be the cyclic
subgroup of all elements as in (2) where u, = 1 for k # j. The group W, contains as
subgroup C5 ¥4: the group which permutes pairs of coordinates up to sign. So each of the
four subgroups A; is the reflection subgroup of some reflection in W.

For each ¢ € Caya)(Auty,(A)), ¢(A4;) = A, for each j, and ¢(a) = a™ for some
nj € (Z/5%)*. Also, ny = ny = n3 = ny since the A; are permuted transitively by elements

of Wy, and hence ¢ € Autg.(A).

Now assume ¢ € Nyye(a)(Autw, (A)). Since ¢ centralizes Z(W1) = (wo) = (diag(i,4,7,17))
(since diag(i,i,7,1) € Z(Aut(A))), colw, € Inn(W;), and we can assume (after composing
by an appropriate element of Wy) that [, Wi] = 1. So ¢, € Aut(W)) has the form c,(g) =
gx(g), where g € Wy /W = ¥ is the class of g € Wy, and where x € Hom(W, /Wy, Z(W)) =
Hom(Xg, Cy) = Cy is some homomorphism. Since (wp)? inverts the torus 7', composition
with (wp)? does not send reflections (in A) to reflections, and so we must have ¢, = Idy,.
Thus ¢ € Caupa)(Autp, (A)) = Aute(A) (modulo Autyy, (A)). O

The following lemma now reduces the proof of Theorem B to the cases considered in
Section 5, together with certain small cases handled at the end of this section. As before,
when p is a prime and p { n, ord,(n) denotes the multiplicative order of n in IF\.
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Proposition 6.8. Fiz an odd prime p, and assume G € Lie(qo) is of universal type for some
prime qo # p. Fiz S € Syl (G), and assume S is nonabelian. Then there is a prime q5 # p,
a group G* € Lie(qy) of universal type, and S* € Syl (G*), such that Fs(G) = Fs-(G*), and
one of the following holds: either

(a) G* has a o-setup which satisfies Hypotheses 5.1 and 5.11, G* = G(q*) or *G(q*) where
q* is a power of g5, and

(a.1) —Id ¢ W and G* is a Chevalley group, or
(a.2) —Id € W and ord,(q*) is even

where W is the Weyl group of G;  or

(b) p=3, g5 = 2, G =°Dy(q) or*Fy(q) for q some power of qo, and G* = *Dy(q*) or *F4(q*)
for q* some power of 2.

Moreover, if p =3 and G* = Fy(q*) where ¢* is a power of ¢, then we can assume ¢ = 2.
In all cases, we can choose G* to be either one of the groups listed in Proposition 1.10(a—e¢),
or one of E;(q*) or Es(q*) for some ¢ = —1 (mod p).

Proof. We can assume that G = G(q) is one of the groups listed in one of the five cases
(a)—(e) of Proposition 1.10. In all cases except 1.10(c), we can also assume that G satisfies
Hypotheses 5.11, with ¢o = 2 if p = 3 and G = F}, and with ¢y odd in cases (a) and (b)
of 1.10. If G = SL,(q) or Sping,(¢q) where p|(g — 1), or G is in case (d), then G satisfies
Hypotheses 5.1 by Lemma 6.1. If G = SL,(q) or Spinj,(q) where p { (¢ — 1), then G
satisfies Hypotheses 5.1 by Lemma 6.5. This leaves only case (c) in Proposition 1.10, which
corresponds to case (b) here, and case (e) (p = 5, G = Es(q), ¢ = £2 (mod 5)) where G*
satisfies Hypotheses 5.1 by Lemma 6.7.

We next show, in cases (a,b,d,e) of Proposition 1.10, that we can arrange for one of the
conditions (a.1) or (a.2) to hold. If —Id ¢ W, then G = A,, D, for n odd, or Es, and
G is a Chevalley group by the assumptions in cases (a,b,d) of Proposition 1.10. So (a.1)
holds. If —Id € W and ord,(q) is even, then (a.2) holds. If —Id € W, ord,(q) is odd, and
G = G(q) is a Chevalley group, then by Theorem 1.8(c), G ~, G(¢*) for some ¢* = ¢§ such

that (¢*) = ( — ¢), and ord,(¢*) is even. So we can replace G by G(¢*) in this last case, and
(a.2) holds.

This leaves the case where —Id € W, ord,(q) is odd, and G is not a Chevalley group. By
inspection, the first and third conditions both hold only when G = 2D,,(q) for n even. So
we are in the situation of Proposition 1.10(b), where we also assume ¢" = —1 (mod p). But
then ord,(g) is even, so this case cannot occur. i

We now consider the two families of groups which appear in Proposition 6.8(b): those not
covered by Hypotheses 5.1.

Proposition 6.9. Let G be one of the groups 3D4(q) where q is a prime power prime to 3,
2Fy (22 for m > 0, or 2Fy(2)'. Then the 3-fusion system of G is tame. If G = 3D,(2")
(n > 1), Fy(2*™*1) (m > 0), or *Fy(2), then kg is split surjective, and Ker(kg) is the
subgroup of field automorphisms of order prime to 3.

Proof. Fix S € Syl;(G), and set F = Fg(Q).

If G is the Tits group %Fy(2)', then S is extraspecial of order 3% and exponent 3, so
Out(S) = GLy(3). Also, Outg(S) = Dg and Outauy ) (S) = SDsg, since the normalizer in
2F4(2) of an element of order 3 (the element ¢, in [Sh]) has the form SU3(2) : 2 = 3172 : SDy4
by [Sh, Table IV] or [Mal, Proposition 1.2]. Hence Out(F) < Nouys)(Outa(S))/Outa(S)
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has order at most 2, and kg sends Out(G) = Cy (|GrL, Theorem 2]) isomorphically to
Out(F). If G = ?Fy(2), then Outg(S) = SDis, so Out(F) = 1 by a similar argument, and
K¢ is an isomorphism between trivial groups.

Assume now that G = ?F;(2") for odd n > 3 or G = 3D,(q) where 3 { ¢. In order to
describe the Sylow 3-subgroups of these groups, set ¢ = /3 R = Z[(], and p = (1 — {)R.
Let S), be the semidirect product R/p* x C3, where the quotient acts via multiplication by
(. Explicitly, set

Se = {(z,i) |z € R/p*, i € Z./3} and Ay, = R/p" x {0},

where (x,4)(y,j) = (z + C'y,i + j). Thus |Si| = 3*™. Set s = (0,1), so that s(z,0)s™! =
(Cx,0) for each z € R/p*.
Assume k > 3, so that Ay is the unique abelian subgroup of index three in S;. Set .S = S,

and A = Ay, for short. We want to describe Out(S). Define automorphisms &, (a € (R/p*)*),
w, 1, and p by setting

Sal@,1) = (za,1), n =&, w@,1) = (=2, =), plz,i) = (x+A0),7). (4)

(—z
Here, x — T means complex conjugation, and A(z) = 1+ +...+ ("', Note, when checking
that p is an automorphism, that (i) + (*A(j) = )\(z 7). Note that p® € Inn(S): it is (left)
conjugation by (1 — ¢2%,0).

Let Aut’(S) < Aut(S) be the subgroup of automorphisms which induce the identity on
S/1S, 8] = S/[s, A], and set Out®(S) = Aut’(S)/Inn(S). Each element in s:[s, A] is conjugate
to s, and thus each class in OutO(S) is represented by an automorphism which sends s to
itself, which is unique modulo (c,). If ¢ € Aut(S) and ¢(s) = s, then |4 commutes with c;,
thus is R-linear under the identification A = R/p*, and hence ¢ = &, for some a € 1+ p/p*.
Moreover, since

(1+p/p") = (L+p*/p")" x () = (L+3R/p")* x ()
as multiplicative groups (just compare orders, noting that the groups on the right have trivial

intersection), each class in Out’(S) is represented by &, for some unique a € 1+ 3R/p*.

Since the images of 1, w, and p generate Aut(S)/Aut®(S) (the group of automorphisms of
S/[s, A] = C2 which normalize A/[s, A] = Cs), this shows that Out(S) is generated by the
classes of the automorphisms in (4). In fact, a straightforward check of the relations among
them shows that

Out(S) = (OutO(S) X 02) x %3 where Out’(S) = {[&]]a € (1+3R/p")*}.

[w] [o],[n]
Also, wéw™! =& for a € (1 + 3R/p*)*.

For eachiv € 1+ 3R such that = z (mod p*), we can write z = r + s¢ with r, s € Z, and
then s(¢ — () € p*, 50 s € p*~1, and z € r + s + p* C 1 + 3Z + p*. This proves that

Cour(s)(w) = {[€a] | a € Z} x ([w]) x ([p], [n])-

For any group G with S € Syl;(G) and S = Sk, Outg(S) has order prime to 3, and hence
is a 2-group and conjugate to a subgroup of (w,n) € Syl,(Out(S)). If |Outg(S)| = 4, then
we can identify S with Sy in a way so that Outg(S) = ([w], [7]). Then

Out(F) < Nows) ((lw], [1])) /(] [n])
= Cous) ({[w], 1)) /([w]. [n]) = {[&] |a € Z} = ([&]) .

where the first equality holds since O3(Out(S)) has index four in Out(.S).

N
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We are now ready to look at the individual groups. Assume G = %Fy(q), where ¢ = 2"
and n > 3 is odd. By [St1, 3.2-3.6], Out(G) is cyclic of order n, generated by the field
automorphism 1. By the main theorem in [Mal], there is a subgroup Ng(T3) = (Cyy1)? X
G Ly(3), the normalizer of a maximal torus, which contains a Sylow 3-subgroup. Hence if we
set k = v3(q+1) = v3(4"—1) = 1+wv3(n) (Lemma 1.13), we have S & Sy, = (Cs)? x Cs, and
Outg(S) = (w,n) up to conjugacy. So Out(F) is cyclic, generated by & = kg(12). Since
A 2 (Cyx)?, and since £_; € Outg(S), |Out(F)| = |[&]| = 3¥! where k—1 = v3(n). Thus kg
is surjective, and is split since the Sylow 3-subgroup of Out(G) = C,, is sent isomorphically
to Out(F).

