EXTENSIONS OF LINKING SYSTEMS AND FUSION SYSTEMS

BOB OLIVER

ABSTRACT. We correct two errors in the statement and proof of a theorem in [BCGLOZ2],
and at the same time extend that result to a more general theorem about extensions of
p-local finite groups. Other special cases of this theorem have already been shown in two
later papers, so we feel it will be useful to have this more general result in the literature.

This paper has two purposes: to correct some errors in the statement and proof of a
theorem in the earlier paper [BCGLOZ2|, and also to prove a more general version of this
theorem, describing (very roughly) how to construct extensions of fusion and linking systems
by groups of outer automorphisms. Special cases of this construction have been used in at
least two papers written since [BCGLOZ2].

When G is a finite group and S € Syl,(G), the fusion category of G is the category Fs(G)
whose objects consist of all subgroups of S, and where

Mot () (P, Q) = Homg(P, Q)  {¢, € Hom(P.Q)[g € G. 9Py ' < Q} .
This gives a means of encoding the p-local structure of G: the conjugacy relations among
the p-subgroups of G. The centric linking category of G is a closely related category which
(among other things) provides a link between the fusion in G and the homotopy type of
its p-completed classifying space. These categories motivated the definition by Puig [Pg] of
abstract fusion systems, and by Broto, Levi, and Oliver [BLO] of abstract linking systems.

The main theorem in this note (Theorem 9) describes how to construct certain types of
extensions of abstract fusion and linking systems. The special case shown in [BCGLO2,
Theorem 4.6] shows how to extend a linking system by a p-group of outer automorphisms.
Other special cases were used by Castellana and Libman [CL] to construct wreath products
of linking systems, and by Andersen, Oliver, and Ventura [AOV] to construct exotic fusion
and linking systems under certain hypotheses. Since all three of these constructions have
very similar proofs, it should be useful to have one reference which covers all of these cases,
and hopefully any others which might be needed in the future.

There was an omission in the statement of [BCGLO2, Theorem 4.6], in that the group S
must be assumed to act on Ly via isotypical automorphisms (Definition 5). Without this
assumption, it need not induce an action on the fusion system Fy. The error in the proof of
the theorem occurs in Step 4. In that step, a certain property of subgroups not in a family
‘H was proven using a result shown in Step 3 — a result shown there only for subgroups
which are in the family H.

In most cases, our main interest is to construct extensions of fusion systems. However,
when trying to do this, one quickly discovers that a fusion system alone does not contain
enough information to construct extensions, at least not in a straightforward way. This is
why the results in [BCGLO2], [CL], and [AOV] are all stated in terms of linking systems.
Furthermore, the extensions £y < L of linking systems which we construct are such that
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the geometric realization |Ly| has the homotopy type of a finite covering space of |L£| —
with covering group the group of outer automorphisms by which we extended. This is not
in general the case for extensions of the fusion systems.

We now recall the definitions of abstract fusion and linking systems, and their basic
properties which will be needed later.

An abstract fusion system over a finite p-group S is a category F such that Ob(F) is the
set of all subgroups of S, and such that for all P,Q) < S,

e Homg(P, Q) C Homz(P, Q) C Inj(P,Q); and

e cach ¢ € Homz(P, Q) is the composite of an F-isomorphism followed by an inclusion.
Some additional conditions are needed to make this very useful.
Definition 1 ([Pg|, [BLO]). Let F be a fusion system over a p-group S.

o Two subgroups P, Q) < S are F-conjugate if they are isomorphic as objects of the category
F.

o A subgroup P < S is fully centralized in F if |Cs(P)| > |Cs(P")| for all P" < S which
15 F-conjugate to P.

o A subgroup P < S is fully normalized in F if [Ng(P)| > |Ng(P')| for all P' < S which
1s F-conjugate to P.

o F is saturated if the following two conditions hold:
(I) For all P < S which is fully normalized in F, P is fully centralized in F and
Autg(P) € Syl,(Autz(P)).

(IT) For all P < S and ¢ € Homg(P, S) such that P is fully centralized, if we set
N, = {g € Ns(P) |pcyp" € Auts(pP)},
then there is o € Homz(N,, S) such that o|p = ¢.
More generally, when H is a set of subgroups of S closed under F-conjugacy, F is H-
saturated if axioms (1) and (II) hold for all P € H.

The main objects of interest here are the saturated fusion systems. For example, Fg(G)
is saturated for any finite group G and any S € Syl (G). Axioms (I) and (II) follow mostly
as consequences of the Sylow theorems (cf. [BLO, Proposition 1.3]).

We will need to refer frequently to the following classes of subgroups in a fusion system.
Definition 2. Let F be a fusion system over a p-group S.

o A subgroup P < S is F-centric if it is fully centralized and Cs(P) = Z(P);

o P < S s F-radical if Op(Autz(P)) = Inn(P); and

e P < S is F-quasicentric if for each P' < S which is fully centralized and F-conjugate
to P, each P' < Q < P"-Cg(P’), and each o € Autx(Q) such that a|pr = 1d, « has
p-power order.

We now turn to abstract linking systems. As explained above, they seem to be the most
natural structures for describing extensions of the type which we are looking at in this paper.
For any finite group G, let 7(G) denote the transporter category of G: the category with
Ob(T(G)) the set of all subgroups of G, and where for each P,Q < G,

Morr ey (P, Q) = Na(P,Q) < {g € G| gPg~' < Q}
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(the transporter set). When H is a set of subgroups of G, then T (G) C T(G) denotes the
full subcategory with object set H.

Definition 3 ([BLO, Definition 1.7] & [BCGLO1, Definition 3.3]). Let F be a fusion system
over a p-group S. A linking system associated to F is a finite category L, together with a

pair of functors
Towe)(8) —"— L —"— F,

satisfying the following conditions:

(A) Ob(L) is a set of subgroups of S closed under F-conjugacy and overgroups, and includes
all subgroups which are F-centric and F-radical. Each object in L is isomorphic (in
L) to one which is fully centralized in F. Also, § is the identity on objects, and m is
the inclusion on objects. For each P,Q € Ob(L) such that P is fully centralized in F,
Cs(P) acts freely on Mor(P, Q) via dpp and right composition, and mpg induces a
bijection

Morz (P, Q)/Cs(P) ——— Homz(P, Q) .

(B) For each P,() € Ob(L) and each g € Ng(P,Q), mpg sends dpg(g) € Mors(P,Q) to

¢y, € Homz(P, Q).

(C) For all p € Mor,(P,Q) and all g € P, the diagram

5P’P(g)l l&g,@(ﬂ(w)(g))
commutes in L.

The main differences between this definition and those in [BLO] and [BCGLO1] are that
it is more flexible on the set of objects in £, and that we define here § as a functor on the
transporter category of S. That 0 can be defined on Top)(S) follows as a consequence of the
earlier definitions (see [BLO, Proposition 1.11] and [BCGLO1, Lemma 3.7]), and including
it in the definition allows us to drop axiom (D), in [BCGLOL, Definition 3.3]. We will see
shortly (in Proposition 4(g)) that all objects in a linking system £ must be quasicentric.

