NONREALIZABILITY OF CERTAIN REPRESENTATIONS IN FUSION
SYSTEMS

BOB OLIVER

ABSTRACT. For a finite abelian p-group A and a subgroup I" < Aut(A), we say that the
pair (I', A) is fusion realizable if there is a saturated fusion system F over a finite p-group
S > A such that Cg(A) = A, Autz(A) = I" as subgroups of Aut(A), and A 4 F. In this
paper, we develop tools to show that certain representations are not fusion realizable in this
sense. For example, we show, for p = 2 or 3 and I" one of the Mathieu groups, that the only
F,I-modules that are fusion realizable (up to extensions by trivial modules) are the Todd
modules and in some cases their duals.

Fix a prime p. A saturated fusion system over a finite p-group S is a category whose
objects are the subgroups of S, and whose morphisms are injective homomorphisms between
those subgroups that satisfy certain axioms formulated by Puig [Pu], motivated in part by
the Sylow theorems for finite groups. See Definition 1.1 for more details.

Consider a pair (I, A), where A is a finite abelian p-group and I" < Aut(A) is a group of
automorphisms. We say that (I', A) is fusion realizable if there is a saturated fusion system
F over some finite p-group S > A such that Cs(A) = A, A 4 F, and Autz(A) = I" as
groups of automorphisms of A. We also say that (I', A) is realized by F in this situation.

In an earlier paper [02], we considered the special case where p = 3, 0¥ (I") = 2M 5, My,
or Ag, and A is an elementary abelian 3-group of rank 6, 5, or 4, respectively, and classified
the saturated fusion systems that realize some pair (I, A) of this form. In this paper, we
take the opposite approach, and develop tools that we use to show that “most” F,/-modules
are not fusion realizable; i.e., cannot be realized by any saturated fusion system.

For example, in Definition 2.4 and Proposition 2.5, we define certain sets Z,(A), for A
an abelian p-group and 7" < Aut(A) a p-subgroup, with the property that Z,(A) # @ if
there is a fusion realizable pair (I, A) where T € Syl,(I"). As one of the consequences of this
proposition, we show (Corollary 2.14) that if A is elementary abelian and (I', A) is fusion
realizable, then there is m > 1 and an elementary abelian p-subgroup B < I of rank m such
that for each ¢ € B¥, the action of ¢ on A has at most m nontrivial Jordan blocks.

Theorems A and B as stated below are our main applications so far of these tools. For
example, as one special case of Theorem A, we show that the Golay modules for My and
Ms3 are not fusion realizable. In contrast, the Todd modules for My and Mz (dual to
the Golay modules) are realized by the fusion systems of the Fischer groups Fiss and Fios,
and the Golay module for Aut(Mys) (a case not covered by the statement of Theorem A) is
realized by the fusion system of the Conway group Co,.
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Theorem A (Theorem 3.3). Fiz a prime p, and let I' be a finite group such that Iy = OP (I)
is quasisimple and It/Z(10) is one of Mathieu’s five sporadic groups. Let A be an F,I'-
module such that (I', A) is fusion realizable, and set Ay = [I, Al/Cir,,a1(10). Then either

e p =2, and Ay is the Todd module for I' = May, M3, or Msy or the Golay module for
"= Moy, or

e p =23, and Aq is the Todd module or Golay module for I' = My, or 2Ms; or

o D= 11, FO = 2M12 or QMQQ, F/Z(FQ) = Aut(Mlg) X 05 or Aut(Mgg) X 05, and AO 1S a
10-dimensional F11I'-module.

When p = 2 or 3, the nonrealizability of (I', A) in Theorem A is shown in all cases by
proving that the set %Zr(A) mentioned above is empty for T € Syl (I"). For p > 3, it follows
from results in [COS].

Theorem B is a restatement of a theorem of O’Nan [O’N, Lemma 1.10] in the context of
fusion systems, included here to illustrate how these methods apply when A is not elementary
abelian. Its proof is similar to O’Nan’s, but is shortened by using results in Section 2.

Theorem B (Theorem 4.5). Assume, for somen > 3, that A = (v, v2,v3) = Con X Con X Can,
and that S = A(s,t) is an extension of A by Ds with action as described in Table 4.1. Then

A is normal in every saturated fusion system over S. Thus there is no I’ < Aut(A) with
Autg(A) € Syly(I") such that (I, A) is fusion realizable.

The paper is organized as follows. After summarizing in Section 1 the basic definitions
and properties of fusion systems that will be needed, we state and prove our main criteria
for fusion realizability in Section 2. We then look at representations of Mathieu groups in
Section 3 and prove Theorem A (Theorem 3.3), and study Alperin’s 2-groups in Section 4
and prove Theorem B (Theorem 4.5). We finish with three appendices: Appendix A with
some general results on representations, and Appendices B and C where we set up notation
to work with the Golay modules for Msy and M3, and the 6-dimensional F43Msys-module,
respectively.

Notation and terminology: Most of our notation for working with groups is fairly stan-
dard. When P < G and z € Ng(P), we let ¢f € Aut(P) denote conjugation by x on the
left: ¢ (g) =g = zga~'. Also, Syl (G) is the set of Sylow p-subgroups of a finite group G,
and G* = G ~ {1}. Other notation used here includes:

e ,m is always an elementary abelian p-group of rank m;
e A x B and A.B denote a semidirect product and an arbitrary extension of A by B; and

e 2Mi5, nMsyy, and 2A4 denote (nonsplit) central extensions of Cy or C), by the groups
Mo, Mss, or Ay, respectively.

Also, composition of functions and homomorphisms is always written from right to left.

Thanks: The author would like to thank the Newton Institute in Cambridge for its hospi-
tality while he was finishing the writeup of this paper.

1. BACKGROUND DEFINITIONS AND RESULTS

We recall here some of the basic definitions and properties of saturated fusion systems.
Our main reference is [AKO], although most of the results are also shown in [Cr].
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A fusion system F over a finite p-group S is a category whose objects are the subgroups
of S, such that for each P,Q) < S,

e Homg(P, Q) C Homz(P, Q) C Inj(P,Q); and

e every morphism in F is the composite of an F-isomorphism followed by an inclusion.
Here, Homg(P, Q) = {c, € Hom(P,Q)|g € S, /P < Q}.

In order for fusion systems to be very useful, we need to assume they satisfy the following
saturation properties, motivated by the Sylow theorems and first formulated by Puig [Pu].

Definition 1.1. Let F be a fusion system over a finite p-group S.

(a) Two subgroups P,Q < S are F-conjugate if Isox(P, Q) # &, and two elements z,y € S
are JF-conjugate if there is ¢ € Homz((z), (y)) such that p(z) = y. The F-conjugacy
classes of P < S and x € S are denoted P7 and 27, respectively.

(b) A subgroup P < S'is fully normalized in F (fully centralized in F) if [Ng(P)| > |Ng(Q)|
for each Q € P7 (|Cs(P)| > |Cs(Q)| for each Q € P7).

(¢) The fusion system F is saturated if it satisfies the following two conditions:

e (Sylow axiom) For each subgroup P < S fully normalized in F, P is fully centralized
and Auts(P) € Syl,(Autz(P)).

e (extension axiom) For each isomorphism ¢ € Isox(P, Q) in F such that @ is fully
centralized in F, ¢ extends to a morphism ® € Homz(N,, S) where

N, ={g € Ns(P)| ey € Auts(Q)}.

Definition 1.1 is the definition first given in [BLO]J, and is used here since it seems to be the
easiest to apply for our purposes. It is slightly different from that given in [AKO, Definition
[.2.2], but the two are equivalent by [AKO, Proposition 1.2.5]. Its equivalence with Puig’s
original definition is shown in [AKO, Proposition 1.9.3].

As one example, the fusion system of a finite group GG with respect to a Sylow p-subgroup
S < @ is the category Fg(G) whose objects are the subgroups of S, and whose morphims
are those homomorphisms between subgroups that are induced by conjugation in G. It is
clearly a fusion system and was shown by Puig to be saturated. (See [BLO, Proposition 1.3]
for a proof of saturation in terms of Definition 1.1.)

We will also need to work with certain classes of subgroups in a fusion system. Recall, for
a pair of finite groups H < G, that H is strongly p-embedded in G if p ‘ |H|,and p{ |HNIH|
for g e G\ H.

Definition 1.2. Let F be a fusion system over a finite p-group S. For P < S,
o Pis F-centric if Cs(Q) < Q for each Q € P”;

o P is F-essential if P is F-centric and fully normalized in F and the group Outz(P) =
Autz(P)/Inn(P) contains a strongly p-embedded subgroup:;

P is weakly closed in F if P7 = {P};
P is strongly closed in F if for each x € P, 27 C P;

P is central in F if each ¢ € Homz(Q, R), for Q,R < S, extends to some @ €
Homz(QP, RP) such that $|p = Idp; and

P is normal in F (P < F) if each morphism in F extends to a morphism that sends P
to itself.
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We also let F¢ and Ex be the sets of subgroups of S that are F-centric or F-essential,
respectively.

The following is one version of the Alperin-Goldschmidt fusion theorem for fusion systems.

Theorem 1.3 ([AKO, Theorem 1.3.6]). Let F be a saturated fusion system over a finite
p-group S. Then each morphism in F is a composite of restrictions of automorphisms
a € Autg(R) for Re Ex U{S}.

The next proposition is more technical.

Proposition 1.4 ([AKO, Lemma 1.2.6(c)]). Let F be a saturated fusion system over a
finite p-group S. Then for each P < S, and each Q € P” fully normalized in F, there is
¥ € Homz(Ng(P),S) such that ¢(P) = Q.

Normal p-subgroups in a fusion system are strongly closed, but the converse does not
always hold. The following is one situation where it does hold. For a much more detailed
list of conditions under which strongly closed subgroups in a fusion system are normal, see
[K1, Theorem B.

Lemma 1.5 ([AKO, Corollary 1.4.7(a)]). Let F be a saturated fusion system over a finite
p-group S. If A < S is an abelian subgroup that is strongly closed in F, then A < F.

We next look at centralizers of p-subgroups in fusion systems. Normalizer subsystems are
defined in a similar way (see [AKO, §1.5]), but will not be needed here.