Next assume G = 3Dy(q), where ¢ = 2" for n > 1. By [St1, 3.2-3.6], Out(G) is cyclic of
order 3n, generated by the field automorphism v, (and where the field automorphism tgn
of order three is also a graph automorphism). Set k = v3(¢> — 1) = v3(22" — 1) = 1 + v3(n)
(Lemma 1.13). Then S = Soiy1: this follows from the description of the Sylow structure
in G in [GL, 10-1(4)], and also from the description (based on [Kl]) of its fusion system in
[O4, Theorem 2.8] (case (a.ii) of the theorem). Also, Outs(S) = (w,n) up to conjugacy. So
Out(F) is cyclic, generated by & = kg (1)2). Since A = Car X Cyr1, and since £ € Outg(5),
|Out(F)| = |[&]| = 3*. Thus kg is surjective, and is split since the Sylow 3-subgroup of
Out(G) = O, is sent isomorphically to Out(F).

By Theorem 1.8(b) and Lemma 1.11(a), for each prime power ¢ with 3 { ¢, the 3-fusion
system of ®Dy(q) is isomorphic to that of 3Dy (2") for some n. By [O1, Theorem C], ug is
injective in all cases. Thus the 3-fusion systems of all of these groups are tame. O

APPENDIX A. INJECTIVITY OF pg  BY BoB OLIVER

Recall that for any finite group G and any S € Syl,(G),
pia - Out(L(G)) ———— Out(Fs(G))

is the homomorphism which sends the class of 5 € Aut(L%(G)) to the class of Sg|g, where
Bs is the induced automorphism of Autre)(S) = Na(S)/Op(Ca(S)). We need to develop

tools for computing Ker(ug), taking as starting point [AOV, Proposition 4.2].

As usual, for a finite group G and a prime p, a proper subgroup H < G is strongly p-
embedded in G iprH], and p t |H N9H| for g € GNH. The following properties of groups
with strongly embedded subgroups will be needed.

Lemma A.1. Fix a prime p and a finite group G.

(a) If G contains a strongly p-embedded subgroup, then O,(G) = 1.

(b) If H < G 1is strongly p-embedded, and K < G is a normal subgroup of order prime to p
such that KH < G, then HK/K 1is strongly p-embedded in G/K .

Proof. (a) See, e.g., [AKO, Proposition A.7(c)].

(b) Assume otherwise. Thus there is g € G\NHK such that p||(“HK/K) N (HK/K)|, and
hence © € YHK N HK of order p. Then H N K (x) and H N K (z) have order a multiple of
p, so there are elements y € H and z € 9H of order p such that y = 2 = z (mod K).

Since (y), (z) € Syl,(K(z)), there is k € K such that (y) = "z). Then y € H N"H,

and kg ¢ H since k € K and g ¢ HK. But this is impossible, since H is strongly p-
embedded. OJ

For the sake of possible future applications, we state the next proposition in terms of
abstract fusion and linking systems. We refer to [AOV], and also to Chapters 1.2 and II1.4
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in [AKO], for the basic definitions. Recall that if F is a fusion system over a finite p-group
S, and P < S, then

e Pis F-centric if Cs(Q) < @ for each @) which is F-conjugate to P;

e P is fully normalized in F if [Ng(P)| > |Ns(Q)| whenever ) is F-conjugate to P; and

e P is F-essential if P < S, P is F-centric and fully normalized in F, and if Outz(P)
contains a strongly p-embedded subgroup.

For any saturated fusion system F over a finite p-group S, set

Z(F) = {E < S| E clementary abelian, fully normalized in F,
E =0(Z(Cs(E))), Autz(E) has a strongly p-embedded subgroup} .

The following proposition is our main tool for proving that u, is injective in certain cases.
Point (a) will be used to handle the groups Spin(q), point (c) the linear and symplectic
groups, and point (b) the exceptional Chevalley groups.

Proposition A.2. Fix a saturated fusion/\system F over a p-group ti and an associated
centric linking system L. Let Ey, ..., Ey € Z(F) be such that each E € Z(F) is F-conjugate
to E; for some unique i. For each i, set P, = Cs(E;) and Z; = Z(P;). Then the following
hold.

(a) If k =0 (Z(F) = @), then Ker(uz) = 1.

(b) If k=1, E; <8, and Autz(2,(Z(5))) = 1, then Ker(uz) = 1.

(c) Assume, for each (g:)5, € [I_, Cz (Autg(PR,)), that there is an element g € Czs)(Autx(9))
such that g; € g - Cgz,(Autz(F;)) for each i. Then Ker(uz) = 1.

(d) If a € Aut(L) is the identity on Aut,(S), and on Autp(P;) for each 1 < i < k, then
o = Idﬁ

Proof. We first prove point (d). The other three points then follow quickly from that together
with [AOV, Proposition 4.2].

We will need to refer a few times to the extension axiom for fusion systems, as stated, e.g.,
in [AKO, Proposition 1.2.5]. As one special case, this says that for P < .S and PCs(P) < @Q <
Ng(P), each automorphism in Ny, (py(Autg(P)) extends to one in Aut (@) (a consequence
of the Sylow theorems when F = Fg(G) for S € Syl,(G)).

(d) Fix a € Aut(£) such that ag = Idaw,(s). By [AOV, Proposition 4.2], there are
clements gp € Cz(py(Autg(P)), defined for each P € Ob(L) which is fully normalized, such
that

(i)  ap € Aut(Autg(P)) is conjugation by [gp]p; and
(ii) ap=1Idif and only if gp € Cypy(Autz(P)).

Note that if we are in an abstract linking system, [gp]p € Autz(P) should be replaced by
dp(gp). Furthermore, for each such P and each ¢ € Aut,(P),

ap(¥)=v <= 7([Y)(9pr) = gpr, (1)

where 7: £L —— F denotes the canonical functor (so w([g]) = ¢, if L = LE(G) and F =
Fs(@G)). By (i) above, ap(y) = 1 if and only if ¢ commutes with [gp]p in Aut,(P), and this
is equivalent to m(¢)(gp) = gp by axiom (C) in the definition of a linking system (see, e.g.,
[AKO, Definition II1.4.1]) and since (g — [g]p) is injective. We leave it as an easy exercise
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to check this when £ = L(G) and ¢ = [h]p for some h € Ng(P) (note that [h, gp] € Z(P)
since gp € Z(P)).

Now assume ap, is the identity on Aut,(P;) for each 1 < i < k. If o # Id,, then by
Alperin’s fusion theorem for linking systems (see [AOV, Theorem 4.1]), there is Q@ < S
such that o # Id, while « is the identity on Mor,(P, P*) for all P, P* € Ob(L) such that
|P|,|P*| > |Q|. Also, for each Q* € @7, there is (by Alperin’s fusion theorem again) an
isomorphism y € Isoz(Q, @*) which is a composite of isomorphisms each of which extends to
an isomorphism between strictly larger subgroups, and hence is such that a(y) = x. Thus

Q e Q” = ag- #1d. (2)

Set £ = 01(Z(Q)). Let ¢ € Homz(Ng(E), S) be such that ¢(F) is fully normalized (cf.
[AKO, Lemma 1.2.6(c)]). Then Ng(Q) < Ng(E), so |[Ns(o(Q))] > |Ns(Q)], and ¢(Q) is
fully normalized since ) is. Since ag- # Id by (2), we can replace ) by Q* and E by E*,
and arrange that () and F are both fully normalized in F (and @ is still F-essential).

We will show that @ = Cs(F) and E € 2(]—") Then E € (E;)” for some unique 1 < i < k,
and Q € (P,)” by the extension axiom (and since F and E; are both fully centralized). But
then ap, # Id by (2), contradicting the original assumption about a. We conclude that
a = Id, finishing the proof of (d).

Set I' = Aut#(Q), and set

Io=Cr(E) = {p € Autr(Q)| ¢lp =1dpg} ST

I't = (¢ € I'| ¢ = @lq for some ¢ € Homz(R,S), R> Q).
Then Autg(Q) < I'y, since each element of Autg(Q) extends to Ng(Q) and Ng(Q) > @ (see
[Sz1, Theorem 2.1.6]). Hence

Lol = OP(Ty) - Autg(Q) - Ty = OP(To)Ty .

For each ¢ € I'y of order prime to p, ¢|zq) = ldz) since ¢ is the identity on E =
M(Z(Q)) (cf. [G, Theorem 5.2.4]). Thus gg € Cz)(OP(I'g)). If ¢ € Autz(Q) extends
to € Homz(R,S) for some R > Q, then by the maximality of Q, a(t)) = ¢ for each
Y € Morg(R,S) such that m(¢)) = &, and since a commutes with restriction (it sends

inclusions to themselves), aq is the identity on |go € Wél(go). So by (1), v(99) = 9o-
Thus ¢(gg) = gg for all p € I'y. Since ag # Id by assumption, there is some ¢ € Autz(Q)
such that ¢(gg) # g (by (1) again), and we conclude that

9q € CZ(Q) (Forl) and F0F1 <I'= Aut;(@) . (3)

Set Q" = Ney(m)(Q) > Q. Then Autg-(Q) = I N Autg(Q) € Syl,(T) since Autg(Q) €
Syl,(T'), and by the Frattini argument, I' = Np(Autg-(Q))lo. If Q* > Q, then for each ¢ €
Nr(Autg+(Q)), ¢ extends to @ € Autz(Q*) by the extension axiom. Thus Nr(Autg-(Q)) <
I’y in this case, so I' = I'; 'y, contradicting (3). We conclude that Q* = Neg(g)(Q) = @, and
hence that Cg(E) = @Q (cf. [Sz1, Theorem 2.1.6]).