The condition that £ be closed under overgroups could perhaps be dropped. But it
simplifies the proof of Proposition 4 below, and is needed in any case in the hypotheses of
the main theorem. Also, it is difficult to imagine a situation where we might need a linking
system which is not closed under overgroups.

The reason for assuming £ contains all subgroups which are F-centric and F-radical orig-
inates with [BCGLO1, Theorem 3.5], which says that if £ C L are two linking systems
associated to the same fusion system, such that Ob(L’) contains all F-centric F-radical sub-
groups and Ob(L) is contained in the set of all F-quasicentric subgroups, then the geometric
realizations of these two categories are homotopy equivalent. In other words, this seems to
be the minimal set of objects needed to get the information which one needs from a linking
system. But as we will see shortly, this also plays an important role in the proof of Theorem
9 below.

In general, when L is a linking system over S, and P < () are both objects in £, we define
12 = po(1), where 6: Toue)(S) — L is the functor in the definition of £. We regard
these morphisms as the inclusion morphisms in L.

Proposition 4. The following hold for any linking system L associated to a saturated fusion
system F over a p-group S.
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(a) For each P,Q € Ob(L), the subgroup E(P) oo Ker[Aut,(P) —— Autz(P)] acts freely
on Mor,(P, Q)) via right composition, and mp¢ induces a bijection

Mor, (P, Q)/E(P) —— Homz (P, Q) .

(b) For every morphism v € Morz(P,Q), and every Py,Qo € Ob(L) such that Py < P,
Qo < Q, and (V) (Fy) < Qo, there is a unique morphism ¥|p, o, € Morz(Fo, Qo) (the
“restriction” of 1) such that ¥ o tp, p = 1Qy.0 © V| Py.Qo-

(¢) The functor 0 is injective on all morphism sets.
(d) If P € Ob(L) is fully normalized in F, then 6p(Ns(P)) € Syl,(Autz(P)).

(e) Let P,Q, P.Qe Ob(L) and ¢ € Morz(P, Q) be such that P < P, Q < Q, and for each
g € P there is h € Q such that 1 o dp(g) = dg.q+(h) o (Q* = hQh™"'). Then there is a
unique morphism ¢ € Morz(P, Q) such that Y|po =1.

(f) All morphisms in L are monomorphisms and epimorphisms in the categorical sense.

(g) All objects in L are F-quasicentric. In other words, if P € Ob(L) is fully centralized in
F, and P < Q < PCg(P), then each automorphism o € Autx(Q) such that o|p = Idp
has p-power order.

Proof. (a) Fix P,Q € Ob(L). By axiom (A), there is a subgroup P* € Ob(L) fully
centralized in F and an isomorphism « € Iso(P*, P). Set f = w(a) € Isox(P*, P), and
consider the following commutative squares:

—071 =(—oxx
Aut(P) ~225 Aut(PY) Mor (P, Q) ———, Mor,(P*, Q)
lwp lwp* and lma,@ l’rP*,Q
et 5
Aut(P) ——— Autz(P*) Homz(P, Q) ——=— Hom#(P*,Q) .

1%

By the commutativity of the first square, ® sends E(P) = Ker(7p p) onto E(P*) = Ker(mp« p

By (A), E(P*) acts freely on Morz(P*, Q), and mp« ¢ is the orbit map of this action. Since
U(1hox) = V() o P(x) for v € Morg(P,Q) and x € Aut,(P), it follows that F(P) acts
freely on Mor.(P, Q) and mp is the orbit map of that action.

(b) Fix ¢» € Morg(P,Q), and Py < P, Qy < @ as above, and set ¢ = 7(¢)|p,.q, €
Homz(Fy, Qo). Let ¢y € Morg(Fy, Qo) be any morphism such that w(¢;) = ¢. Then
F(Lgo oth1) = (Y otp ), so by (a), there is x € E(F,) such that Lgo oo X = 1otk . We can
thus take ¢|p, g, = ¥1 0 X

Now assume )y and 1), are two such restrictions; thus Lgo oy = Lgo o). By (a) again,
there is x € E(F) such that ¢ = 1y o x. But then y = Idp, since E(F) acts freely on
Mor(Fo, @), and thus 1y = 9.

(c) For any pair of objects P and @Q, 7o dpg sends Ng(P,Q) = Mory(s)(P,Q) onto
Homg (P, Q) = Ng(P,Q)/Cs(P). By (a), E(P) acts freely on 7 !(Homg(P,Q)). Hence
dpq is injective if §p sends Cg(P) injectively into E(P). By (A), this is the case whenever
P is fully centralized in F.

If P is not fully centralized, then choose P* which is fully centralized, and ¢ € Isoz(P, P*).
By the extension axiom (II), there is ¢ € Homxz(Cgs(P)-P,S) such that ¢|p = ¢. Set
R = Im(p); thus R < Cg(P*)-P*. Choose ¢ € Isoz(Cs(P)-P, R) such that 7(¢) = ¢, and
set 1o = ¥|p,p.

~—
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By axiom (C), for each g € Cs(P), ¥ o dng(p)-r(g) o ¥ = dr(®(g)). Upon restricting
to P and P*, this implies 1 o 6p(g) o 5" = 0p-(2(g)). If g # 1, then p(g) # 1, and
hence dp«(p(g)) # Id since P* is fully centralized. Since vy is an isomorphism, this implies
dp(g) # Id, and thus that dp is injective on Cg(P).

(d) If P € Ob(L) is fully normalized in F, then Autg(P) € Syl,(Autz(P)),

Autz(P) = Aut,(P)/0p(Cs(P))  and  Autg(P) = Ng(P)/Cs(P),
and hence 6p(Ng(P)) € Syl (Autz(P)).

(e) Set ¢ =7(1), Qo = ©(P), 1o = ¥|pg, € Isoz(P,Qp), and Qp = N5(Qo). If g € P and
h € Q are such that v o 6p(g) = dg.0-(h) o9 (where Q* = hQh™'), then for each z € P,
©(grg™) = hp(z)h~' € Qo, and thus h € Q. Also,

o 00p(9) = (¥ o 0p(9))lpqo = (5a.q-(h) o) Py = gy (h) o ¢g

by the uniqueness of restrictions in (b). We are thus reduced to proving this point when
is an isomorphism and Q < Q.