Definition 1.6. Let F be a fusion system over a finite p-group S. For each ) < S, the
centralizer fusion subsystem Cx(Q) < F is the fusion subsystem over Cg(Q) defined by
setting

Home, (@) (P, R) = {¢l|r | ¢ € Homz(PQ, RQ), ¢(P) < R, ¢lo =1dg}.
Note that a subgroup @ < S is central in F if and only if C£(Q) = F.

Theorem 1.7 ([AKO, Theorem 1.5.5]). Let F be a saturated fusion system over a finite
p-group S, and fir Q < S. Then Cx(Q) is saturated if Q) is fully centralized in F.

Weakly closed abelian subgroups play a central role in the paper, and the following lemma
is of crucial importance when working with them.

Lemma 1.8. Let F be a saturated fusion system over a finite p-group S, and assume A < S
1s an abelian subgroup that is weakly closed in F.

(a) If R < S is fully normalized and F-conjugate to some Q < A, then R < A.
(b) For each P,Q < A, each ¢ € Homz(P, Q) extends to some @ € Autx(A).

Proof. (a) Assume Q < A and R < S are F-conjugate, and R is fully normalized in
F. By the extension axiom, each ¢ € Isoz(Q, R) extends to some ¥ € Homz(Cs(Q),.S).
Then Cg(Q) > A since A is abelian, )(A) = A since A is weakly closed in F, and so
R=9(Q) <A

(b) Assume P,Q < A and ¢ € Homz(P,Q), and choose R € Q7 that is fully centralized
in 7. Thus R < A by (a), and there is ¢ € Isox(Q, R). By the extension axiom again, ¢
extends to ¢ € Homz(A, S) and ¥ extends to € Homg(A, S), and @(A) =A=g(A)
since A is weakly closed. Then 1'% € Autz(A), and (~13)|p = ¥~ (Vy) = . O
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The proof of the next lemma gives another example of how the extension axiom can be
used.

Lemma 1.9. Let F be a saturated fusion system over a finite p-group S, and let Ay < A; < S
be a pair of abelian subgroups. If Ag is fully centralized in F and Ay is fully centralized in
Cr(Ay), then Ay is fully centralized in F.

Proof. Choose By € A7 that is fully centralized in F, fix y € Isor(A;, By), and set By =
X(Ap). By the extension axiom and since Ay and B; are both fully centralized in F, there are
¢ € Homz(Cg(A;),Cs(By)) and ¢ € Homz(Cs(By), Cs(Ap)) such that p|4, = x and ¢|p, =
(x]a,)"". Since Cs(By) < Cs(By), the composite g lies in Home,(4y)(Cs(Ar), Cs(Ap)).

Since A; is fully centralized in C'x(Ay),

Pp(Cs(Ar)) = Cos(an (V(B)) = Cs(¢(B1)) = $(Cs(B)),
and hence ¢(Cg(Ay)) > Cs(By). So A; is fully centralized in F since B is. O

We will need to work with quotient fusion systems in Section 4, but only quotients by
subgroups normal in the fusion system.

Definition 1.10. Let F be a fusion system, and assume () < S is normal in F. Let F/Q
be the fusion system over S/ where for each P, R < S containing ), we set

Homgz/q(P/Q, R/Q) =
{¢/Q € Hom(P/Q, R/Q) | ¢ € Homz(P,Q), (¢/Q)(9Q) = ¢(9)Q Vg € P}.

We refer to [Cr, Proposition I1.5.11] for the proof that F /@ is saturated whenever F is. In
fact, this definition and the saturation of F /@ hold whenever @ is weakly closed in F. This
is not surprising, since we are looking only at morphisms in F between subgroups containing

Q. so that F/Q = N£(Q)/Q.
2. SOME CRITERIA FOR REALIZING REPRESENTATIONS

In this section, we state and prove our main technical results: the tools we later use to
show that certan representations cannot be realized by any saturated fusion systems. Before
doing that, we start by defining more formally what we mean by “realizability”.

Definition 2.1. Fix a prime p, a finite abelian p-group A, and a subgroup I” < Aut(A). The
pair (I, A) is realized by a saturated fusion system F over a finite p-group S if there is an
abelian subgroup B < S such that Cs(B) = B and B ¢4 F, and such that (Autz(B), B) =
(I'y A). The pair (I, A) is fusion realizable if it is realized by some saturated fusion system
over a finite p-group.

If we drop the condition that Cs(B) = B, then it is easy to see that every pair (I, A) can
be realized by a saturated fusion system. For example, if m > 1 is prime to p, then the fusion
system F of (Ax1'C,, contains a subgroup isomorphic to A with automizer isomorphic to I’
which is not normal in F. Hence the importance of that condition in Definition 2.1, although
it seems possible that we would get similar results if it were replaced by the condition that
B be weakly closed.

It is not yet clear to us whether the condition “B £ F” is the optimal one to use in
Definition 2.1. It could be replaced by the slightly stronger condition that £2,(B) ¢ F, or by
the even stronger condition that O,(F) = 1. In the cases dealt with in Theorems A and B,
the result is the same independently of which definition we choose, but that probably does
not hold in other situations.
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We are now ready to start developing tools for showing that certain pairs (I, A) are not
(weakly) fusion realizable. The starting point for all results in this section is the following
proposition. It was inspired in part by [Gd, Corollary 4] and its proof, and also in part by
arguments in [O’'N; §1].

Proposition 2.2. Let F be a saturated fusion system over a finite p-group S, and let A < S
be an abelian subgroup. Assume A 4 F, and consider the sets

U =Ur(A)={1#U<S|U £ A, Homz(U, A) # &}
T=Tr(A)={te SNA|[t'NA#£o}={te SNA|t)e¥}
W =Wr(A)={(t, U A)|te T, UecW, Calt) > A, € (UNA),
[UAJA| = |Caya, (8]}
Then % #+ @, T # &, and W # &, and the following hold.

(a) If A is not weakly closed in F, there is U € AT ~ {A} such that [U,A] <UNA, and
such that (t,U,UNA) € W for eacht € U\ A.

(b) If A is weakly closed in F, then for each t € T, there are U € % and A, < A such
that (t,U, A,) € ¥ .
(¢) If A is weakly closed in F, then there is a subgroup Z < A, fully centralized in F, such

that A 4 Cx(Z), and such that UNA < Z for each U € Uc,z)(A). In particular,
A, =UnNA for each (t,U, A,) € Werz)(A) C #r(A).

Thus in all cases, there are t € T and U € % such that (t,U,UNA) €W .

Proof. By Lemma 1.5 and since A 4 F, A is not strongly closed. So % # @ and J # @.
The last statement, and the claim # # @, follow from (a) when A is not weakly closed in
F, and from (b) and (c) otherwise.

(a) If A is not weakly closed in F, then there is ¢ € Homg(A, S) such that p(A) # A.
So by Theorem 1.3 (Alperin’s fusion theorem), there are R € F¢ and a € Autz(R) such
that A < R and a(A) # A. Set U = a(A) € % and A, = UN A. Then [A,U] < A, since
both are normal in R. So for each t € U N A C .7, we have A, < C4(U) < Ca(t) and
\UAJA| = |UJA,| = |AJA.| = |Caya,(t)|, proving that (¢t,U, A,) € #'.

(b) Assume A is weakly closed in F, fix t € 7, and let % be the set of all U € % such
that ¢t € U. Choose V' € % such that |V N A| is maximal among all |U N A| for U € %;. Set
A, =V NAand Uy = Ny(A(t)). Then A (t)NA<VNA=A,, and so

Us/A, ={x € A|[x,t] € A} /A, = Caya,(t) # 1. (2.3)
Choose W € (A,.(t))” such that W is fully normalized in F. Then W < A by Lemma

b
1.8(a) and since A is weakly closed. Let ¢ € Homz(Ng(A.(t)), S) be such that p(A.(t)) =W
(see Proposition 1.4).

Set U = p(U3) and Uy = o~ Y(UN A). Then
p(A) <pUz) NA=UNA=o(UY),
so A, < Uy < Uy < A. Also, U (t) € % since (U (t)) = (U N A){p(t)) < A, and hence
UT] < [UF () N Al < [V DAl = [A,]

by the maximality assumption on V. Thus U = A, < Uy where the strict inclusion holds
by (2.3), and A, = Uy € (UN A)”.
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Now, UNA = p(U;) < p(Us) = U, so U £ A. Since U = ¢(U;) where U < A, this
shows that U € % . Also, UNA = ¢(A,), and so UA/JA=ZU/(UNA) =2 U; /A, = Caya,(t).
Thus (¢,U, A,) € #'.

(c) Again assume A is weakly closed in F, and let Z be maximal among all subgroups of
A fully centralized in F such that A 4 Cz(Z). Set Fy = Cx(Z) and Sy = Cs(Z) for short.
Recall that Fy is saturated since Z is fully centralized in F (Theorem 1.7).

Fix U € %x,(A), choose a morphism ¢ € Homg, (U, A), and set A, = U N A. We must
show that A, < Z. Since UZ € %x,(A), we can assume U > Z.

Choose B, € (A,)”° that is fully normalized in Fy. Then B, < A by Lemma 1.8(a) and
since A is weakly closed. By Proposition 1.4, there is x € Homg, (Ng,(A), So) such that
X(A,) = B.. Then x(A) = A since A is weakly closed, so xp(x|y)™' € Homg, (x(U), A)
where Z < x(U) £ A and B, = x(UN A) = x(U) N A, and where B, < Z if and only if
A, < Z. Upon replacing U by x(U) and ¢ by xo(x|y)~!, we are now reduced to showing
that A, < Z when A, = U N A is fully centralized in Fy, and hence in F by Lemma 1.9.

By Lemma 1.8(b), there is an automorphism a € Autg,(A) such that aja, = ¢|4,, hence
such that 'y € Home,(a,)(U, A). Since U & A, this implies that A 4 Cx(A,), and so
A, = Z by the maximality assumption on Z.

In particular, for each (¢,U, A,) € #%,(A), since UN A < Z and A, € (UN A)”°, we have
UNA=A.<Z. U

We now reformulate the criteria in Proposition 2.2 in terms of A and Autz(A) only; i.e.,
in terms that do not involve the fusion system F or its Sylow group S.

Definition 2.4. Fix a finite abelian p-group A and a p-subgroup 7" < Aut(A). Set
@;(A) = {(7’, B,A)|reT#, B<T, (r) and B isomorphic to subgroups of A,
A, < Cal(B, 7)), 1B = |Casa(7)]}
Pr(A) = {(7, B, A.) € R(A) | |B] = [Caya. (1)}
Let Z,(A) C @T(A) be the largest subset that satisfies the condition
for each (7, B, A,) € Z;(A) and each 7, € B¥ | there is (11, B1, A.1) € Zp(A). (%)

Similarly, let %7 (A) be the largest subset of %5 (A) that satisfies (x).

