CORRECTION TO: REDUCTIONS TO SIMPLE FUSION SYSTEMS

BOB OLIVER

ABSTRACT. We fill in a gap in the proof of the main theorem in our earlier paper [O]].
At the same time, we prove a slightly stronger version of the theorem needed for another

paper.

The main theorem in our earlier paper [Ol] stated (very roughly) that if £ < F are satu-
rated fusion systems such that £ is normal in F and satisfies certain additional conditions,
then there is a sequence of saturated fusion subsystems &€ = Fy < F; < --- I F,,, = F,
each normal in the following system and normal in F, such that F; has p-power index or
index prime to p in F;41 for each i. We refer to |Ol, Theorem 2.3], or to Theorems 5 and
6 below, for the precise statement.

The theorem was proven by an inductive argument, where we assume that F;.; has
already been constructed with certain properties before constructing ;. This inductive
argument requires that £ be normal in F; for each 7, a property that was not justified in
[O]]. The missing details are not hard to fill in, but we think it’s best to do so formally,
especially since the theorem has been applied by various people, either directly as in [HL],
or indirectly via Lemma 2.22 in [AO].

Most of the notation and terminology used in [Ol] will be assumed here; we refer to
that paper for their definitions. As one exception, since the details of the definition of
normal fusion subsystems play an important role here, we begin by recalling them.

Definition 1. Let £ < F be saturated fusion systems over finite p-groups 7" < S. The
subsystem & is weakly normal in F if

e T is strongly closed in F (in particular, T < S), and
e (strong invariance condition) for each P < @ < T, each ¢ € Homg(P, @), and each

¢ € Homz(Q,T), vp(ip|p)~" € Home (¢(P), ¥(Q)).

The subsystem &€ is normal in F (£ < F) if it is weakly normal and

e (extension condition) each o € Autg(7T) extends to some a € Autz(TCg(T)) such
that [a, Cs(T)] < Z(T).

This is different than the definition of a normal fusion subsystem used in [Ol], but the
two definitions are equivalent by [AKO, Proposition 1.6.4]. This one has the advantage
that it simplifies the proof of point (a) in the following proposition.

Proposition 2. Let £ < Fy < F be saturated fusion systems over T' < Sy < S. Then
the following hold.

(a) If € is weakly normal in F, then & is weakly normal in Fy.
(b) IfESF and & = O (&), then £ < Fy.
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(¢) If € I F and Fy has p-power index in F [AKO, Definition 1.7.3], then & < Fy.

Proof. If T is strongly closed in F, then it is also strongly closed in Fy. If the strong
invariance condition holds for £ < F, then it also holds for £ < Fy. This proves (a).

Point (b) was shown by David Craven in [Cr, Corollary 8.19].

Under the hypotheses of (c), £ is weakly normal in Fy by (a), and it remains to prove
that each a € Autg(T) extends to a € Autz (T'Cs,(T)) such that [a, Cs,(T)] < Z(T).
This clearly holds for o € Inn(T’), and since Inn(7") € Syl (Autg(7')), it suffices to show it
for aw € Autg(T') of order prime to p. For such «, since £ < F, there is @ € Autx(TCs(T))
such that a|r = « and [@, Cs(T)] < Z(T), and @ restricts to @ € Autz(TCs, (7)) since
[@,Cs(T)] < T. Upon replacing a by a* for some appropriate & = 1 (mod |a|), we can
arrange that a has order prime to p (and still a|r = o and [, Cs,(T')] < Z(T')). But then
a € OP(Autz(TCg,(T))) < Autg, (TCs,(T)) since Fy has p-power index in F, proving
the extension condition for £ < Fy. O

We refer to [Cr, Example 8.18| for an example of saturated fusion systems & < F < F
where £ < F, and & is weakly normal but not normal in F.

Proposition 3 (Compare with [Ol, Proposition 1.8]). Let £ < F be saturated fusion sys-
tems over finite p-groups T < S. Let xo: Autz(T) — A be a surjective homomorphism,
for some A # 1 of order prime to p, such that Aute(T) < Ker(xo). Then there is a unique
proper normal subsystem Fo I F over S such that

Autz, (S) = {o € Autz(S) | a|r € Ker(xo)}, (
and Autg, (T) = Ker(x) and € 4 Fy.

—_
~—

Proof. This was shown in |Ol, Proposition 1.8|, except for the statements that Autz, (7)) =
Ker(x) and £ is normal in Fy. Since & is weakly normal in Fy by Proposition 2(a),
normality will follow one we have checked the extension condition.

