SIMPLE FUSION SYSTEMS OVER p-GROUPS WITH ABELIAN
SUBGROUP OF INDEX p : 1

BOB OLIVER

ABSTRACT. For an odd prime p, we look at simple fusion systems over a finite nonabelian
p-group S which has an abelian subgroup A of index p. When S has more than one such
subgroup, we reduce this to a case already studied by Ruiz and Viruel. When A is the
unique abelian subgroup of index p in S and is not essential (equivalently, is not radical) in
the fusion system, we give a complete list of all possibilities which can occur. This includes
several families of exotic fusion systems, including some which have proper strongly closed
subgroups.

A saturated fusion system F over a finite p-group S is a category whose objects are the
subgroups of S, whose morphisms are injective homomorphisms between subgroups, and
whose morphism sets satisfy certain axioms first formulated by Puig and motivated by the
properties of conjugacy relations among p-subgroups of a finite group. For example, for each
finite group G and each S € Syl,(G), the category Fs(G), whose objects are the subgroups
of G and whose morphisms are those homomorphisms induced by conjugation in G, is a
saturated fusion system over S. We refer to Puig’s paper [Pg|, and to [AKO] and [Cr], for
more background details on saturated fusion systems.

A saturated fusion system F over a finite p-group S is realizable if F = Fs(G) for some
finite group G' with S € Syl (G); otherwise it will be called ezotic. When p is odd, many
examples have been constructed of exotic fusion systems over p-groups. We refer in particular
to the classifications by Diaz, Ruiz, and Viruel of saturated fusion systems over extraspecial
p-groups of order p> and exponent p [RV] and over p-groups of rank two [DRV]; and to a
more general procedure described in [BLO4, § 5] for constructing such examples and checking
that they are saturated.

A saturated fusion system F is simple if it contains no nontrivial proper normal subsystems
(see [AKO, Definition 1.6.1] or [Cr, §§5.4 & 8.1] for the precise definition of a normal sub-
system). In this paper, we study simple fusion systems over nonabelian p-groups which have
an abelian subgroup of index p. When p = 2, by [AOV1, Propositions 4.3—4.4] and [AOV?2,
Propositions 3.1 & 5.2(a)], each such fusion system is isomorphic to the fusion system of
PSLsy(q) or of PSL3(q) for some odd ¢, and the 2-group in question is dihedral, semidihedral,
or a wreath product Con 2 Cs.

When p is odd, it turns out that this class of p-groups supports a much richer collection of
simple fusion systems, many of which are exotic. Let F be a simple fusion system over the
nonabelian p-group S, with abelian subgroup A of index p. We split this into three different
cases:

(1) S has more than one abelian subgroup of index p;

2000 Mathematics Subject Classification. Primary 20D20. Secondary 20E32, 20E45.
Key words and phrases. finite groups, finite simple groups, Sylow subgroups, fusion.
B. Oliver is partially supported by UMR 7539 of the CNRS, and by project ANR BLANO08-2 338236,
HGRT.
1



2 BOB OLIVER

(2) A is the unique abelian subgroup of index p in S, and A is not F-essential (Definition
1.1); and

(3) A is the unique abelian subgroup of index p in S, and A is F-essential.

In case (1), we show that S is extraspecial of order p* and exponent p (Theorem 2.1), and
hence that we are in the situation considered by [RV]. In case (2), we give a complete list
of all such fusion systems (Theorem 2.8), and determine which of them are exotic (most of
them). This list includes many of the examples constructed earlier by Diaz, Ruiz, and Viruel
[IDRV] in a different context. Among the exotic examples constructed are several which are
also noteworthy for having proper strongly closed subgroups (Definition 1.1).

Case (3) is more complicated, since it depends heavily on representation theory (via the
action of Autx(A) on A). This will be handled in a later paper together with David Craven.

1. BACKGROUND

We first recall some of the terminology used for certain subgroups in a fusion system.

Definition 1.1. Fiz a prime p, a finite p-group S, and a saturated fusion system F over S.
Let P < S be any subgroup.

o P7 denotes the set of subgroups of S which are F-conjugate (isomorphic in F) to P.
Also, g7 denotes the F-conjugacy class of an element g € S (the set of images of g
under morphisms in F ).

P is fully normalized in F (fully centralized in F) if |[Ns(P)| > |Ns(Q)| (|Cs(P)| >
|Cs(Q)|) for each Q € P”.

P is F-centric if Cs(Q) = Z(Q) for each Q € P”.

e P is F-essential if P < S, P is F-centric and fully normalized in F, and Outz(P) oo

Autz(P)/Inn(P) contains a strongly p-embedded subgroup. Here, a proper subgroup
H < G of a finite group G is strongly p-embedded if pHH\, and pt|{H N gHg™!| for
each g € GNH.

Let Ex denote the set of all F-essential subgroups of S.

e P is normal in F if each morphism ¢ € Homgz(Q,R) in F extends to a morphism
¢ € Homz(PQ, PR) such that o(P) = P. The mazimal normal p-subgroup of a
saturated fusion system F is denoted O,(F).

e P is strongly closed in F if for each g € P, g C P.
o foc(F) =(gh ' |g€ S, heg”).

Let OP(F) and OY (F) denote the smallest normal fusion subsystems of p-power index,
and of index prime to p, respectively. Such normal subsystems are defined by analogy with
finite groups, and we refer to [AKO, §1.7] or |Cr, § 7.5] for precise definitions and references.

Definition 1.2. A saturated fusion system F is reduced if O,(F) =1, and OP(F) = F =
O (F). A saturated fusion system is simple if it contains no nontrivial proper normal fusion
subsystems, in the sense of [AKO, Definition 1.6.1] or [Cr, §§5.4 & 8.1].

For any saturated fusion system JF over S, OF(F), OP (F), and Fo,x)(O,(F)) are all
normal subsystems. Hence F is reduced if it is simple. If & < F is any normal subsystem
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over the subgroup 7" < S, then by definition of normality, 7" is strongly closed in /. Thus a
reduced fusion system is simple if it has no proper nontrivial strongly closed subgroups.

There are reduced fusion systems which are not simple; constructed, for example, by
taking direct products or wreath products. In this paper, our main interest in reduced
fusion systems is as an intermediate step towards showing that they are simple. We refer to
[AOV1, Theorems A—C| for the original motivation for defining them.

The next proposition lists some of the standard tools for handling O,(F) and OP(F).

Proposition 1.3. The following hold for any saturated fusion system F over a finite p-group

(a) Fach morphism in F is a composite of restrictions of elements of Autz(P) for P €
ExU{S}. Moreover, each morphism in F is a composite of restrictions of elements in
Autx(S), and in O (Autz(P)) for P € Eg.

(b) Assume @ < S has the property that for each P € Ex U {S}, P > @ and Autz(P)
normalizes (). Then (Q I F.

(¢) foc(F) = ([Autr(P),P]| P € Er U{S}).

