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Abstract. We first construct a classifying space for defining equivariant K-theory for proper actions of
discrete groups. This is then applied to construct equivariant Chern characters with values in Bredon
cohomology with coefficients in the representation ring functor R(—) (tensored by the rationals). And this
in turn is applied to prove some versions of the Atiyah-Segal completion theorem for real and complex
K-theory in this setting.
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In an earlier paper [8], we showed that for any discrete group G, equivariant K-theory for finite proper
G-CW-complexes can be defined using equivariant vector bundles. This was then used to prove a version
of the Atiyah-Segal completion theorem in this situation. In this paper, we continue to restrict attention to
actions of discrete groups, and begin by constructing an appropriate classifying space which allows us to
define K (X) for an arbitrary proper G-complex X. We then construct rational-valued equivariant Chern
characters for such spaces, and use them to prove some more general versions of completion theorems.

In fact, we construct two different types of equivariant Chern character, both of which involve Bredon
cohomology with coefficients in the system (G/H ~ R(H)). The first,

chy : KG(X) —— Ho(X;Q @ R(-)),
is defined for arbitrary proper G-complexes. The second, a refinement of the first, is a homomorphism
chy : KG(X) ——— Q® H5(X; R(-)),

but defined only for finite dimensional proper G-complexes for which the isotropy subgroups on X have
bounded order. When X is a finite proper G-complex (i.e., X/G is a finite CW-complex), then H%(X; R(—))
is finitely generated, and these two target groups are isomorphic. The second Chern character is important
when proving the completion theorems. The idea for defining equivariant Chern characters with values in
Bredon cohomology H(X;Q ® R(—)) was first due to Slominska [12]. A complex-valued Chern character
was constructed earlier by Baum and Connes [4], using very different methods.

The completion theorem of [8] is generalized in two ways. First, we prove it for real as well as complex
K-theory. In addition, we prove it for families of subgroups in the sense of Jackowski [7]. This means that
for each finite proper G-complex X and each family F of subgroups of G, K¢ (Exr(G) x X) is shown to be
isomorphic to a certain completion of K} (X). In particular, when F = {1}, then Ex(G) = EG, and this
becomes the usual completion theorem.

The classifying spaces for equivariant K-theory are constructed here using Segal’s I'-spaces. This seems
to be the most convenient form of topological group completion in our situation. However, although I'-spaces
do produce spectra, as described in [10], the spectra they produce are connective, and hence not what is
needed to define equivariant K-theory directly. So instead, we define K" (—) and KO;"(—) for all n > 0
using classifying spaces constructed from a I'-space, then prove Bott periodicity, and use that to define the
groups in positive degrees. One could, of course, construct an equivariant spectrum (or an Or(G)-spectrum
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in the sense of [6]) by combining our classifying space K with the Bott map X2 Kg — Kg; but the approach
we use here seems the simplest way to do it.

By comparison, in [6], equivariant K -homology groups K& (X) were defined by using certain covariant
functors K*P from the orbit category Or(G) to spectra. This construction played an important role in [6] in
reformulating the Baum-Connes conjecture. In general, one expects an equivariant homology theory to be
classified by a covariant functor from the orbit category to spaces or spectra, and an equivariant cohomology
theory to be classified by a contravariant functor. But in fact, when defining equivariant K-theory here, it
turned out to be simplest to do so via a classifying G-space, rather than a classifying functor from Or(G)
to spaces.

We would like in particular to thank Chuck Weibel for suggesting Segal’s paper and the use of I'-spaces,
as a way to avoid certain problems we encountered when first trying to define the multiplicative structure
on Kg(X).

The paper is organized as follows. The classifying spaces for K;"(—) and KO_;"(—) are constructed in
Section 1; and the connection with G-vector bundles is described. Products are then constructed in Section
2, and are used to define Bott homomorphisms and ring structures on K (X); and thus to complete the
construction of equivariant K-theory as a multiplicative equivariant cohomology theory. Homomorphisms in
equivariant K-theory involving changes of groups are then constructed in Section 3. Finally, the equivariant
Chern characters are constructed in Section 5, and the completion theorems are formulated and proved in
Section 6. Section 4 contains some technical results about rational characters.

1. A classifying space for equivariant K -theory

Our classifying space for equivariant K-theory for proper actions of an infinite discrete group is con-
structed using I'-spaces in the sense of Segal. So we begin by summarizing the basic definitions in [10].

Let I' be the category whose objects are finite sets, and where a morphism 6 : S — T sends each
element s € S to a subset 6(s) C T such that s # s’ implies 6(s) N O(s’) = 0. Equivalently, if P(S) denotes
the set of subsets of S, one can regard a morphism in I' as a map P(S) — P(T') which sends disjoint unions
to disjoint unions. For all n > 0, n denotes the object {1,...,n}. (In particular, 0 is the empty set.) There
is an obvious functor from the simplicial category A to I'; which sends each object [n] = {0,1,...,n} in A
to n, and where a morphism in A — an order preserving map ¢ : [m] — [n] — is sent to the morphism
6, :m — n in I" which sends i to {j | p(i—1) < j < ¢(i)}.

A T-space is a functor A : I'P — Spaces which satisfies the following two conditions:
(i) A(0) is a point; and

(ii) for each n > 1, the map A(n) — T[]}, A(1), induced by the inclusions x; : 1 — n (k;(1) = {i}),
is a homotopy equivalence.

(In fact, Segal only requires that A(0) be contractible; but for our purposes it is simpler to assume it is always
a point.) Note that each A(S) has a basepoint: the image of A(0) induced by the unique morphism S — 0.
We write A = A(1), thought of as the “underlying space” of the I'-space A. A T-space A : I'°® — Spaces
can be regarded as a simplicial space via restriction to A, and |A| denotes its topological realization (nerve)
as a simplicial space.

If A is a I'-space, then BA denotes the I'-space BA(S) = |A(S x —)|; and this is iterated to define
B"A for all n. Thus, B"A = B™A(1) is the realization of the n-simplicial space which sends (S1,...,S,) to
A(S1 x -+ x Sp). Since A(0) is a point, we can identify XA (= 3(A(1))) as a subspace of BA = |A|; and
this induces by adjointness a map A — QBA. Upon iterating this, we get maps 3(B"A) — B"T1A for all
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n; and these make the sequence A, BA, B?A, ... into a spectrum. This is “almost” an Q-spectrum, in that
B"A ~ QB"t! A for all n > 1 [10, Proposition 1.4].

Note that for any I'-space A, the underlying space A = A(1) is an H-space: multiplication is defined to
be the composite of a homotopy inverse of the equivalence A(2) — A(1) x A(1) with the map A(2) — A(1)
induced by ma : 1 — 2 (mg(1) = {1,2}). Then A ~ QBA if my(A) is a group; and QBA is the topological
group completion of A otherwise. All of this is shown in [10, §1].

We work here with equivariant I'-spaces; i.e., with functors A : T'°P — G-Spaces for which A(0) is a
point, and for which (A(n))H = [T, (A(l))H is a homotopy equivalence for all H C G. In other words,
restriction to fixed point sets of any H C G defines a I'-space A; and the properties of equivariant I'-spaces
follow immediately from those of nonequivariant ones. For example, Segal’s [10, Proposition 1.4] implies
immediately that for any equivariant I'-space A, B"A — QB"*1 A is a weak equivalence for all n > 1 in the
sense that it restricts to an equivalence (B"A)H ~ (QB"*1A)H for all H C G. This motivates the following
definitions.

If F is any family of subgroups of G, then a weak F -equivalence of G-spaces is a G-map whose restriction
to fixed point sets of any subgroup in F is a weak homotopy equivalence in the usual sense. The following
lemma about maps to weak equivalences is well known; we note it here for later reference.

Lemma 1.1. Fiz a family F of subgroups of G, and let f : Y — Y’ be any weak F-equivalence. Then for any
G-complexr X all of whose isotropy subgroups are in F, the map

fo X, Y]e —— [X, Ve

is a bijection. More generally, if A C X is any G-invariant subcomplex, and all isotropy subgroups of X\ A
are in F, then for any commutative diagram

A2 v

I

X ==Y
of G-maps, there is an extension of ag to a G-map & : X =Y such that foax ~ a (equivariantly homotopic),
and a is unique up to equivariant homotopy.

Proof. The idea is the following. Fix a G-orbit of cells (G JH x D" —» X ) in X whose boundary is in A.
Then, since Y# — (Y")H is a weak homotopy equivalence, the map eH x D™ — X — (Y')H can be lifted
to Y (up to homotopy), and this extends equivariantly to a G-map G/H x D™ — Y. Upon continuing this
procedure, we obtain a lifting of o to a G-map & : X — Y which extends «q. This proves the existence of a
lifting in the above square (and the surjectivity of f. in the special case); and the uniqueness of the lifting
follows upon applying the same procedure to the pair X xI D (X x{0,1})U (AxI). O

Now fix a discrete group G. Let £(G) be the category whose objects are the elements of G, and with
exactly one morphism between each pair of objects. Let B(G) be the category with one object, and one
morphism for each element of G. (Note that |£(G)| = EG and |[B(G)| = BG; hence the notation.) When
necessary to be precise, g, will denote the morphism a — ga in £(G). We let G act on E(G) via right
multiplication: € G acts on objects by sending a to ax and on morphisms by sending g, to gu;- Thus, for
any H C G, the orbit category £(G)/H is the groupoid whose objects are the cosets in G/H, and with one
morphism g,z : aH — gaH for each g € G: a category which is equivalent to B(H). Note in particular that
B(G) = E(G)/G.