Set H* ={P € F°|PNT € &}. Thus TCs(T) € H*. In the proof of |Ol, Proposition
1.8], we construct a map
X: Mor(Fly) —— A
with the property that for each P € H* such that P > T, and each § € Autz(P), we
have X(8) = xo(8|r) and Autx, (P) = Autz(P)Nx*(1). (Note that 8|7 € Autz(T) since
T is strongly closed in F.) So (1) holds, and

Autz, (TCs(T)) = {a € Aut=(TCs(T)) | alr € Ker(xo)}- (2)

Since each § € Autg, (T') extends to some [ € Autg, (T'Cg(T)) by the extension axiom
[AKO, Proposition 1.2.5] applied to Fo, (2) shows that Autz (7") < Ker(xo). Similarly,
each v € Ker(xo) extends to some ¥ € Autz(T'Cs(T)) by the extension axiom for F, and
7,7 € Mor(Fy) by (2) again. Thus Autz,(7") = Ker(xo).

For each a € Autg(T), the extension condition for €& < F implies that there exists
a € Autz(TCs(T)) extending a and with [a, Cs(T)] < Z(T'). Then a € Autx, (TCs(T))

by (2) and since a|r = o € Autg(T'). So the extension condition holds for £ < Fj, proving
that & < Fy. 0

Definition 4. Let £ < F be saturated fusion systems over finite p-groups 7" < S, and
define

Cs(&) ={x € S|Cx(x) > E}.
We say that & is centric in F if Cs(E) C T.
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By a theorem of Aschbacher (see Notation 6.1 and (6.7.1) in [As]), for each such &€ < F,
Cs(€) is a subgroup of S, and Cr(Cs(€)) contains £. Thus each morphism in £ extends
to a morphism in F between subgroups containing Cs(€) that is the identity on Cs(E).

For each saturated fusion system JF over a finite p-group S, we set
Aut(F) = {8 € Aut(S) | °F = F}:

the group of “fusion preserving” automorphisms of S. (This group was denoted Aut(.S, F)
in [Ol].) For 8 € Aut(F), let ¢z be the automorphism of the category F that sends P to

B(P) and sends ¢ € Homz(P, Q) to BpB~t € Homz(B(P), 3(Q)).

The next theorem contains most of Theorems 1.14 and 2.3 in [Ol], together with some
additional information about automorphisms of the systems.

Theorem 5. Let £ < F be saturated fusion systems over finite p-groups T <\S. Assume
that Autz(T)/Aute(T') is p-solvable (equivalently, that Outz(T') is p-solvable).

(a) In all cases, there is a sequence

Fo < Fi < Fp <--- < F,, = F of saturated fusion subsystems (for some
m > 0) such that for each 0 < i < m, F; is normal of p-power index or (3)
index prime to p in Fiyqp and € I F; I F;

and such that Fy is a fusion system over TCs(T) and Autg,(T) = Autg(T).

(b) If € is centric in F, then there is a sequence of subsystems satisfying (3) such that
Fo=E.

In either case, the subsystems can be chosen so that for each 1 < 7 < m, and each
B € Aut(F;) with cg(€) = &, we have cg(F;) = F; for all 0 <i < j.

Proof. We outline here the proof as given in |Ol|: enough to explain how Propositions
2(c) and 3 are used to prove that £ < F; for each i, and explain why the last statement is
true. We refer frequently to the following transitivity result for normality (see [As, 7.4|):

If /5 < F; < F are saturated fusion systems over finite p-groups S, < (4)
S1 <5 such that ¢, (Fy) = F; for each a € Aut#(5), then Fo I F.

(a) Set G = Autx(T) and Gy = Autg(T). Since G/G is p-solvable, there are subgroups
Gy <Gy Q- 4G, = G (some m > 0) such that for each 0 < i < m, either
G; = OP(G,41)Go (hence G;41/G; is a p-group), or G; = Op/(GiH)GO (hence G;11/G; has
order prime to p). In particular, the G; are all normal in G since Gy is. For each i, set
S; = NgZ(T) d:ef {.73 es ‘ Cy € GZ} Thus S; < S and Autsi(T) = GiﬂAutg(T) € Sylp(Gz)
for each i, S,, = S, and Sy = T'Cs(T). We will construct successively subsystems F =
Fmm 2 Fmoq > -+ > Foin F such that for each 0 <7 < m — 1, F; is a fusion system over
Si, Autz, (T') = Gy, and the conditions on F; in (3) all hold.