(d) OP(F) = F if and only if foc(F) = S.

Proof. The first statement in (a) is shown in [Pg, §5|, and also in [OV, Corollary 2.6],
while the stronger statement follows from [O1, Proposition 1.10(a,b)]. Point (b) is shown in
|AKO, Proposition 1.4.5|, and point (d) in [AKO, Corollary 1.7.5]. Point (¢) is an immediate
consequence of (a) and the definition of foc(F). O

Determining O” (F) is more difficult, in general, but the following lemma suffices for our
purposes.

Lemma 1.4. Let F be a saturated fusion system over a finite p-group S. Assume that each
P € Er is minimal among all F-centric subgroups. For each P € Ex, set

Aut®(S) = {a € Autx(S) |a(P) = P, a|p € O (Autz(P))} .
Then O (F) = F if and only if Autz(S) = <Inn(S)7AutSTP)(S) | P € Ef).

Proof. Set Hp = Autg)(S) and H = (Inn(S), Hp | P € Ef) for short. Let F¢ C F be the
full subcategory with objects the F-centric subgroups of S.

Since no F-centric subgroup is properly contained in an essential subgroup by assumption,
two F-centric subgroups are F-conjugate only if they are in the same Autz(S)-orbit by
Proposition 1.3(a). Thus all F-centric subgroups are fully normalized in F. In particular,
PeErand Q € PF imply Q € Ex. For o € Autz(S) and P € Ex, aHpa™' = Hy(p); and
thus H < Autz(5).

If H = Autz(9), then O” (F) = F by [BCGLO, Theorem 5.4] or [AKO, Theorem 1.7.7],
since H < Aut%(S) in the notation of those references.

Now assume H < Autz(S). We claim that for each P < S which is F-centric,

{alp|a € Autz(9)} if P¢ Ex

{alp|a € Autz(S)} o O” (Auts(P)) if P € Ex. (1)

HOITl]:(P, S) = {
If P ¢ Er, then since no subgroup in P7 is contained in an essential subgroup, each
a € Homg(P,S) extends to some a € Autz(S) by Proposition 1.3(a), and (1) holds in
this case. If P € Ez, then each morphism in Homxz(P,S) is a composite of restrictions
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of elements in Autz(S), and of elements in O” (Autx(Q)) for Q € P7. Via the relations
(a]g)Autz(Q)(alg) ™! = Aut£(a(Q)) for o € Autz(S), these morphisms can be arranged in
the above form, proving the second case of (1).

Define a map 6: Mor(F¢) —— Autz(S)/H as follows. For each ¢ € Homz(P, Q) in
Fe, set O0(p) = aH (for a € Autz(9)) if ¢ = a|p, or if P € Ex and ¢ = «a|p o § where
B € OY (Auty(P)). If p = a|p = o/|p, then o/ = aoc, for some g € Z(P) (cf. [AKO, Lemma
1.5.6]),s0  H=aH. If P Er and p = a|po 8 = o/|po ' (where 3,3 € O (Autz(P))),
then a = o/~ for some v € Inn(S)Hp by the same lemma and the definition of Hp. Thus 0
is well defined in all cases.

By construction, @ sends composites to products, and sends OP' (Aut#(Q)) to the identity
for each @ € Ob(F°) since pf|Autz(S)/H|. So O (F) & F by [AKO, Theorem 1.7.7(c)|.
More precisely, (#71(1)) is a proper normal subsystem of index prime to p in F. O

The next two lemmas provide the tools we will need to determine which of the fusion
systems we construct are realizable and which are exotic.

Lemma 1.5 (|[DRV]). Let F be a reduced fusion system over a p-group S. Assume, for
each 1 # P <4S strongly closed in F, that P is centric in S, is not elementary abelian, and
does not factor as a product of two or more subgroups which are permuted transitively by
Autz(P). Then if F is realizable, it is the fusion system of a finite simple group.

Proof. By [DRV, Proposition 2.19], F = Fs(G) for some almost simple group G. We must
show that when F is reduced, G can be chosen to be simple.

Assume G is not simple, and that no proper subgroup of G realizes F. Since the outer
automorphism group of every simple group is solvable (cf. [GLS3, Theorem 7.1.1(a)]), there
is a proper normal subgroup Gy < G of index p or of index prime to p. If [G:Go] = p,
then by the focal subgroup theorem |G, Theorem 7.3.4], foc(F) < SN Gy < S, which is
impossible since OP(F) = F (Proposition 1.3(d)). If [G:Gy] is prime to p, then Fg(Gy) is a
normal subsystem of index prime to p in F by [BCGLO, Definition 3.1(b)|: it is saturated,
and Autg,(P) > OP (Autg(P)) for each P < S. Since F is reduced, it has no proper
normal subsystems of index prime to p, so F = Fg(Gy), which contradicts the minimality
assumption on G. We thus have a contradiction in either case, and so GG can be taken to be
simple. O

Lemma 1.6. Fiz an odd prime p. Assume G is a finite simple group for which S € Syl (G)
is nonabelian and contains a unique abelian subgroup A < S of index p. Assume also that
|Z(S)| = p, |S/[S,S]| = p?, and A is not essential in G. Then p = 3, and G is isomorphic
to one of the groups PSL3(q) (¢ =1 (mod 3)), PSUs(q) (¢ = —1 (mod 3)), G2(q) (31¢q), or
3

Da(q) (31q)-

Proof. Since A is not essential, Autg(A) < Autg(A). Equivalently, S < Ng(A), and hence
Ng(S) = Ng(A). If B < S is any other abelian subgroup, then either B < A, or BN A <
Z(S) and hence |B| < p*.

If G is an alternating group, then G = A, for some n = ap + b where p < a < 2p and
0 <b<p. Then A=(C,)* and Autg(A) has index two in Auty, (A) = Cp_1 1 E,. Since no
such group has a normal subgroup of order p, G is not an alternating group.

If G is a sporadic group, then by the tables in |GL, § 1.5] or [GLS3, §5.3], in almost all

cases, either |S| < p?, or S is abelian, or S contains an extraspecial group of type p'*2* for
k > 2, or S contains a special group of type 3274, The exceptions are (G, p) = (J3,3), where
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Z(8S) = C%; (Coy,5), where J(S) =2 C2 and Ng(J(9))/J(S) = Cy x 5; and (F3,3), where
G contains a subgroup C§ x SLy(9). Thus G is not a sporadic group.

If G is a group of Lie type in characteristic p, then since S is nonabelian and |S/[S, S]| =
p?, G must be one of the groups Ls(p), Sp,(p), Us(p), or Go(p) (see the description in
[GLS3, Theorem 3.3.1| of the central series for S). By the commutator relations, any abelian
subgroup of index p in S would have to be a parabolic subgroup, and hence essential in G.