The homomorphism I" = Autz(Q) —— Autz(FE) induced by restriction is surjective by
the extension axiom, so Autz(F) = I'/Ty. By [AKO, Proposition 1.3.3(b)], I'y/Inn(Q) is
strongly p-embedded in I'/Inn(Q) = Outx(Q); and [')I'; < I' by (3). Also, p 1 |I'o/Inn(Q)|,
since otherwise we would have I'y > Np(T') for some T' € Syl (T'y), in which case I'iT'
Nr(T)T'y = T by the Frattini argument. Thus I';T /T is strongly p-embedded in T'/Ty
Autz(F) by Lemma A.1(b).

Now, 2,(Z(Cs(E))) = 0 (Z(Q)) = E, and thus E € £(F). We already showed that this
implies (d).

R 1V



84 CARLES BROTO, JESPER M. MOLLER, AND BOB OLIVER

(c) Now assume that the hypothesis in (¢) holds, and fix [a] € Ker(ucz). By [AOV,
Proposition 4.2], there is @ € Aut(£) in the class [a] such that ag = Id. For each 1 <
i <k, let gp, € Czp,)(Autg(P;)) be as in the proof of (d). By assumption, there is g €
Czs (Aut;(S)) such that gp, = g (mod Cyzp,(Autz(F;)) for each i.

Let 5 € Aut(L) be conjugation by [g]s € Auts(L) and its restrictions (or by 55(9) if £ is
an abstract linking system). Upon replacing a by 57! o a and hence gp, by g 'gp, for each
i, we can arrange that gp, € Czp,)(Autz(F;)) for each 4, and hence by (ii) that ap, = Id for
each 7. Then a = Id by (d), s [ ] = 1. Thus Ker(u,) = 1, proving (c).

(a) This is a special case of (c).

(b) If k=1, E; <5, and Autx(2,(Z(5))) = 1, then the group Outz(S) of order prime
to p acts trivially on Q,(Z(5)), and hence acts trivially on Z(S) (cf. [G, Theorem 5.2.4]).
Also, Py = Cg(Ey) <5, s0 Cz (Autg(Pr)) = Z(S) = Czs)(Autx(S5)), and Ker(uz) = 1 by
(c). O

A.1. Classical groups of Lie type in odd characteristic. Throughout this subsection,
we fix an odd prime power ¢ and an integer n > 1. We want to show Ker(ug) = 1 when G
is one of the quasisimple classical groups of universal type over F,. By Theorem 1.8(d), we
need not consider the unitary groups.

Proposition A.3. Fiz an odd prime power q. Let G be isomorphic to one of the quasisimple
groups SL,(q), Sp,(q) (n=2m), or Spin(q) (n >3). Then Ker(ug) = 1.

Proof. Let V, b, and G = Aut(V, b) be such that G = [G, G] if G = Sp,(q) or G = SL,(q),
)

and G/(z) = [G, G| for some z € Z(G) if G = Spin’(q) (where z € Z(G)). Thus V is a
vector space of dimension n over the field K' = F,, b is a trivial, symplectic, or quadratic

form, and G is one of the groups GL,(q), Sp,,(q), or OF(q).
Fix S € Syly(G), and set F = Fg(G). Set Z = ZA(}") for short.

Case 1: Assume G = Spin(V, b), where b is nondegenerate and symmetric. Set Z = Z(G),

and let z € Z be such that G/(z) = Q(V,b). We claim that Z = @ in this case, and hence
that Ker(ug) = 1 by Proposition A.2(a).

Fix an elementary abelian 2-subgroup £ < G where £ > Z. Let V = @.*,V; be the
decomposition as a sum of eigenspaces for the action of E on V. Fix indices j, k € {1,...,m}
such that either dim(V}) > 2, or the subspaces have the same discriminant (modulo squares)
(Since dim(V') > 3, this can always be done.) Then there is an involution v € SO(V, b) such
that v(V;) = V; for all 4, y|y, = Id for i # j, k, det(y[v;) = det(v[v;) = —1, and such that the
(—1)-eigenspace of v has discriminant a square. This last condition ensures that v € Q(V, b)
(cf. [LO, Lemma A.4(a)]), so we can lift it to ¢ € G. Then for each z € E, ¢,(z) = x if
x has the same eigenvalues on V; and Vj, and ¢,(z) = zz otherwise (see, e.g., [LO, Lemma
A.4(c)]). Since z is fixed by all elements of Autz(E), ¢, € O2(Autz(E)), and hence Autz(E)

has no strongly 2-embedded subgroups by Lemma A.1(a). Thus £ ¢ Z.

Case 2: Now assume G is linear or symplectic, and fix S € Syl,(G). For each V =
{Vi,...,Vi} such that V = @le Vi, and such that V; L Vj for i # j if G is symplectic, set

EW) = {p € G|ply, ==£Id for each i}.

We claim that each subgroup in Z has this form. To see this, fix F € Z and let V
{Vi,...,Vi} be the eigenspaces for the nonzero characters of E. Then E < E(V), V
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@le V;, and this is an orthogonal decomposition if G is symplectic. Also, Cs(E) is the
product of the groups Aut(V;, b|y;). Since E = Qy(Z(P)) where P = Cs(FE), E contains the
2-torsion in the center of C(E), and thus E' = E(V). Furthermore, the action of P on each
V; must be irreducible (otherwise Q(Z(P)) > E), so dim(V;) is a power of 2 for each 1.

Again assume E = E(V) € Z for some V. Then Autz(E) is a product of symmetric groups:
if V contains n; subspaces of dimension i for each ¢ > 1, then Autz(E(V)) = [[isg X,
Each such permutation can be realized by a self map of determinant one (if G is linear), so
Autg(E) = Autg(E). Since Autg(E) contains a strongly 2-embedded subgroup by definition
of Z (and since a direct product of groups of even order contains no strongly 2-embedded
subgroup), Autg(E) = Autg(E) = Xs.

Write n = dim(V) = ko Lok 1 4 2Fm where 0 < kg < ky < -+ < k,,. There is an
(orthogonal) decomposition V' = @, V;, where S acts irreducibly on each V;, and where
dim(V;) = 2% (see [CF, Theorem 1]). For each 1 < i < m, fix an (orthogonal) decomposition
W; of V; whose components have dimensions 2Fi-1, 2ki-1 9ki—i+1l = 9ki=1 and set

Vi={Vi|lj#i}uW,

and E; = E(V;). Thus V; contains exactly three subspaces of dimension 2%-1, and the dimen-
sions of the other subspaces are distinct. Hence Autg(FE;) = X3, and E; € Z. Conversely, by
the above analysis (and since the conjugacy class of E € Z is determined by the dimensions
of its eigenspaces), each subgroup in Z is G-conjugate to one of the E;.

For each 1 < i < m, set P, = Cs(E;) and Z; = Z(F;) (so E; = Q1(Z;)). Since each
element of Ng(P;) < Ng(E;) permutes members of V; of equal dimension, and the elements
of Ng(P;) do so only within each of the V}, we have

Z; = {2 € G| zlx = A1y for all X €V, some AY € O5(FX)}
Cr(Auts(P) = {z € Z; | \§ = 2§} (4)
Cr(Auta(P) = {z € Z: | 2§ =A% = A\ ),
where X;, X!, and V;_; are the three members of the decomposition V; of dimension ki1
(and XZ,X{ € WZ)
Fix ()7, € I, Cz(Auts(P)). Then g; € Oz (Autg(P)) if and only if A% = A,
Choose g € G such that glv; = n; - 1d for each i, where the n; € O(F;) are chosen so
that n;/n;_1 = g?:)/)\%i)l for each 1 < i < m. If G is linear, then det(g) = 62" for some

0 € Oo(F), and upon replacing g by go072/mdy, (recall ky = vo(n)) we can assume g € G.
Then g € Cyz(s)(Aute(S)) since it is a multiple of the identity on each V; and has 2-power
order. By construction and (4), g = ¢; (mod Cyz, (Auts(F;))) for each i; so Ker(ug) = 1 by
Proposition A.2(c). d

A.2. Exceptional groups of Lie type in odd characteristic. Throughout this subsec-
tion, ¢o is an odd prime, and ¢ is a power of gy. We show that Ker(ug) = 1 when G is one
of the groups G2(q), Fi(q), Es(q), E7(q), or Eg(q) and is of universal type.

The following proposition is a special case of [GLS3, Theorem 2.1.5], and is stated and
proven explicitly in [O2, Proposition 8.5]. It describes, in many cases, the relationship
between conjugacy classes and normalizers in a connected algebraic group and those in the
subgroup fixed by a Steinberg endomorphism.
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Proposition A.4. Let G be a connected algebraic group over IFqO, let o be a Steinberg
endomorphism of G, and set G = Cz(o). Let H < G be any subgroup, and let H be the
set of G-conjugacy classes of subgroups G-conjugate to H. Let Ng(H) act on mo(Cx(H)) by
sending g to xgo(x)~' (for x € Nz(H)). Then there is a bijection

o

w: H —— 7(Cy(H))/Ng(H),

defined by setting w(["H]) = [z o(x)] whenever "H < Cx(0). Also, for each x € G such that
*H < G, Autg("H) is isomorphic to the stabilizer of [x7'o(x)] € mo(Cy(H))/Cq(H) under
the action of Autg(H) on this set.

Since we always assume G is of universal type in this section, the group G = Cg(0) of
Proposition A.4 is equal to the group G = Oqé(C@(a)) of Definition 2.1 and Notation 2.2.