Now assume 9 € Isoz(P,Q); thus ¥ o 6p(P) o tp™! < 5Q(C§). If @ is fully centralized in
F, then axiom (II) for the saturated fusion system F implies that ¢ = W(Q/}) extends to
a homomorphism ¢ € Homz(P, S). Choose = Mor, (P, S) such that W(w) = ». Then

('QZ)|P7Q) = m(1). Since @ is fully centralized, there is g € CS(Q) such that ¢ = dg(g )O’I:Z)\|p’Q
by axiom (A) (applied to dg p and the morphisms ¢~ and (z/J\pQ) ). Set ) = ds(g)e ; then
1/1|pQ = ). Also, 7T(’l7/))( ) < @ by (C) and the original assumption on ¢, and so o restricts to
a morphism in Mor.(P, Q) by (b). Note that this is an isomorphism if ¢e0p(P)ot) ™" = 50(Q).

Now assume @ is not fully centralized. Choose R which is F-conjugate to P and () and
fully normalized in F. Fix an isomorphism ¢ € Isoz(Q, R). Then pdqo(Q)e " is a p-subgroup
of Aut,(R), so by (d), there is x € Aut(R) such that (x¢)dg(Q)(xp) ™" = dr(R) for some
R < Ng(R). We just showed that y¢ and yetp extend to morphisms & € Isoz(Q, R) and

¢ € Morz(P, R), and so ' o1 € Mor,(P, Q) extends 1. This proves (e), except for the
uniqueness which will follow from (f).

(f) We claim that £ is a transporter system in the sense of [OV1, Definition 3.1]. Once this
has been shown, then (f) follows from [OV1, Lemma 3.2(b,d)].

Points (A1) and (C) in [OV1, Definition 3.1] hold for £ by definition, while (II) holds by
(e) (it requires only the existence of ¢ and not uniqueness), and (I) by (d). Point (B) holds
by axiom (B) here, together with the injectivity of § shown in (c).

Point (A2) holds by (a), except for showing that for all P,Q) € Ob(L), F(Q) acts freely on
Mor (P, Q) by left composition. Since this property depends only on the isomorphism class of
@ in L, it suffices to prove it when @ is fully centralized, and hence when E(Q) = do(Cs(Q)).

To see this, fix 1 € Morz (P, Q) and g € Cs(Q) such that dg(g)ov = 1. Set Qo = w(¢)(P)
and 1y = ¢¥|pg,. Thus ¢ = Lgo o 1y where 1)y is an isomorphism, so dg(g) o Lgo = Lgo. In
other words, dg,.0(9) = dg,.0(1), and so g = 1 since dg, ¢ is injective by (c).

(g) Fix P € Ob(L); we claim P is F-quasicentric. It suffices to show this when P is
fully centralized. If P is not F-quasicentric, then by definition, there is some ) and some
Id # a € Autz(Q) such that P < Q < PCs(P), alp = Idp, and « has order prime to
p. Assume this is the case, and choose ¥ € Aut,(Q) such that 7(¢) = a. We can assume
1 also has order prime to p; otherwise replace it by * for some appropriate k. Then
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(Y| pp) = Idp, so Y|pp = d(g) for some g € Cg(P) by axiom (A). Thus ¢|pp has p-power

order and order prime to p, so ¥|pp = Id in Aut,(P). But this means that 1o Lg =Idgo Lfﬁ,
so ¢ = Id since L]Q_—, is an epimorphism by (f). Hence o = Idg, which contradicts the original
assumption on a. 0

Since we want to construct extensions of fusion and linking systems, we must say what
we mean by automorphisms of linking systems and by normal linking subsystems. We first
look at automorphisms.

Definition 5. For any linking system L, an automorphism of categories a: L — =L s
isotypical if for each P € Ob(L), a(dp(P)) = dacp)(a(P)). Let Autl, (L) be the group of
wsotypical automorphisms of L which send inclusions to inclusions.

Let F': L —— Grp be the functor m: L —— F followed by the forgetful functor from
F to groups. An automorphism « of a linking system L is isotypical if and only if there is
a natural isomorphism of functors F'oa =2 F. This was shown for centric linking systems in
[BLO, Lemma 8.2], and the same proof applies in this more general setting.

The next proposition shows that each o € Aut{yp(ﬁ) induces an automorphism of F in a
natural way.

Proposition 6. Let L be a linking system associated to a fusion system F over a p-group S,

with structure functors Topz)(S) LT3 F. Fira e Autfyp(ﬁ). Let B € Aut(S) be
such that a(ds(g)) = 05(8(g)) for all g € S. Then [ is “fusion preserving” in the following
sense: there is an automorphism & of the category F which sends P < S to B(P) and sends

© € Homz(P, Q) to BB~ € Homz(B(P), B(Q)). Furthermore, T o = Qo .

Proof. Clearly, a(S) = S, and hence « sends dg(S) to itself. Thus g is well defined. Since
a sends inclusions to inclusions, it commutes with restrictions. So for P € Ob(L), since
ap sends 6p(P) to da(p)(a(P)), ag sends dg(P) to dg(a(P)), and thus a(P) = B(P) since
ds is a monomorphism (Proposition 4(c)). Furthermore, for each g € P, « sends dp(g) to
Is(P)(P(9))-

Now fix P, € Ob(L) and ¢ € Mor.(P,Q), and set ¢ = 7(¢)) € Homz(P, Q). For each
g € P, a sends

¥ ()

P—2aq 8(P) L ()
5P(9)J J‘SQ(SD(Q)) to 55(p)(ﬁ(9))l l%(@)(ﬁ(s&(g))) .
P10 8(P) L, 5(Q)

By axiom (C) in Definition 3, these squares commute, and also (since morphisms in £ are

epimorphisms) B(i2(g)) = w(c(t))(B(g)). Thus
w(a(1)) = Br()5~" (1)

In particular, BpB~! € Homz(B(P), 3(Q)) for each P,Q € Ob(L) and ¢ € Homz(P, Q).
Since Ob(L) includes all subgroups which are F-centric and F-radical, all morphisms in F
are composites of restrictions of morphisms between objects of £ (cf. [BLO, Theorem A.10]).
Hence there is a well defined functor @ from F to itself which sends each P < S to B(P)
and sends each ¢ € Homz(P, Q) to BpB~1. This is an automorphism of the category F by
the same argument applied to a~!. By (1), Toa = aom. O
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The following definition of a normal fusion subsystem is the most convenient for our
purposes. When F is a fusion system over S and Sy < S, then Sy is strongly closed if no
element of Sy is F-conjugate to any element of S~\.5y.

Definition 7. Let F be a saturated fusion system over a p-group S, and let Fy C F be
a subcategory which is a saturated fusion subsystem over a subgroup Sy < S. Then Fy is
normal in F (Fo < F) if

(i) Sy is strongly closed in F;

(i) for all P,Q < Sy and ¢ € Homg(P,Q), there are morphisms o € Autrz(Sy) and
o € Homg, (a(P), Q) such that ¢ = g o a|papy; and

(iii) for each P,Q < Sy, each ¢ € Homg (P,Q), and each f € Autz(Sy), Spf~' €
Homg, (B(P), 5(Q)).