Thus by the classification theorem, G is a group of Lie type in characteristic different from
p. If G = PSL,(q) for some q and |S| > p*, and k is the order of ¢ in [, then S has a normal
abelian subgroup A of order at least p® with Autg(A) = Cy 1 X, for some n, and this has a
normal Sylow subgroup of order p only when p =n = 3 and k = 1. Thus G = PSL3(q) for
g =1 (mod 3). A similar argument in the unitary case shows that PSUs(q) for ¢ = 2 (mod
3) is the only possibility. If G is symplectic or orthogonal, then Autg(A) always contains

Cy1 S, or (Cy)" 1 % ¥, so A is not essential.

In all other cases, by the description in [GL, 10-1] of the Sylow subgroups, there is a normal
abelian p-subgroup Py in S, which must be contained in A by the above remarks, which is
maximal abelian, and whose index in S is determined by the tables there. In particular, A
has index p in S only in the following cases:

e p=3,G = Gsq) or °Dy(q) (¢ = +1 (mod 3)), or G = 2F,(22++1);

e p=5 G=Eq) (=1 (mod 5)), G = *Ey(g) (¢ = ~1 (mod 5), G = Er(q) (g = £1
(mod 5)), G = Fs(q) (¢ = £2 (mod 5));

e p="7,G = F:(q) or Es(q) (¢ = =1 (mod 7)).

When p = 3 and G = 2F;(2%*1), then Autg(A) = GLy(3) [Ma, Proposition 1.2]. When
p =5 and G = Eg(q) for ¢ = £2 (mod 5), then Autg(A)/Ox(Autg(A)) = 36 [LSS, Table
5.2]. In all other cases when p = 5,7, Autg(A) is the Weyl group of E,, for m = 6,7,8, and
contains a (quasi)simple subgroup of index two.

Thus the only cases where Autg(A) contains a normal Sylow p-subgroup of order p are
those where p = 3 and G = G1(q) or *Dy(q). O

We finish the section with a few elementary group theoretic results.

Lemma 1.7. Fiz a prime p, a finite p-group P, and a group G < Aut(P) of automorphisms
of P. Let Pp < Pp 4 --- < P,, = P be a sequence of subgroups, all normal in P and
normalized by G, such that Py < Fr(P). Let H < G be the subgroup of those g € G which
act via the identity on P;/P;_q for each 1 < i <m. Then H is a normal p-subgroup of G.

Proof. See, e.g., |G, Theorems 5.3.2 & 5.1.4]. O

Lemma 1.8. Assume P is a nonabelian group of order p®, for some odd prime p. Then
either P has exponent p and Out(P) = GLy(p), or P has exponent p* and O,(Out(P)) €
Syl,(Out(P)).

Proof. If P has exponent p, then each automorphism of P/[P, P] = Cg lifts to an automor-
phism of P. Also, each automorphism of P which induces the identity on P/[P, P] is inner,
so Out(P) = Aut(P/[P, P]) = GLy(p).

If P has exponent p?, then it contains a unique subgroup Q < P with Q = Cg.
by Lemma 1.7, there is a homomorphism from Aut(P) to Aut(P/Q) x Aut(Q/[P, P])
Cp_1 x Cp_1 whose kernel is O,(Aut(P)).

omnR g



6 BOB OLIVER

We will adopt the usual notation, and write pi** and p

p® and of exponent p or p?, respectively.

1+2

for nonabelian groups of order

Lemma 1.9. Let S be a nonabelian p-group, and assume A < S is an abelian subgroup of
index p. Then either

(a) |[S, S > p*
(b) |[S, 8| =p, S/Z(S) = Cy, and S contains evactly p+ 1 abelian subgroups of index p.

S/Z(S)‘ > p3, and A is the unique abelian subgroup of index p in S; or

Proof. Fix any x € S\NA. Then [S,S] = [z, 4] is the image of (Id — ¢,) as a homomorphism
from A to itself, and Z(S) = Ca() is its kernel. Hence |S/Z(S)| = p-|A/Z(S)| = p-|[S, S]]
Since S is nonabelian, S/Z(S) is not cyclic.

If B is a second abelian subgroup of index p in S, then S = AB, so AN B < Z(9),
and |S/Z(S)| < p* Thus |[S,S5]| = p in this case. Conversely, if [S/Z(S)| < p?, then
S/Z(S) = Cg since it is noncyclic, and each subgroup of index p in S containing Z(5) is
abelian (generated by Z(S) and one more element). Since each abelian subgroup of index p
in S contains Z(S5), S has exactly p 4+ 1 abelian subgroups of index p. OJ

We finish the section with two lemmas which deal with actions on finite abelian p-groups.

Lemma 1.10. Fiz a finite abelian p-group A and a subgroup G < Aut(A). Assume, for
S € SyL(G), that S 4 G and |A/C4(S)| = p. Then |S| = p.

Proof. Let S1,Sy € Syl,(G) be two distinct Sylow subgroups, and set A4; = Cy(S;). For
i =1,2, S; induces the trivial action on A/A; = C,, and hence [S;, A] < A;. Also, Ay # A,
since otherwise (S, Sa) would act trivially on A; and on A/A;, and hence would be a p-group
by Lemma 1.7.

If |S;| > p, then HSZ-, AH > p, so there are elements 1 # x; € S; such that [z;, A] < A1NAs.
Set T' = (x1,x5). Then T acts trivially on A; N Ay and on A/(A; N Ag), so T is a p-group
by Lemma 1.7, while C4(T) = Ca(x1) N Ca(xz) = A; N Ay Since this contradicts the
assumption that [A/C4(S)| = p for each S € Syl,(G), we conclude that |S;| = p. O

Lemma 1.11. Fiz o finite abelian p-group A, and a subgroup G < Aut(A). Assume the
following.

(i) Fach Sylow p-subgroup of G has order p and is not normal in G.
(ii) For each x € G of order p, [x, A] has order p, and hence Cy(z) has indez p.

Set H = O (@), Ay = Ca(H), and Ay = [H,A]. Then G normalizes A, and Ay, A =
Ay X A, and H = SLy(p) acts faithfully on Ay = C’f,. There are groups of automorphisms
G < Aut(4;) (1 =1,2), such that pt |Gy, G2 > Autg(As) = SLa(p), and G I Gy x Gy (as
a subgroup of Aut(A)) with index dividing p — 1.

Proof. For each B < A, let V{(B) be the set of subgroups of B of order p. Define
0: Syl,(G) ——— V1(4)

by setting 0(S) = [S,A]. If [S,A] = [T, A] for S,T € Syl,(G), then (S,T) acts via the
identity on [S, A] and on A/[S, A], so (S,T) is a p-group by Lemma 1.7, and S = 7. Thus
0 is injective.