If %, and %, are two subsets of @T(A) or of 9?; (A) that satisfy (%), then their union also
satisfies (x). So there are unique largest subsets Z(A) C %, (A) that satisfy the condition.

Proposition 2.5. Let F be a saturated fusion system over a finite p-group S, and assume
A < S is an abelian subgroup such that Cs(A) = A and A 4 F. Then R puig)(A) # 2,
and hence %IutS(A) (A) # @. More precisely, the following hold, where T = Autg(A):

(a) In all cases, if (t,U, A.) € #5(A) is such that U N A = A,, then (¢, Auty(A), A,) €
RHr(A).

(b) If A is not weakly closed in F, then there is a subgroup U € AT ~ {A} such that
(e, Auty(A), ANU) € Zr(A) for eacht € U\ A.

(c) If A is weakly closed in F, then there is a subgroup Z < A fully centralized in F such
that A 4 Cx(Z), and such that for each t € Jop(z)(A), there is U € Uor(z)(A) such
that

UNA<Z and (¢, Autg(A),UNA) € Zep)(A) C Zr(A).
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Proof. Let F be a saturated fusion system over a finite p-group S as above. Thus A < S is
such that Cs(A) = A and A 4 F. Once we have proven points (a), (b), and (c), it will then
follow immediately that Z,(A) # @.

(a) Fix (t,U, A,) € #5(A) such that A, = UNA, andset 7 = ¢! € T and B = Auty(A) < T.
Then A, = UN A < Ca(B). Also, by definition of #x(A), we have A, < Cy(t) = Ca(7)
and [UA/A| = |Caya, ()] = |Caa.(7)]

By definition of Jx(A) and %x(A), the subgroups (7) and B are both isomorphic to
subgroups of A. So to prove that (7, B, A,) € @T(A), it remains only to show that |[UA/A| =
|B|. But Cs(A) = A by assumption, so |B| = [Auty(A)| = |[UA/A|.

(b) If A is not weakly closed in F, then by Proposition 2.2(a), there is U € A7 ~ {A}
such that [U, A] < U N A, and such that (¢t,U,U N A) € #%(A) for each t € U ~~ A. Thus
(e, Auty (A), U N A) € Zr(A) for each t € U~ A by (a).

Now set Z = {(7, Auty(A),UNA) |1 € B¥} C ,%?;(A). Then Z satisfies condition (x) in
Definition 2.4, so Z,(A) D % #+ .

(c) Assume A is weakly closed in F, and let Z < A be as in Proposition 2.2(c). Thus Z is
fully centralized in F, A 4 Cx(Z), and UN A < Z for each U € Zc,(z)(A).

Let T = Jo,z)(A) # @, U = Ucry2)(A) # D, and W = Werz)(A) # @ be as in
Proposition 2.2, and set

A ={(c;',Auty(A),UNA)|te T, Ue, (t,UA,)eW},

where A, € (UNA)“7%) and hence A, = UNAsince UNA < Z. By (a), Z C @CT(Z)(A). By
Proposition 2.2(b,c), for each t € .7, there is U € % such that (t,U,UNA) € #'. So #Z + &,
and condition () in Definition 2.4 holds for the pair #Z. Thus Z C %, ,(A) € %Z,(4). U

The next proposition is our main reason for defining %Z;-(A).

Proposition 2.6. Fiz a finite abelian p-group A and a p-subgroup T < Aut(A). Let A; <
Ay < A be T-invariant subgroups such that T acts faithfully on Ay/A,. If Z}(A) # @, then
Ky (As]Ay) # S. More precisely,

B (As) A1) D {(7, B, (A A, N As)JA)) | (7, B, A,) € Z5(A)}.

Proof. Assume A; < Ay < A are as above. If (1, B, A,) € %A”;C(A), then

|Caj(acainan) (T)] S |Cayyanan (T)] = Cagaya. (T)] < |Caya.(7)] < |BJ :
the first inequality by Lemma A.4 and the second by inclusion. So (7, B, (A, A1 N A3)/A;) €
Rt (AzJAy).
In particular, if #Z satisfies condition (x) in Definition 2.4 for the pair (T, A), then %’
satisfies () for (T, Ay/A;) where
Z = {(1,B, (A A NAy)JA) | (1,B,A,) € Z}. O

It remains to find some strong necessary conditions on A and T for the set %, (A) or
Z7(A) to be nonempty.
Proposition 2.7. Fiz a finite abelian p-group A and a subgroup T < Aut(A). Then for
each (1, B, A,) € Z;(A),
|A] |B] _ [Ca()[r, Al

Bl=mrma ™ Gonmal - JARAl 28)
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while for each (1, B, A,) € ,%?}“(A),

|A] |B| |Ca(7)[7, Al
B> —— and > > 1. 2.9
Pl2@pma ™ GmnmAl S A4l 29
In particular, for each (1, B, A,) € 9?;(/4),
|B| = |Ca(r) N [r, A, (2.10)

and |B| > |[1, A]| if p =2 and A is elementary abelian.

Proof. For each 7 € T#, let ¢, € End(A) be the map ¢, (a) = [r,a]. For each A, < Cyx(7),
we have Ca(1) = Ker(p;) and Ca/a, (1) = ¢;'(AL)/As, and hence

Claa(7)] = [Cam)] - [A N[ Al [Cam)] -l All 4]
’ | As] | Aulr, Al | Au[r, A]|
(2.11)
_ CaM)[m A]l - [Ca(r) N [T, A]l
| As[, Al '

Since |B| > |Cyaya.(7)] for each (1,B,A,) € @}“(A) with equality if (7, B, A,) € @T(A),
points (2.8) and (2.9) follow immediately from (2.11) (and since A, < C4(7)). Inequality
(2.10) follows from (2.9), and the last statement holds since [7, A] < C4(7) if p=2and A is
elementary abelian. O

The following corollary describes one easy consequence of the above results.

Corollary 2.12. Fiz a finite abelian p-group A and a p-subgroup T < Aut(A) such that
R} (A) # @. Then there is By < T, isomorphic to a subgroup of A, such that |By| >
|Cu(7) N [1, A]| for each T € BY.

Proof. Assume % (A) # @. Choose (19, By, Aw) € % (A) such that |C4(79) N [0, A]| is the
largest possible. By condition (*) in Definition 2.4, for each 7 € B# , there is (1, B, A,) €
Z}(A), and hence

[Calr) N7, Al < |Ca(70) N [70, A]l < | Bol,
where the second inequality holds by (2.10). O

We can think of the inequality |By| > |Ca(7) N[7, A]| in Corollary 2.12 as a generalization
of the condition |Z(S)N[S, S]| = p in [O1, Lemma 2.3(b)]. More precisely, when A has index
pin S and S is nonabelian, the corollary says that |Ca(7) N [A,7]| = p for 7 € S\ A, and
hence that |Z(S) N [S, S]| = p.

We next look at the case where A is elementary abelian. For 7 € End(A), we regard A as
an IF, [ X]-module, and let the “Jordan blocks” for 7 be the factors under some decomposition
of A as a product of indecomposable submodules. As usual, by “nontrivial Jordan blocks”
we really mean “Jordan blocks with nontrivial action”.

The following notation will be used when reformulating Corollary 2.12 in terms of Jordan
blocks.

Notation 2.13. Let A be an elementary abelian p-group, and let T € Aut(A) be an automor-
phism of p-power order. Set Z4(1) = rk(Ca(7) N [1, A]): the number of nontrivial Jordan
blocks for the action of T on A.

In these terms, Corollary 2.12 takes the following form when A is elementary abelian:
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Corollary 2.14. Assume I is a finite group such that I' = Op/(F), and let A be a finite
faithful F,I"-module. Assume there is a saturated fusion system F over a finite p-group S
that realizes (I, A) as in Definition 2.1. Then there are m > 1 and an elementary abelian
p-subgroup B < I' of rank m such that Z4(t) < m for each T € B¥.

Proof. Assume A ¢ F. By Corollary 2.12, there is an elementary abelian p-subgroup B < G
such that |B| > |Ca(7) N [r, A]| for all 7 € B#. Thus rk(B) > rtk(Ca(r) N [A,7]) = Za(7)
for each 7 € B¥. O

The special case of fusion realizability when |T'| = p was already handled in the earlier
papers [O1] and [COS|. We state the main conditions found in those papers:

Lemma 2.15. Fiz a finite abelian p-group A and subgroups I' < Aut(A) and T' € Syl,(I'),
and assume that |T| = p and |[T, A]| > p. If (I, A) is fusion realizable, then

ICA(T)N [T, Al =p  and  [Np(T)/Cp(T)| =p—1.

Proof. The first statement is just a special case of Corollary 2.12.

To see the second statement, assume that (I, A) is realized by the fusion system F over
S > A. Then |A/Cx(T)| = |[T, A]| > p by assumption, so A is the only abelian subgroup
of index p in S. Hence by Theorem 1.3 and since A € F, there must be some F-essential
subgroup P < S other than A, and by [COS, Lemma 2.2(a)], P € HUB where the classes H
and B of subgroups of S are defined in [COS, Notation 2.1]. By [COS, Lemma 2.6(a)] (and
in terms of Notation 2.4 in [COS]), we have M(Autf)(S)) = A, for t = 0 or —1, and from
the definition of p it then follows that Auty(7') = Aut(7") and hence has order p —1. O

3. REPRESENTATIONS OF MATHIEU GROUPS

We next look at representations of the Mathieu groups M, and their central extensions.
The main theorem is stated for an arbitrary prime p, but we focus attention mostly on the
cases p = 2,3, since the others follow from Lemma 2.15 and results in [COS].

We will apply Corollary 2.14 in most cases, using Lemma A.1 and the character tables
in [JLPW] to find lower bounds for #4(z) when |z| = 2 or 3. The notation 2X and 3X
refers to the classes as named in the Atlas [Atl] and in [JLPW]. In the following lemma, we
restrict attention to Mp, and My, since they are the only Mathieu groups with more than
one conjugacy class of elements of order 2 or 3.