This is equivalent to Puig’s definition of a normal subsystem [Pg, §6.4]. It is also equivalent
to Aschbacher’s definition [Asch, § 3] of an F-invariant subsystem, except that he does not
require the subsystem to be saturated. See [Asch, Theorem 3.3] for a proof of the equivalence
of these definitions.

For example, when Gjg < G are finite groups, S € Syl (G), and Sy = S N Gy € Syl (Go),
then Fg,(Gy) is a normal subsystem of Fg(G) under the above definition. The first and last
conditions clearly hold, and (ii) holds by the Frattini argument: G = Go-Ng(Sp), since any
subgroup G-conjugate to Sy is also G-conjugate.

There is now an obvious analogous definition of a normal linking subsystem.

Definition 8. Fiz a pair of saturated fusion systems Fo < F over p-groups Sy < S such
that Fy is normal in F, and let Lo C L be associated linking systems. Then Ly is normal

in £ (Lo <L) if
(i) Ob(L)={P < S|PNSye Ob(Ly)};

(ii) for all P, € Ob(Ly) and ¢ € Mor,(P,Q), there are morphisms v € Aut,(Sy) and
Yy € Morz, (v(P), Q) such that 1) = vy o Y| pyp); and

(iii) for all v € Autz(Sy), P,Q € Ob(Ly), and ¢ € Morz, (P, Q), V|Q@) o ¥ o’}/‘;iy(P) is in
Mor, (v(P),7(Q))-

Here, in (ii) and (ii1), we write v(P) = 7(v)(P) and v(Q) = w(v)(Q) for short.

In fact, condition (ii) in Definition 8 follows from other conditions in that definition,
together with condition (ii) in Definition 7. But we include it here anyway to make the
analogy between the two definitions clearer.

Whenever Ly < L is a pair of linking systems over p-groups Sy < S, then the geometric
realization |Ly| has the homotopy type of a covering space over |£| with covering group the
quotient Aut,(Sp)/Autz,(Sp). We don’t prove this here since it isn’t used, but it follows by
essentially the same proof as that of [BCGLO2, Theorem 3.9] or [OV1, Proposition 4.1(d)].

We are now ready to describe the procedure for constructing extensions of linking systems.
To help motivate the hypotheses, we first describe an analogous construction with groups.
Assume we are given three groups Hy, H, and Gg, where Hy < G and Hy < H, together
with an action 7 of H on G which leaves Hj invariant. Regard 7 as a homomorphism
from H to Aut(Go:Hy), where Aut(Gy:Hy) is the group of automorphisms of Gy which
leave H, invariant. We want to construct a group G = GoH, where Gy < GG, and where the
conjugation action of H on G is that defined by 7. The obvious way to do this is to start with
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the semidirect product Gy x H defined by 7, and then set G = (Gox H)/{(g,97 ") | g € Ho}.
In order to do this, the set {(g,¢~!)} must be a normal subgroup, and one quickly discovers
that the necessary and sufficient condition for this to be the case is for the following diagram
to commute:

conj

H() E— Aut(GoiHo)

-
inclJ / Jrestr.
conj

HZ 5 Aut(Hy) .

The hypotheses in Theorem 9 are similar, except that Gy < G are replaced by a pair of
linking systems £y < L.

The following theorem generalizes [BCGLO2, Theorem 4.6], and also generalizes a related
result in [CL]. Recall that by definition, the set of objects in a linking system L associated
to a fusion system F over S is closed under F-conjugacy and overgroups, and must contain
among its objects all subgroups which are F-centric and F-radical. By the conjugation
action of ¢ € Aut,(S) on L is meant the action which sends P < S to w(¢)(P), and which
sends o € Mor(£) to ¥ay~! (after replacing each v by the appropriate restriction).

Theorem 9. Fiz a saturated fusion system Fy over a finite p-group Sy, and let Ly be a linking
system associated to Fo. Set Ho = Ob(Ly), and assume it is closed under overgroups. Set
Lo = Autr,(So), and regard Sy as a subgroup of T'g via the inclusion of Tz, (So) into Lo. Thus
So = O,(Ly), since I'y/Sy has order prime to p by Proposition 4(d). Fiz a finite group I’
such that I'y < T, and a homomorphism 7: ' —— Auttlyp(ﬁo) which makes both triangles
in the following diagram commute:

conj

AUtEO (So) = FO

incl (1&) 7 (lb) h(ar—mso) <1>

conj

P Aut(Ty) |

Autt[yp (,Co)

Let Fy be the smallest fusion system over Sy (not necessarily saturated) such that Fy 2
Fo and Autx, (Sp) > Autr(Sy), where I' acts on Sy = O,(I'y) < I' wia conjugation. Fizx
S € Syl,(T'). Then there is a saturated fusion system F over S which contains Fi as a full
subcategory, and such that Fy I F.
Assume, in addition, that
Cr(So) is a p-group; (2)
and also that
['/Ty is a p-group, or each P € H, is Fy-centric, (3)
or more generally
PeHy, P<Q<PCg(P), a € Autg (Q), a|lp =1dp = «a has p-power order.  (3)

Then F can be chosen so as to have an associated linking system L for which Ly < L,

Ob(L) =H L {P<S|PNSyeH},
and Autz(Sy) = I' with the given action on Ly. If L' is another linking system, associated
to a saturated fusion system F' over S, such that Lo < L', Fo < F', Ob(L') = H, and
Aut,(Sp) = T with the given action on Ly and the given inclusion S < T, then F' = F and
L =L,
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Proof. The categories £ and F will be constructed in Steps 1 and 2. We then show F is
‘H-saturated in Steps 3 and 4, and finish the proof that F is saturated in Step 5. Step 5 is
essentially a corrected version of Step 4 in the proof of [BCGLO2, Theorem 4.6]. We prove
(3') implies (3) at the beginning of Step 6. Afterwards, we assume (2) and (3) throughout
the rest of the proof, show L is a linking system in Steps 6 and 7, and prove its uniqueness
in Step 8. The normality of Fy in F and of £; in £ are shown at the end of Steps 5 and 7,
respectively.

We first fix some notation. For all P < S, we write Py = PN Sy. Let

T, (S0) % > Lo ik Fo

be the structure functors for the linking system Lo. For P < @, set (% = (Jo) p.o(1). Recall
we regard Sy as a subgroup of I'y = Autg,(Sp) via (dg)s,-

For each v € T, let ¢, € Aut(S;) denote conjugation by v on Sy = O,(I'y) < I'. By
the commutativity of (1b), this is the restriction to Sy of 7(v)s, € Aut(I'y). Hence by
Proposition 6, ¢, is fusion preserving (induces an automorphism of the category F;), and
7(7)(P) = ¢y(P) for all P € Hy. To simplify notation below, we write v(P) = 7(y)(P) to
denote this action of v on H,.