Assume S1,S; € Syl (G) are distinct, set K = (S1,5:), and consider the action of K
on [K,A] = 6(51)0(Sz) = C2. Since K acts trivially on A/[K, A], the subgroup Ky =
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Ck([K,A]) < K is a normal p-subgroup by Lemma 1.7, hence contained in all Sylow p-
subgroups of K, and hence Ky = 1 by assumption. Hence K acts faithfully on [K, A] = Cg.
Under an appropriate choice of basis for [K, A], S; and Sy are the groups of (strict) upper
and lower triangular matrices in GLs(p), and thus generate SLs(p). So K = SLy(p). Also,
9<Sy1p(K)) = Vl([Ka A]) = V1(9(51)9<S2))-

Thus 6(Syl,(G)) = V1(Asz) for some elementary abelian subgroup Ay < A. If rk(Ay) > 3,
then there are distinct subgroups 71,7, € Syl,(G) such that [T7, A] < Cu(T3), (T1,T3)
induces the identity on [T, A], Ca(T)/[T1, A], and A/Cs(T3), so (T1,T5) is a p-group by
Lemma 1.7 again, which is impossible. We conclude that rk(A;) = 2, and hence that
07 (G) = (Syl,(G)) = SLa(p).

Set H = O (G), and set A; = C4(H). Then |A/A;| = p?, A; N Ay =1 since H = SLy(p)
acts faitfully on Ay, and hence A = A; x Ay. Since H < G, the subgroups A; = C4(H)
and Ay = [H, A] are both G-invariant. Set G; = Autg(4;) (i = 1,2). Thus G; and G, are
quotient groups of G, Gy has order prime to p, G5 < Aut(As) = GLsy(p) and contains SLy(p),
and G 4 G; X G with index dividing p—1 = [GLs(p):SLs(p)]. O

2. REDUCED FUSION SYSTEMS OVER NONABELIAN p-GROUPS WITH INDEX p ABELIAN
SUBGROUP

Throughout this section, p is an odd prime. We want to describe all simple fusion systems
over nonabelian p-groups which contain an abelian subgroup of index p. We begin by showing
that if S has more than one abelian subgroup of index p, and there is a simple fusion system
over S, then S must be extraspecial of order p* and exponent p (Theorem 2.1). This is the
case already handled by Ruiz and Viruel [RV]. Afterwards, we develop the tools needed to
study simple or reduced fusion systems over a p-group S which contains a unique abelian
subgroup A < S of index p. Our main result is Theorem 2.8, which lists simple fusion
systems over such S when A is not essential. The more complicated case, that where the
unique abelian subgroup of index p is essential, will be handled in a later paper.

Theorem 2.1. Assume p is odd, and let S be a nonabelian p-group containing more than
one abelian subgroup of index p. If there is a simple (or reduced) fusion system over S, then
S is extraspecial of order p* and exponent p.

Proof. Assume F is a reduced fusion system over S. Set Z = Z(S) and S’ = [S, 5] for
short. By Lemma 1.9, |S'| = p and S/Z = C]f. In particular, S’ < Z. The only proper
subgroups centric in S are the abelian subgroups of index p, and hence they are the only
possible F-essential subgroups.

Fix some A € Ez, and set G = Autz(A). Then Autg(A) = S/A has order p, it is a Sylow
p-subgroup of G, but is not the only Sylow p-subgroup since A € Ex. Also, [S, A] = S’ has
order p.

The hypotheses of Lemma 1.11 thus hold. So if we set H = OP(G), A, = C4(H), and
Ay = [H, A], then A = A; x As, A; and A, are normalized by G, Ay = Cg, and H = SLy(p)
acts trivially on A; and faithfully on As. In particular, the subgroup Ny(Autg(A))/Autg(A)
acts trivially on A; and nontrivially on S’ = Z N Ay = C,,.

Thus Z = 5" x Ay, and A; is the unique subgroup of Z which is complementary to S” and
normalized by Ny (Autg(A))/Auts(A). Hence A; is also the unique subgroup of Z which
is complementary to S’ and normalized by Autz(Z) (there is at least one such subgroup
since |Autz(Z)| is prime to p). It follows that A; is Autz(S)-invariant, and (by the same
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argument) is also normalized by Autz(P) for each P € Ex. By Proposition 1.3(b), A; < F.
Since F is reduced, this implies that A; = 1, and so Z = Z(S) = S’ has order p.

Thus S is a nonabelian group of order p®. If S = p'*2, then there is a unique subgroup
@ < S isomorphic to Cz, this is the only possible F-essential subgroup, so ) < F, again
contradicting the assumption F is reduced. We conclude that S = pi”. 0

Fusion systems over extraspecial groups of order p® and exponent p have already been
classified by Ruiz and Viruel [RV]. In particular, they showed that there are exactly three
distinct exotic fusion systems over such groups, all for p = 7, of which two are simple.

We now turn to the case where S has a unique abelian subgroup of index p. We first fix
some notation.

Notation 2.2. Fiz a nonabelian p-group S with unique abelian subgroup A of index p, and
a saturated fusion system F over S. Define

S/:[S,S], Z:Z<S), Z():ZHSI, ZQIZQ<S), AOIZS/.
Thus Zy < S' < Ay < A and Zy < Z < Ay. Also, set
H={Z(z)|z e S\A} and (when Zy < A) B ={Z(z) |z € S\A}.

Recall that a p-group P of order p" has mazimal class if its lower (or upper) central series
has length n — 1.

Lemma 2.3. Assume the notation and hypotheses of 2.2.
(a) For each P € Ex, P € {A}UHUDB and |Ns(P)/P| = p.

(b) IfEx & {A}, then Zy < A and |Zo| = p = |AJAo| = |Z2/Z|. Also, S/Z has mazimal
class.

(c) If Zy(x) € Efx for some x € S\NA, then Z(x) is not F-centric and Z{x) ¢ Er.
(d) In the situation of (b), there is © € S\NA such that Ao{x) is normalized by Autz(S).
(e) For each P € Ex and each o € Nay,(p)(Auts(P)), a extends to some o € Autx(S5).

Proof. (a) Fix some P € Ex where P # A. Then P & A since P is F-centric. Set
Py = PN A, and fix some element x € P~ Fy. Since Outx(P) contains a strongly p-embedded
subgroup, O,(Outz(P)) =1 (cf. [AKO, Proposition A.7(c)]).

(al) Assume P is nonabelian. Since Z < P (P is F-centric), Z(P) = Cp,(z) = Z. For
each g € Nao(P)\P, ¢4 is the identity on Py and on P/F,. If Fy is characteristic in p, then
¢y € Op(Autz(P)) by Lemma 1.7, which is impossible since O,(Outz(P)) = 1. Thus 1 is
not characteristic in P, and hence is not the unique abelian subgroup of index p in P. By
Lemma 1.9, |Py/Z| = p, P/Z(P) = P/Z = C}, and [P, P| = [z, P)] = C,,.