The following definitions will be useful when applying Proposition A.4. For any finite
group G, set
SEG)={H <G } H has a strongly 2-embedded subgroup}
5(G) = min{[G : H||H € SE(G)} if SE(G) # @
RS if SE(G) = .

Thus by Proposition A.4, if H < G is such that [mo(Cg(H))| > §(Outgz(H)), then no
subgroup H* < Cg(o) which is G-conjugate to H has the property that Autc,(s)(H") has
a strongly 2-embedded subgroup. The next lemma provides some tools for finding lower
bounds for §(G).
Lemma A.5. (a) For any finite group G, §(G) > |O2(G)| - 0(G/O2(G)).

(b) If G = Gy x Gy is finite, and §(G;) < 0o fori = 1,2, then

0(G) = min{d(G1) - n(G), 6(Ga) - n(Gh)},
where n(G;) is the smallest index of any odd order subgroup of G;.
(c) If 6(G) < oo, and there is a faithful Fo|G]-module V' of rank n, then
9v2(G[)—=[n/2] ‘ 5(G).

(d) More concretely, 6(GL3(2)) = 28, 6(GL4(2)) = 112, §(GLs(2)) = 2° - 7- 31, and
§(SOf(2)) =2 =06(50;(2)). Also, 2* < 5(S0§(2)) < 0o and 2° < §(S0,(2)) < 0.
Proof. (a) If H € SE(G), then HNOy(G) = 1 by Lemma A.1(a). Hence there is a subgroup

H* < G/05(@G) isomorphic to H, and
(G H] = |05(G)] - [G/O(G) - H'] 2 [O2(G)| - 0(G/0:(G)) -

(b) If a finite group H has a strongly 2-embedded subgroup, then so does its direct product
with any odd order group. Hence 6(G) < 0(G;)n(G3_;) for i = 1,2.

Assume H < G has a strongly 2-embedded subgroup K < H. Set H; = H N G; for
i = 1,2. Since all involutions in H are H-conjugate (see [Sz2, 6.4.4]), H; and H, cannot
both have even order. Assume |Hs| is odd. Let pr; be projection onto the first factor.
If pry(K) = pry(H), then there is © € (H~\K) N Hy, and this commutes with all Sylow
2-subgroups of H since they lie in GG1, contradicting the assumption that K is strongly 2-
embedded in H. Thus pry(K) < pry(H). Then pr,(H) has a strongly 2-embedded subgroup
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by Lemma A.1(b), and hence
(G H] =[Gy = pry(H)] - [Ga 2 Ho] > 6(Gh) - 0(Ga) -
So 6(G) > 6(G;)n(Gs—;) for i =1 or 2.

(c) This follows from [OV, Lemma 1.7(a)]: if H < G has a strongly 2-embedded subgroup,
T € Syl,(H), and |T| = 2%, then dim(V') > 2k.

(d) The formulas for 6(SO7(2)) hold since SOJ (2) = 510, contains a subgroup isomorphic
to C2 x Cy and SO; (2) = X5 a subgroup isomorphic to As. Since 4|6(GL3(2)) by (c), and
since 7|0(GL3(2)) (there are no subgroups of order 14 or 42), we have 28|§(GL3(2)), with
equality since 33 has index 28. The last two (very coarse) estimates follow from (c), and the
6- and 7-dimensional representations of these groups.

Fix n = 4,5, and set G,, = GL,(2). Assume H < G,, has a strongly embedded subgroup,
where 7||H| or 31||H|. By (c), 2*|6(G4) and 28|6(G5), and thus 8 { |H|. If H is almost simple,
then H = Aj by Bender’s theorem (see [Sz2, Theorem 6.4.2]), contradicting the assumption
about |H|. So by the main theorem in [A1], H must be contained in a member of one of the
classes C; (1 < i < 8) defined in that paper. One quickly checks that since (7 - 31,|H|) # 1,
H is contained in a member of C;. Thus H is reducible, and since Oy(H) = 1, either H is
isomorphic to a subgroup of GL3(2) X GL,_3(2), or n =5 and H < GL4(2). By (b) and
since 7||6(GLs(2)), we must have H 2 3 x (C7 x Cj), in which case |H| < 180 = |GLy(4)].
Thus 7]0(G,,) for n = 4,5, and 31|§(G5). Since GL4(2) contains a subgroup isomorphic to
GL2(4) = 03 X A5, we get 5(G4) = 24 -7 and (S(G5) = 28 -7 31. ]

We illustrate the use of the above proposition and lemma by proving the injectivity of ug

when G = Ga(q).
Proposition A.6. If G = Gy(q) for some odd prime power q, then Ker(ug) = 1.

Proof. Assume ¢ is a power of the prime g, set G = Gz(ﬁqo), and fix a maximal torus 7.
We identify G = Cg(¥,), where v, is the field automorphism, and acts via (¢ + t7) on T.
Fix S € Syl,(G), and set Z = Z(Fs(G)).

Let E 2 C2 be the 2-torsion subgroup of 7. By Proposition 2.5, Ca(E) = T(0) where
e N é(f ) inverts the torus. Thus by Proposition A.4, there are two G-conjugacy classes of
subgroups é—conjugate to E, represented by E* (BT = E), where Autg(E*) = Aut(E*)
Y3 and Cq(E*) = (Cyz1)? x Co. The subgroups in one of these classes have centralizer in S

isomorphic to C3, hence are not in Z while those in the other class do lie in Z. The latter
also have normalizer of order 12(q + 1) and hence of odd index in G, and thus are normal
in some choice of Sylow 2-subgroup.

By [Gr, Table 1], for each nontoral elementary abelian 2-subgroup E < G, tk(E) = 3,
Cz(E) = E, and Autg(E) = GL3(2). By Proposition A.4, and since 6(Autz(E)) = 28 >
|C&(E)| by Lemma A.5, Aute(E) contains no strongly 2-embedded subgroup, and thus
E¢Z.

Thus Z is contained in a unique G-conjugacy class of subgroups of rank 2, and Ker(ug) = 1
by Proposition A.2(b). O

Throughout the rest of this subsection, fix an odd prime power ¢, and let G be one of the
groups F4, EG, E7, or Eg.
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Hypotheses A.7. Assume G = G(Iﬁ‘qo) and G = G(q), where q is a power of the odd prime
qo, and where G = Fy, Eg, Fy, or Es and is of uniwersal type. Fiz a mazimal torus T < G.

(I) Set Toy = {t € T|t? = 1}. Let 2A and 2B denote the two G-conjugacy classes of

noncentral involutions in G, as defined in [Gr, Table V1], except that when G = Ex, they
denote the classes labelled 2B and 2C, respectively, in that table. For each elementary

abelian 2-subgroup E < G, define
qe: F— IFQ

by setting q(x) =0 if v € 2B U {1}, and q(z) =1 if z € 2A U (Z(G)\1).
(IT) Assume G = Cg(1,), where 1, is the field endomorphism with respect to some root

structure with mazimal torus T. Thus 1by(t) = ¢ for allt € T. Fiz S € Syly(G), and
set Z = Z(Fs(G)).

By [Gr, Lemma 2.16], 7, 1S a quadratic form on T{) in all cases, and hence qg is
quadratic for each EJ < T{(y). In general, gz need not be quadratic when E' is not contained
in a maximal torus. In fact, Griess showed in [Gr, Theorems 7.3, 8.2, & 9.2] that in many
(but not all) cases, F is contained in a torus if and only if qz is quadratic (cx(F) < 2 in his
terminology).

With the above choices of notation for noncentral involutions, all of the inclusions F; <
Es < E; < Ejg restrict to inclusions of the classes 2A and of the classes 2B. This follows
since the forms are quadratic, and also (for E; < Eg) from [Gr, Lemma 2.16(iv)].

Lemma A.8. Assume Hypotheses A.7, and let b be the bilinear form associated to q. Define
={v €T |b(v,Tz) =0, q(v) =0}
Yo = (v v+ b(v,z)x) € Aut(T(2), q) for @ € T(o) with q(z) =1, x L T(o)
Then the following hold.

(a) Autg(Tiz) = Aut(T(y), q).

(b) For each nonisotropic x € T(g)\T( 5y Yo U the restriction to T(oy of a Weyl reflection on
T. If a € ¥ is such that v, = Wa Ty, , then Oa(v) = (—1)b@v) for each v € T(y).

(c) IfG=E, (r==6,7,8), then q is nondegenerate (Vo = 0), and the restriction to T(z) of
each Weyl reflection is equal to v, for some nonisotropic x € T(g)\Té).

(d) If G = Fy, then dim(Vp) = 2, and q(v) =1 for all v € Ts\ V.

Proof. (a) Since Autg(T(2)) has to preserve G-conjugacy classes, it is contained in Aut(T9), q).
Equality will be shown while proving (c) and (d).

(c) If G = E, for r = 6,7,8, then q is nondegenerate by [Gr, Lemma 2.16]. Hence the
only orthogonal transvections are of the form ~, for nonisotropic x, and each Weyl reflection
restricts to one of them. By a direct count (using the tables in [Brb]), the number of
pairs {+a} of roots in G (hence the number of Weyl reflections) is equal to 36, 63, or
120, respectively. This is equal to the number of nonisotropic elements in T{s) Té) =

Ti2y ~ Z(G) (see the formula in [Ta, Theorem 11.5] for the number of isotropic elements).
So all transvections are restrictions of Weyl reflections, and Autz(T{)) = Aut(T(2), q).
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ssume G = Fy. en dim(Vp) = 2 and q (1) = Ti9)~\Vy by |Gr, Lemma 2.16|. us
d) A G = Fy. Then dim(V; dqg! Tio~Vo by [Gr, L Th
|Aut(T(2), q)] = 4% - |GLy(2)]> = 26 - 32 = L|W| (see [Brb, Planche VIII]), so Autw (T{s)) =
Aut(T(2), q) since W also contains —Id.