In order to deal simultaneously with real and complex K-theory, we let F' denote one of the fields C or
R. Set F>° = |J,~; F™: the space of all infinite sequences in F with finitely many nonzero terms. Let F-mod
be the category whose objects are the finite dimensional vector subspaces of F*°, and whose morphisms
are F-linear isomorphisms. The set of objects of F-mod is given the discrete topology, and the space of
morphisms between any two objects has the usual topology.
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For any finite set S, an S-partitioned vector space is an object V' of F-mod, together with a direct sum
decomposition V' = @, g Vs. Let F(S)-mod denote the category of S-partitioned vector spaces in F-mod,
where morphisms are isomorphisms which respect the decomposition. In particular, F(0)-mod has just one
object 0 C F*° and one morphism. A morphism 6 : S — T induces a functor F(f) from F(T)-mod to
F(S)-mod, by sending V' = @1 Vi to W = g Ws where Wy = D, 4, Vi-

Let Eg be the I'-space defined by setting
Veck(S) ' |func(£(@), F(S)-mod)|

for each finite set S. Here, func(C, D) denotes the category of functors from C to D. We give this the G-action
induced by the action on £(G) described above. This is made into a functor on I" via composition with the
functors F(6).

By definition, ﬂg(ﬂ) is a point. To see that Eg is an equivariant I'-space, it remains to show for
each n and H that the map (Eg(n))H =TT, (Eg(l))H is a homotopy equivalence. The target is the
nerve of the category of functors from £(G)/H to n-tuples of objects in F-mod, while the source can be
thought of as the nerve of the full subcategory of functors from £(G)/H to n-tuples of vector subspaces
which are independant in F'°°. And these two categories are equivalent, since every object in the larger one
is isomorphic to an object in the smaller (and the set of objects is discrete).

For all finite H C G, (Vecg)H is the disjoint union, taken over isomorphism classes of finite dimensional
H-representations, of the classifying spaces of their automorphism groups. We will see later that Vecg

classifies G-vector bundles over proper G-complexes. So it is natural to define equivariant K-theory using

def

the its group completion K Fg = QBVecg, regarded as a pointed G-space.

In the following definition, [—, —]¢ and [—, —], denote sets of homotopy classes of G-maps, and of
pointed G-maps, respectively.
Definition 1.2. For each proper G-complex X, set
Kg(X)=[X,KC¢le and KOg(X)=[X,KR¢g]q.
For each proper G-CW-pair (X, A) and each n >0, set
K;"(X,A) = [E"(X/A),KCqlg and KOS"(X,A) =[X"(X/A), KRgs-

The usual cohomological properties of the KF;"(—) follow directly from the definition. Homotopy
invariance and excision are immediate; and the exact sequence of a pair and the Mayer-Vietoris sequence of

a pushout square are shown using Puppe sequences to hold in degrees <0. Note in particular the relations
KF;"(X) 2 Ker[KFg(S" x X) — KFg(X)]

1.3

KF&”(X,A)%“Ker[KFC:”(XUAX)—>KFC;"(X)], (1.3)

for any proper G-CW-pair (X, A) and any n > 0.

The following lemma will be needed in the next section. It is a special case of the fact that Eg and
K F¢ (at least up to homotopy) are independent of our choice of category of F-vector spaces.

Lemma 1.4. For any monomorphism « : F>* — F°°, the induced map o : ﬂg — ﬂg, defined by
composition with F'-mod M F-mod, is G-homotopic to the identity. In particular, o induces the identity
on Kg(X).

Proof. The functor (V — a(V)) is naturally isomorphic to the identity. o

In [8], we defined Kg(X), for any proper G-complex X, to be the Grothendieck group of the monoid
of vector bundles over X. We next construct natural homomorphisms Kg(X) — Kqg(X), for all proper
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G-complexes X, which are isomorphisms if X/G is a finite complex (this is the situation where the K (X)
form an equivariant cohomology theory).

For each n > 0, let F”-mod C F-mod be the full subcategory of n-dimensional vector subspaces in
F*°. Let F™-frame denote the category whose objects are the pairs (V,b), where V is an object of F"-mod
and b is an ordered basis of V; and whose morphisms are the isomorphisms which send ordered basis to
ordered basis. The set of objects is given the topology of a disjoint union of copies of GL,(F') (one for each
V in F™mod). Note that there is a unique morphism between any pair of objects in F"-frame. Set

Vect™ = |func(E(G), F"-mod)|  and  Vech" = |func(€(G), F-frame)|,

with the action of G x GL,(F) on \//E::g" induced by the G-action on £(G) and the GL, (F)-action on
the set of ordered bases of each n-dimensional V. Let 7, : \7e/cg" — Vecg’" be the G-map induced by the
forgetful functor F™-frame — F"-mod. Then GL, (F) acts freely and properly on \7562" And 7, induces
a G-homeomorphism \7e/cg’”/GLn (F) = Vecg’", since for any ¢ : V — V' in F-mod, a lifting of V or V' to
F"-frame determines a unique lifting of the morphism.

Let H C G x GL,(F) be any subgroup. If H N (1 x GL,(F)) # 1, then (\7&:5")1{ = (), since GL,(F)
acts freely on \,/EEZ" So assume H N (1 X GL,(F)) = 1. Then H is the graph of some homomorphism
¢ : H — GL,(F) (H C G), and (%g")H is the nerve of the (nonempty) category of y-equivariant
functors £(G) — F™-frame, with a unique morphism between any pair of objects (since there is a unique
morphism between any pair of objects in F"-frame). In particular, this shows that (\/@Eg")H is contractible.

Thus, \7562" is a universal space for those (G x GL,,(F'))-complexes upon which GL, (F) acts freely (cf.
[8, §2]). The frame bundle of any n-dimensional G-F-vector bundle over a G-complex X is such a complex,
and hence n-dimensional G-F-vector bundles over X are classified by maps to Vecg’n = \,@Eg" J/GL,(F). It
follows that

EVecg’" = \//E::g" Xar,p) F" ——— Vecg’"
is a universal n-dimensional G-F-vector bundle. And [X, Vecg’"]g = Vectg’”(X ): the set of isomorphism

classes of n-dimensional G-F-vector bundles over X.

If E is any G-F-vector bundle over X, we let [E] € KFg(X) = [X, KFg]g be the composite of the
classifying map X — Vecf for E with the group completion map Vecf — QBVeck, = KFg. Any pair E, E’
of vector bundles over X is induced by a G-map

X ——— VecE x Veck, = | func(E(G), F-mod x F-mod)| ~ | func(E(G), F(2)-mod)|;

and upon composing with the forgetful functor F(2)-mod — F-mod we get the classifying map for E & E’.
The direct sum operation on Vecté(X) is thus induced by the H-space structure on Veck, and [E @ E'] =
[E] + [E'] for all E, E".

Proposition 1.5. The assignment ([E] — [E]) defines a homomorphism
vyt KFG(X) — KFg(X),

for any proper G-complex X. This extends to natural homomorphisms vx"y : KF5" (X, A) - KF5"(X, A),
for all proper G-CW-pairs (X, A) and all n > 0; which are isomorphisms when restricted to the category of
finite proper G-C'W-pairs.

Proof. By the above remarks, ([E] +— [E]) defines a homomorphism of monoids from Vect{,(X) to K Fg(X),
and hence a homomorphism of groups

vyt KFg(X) —— KFg(X).
Homomorphisms vy" (for all proper G-CW-pairs (X, A)) are then constructed via the definitions

KF;™(X) < Ker[KFg(S™ x X) — KFa(X)]
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and KF;" (X, A) def Ker[KF;"(XUxX) = KF;"(X)] used in [8], together with the analogous relations

(1.3) for K (—). These homomorphisms clearly commute with boundary maps.

It remains to check that v3" is an isomorphism whenever X is a finite proper G-complex. Since KFg(—)
and K Fg(—) are both cohomology theories in this situation, it suffices, using the Mayer-Vietoris sequences

for pushout squares
G/H x S™™t —— G/H x D™

‘| |

X — (G/H xD™) U, X,

to do this when X = G/H x S™ for finite H C G and any m > 0. Using (1.3) again, it suffices to show that
yx = 7% is an isomorphism whenever X = G/H x Y for any finite complex Y with trivial G-action. By
definition,

KFg(G/H xY) = [G/H xY,KFg|c 2 Y, (KF)"];
while KFg(G/H x Y) is the Grothendieck group of the monoid

Vecto(G/H x Y) = [G/H x Y, Vect| , = [Y, (Vecg)"].
Since 7o ((Veck)H) is a free abelian monoid (the monoid of isomorphism classes of H-representations), [10,
Proposition 4.1] applies to show that [—, (K F)*] is universal among representable functors from compact
spaces to abelian groups which extend Vects(G/Hx—) 2 Vectl;(—). And since Ky is representable as a

functor on compact spaces with trivial action (H is finite), it is the universal functor, and so [Y, (K Fg)#] =
Ky (Y) = Kg(G/H x Y).