Assume, for some 0 < ¢ < m, that F;;; < F has been constructed satisfying these
conditions. Thus Autz,,,(T) = Gi41. If Giy1/G; has order prime to p, then by Proposition
3, applied with G;;1/G; in the role of A, there is a unique saturated subsystem F; < F;
of index prime to p over S;;1 = S; such that Autz, (Si11) = {a € Autg,, (Si1) | alr € Gy},
and also &€ < F; and Autg,(T) = G;.

If G;41/G; is a p-group, then the argument in the proof of [Ol, Theorem 1.14| shows

that there is a unique F; < F;;1 over S; of p-power index such that Autz (T) = G;
and £ < F;. Also, &€ 9 F; by Proposition 2(c). Since Autg,(T) has p-power index in
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Autz,,, (T), we have
Aut]:. (T) Z Op(Allt]:+l (T))Auts ( ) (GH_l)G Gz,

or
where the first inclusion is an equality since Autg,(T') € Syl (Aut 7 (7)) and the second
is an equality since Autg, (T') € Syl,(G;). Thus Autz (T) =

(b) By (a) and (4), it suffices to prove this when S = TC’S(T). By |01, Corollary 2.2|,
S/T =TCs(T)/T is abelian.

Set H={P < S|P >Cs(T)}, and let F* C F be the full subcategory with Ob(F*) =
‘H. Define

X : Mor(F*) ———— Autg/r(S/T)
by sending ¢ € Homz(P, Q) to the induced automorphism of
S/T = PT/)T = QT/T = P/(PNT)=Q/(QNT).

Here, PT = QT = S since P,QQ € H and S = TCs(T), and o(PNT) < QNT since T
is strongly closed. Thus each ¢ € Mor(F*) factors through some p € Aut(S/T). In the
notation of Craven [Cr, Definition 5.5], ¢ € Autz (5/T), and so ¢ € Autr/r(S/T) by
[Cr, Theorem 5.14]. See also [As, Theorem 12.5] for a different proof that » € Mor(F/T).

We now apply [Ol, Lemma 1.6], whose hypotheses (i)—(v) are shown to hold in the proof

of |Ol, Theorem 2.3]. By that lemma, F; oo (x"'(1)) is a saturated fusion subsystem over
S normal of index prime to p in F such that Autz,(S) = Ker(x|aut-(s))-

By Proposition 2(a), £ is weakly normal in F,. If a € Autg(T), then since &€ I F, «
extends to a € Autz(S) such that [a, Cs(T)] < Z(T'). Since S = T'Cs(T'), this implies
that y(a@) = 1, and hence that @ € Autg,(S). So the extension condition holds, and
&L F.

The construction of F; < F; of p-power index such that & < F; and has index prime
to p follows from exactly the same argument as used in [Ol], except that £ is normal in
F1 by Proposition 2(c).

(a,b) It remains to prove the last statement (invariance under automorphisms), and
show that F; < F for all i (not only for i = m — 1). To see this, choose 1 < j < m and
B € Aut(F;) < Aut(S;) such that c5(€) = €. Then B(T) = T and PAute(T) = Aute(T).
In (b), we have c3(F;) = F; for 0 < i < j by the uniqueness of choices of subsystems
at each stage. In (a), PAuty (T) = Autg(T) for each 0 < i < j by construction of
G; = Autx,(T'), and hence by the uniqueness of the choices (depending only on the G;),
we have c3(F;) = Fi.

In particular, if 0 < i < m is such that F;;; < F, this says that c3(F;) = F; for each
p € Autz(Si11) < Aut(F;i1), and together with (4), it implies that F; < F. It now
follows inductively that F; < F for each 1. O

For each saturated fusion system JF over a finite p-group S, set F*° = JF; for any
sequence Fy I F; 4 --- d F,, = F of saturated subsystems such that OF(F,) =
or (Fo) = Fo, and such that F; < F and F; has index prime to p or p-power index in
Fisq for each 0 < ¢ < m. By [Ol, Lemma 1.13], F* is independent of the choice of the
Fi.

Theorem 6 (|Ol, Theorem 2.3|). Let &€ < F be saturated fusion systems over finite
p-groups TS such that € is centric in F. Assume either

(a) Autz(T)/Aute(T) is p-solvable; or
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def

(b) Out(&) = Aut(€)/Aute(T) is p-solvable.
Then F> = E*.

Proof. Since Autz(T) < Aut(€) (since £ < F), we have Autz(7T")/Aute(T) < Out(€).
So (b) implies (a). It thus suffices to prove the theorem when (a) holds, and this follows
immediately from Theorem 5(b) and |Ol, Lemma 1.13]. O
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