Lemma 3.1. Assume I' = My, or Msy. Then

(a) each element of order 2 in I is contained in some Hy < I' with H; = Dso; and

(b) each element of order 3 in I is contained in some Hs < I' with Hy = A4, and with
elements of order 2 in class 2A (if ' = Myy) or 2B (if ' = Moy ).

Proof. Let n = 12,24 be such that I' = M, and let X be a 5-fold transitive I'-set of order
n. In each case, I' has two classes of elements of order 2 and two classes of elements of
order 3, and they are distinguished by whether they act on X freely or with fixed points as
described in Table 3.2. The outer automorphism of M, sends each of these classes to itself,
and so the inclusion of Aut(Mjy) into Msy sends distinct classes to distinct classes. It thus
suffices to prove the lemma when " = M.

(a) Fix an element g € 2A. By [GL, p. 41], Cr(g) = Cy x X5, and the second factor must
permute faithfully the six orbits under the action of g. Fix N < Cr(g) of order 5, and let



NONREALIZABILITY OF CERTAIN REPRESENTATIONS IN FUSION SYSTEMS 11

ro| 2a 2B 3A 3B
Miq 26 24. 14 3313 34
Mo, 98 . 18 912 36 .16 38
TABLE 3.2. The table lists the number of orbits in the action on X by each

element of order 2 or 3 in I'. Thus, for example, a 2B-element in M, acts
with four orbits of length two and four fixed points.

h € Cr(g) ~ (g) be such that N(h) = Djy. Then N(gh) = Dy, and we will be done upon
showing that h and gh lie in different classes.

Set Xg = Cx(N), a subset of order 2 whose elements are exchanged by g, and set X; =
X N Xy, Of the two elements h and gh, one fixes the two points in Xy and the other
exchanges them, and we can assume that h fixes them. Hence Cx(h) # @, so h € 2B.
Also, Cx(gh) C Xj, and since gh permutes freely four of the five (g)-orbits in X7, we have
|Cx(gh)| < 2. Since no involution in My acts with exactly two fixed points, this shows that
gh € 2A, finishing the proof of (a).

(b) Now fix an element ¢ € 3B. Then Cr(g) = Cs3 x Ay by [GL, p. 41]. Set N =
02(Cr(g)) = E4. The group Cr(g)/(g) = A4 acts faithfully on the set of four orbits of g, so
the elements of order 2 in N all act freely on X and hence lie in class 2A.

Fix h € Cr(g) such that N(h) = A;. Then N{gh) and N{g?h) are also isomorphic to
Ay. Also h permutes freely three of the four (g)-orbits in X, and the fourth orbit is fixed by
exactly one of the elements h, gh, or g?h. So one of these three elements lies in class 3A and
the other two in class 3B. 0

We now apply Corollary 2.14 and Lemma A.1 to prove Theorem A, on the realizability of
F,-modules when OP'(I) is a central extension of a Mathieu group.

Theorem 3.3. Fiz a prime p and o finite group I, and set Iy = OP (I"). Assume that I,
is quasisimple, and that It/Z(1) is one of the Mathieu groups. Let A be a fusion realizable
F,I-module and set Ay = [Iy, A]/Ciry,a)(1o). Then either

(a) p=2, ' = Msy or Maz, and Aq is the Todd module for I'; or

(b) p=2, I' & My, and Ay is the Todd module or Golay module for I'; or

(¢) p=3, ' = My, My x Cy, or 2Mys, and Ay is the Todd module or Golay module for
Iy; or

(d) p = 11, F(J = 2M12 or 2M227 F/Z(Fo) = Aut<M12> X 05 or Aut(Mgg) X 05, and AO 1S a
10-dimensional simple F111"-module.

Proof. Let n € {11,12,22,23,24} be such that I',/Z(Iy) = M,,. Fix T € Syl (I') = Syl (I%).
We will frequently refer to Tables 3.4 and 3.5 for our lower bounds on _#4(7) for || = p,

and they in turn are based on Lemmas 3.1 and A.1 and the character tables in the Atlas of
Brauer characters [JLPW].

Case 1: If p > 3, then |T| = p in all cases. So by Lemma 2.15, we have |Np(T)/Cr(T)| =
p—1and |Cu(T) N [T, A]| = p. In the terminology of [COS], this translates to saying that
I'e€ 4 and A is minimally active, and so the result follows from [COS, Proposition 7.1].
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Case 2: Assume p = 2. By Table 3.4, for 7 € I" of order 2, we have _#,(7) > rko(I") (and
hence Z;(Ay) = @) for each nontrivial simple Fyly-module Ay, except when Iy & My,
Moy, or Moy and Ag is the Todd module or Golay module.

I rke(Ip) dim(A4g) 1€ I a(T)

M, 2 > 1 2A | Z4,(2A) > 2(xa,(1) — xa,(BA)) > 4
My 3 >1 2A,2B | Z4,(2X) > 2(xa,(1) — xa,(5A)) > 4
Mo 4 >10 24| £ (2A) 2 2 (D)~ xa(54)) 2 8
3Mys 4 > 12 2A | Z4,(2A) > 2(xa,(1) — x4,(5A)) > 6
My 4 > 11 2A | Z40(2A) = $(xa0(1) — xa,(5A)) > 8
Moy 6 >11 2A,2B | 74,(2X) > 2(xa,(1) — x4,(5A)) > 8

TABLE 3.4. In all cases, Ay is an Fy/-module such that Cy,(I") = 0 and
[I', Ap] = Ay, and the characters are taken with respect to Fy. The bounds for
P a,(7) all follow from Lemmas 3.1(a) and A.1(a).

Thus if Z(I5) has odd order, then either n > 22 and Ay is the Todd module or Golay
module for I', or Iy =& 3Msy and Ay is the 6-dimensional Fylp-module. In the latter case,
#}(Ag) = @ by Proposition C.12, while if Iy & May or Moz and Ay is its Golay module,
then %} (Ag) = @ by Proposition B.8. So these last cases are impossible by Propositions
2.5 and 2.6.

It remains to consider the cases where Z(I") has even order. Assume first that Iy = 2Ms.
Then rky(I") = 4, and _Z4,(7) > 4 for each Fy[I'/Z(I")]-module Ay with nontrivial action by
Table 3.4. By the last statement in Lemma A.2 (applied with A in the role of V'), for each
elementary abelian 2-subgroup B < G of rank 4, since Z(I") < B, there is 7 € B of order
2 such that _#4(7) > 5. So Corollary 2.14 again applies to show that (I, A) is not fusion
realizable.

Now assume that I/Z(1y) = M, and let Z < Z(I') be the Sylow 2-subgroup. Thus
|Z| =2 or 4, and rky (1) < 5. By Table 3.4 and since _#4,(z) < rko(I), either I7/Z =2 My,
and Ay is its Todd module or its dual, or I'y/Z = 3Ms and Ay is the 6-dimensional F,I"/Z-
module. By Lemma A.2(b) and since I” acts faithfully on A, there must be indecomposable
extensions of Ay by Fy and of Fy by Ag. Thus H'(I'/Z; Ag) # 0 and H(I'/Z; A}) # 0 (where
A} is the dual module), contradicting [MS, Lemma 6.1]. We conclude that no such faithful
FyI'-modules exist.

Case 3: Assume p = 3. We claim that #4,(7) > rks(/5) (and hence (I, A) is not fusion
realizable) in all cases except when I'y = My or 2Mis and Ay is the Todd module for I or
its dual. This follows from Table 3.5 except when [y = My, dim(Ay) = 10, and Ay @ Fs
is the 11-dimensional permutation module. But in that case, #,(7) = 3 whenever |7| = 3
since 7 acts on an 11-set with three free orbits.

Finally, if Iy & M, or 2M75 and A is the Todd module or its dual, then A is absolutely
irreducible by [O2, Lemmas 4.2 and 5.2], and hence I" = My, My x Cy, or 2Mjs,. O

4. ALPERIN’S 2-GROUPS OF NORMAL RANK 3

As an example of how the results in Section 2 can be applied when the abelian p-subgroup
A < S is not elementary abelian, we next look at some 2-groups first studied by Alperin

[Alp] and O’Nan [O’N]. These are groups A < S where A = Cyn X Con X Cyn and S/A = Dy,
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I'  rk3(I") dim(4y) 7T€ (1)

My 2 >10(%)  3A | _Z4(3A) > f(xan(l) — xa,(44)) > 3
M, 2 >1  3A,3B| _74,(3X) > 1(xa,(1) — x4,(24)) >3
2Myy 2 >6  3A,3B| 74,(3X) > 1(xa,(1) — xa,(24)) > 2
My 2 >1 BA | Z4,(BA) > 1(Xao(1) — xa0(24)) > 4
2My 2 > 1 BA | _Z4,(8A) > L(xay(1) — xa,(2A)) >4
My 2 >1 3A | F,(3A) > 1(xan(1) — xay(24)) > 4
Moy 2 >1  3A,3B| 74,(3X) > 1(xa,(1) — x4,(2B)) > 6

TABLE 3.5. In all cases, Ag is an F3/-module such that Cy,(I") = 0 and
[I', Ag] = Ao, and the characters are taken with respect to Fs. Thus when
I" =2 2M,,, the character values for the simple 10-dimensional F4I'-module are
doubled here since it can only be realized over Fy. When I'" = M, the bounds
for _#4,(7) apply only when A is not the 10-dimensional permutation module.
The bounds for _#Z4,(7) all follow from Lemma 3.1 and Lemma A.1(c), except
when I" = My, or 2My5 where A.1(d) is used.

with presentation given in Table 4.1. They are characterized by Alperin [Alp, Theorem 1]
as the Sylow 2-subgroups of groups G with normal subgroup E = Ejg, such that O(G) = 1,
Autg(FE) = Aut(E) and all involutions in Cg(E) lie in E. Our goal is to show how results
in Section 2 can be applied to prove in the context of fusion systems a theorem of O’Nan’s,
by showing that A is normal in all saturated fusion systems over S [O’N, Lemma 1.10].

v Ut Us ’USQ USt
U1 Vg ! Vg U3 (2 !
Uy vyt U3 v1v; g e
U3 e 010y 3 Uy N

TABLE 4.1. Let S = A(s,t), where A = (v1,v2,v3) = Con X Con X Con, the
elements s and t act on A as described in the table, and also t> = 1 and
st € (vyv3). Set T = Autg(A) = (cs, ¢;) = Dg.

Before considering the groups A < S directly, we must first handle the following, simpler
case (compare with [O’N, Lemma 1.7]).