2. Products and Bott periodicity

We now want to construct Bott periodicity isomorphisms, and define the multiplicative structures on
K¢ (X) and KOF(X). Both of these require defining pairings of classifying spaces; thus pairings of I'-spaces.
A general procedure for doing this was described by Segal [10, §5], but a simpler construction is possible in
our situation.

Fix an isomorphism p : F*° ® F* — F* (F = C or R), induced by some bijection between the
canonical bases. This induces a functor
s = F(S)-mod x F(T)-mod —— F(SxT)-mod,
and hence (for any discrete groups H and G)
1o+ Nec () A Ve (T) ——— Vecly, o(SxT). (2.1)
This is an (HxG)-equivariant map of bi-I-spaces, and after taking their nerves (and loop spaces) we get
maps
2
QBVeck A QBVec; —— Q2(BVecl; A BVeck) ~2 02 B2Veck,  ~ QBVech, . (2.2)
By Lemma 1.4, these maps are all independent (up to homotopy) of the choice of p : F>° ® F>® — F.
Lemma 2.3. For any discrete groups H and G, any H-space X, and any G-space Y, the following square

commutes:
KFy(X) @ KFa(Y) 252 KFy(X) @ KFa(Y)

®l u*l
KFHXG(XXY) TRy KFHXc(XXY)
where [, is the homomorphism induced by (2.2).
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Proof. The pullback of the universal bundle EVecf;, ., via the pairing Veck; A Veck — Veck;,  of (2.1), is
isomorphic to the tensor product of the universal bundles EVecl; and EVecg. This is clear if we identify
EVecf, =~ ’func(E(G), F-B dl)’ (and similarly for the other two bundles), where F-Bdl is the category of pairs
(V,z) for V in F-mod and z € V. O

We now consider case where H = 1, and hence where KFy = 7Z x BU or Z x BO. The product map
(2.2), after composition with the Bott elements in w2 (BU) or 7g(BO), induces Bott maps

B :22Kg —— K¢ and  BR:¥¥KO¢ —— KOg. (2.4)
Proposition 2.5. For any proper CW-pair (X, A), the Bott homomorphisms
b5a: KGM(X, A) —— K" (X, A) and b5 4 : KOZ"(X,A) —— KOZ"®(X, A)
are isomorphisms; and commute with the homomorphisms

7)_<,7f4 KE"(X,A) = KF;"(X, A).

Proof. The last statement follows immediately from Lemma 2.3.

By Lemma 1.1, it suffices to prove that the adjoint maps
Kg —— QPKe and KOg —— Q8KO¢

to the pairings in (2.4) are weak homotopy equivalences after restricting to fixed point sets of finite subgroups
of G. In other words, it suffices to prove that b§ : Kg(X) — K5%(X) and % : KOg(X) — KOZ¥(X)
are isomorphisms when X = G/H x S™ for any n > 0 and any finite H C G. And this follows since the
Bott maps for Kg and KOQg are isomorphisms [8, Theorems 3.12 & 3.15], since KF;"(X) = KF;"(X)
(Proposition 1.5), and since these isomorphisms commute with the Bott maps. O

The K" (X) and KO;"(X) can now be extended to (additive) equivariant cohomology theories in the
usual way. But before stating this explicitly, we first consider the ring structure on K¢(X). This is defined
to be the composite

A
[X,KFglg x [X,KFglg — [X, KFgxala — [X, KFgla,

where the first map is induced by the pairing in (2.2), and the second by restriction to the diagonal subcat-
egory £(G) C E(GXG).

Before we can prove the ring properties of this multiplication, we must look more closely at the homotopy
equivalence Q2BVecf, = 0?2 B*Vecf, which appears in the definition of the product. In fact, there is more
than one natural map from Q"B"Vecl to Q"t1B"T1Veck. For each n > 0 and each k = 0,...,n, let
ko QnB"Veck, — QnFIB"HVeck denote the map induced as Q"(f), where f is adjoint to the map

n

Y B"Veck — B"1Veck, induced by identifying B"Vec£(S1, ..., S,) with B"™Veck (..., Sk_1,1, S, ...).

By a weak G-equivalence f : X — Y is meant a map of G-spaces which restricts to a weak equivalence
fH . XH 5 YH for all H C G} i.e., a weak F-equivalence in the notation of Lemma 1.1 when F is the family
of all subgroups of G. Since we are interested equivariant I'-spaces only as targets of maps from G-complexes,
it suffices by Lemma 1.1 to work in a category where weak G-equivalences are inverted.

Lemma 2.6. Let A be any G-equivariant T'-space. Then for any n > 1, the maps (£ : Q"B"A — Qn+lpntig
(for 0 < k < n) are all equal in the homotopy category of G-spaces where weak G-equivalences are inverted.

Proof. For any o € ¥, let 0, : Q" B"A — Q" B™ A be the map induced by permuting the coordinates of B"™ A
as an n-simplicial set, and by switching the order of looping. Then any two of the (%, differ by composition
with some appropriate o, and so it suffices to show that the o, are all homotopic to the identity.
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Consider the following commutative diagram
QBA —%— QHIBrtiA 1 OnBrA

Idl (1x<7)*l U*l

OBA — %, qnilpn+lg (' onpny

for any o € B, € ¥,41, where ¢ = Yo---o{ is induced by identifying A(S) with A(S,1,...,1). The
diagram commutes, and all maps in it are weak G-equivalences by [10, Proposition 1.4]. So (1 X o). and o,
are both homotopic to the identity after inverting weak G-equivalences. o

We are now ready to show:

Theorem 2.7. For any discrete group and any proper G-complex X, the pairings ux define a structure of
graded ring on K5 (X) and on KOL(X), which make K}(—) and KO} (—) into multiplicative cohomology
theories. The Bott isomorphisms

bt KG"(X) —» K" 3(X) and V% KOZ"(X) — KOZ"®(X)
are Kg(X)- or KOg(X)-linear. And the canonical homomorphisms
7§ KE(X) = K5 (X) and % KOL(X) — KOL(X)

are homomorphisms of rings.

Proof. As usual, set F' = C or R. We first check that ux makes KFg(X) into a commutative ring — i.e.,
that it is associative and commutative and has a unit.

To see that there is a unit, let [F'!] € VecE denote the vertex for the constant functor £(G) — F! €
F(1)-mod, and set [F']q = (J([F']) € QBVeck. The following diagram commutes:

[F)A—

QBVecg _ Vecg/\QBVecg — QBVecg
Idl Lg/\Idlz Lgl:
1 —
QBVecg w) QBVecg /\QBVecg — QQB2Vecg;

and the composite in the top row is homotopic to the identity by Lemma 1.4. So the element 1 € K Fg(X),
represented by the constant map X — [Fl]g € K Fg, is an identity for multiplication in K Fg(X).

The commutativity of K Fg(X) follows from Lemma 2.6 (the uniqueness of the map QBA — Q2B%A
after inverting weak G-equivalences); together with the fact that the pairing
ps : BVeck A BVect, ——— B?Vect,
commutes up to homotopy using Lemma 1.4. And associativity follows since the triple products are induced
by maps
F\A3 3 pyagy Dl Nl o e, F
(2BVecg) ™ ——— Q°((BVec)™?) ﬁ‘ O’ B°Vecy «—— QBVecg;
pxo(Id Apes

where the two maps in the middle are homotopic by Lemma 1.4, and the last could be any of the three
possible maps by Lemma 2.6.

The extension of the product to negative gradings is straightforward, via the identifications of (1.3).
For any n,m > 0, the composite

KFa(S" x X)® KFa(S™ x X) 29 KFG(S™ x 8™ x X) ® KFa(S" x 8™ x X)
— 2 KFg(S" x S™ x X)
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restricts to a product map KF;"(X)® KF;™(X) — KF;" ™(X). To see that the product has image in
KF;"™(X), just note that

KF;"™(X) = Ker[K Fg(S™™ x X) — KFg(X)]
= Ker[KFg(S™ x 8™ x X) — KFg(S" x X) @ KFa(S™ x X)].

This product is clearly associative, and graded commutative (where the change in sign comes from the degree
of the switching map S"+™ — §m+n),

We next check that this product commutes with the Bott maps in the obvious way, so that it can be
extended to K¢ (X) for all 4. This means showing that the two maps

KF(S")® KF(X)® KFa(X) —— KFg(S" x X)

induced by the products constructed above are equal. And this follows from the same argument as that used
to prove associativity of the internal product on KFg(X).