Now, Outz(P) maps injectively to Aut(Z(P)) x Aut(P/Z(P)) (since the kernel is a p-
group and O, (Outxz(P)) = 1); Autg(P) is sent trivially to Aut(Z(P)), and so |[Ng(P)/P|=p
since p? does not divide the order of Aut(P/Z(P)) = GLs(p). For g € Na(P)\P, [9,P) & Z
(otherwise ¢, induces the identity on P/Z(P) and on Z(P) = Z, which would imply ¢, €
Op(Autz(P)) = Inn(P)), so g ¢ Z,. In particular, S/Z is nonabelian, so [z, A] £ Z and
Zy < A. Thus Zy < By, and Zy = By since Zy > Z and |Py/Z| = p. So P = Zy(x) € B.
(a2) Assume P € Egx is abelian (and P # A). Then By = Z: it contains Z since P is
centric, and cannot be larger since then P would be nonabelian. Hence P = Z{x) € H.
Also, Auty(P) = Autg(P) € Syl,(Autz(P)) centralizes Py. The conditions of Lemma 1.10
thus hold (with P and Autx(P) in the roles of A and G), so |Ng(P)/P| = |Auts(P)| = p.
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Since [S:P] > p (A is the unique abelian subgroup of index p), this implies that S/Z is
nonabelian, so [z, A] £ Z, and Z, < A.

For each g € A, g € Ng(P) if and only if [g,2] € Py = Z, if and only if gZ € Cyz(x) =
Z(S)Z) = Zy/Z. Thus Ns(P) = Zy, Ns(P) = Zy(x) = ZoP, and |Zy/Z| = |Ns(P)/P| = p.

(b) Fix z € S\NA. Since Ex ¢ {A}, (HUB)NEx # @ by (a). Hence Zy < A and
|Zy/Z| = p by the proofs of (al) and (a2). Also, S' = [z, A] = Im(c, — Id4) and Z =
Ca(z) = Ker(c, —Idya), so ||| Z] = |A]. Since Zo/Z = Cayz(x), Zo = (¢, —1da)~H(Z), so
(cz —Id4) sends Zy/Z isomorphically to Zy = Z N S". Hence |Zy| = p, and Ay = ZS” has
index p in A.

Define inductively A; = [z, A] = 5, and A, = [z, 4,,_1] =[S, A1) forn > 2. If n > 1
and A, # 1, then A,41 = (¢, —Id)(A,), Ker((c, —Id)|a,) = Ca,(z) = Zy since Cy, (z) # 1
and |Zy| = p, and so |A,/An,11| = |Zo] = p. Since A, Z/Z is the n-th term in the lower
central series for S/Z, and since |S/A1Z| = |S/Ag| = p?, this proves that S/Z has maximal
class.

(¢) Assume z € S\ A is such that Zy(z) is F-essential. There are p+ 1 subgroups of index
p in Zy(z) which contain Z(Zy(x)) = Z, and by the proof of (al), Autg(Z2(z)) permutes
all of them except Z, transitively. Since Zy(z) € Ex, Z is not normalized by Autxz(Z2(x)),
and there is a € Autz(Zy(x)) such that a(Z(x)) = Z2 < A. Thus Z(z) is not F-centric,
and hence cannot be F-essential.

(d) For each x € S\NA, 2P € Cu(z) = Z < Ag. Hence S/Ay = C7 since |A/Aq| = p by (b).
Also, the Outz(S)-action on S/Ay normalizes A/A, since A is characterisitic in S. Since
Outz(S) has order prime to p, there is an Outz(S)-invariant splitting of A/Ag < S/Ag. If
Ay generates such a splitting (where x € S\A), then Ay(z) is normalized by Autz(S5).

(e) Fix P € Er and o € Naus,(p)(Autg(P)). By the extension axiom, a extends to some
a € Autz(Ng(P)). By (a,b), P is maximal among all F-essential subgroups: either P = A,
or Pe B,or P=Z(x) € H for some x € S\NA and Zy(z) ¢ Ex. So @ extends to an element
a € Autx(S) by Proposition 1.3(a). O

Lemma 2.4. Assume the notation and hypotheses of 2.2, and also that O,(F) = 1 and
A¢ Exr. Then HNEx # &, Z = Zy, S' = Ay, and S has mazimal class.

Proof. Since A ¢ Ex, Er C H U B by Lemma 2.3(a). If Ex C B, then Z = Z(P) for each
P € Ez, so Z < F by Proposition 1.3(b), which contradicts our assumption. Thus there is
QeHNEE-.

By Lemma 2.3(a), Autg(Q) € Syl,(Autx(Q)) has order p. Also, for each g € Ng(Q)\Q,
9,Q] < QNS =7ZnNS = Z, where | Zy| = p by Lemma 2.3(b). Hence by Lemma 1.11, if
we set [g = OP (Aut#(Q)), Q1 = Co(Tg) < Z(S), and Qy = [T, Q] > Zy, then Q; and Qs
are both normalized by Autz(Q) and Q = Q1 X Q2. Also, I'g = SLy(p) acts faithfully on
Q2 = C? and trivially on Q.

In particular, there is a subgroup H < Nr,(Auts(Q)) of order p — 1 which acts as the full
group of automorphisms of Zy and of Q2/Zy, and acts trivially on Q. Thus Z = @1 X Z,
and () is the unique complement to Zy in Z which is normalized by H. Since H restricts to
a subgroup of Autx(7), this shows that (); is also the unique complement to Z in Z which
is normalized by Autz(Z) (there is at least one such subgroup since |Autz(Z)| is prime to

p)-
By a similar argument, ; is normalized by Autz(P) for each P € HNEx. If P € BNEf
or P = S, then for each o € Autz(P), a(Z) = Z since Z = Z(P), so a|z = Autx(Z2),
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and a(Q1) = Q1. Thus @ < F by Proposition 1.3(b), and @; = 1 (hence Z = Z;) since
O,(F)=1. Also, Ay = Z5" = 5" since Z = Z, < §'.

Since |Z(S)| = p and S/Z(S) has maximal class, S also has maximal class. O

We now need some more notation.

Notation 2.5. Assume the notation and hypotheses of 2.2, and also that |Zy| = |AJAo| =
|Z5/Z| = p. Fiza € ANAg and x € S\NA, where x is chosen so that (A, x) is normalized
by Autx(S) (Lemma 2.3(d)). For each i =0,1,...,p— 1, define

H; = (Z,xa") € H and B; = (Zy,xa") € B.
Let H; and B; denote the S-conjugacy classes of H; and B;, respectively, and set
He=H,U---UH,1 and B, =B U---UB,_;.
Thus H = Ho U H, and B = By U By, since |A/Ao| = p. Also, for P < S, set
Aut¥(S) = {a € Autz(S) | a(P) = P, alp € 0" (Autz(P))} < Autz(S).

Set
A= (Z/p)* x(Z/p)™, and Ay ={(r,r")|re(Z/p)*} <A (foricZ).
Define
e Aut(S) —— A and iw: Out(S) —— A
by setting, for a € Aut(95),

alz) € z"A forz € S\NA
alg)=g9° forge Z,.

pla) = pi([a]) = (r,s) if {

The next two lemmas describe the role played by g and A in controlling these fusion
systems.