Lemma 4.2. Fizn > 2, and let S = (v,w,c) be a group of order 2*"*2 where A= (v, w) =
Con X Cyn, and S = A x (o) where * =1, v° = w, and w’ = v~*. Then A is normal in
every saturated fusion system over S.

Proof. Assume otherwise: assume F is a saturated fusion system over S for which A 4 F.
Thus some element ¢ € 024 is F-conjugate to an element of A. Since |C3(0)| = 2 and
|C;(0?)| = 4, each abelian subgroup of S not contained in A has order at most 8, and hence
Alis weakly closed in F.

By Proposmon 2.2(b,c) and since Ais weakly closed in F, there is U < S F-conjugate to
a subgroup of A such that (¢, U,U N A) € ##(A). In particular, \UA/A| 1C% /w0
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Since conjugation by t sends each element of A to its inverse, U N A < Ci(t) = (/T),
and hence C'g ;7)) = 2(A/(U N A)) has order 4. Thus \Uﬁ/m = 4, and so there is
u € U such that u € o A.

We claim that for each U* € U7, either U *A =8 or U* < A. Assume otherwise: then
UA = Alo?). So U N A < Cz(0%) = (A), and U* is elementary abelian since each
clement of 02A has order 2. Since U 2 U* is not elementary abelian (recall [u| = 4), this is
impossible.

By Theorem 1.3 (Alperin’s fusion theorem), there is a subgroup R < § together with an
automorphism a € Aut]:(R) and subgroups A; and U; = oc(Al) such that A;,U; € U7,
A < A and U, ﬁ A. We just saw that this implies UlA S. So AN R contains a cyclic
subgroup of order 4 and is normalized by o. Hence R > (v¥" ", (vw)*" "), and so [R, R] >

2,(A). Since a sends some element of 2;(A) to an element in the coset oA ¢ [R, R], this
is impossible. O

Lemma 4.2 can also be proven using the transfer for F (see, e.g., [AKO, §1.8]) to show

that no element z2, for x € af/l\, can be in the focal subgroup of F. Such an argument would
be closer to that used by O’Nan in the proof of [O’N, Lemma 1.7], but we wanted to apply
the tools used elsewhere in this paper.

We now return to the groups A < S defined by the presentation in Table 4.1. We first
check that when n > 2, A is weakly closed in every saturated fusion system over S:

Lemma 4.3 ([O'N, Lemma 1.5]). Let S = A(s,t) be an extension of the form described in
Table 4.1, where n > 2. Then A is the only abelian subgroup of index 8 in S, and hence is
weakly closed in every saturated fusion system over S.

Proof. This follows immediately from the centralizers listed in Table 4.4, since if A; < S
were abelian of index 8 and A; # A, then for z € A; N A, the subgroup Cy(z) > AN A,
would have index at most 4 in A. OJ

H | @ (%) (st) (s) (1) (sst)
Ca(H) [ (o3 05)  (ows,v505)  (woghoe5)  (ws) (ufoses®) (vfes, v5es)

(H,A] | (owvs,v8) (orog ' ofy®) (ive,vivg®) (oo vy )

TABLE 4.4. Centralizers and commutators involving some of the abelian sub-
groups H < (s,t). Here, e = 2" ! and § = 2" 2.

The arguments used in the proof of the following theorem are essentially the same as
O’Nan’s (when proving Lemma 1.10 in [O’N]), but repackaged with the help of Proposition
2.5 and the properties of the sets Z,(A).

Theorem 4.5 ([O'N, Lemma 1.10]). Let S = A(s,t) be an extension of the form described
wn Table 4.1, where n > 3. Then A is normal in every saturated fusion system F over S.

Proof. Assume otherwise: assume F is such that A 4 F. By Proposition 2.5(c) and since A
is weakly closed in F by Lemma 4.3, there is a subgroup Z < A fully centralized in F such
that A 4 Cx(Z), and such that for each u € Jo,(z)(A) there is U € %c,(2)(A) such that
UNA<Zand (¢, Auty(A),UNA) € Z;(A). Set 7 = ¢’}; we can assume that |7] = 2. Set
B = Auty(A) and A, =U N A.
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By Table 4.4, we have |Cs(7) N |7, A]| = 4. So |B| > 4 by inequality (2.10) in Proposition
2.7, with equality since T'= Dg has no abelian subgroups of order 8. Hence

CA<B)[7—7 A] > A* [7-7 A] = CA(T)[Tv A]7 (46>
where the equality follows from (2.8) in Proposition 2.7.
Since |B| = 4, we have ¢,2 € B. So we can choose u € s*A with u € Jo,(7)(A) (thus
Cr(Z)-conjugate to an element of A), and hence 7 = ¢ = c,2. By Table 4.4,
(7, A] = (vivg*, viv, ?) and Cu(T)[r, A] = (v1vs,v3,03).
So by Table 4.4, point (4.6) fails when B = (s?,t) or (s?, st), and holds only when B = (s)
and A, = Cy(s) = (vjvs). Since A, < Z < Cy(B) by assumption, we have Z = (v;v3).

Set F = Cr(Z)/Z, A= AJZ, and S = Cs(Z)/Z (sce Definition 1.10). Then A 4 Cr(2)
by assumption, hence is not strongly closed by Lemma 1.5, and so A/Z is not strongly closed
in Cf( )/Z. Thus A 4 F. Let v,w,0 € S be the classes (modulo Z) of v1,vq,s € S. Then

A < S are as in Lemma 4. 2, s0 AQF by that lemma, giving a contradiction. OJ

APPENDIX A. SOME LEMMAS IN REPRESENTATION THEORY

Recall Notation 2.13: when V' is an elementary abelian p-group and 7 € Aut(V') has order
p, we set

Av(r) = tk(Cu(r) N [, V) :

the number of nontrivial Jordan blocks under the action of 7 on V. We derive here some
formulas that give lower bounds for these functions in terms of Brauer characters.

The first lemma gives, in certain cases, lower bounds for #y (z) in terms of the modular
character of V.

Lemma A.1. Fiz a prime p, an elementary abelian p-group V', and an element z € Aut(V)
of order p. Let x = xv be the modular character of V' as an F,Aut(V')-module.

(a) Assume p =2, and let g be an odd prime such that ord,(2) =g — 1. Let a € Aut(V') be
such that |a| = q and (a,z) = Dyy. Then

Hv(x) > 5 (xv (1) = xv(a)).

(b) Let q be a prime such thatp | (¢—1), and let a € Aut(V') be such that |a| = q and {(a, z)
1s nonabelian of order pq. Then

q—1

S = L3 (1) v (@)

(c) Assume p =3, and let a € Aut(V') be such that (a,x) = Ay and |a| = 2. Then
Sv(x) = 1(xv(1) = xv(a).

(d) Assume p =3, and let a € Aut(V') be such that < ,x) = 2A, and |a| = 4. Then
(@) > 1 (xv (1) — xv(a)).

Proof. (b) Since (a, z) is nonabelian of order pq, where p | (¢ — 1) and |a| = ¢, we have

|~

~

=
>~ R

8

q—1 q—1
1

dina(V/Cr (@) = xv (1) = = 3 @) = ¢ 3 0w(D) = xvla)

=0 =1
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The action of z on T, ®r, (V/Cy(a)) permutes freely the eigenspaces for a, corresponding

to the primitive g-th roots of unity in Fp. So all Jordan blocks for this action have length
p, and the same holds for Jordan blocks for the action of z on V/Cy(a). So Zy(x) >

ey (x) = 5 dim(V/Cy(a)).

(a) Since |a| = ¢ and ord,(2) = ¢ — 1, we have yy(a') = xy(a) for all i prime to ¢. So this
is a special case of (b).
(c) Letb € (a,x) = Ay besuch that (a,b) = FEj. Since a, b, and ab are permuted cyclically by
x, they all have the same character. Hence each of the three nontrivial irreducible characters
for (a,b) = E, appears with multiplicity

n = 3 dim(V/Cv((a,b))) = 5(xv(1) — ;(xv(1) + 3xv(a))) = 1(xv(1) — xv(a)).
Since x permutes those three characters cyclically, we have #y(x) > n.
(d) Set H = {(a,z) = 2A, where |a| = 4, and set z = a®> € Z(H). Then V =V, ® V_ as
F3 H-modules, where V. are the eigenspaces for the action of z, and it suffices to prove the
claim when V =V, or V = V_. The case V =V, was shown in (c).

Now assume V' = V_, and set m = dim(V) = xv(1) and Hy = Oy(H) = @s. Let
W be the (unique) irreducible 2-dimensional F3Hy-module. Then V|g, = W™2 and
Homp, g, (W, V) = F?/Q since Endp, g, (W) = Fs. So there are 1(3™/% — 1) submodules
of V|, isomorphic to W, they are permuted by (x) = C3, and hence there is at least one
2-dimensional F3H-submodule W; < V. By applying the same argument to V/W; and
then iterating, we get a sequence 0 = Wy < Wy < -+ < Wy = V of F3H-submodules
such that dim(W;/W;_;) = 2 for each 1 < i < k. Then dim(Cw,w, ,(z)) = 1 for each
i, so dim(Cy(z)) < m/2, and dim([x,V]) > m/2. Each nontrivial Jordan block in V' has
dimension 2 or 3, and intersects with [z, V] with dimension 1 or 2, respectively. Thus

Hv(x) = 5 dim([z,V]) = im = {xv(1) = 3 (xv (1) — xv(a)),
the last equality since xy(a) = 0 (recall a® = z acts on V via —Id). O

The next lemma is needed to handle F,I"-modules in certain cases where O,(I") # 1.

Lemma A.2. Fiz a prime p, a finite group G such that OP(G) = G, and a subgroup 1 #
7 < Z(G) of p-power order. Set G = G/Z. Let'V be a faithful indecomposable F,G-module.
Then either

(a) among the composition factors of V', there are at least two simple F,G-modules with
nontrivial action of G; or

(b) there are submodules 0 # Vo < Vi <V such that G acts trivially on Vi and on V/Vi,
the Fp@-module Vi/ Vi is simple, and Vi and V/Vy have trivial Z-action and are inde-
composable F,G-modules.

Furthermore, in the situation of (b), for each g € G\ Z, we have tk([h, V1 /Vy]) = 1k([h, V])
for at most one element h € gZ. Thus if p =2 and |g| = 2, there is h € gZ of order 2 such

that _Zv(h) > Zvi v, (h).