Finally, v : KF4(X) — KF5(X) is a ring homomorphism by Lemma 2.3. O

3. Induction, restriction, and inflation

In this section we explain how the natural maps defined on K¢g(X) and KOg(X) by induction and
restriction carry over to Kg(X) and KOg(X). Namely, we want to construct for any pair H C G of discrete
groups, any F' = C or R, any G-complex X, and any H-complex Y, natural induction and restriction maps

Ind§ : KF(Y) —— KF5(GxpY)  and  Res§ : KFG(X) — KFjy(X|g).
Furthermore, when H <1 G is a normal subgroup, we construct an inflation homomorphism
G,y : KFg ) u(X/H) ——— KFH(X),

which is an isomorphism whenever H acts freely on X. These maps correspond under the natural homomor-
phism KF¢(X) — KF(X) to the obvious homomorphisms induced by induction, restriction, and pullback
of vector bundles. They are all induced using the following maps between classifying spaces for equivariant
K-theory.

Lemma 3.1. Let f : G' — G be any homomorphism of discrete groups. Then composition with the induced
functor E(f) : E(G') — E(GQ) induces an G'-equivariant map f* : ﬂg — Eg, of T'-spaces, and hence
a G -equivariant map f* : KFg — KFg of classifying spaces. And for any subgroup L C G’ such that
LNKer(f) =1, f* restricts to a homotopy equivalence (K Fg)' ") ~ (K Fg)".

Proof. This is immediate, except for the last statement. And if L C G’ is such that L N Ker(f) = 1,
then L & f(L), the categories £(G')/L and £(G)/f(L) are both equivalent to the category B(L) with one
object and endomorphism group L; and thus (Vec5)f () (S) = |func(E(G)/f(L), F(S)-mod)| is homotopy
equivalent to (Vech,)*(S) = |func(£(G")/L, F(S)-mod)| for each S in T. O

We first consider the restriction and induction homomorphisms.

Proposition 3.2. Fiz F' = C or R, and let H C G be any pair of discrete groups. Let i* : KFg — KFpy be
the map of Lemma 3.1.

(a) For any proper G-CW-pair (X, A), i* induces a homomorphism of rings
Res§ : KF (X, A) —— KF; (X, A).
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(b) For any proper H-CW-pair (Y, B), i* induces an isomorphism
Ind$ : KF3 (Y, B) —— KF5(GxyY,GxpyB),

which is natural in (Y, B), and also natural with respect to inclusions of subgroups.

The restriction and induction maps both commute with the maps between KFg(—) and KFy (=) induced by
induction and restriction of equivariant vector bundles.

Proof. Tt suffices to prove this when A = ) = B and * = 0. The fact that i* : KFg — KFy commutes with
the Bott homomorphisms and the products follows directly from the definitions. So part (a) is clear.

The inverse of the homomorphism in (b) is defined to be the composite

(G xyY,KFglg 2[Y,KFglg ———— Y, KFgln.
And since i* restricts to a homotopy equivalence (K Fg)* — (K Fg)! for each finite L C H (Lemma 3.1),
this map is an isomorphism by Lemma 1.1.

The last statement is clear from the construction and the definition of v : KFg(—) = KFg(—). O

We next consider the inflation homomorphism.
Proposition 3.3. Fiz FF = C or R. Let G be any discrete group, and let N <t G be a normal subgroup. Then
for each proper G-CW-pair (X, A), there is an inflation map
IfG y : KFG N (X/N,A/N) ——— KF5(X, A),

which is natural in (X, A), which is a homomorphism of rings (if A = 0), and which commutes with the
homomorphism KFg/n(X/N,A/N) — KFg(X, A) induced considering G /N -vector bundles as G-vector

bundles. And if N acts freely on X, then Inﬂg/N is an isomorphism.

Proof. Let f: G — G/N denote the natural homomorphism, and let f* : KFg/y — KFg be the induced
map of Lemma 3.1. Define Inﬂg/N to be the composite

[X/N, KFg/nlan = (X, KFgnle ——— [X, KFglg.

If N acts freely on X, then for each isotropy subgroup L of X, LN N =1, so (f*) : (KFg/N)L — (KFg)t
is a homotopy equivalence by Lemma 3.1, and the inflation map is an isomorphism by Lemma 1.1. The other
statements are clear. O

Another type of natural map will be needed when constructing the equivariant Chern character. Fix
a discrete group G and a finite normal subgroup N <1 G, and let Irr(N) be the set of isomorphism classes
of irreducible complex N-representations. Let X be any proper G/N-complex. For any V € Irr(N) and
any G-vector bundle E — X, let Homy(V, E) denote the vector bundle over X whose fiber over z € X
is Homy (V) E,;) (each fiber of E is an N-representation). If H C G is any subgroup which centralizes N,
then we can regard Homy (V, E) as an H-vector bundle by setting (hf)(z) = h-f(x) for any h € H and any
f € Homp(V, E). We thus get a homomorphism

U Ke(X) —— Ky (X) ® R(N),
where U([E]) = 3y ey [Homn (V, E)] @ [V]. We need a similar homomorphism defined on K¢ (X).

Proposition 3.4. Let G be a discrete group, let N << G be any finite normal subgroup, and let H C G be any
subgroup such that [H, N] = 1. Then for any proper G/N-complex X, there is a homomorphism of rings

U= WSy p: K5(X) —— Kj(X) ® R(N),

which is natural in X and natural with respect to the degree-shifting maps K&(X) — Kgrn(S"xX), and
which has the following properties:
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(a) For any (complex) G-vector bundle E — X,
U([E])= > [Homy(V,E)]®[V].

Velrr(N)

(b) For any G' C G, N' C NNG', and H' C HNG', the following diagram commutes:

X
K& (X) ST Kj(X) @ R(N)
Resg, l Resg, l@ Res%,
X
Ki(X) — 0 K5 (X) @ R(NY).

Proof. Fix G, H, and N. For any irreducible N-representation V and any surjective homomorphism p :
C[N] — V, composition with p defines a monomorphism

Homy (V, W) —2— Homy (C[N],W) =W

for any N-representation W; and thus allows us to identify Homy (V, W) as a subspace of W. In particular,
there is a functor

p* : func(Or(G)/N, C(S)-mod) —— func(Or(H), C(S)-mod)

which sends any a to the functor h +— Homy (V,a(hN)) € a(hN). If p’ : C[N] — V" is another surjection of

N-representations, where V' = V'’ then any isomorphism V/ =5 V' defines a natural isomorphism between
p* and (p’)*. We thus get a map of I'-spaces

¥, Vect, —— Vecy,

which is unique (independant of the projection p) up to H-equivariant homotopy. So this induces homo-
morphisms ¢y : K;"(X) = K;"(X), for all proper G/N-complex X (and all n > 0), which depend only
on V and not on p. The 9y clearly commute with the Bott maps, and thus extend to homomorphisms
Vv KG(X) = Kj(X). So we can define W by setting W(z) = > v cq () ¥v (z) ® [V]. Point (a) is imme-
diate; as is naturality in X and naturality for restriction to G’ C G or H' C H. Naturality with respect to
the degree-shifting maps holds by construction.

We next show that ¥ is natural in N; i.e., that point (b) holds when G’ = G and H' = H. Let ¢y be
the homomorphisms defined above, for each irreducible N-representation V'; and let ¢y, : K&(X) — Kj(X)
be the corresponding homomorphism for each irreducible N'-representation W. For each V' € Irr(N) and
each W € Irr(N'), set

nYy, = dime (Hompy: (W, V)) = dime (Homy (Indy, (W), V)).

Thus, ny; is the multiplicity of W in the decomposition of V|x+, as well as the multiplicity of V in the
decomposition of IndY, (W). So for any = € K§(X),

(MoResY ) (Tann@) = 3 dv@eVixv= 3 < 3 n%w¢v@ﬁ>ébﬂVk

Velrr(N) Welrr(N’) “Velrr(N)

and we will be done upon showing that ¢{, = Y| njj,¢v for each W € Irr(N’). Fix a surjection pg :
C[N'] — W, and a decomposition Ind, (W) = Zle V; (where the V; are irreducible and k = >y, nj}).
For each 1 <14 < k, let p; : C[N] — V; be the composite of Ind%, (po) followed by projection to V;. Then

k
Yoo = P, + (Vec§)" ——— Vec§;
=1

as maps of I-spaces, and so Yy ~ Zle Yy, as maps K5(X) = K (X).
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It remains to show that ¥ is a homomorphism of rings. Since it is natural in N, and since R(N) is
detected by characters, it suffices to prove this when N is cyclic. For any z,y € Kqg(X),

V() U(y) = > @v@ew®)@VeWw] and Ulry) = >  duley) U]

V,Welrr(N) Uelrr(N)
And thus U (z)-¥(y) = ¥(xy) since
N N
Yyoply = @ fxo (v A )+ (VecE) ™ A (Vecg)” ——— Vec,
V,Welrr(G)
VeWws=U
as maps of I'-spaces, for each U € Irr(N). O

4. Characters and class functions

Throughout this section, G will be a finite group. We prove here some results showing that certain
class functions are characters; results which will be needed in the next two sections.

For any field K of characteristic zero, a K-character of G means a class function G — K which is
the character of some (virtual) K-representation of G. Two elements g, h € G are called K-conjugate if g is
conjugate to h® for some a prime to n = |g| = || such that ({ — ¢*) € Gal(K({/K), where { = exp(2mi/n).
For example, g and h are Q-conjugate if (g) and (h) are conjugate as subgroups, and are R-conjugate if g is
conjugate to h or h~ .