For each 79 € 'y = Aut,,(So), 70 acts on the set Mor(Ly) by composing on the left or
right with vy and its restrictions. Thus for any ¢ € Morg, (P, Q), we set
0% = Y0lQao(@) © ¥ € Morzy (P, 70(Q))
and
¥ = P o Yolyo1(p).p € Morzy (15 (P), Q).

Here, we write vo(P) = 7(70)(P) for short. This defines natural left and right actions of I'g
on the set Mor(Ly). By the commutativity of (1a), the conjugation action 1) — yotby ' on
Mor (L) is the restriction to Iy of 7; in particular, vo(P) = 7(70)(P) as in the last paragraph.

Step 1: We first define categories £1 2 Ly and F; O Fy, where Ob(F;) = Ob(Fp) and
Ob(ﬁl) = Ho. Set

Mor (L) = Mor(Ly) xr, I' = (Mor(Lo) x ') /~,
where (p,7) ~ (¢',7/) if and only if there is 79 € 'y such that ¢’ = @y, and v = ;7.
Thus (p7y0,7) ~ (@, YY) for all ¢ € Mor(Ly), 70 € 'y, and v € T'. If ¢ € Mor,, (P, @), then

[¢,~] € Morg, (v *(P), Q) denotes the equivalence class of the pair (¢,~). Composition is
defined by

[, 0] o [, 7] = [¥ o 7(n) (), m7]-

Here, 7(n)(y¢) € Morg,(n(P),n(Q)) for ¢ € Morg, (P, Q) (recall n(P) = 7(n)(P), etc.).

To show composition is well defined, we note that for all ¥, ¢ € Mor(Lg), 10,70 € Ty, and
1,7 € I' with appropriate domain and range,

[¥m0, 1] < [pr0.7] = [¥m0 o 7(m) (050)s my] = [¥m0 0 7(m) (), (myom ™" )]
= [¥no o T(m)(@)ng " nom0v] = [ o 7(nom) (2), nomy07] = [0, monl [0, 707]
The second equality follows from the commutativity of (1b), and the fourth from that of

(1a).

We claim that

/N —~

all morphisms in £; are monomorphisms and epimorphisms. (4)
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For any [p,7], [¢',7], and [¢,n] with appropriate domain and range,

[, nlele. " = [w:nl o ¢ 7] = [ or)(@).,m] = [¥orn)(¢), 1]
= I € To, ny =15 and ¥ o 7(n)() = ¥ o T(n)(¢) o %0
= = (") and ¢ = ¢ o 7(n"")(70)
since morphisms in £, are monomorphisms (Proposition 4(f)). Also, 7(n7')(v) = n7'on

by the commutativity of (1b), so [¢,v] = [¢’,7'], and hence [¢, 7] is a monomorphism. The
proof that morphisms are epimorphisms is similar.

Set Autr(Sp) = {c, € Aut(Sy) |y € I'}. Let F; be the smallest fusion system over Sy
which contains Fy and Autp(Sp). Define

7T12£1—>F1

by setting 1 ([¢,7]) = mo(¢) o ¢,. To show this is a functor (that it preserves composition),
we must show the following square commutes

p 7o () 0

7o (7(7)(¢))

Y(P) 5 4(Q)

for each ¢ € Morg, (P, @) and each v € I'; and this follows from the commutativity of (1b)
together with the last statement in Proposition 6 (applied with @ = 7(y) and 8 = ¢,).
Since m (L) contains Foly, and Autr(Sp), and is closed under restrictions of morphisms to
subgroups in H, (Proposition 4(b)), m; maps onto Fi |z,

We regard L, as a subcategory of £; by identifying ¢ € Morg, (P, Q) with [p,1] €
Morg, (P, Q). By construction, mg = m|z,. For P < @ in Hg, the inclusion morphism
1@ = (80)po(1) for Ly is also considered as an inclusion morphism in £;. The existence
of restriction morphisms in £y (Proposition 4(b)) carries over easily to the existence of
restriction morphisms in £, and they are unique by (4).

For all P,Q € Hg, define
5P7Q:NS<P7Q> } M0r£1<P7Q>
by setting 0pg(s) = [[Lg(P), s]. When s € Sy, [[Lg(P), s] = [(d0)po(s),1]; and thus dpg extends

the monomorphism (dp)p,o from Ng, (P, Q) to Morg, (P, Q) defined for £,. To simplify the
notation, we write 6(z) = dp(z) when P and @) are understood.

We claim that for all P,@Q € Ho, ©» € Morg, (P, @), and x € P,
O(mi () (x)) o b = 1o b(x).
Set ¢ = [, 7], where v € T and ¢ € Morg,(7(P), Q). Then
w ° 5(3:) = [[9077]] ° [[Idp, SL’]] = [[90771‘]] = [[()07 C,Y<.T)"}/]] = [[()0 ° 50(C’Y<'r))7/7]]
= [0o(mo()(cy(x))) o 0, 7] = [do(m1(¥)(2)) o ¢, 7]
= [0o(m1(4)(@)), 1] o [, 7] = 6(m(¥) (@) o ¥,
where the fifth equality holds by axiom (C) for the linking system L.
We next show that morphisms in £; have the following extension property:

VP,Q € Ho, ¥ € Isoz,(P,Q), and P,Q < Sy for which P < P, Q < Q,
and Y3(P)y~! < 6(Q), 34 € Morg, (P, Q) such that ¢|pg = 9.
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Set 1 = [, ~] where ¢ € Morg,(v(P),Q). For all z € P,

[o, 7] o [60(x), 1] o [0, 7] " = [ o 7(7) (B0 (x)) 0 0™, 1] = [ 0 do(cy () 007, ]] 5(Q)
< 5
Q

where 7(7)(0(2)) = do(cy(z)) by the commutativity of (1b). Thus wd(y(P))e~ (Q),
so ¢ extends to p € Morg, (y(P),Q) by Proposition 4(e). Set ¥ = [5,~]. Then @Z)|p =
since 7(7)(15) = Qg; (7(7y) sends inclusions to inclusions), and this proves (5).

Step 2: We next construct categories £ and F3, both of which have object sets H, and
which contain £; and the restriction of F; to Hg, respectively. Afterwards, we let F be the
fusion system over S generated by F, and restrictions of morphisms.

Now let £ be the category with Ob(L£) = H, and where for all P,Q € H,
Mor, (P, Q) = {% € Mor, (P, Qo) ’\V/ZL‘ € P 3y € Q such that o 6(z) = 6(y) o ¢}

Let
Opq: Ns(P. Q) —— Mor(P, Q)

CNs(Po,Qo) CMorg, (P0,Qo)

be the restriction of dp, o,. Let F, be the category with Ob(F;) = H, and where
Mor z, (P, Q) = {¢ € Hom(P, Q) | 3¢ € Morg, (Py, Qo) where 10 6(z) = d(¢(z)) o) Va € P}.