There are three conjugacy classes of transvections v € Aut(7z),q): one of order 36 con-
taining those where 7|y, # Id (and hence [y,T(2)] < Vp), and two of order 12 containing
those where 7]y, = Id (one where [y, T(5)] < V; and one where [y, T()] £ Vp). Since there
are two W-orbits of roots (long and short), each containing 12 pairs +«, the corresponding
Weyl reflections must restrict to the last two classes of transvections, of which one is the set
of all v, for x € Ty \ Vj.

(b) We showed in the proofs of (¢) and (d) that each orthogonal transvection -, is the
restriction of a Weyl reflection. If ~, = wa|T<2) for some root o € X, then 6, € Hom(T , IF‘;O)
(Lemma 2.4(c)), so [T(z) : Ker(ba|r, )] < 2. Also, Ker(f,) < Cz(w,) by Lemma 2.4(e),
so Ker(0u|z,) < Or, (wa) = Cr, (1.) = o, with equality since [T(g) : 2*] = 2. Since
0a(T(2)) < {£1}, it follows that 0, (v) = (—1)*@) for each v € T\y). O

We are now ready to list the subgroups in Z (G(q)) in all cases. The proof of the following
lemma will be given at the end of the section.

Lemma A.9. Let G = G(F,,) and G = G(q) be as in Hypotheses A.7. Assume E € Z(@Q).

Then either G # E7, vk(E) =2, and qg =0; or G = F7, Z =Z(G) = Cs, and E = Z x E,
where tk(FEy) = 2 and qg, = 0. In all cases, Autg(E) = ¥s.

Proof. This will be shown in Lemmas A.14 and A.15. U

The next two lemmas will be needed to apply Proposition A.2(b) to these groups. The
first is very elementary.

Lemma A.10. Let V' be an Fy-vector space of dimension k, and let q: V —— Fy be a
quadratic form on V. For m > 1 such that k > 2m, the number of totally isotropic subspaces
of dimension m in 'V is odd.

Proof. This will be shown by induction on m, starting with the case m = 1. Since k > 3,
there is an orthogonal splitting V' = V; 1 V5 where Vi,V # 0. Let k; be the number of
isotropic elements in V; (including 0), and set n; = |V;|. The number of isotropic elements
in V' is then kiky 4+ (n1 — k1)(ng — k2), and is even since the n; are even. The number of
1-dimensional isotropic subspaces is thus odd.

Now fix m > 1 (such that £ > 2m), and assume the lemma holds for subspaces of
dimension m — 1. For each isotropic element x € V, a subspace E < V of dimension m
containing z is totally isotropic if and only if E <z and E/(z) is isotropic in z*/(x) with
the induced quadratic form. By the induction hypothesis, and since

2-dim(F/{x))=2(m—1)<k—-2< dim(xL/(x)),

the number of isotropic subspaces of dimension m which contain x is odd. Upon taking the
sum over all z, and noting that each subspace has been counted 2™ — 1 times, we see that
the number of isotropic subspaces of dimension m is odd. O

Lemma A.11. Assume Hypotheses A.7(1). Let o be a Steinberg endomorphism of G such
that for some ¢ = 1, o(t) = t°¢ for each t € T. Set G = Cx(0). Fizr E < T(y) of rank
2 such that q(E) = 0. Then the set of subgroups of G which are G-conjugate to E, and

the set of subgroups which are G-conjugate to E, both have odd order and contain all totally
isotropic subgroups of rank 2 in T(y).
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Proof. Let X O X be the sets of subgroups of G which are G-conjugate to £ or G-conjugate
to I, respectively. Let X, be the subset of all totally isotropic subgroups of T{s) of rank 2. If g
is nondegenerate, then by Witt’s theorem (see [Ta, Theorem 7.4]), Auty (T(2)) = Aut(T(2), q)
permutes X, transitively, and hence all elements in X, are G-conjugate to E by Lemma 2.9.
If in addition, dim(7{s)) > 5, then [Xo| is odd by Lemma A.10. Otherwise, by Lemma
A8(c,d), G = Fy and Xy = {E}. Thus in all cases, Xy C X and |X| is odd.

Assume G = Eg. Then Cg(T(2)) = T by Proposition 2.5. Consider the conjugation action

of Tip) on X, and let X; be its fixed point set. Since T{3) < G by the assumptions on o, this
action also normalizes X. For F' € Xy, either the action of T{y) fixes F' pointwise, in which
case F' € Xy, or there are x,y € F such that [x,T(9)] = 1 and [y, T2)] = (z). In particular,
cy € Auty(T(2) = SO(T(2),q). For each v € T(y) such that [y,v] = =z, q(v) = q(vr) and
q(z) =0 1mply r Lo sox J_ T(o) since T{y) is generated by those elements. This is impossible
since q is nondegenerate by Lemma A.8(c), and thus X; = X,.

Now assume G = F}y, F;, or Eg. Then —Id € W, so there is 6 € N@(T ) which inverts
T. Then C5 a(T2) = T(f). By the Lang-Steinberg theorem, there is g € G such that
g 'o(g) € AT; then a(gtg 1) = gtFig~! for t € T, and thus o acts on gTg~" via t ~— t¥9.
We can thus assume T was chosen so that GNT = C- 7(0) contains the 4-torsion subgroup
T(4) < T. Let X, C X be the fixed point set of the conjugation action of T on X.
For F € Xy, either the action of T (4) fixes I pointwise, in which case F' € %0, or there
are 7,y € F such that [v,T(y] = 1 and [y, T(w] = (x). But then [F, T&)] = 1 for some
T < T4 of index two, [F,Ti»)] = 1 implies F' < T(5,(6); and F < Ty since no element in
T(4)\T(2) commutes with any element of T()6. So X; = X in this case.

Thus in both cases, X, is the fixed point set of an action of a 2-group on X which normalizes
X. Since |Xy| is odd, so are |X| and |X|. d

We are now ready to prove:

Proposition A.12. Fix an odd prime power q. Assume G is a quasisimple group of universal
type isomorphic to Gso(q), Fi(q), Es(q), Fz(q), or Es(q). Then Ker(ug) = 1.

Proof. This holds when G = Gs(q) by Proposition A.6, so we can assume Hypotheses A.7.
Let X be the set of all elementary abelian 2-subgroups £ < G such that either G # Ex,
tk(E) =2, and qg = 0; or G = E;, tk(F) = 3, and E = Z(G) x Ey where qg, = 0. By
Lemma A.11, |X]| is odd. In all cases, by Lemma A.9, E(G) C X. By Proposition A.2(a,b),
to prove ug is injective, it remains to show that if Z (G) # @, then z (G) has odd order and
is contained in a single G-conjugacy class, and Autg(Z(5)) = 1.

Fix E' € X such that E < Tjp). We first claim that if G = Fy, Eg, or Er, then Cg(FE)
is connected, and hence all elements in X are G-conjugate to E by Proposition A.4. If
G = Ey, then Cg(F) is connected by [Gr, Proposition 9.5(iii)(a)]. If G = Fj or Eg, then for

v € F, Cg(r) = Sping(F F,,) or Fy Xc, Spingg(F,,), respectively (see [Gr, Table VI]). Since
the centralizer of each element in the simply connected groups Sping(F,,) and Spin,,(F,,) is
connected [St3, Theorem 8.1], Cz(FE) is connected in these cases.

Now assume G = Eg. We can assume G = Cg(¢),), where 1, is the field automorphism;

in particular, 1,(t) = t? for t € T. Fix x,y € E such that £ = (z,y). By [Cr, Lemma
2.16(ii)], (T(2),q) is of positive type (has a 4-dimensional totally isotropic subspace). Hence
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E+ = E x V; x Va, where dim(V;) = 2 and gq(V;\1) = 1 for i = 1,2, and V; L V,. Thus
(qpe)~ (1) = U?Zl((V;\l) x E), and by Lemma A.8(b,c), these are the restrictions to T()
of Weyl reflections w, for a € ¥ such that F < Ker(6,). Also, Cyw(E) =2 W(D4)1Cy. B

Proposition 2.5, C(E)? has type Dy x Dy and |mo(Cg(E))| = 2. More precisely, C(E) =
(Hy xg H3)(6), where H; = Sping(F,,) and Z(H;) = E for i = 1,2, and conjugation by

)€ N, é(f) exchanges Vi and V5 and hence exchanges H, and Ho.

By Proposition A.4, the two connected components in the centralizer give rise to two
G-conjugacy classes of subgroups which are G-conjugate to E, represented by E and gEg~!
where g~'o(g) lies in the nonidentity component of Cz(E). Then Cg(E) contains a subgroup
Sping () X ¢z Sping (¢) with index 8 (the extension by certain pairs of diagonal automorphisms
of the Sping (q)-factors, as well as an automorphism which switches the factors). So E =
Z(T) for T € Syl,(Ca(E)), and E € Z(G). Also, gyg~' € Ca(gEg™") if and only if
y € Cz(E) and 7(y) = y where T = ¢y-1,(g)00. Then 7 switches the central factors in Cx(E),
and the group C’Cé(E)(?) splits as a product of E times the group of elements which are

invariant after lifting 7 to the 4-fold cover Sping (I, )1Cy. Since gEg~" intersects trivially with

the commutator subgroup of C(gEg™"), Q1(Z(T)) > gEg~! for any T € Syl,(C(gEg™1))
(since Z(T)N [T, T] # 1); and thus gEg~' ¢ ZA(G) Thus Q(G) is the G-conjugacy class of
E., and has odd order by Lemma A.11.