Proposition 4.1. Fiz a finite extension K of Q, and let A C K be its ring of integers. Let f : G — A be any
function which is constant on K -conjugacy classes. Then |G|-f is an A-linear combination of K-characters

of G.

Proof. Set n = |G|, for short. Let Vi,..., Vi be the distinct irreducible K[G]-representations, let x; be the
character of V;, set D; = Endg(g)(V;) (a division algebra over K), and set d; = dimg(D;). Then by [11,
Theorem 25, Cor. 2],

k
1 -1
IG|-f = ZTiXi where i = > faalg™);
=1 geG
and we must show that r; € A for all 4. This means showing, for each i = 1,... )k, and each g € G with
K-conjugacy class conjg (g), that [conjx (g)|-xi(g) € d; A.

Fix ¢ and g; and set C' = (g), m = |g| = |C], and ¢ = exp(27i/m). Then Gal(K(¢)/K) acts freely on
the set conj (g): the element (( — (%) acts by sending h to h%. So [K(C):K]Hcoan(g)L

Let Vil = Wi @ --- & W be the decomposition as a sum of irreducible K[C]-modules. For each
J, K def Endgc(Wj) is the field generated by K and the r-th roots of unity for some r[m (m = |C]),
and dimg, (W;) = 1. So dimg (W;)|[K(¢):K]. Also, d;| dimg(W;?), since W/ is a Dj-module; and thus
di’aj-|c0an(g)|. So if we set §; = xw;, (9) € A, then

t
[conj g (9)|xi(9) = [conjx (9)|- Y a;&; € diA,

j=1
and this finishes the proof. O

For each prime p and each element g € GG, there are unique elements g, of order prime to p and g, of
p-power order, such that g = ¢,g, = gugr. As in [11, §10.1], we refer to g, as the p’-component of g. We say
that a class function f : G — C is p-constant if f(g) = f(g,) for each g € G. Equivalently, f is p-constant if
and only if f(g) = f(g’) for all g, ¢’ € G such that [g,¢'] = 1 and g~ !¢’ has p-power order.
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Lemma 4.2. Fiz o finite group G, a prime p, and a field K of characteristic zero. Then a p-constant class
function ¢ : G — K is a K-character of G if and only if o|g is a K-character of H for all subgroups H C G
of order prime to p.

Proof. Recall first that G is called K-elementary if for some prime ¢, G = C,, x @, where C,, is cyclic of
order m, qj(m, Q is a g-group, and the conjugation action of @ on K[C,] leaves invariant each of its field
components. By [11, §12.6, Prop. 36], a K-valued class function of G is a K-character if and only if its
restriction to any K-elementary subgroup of G is a K-character. Thus, it suffices to prove the lemma when
G is K-elementary.

Assume first that G is g-K-elementary for some prime ¢ # p. Fix a subgroup H C G of p-power index
and order prime to p, and let « : G — H be the surjection with o|g = Id. Set p® = | Ker(«)|. Then

Aut(Ker(a)) = (Z/p)* = (1 + pZ/p®) x (Z/p)",

where the first factor is a p-group. Hence for any g € H and x € Ker(«), either [g, 2] = 1 and hence g = (gx),;
or grg~! = ' for some i Z 1 (mod p) and hence g is conjugate to gx. In either case, ¢(gz) = ©(g). Thus,
© = (¢|m)oe, and this is a K-character of G since ¢|p is by assumption a K-character of H.

Now assume G is p-K-elementary. Write G = C),, x P, where pj(m and P is a p-group. Let S be the set
of primes which divide m. For each I C S, let C; C C,,, be the product of the Sylow p-subgroups for p € I,
set Gy = Crx P, and let a; : G - G be the homomorphism which is the identity on G7j.

For each I C S, we can consider K[Cj] as a G-representation via the conjugation action of P; and
each Cr-irreducible summand of K[Cf] is P-invariant and hence G-invariant. Thus, each irreducible K[Cy]-
representation can be extended to a K[G[]-representation upon which PNCq(Cr) acts trivially. Hence, since
©le, is a K-character of Cy; there is a K-character x; of G such that x;(gz) = x1(z) = ¢(z) for all x € C;
and g € P such that [g,Cy] = 1.

Now set

X = j{: (*1ﬂI\JWonaJ)

JCICS
a K-character of G. We claim that ¢ = x. Since both are class functions, it suffices to show that p(gx) =
Xx(gz) for all commuting g € P and x € C,,, = Cg. Fix such g and z, and let X C S be the set of all primes
p|lz|. Then [g,Cx] =1, and so

xlge)= Y ()" g(as(ga) = Y- ()" a(g-as(x)

JCICS JCICS
= > )"eas @)+ Y DI (g (@)
JCICX JCIZX
= ¢(z) = p(ga).
Note, in the second line, that all terms in the second sum cancel since aj(z) = oy (z) if J = J N X, and all
terms in the first sum cancel except that where J =1 = X. o

When A =7 and K = Q, Proposition 4.1 and Lemma 4.2 combine to give:

Corollary 4.3. Fiz a finite group G and a prime p. Let f : G — Z be any function which is p-constant, and
constant on Q-conjugacy classes in G. Set |G| = m-p" where pj(m. Then m-f is a Q-character of G.

5. The equivariant Chern character

We construct here two different equivariant Chern characters, both defined on the equivariant complex
K-theory of proper G-complexes. The first is defined for arbitrary X (with proper G-action), and sends
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K (X) to the Bredon cohomology group H(X;Q®zR(—)). The second is defined only when X is finite
dimensional and has bounded isotropy, and takes values in QRzH¢(X; R(—)).

We first fix our notation for dealing with Bredon cohomology [5]. Let Or(G) denote the orbit category:
the category whose objects are the orbits G/H for H C G, and where Moro,(¢)(G/H,G/K) is the set of
G-maps. A coefficient system for Bredon cohomology is a functor F': Or(G)°? — Ab. For any such functor
F and any G-complex X, the Bredon cohomology H{(X; F') is the cohomology of a certain cochain complex
C&(X; F), where C(X; F') is the direct product over all orbits of n-cells of type G/H of the groups F(G/H).
This can be expressed functorially as a group of morphisms of functors on Or(G):

Cg(X, F) = HomOr(G) (Qn(X), F),
where C,,(X) : Or(G)°P — Ab is the functor C,(X)(G/H) = C,(XH).

Clearly, the coefficient system F' need only be defined on the subcategory of orbit types which occur in
the G-complex X . In particular, since we work here only with proper actions, we restrict attention to the full
subcategory Ors(G) of orbits G/H for finite H C G. Let R(—) denote the functor on Or¢(G) which sends
G/H to R(H): a functor on the orbit category via the identification R(H) = K&(G/H). More precisely, a

morphism G/H — G/K in Or¢(G), where gH +— gaK for some a € G with a='Ha C K, is sent to the
homomorphism R(K) — R(H) induced by restriction and conjugation by a.

Since R(—) is a functor from the orbit category to rings, there is a pairing
Co(X;R(-)) © Co(X; R(—)) —— C5(X x X5 R(—))
for any proper X, and hence a similar pairing in cohomology. Via restriction to the diagonal subspace

X C X x X this defines a ring structure on H(X; R(—)).

The equivariant Chern character will be constructed here by first reinterpreting H(X; Q@R(—)) as
a certain group of homomorphisms of functors, and then directly constructing a map from K¢g(X) to such
homomorphisms. This will be done with the help of another category, Sub;(G), which is closely related to
Or;(Q@). The objects of Sub;(G) are the finite subgroups of G, and

MorSubf(G) (H7 K) c HOIH(H, K)/ IHD(K)
is the subset consisting of those monomorphisms induced by conjugation and inclusion in G. There is a
functor Or(G) — Sub;(G) which sends an orbit G/H to the subgroup H, and which sends a morphism
(zH ~ zaK) in Ory(G) to the homomorphism (z — a~'za) from H to K. Via this functor, we can think
of Sub(G) as a quotient category of Or;(G).
Let CI(X), HY*(X) : Sub;(G)°® — Ab be the functors
CHX)(H) = Cu(X"/Ca(H))  and  HI(X)(H) = H.(X"/Ca(H)). (5.1)
For any functor F : Sub;(G)°? — Ab, regarded also as a functor on Or;(G)°P,
Homoy, () (C.(X), F) = Homgyp () (C31(X), F), (5.2)

since

Homey, 1) (C (X)), F(H)) = Hom(C. (X" /Cq(H)), F(H))
for each H (and Cg(H) is the group of automorphisms of G/H in Or;(G) sent to the identity in Sub(G)).
In particular, (5.2) will be applied when F' = R(—), regarded as a functor on Sub;(G) as well as on Or;(G).

As noted above, for any coefficient system F, the cochain complex C%(X; F) can be identified as a
group of homomorphisms of functors on Or(G). The following lemma says that the Bredon cohomology
groups H&(X;Q ® R(—)) have a similar description, but using functors on Sub ;(G)°P.