Define m: L —— F» to be the identity on objects, and to send ¥ € Mor,(P, Q) to the
homomorphism 7 () (z) = y if ¥ o §(z) = d(y) o ¢ (uniquely defined by (4)). This is clearly
a functor: it is seen to preserve composition by juxtaposing the commutative squares which
define 7 on morphisms.

Let F be the fusion system over S generated by F, and restriction of homomorphisms.
Since ‘H = Ob(F3) is closed under overgroups, F» is a full subcategory of F. Since L; is
a full subcategory of £, Homz, (P, Q) = Homg, (P, Q) for all P,Q € Hy. If P,Q < Sy are
any subgroups and ¢ € Homz(P,(Q), then ¢ is a composite of restrictions of morphisms
in F,, and hence (since P € Ob(Fy) = H implies Py € H) a composite of restrictions of
morphisms in F, (equivalently F7) between subgroups in Hy. Thus ¢ € Homz, (P, Q); and
we conclude that F; is also a full subcategory of F.

Step 3: We next prove that
each P € H is F-conjugate to some P’ € H such that §(Ns(F;)) € Syl,(Autz(Fy)).  (6)

Let Pp, be the set of all Sy-conjugacy classes [Pj] of subgroups P} < Sy which are JFy-
conjugate to Py and fully normalized in Fy. (If P} is fully normalized in Fy, then so is every
subgroup in [Pj].) If v € I and Qo, Q € Ho, then since v acts on Ly and hence on Fy as
a group of automorphisms (Proposition 6), (g is Fo-conjugate to @ if and only if (@) is
Fo-conjugate to y(Qp).

Let I" C T' be the subset of those v € I' such that v(Fp) is Fo-conjugate to P,. For
Y,72 € I, 1172(Py) is Fo-conjugate to v1(Fy) since y2(Fy) is Fo-conjugate to Py, and hence
7172 € I". Thus I is a subgroup of I'. Since Sy < T, )y and Q) are Sy-conjugate if and only
if v(Qo) and v(Qf) are. Since each v € I" acts on Sy via the fusion preserving automorphism
¢, € Aut(Sy) as shown above, v permutes the subgroups fully normalized in Sy. This proves
that IV permutes the set Py,.

Fix S* € Syl(I'). Let n € I' be such that S’ o nS*n~! < S. Since Py, has order prime
to p by [BCGLO2, Proposition 1.16], there is some [F}] € P, fixed by S*. In other words,
for each v € S*, v(P}) is Sp-conjugate to P;. So for each s = nyn=t € S’ (where v € S*),
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s(n(Fy)) is Sp-conjugate to n(Fy). Set Qo = n(Py). Then each coset in S’/S, contains some
element s which normalizes 0y, and hence

[Ns(Qo)l = [Nsy(Qo)|-15"/So| = [N, (F7)[-1S"/Sol -

Since [ is the subgroup of elements of I" which send P, to a subgroup in its Fy-conjugacy
class,
|[Autz(Qo)| = [Autz(Fo)| = |Autg, (F)|-[I"/Tol = [Aute, (F7)[-[I/To -
Since Fy is fully normalized in Fy, S* € Syl (I"), and Sy € Syl,(I'g), this shows that
d(Ns(Qo)) is a Sylow p-subgroup of Aut,(Q).
Choose any ¢ € Isoz(Fy, Qo). Then 1/)5(NS( 0))1 1 is a p-subgroup of Aut,(Qp). Choose
X € Autg(Qo) such that (xv)d(Ns(Fo))(x )™ < 6(Ns(Qo)). By definition of the category

L, xtp extends to a morphism ¢ € Mor,(P, Ns(Qo)). Set P’ = n(¢))(P). Then P} = Qo, P
is F-conjugate to P, and P’ € H since Pj € Ho (Ho is closed under Fy-conjugacy). This
finishes the proof of (6).

Step 4: We are now ready to show that F is H-saturated. For each P € H, set
E(P) = Ker[Aut(P) —— Autz(P)] .

Fix P € H such that 6(Ns(F%)) € Syl,(Autz(F)). By (6), every subgroup in H is F-
conjugate to some such P. Write G = Autz(Ry), T = 6(Ns(P)), and P = 6(P) for short,
where § = dp, is injective by construction. Thus P < T € SylL,(G). Fix R Sylp(NG(]g)),
and choose o € G such that aRa~! < T. Then

aRa™! € Sylp(NG(alga_l)) , aRa'<T = aRa'=Np(aPa™).
Also, aPa~! < aRa™' < T = §(Ng(Fy)), and we choose P’ = 5*1(0418&*1). Then
Nr(aPa™) = Ny(ry (8(P')) = 8(Ns(P')) .
Ne(aPa™) = Naue, () (6(P')) = Autz(P') .

We have thus found P’ F-conjugate to P such that 6(Ng(P')) € Syl,(Autz(P’')). This in
turn implies

Autg(P') € Syl,(Autz(P")) and 6(Cs(P")) € Syl (E(P")). (7)

Since JF5 is a full subcategory of F, all F-morphisms between subgroups in H lift to
morphisms in £ by definition of . Since P’ € H, |Autz(P’)| and |E(P’)| depend only on
the F-conjugacy class (= L-isomorphism class) of P’. So by (7), the subgroup P’ must be
fully normalized and fully centralized in F. If P” € H is any other subgroup JF-conjugate
to P" and fully normalized, then since |Ng(P")| = |Auts(P”)|-|Cs(P”)|, P must be fully
centralized and Autg(P”) € Syl,(Autz(P")). This finishes the proof of axiom (I) for the
fusion system JF, and also shows that a subgroup P € H is fully centralized if and only if
55(Cs(P)) € Syl (E(P)).

Now assume P € H is fully centralized in F. Thus 6(Cs(P)) € Syl (E(P)). Fix Q € H
and ¢ € Isoz(Q, P), and set

N =N, ={g€ Ns(Q)| pc,p" € Auts(P)} .

Let ¢ € Tsoz(Q, P) be any morphism in 7 (). Then dg(N)yp~! < dp(Ns(P))-E(P).
Since dp(Cg(P)) € SylL,(E(P)), 1dg(N)i~" is conjugate by an element of E(P) to a sub-

)t
group of dp(Ng(P)). So upon replacing ¥ by x1 for some appropriate x € E(P), we can
assume dg(N)yp~! < 6p(Ng(P)).
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Set ¢y = 1, regarded as an element 1y € Isog, (Qo, ). By definition of £, g, and dp,
upon restricting to intersections with Sp, the inclusion ¥dg(N)~' < dp(Ng(P)) implies

1/}05@0 (Nﬁ/}(;I < 5P0<NS(P))

in Autg, (Fy). By (4), for each g € N, there is a unique element p(g) € Ng(P) such that
Y000, (9)0s " = 6p,(2(g)). Then ¢ € Hom(N, Ng(P)). We claim % is a morphism in F.
By (5), there is g € Morg, (No, Ng,(P)) such that 1o|g,p, = %o. By the uniqueness of
extensions (4), for all g € N,

Vo o0y (9) = s, () (B(9)) o o
in £y, and hence ¢ € Homz(N, Ng(P)) by the definition of F in Step 2.