Proof. Assume (a) does not hold. Thus all but one of the composition factors in V' have
trivial G-action, and there are F,G-submodules V5 < Vi < V such that V;/Vj is simple
(hence Z acts trivially) and all composition factors of Vi and of V/V; are trivial. Since
G = OP(@) is generated by p'-elements, it acts trivially on V4 and on V/V].

Let W < Vj be the submodule generated by the [g, V1] for all p’-elements g € G. For each
such g, [, Vi]NVy < [g,V1]NCy, (g) = 0 since g acts trivially on Vj, so projection onto Vi /Vp
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sends [g, V1] injectively, and Z acts trivially on [g, V3] since it acts trivially on V;/V;. Thus
[Z,W] =0, and V; = W + V} since V;/Vj is simple and W £ V. So Z acts trivially on V;.

By a similar argument, Z acts trivially on the dual (V/V()*, and hence acts trivially on
V/Vy. Since Z acts nontrivially on V', we have V; <V and V # 0.

éssume V1 is not indecomposable. Thus Vi = W, @ W1, where W, and W; are nontrivial
F,G-submodules of V; and Wy < V. The action of G on V/W; is trivial (an extension of
Wy by V/V1), so [G, V] < Wi, and W splits off as a direct summand of V', contradicting the
assumption that V' be indecomposable. Thus V) is indecomposable as an Fpa—module, and
a similar argument involving the dual module V* shows that V/V} is also indecomposable,
finishing the proof of (b).

Now fix ¢ € G~ Z, and assume that hy,hy € ¢gZ are distinct elements such that
k([hi, V]) = tk([h;, Vi/ Vo)) for i = 1,2. Set z = hi'hy € Z#. Since G acts faithfully
on V by assumption, there is some ay € V' such that [z, a] # 0. By (b), we have ag ¢ Vi
and [z, ap] € V.

Set h = hy for short, so that hy = zh. Then [h,Vi/Vy] = [hz,V1/Vb], so tk([h,V]) =
tk([h, V1/V4]) = tk([hz,V]), and hence [h,V] = [h, V1] = [hz, V] and [h, V1] NV = 0. In
particular, [h, ao] and [hz, ag| are both in [h, V3]. Also,

[hz, ao] = z(h(ao) — ao) + (2(ao) — ao) = z([h, ac]) + [2, ao],
so 0 # [z, ap] € [h, V1] N Vp, a contradiction.

The last statement now follows since if p = 2 and |h| = 2, then ¢y (h) = rk([h, V]) and
/V1/V0(h> :rk([h,Vl/VO]). O

The following example shows one way to construct examples of modules of the type de-
scribed in Lemma A.2(b).

Example A.3. Fix a prime p, a finite group G such that OP(G) = G, and a subgroup
1 # Z < Z(G) of p-power order. Choose k > 1 such that Z has exponent at most p*.
Let H < G be such that no nontrivial normal subgroup of G is contained in H. Set
V =Z/p"(G/H): the free Z/p*-module with basis the set G/H of left cosets. Regard V as
a left Z/p"G-module, set Vo = Cz(V), and let V < V be such that V/V; = Cj . (G). Set
Vo = Cy(G) = C,(G) and Vi = [G, V5]V, Then V is a Z/p*G-module on which G acts
faithfully. Also, G acts trivially on V5 and on V/V;, and Z acts trivially on V; and on V/Vj.

If, furthermore, V; < V; (equivalently, if p | |G/HZ|), then there is a Z/p*G-submodule
V' <V such that V' >V}, G acts faithfully on V', and V'/V} =2 V/V,.

Proof. Set
og= Y gHECHG) =V, and oz=) zHeCy(Z) =V
gHeG/H 2€Z
Note that Z N H = 1 since it is normal in G and contained in H.

Since no nontrivial normal subgroup of G is contained in H, the group G acts faithfully
on V and G/Z acts faithfully on V. So G acts faithfully on V' if Z does.

Fix an element 1 # z € Z; we will show that [z, V] # 0. Let Zy < Z and x € Z \ Zj be
such that Z = Zy x (x) and z ¢ Zy, and set p® = |z| (thus £ < k). Choose A € Z/p* of order
p’, let g1,...,gm € G be representatives for the left cosets of HZ in G, and set

m ‘1
v = Z Z pZS/\- (tx*g;H) € V.

i=1 teZy s=0
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Let zg € Zy and 0 < r < p® be such that z = zyz". Then
m pf—1
20 = Z Z Z sA- (tzox* " giH) = v — 1)\ 0g,
i=1 t€Zy s=0
and [z,v] # 0 since rA # 0.

For each g € G, let z1,...,2, € Zy and r1,...,7r, € Z be such that for each ¢, gg; H =
zjx" g;H for some j. Then

m pf-1 m pi-1 m
gu = Z Z Z sA- (tx®gg;H) = Z Z Z s\ (tzjz*tg;H) = v — er)\ " 9j0z,
j=1

i=1 teZy s=0 j=1 teZy s=0
and so [g,v] € Cy(Z) = V. Thus v € V, finishing the proof that Z acts faithfully on V.

Since [Z,[G,V]] = 1 by definition and [Z, G] = 1, we have [G,[Z,V]] = 1 by the three-
subgroup lemma (see [Go, Theorem 2.2.3]). Hence [Z, V] <V}, so Z acts trivially on V/Vj.

If Vi < Vi, then G acts trivially on V3/V; and on V/V;, and hence acts trivially on
V/V (recall G is generated by p’-elements). So V/V; = (Vo/Vy) x (V'/V}) for some Z/p*G-
submodule V'’ < V containing V; with V' /V} 2 V/V,. Also, Z acts faithfully on V’ since it
acts faithfully on V' = V' + V4 and trivially on V3, so G acts faithfully on V' since G/Z acts
faithfully on [G, V5] < Vi =V 'NVs. O

For example, when p = 2, G = 2Mi,, Z = Z(G) = Cy, and H = My, then by Example
A.3, there is a 12-dimensional faithful FoG-module V' with submodules V; < V; < V| where
dim(Vp) = 1, dim(V;) = 11, Z acts trivially on V4 and on V/Vj, and where V; has index two
in the 12-dimensional permutation module for G/Z = M.

There are much more general ways to construct faithtul Z / pk’(i—modules V with Vy <V} <
V as in Lemma A.2, starting with a given Z/p*G-module V; (G = G/Z). But the ones we
have found all seem to require certain conditions on H*(G;V;) to hold.

We end the section with the following, more technical lemma needed in Section 2.

Lemma A.4. Let A be a finite abelian group, and fix o € Aut(A). Let Ay < A be such that
a(Ag) = Ag. Then |Casay(a)| < |Cala)].

Proof. Set G = (a) < Aut(A). The short exact sequence 0 — Ag — A — A/A; — 0
induces an exact sequence in cohomology
0 —— Cay(G) —— CA(G) — Cuyay(G) —— HY(G; Ag) —— ...,
and hence
[CA(G)] = [Cayao(G)] - |Cao (G)| /| H' (G5 Ao
Since G = (a) and Ay is finite, we have |H'(G; Ap)| = |H*(G; Ap)| where H?(G; Ap) is a
quotient group of C4,(G) (see [W, Theorem 6.2.2]). So [Ca(G)| > |Caya,(G)]|. O

APPENDIX B. THE GOLAY MODULES FOR My AND Mo

We now apply results in Section 2 to prove that the Golay modules (i.e., dual Todd
modules) for My and Mass are not fusion realizable in the sense of Definition 2.1. We do
this by showing that %} (A) = & (see Definition 2.4) whenever T' € Syl,(M,,) (n = 22 or
23) and A is the Golay module of M,,.

We first set up our notation for handling these groups and modules. The notation used
here for doing that is based mostly on that used by Griess [Gr, Chapter 4-5].



NONREALIZABILITY OF CERTAIN REPRESENTATIONS IN FUSION SYSTEMS 19

For a finite set I and a field K, let K’ be the vector space of maps I — K, with canonical
basis {e; |i € I}. Let
Perm;(K) < Mon}(K) < Aut*(K')
be the groups of permutation automorphisms, semilinear monomial automorphisms, and all

semilinear automorphisms, respectively (i.e., linear with respect to some field automorphism
of K). Thus if |I| = n, then Perm;(K) = X, and Monj(K) = (K*)" x (X, x Aut(K)). Let

7 =mrk: Monj(K) —— Perm;(K)
be the canonical projection that sends a monomial automorphism to the corresponding

permutation automorphism; thus Ker(n x) is the group of semilinear automorphisms that
send each Ke; to itself.

More concretely, set
I={1,2,3,4,5,6} and =Fyx1.

Thus F’ and FI are the vector spaces of functions 2 — Fy and I — [Fy, respectively. We
also identify F{ with the space of 6-tuples in Fy. Fix w € Fy \ Fy, and let (z — T) be the
field automorphism of F4 of order 2. Thus Fy = {0,1,w,w}, and T = 22 for x € F,.

Let 27 C Fl be the hexacode subgroup:

H = <(w,w,w,w,w,w), (W, w, w0, w,w,w), (W, w,w,w,w,w), (w,w,w,w,w,w)>

(B.1)

Fya'

Thus 47 is a 3-dimensional Fy-linear subspace of F{. When making computations, we will
frequently refer to the following elements in 7

hi =(1,1,1,1,0,0),  hy=(1,1,0,0,1,1),  h3= (w,®,1,0,1,0). (B.2)

Notation B.3. Let the group I' % F1 % Monj(F,) act on 2 = Fy x I in the usual way: F}
acts via translation, (F})! acts via multiplication in each coordinate, Permy(F,) permutes
the coordinates, and ¢ € Aut(F,) sends (c,i) to (¢,4). This in turn induces an action on F3,
where g € I' sends an element e(.;) to egyc). Equivalently, for § € FS$ and (c,i) € 02, define

9(&) by (9(&))(c, 1) = &(g7 (e, 9)).
As special cases, tr, € Aut(FE) will denote translation by n € Fi, and 7(a) € Aut(FE)
will be the automorphism induced by o« € Monj(Fy). Thus

ttn(f) <C7 Z) - §(c - U(i)7 Z) and 7_(0‘)(5) (Cv Z) - 5(04_1<C7 Z))
Now set
Aut*(A#) € {a € Mon}(Fy) | a(#) = ).