Lemma 5.3. Fiz a discrete group G and a proper G-complex X . Then (5.2) induces an isomorphism of rings

Oy HL(X;Q® R(—)) ——— Homgyp, () (H(X), QRR(-)).
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Proof. Since
C&(X;QRR(—)) = Homoy, (¢)(C.(X), QR(—)) = Homsyp, (o) (CH(X), QRR(-)),

this will follow immediately once we show that Q®R(—) is injective as a functor Sub¢(G)°? — Ab. It suffices
to prove this after tensoring with C; i.e., it suffices to prove that Cl(—) (complex valued class functions) is
injective. And this holds since for any F' : Sub;(G)°? — Ab,

HomSubf(G) (Fa Cl(_)) = H HomSubf(G) (Fa Clg(_)) = H Hom(F((g)), (C),
g g
where both products are taken over any set of conjugacy class representatives for elements of finite order in
G, and where Cl,(H) denotes the space of class functions on H which vanish on all elements not G-conjugate
to g. O

We are now ready to define the Chern character
chy : K&G(X) ——— Hg(X;QRR(-))
for any proper G-complex X . Here and in the following theorem, we regard K (—) as being Z/2-graded; so

that ch’ sends KZ(X) to HS'(X;Q ® R(—)) and sends K} (X) to H24(X;Q ® R(—)). By Lemma 5.3, it
suffices to define homomorphisms

ch¥ : K& (X) ———— Hom(H.(X"/Cq(H)), QuR(H)),

for each finite subgroup H C G, which are natural in H in the obvious way. We define chg to be the following
composite:

* Res * v * (proj)~ *
K&(X) =5 K (X)) — K& (X)) @ R(H) =22 K& gy (BEGx XM @ R(H)

2y K (EGxcuumX™) @ R(H) 2218 H*(EGx ¢y X Q) @ R(H)

L0 e (XM /Co(H); Q) ® R(H) = Hom(H. (X" /Co(H)), Q@ R(H)). (5.4)

o

Here, ¥ is the homomorphism defined in Proposition 3.4, ch denotes the ordinary Chern character, and
(proj)* in the bottom line is an isomorphism since all fibers of the projection from EG Xy () X" to
XH/Cq(H) are Q-acyclic (classifying spaces of finite groups). By the naturality properties of ¥ shown in
Proposition 3.4, [[ chg takes values in Homsyp, () (ﬂfﬂt (X), Q@R(—)), and hence (via Lemma 5.3) defines
an equivariant Chern character

ch : K&(X) ——— HE(X;Q @ R(-)) = Homsyp, (o) (HY (X), QRR(—)).

All of the maps in (5.4) are homomorphisms of rings, and hence ch’ is also a homomorphism of rings. Also,
the chy commute with degree-changing maps K& (X) — K*t™(S™x X) (i.e., product with the fundamental
class of S™) and similarly in cohomology, since all maps in (5.4) do so. They are thus natural with respect
to boundary maps in Mayer-Vietoris sequences.

Theorem 5.5. For any finite proper G-complexr X, the Chern character ch’y, extends to an isomorphism of
Tings
Q®chk :Q® K&(X) —— HEH(X;Q® R(—)).

Proof. For any finite subgroup H C G,
K¢(G/H) = R(H) = HG(G/H; R(-)), and K§(G/H) =0=HZ'(G/H;R(-)).

From the definition in (5.4) (and since the non-equivariant Chern character K (pt) — H(pt) is the identity
map), we see that Q ® chg, /g s the identity map under the above identifications. The Chern characters
for G/HxD™ and G/H xS™~!) are thus isomorphisms for all n. The theorem now follows by induction on
the number of orbits of cells in X, together with the Mayer-Vietoris sequences for pushouts X = X' U,
(G/HxD™) (and the 5-lemma). O
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Theorem 5.5 means that the Q-localization of the classifying space K¢ splits as a product of
equivariant Eilenberg-Maclane spaces. Hence for any proper G-complex X, there is an isomorphism

KH(X;Q) =5 H{(X;Q®R(—)), where the first group is defined via the localized spectrum (and is not in
general isomorphic to Q ® K5 (X, A)).

The coeflicient system Q® R(—), and hence its cohomology, splits in a natural way as a product indexed
over cyclic subgroups of G of finite order. For any cyclic group S of order n < oo, we let Z[(s] C Q(¢s)
denote the cyclotomic ring and field generated by the n-th roots of unity; but regarded as quotient rings of
the group rings Z[S*] C Q[S*] (S* = Hom(S, C*)). In other words, we fix an identification of the n-th roots of
unity in Q(¢s) with the irreducible characters of S. The kernel of the homomorphism R(S) = Z[S*| — Z[(s]
is precisely the ideal of elements whose characters vanish on all generators of S.

Lemma 5.6. Fiz a discrete group G, and let S(G) be a set of conjugacy class representatives for the cyclic
subgroups S C G of finite order. Then for any proper G-complex X, there is an isomorphism of rings

Hy(X:QeR(-) = [ (H(X5/Ca(s):Q(s)) ™™,
5eS(G)

where N(S) acts via the conjugation action on Q(Cs) and translation on X°/Cq(S). If, furthermore, the
isotropy subgroups on X have bounded order, then the homomorphism of rings

Hy(X:R(-) —— [ H((C"(x%/Ca(S)zics)) ™)
SesS(@)
— I @ &s/casszics)™,
SeS(G)

induced by restriction to cyclic subgroups and by the projections R(S) —» Z|(s], has kernel and cokernel of
finite exponent.

Proof. By (5.2),
CE'(X7 R(_)) = HomO‘rf(G) (Q* (X)a R(_)) = HomSubf(G) (Qilt(X)a R(_))

For each S € S(G), let xg € CI(G) be the idempotent class function: xs(g) = 1 if (g) is conjugate to
S, and xs(g) = 0 otherwise. By Proposition 4.1, for each finite subgroup H C G, (xs)|u is the character of
an idempotent e € Q ® R(H). Set QRs(H) = eZ-(Q® R(H)), and let Rs(H) C QRgs(H) be the image of
R(H) under the projection. This defines a splitting Q ® R(—) = [[ses(q) QRs(—) of the coefficient system.
For each S and H,

QRs(S) = Q(¢s) andso QRs(H) = mapy(s)(Morsys, (c)(S, H) , Q(Cs))-
It follows that
C&(X;QRs(—)) = Homgyp () (CI(X), QRs(—)) = Homgn sy (C(X®/Ca(9)), Q(¢s));
and hence Hy(X:QRs(-)) = (H*(X¥/Ca($)):Q(¢s) "
Now assume there is a bound on the orders of isotropy subgroups on X, and let m be the least common

multiple of the |G|. By Proposition 4.1 again, meZ € R(H) for each S € S(G) and each isotropy subgroup
H. So there are homomorphisms of functors

R(-) m—= ][ Rs(-),
J 5eS(G)
meH‘
where i is induced by the projections R(H) — Rg(H) and j by the homomorphisms Rs(H) — R(H)
(regarding Rg(H) as a quotient of R(H)); and 40j and joi are both multiplication by m. For each S, the

monomorphism

C&H(X; Rs(—)) = Homgy sy (Cu (X /Ca(9)), ZICs]) — C*(X®/Ca(S); ZI¢s))
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is split by the norm map for the action of N(S)/Cs(S), and hence the kernel and cokernel of the induced
homomorphism
* * S N(S)
Hg (X3 Rs(—)) —— (H*(X”/Ca(8); Z[¢s)))
have exponent dividing ¢(m) (since |N(S)/Cca(S)|||Aut(S)|[¢(m)). The composite in (1) thus has kernel
and cokernel of exponent m-o(m). O

By the first part of Proposition 5.6, the equivariant Chern character can be regarded as a homomorphism

oy Ka(X) —— [ (7 (x%/Ca($)0s)) ™,
SeS(G)

where S(G) is as above. This is by construction a product of ring homomorphisms.

We now apply the splitting of Lemma 5.6 to construct a second version of the equivariant rational Chern
character: one which takes values in Q® H(X; R(—)) rather than in H(X; Q®R(—)). The following lemma
handles the nonequivariant case.

Lemma 5.7. There is a homomorphism n!ch : K*(X) — H<*(X;Z), natural on the category of CW-
complezes, whose composite to H*(X; Q) is n! times the usual Chern character truncated in degrees greater

than 2n. Furthermore, n\ch is natural with respect to suspension isomorphisms K*(X) = K*Tm($m(X,)),
and is multiplicative in the sense that (nlch(z))-(n!ch(y)) = n!(nlch(zy)) for all z,y € K(X) (in both cases
after restricting to the appropriate degrees).

Proof. Define nlch : K%(X) — H®'<*"(X;Z) to be the following polynomial in the Chern classes:
n"i(lex'jo_?jL"'Jrﬁ)EZ[C C]*Z[z T :I:]En
.iil [ 2| TL' 1y++9Cn| — 1, L2y Ln .

Here, as usual, ¢ is the k-th elementary symmetric polynomial in the ;. This is extended to K ~1(X) =

K(X(X4)) in the obvious way. The relations all follow from the usual relations between Chern classes in the
rings H*(BU (m)). O

We are now ready to construct the integral Chern character. What this really means is that under
certain restrictions on X, some multiple of the rational Chern character ch’ of Theorem 5.5 can be lifted
to the integral Bredon cohomology group H¢(X; R(—)).