Thus, in all cases, if z (G) is nonempty, it has odd order and is contained in one G-
conjugacy class. Also, Z(S) < Cp(Autg(E)) < E for E € Z(G), so either 1Z(S)| = 2, or
G = Er, Z(S) = €%, and the three involutions in Z(S) belong to three different G-conjugacy
classes. Hence Autg(Z(S5)) = 1. O

It remains to prove Lemma A.9, which is split into the two Lemmas A.14 and A.15. The
next proposition will be used to show that certain elementary abelian subgroups are not in
Z.

Proposition A.13. Assume Hypotheses A.7. Let E < T(g) and x € Tio\E be such that
the orbit of x under the CW( )-action on T(9) has odd order. Then no subgroup of S which
is G-conjugate to E is in Z. More generally, if E > E is also elementary abelian, and is
such that x is not Cz(E)-conjugate to any element of E, then for any L < G which contains

{gzg~"|g € GY NG, no subgroup of S which is G-conjugate to E is in Z.

Proof. In [02], an elementary abelian p-subgroup E < G is called pivotal if O,(Aute(E)) =
1, and E = Q(Z(P)) for some P € Syl,(Cg(F)). In particular, by Lemma A.1(a), the
subgroups in Z are all pivotal. Note that T{sy < G by Hypotheses A.7. By [O2, Proposition
8.9], no subgroup satisfying the above conditions can be pivotal, and hence they cannot be
in Z. U

In the next two lemmas, we show that in all cases, £ € Z implies 1k(E) = 2 and qg = 0 if
G # E7, with a similar result when G = E7. We first handle those subgroups which are toral
(contained in a maximal torus in G), and then those which are not toral. By a 2A*-subgroup
or subgroup of type 2A* (2Bk—subgroup or subgroup of type 2Bk) is meant an elementary
abelian 2-subgroup of rank £ all of whose nonidentity elements are in class 2A (class 2B).

Lemma A.14. Assume Hypotheses A.7. Fix some E € Z which is contained in a mazimal
torus of G. Then either G # Er, vk(F) =2, and qg = 0; or G = E;, Z = Z(G) = Oy, and
E =7 x Ey where tk(Ey) = 2 and qg, = 0. In all cases, Autz(E) = ¥s.
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Proof. Set Z = 09(Z(G)) < T(sy. Thus |Z| = 2 if G = Er, and |Z| = 1 otherwise. Recall
that Autg(T(2)) = Auty(T(2) = Aut( ),q) by Lemmas 2.9 and A.8(a).

The following notation will be used to denote isomorphism types of quadratic forms over
Fy. Let [n]* denote the isomorphism class of a nondegenerate form of rank n. When n
is even, [n]* denotes the hyperbolic form (with maximal Witt index), and [n]~ the form
with nonmaximal Witt index. Finally, a subscript “(k)” denotes sum with a k-dimensional
trivial form. By [Gr, Lemma 2.16], g7, has type [2] 5y, [6]7, [7], or [8]T when G = Fy, Eg,
E-, or Ejg, respectively.

Fix E < T{); we want to determine whether F can be G-conjugate to an element of Z. Set
E, = EN E* (the orthogonal complement taken with respect to q), and set Ey = Ker(qg, ).
Note that £y > Ey it G = E; (E > 7).

Assume first that £y = 1. If G = F};, then T(5) N 2B is a Cyy(£)-orbit of odd order. If
G = E, and E; = 1, then E x E+, B+ is Cy (E)-invariant, and hence there is 1 # x € E+
whose Cy (E)-orbit has odd order. If G = E, and tk(E;) = 1, then E N E+ = Ey, there
is an odd number of involutions in E-~\ E; of each type (isotropic or not), and again there
is 1 # x € E+ whose Cy (E)-orbit has odd order. In all cases, x has the property that
Cw({F,x)) has odd index in Cy (E). So by Proposition A.13, no subgroup of G which is

G-conjugate to E can be in Z.
Thus Ey # 1. Set k = rk(Ep). Then

|m0(C(E))| = |Cw(E)/{wa | € B, E < Ker(8(a)))| (Proposition 2.5)
< [Cw(T()) } | Cso (T, q)( ) /(Yo | vE2AN El>| (Lemma A.8(a,b))
< |Cw (Ti)] - |Csotaiey (Eo)| - [Csowsg o (B)/ (1| v € ZANED)[. - (5)

The first factor is easily described:

1 if —Id € W (if G = F, Er, Es)

0 if —Id ¢ W (if G = Eg). (6)

|CW(T(2))’ =2° where e = {

We next claim that
k
[Csopam(E)| < 20, (7)

with equality except possibly when G = Fj. To see this, let F; < T{3) be a subspace
complementary to Eg. Each a € Cauwry,)(Ey) has the form a(z) = x@b( ) for some
¥ € Hom(Fy, Ey), and « is orthogonal if and only if = L ¢(z) for each x. The space of such
homomorphisms has dimension at most (g) (corresponding to symmetric k x k matrices with
zeros on the diagonal); with dimension equal to (g) if dim(F) = dim(Ep) (which occurs if g
is nondegenerate).

Write (Ey)t = E x F,, where EX = Ey x F, and the form qp, is nondegenerate. By
[Ta, Theorem 11.41], SO(F», qr,) is generated by transvections unless qr, is of type [4]T,
in which case the reflections generate a subgroup of SO(Fj, qp,) = Y3 Cy isomorphic to
Y3 x 3. Also, Fj is generated by nonisotropic elements except when qg, is of type [2]T,
and when this is the case, all automorphisms of (Ep)* which induce the identity on E and
on (Ey)*/Ey are composites of transvections. (Look at the composites v,z o ¥, for v € Fy
and x € Ey.) Hence

Csota(B)/(w|ve2ANEL)[ <2
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where n = 1 if qz. has type [4]:;), n = k if qz. has type [2]@), and n = 0 otherwise.
Together with (5), (6), and (7), this proves that

Imo(C(E))| < 2(:)Fetn where & < 1. (8)

Now, Ng(E) < Cz(E)°Ng(T) by the Frattini argument: each maximal torus which con-
tains F lies in Cx(E)° and hence is Cz(E)"-conjugate to T. So each element of Autg(E) is

represented by a coset of T in NG(T ), and can be chosen to lie in G by Lemma 2.9. Thus
the action described in Proposition A.4 which determines the automizers Autg(E*) for E*

G-conjugate to E is the conjugation action of Autz(E) on the set of conjugacy classes in

mo(Cgz(E)). In particular, this action is not transitive, since the identity is fixed.

Set ¢ =rk(E/Ey) —1if G = E; and ¢ = rk(F/E)) otherwise. Every automorphism of F
which induces the identity on EyZ and on E/Ej is orthogonal, and hence the restriction of
an element of Oy(Cy(E)). Thus |O(Outy(E))| > 2. If E* € Z is G-conjugate to E, then
since Autg(E*) has a strongly 2-embedded subgroup, 2¥ < 6(Autz(E)) < |m(C4(E))|
by Proposition A.4 and Lemma A.5(a), with strict inequality since the action of Ng(E)

on mo(Cx(E)) is not transitive. Together with (8), and since ¢ < 1, this implies that

ki < (g) +n < (g) + k. Thus ¢ < %, and ¢ < % if n = 0. By definition, n = 0 whenever
rk(E,/Ey) = 1, which is the case if G = E7 or £ is odd. Since 2k + ¢ < 8, we are thus left
with the following possibilities.

o If (k,0) = (3,2), then G = Eg, F has form of type [2]?3), so B+ = Ej has trivial form,
and n = 0. Thus k(¢ £ (g) + 7, so this cannot occur.

o If (k,¢) = (3,1), then G = Eg, E has form of type * + 3, and rk(E) = rk(F;) = 4.
Then Autg(E) = C3 x GL3(2), so d(Autz(E)) > 2% - 28 by Lemma A.5(a,d). Since
[mo(Cg(E))| < 16, this case is also impossible.

o If (k,0) = (4,0), then G = Eg and E = Ej is isotropic of rank 4. By Proposition 2.5

and Lemma A.8(c), Cg(E)? = T. By [CG, Proposition 3.8(ii)], mo(Cg(F)) is extraspecial
of order 27 and Autz(E) = GLy(2). (This is stated for subgroups of Eg(C), but the
same argument applies in our situation.) In particular, mo(Cz(E)) has just 65 conjugacy
classes. Since §(GL4(2)) = 112 by Lemma A.5(d), Proposition A.4 implies that Autg(E£*)

cannot have a strongly 2-embedded subgroup.

o If (k,0) = (3,0), then E' = Z x Ey where dim(Ep) = 3, and Autz(F) = GL3(2). If G = E
or Er, then E+ = E, and |mo(C5(E))| < 16 by (8).
If G = Eg, then (E+, qg1) has type [2]?5). By the arguments used to prove (8),

Cw (B)] = [Ow (Ti)| - |Csotriay (B - |Csomy ()] = 2-2° - 27 = 21,

Also, E* contains exactly 8 nonisotropic elements, they are pairwise orthogonal, and
hence determine 8 pairwise commuting transvections on 7). These extend to 8 Weyl
reflections which are pairwise commuting since no two can generate a dihedral subgroup
of order 8 (this would imply two roots of different lengths). Hence by Proposition 2.5,
C&(E)? has type (A;)° and |mo(Cx(E))| = 2'/2% = 2°. Since 0(GL3(2)) = 28 by Lemma
A.5(c), this case cannot occur.

o If (k,0) = (2,0), then E = Z x Ey where dim(Ey) = 2. Then E is as described in the
statement of the lemma. O

It remains to handle the nontoral elementary abelian subgroups.
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Lemma A.15. Assume Hypotheses A.7. Let E < G be an elementary abelian 2-group which
is not contained in a mazimal torus of G. Then E ¢ Z.