Lemma 2.6. Assume the notation and hypotheses of 2.2 and 2.5, and let m > 3 be such
that |A/Z| = p™~'. Then the following hold for each o € Aut(S).

(a) Set (r,s) = pla), and let u be such that a(g) € g“Aoy for each g € ANAy. Then
s=ur™' (modp).
(b) Either p(a) € A, and « normalizes each of the S-conjugacy classes H; and B; (0 <

i <p—1); or ula) ¢ A,,, and o normalizes only the classes Ho and By. Also, a acts
via the identity on A/Ag if and only if p(a) € Ap,_1.

Proof. (a) Define inductively A; = [x,A] =5, and A, = [x, A,—1] for n > 2. If n > 1 and
A, # 1, then A,y = (ex — Id)(Ay), Ker((ex — Id)|a,) = Zo, and so |A,/Anii| = |Zo| = p.
Since |A;| = |A|/|Z| = p™~', this shows that A,,_; = Zy and A4, = 1.

Fix a € Aut(S), set pu(a) = (r,s), and let u € (Z/p)* be such that a(g) € g“Ay for each
g € ANAg. Then for each k, a acts on A /A1 via g — g“™". In particular, o acts on Zg
via g — ¢*"", and hence s = ur™* (mod p).

(b) Fix o € Aut(S5), and let r,s,u be as in (a). Then «a acts via the identity on A/A if
and only if w = 1, which by (b) holds if and only if u(a) € A,,—1. Similarly, o normalizes
each subgroup (A, xa’) if and only if r = u (mod p); i.e., s = r™, and p(a) € A,,. O

Lemma 2.7. Assume the notation and hypotheses of 2.2 and 2.5. Assume also that Z = Z,.
Let m be such that |A/Z| = p™! (hence |A| = p™). Fiz P € HUDB, and set t = —1 if
PeH,t=0iPebB.
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(a) Assume P € Ex. Then P = C2 or p\**, and ,u(Aut(]f)(S)) =A;. IfPeH, or Pe B,
then m =t (mod p —1).

(b) Conversely, assume that P = C2 or p\™?, and also that p(Hp) > A, where
Hp = {a € Autz(S) | a(P) = P} and ﬁp:{a]p|oz€Hp}.
Then there is a Sﬁbgroup © < Out(P) such that O,(0) = 1, Outg(P) € Syl,(0), and
No(Outg(P)) = Hp/Inn(P).
(c) In the situation of (b), or in the situation of (a) when © = Outx(P), OP (©) = SLy(p),

and
oo [SIa0) it ulHp) = A
GLy(p) if p(Hp) = A.

Proof. Set Py = PN A, and P, = [S, Py] = [x, Py]. Thus |P/Py| = p and |P/P,| = p* in all
cases. Set I'p = O (Out(P)).
(a) Assume P € Ez. If P € H, then |P| = p? since |Z| = p, and if P € B, then P is

nonabelian of order p3. In either case, by Lemma 1.11, applied to the action of Outz(P)
on P/[P,P], P/[P,P] = C} and the action contains that of SL;(p). Hence by Lemma 1.8,

P2 C2 or pi™?, Out(P) = GLy(p), and Outz(P) contains I'p = SLy(p).

Now, N, (Outg(P)) = Outg(P) x (a) = C,, x C,_1, where for some generator r € (Z/p)*,
a acts on P/P, via g + ¢", and on Py/P, via g — ¢'/". By Lemma 2.3(e), a extends
to @ € Autz(S). Hence Autgf)(S) > Autygpy(S)(a), with equality since restrictions of
elements in Autgf)(S) must be contained in the normalizer of a Sylow p-subgroup in SLy(p).
If P = CZ, then p(a) = (r,r™'), while if P = p'*?, then a|; = Id and hence p(a) = (r,1).
Thus in either case, pu(a) generates Ay, so /L(Autgf)(S)) = A;.

If P € H,UDB,, then u(a) € A,, by Lemma 2.6(b), since a normalizes P € H;. So
A, = Ay, and m =1t (mod p— 1).
(b) By assumption, P = C? or pi™?, so I'p = O” (Out(P)) = SLy(p). Choose a € Hp such
that p(«) generates A;. Then for some generator r € (Z/p)*, « induces x +— z" on P/P,
and induces x + z'/" on Py/P,. Thus a|p € I'p and Autg(P){a|p) = Nr,(Autg(P)).

Set © = I'p-(Hp/Inn(P)). Then 0,(0) = 1 since O,(SLy(p)) = 1 and p { [O:T'p],
Outg(P) € Syl,(©) since p 1 [O:I'p], and Ng(Auts(P)) = Hp since Autg(P) < Hp.

I

(c) In either case (a) or (b), © acts faithfully on P/P, = C7, and contains O” (Out(P))

SLy(p) by Lemma 1.11. Also, Ne(Outg(P)) = Hp/Inn(P): by assumption in case (b), an
by the extension axiom in case (a). The last statement now follows since [©:0” (Out(P))]
[1(Hp):A.

We are now ready to state and prove our main theorem: a description of all simple fusion
systems in the situation of Notation 2.2 for which A is not essential. In the statement of the
theorem, we set

o,

1

(=¢=€e""7 R=Z[(, and p=(1-()R.
We also set U = Autg(A), u = ¢x € U, and 0 = ﬁ:& u’ € Z[U]. We regard A as a
Z[UJ]-module, and also when possible as an R-module by setting (-a = u(a) for a € A.

Theorem 2.8. Fiz an odd prime p, a finite nonabelian p-group S with a unique abelian
subgroup A < S of index p, and a simple fusion system F over S for which A is not
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essential. Assume the notation and hypotheses of 2.2 and 2.5. Let m > 3 be such that
|A| = p™. Then |Z]| = p, It|outr(s) s injective, x € S\NA can be chosen so that x” =1 and
Ao (x) is normalized by Autz(S), and one of the following holds.

(a) S = (R/p™) % (x), and either
(i) m=—1 (mod p—1), u(Outx(S)) = A_y, and Ex is the union of between 1 and
p of the S-conjugacy classes H;, with Autz(H;) = SLy(p) when H; € Ex; or
(ii)) m = —1 (mod p—1), (Outx(9)) = A, and Ex = By U H., where Outx(By) =
GLy(p), the subgroups in H. are all F-conjugate, and Outz(H;) = SLy(p); or
(iii) m =0 (mod p—1), p(Outx(S)) = A, and Ex = Hy U B,, where Outz(Hy) =
GLy(p), the subgroups in B, are all F-conjugate, and Outz(B;) = SLs(p); or
(iv) m # 0,—1 (mod p—1), p(Outx(S)) = A_q, and Ex = Hy with Outz(Hy) =

(b) As a Z[U]-module,

pte  ifk>2

A~7[U e here k > 1, £ € Z, and

Also, m=k(p—1)+1=1 (mod p—1), S = A x (x), i(Outx(S)) = A_y, Ex = H,,
and Outz(Hy) = SLy(p).