Proposition 5.8. Let G be a discrete group, and let X be a finite dimensional proper G-complex whose isotropy
subgroups have bounded order. Then there is a homomorphism

e : KG(X) ——— Q@ H5(X: R(-)),
natural in such X, whose composite to Hf:(X;Q® R(—)) is the map chy of Theorem 5.5. Furthermore, &1}
induces an isomorphism of rings Q @ K (X) = Qo HE(XR(—)). And for any finite subgroup K C G,

chg/K is the identity map under the identifications K¢(G/K) = R(G/K) = H%(G/K; R(—)).

Proof. Fix X, and choose any integer n > dim(X)/2. Set m = lem{|G,| |2z € X} and N = nl-m*". For each
S € G of finite order, let ch} be the following composite:

% Res % v * (proj)* *
Kg(X) — KNc(S)(XS) B KCG(S)(XS) ® R(S) s K¢ (s)(EG x X%) @ R(S)

D KH(BGx s X ) @ R(S) —28 HE2(EGx 005 X5) @ R(S)

m” (proj”) !

H*(X*/Ca(5)) ® R(S) ——— H*(X*/Ca(8): ZI(s))-
Here, U is the homomorphism of Lemma 3.4, and Infl is the inflation isomorphism of Proposition 3.3. The

first map in the bottom row is well defined since H*(X*/C(S); Z[(s]) proi”, H*(EG x¢(sy X5;Z[(s]) has
kernel and cokernel of exponent m?" (this follows from the spectral sequence for the projection, all of whose
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fibers are of the form BG, for x € X). The last map is induced by the projection R(S) —» Z[(s]. All of
these maps are homomorphisms of rings (up to the obvious integer multiples).

Now let S(G) be any set of conjugacy class representatives for cyclic subgroups S C G of finite order.
Define ch’% to be the composite

&}:Ké(X)MQ@( [T (r(x8/ca(s)yzics) ™) = Qe B5(X; R(-)),
SeS(G)

where the isomorphism is that of Lemma 5.6. The naturality of &1}, its independence of the choice of n,
and its relation with ch¥, are immediate from the construction. Also, c~h§( is natural with respect to the
degree-changing maps K*(X) — K*T™ (5™ x X) (and similarly in cohomology). In particular, this means
that it commutes with all maps in Mayer-Vietoris sequences.

It remains to prove that c~h§( induces an isomorphism on Q ® K¢ (X). This is done by induction on
dim(X), using the obvious Mayer-Vietoris sequences. So it suffices to show it for (possibly infinite) disjoint
unions [[..; G/H; of orbits. Both groups are zero in odd degrees. And in even degrees,

iel
&]0 ev
Q@ Ke([lier G/Hi) —— Q@ HG (I1;¢; G/Hi; R(-))
= Qe ([, R(H:)) = Q® ([T, R(H:))
is the identity map under these identifications. o

6. Completion theorems

Throughout this section, G is a discrete group. We want to prove completion theorems for finite proper
G-complexes: theorems which show that K&(E x X), when F is a “universal space” of a certain type, is
isomorphic to a certain completion of K (X). The key step will be to construct elements of K (X) whose
restrictions to orbits in X are sufficiently “interesting”. And this requires a better understanding of the
“edge homomorphism” for K¢ (X).

For any finite dimensional proper G-complex X, the skeletal filtration of K} (X) induces a spectral
sequence

ED® = HE(X: R(-)) = K&(X).

If X also has bounded isotropy, the Chern character ch x of Proposition 5.8 is an isomorphism (after tensoring
with Q) from the limit of this spectral sequence to its Eo-term. It follows that the spectral sequence collapses
rationally; i.e., that the images of all differentials in the spectral sequence consist of torsion elements.

Of particular interest is the edge homomorphism of the spectral sequence. This is a homomorphism
ex t KG(X) ——— Hg(X; R(-)),
which is induced by restriction to the 0-skeleton of X under the identification
H(X;R(-)) = Ker[Kg(X(©) —— KL(XM, XO)] = Im[Ke(XV) — Ka(X)].

Alternatively, H&(X; R(—)) can be thought of as the inverse limit, taken over all isotropy subgroups H of
X and all connected components of X of the representation rings R(H); and the edge homomorphism
sends an element of K (X) to the collection of its restrictions to elements of K (Gz) = R(G,) at all points
reX.

As an application of the integral Chern character of Proposition 5.8, we get:
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Proposition 6.1. Let X be any finite dimensional proper G-complex whose isotropy subgroups have bounded
order. Then for any £ € Hg(X;R(—)), there is k > 0 such that k-& and &* lie in the image of the edge
homomorphism
ex : Kg(X) ——— H2(X; R(—)).
Similarly, for any & € HZ(X;RO(-)), there is k > 0 such that k- and &F lie in the image of the edge
homomorphism
ex : KOg(X) ——— HY(X; RO(-)).

Proof. The usual homomorphisms between R(—) and RO(—), and between K (—) and KO} (—), induced
by (C®g) and by forgetting the complex structure, show that up to 2-torsion, KOX(X) and HZ(X; RO(-))
are the fixed point sets under complex conjugation of the groups K (X) and HX(X; R(—)), respectively. So
the edge homomorphism in the orthogonal case is also surjective modulo torsion. The rest of the argument
is identical in the real and complex cases; we restrict to the complex case for simplicity.

By Proposition 5.8, the integral Chern character for X () is the identity under the usual identifications
K¢(G/K) =2 R(K) &2 HY(G/K;R(—)) for an orbit G/K (K finite). So by the naturality of chx, the
composite

Q® Ka(X) 5 Qo Hy (X; R(-) — Q® HY(X: R(-)) C Q& Ko(X®) 1)

is just the map induced by restriction to X (0). So rationally, the edge homomorphism is just the projection
of the integral Chern character ch onto H2(X; R(—)), and is in particular surjective. And hence, for any
¢ € HY(X; R(—)), there is some k > 0 such that k- € ex(Kg(X)).

It remains to show that ¢¥ € Im(ex) for some k. If we knew that the Atiyah-Hirzebruch spectral
sequence
EY® 2 HE(X; R(-)) = K&(X)
were multiplicative (i.e., that the differentials were derivations), then the result would follow directly. As
we have seen, all differentials in the spectral sequence have finite order. Hence, for each r > 2 and each
n € EX?* there is some k > 0 such that

k-d-(n) =0,  and hence  d.(n*) = k-d.(n)n""' =0.
Upon iteration, this shows that for any ¢ € H2(X; R(—)) = EYY there exists k > 0 such that k-¢ and ¢

both survive to E%°: and hence lie in the image of the edge homomorphism.

Rather than prove the multiplicativity of the spectral sequence, we give the following more direct
argument. Identify
§ € HY(X; R(-)) = Im[Ka(X V) — Ko(X®)].

Assume, for some r > 2, that ¢ lies in the image of Kg(X("~1); we prove that some power of ¢ lies in the
image of Kg(X ™).
Fix £ € Kg(X (") such that resy (£) = €. Since r > 2,
Im[HE(X D5 R(=)) — HE(X O R(=))] = Im[HE(X"); R(=)) — HE(X 5 R(-))].

Hence, since the Chern character is rationally an isomorphism, there exists k such that k-£ lies in the image
of Kg(X(), or equivalently such that

k€ € Ker [KG(X“*U) s Ko(X©) 4 gL(x™), X(O))}
= Ker [KG(X(T_”) 4 RL(X™, XDy oy kL™, X(O))}. (1)

In Lemma 6.2 below, we will show that there is a Kg(X (T_l))—module structure on the relative group
KL(X™, X=D) which makes the boundary map d : Kg(X™Y) — KL(X™, XT=1) into a derivation.
Then d(¢%) = k€5 1-d(€), so £F lies in the kernel in (1), and hence ¥ = resy o (€¥) lies in the image of
Ka(X ™M), O
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It remains to prove:

Lemma 6.2. Let X be any proper G-complex. Then, for any r > 2, one can put a Kg(X(Tfl))—module
structure on Ké(X(T),X(T’l)) in such a way that for any o, B € Kg(X=1),

d(af) = a-df + f-da € KL(X™, X)),

Proof. We can assume X = X, Write Y = X~ for short. Fixamap A: X —» Z & X x YUY x X

which is homotopic to the diagonal, and such that Aly is equal to the diagonal map. Since Z contains the
r + 1-skeleton of X x X, A is unique up to homotopy (rel Y). In particular, if T : Z — Z is the map which
switches coordinates, then ToA ~ A (rel V).

Now, for a € Kg(Y) and x € K5(X,Y), let a-z € KL(X,Y) be the image of a x 2 under the following
composite

axze KLY x X,V xY) 2 KL(Z X xY) 2 KL(Z,Y x V) =2 KL(X,Y).
Here, the external product « x z is induced by the pairing Kg A Kg — Kaxa — Kg of (2.2); or equivalently
is defined to be the internal product of projj(a) € Kg(Y x X) and projs(z) € K;(Y x X, Y x Y). We can

thus consider Kg(X,Y) as a Kg(Y)-module. In particular, the relation (af)-z = a-(8-x) follows since the
two composites (A X Idx)oA and (Idx XA)oA are homotopic as maps from X to

(XXYxY)U (Y xXxY)U (YxYxX).