Proof. To simplify notation, we write K = F,,. Set Z = 05(Z(G)) < T2). Thus |Z] =2 if

G:

E;, and |Z| = 1 otherwise. The maximal nontoral subgroups of G are described in all

cases by Griess [Gr].

(A)

If G = Fj or Eg, then by [Gr, Theorems 7.3 & 8.2], G contains a unique conjugacy
class of maximal nontoral elementary abelian 2-subgroups, represented by W3 of rank
five. There is a subgroup Wy < Wy of rank two such that W5 N 2A = Ws~W,. Also,
Autg (Es) = Aut(Es, qg,): the group of all automorphisms of W5 which normalize Ws.

A subgroup E < W5 is nontoral if and only if it contains a 2A3-subgroup.

When G = Fj, we can assume Wy = T()(0), where § € N(T') inverts the torus.

If G = Er, then by [Gr, Theorem 9.8(i)], G contains a unique maximal nontoral elemen-
tary abelian 2-subgroup W, of rank six. For any choice of Fg(K) < G, W5 < FEg(K)
(as just described) has rank 5, is nontoral since it contains a 2A3-subgroup, and so we
can take Wg = Z x W.

Each coset of Z of involutions in G\.Z contains one element of each class 2A and
2B. Together with the above description of Ej, this shows that all 2A%-subgroups of
W are contained in W5. Hence for each nontoral subgroup E < Wy which contains

Z, E N Ws is the subgroup generated by 2A2-subgroups of E, thus is normalized by
Autg(F), and so

Allté(E> = AU_té(E N W5) = AU_t(E N W5, quW5) = Aut(E, qE)
Auté(WG) = Aut(Wﬁ, qW6) = 026 X (23 X GLg(Q))

For Z < E < W;, the subgroup E is nontoral exactly when it contains a 2A-
subgroup. This is immediate from the analogous statement in (A) for Fg(K).

If G = Eg, then by [Gr, Theorem 2.17|, G contains two maximal elementary abelian
subgroups Wy and Wy, neither of which is toral [Gr, Theorem 9.2]. An elementary
abelian 2-subgroup E < G is nontoral if and only if qg is not quadratic or F has type
2B° [Gr, Theorem 9.2].

We refer to [Gr, Theorem 2.17] for descriptions of Wy and Wy. There are subgroups
F() S Fl,FQ S Wg such that I‘k(Fo) = 27 I‘k(Fl) = I'k(FQ) == 5, F1 N F2 == Fo, and
Ws N 2A = (F1\Fp) U (FoNFp). Also, Autg(Ws) is the group of those automorphisms
of Wy which leave Fj invariant, and either leave F} and F3 invariant or exchange them.

We can assume that Wy = T(5)(6), where 0 € Né(T) inverts 7. Also, Wy~\T{s) C 2B.
Hence T(g) = (WoN2A) is Autg(Wy)-invariant. Each automorphism of Wy which is the

identity on T{y) is induced by conjugation by some element of order 4 in T, and thus
Auté(Wg) is the group of all automorphisms whose restriction to T(y) lies in Auté(T@)).

We next list other properties of elementary abelian subgroups of G, and of their centralizers
and normalizers, which will be needed in the proof.

(D)

IfG=FEs, E<G, EXCy, and |[EN2A| =m, then dim(Cx(E)) = 287" 4+ 2°""m — 8.
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This follows from character computations: if g denotes the Lie algebra of G = E5(K),
then dim(Cy(E)) = dim(Cy(E)) = |E|7" Y, cpxe(x). By [Gr, Table VI], x4(1) =

dim(G) = 248, and x4(z) = 24 or —8 when = € 2A or 2B, respectively.

If G = Ey, E < G is an elementary abelian 2-group, and E, < E has index 2 and is
such that EX\E, C 2B, then there is g € G such that 9E < Wy = T(9y(0) and IE; < T(g).

It suffices to prove this when E is maximal among such such pairs E; < E. We can
assume that F is contained in Wy or Wj.

If E < Wg, then in the notation of (C), Fy < E (since E is maximal), and either
tk(ENF;) = 3 fori = 1,2 and tk(E) = 6, or tk(E N F;) = 4 for i = 1,2 and
tk(E) = 7. These imply that |[E' N 2A| = 8 or 24, respectively, and hence by (D)
that dim(C5(Ey)) = 8 (Cz(E:)° = T) and dim(C5(E)) = 0. Hence in either case,
if g € G is such that 9F, < Tio), then IEN\IE, C HT, and there is ¢ € T such that
th S T(Q) <9> - Wg.

If B <Wy,set B, = (EN2A). Then E, < ENTyy and Ey < Ey, so there is nothing
to prove unless rk(E/FEs) > 2. In this case, from the maximality of E, we see that
E; = E, x Ey, where E, = C3 has type 2ABB, E} is a 2B?-group, and E, L E, with
respect to the form q. Thus rk(E) = 6, |[E N 2A| = 8, and the result follows by the
same argument as in the last paragraph.

IfG = Eg, and E < G is a nontoral elementary abelian 2-group, then either E contains
a 2A%-subgroup, or E is G-conjugate to a subgroup of Ws.

Assume E < Wy is nontoral and contains no 2A%-subgroup. We use the notation
Fy < Fy, F, <Wgof (C). Set E; = ENF; for i =0,1,2. Then qg, g, is quadratic: it
is the orthogonal direct sum of qg,, qg, /£,, and qg,/g,, each of which is quadratic since
rk(E;/Ey) < 2 for i = 1,2 (E has no 2A%-subgroup). Hence E > E\E, > (F N 2A)
since F is nontoral, so E is conjugate to a subgroup of Wy by (E).

Let E < G be an elementary abelian 2-subgroup, and let By < E be maximal among
toral subgroups of E. Assume that B, E;-N2B = @, and that either tk(T) —rk(E,) > 2
or BENE-=1. Then E ¢ Z.

To see this, choose F' > F, which is G-conjugate to E > E, and such that F, =
F N T). By maximality, no element of F'\F; is Cz(F})-conjugate to an element of
T. If F, N FX = 1, then some Cy (F;)-orbit in F-\1 has odd order. Otherwise,
since q is linear on F; N FiX, we have F; N Ft = (y) for some y € 2A, in which case
|q;ti (0)| = |F+|/2 is even since tk(F;-) > rk(T) —1k(F;) > 2. So again, some Cyy (F})-
orbit in F*\1 has odd order in this case. Point (G) now follows from Proposition
A.13.

Assume G = Fy. Let 1 # Ey < E < G be elementary abelian 2-subgroups, where
tk(E) =3, and EN2A = Eg~\1. Then

E x F4(K) if I'k(E(])
(E) = { E x PSpg(K) if rk(E)p)

3
2
1

To see this, fix 1 # y € Ey, and identify Cg(y) = SLo(K) x¢, E7(K). For each
z € Ex(y), since z and zy are G-conjugate, = # (1,b) for b € E;(K). Thus z = (a, b)
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for some a € SLy(K) and b € E;(K) both of order 4, and (in the notation of [Gr, Table
VI]) b is in class 4A or 4H since b* € Z(E,(K)). By (D) and [Gr, Table VI,

80 = dim(Cp,x)(4H)) + 1 if £ has type 2AAA

dim(C5(FE)) =
im(Cg(E)) {64 = dim(Cp,x)(4A)) + 1 if F has type 2ABB,

and thus z € 2A if b € 4H and = € 2B if b € 4A. Thus if £ = (y,z1,x9), and
x; = (a;, b;), then (ay,as) < SLy(K) and (by, by) < E7(K) are both quaternion of order
8. Point (H) now follows using the description in [Gr, Proposition 9.5(i)] of centralizers
of certain quaternion subgroups of F7(K). When combined with the description in [Gr,

Table VI] of Cg,)(4A), this also shows that
F 2 C3 of type 2ABB = C5(F)" is of type A;T" (9)
(i.e., Cx(F)° = (SLs(K) x K*)/Z, for some finite subgroup Z < Z(SLs(K)) x K*).

IfU < G is a 2A3-subgroup, then Cz(U) =U x H, where H is as follows:

G Fy Eg Er Eyg
H || SO3(K) | SL3(K) | Sps(K) | Fu(K)

When G = Eg, this is a special case of (H). For z € 2A N Fy(K), Crx)(r) =
SLy(K) x ¢, £7(K) by [Gr, 2.14]. Since Cp,x)(x) = SLy(K) x ¢, Spg(K), this shows that
Cprx)(U) = U x Sps(K).

Similarly, Cryx)(y) = SL3(K) x¢, E6(K) by [Gr, 2.14] again (where y is in class
3B in his notation). There is only one class of element of order three in F;(K) whose
centralizer contains a central factor SL3(K) — Cpx)(y) = SLs(K) x¢, SL3(K) for y of
type 3C in Fy(K) — and thus Cgyx)(U) = U x SL3(K).

If G = Fy, then by [Gr, 2.14], for y € 3C, Cx(y) = SL3(K) x¢, SL3(K). Also,
the involutions in one factor must all lie in the class 2A and those in the other in
2B. This, together with Proposition 2.5, shows that for Uy < U of rank 2, C5(Uz) =
(T? x ¢, SL3(K))(6), where 6 inverts a maximal torus. Thus Cx(U) = U x Csr,x)(f),
where by [Gr, Proposition 2.18], Csr, k) (f) = SOs(K). This finishes the proof of (I).

For the rest of the proof, we fix a nontoral elementary abelian 2-subgroup E < G. We
must show that E ¢ Z. In almost all cases, we do this either by showing that the hypotheses
of (G) hold, or by showing that §(Autg(E)) > |m(Cz(E))| (where 6(—) is as in Lemma A.5),
in which case Autg(F) has no strongly 2-embedded subgroup by Proposition A.4, and hence
E¢Z.