Conversely, in each of these cases, there is up to isomorphism a unique simple fusion system
F which satisfies the given description of S, i(Outx(S)), Ex, and the groups Outz(P) for
P € Ex. Furthermore,

o AgHy < S is strongly closed in F in cases (a.iv) and (b), AoH; is strongly closed in F
in case (a.) if Ex = H,;, and these are the only occurrences of proper strongly closed
subgroups in these fusion systems; and

e all of these fusion systems are exotic, with the following exceptions when p = 3.
— Case (ai), when Exr = H = Ho U H,: F is the 3-fusion system of PSL3(q) for
appropriate ¢ = 1 (mod 3), and also of PSUs(q) for appropriate ¢ = —1 (mod

3).

— Case (a.ii): F is the 3-fusion system of *Dy4(q) for appropriate q prime to 3.

Proof. Let F be any reduced fusion system over S such that A ¢ Ex. By Lemmas 2.3(b)
and 24, Z = Zo, S = A(), and ‘Z| = ’A/A0| =DP.

For each o € Ker(u), o induces the identity on S/A, and induces the identity on A/A,
by Lemma 2.6(a). Thus Ker(u) is a p-group by Lemma 1.7, and Ker(p) = O,(Aut(S)) since
Im(p) has order prime to p. In particular, filout,(s) is injective since p { |Outz(S5)|.

By Proposition 1.3(c,d), and since [Autz(P),P] = P for P € Ex, OP(F) = F if and
only if ([Autz(S),S],Ez) = S. Since S’ = Ay has index p? in S, [Autz(S), 5] = Ay(x) if
p(Autz(S)) < A,,—1 and [Autxz(5), S] = S otherwise (Lemma 2.6(b)). Thus

O'(F)=F <= pAutr(S) £Any or (H.UB)NEr#2. (1)
By Lemma 1.4, OY(F) = F if and only if u(Autz(S)) is generated by the subgroups

/L(Aut(]_{))(S)) for P € Ex. Together with Lemma 2.7(a) (and since H NEx # @ in all cases
by Lemma 2.4), this implies that

OV (F)=F <= BNEz#@ or [(Outz(S))=A_. (2)
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Step 1:  We first check that each of the above choices of S = A x (x), p(Autz(9)),
Ez, and Outz(P) for P € Ex, determines a reduced fusion system which is unique up to
isomorphism. In each case, we fix an identification of A with a quotient group of R or of
Z[U], as described, and let a € A be the element identified with 1 € R or 1 € Z[U].

For each P € Eg, either P € # and P = C} or P € B and P = pit? so Out(P) =
GLy(p) in either case, and there is a unique subgroup of Out(P) isomorphic to SLy(p).
Also, Out(95) is isomorphic to a semidirect product of Ker(iz) = O,(Out(S)) with Im(z) <
A, so by the Schur-Zassenhaus theorem (see |G, Theorem 6.2.1]), the statements about
w(Autz(S)) determine Autz(S) up to conjugacy in Aut(.S) (hence up to an isomorphism of
fusion systems). Since F is generated by Autz(S), Autz(P) for P € Ex, and restrictions of
those automorphisms, it is uniquely determined by such data.

For each i € Z prime to p, define \; € Aut(S) by setting \;(a) = @’ for a € A and
Ai(x) = x. For each j € (Z/p)*, define v; € Aut(S) by setting v;(x) = x? and v;(a) = a.
Then v;(u”*(a)) = u’*(a) for each k (recall u = ¢y), so v; acts on A via a Galois automorphism
on R in case (a), or via an automorphism of the group U in case (b). In all cases, v; is well
defined by the description of A as a quotient of R or of Z[U]. Let A < Aut(S) be the
subgroup generated by those ); of order prime to p (i.e., such that *~* = 1 modulo the
exponent of A), and by all v; for j € (Z/p)*. Thus A = C,_; x Cp—1. By Lemma 2.6(a),
w(A) = A. By construction, A(Hy) = Hy, A(By) = By, and A permutes each of the sets
{Hh ey prl} and {Bh ceey Bpfl}.

Assume we are in the situation of one of cases (a.i)-(a.iv) or (b). Let Ay < A be such
that p(Ap) is the given subgroup, and set G = S x Ag. Let Qq,...,Qx be representatives
for the G-conjugacy classes in Ex as listed, chosen among the H; and B; for 0 <: <p — 1.
By Lemma 2.6(b), Ay sends the S-conjugacy class of each @Q; to itself, except in (a.ii) and
(a.ii) when @ € H. U B,, in which cases Ay = A contains a subgroup of order p — 1 which
sends each class to itself. Thus Ag, or a subgroup of order p — 1 in Ay, normalizes each
Q; by the above remarks. By Lemma 2.7(b), for each i = 1,... &, there is a subgroup
0; < Out(Q;) = GLy(p) such that Outs(Q;) € Syl (©;), Oute(Q;) = Ne,(Outs(Q;)), and
0,(0;) = 1; and ©; is uniquely determined because it contains SLy(p) and the normalizer of
its Sylow p-subgroup is given.

Set F = (Fs(G), 01, ...,0y), and set K; = Outg(Q;). No Q; is G-conjugate to a subgroup
of Q; for j # 1. For each 1,

(1) pf©:Ki],

(2) @ is p-centric in G but no proper subgroup of @); is F-centric or essential in G, and
(3) K, is strongly p-embedded in ©;.

Hence F is saturated by [BLO4, Proposition 5.1].

Any normal p-subgroup of F must be contained in all essential subgroups, hence is
contained in Z = Cp; and Z 4 F since some P € Egz is abelian in each case. Thus
O,(F) = 1. By inspection, the conditions on the right-hand side of (1) and (2) hold, so
OF(F)=F = OV (F).

Step 2: We next list the proper strongly closed subgroups in F, and use that to determine
whether F is realizable and to prove that F is simple in all cases.

If 1 # @ < S is strongly closed in F, then it contains Zy = Z(S) = C, (each nontrivial
normal subgroup intersects nontrivially with the center), and hence contains each abelian
subgroup in Ex. Thus H; C Ef implies that Q > (H;) = Ag(xa’). In particular, Q > Ay >
Zy, 50 () also contains all nonabelian subgroups in Ex. Hence if ) < S, then Er = H;
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and Q = AgH; for some i. By inspection, the only cases where this occurs are (a.iv) and
(b), with ¢ = 0, and sometimes in case (a.i). Conversely, AgH; is strongly closed in each of
these cases, since it contains (Ex) and is normalized by Autz(S) (by Lemma 2.6(b) and the
assumptions in (a.i) when ¢ # 0).