Now consider the following commutative diagram:

KoY xY) —4 5 KL(ZY xY) —— KL((X,)Y)xY)® KL(Y x (X,Y))

N .| 1

Ko(Y) —1= KLIX)Y) +——— KL(ZYxX)eKL(Z,XxY)
where the isomorphisms hold by excision. For any «, 5 € K (Y), the external product a x 8 € Kg(Y xY)
is sent, by the maps in the top row, to the pair (da x 8, x df3). This follows from the linearity of the
differential (which holds in any multiplicative cohomology theory). And since ToA ~ A, as noted above, we
have

d(ap) = A*(d(a x B)) = B-da +a-df. O

As an immediate consequence of Proposition 6.1, we now get:

Corollary 6.3. Assume that G is discrete. Fix any family F of finite subgroups of G of bounded order, and
let
V= (VH) € 1&1 R(H) or V' = (VI’{) € @ RO(H)
HeF HeF

be any system of compatible (virtual) representations. Then for any finite dimensional proper G-complex
X all of whose isotropy subgroups lie in F, there is an integer k > 0, and elements o, € Kg(X) (or
o, € KOg(X)), such that al, = k-Vg, and Bl. = (Va,)* (or o |o = k-V{, and ' = (V§,)*) for all
zeX.

Proof. Let € be the image of V under the ring homomorphism
lim R(H) —— H(X; R(-)
HeF

(or similarly in the orthogonal case); and apply Proposition 6.1. O

Corollary 6.3 can be thought of as a generalization of [8, Theorem 2.7]. It was that result which was
the key to proving the completion theorem in [8], and Corollary 6.3 plays a similar role in proving the more
general completion theorems here.
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In what follows, a family of subgroups of a discrete group G will always mean a set of subgroups closed
under conjugation and closed under taking subgroups.

Lemma 6.4. Let X be a proper n-dimensional G-complex. Set
I =Ker[K}(X) == K5(XO)).
Then It = 0.

Proof. Fix any elements x € I" and y € I. By induction, we can assume that = vanishes in K (X"™!), and
hence that it lifts to an element 2/ € K% (X, X("~1). Recall that K&(X, X" V) is a K%(X)-module, and
the map K&(X, X" V) - KX(X) is K2 (X)-linear. But I- K5 (X, X("~1) = 0, since I vanishes on orbits;
so yz’ =0, and hence yz = 0 in K}(X). O

As in earlier sections, in order to handle the complex and real cases simultaneously, we set F' = C or
R, and write K F/(—) and RF(—) for the equivariant K-theory and representation rings over F'.

Fix any finite proper G-complex X, and let f : X — L be any map to a finite dimensional proper
G-complex L whose isotropy subgroups have bounded order. Let F be any family of finite subgroups of G.
Regard K F}(X) as a module over the ring K Fg(L). Set

I=1Iry=Ker|KFo(L) == ] KFH(L<0>)]
HeF
For any n > 0, the composite

I"KF5(X) € KF(X) 25 KFL(ER(G) x X) —= KF5((Ex(G) x X))

is zero, since the image is contained in IK F}((Ex(G)xcX )™ V)" = 0 which vanishes by Lemma 6.4. This
thus defines a homomorphism of pro-groups

AT K F(X) [T KE(X)}, L, ——— {KFS((EX(G) x X))}

n>1 n>1"

Theorem 6.5. Fiz F' = C or R. Let G be a discrete group, and let F be a family of subgroups of G closed
under conjugation and under subgroups. Fix a finite proper G-complex X, a finite dimensional proper G-
complex Z whose isotropy subgroups have bounded order, and a G-map f : X — Z. Regard KF{(X) as a
module over KFg(Z), and set

I=1£,=Ker [KFG(Z) =5 1] KFH(Z<0>)]
HeF
Then

AP KFL(X) /T KFL(X)}, o, —— {KF5((Ex(G) x X))}

n>1 n>1

is an isomorphism of pro-groups. Also, the inverse system {KFE}((E;(G) X X)(")) }n>1 satisfies the Mittag-
Leffler condition. In particular, a
lim' K F5((Ex(G) x X)™) = 0;

X . . .
and )\]_-’f induces an isomorphism

KFE(X)7 —— KF&(Er(G) x X) = ImK F5((EF(G) x X)™).

Proof. Assume that )\f’f is an isomorphism. Then the system {KF&";((E;(G)XX)("))}n>1 satisfies the
Mittag-Leffler condition because { KFg(X)/I™} does. In particular,

lim' K F& (Er(G)xX)™) =0, and so K F&(Er(G)xX) = im K F5 ((Ex(G)x X)™)
(cf. [3, Proposition 4.1]).

It remains to show that )\i’f is an isomorphism.
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Step 1 Assume first that X = G/H, for some finite subgroup H C G. Let F|H be the family of
subgroups of H contained in F, and consider the following commutative diagram:

KFg(Z2) —L1— KF5(G/H) —22s KFL(EF(G)xG/H)

eveng ql%

RF(H) —— KFy(pt) ——— KFj(Eru(H)).
Here, pr, induces an isomorphism of pro-groups

{KFi(0)/Ir(H)  KFjy(+)},o, — {KF*(BH)" ")} .,

by the theorem of Jackowski [7, Theorem 5.1], where

I;(H):Ker[RF(H)—> 11 RF(L)} oI evpem (D).
LeF|H

(The theorem in [7] is stated only for complex K-theory, but as noted afterwards, the proof applies equally
well to the real case.) We want to show that pr; induces an isomorphism of pro-groups

{KF&(G/H)[I"KF5(G/H)}, ., — {KF5((Ex(G) x G/H)"V)}

n>1 n>1"

So we must show that for some k, I=(H)* C I'.

This means showing that the ideal Ix(H)/I’ is nilpotent; or equivalently (since R(H) is noetherian)
that it is contained in all prime ideals of R(H)/I' (cf. [2, Proposition 1.8]). In other words, we must show
that every prime ideal of R(H) which contains I’ also contains Ir(H). Fix any prime ideal 8 C R(H) which
does not contain Ir(H). Set ¢ = exp(2ni/|H|) and A = Z[(]. By a theorem of Atiyah [1, Lemma 6.2], there
is a prime ideal p C A and an element s € H such that

P ={ve R(G)[xu(s) €p}.

(This is stated in [1] only in the complex case, but the same arguement applies to prime ideals in the real
representation ring.) Also, s is not an element of any L € F, since B 2 Ir(H). Set p = char(A/p) (possibly

p=0).

For any g € G of finite order, we let g, represent its p-regular component: the unique g, € (g) such
that pﬂgr| and |(g,)"1g| is a power of p (g, = g if p = 0). By [1, Lemma 6.3], we can replace s by s, without
changing the ideal 3; and can thus assume that pf|s|.

Let m’ be the least common multiple of the orders of isotropy subgroups in Z, and let m be the largest
divisor of m/ prime to p (m = m’ if p = 0). Define ¢ : tors(G) — Z by setting ¢(g) = 0 if g, € L for some
L e F, and ¢(g) = m otherwise. By Corollary 4.3, ¢|, is a rational character of L for each L € Isotr(Z). So
by Corollary 6.3, there is k > 0 and an element ¢ € K (Z) whose restriction to any orbit has character the
restriction of ©¥. In other words, £ € I = If_-z, and so ¢¥|y is the character of an element v € I'. But then

Xo(8) = @(s)F & p, s0v &P, and thus P 2 I'.

Step 2 By Step 1, the theorem holds when dim(X) = 0. So we now assume that dim(X) = m > 0. Assume
X=YU, (G/HxDm), for some attaching map ¢ : G/HxS™~1 — Y. We can assume inductively that the
theorem holds for Y, G/HxS™~1 and G/HxD™ ~ G/H.

All terms in the Mayer-Vietoris sequence
—— KFA(X) —— KFL(Y) ® KF4(G/HxD™) —— KFA4(G/HxS™ 1)

are K Fg(X)-modules and all homomorphisms are K Fg(X)-linear; and the K F(Z)-module structure on
each term is induced from the K Fg(X)-module structure. So if we let I’ C K Fz(X) be the ideal generated
by the image of I; then dividing out by (I’)™ is the same as dividing out by I™ for all terms. In addition,
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KFg(X) is noetherian (in fact, a finitely generated abelian group), and so this Mayer-Vietoris sequence
induces an exact sequence of pro-groups

s {RF(X)/1"},, ——— {KF()/I" @ KES(G/HXD™)/T")

_ {K}«“;;.(G/JﬁlxSm—l)/ln}n21 _

by [8, Lemma 4.1]. There is a similar Mayer-Vietoris exact sequence of the pro-groups

{KF5((Ex(G) x )" )} s

and the theorem now follows from the 5-lemma for pro-groups together with the induction assumptions. [
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