By [Gr, Proposition 4.5.ii], Aut*(J#) = 3. In other words, each permutation of I is the
image of some automorphism of .7, unique up to multiplication by w - Id for some u € F}.
More explicitly, Aut*(J¢) is generated by the subgroup

Autg () = ((12)(34), (12)(56), (135)(246), (13)(24),(12)(34)(56)¢) = Ty x Cs,
where ¢ is the field automorphism ¢(z1, ..., x¢) = (Z1, ..., Ts), together with the elements

w-1Id and a=(123)-diag(1,1,1,1,w, w).

We refer to [Gr, Definition 5.15] for a definition of the Golay code ¢ < F¥. Here, rather
than repeat that definition, we give a set of generators. Define &t: FI — F¥ by setting

Gr(§) =) . e
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(the “graph” of &). Define elements in F$:
Ci=> eey (foriel) and  gr, = &c(h)+6x(0) (for h€F}),
celFy

and also C;; = C; + C for distinct 4, j € I and Cio34 = C12 + Cs4. Then C; + &r(0) and gv,
are in ¢ for all i € [ and all h € . From the “standard basis” for ¢ given in [Gr, 5.35],
we see that

G =(Ci+&r(h)|icl, he #H)=(C;+6(0),gr, |[icl, he ).
This is a 12-dimensional subspace of Fy’, with basis consisting of the six elements C; + &t(0)

for i € I, together with six elements gt;, for h in any given Fy-basis of 7. By [Gr, Theorem
5.8], the weight of each element in ¢ is 0, 8, 12, 16, or 24.

Define M4 to be the group of permutations of {2 that preserve ¢, and set Golyy =
9 [(eq): its Golay module. Also, define

Ay ={(0,6)} and Ay ={(0,6),(1,6)},

and for 7 = 1,2 set
My, _; = CM24(Ai) and G0l24_2' = {5 €Y ‘ supp(f) N Al = @}
Thus dim(Golzy) = dim(Golys) = 11, while dim(Golys) = 10.

Define permutations 7;;,tt, € X, for i # j in I and h € F} by letting 7;; exchange the
1-th and j-th columns and letting tv;, be translation by h. More precisely,

Tij(c, k) = (¢,0(k)) where 0 = (i j) € X and  try(c, i) = (c+ h(i),1).
Then tr;, € Moy for all h € . By the above description of Auty(7) < Aut*(J€), the

elements 719734, T12T56, and 713794 all lie in Moy,
Notation B.4. Fizn =22 or 23. Set I' = M,,, and define subgroups
T = <tth1,ttwhl,tth3,ttwh3,7'127'34,7'137'24,7'12¢> € Syl,(I)
Hy = (tep,, ten,, T12T34, T13T24)

Hy = (tvp,, tegn,, top,, teap, ).

In the next lemma, we list the basic properties of these subgroups that will be needed.

Lemma B.5. Assume Notation B.J, with n = 22 or 23. Then H, and Hs are the only
subgroups of T isomorphic to Fig. If we set A = Gol,, then

[tey,, Al = (Cha, Ci3, Cha, gty,,) = Eig,

Ca(Hy) = Ca(T) = (Chz34),

Ca(Hz) = (Ch2,Ci3,C, C15) = Ee.
Proof. The first statement is well known and easily checked. Note, for example, that 7'/ H; =
Dg, and that Cpy, (x) has rank 2 for x € T'\ Hy. So if F1¢ =2 H < T and H # H;, then

HH, = H;(tvy,, tr,p,) or Hy(tr,,, T120), and from this one easily reduces to the case H = Ho.
(Note that all elements of order 2 in Hy H, lie in Hy U H,.)

The statements about commutators and centralizers follow from Tables B.6 and B.7. O

We are now ready to look at the sets %} (A) (see Definition 2.4), when I' & Myy or Mo
and A is its Golay module.

Proposition B.8. Assume Notation B.4, with n =22 or 23, I' = M, and T € Syl,(I").
Let A be the Golay module for I'. Then %5 (A) = @.
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x| Cizs  Cha Ciz Cis gvy, 9y, + 056 00,400, + Cho
[tvn,, «] 0 0 0 0 0 0 0
[ttwn, , 7] 0 0 0 0 Clo34 Cio Coas
[ten,, o] 0 0 0 0 Cio Cio Cos
[ttwns, 2] 0 0 0 0 Ci3 Cis Css
[T12T34, 7] 0 0 Ciazs  Cio 0 0 gty
[T13T 24, 7] 0 Cia34 0 Ci3 0 gty gty
[T120, x] 0 0 Cia  Cha 0 0 gty,, + Cse

TABLE B.6. Table of commutators [g, z] = g(z) —x for g € T and = € Golps.
The first six elements in the top row form a basis for Cge, (tty, ), and together
with the seventh they form a basis for Cgopg (tts, ).

T ‘ Oun, O, 0T, Ot(Whe) +Ch
[tey,,, x] ‘ Ciaza Cia Ci3 gty + Cha

TABLE B.7. The classes of these four elements x form a basis for Gol,,/Cgo, (tth, ).

Proof. Assume the proposition is not true, and fix a triple (7, B, A,) € Z7(A). Thus 7 € T
has order 2, B < T is an elementary abelian 2-subgroup, and A, < C4((B, 7)) is such that
|B| > |Caya,(7)|. By Proposition 2.7 and since [7, A] < C4(7), we have

|B| > HT, AH [Calr) - A, Al (B.9)

Since I" = My or Mz has only one conjugacy class of involution, we have |[r, A]| =
|[ten,, A]] = 2* by Lemma B.5. Thus |B| > 2%, with equality since rky(I") = 4. Since H;
and Hj are the only subgroups of 7' € Syl, (1) isomorphic to Eyg (Lemma B.5), B must be
equal to one of these subgroups. Also, Cy(7) = A.[r, A] by (B.9) and since |B| = ||, 4]|, so

rk(Ca(B)) > rk(A.) > rk(Ca(r)/[1, A]) > 2.
By Lemma B.5 again, CA(Hl) = <01234> has rank 1 and CA(HQ) = <C127013,014,015> has
rank 4, so B = H,.
By condition (*) in Definition 2.4, each element of B# can appear as the first component

in an element of %2} (A). So we can assume that (7, B, A,) was chosen such that 7 = tv,
(and still B = Hy). Hence by Tables B.6 and B.7,

gthg + 056 S CA(tthl) — A* [tthp A] S OA(-HQ)[tthla A] - <0127 0137 C{14) 0157 gth1>7
a contradiction. We conclude that %7 (A) = @. O

APPENDIX C. THE 6-DIMENSIONAL MODULE FOR 3Mas

We again fix an element w € Fy \Fs, and let (a — @) denote the field automorphism of Fj.
Thus Fy = {0,1,w,w}. We also use the bar over matrices to denote the field automorphism
applied to the entries; i.e., (a;;) = (@;;). Let Tr: Fy — Fy be the trace: Tr(a) = a +a.

Set W = F} and V = F§, where elements of W are written as column matrices (lc» ) for

a,b,c € Fy, and elements of V' are written as column matrices (4 ) for u,v € W. Let (—, —)
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be the hermitian form on V' defined by

< (3) ’ (fé) > = Tr(u'y + v'T).

The description here of the action of I' = 3My; on V' is based on that in [Ben, Chapter 2]
and in [Atl, p. 39], originally due to Benson and others. An element denoted | ; 5 ¢ | in [Ben]

or (rx sy tz) in [Atl] is written here <Z) where u = (%) and v = (Zi;C)

t+z
For i,k =1,2,3 and j = 1, 2, define

S b
w! ifi =k t
" {1 ifi Atk N
173
and set & = {(b;;) |i=1,2,3, j =1,2}. The following lemma is easily checked.
Lemma C.1. Consider the hermitian form h: W x W — F, defined by h(v,w) = v'w.
Define elements uq,...,usg € W by setting

1 0 0 1 1 1
ur =109, U = | 1], ug =101, Ug=1\1]), Us =\ w |, U =\ @ ),
0 0 1 1 w w

and set % = {{u;)|1 < i < 6}. Then the members of % are the only 1-dimensional
subspaces of W not orthogonal to any member of A, and the members of % are the only
1-dimensional subspaces of W not orthogonal to any member of % . Hence for D € GL3(4),

the action of D on W permutes the members of % if and only if the action ofﬁt permutes
the members of AB.

Define matrices
000 100 011 0ww
M :<o10> M. :(000) M, :(101) M, :<50w>
10 001/’ 20 001/’ 01 110/ 02 wwo)’

and set MOO = 0, M03 = M01 —I—MOQ, M30 = Mlo—l—Mg(), and Mij = MZ‘Q—FMQJ' for Z,j = 1, 2, 3.
In other words, if we set 3 = {0,1,2,3} and regard it as an elementary abelian 2-group via
bitwise sum, then ((i, ) — M;;) is a homomorphism from 3 x 3 to M3(FFy).

Finally, set
Aij =T+ M  ((1,5) € 3x3).
Note that
Ay = and Agi = Uiraup, s for all i =1,2,3. (C.2)

Notation C.3. Define mazximal isotropic subspaces X;; <V (fori,5=0,1,2,3) and Y;; <
V (fori=1,2,3 and j =1,2) as follows:

Xy = { (A;}jv) v E W} and Y = { (bbltu)
57 Yij

Set ' ={X;;|i,j=0,1,2,3} and ¥ ={Y;;]i=1,2,3, j=1,2}. Let I' < Aut(V) be the
group of unitary automorphisms of V' that permute the members of & U % .

uEW}.
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The members of 2" U % are all totally isotropic since the matrices A;; and bijwjt are
hermitian for all 7, j. Following [Ben] and [Atl], we arrange them diagrammatically as follows:

XOO XOl X02 X03
Yr12 lel XlO Xll X12 X13
YV22 }/21 X20 X21 X22 X23
YFSZ Y?Sl XSO X31 X32 X33

(C.4)

Notation C.5. For M € Ms(F,) and D € GL3(Fy), define @ur,vp € Aut(V) by setting

() =G D) e () =0 5) ()

where (=)' means transpose inverse. Set
D0:<68?), Dlz(%8?>, D2:<%i>, D3:<523),
010 110 001 00w
and set
[ij = P, and di = Yp,. (for i,7 =0,1,2,3)
Also, define the following subgroups of Autg, (V') (in fact, of I'):
H:Nf<g):NF(‘%') Plz{u2]|7’7]:0717273}
=Cr(¥) Py = (10, Ho1, 0o, 61)
F :CF(%U@) T:P1P2<52>:P1<50,51,52>.