If AgH; is strongly closed, then it is centric in S, is nonabelian, and does not split as a
product. So in all cases, by Lemma 1.5, if F is realizable, it is realizable by a finite simple
group. Hence by Lemma 1.6, p = 3, and F is the fusion system of one of the simple groups
G = PSL3(q), PSU3(q), Ga(q), or ®D4(q) for some ¢ prime to 3. When G is a Chevalley
group G(q), then all of the classes H; are conjugate in the Sylow 3-subgroup of G(¢?), so all
of them are essential in F since at least one of them is. Thus we must be in case (a.i), and
since m = 1 (mod 2), we have G = PSL3(q) for some ¢ = 1 (mod 3). The groups PSUs(q)
are handled in a similar way. The 3-fusion system of 3D4(q) has type (a.ii) by the description
of its maximal subgroups in [KI].

If F is not simple, then since it is reduced, AqH; must be strongly closed for some ¢, and
there is a normal fusion subsystem & < F over T' = AgH;. Then H,; splits into p T-conjugacy
classes. For each P € H;, Ng(P) = ZyP < T since Zy < Ay, so Autg(P) contains the normal
closure O¥ (Autx(P)) of Autg(P), and hence P € Eg. So if m > 4 (if |T| > p*), then by
Lemma 2.7(a) (and since |Ag| = p™ '), m — 1 = —1 (mod p — 1), which does not hold in
the cases we are considering. If m = 3 (if T is extraspecial of order p?®), then by [RV, Tables
1.1 & 1.2], there is no saturated fusion system over T with exactly p essential (or radical)
subgroups of order p?. Thus F is simple.

Step 3: It remains to show that the fusion systems of cases (a) and (b) are the only simple
fusion systems satisfying our hypotheses. By Lemma 2.3(a,c), each P € Ex lies in exactly
one of the classes H; or B; for 0 <i < p—1, and H; and B; cannot both be in E£.

Recall that U = Autg(A), u = ¢, € U, and ¢ = 3V u’ € Z[U]. Define
U ZU] ——— A

by setting W(u*) = u*(a) for all k. Then Im(¥) is normalized by x, Im(¥)(x) > (a,x) = S
since Ag = 5’, so Im(¥) = A and ¥ is onto.

For each i € Z, (xa')? = u(a’)u?(a’) - - - u?(a’)x? = ¥(io)x?. Hence

U(o)=1 <= (xa')’=x"foreachicZ 3)
+— (xa')’ = (xa/)P forsome 0 <i<j<p-—1
Since (xa')? =1 if H; € Er or B; € Ex, this shows that x? = 1 if Hy C Ez, or if By C Er,
or if ¥(0) = 1. We will see that at least one of these holds in each case.
Note that R = Z[U]/(c), and that p is the image in R of (1 — u)Z[U]. Also, p*~! = pR:
this follows, for example, from the congruence (1 —u)?~! = ¢ (mod pZ[U]). Thus each ideal
of p-power index in R is a power of p.

By Lemma 2.4, Ex contains at least one abelian subgroup. There are three cases to
consider:

Case 1: Assume Ex N B # @. By Lemma 2.7(a), and since Ex N H # @, u(Autz(S)) >
AgA_; = A. Hence all subgroups in H, and in B, are F-conjugate (Lemma 2.6(b)), and
E]::H()UB* or B()UH*.

By Lemma 2.7(a), m = —1 (mod p—1) if H, C Ex, while m =0 (mod p—1) if B, C Ex.
By Lemma 2.7(c), for P € Ex, Outz(P) = GLsy(p) if P € HoU By, while Outz(P) = SLy(p)
it P e H,.UB..
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Since all subgroups in Ex have exponent p, (xa’)? = 1 for each i. Hence W(o) =1 by (3),
so U factors through Z[U]/(o) = R. We can thus regard A as an R-module, and A = R/p™
(recall p™ = |A|) by the above remarks. Thus we are in case (a.ii) or (a.iii).

Case 2: Assume Ez contains only abelian subgroups, and also that H;, H; € Ex for some
0<i<j<p-—1 Then (xa')? = (xa’)’ =1, so 0 € Ker(¥) by (3), and A = R/p™ by the
above remarks.

Since H; € Ex where j # 0, m = —1 (mod p — 1) by Lemma 2.7(a), and p(Autz(S)) >
A,, = A_;. Since F is reduced, O” (F) = F, so u(Autz(S)) = A_; = A,, by (2). Thus
no two of the H; are F-conjugate (Lemma 2.6(b)), Autz(H) = SLy(p) for each H € Ex by
Lemma 2.7(c), and we are in case (a.i).

Case 3: Assume Ex = H; for some i. Then p(Autz(S)) = A_; by (2), and Outx(H;) =
SLy(p) by Lemma 2.7(c). Also, by Lemma 2.7(a), either ¢ = 0 or m = —1 (mod p — 1). If
i =0, then by (1), p(Autz(S)) £ A,,—1, and hence m # 0 (mod p — 1).

Thus if U(0) =1 (so that A = R/p™), then either m = —1 (mod p — 1) and we are in the
situation of (a.i); or i =0, m # 0,—1 (mod p — 1), and we are in the situation of (a.iv).

Now assume W(o) # 1. By (3), (xa’)? = 1 for a unique 0 < j < p—1, and j = i since
subgroups in Ex = H; have exponent p. Also, Ag(xa’) is characteristic in S since it splits
over Ay while Ag(xa®) does not split for £ # i. So we can assume that x was chosen with
x = xa’. Thus i = 0, and Ex = H,.

Set I = Ker(¥), 7 = 1—uand J = ¢Z[U]; we identify R = Z[U]/J and p = (7Z[U]+J)/J.
Then U(J) = (V(0)) # 1, ¥(0o) € Z, so V(J) = Z since |Z| = p. Thus JNI = pJ. Also,

Z[U]/J
(I+J)/J
since |A/Z| = p™! and p is the unique maximal ideal in R which contains p. Hence
I+J = (o, 7™ Y, U(r™ 1Y) € Z, and so I = (po, 7™ +to) for some t € Z. Also, 7™ € I
since 7o = 0.

Define e: Z[U] —— Z by setting £(>_nu’) = > n;. Then Ker(e) = 7Z[U]. Since
|Z[U]/(I + 7Z[U])| = |A/Ao| = p, we have ¢(I) = pZ, and hence p 1 ¢.

Since p(Autz(S)) = A_y, I is invariant under all automorphisms of U. So (1—u")™"! +
to € I for each 1 <r <p—1. Since 7™ € I, this implies that

O=7"""1l+u+...+u" H" ' +to=r""7"""+16 (modI).

A/Z =2 Z[U)/(I + J) = ~ R/p™

m—1 —

Sice p 1 t, this implies r (mod p) for each r, and hence m =1 (mod p — 1).

Set k = (m —1)/(p —1). Then p™ ! = p*R, so I = (po,p* + lo) for some ¢, and the
condition £(I) = pZ implies that p t £ if & > 2, p 1 ({+1) if £ = 1. We are thus in the
situation of case (b). O
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