Step 5: By Step 4, F is H-saturated; i.e., it satisfies the saturation axioms for subgroups in
H. It is also H-generated by definition: each morphism in F is a composite of restrictions of
morphisms between subgroups in H. So by [BCGLO1, Theorem A, to prove F is saturated,
it suffices to show the following holds for all P < S

P F-centric, P ¢ H = 3P’ F-conj. to P, Auts(P') N O,(Autx(P")) = Inn(P’). (8)

Let K be the set of all P < S such that the saturation axioms hold for subgroups JF-
conjugate to P and all of their overgroups. Since H, is closed under overgroups and Fy-
conjugacy by assumption, H is closed under overgroups and F-conjugacy by construction,
and thus K D H. Let K* be the set of subgroups of S not in K, and let K be the set of
subgroups of Sy not in . We must show K* = @&. This will be done by first proving that
for all P < S,

Py € K or Py maximal in K = (8) holds for P 9)

Fix P as in (9). We first show there exists P* F-conjugate to P such that Pj is fully
normalized in Fy. If By is fully normalized, we are done, so assume otherwise. Let P}
be Fy-conjugate to Py and fully normalized in Fy. By [BLO, Proposition A.2(b)], there is
p € Homg (Ng,(F), Ns,(F)) such that p(FPy) = Fj. Clearly, Py S Sy, so Ng,(FPy) = Fo.
Whether Py € K or Py is maximal in K, Ng,(Fy) € K, and hence the saturation axioms
hold for Ng,(Fy), Ns,(F}), and all subgroups of S which contain them.

Set R = Ng,(Fy) and R' = p(R). Choose R" < Sy and 7 € Isor(R, R") such that
R" is fully normalized in F, and set P) = 7(F). In general, for a pair of subgroups
Q1 < Q < S, we write Autz(Q:Q1) for the group of elements in Autz(Q) which leave @4
invariant, and similarly for Autg(Q:Q1) and Ng(Q:Q1) = Ng(Q)NNg(Q1). Since Autg(R") €
Syl,(Autz(R")) (recall R” is fully normalized in F), there is w € Autz(R") such that
Auts(R"w(Fy)) € Syl,(Autz(R":w(Fy))). So upon replacing 7 by w7, we can assume
Autg(R":Fy) € Syl,(Autz(R":Fy)).

In particular, there is x € Autz(R":B}) such that (x7)Auts(R:Py)(x7)* < Autg(R":P}).
Since F is H-saturated and R” € H (and is fully centralized), x7 extends to some 7 €
Homz(Ng(R:Fy), Ns(R":FJ)). Note that P < Ng(R:P), and 7(Py) = 7(FPy) = FPY. Set P" =
7(P). By a similar argument, there is x’ € Autz(R":F}) such that x'7p~! € Isox(R,R")
extends to some p € Homz(Ng(R':P}), Ns(R":P})), where p(Py) = 7p~'(P}) = F}.

We claim that

| Nso (Po)| < [Nso (R )| < [Nsy(R":F5)| < |Nsy(Fy)] - (10)
Since P, is not fully normalized in Fy, R’ = p(Ng,(Fo)) S Ns,(F}), and hence

RI § NNSO(P6)<RI) = NSO(R/IP(;) .
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This proves the first inequality in (10). The next one holds since p sends Ng,(R":F}) into
Ng,(R":P}), and the last since all elements of Ng,(R":P}) normalize Py. Thus P" is F-
conjugate to P and |Ng,(Py)| > |Ns,(P)|. If Py is not fully normalized in Fy, then we
repeat this procedure, until we do find a subgroup P* which is F-conjugate to P and such
that Fj is fully normalized in F.

We are now ready to prove (9). Assume P is F-centric and P ¢ H; otherwise the statement
is empty. Thus Py ¢ Ho = Ob(Ly). By definition of a linking system, either P, and P} are not
JFo-centric or they are not Fo-radical. If B} is not Fy-centric, then there is g € Cs, (Py)\Fg
(since Py is fully centralized). If Py is not Fo-radical, then O,(Autz (F})) = Inn(F;) and
is contained in the Sylow subgroup Auts,(FP;) (P is fully normalized), and thus there is
g € Ng,(Py)~Py such that ¢, € Oy(Autg, (Fy)). In either case,
9€Q = {g€Ns(B)|cg € Op(Autz(Py)}  and  g¢ Py,
and hence Q* = Py. Also, P* normalizes Q* and P*Q* = P*, so Np«g-(P*) = P*, and there
is x € Q*\P* such that x € Ng,(P*). For any such z, ¢, ¢ Inn(P*) (Cs(P*) < P* since
P is F-centric), but c,|pr is in Op(Autz,(Fy)) and ¢, induces the identity on P*/F; (since
x € Sp). Hence ¢, € O,(Autz(P*)): the subgroup

{a € Autz(P) ’ a|ps € Op(Autz (Fy)), a induces the identity on P*/F;}

is a normal p-subgroup of Autz(P*) since the group of all & € Aut(P*) which induce the
identity on Py and on P*/F} is a p-group (cf. [G, Corollary 5.3.3]). Thus (8) holds for P,
and this finishes the proof of (9).

We want to show that F is saturated; i.e., that K* = &. Assume otherwise; then Kj # @
since P € K* implies P, € K. Choose () to be maximal in K, and choose P to be maximal
among those P € K* such that Py = Q. Then P is also maximal in K*. By [BCGLOI,
Lemmas 2.4 & 2.5], this maximality of P among subgroups not satisfying the saturation
axioms implies (8) does not hold for P. Since this contradicts (9), we now conclude that
K* = @, and hence that F is saturated and (8) holds for all P.

Now that we know F is saturated, (8) implies that H contains all subgroups which are
F-centric and F-radical. Also, Fy is normal in F (Definition 7).

Step 6: We show here that (3’) implies (3), and that (2) and (3) imply E(P) is a p-group
for all P € H. Assume first (3’) holds. Fix P € Ho, P < Q < P-Cs,(P), and a € Autx, (Q)
such that a|p = Id. If P is Fy-centric, then Q = P and o = Id. If I'/T’y is a p-group, then
Aut,,(Q) has p-power index in Aut., (@) (there is a homomorphism from Aut,, (Q) to I'/T
sending [, v] to 7Ty with kernel Aut, (Q)); so Autx (@) has p-power index in Autg (Q),
and hence o € Autz, (Q) for some k. By Proposition 4(g), P is Fo-quasicentric, and so
o?" has p-power order. Thus « has p-power order in both cases, and this proves (3).