Note that ¢p is unitary whenever B = B, and tp is unitary for all D € GL3(4). In
particular, the p;; and the ¢; are all unitary.

Most of the information about I" and its action on V' in the following lemma is well known
and implicit in Chapter 2 of [Ben], but we try here to make more explicit some of the details
in the proofs.

Lemma C.6. Set Vo = {(¢)|weW}. Set A = (Dy, Dy, Ds,D3) < GL3(4), and set
wA = <50,51,52,(53> = {’QDD | D e A} < Aut(V) Then

(a) I'' =2 3Msyy and T € Syl,(I);
(b) A =¢n =34
(c) Ho= P, x Iy where P, = {gp el } olv, = Id} >~ Fig and Iy = (w-1dy); and
(d) H={pel'[p(V) =V} =PFiia.
Proof. For each ¢ =1,2,3 and j =1, 2,
Y Vo= {(8) lue W, B'u=0} = {(§) |u€bj} (C.7)

in the notation of Lemma C.1. Thus dimg, (Y NVj) = 2 for Y € &, and distinct members of
% have distinct intersections with V{. So for each pair Y # Y’ in ', we have Y NY’' <V}
where dim(Y NY”’) = 1, and the set of all such intersections generates ;.

Thus each ¢ € H sends Vj to itself. If ¢ € Hy, then ¢ sends each of the 1-dimensional
subspaces Y NY” to itself (for Y # Y" in %), and hence ¢|y, € (w - Idy,).

By definition, X NV = 0 for each X € 2. So if ¢ € I' is such that (V) = Vj, then ¢
permutes the members of 2" and those of %, and hence lies in H. If ¢|y, € (w - Idy,), then
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since the intersections Y NV, for Y € & are all distinct, ¢ sends each member of % to itself
and hence lies in Hy. To summarize, we have now shown that

H={pel|pVy)=Vo} and Hy={pel|ply € (w-Idy)}. (C.8)

(b) Each of the matrices D; for i = 0, 1,2, 3 permutes the members of % = {u; |1 < i < 6},
and does so via the permutations

Dy : (23)(56), Dy (14)(23), Dy (12)(34), D3 : (456). (C.9)
These generate the group of all even permutations of the set %/. In particular, there is a
matrix Dy € A that induces the permutation (123), and by considering its action on the u;
for 1 <i <4, we see that D, = <§8§> for some r € Fy.
We claim that
A={De GL;(4) | D(%) =« }. (C.10)
To see this, assume D € GL3(4) permutes the (u;). Since all even permutations of % are

realized by elements in A, there is D’ = D (mod A) that sends each of the subspaces (u;),
(ug), (us), (ug) to itself. But then D’ must have the form s- I for s € F}. Since

(528) = [(428). (288)] < 2.4,
00w 00w 0ro0
this proves (C.10), and also shows that A = 3A4,.

The isomorphism ¥a = A follows directly from the definitions.

(c) We first check, for each i,j = 0,1,2,3, k = 1,2,3, and ¢ = 1,2, that p;;(Yie) = Yae
This means showing, for u € W, that

Droebrr 1 = bkzb_kzt(u + Mijbkzb_kztu);

i.e., that b_kgtMijbkg = 0. It suffices to do this when ij = 0 and (¢,5) # (0,0). In all such
cases, by (C.2), there is (¢;;) € % such that ¢;;¢;' = I + M;;. So it suffices to show that

—t — —t
(bie ij) - (bre cij) = bre bre = 1;
equivalently, that by, [ ¢;; — which follows from Lemma C.1.

For the same automorphism g;; with matrix (é MI] ), an element (4x*) € Xy, is sent
to (Akf“j:Mij“). Since Ay + M;; = Apyier; where sums of indices are taken bitwise, this
shows that p;;(Xge) = Xyiierj. S0 ;5 permutes the members of 27, finishing the proof that
Wij € Hy<1TI.

Conversely, for each ¢ € I' such that ¢|y, = Id, ¢ induces the identity on V/Vj since it
is unitary and Vj is a maximal isotropic subgroup, so ¢ has matrix ({ ) for some M €
Ms(F,). Thus ¢ = ¢um (see Notation C.5). Let (i,7) be such that ¢(Xg) = X;;; then
A+ M =1+ M = A;j, s0o M = M;;, and ¢ = p;; € P,. We now conclude that

Pr={pel|ply=1d}.

By (C.8), ¢ € Hy implies that ¢|y, € (w - Idy,), and hence that ¢ € P; x (w - Idy). Thus
Hy < Pyx{w - Idy), and we already proved the opposite inclusion. Also, {(w - Idy) < I'y < Hy,
and Iy N P; = 1 since P; acts faithfully on 2". So I = (w - Idy).

(d) Fix D € A; we will show that ¢¥p € H. Let pp: M3(F,) — Mj3(F4) be the homomor-

phism pp(M) = DMD'. Since D permutes the members of % by (C.9), pp permutes the
set
{wi’ | (u) € %} = { Ao, Azo, Aso, Ao, Aoz, Aos}
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(see (C.2)). This, together with the relations A;; + Ags+ Apn = Aitkrm j+e+n (Where indices
are added bitwise) shows that pp permutes the set of all A;; for i,j = 0,1,2,3. (Note, for
example, that Agg = Ayg + Ag + Aso.) If i, j, k, ¢ are such that pp(A;;) = Ak, then

o= {(52) e} ~{ (P47

and thus ¢ p permutes the members of 2.

v GW} = Xy,

By Lemma C.1 and since D permutes the members of %/, the matrix D' permutes the
members of %. So for each i, j there is k, £ such that Etbu € (b;;), and hence

op(Yi) = Du cwl_ v
DAty = Eitbija‘jtu ¢ N EitbijEthilv

B v
B bkéb_ldtv

Thus ¢p also permutes the members of %', and it follows that ¢p € H.

UGW}

v E W} = Y.

Conversely, for each n € H, n(Vy) =V, by (C.8), and 7|y, permutes the subspaces Y NV,
for Y € #. So n has matrix of the form (]0j gt), where D permutes the subspaces bt < W
for all (b) € # by (C.7), and hence permutes the members of % by Lemma C.1. So by
(C.10), there is § € ¥ such that 5|y, = d|y,. Then 67'n € P, by (c), and n € Pjipa. This

finishes the proof that H = Pjia.

(a) Set I'* = I'/Iy, regarded as a group of permutations of the set 2" U % . By [Ben,
Theorem 2.3], I'* acts 3-transitively on the set 2" U #. It is well known (see, e.g., [Po, p.
235]) that the only finite groups that act 2-transitively on a set of order 22 are My, Ago,
and their automorphism groups. So once we have shown that T € Syl,(I") and |T| = 27, it
will then follow that I™ = Msy,, and that I is a central extension of Iy = C3 by ™.

Recall that T = P;(do, d1,d2), where by (C.9), the action of the §; on % generates a
subgroup of X isomorphic to Dg. Hence T/P; & Dg, and |T| = 27. Alternatively, one can
describe T' by looking at the subgroup of Aut(Vy) generated by restrictions of its elements.

Under the action of I, the stabilizer of a subspace X € 2" U % acts Fy-linearly on X.
If ¢ € I is such that ¢|y = Idx, then ¢ sends each member of 2" U % to itself since their
intersections with X are distinct, and hence ¢ € Iy. The point stabilizer for the action of ™
on 2" U is thus isomorphic to a subgroup of PGL3(4), and hence the order of I'* divides
22 |PGL3(4)] =27 -3%-5-7-11 = 3 [Man|. So T € Syly(I') and I'* = May,. Finally, I is
the nonsplit central extension of Iy = C3 by I'™* since it contains ¢¥p = 344 by (b,d). O

Thus P, = Oy(H), where H = Ej6 x 344 is a hexad subgroup of I" = 3My,. One can also
show that P, = Oy(K) where K = Np({Yi1,Y12}) is a duad subgroup of I'. Equivalently,
K = C5 x (Eyg x Xs5) is the group of elements of I" that permute the five 2 x 2 blocks in
diagram (C.4); i.e., send the four members of each such block to those in another block.

The next lemma collects some technical properties of the action of I" on V.

Lemma C.11. Let {ey, e, ..., e} be the canonical basis for V- =TFS. Then for Py, P,,T < T’
and p1o € Py N Py as defined in Notation C.5,

(a) Py and Py are the only subgroups of T isomorphic to Eyg; and
(b) Cv(po) = (e1, €2, e3,e4), [110, V] = (e, €3), Cv(P1) = (e1, €2, €3), Cv(Pa) = (e2 + €3).
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Proof. For point (a), see Lemma B.5. Point (b) follows easily from the above descriptions of
the actions. O

We are now ready to look at the sets % (V) for this action.

Proposition C.12. Assume p = 2 and I' = 3May, and let V = FS be the 6-dimensional
FyI"-module. Then %4 (V) = & for each T € Syly(I').

Proof. We can assume T < I" and V are as in Notation C.3 and C.5. Assume % (V) # &,
and fix an element (7, B, A,) € #Z; (V). Thus 7 € T has order 2, B < T is an elementary
abelian 2-group, and A, < Cy(B(7)) is such that rk(B) > rk([r, V]) and

[Cv(7) : Au[r, V]| < [BI/|[7 V] (C.13)

Since " has only one conjugacy class of involutions, 7 is ['-conjugate to 19, and hence
tk([7,V]) = 2 - dimp, ([pt10, V]) = 4 (Lemma C.11(b)). Since rk(B) < rky(I") = 4, we have
tk(B) =4 and Cy (1) = A7, V] by (C.13). So by Lemma C.11(b) again,

rk(Cy(B)) = rk(A.) = rk(Cy (7)) = rk([r, V]) = rk(Cv (p10)) — rk([p20, V) = 4.

By Lemma C.11(a), P, and P, are the only subgroups of T" isomorphic to Ejg. Since
tk(Cy (Py)) = 2, we have B = P;. By condition () in Definition 2.4, we can assume that
the triple (7, P, A,) was chosen so that 7 = 0. But then

(e1, €2, e3,e4) = Cy(p10) = Ailpiro, V] < Cv(Pr) [0, V] = (e1, €2, €3)
by Lemma C.11(b), a contradiction. O
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