By (A), (B), and (F), either E contains a 2A*-subgroup of rank three, or G = Eg and E
is G-conjugate to a subgroup of Wy. These two cases will be handled separately.

Case 1: Assume first that E contains a 2A%-subgroup U < E. From the lists in (A,B,C)
of maximal nontoral subgroups, there are the following possibilities.

G:

Fy, Egs, or Ey: By (A,B), we can write E = U x Ey x Z, where Ej is a 2B* subgroup

(some k < 2) and UEy\Ey, C 2A (and where Z = 1 unless G = E7). If k = 0, then
E ¢ Z by (G), so assume k£ > 1. By (I), and since each elementary abelian 2-subgroup

of SL3(K) and of Sps(K) has connected centralizer, mo(C'5

G(E)) =2UiG= E@ or E7. If

G = Fy, then by (I) again, and since the centralizer in SO3(K) = PSLy(K) of any C} has
2% components, |mo(Cx(E))| = 23+
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By (A,B) again, Autg(E) is the group of all automorphisms which normalize Fy and
UE, and fix Z. Hence

|02(Autg(E))| =2 and  Autg(E)/Oz(Autz(E)) = GL3(2) x GL(2).

So 6(Autg(E)) > 253 > |mo(Cx(E))| by Lemma A.5, and E ¢ Z.

&l
G = Ex: By (I), C5(U) = U x H where H = Fy(K). Set Ey = ENH, and let Ey = (E,N2B).
Set k = I'k(E()) and ¢ = I'k(EQ/E())

If & = 0, then E, has type 2A, and E~(U U E;) C 2B. So each maximal toral
subgroup E; < FE has the form FE;, = U; x Uy, where rk(U;) = 2, rk(Us) < 2, and
E;N2A = (U; UUy)\1. The hypotheses of (G) thus hold, and so E* ¢ Z.

Thus k£ =1,2. If £ < 2, then FEj5 is toral, and

m0(C(E))| = 8- |m(Cr(E))| < 2°*

by formula (8) in the proof of Lemma A.14. (Note that ¢ = 1 and = 0 in the notation
of that formula.) If £ = 3, then |mo(Cz(E))| = 2% by the argument just given for
Fy(K). Also, Autg(E) contains all automorphisms of £ which normalize Ey, and either
normalize UFy and E, or (if ¢ = 3) exchange them: since in the notation of (C), each
such automorphism extends to an automorphism of Wg which normalizes F; and F5. So
02(Aut;(E))| > 28679 and Aut(E)/Ox(Autg(E)) = GL3(2) X GLi(2) x GLy(2) or (if
0 = 3) (GL3(2) 1 C2) x GLk(2). In all cases, d(Autz(E)) > 235+ > mo(C5(E))), so
E¢2Z.

Case 2: Now assume that G = Eg, and that E is G-conjugate to a subgroup of Wy. To
simplify the argument, we assume that £ < Wy, and then prove that no subgroup E* € z
can be G-conjugate to E. Recall that Wy = T(2)(0), where 0 € N (T) inverts the torus and
019 C 2B.

If EN2A = @, then rk(E) = 5. In this case, Autg(E) = GLs5(2) and |Cx(E)| = 2" [CG,
Proposition 3.8]. (Cohen and Griess work in Eg(C), but their argument also holds in our
situation.) Since §(GL5(2)) > 2'° by Lemma A.5(d), no E* € Z can be G-conjugate to E.

Now assume £ has 2A-elements, and set Ey = (EF' N 2A). Then E, < T(y) (hence qpg, is
quadratic) by the above remarks. Set E;, = Ey N Ey and Ey = Ker(qg,). If Ey =1 and
rk(E,) # 7, then by (G), no subgroup of S which is G-conjugate to E lies in Z.

It remains to consider the subgroups E for which Fy # 1 or rk(E;) = 7. Information

about |Oy(Auty(E))| and |mo(Cx(E))| for such E is summarized in Table A.1. By the “type
of qg” is meant the type of quadratlc form, in the notation used in the proof of Lemma A.14.

We first check that the table includes all cases. If rk(E/E;) = 1, then Ey = ENT{y), and
the table lists all types which the form qg, can have. Note that since E5 is generated by
nonisotropic vectors, qg, cannot have type [2]&). If rk(E/Ey) = 2, then qg, is linear, and
must be one of the three types listed. Since qpnr, is quadratic and qp is not, Es has index
at most 2 in £ NT(y).

We claim that
E.F < Wy, a € Iso(E, F) such that o(E N T{p)) = FNT and a(EN2A) =

1
FN2A = a = ¢y, for some t € T and some g € Ng(T) = GﬁN(T) (10)

By (C) and Witt’s theorem (see [Ta, Theorem 7.4]), there is g € N@(T) such that a|par, =
¢g, and we can assume g € G by Lemma 2.9. Then 9E\AE N To)) < 0T since 0T €
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=
o % |Z= |- Z Z e
% 5 2| & type 3"/ Q% %
= = —
1 1 7 0o | [7 | <2° 27 > 213
2 1 6" L6l | <2 213 > 217
3 1 5 1 | [Bay | <2 211 | >3.288
4 1 4+ 2 |4y | <2 2! > 216
5 1 4+ 1[4, | <2° 27 > 210
6 1 4- 1|4 | <27 29 > 210
7 1 3 2 | Bl | <2° 2H > 212
8 1 3 1 [ Bloy| <2° 27 > 27
9 1 2” 2 |2y | £2° 28 > 29
10 1 2” 1|2 | <2 2° > 25
11 2 1 3 [ | <2 2 > 21
12 2 1 2 | [Ug| <28 28 > 29
13 2 1 1 |1 | <20 2° > 25
TABLE A.1

Z(NG(T))/T, 50 @ = ¢y, for some t € T. This proves (10). In particular, any two subgroups
of Wy which have the same data as listed in the first three rows of Table A.1 are G-conjugate.

By (10), together with (E) when rk(E/E;) = 2, we have Autz(E) = Aut(FE,qg) in all
cases. Thus Autg(FE) is the group of all automorphisms of £ which normalize Ey and Ej

and preserve the induced quadratic form on Fy/Fy. This gives the value for |Oy(Aut;(E))|
in the table, and the lower bounds for §(Autg(£)) then follow from Lemma A.5.

In cases 1-6, the upper bounds for |7o(C5(E))| given in the table are proven in [O2, p.
78-79]. In all cases, |mo(Cxz(Fs))| is first computed, using Proposition 2.5 or the upper bound
given in formula (8) in the proof of the last lemma, and then [O2, Proposition 8.8] is used
to compute an upper bound for |mo(C5(E))|/|mo(Cx(E2))|. There is in fact an error in the
table on [02, p. 79] (the group Cg(Ep)? in the third-to-last column should be SLy X SLy up
to finite cover), but correcting this gives in fact a better estimate |mo(Cx(E))| < 2°.

Case nr. 11 can be handled in a similar way. Set £, = ENT) < E, so that |[E/E,| =2 =
|E;/Es|. The form qg, has type [2]&), while Ej- has type 2B®. Hence |mo(C5(E;))| < 2% by

(8). By [02, Proposition 8.8], |my(C5(E))| < 2**", where r = dim(T) = 8.

To handle the remaining cases, fix rank 2 subgroups F, Fy < Tig) < G with involutions
of type AAA and ABB, respectively, and consider the information in Table A.2. The
description of Cg(F;j(0)) follows from (H). The third through fifth columns give dimensions
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dim(Cg (F3)(0, g)) for g as follows:
—I4 ) ]4 —[2 ) [6 order 4 | 2A | 2B

i C(Fi(0))

1| Fi(8) x PSps(K) 20 24 16 | 16 | 20
2 || F5(0) x PSOs(K) 12 16 16 16 | 12
TABLE A.2

of centralizers of F;(#)(g), for g as described after lifting to Spg(K) or SOs(K). (Here,
I,, denotes the m x m identity matrix.) The last two columns do this for g € 2A or 2B,
respectively, when g € Ty is orthogonal to F; with respect to the form ¢, and the dimensions
follow from (D). Thus elements of class 2B lift to involutions in Spg(K) or SOs(K) with

4-dimensional (—1)-eigenspace, while for ¢ = 1 at least, elements of class 2A lift to elements
of order 4 in Spg(K).

Thus in all of the cases nr. 7-13 in Table A.1, we can identify £ = F;(f) x F*, where
i=1innr. 7-10 or ¢ = 2 in nr. 11-13, and where F™* lifts to an abelian subgroup of Spg(K)
or SO3(K) (elementary abelian except for nr. 7-8). This information, together with the
following;:

H a group, Z < Z(H), |Z| = p, Z < P < H a p-subgroup
= |Cyyz(P)/Cu(P)/Z| < |P/Fr(P)]

(applied with H = Spg(K) or SOg(K)), imply the remaining bounds in the last line of Table
Al

In all but the last case in Table A.1, §(Autz(E)) > [mo(Cx(E))|, so no E* € Zis G-
conjugate to E by Proposition A.4. In the last case, by the same proposition, E can be

G-conjugate to some E* € Z only if Autg(E) acts transitively on mo(Cx(E)) = CF with

point stabilizers isomorphic to ¥3. By (10), each class in Oy(Autg(F)) is represented by some

element tg € Nz (E), where g € Ng(T) and t € T. In particular, (tg)o(tg)' =to(t)"' € T.

So each class in the O(Autg (£))-orbit of 1 € m(Cz(E)) has nonempty intersection with

T. But by (9), Cz(F)’ N 0T = @, so 0C=(E)’ N T = @. Thus the action is not transitive

on mo(C(E)), and hence E* ¢ Z. O

G
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