For the rest of the proof, we assume (2) and (3) hold. We next show E(P) is a p-group
when P € Hy; i.e., when P < Sy. Assume otherwise, and let P be maximal among those
P € H, for which E(P) is not a p-group. Since this depends only on the Fy-conjugacy class
of P, we can assume P is fully normalized in Fy. Since E(Sy) = Cr(Sp) is a p-group by (2),
we have P < S.

Fix Id # ¢ € E(P) of order prime to p. Write ¢ = [p,v], where v € T
Isoz, (v(P), P). Thus n(p~t) = 7(y)|pyp) € Homg, (P, y(P)). Set N = Ng,(P)
each g € N,

and ¢ €
= P. For

77(90_1) 0Cqg = (7(7) o Cg) ’pﬁ(p) = (C'y(g) o 77(7)) }P7,Y(P) = Cy(g) ©° 7T(‘:O_l) .
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By axiom (A), and since P is fully normalized in Fy, there is © € Cg,(P) < N such that
¢~ odo(gz) = do(v(9)) o ™" in Lo. Thus pdo(y(N))p™" = do(N).

By Proposition 4(e) (applied to L), ¢ extends to some ¢ € Isog,(7(IN), N), and hence 1)
also extends to an automorphism @7} € Aut,(N). By the uniqueness of extension, @7} has the

same order as ¢, which is thus prime to p. Set a@ = 7(¢)) € Autz(N). By (3), a|p.cy(p) has
p-power order, hence is the identity since a has order prime to p. For all g € N and x € P,
a(g)ralg)™ = a(grg™') = grg™! since alp = Id, and hence g 'a(g) € Cn(P). Thus «
induces the identity on N/Cy(P) and on Cy(P), so a has p-power order by [G, Corollary
5.3.3], and hence av = Id. This proves that ¢y € E(N), which contradicts the assumption
that P was maximal among subgroups in Hy with E(P) not a p-group.

Thus E(P) is a p-group for all P € Hy. Now assume P € H~\Hy. Fix Id # ¢ € Aut,(P)
of order prime to p such that 7p(¢)) = Idp, and set 1y = ¢|p, p,- Then ¢y € E(F), E(F) is
a p-group, and hence 1y = Id. But then 1, Id € Aut,(P) are two automorphisms with the
same restriction to Aut,z(Fy), which contradicts the definition of Aut,(P) in Step 2.

Step 7:  We now prove that £ is a linking system associated to F by checking the axioms
in Definition 3. We first claim that for each P, Q) € H such that P is fully centralized in F,

dp(Cs(P)) acts freely on Morz(P, Q) and mpg is the orbit map. (11)

Since every morphism in £ (and also in F) factors uniquely as the composite of an isomor-
phism followed by an inclusion, it suffices to prove this when P and () are F-conjugate. It
thus suffices to prove it when P = @, and this follows from (7) (6p(Cs(P)) € Syl (E(P)))
and Step 6 (E(P) is a p-group).

This proves the last part of axiom (A). The rest of axiom (A) holds by construction (note
that two objects of £ are L£-isomorphic whenever they are F-isomorphic), and by Step 5 (all
objects in L are F-centric and F-radical). Also, axiom (B) holds by construction, and (C)
by definition of the functor 7: L —— F.

The pair Ly C L clearly satisfies the conditions in Definition 8, and so £ is normal in L.

Step 8: Now assume L’ is another linking system with the same objects, associated to a
fusion system F’ over S, with £y < £’ and where Aut,/(Sy) = I' with the same conjugation
action on Ly. Let F; C F" and L] C L be the full subcategories with Ob(F]) = {P < Sy}
and Ob(L}) = Ho. Then F| and F; are both fusion systems over S; (not necessarily
saturated). By condition (ii) in the definition of a normal fusion system, F; and F; are both
generated (as fusion systems) by Fy and Autp(Sp), and hence F| = Fj.

Define ®;: £; —— L] to be the identity on objects, and to send [¢, ] € Morg, (P, @) to
@oy|py(p) € Morzr (P, Q). This preserves composition (hence is a functor) by the assumption
that £ and £’ induce the same T'-actions on Ly. If P is fully centralized in F, then it is
fully centralized in F’ since it has the same F- and F’-conjugacy classes. By axiom (A)
(applied to £ and L), Cs(P) acts freely on Mor,(P,Q) and on Mor/ (P, Q) with orbit
sets Homz(P,Q)) = Homz (P, Q). By construction, (®;)pg is equivariant with respect
to these actions, and hence is also a bijection. If P is not fully centralized, then choose
¥ € Isog(P*, P) such that P* is fully centralized; ®;(¢) is an isomorphism in £’, composition
with ¢ and ®;(v) send Mor, (P, Q) bijectively to Mor,(P*, @) and similarly for £, and thus
(®1)pg is again bijective. So ®; is an isomorphism of categories £; = L.

For each P, () € H, consider the restriction homomorphism

Resp g

Mor,/(P, Q) Mor,/ ( Py, Qo).
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This is injective by Proposition 4(e) (the uniqueness part), and

Im(ReSRQ) = {1/} € MOI‘E/(PO,Q()) Wg € PdheQ with¢o (5p0(g) = (5Q0(h,) 01/}} (12)

by Proposition 4(e) and axiom (C). Using this and the definition of £ in Step 2, ®; extends to
an isomorphism ®: £ —— £’ of linking systems. By axiom (C), Homz(P, ) is determined
by (12) for each P, @, and thus F' = F. O

In general, the uniqueness of the extension of fusion systems in Theorem 9 does not follow
from the information about the fusion systems alone. For example, let Fy be the fusion
system of Ag (over Sy = Dg). Set S = Cy x Sy, identified as a Sylow 2-subgroup of Cy x Ag
and also of Y. Then F = Fg(Cy x Ag) and F' = Fg(3g) are both fusion systems over S
containing Fy as a normal subsystem, and Autz(Sy) = Autz(Sy) (= Inn(Sp)). But these
fusion systems are not isomorphic.

Condition (2) in Theorem 9 is clearly necessary to get a linking system, since Cr(Sy) =
Ker(mg,,s,) must be isomorphic to Cg(Sp). Condition (3) is necessary since by Proposition
4(g), each P € H = Ob(L) must be F-quasicentric. If Condition (3) in Theorem 9 fails to
hold, and all of the other hypotheses do hold, then one can arrange for (3’) (hence (3)) to
hold by restricting the objects in Ly to those which are Fy-centric. In other words, one can
always construct some linking system associated to JF in this situation, but sometimes only
after restricting the set of objects.

As remarked earlier, whenever Ly < £ and 'y < T' are as in Theorem 9, the geometric
realisation |L£y| has the homotopy type of a covering space of |£| with covering group I'/T.

The author would like to give profound thanks to Natalia Castellana, Assaf Libman,
Kasper Andersen, and especially the referee, for having read this paper carefully and sent
many suggestions which helped to greatly improve it.
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