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Maps between classifying spaces revisited

STEFAN JACKOWSKI, JAMES MCCLURE, AND BOB OLIVER

ABSTRACT. In an earlier paper, we developed general techniques which can
be used to study the set of homotopy classes of maps between the classifying
spaces of two given compact Lie groups. Here, we describe more precisely
the general strategy for doing this; and then, as a test of these methods,
apply them to determine the existence and uniqueness of (potential) maps
BG — BG@G studied earlier by Adams and Mahmud. We end with a
complete description of the set of homotopy classes of maps from BGs2 to
BFy.

In 1976, Adams & Mahmud [3] published the first systematic study of the
problem of determining the homological properties of maps between classifying
spaces of compact connected Lie groups. This was continued in later work by
one or both authors: Adams [2] extended some of the results to the case of
non-connected Lie groups by using complex K-theory; while Adams & Mahmud
[4] identified further restrictions which could be made using real or symplectic
K-theory.

Recently, in [21], the three of us developed new techniques for studying maps
between classifying spaces: techniques based on new decompositions of BG for
any compact Lie group G. The main application in [21] was to the problem
of determining self maps of BG for any compact connected simple Lie group
G. This problem had earlier been studied by several other people (cf. [26], [28],
[16], [18], [19], and [23]). The main missing point was to show that the “unstable
Adams operations” ¢* : BG — BG are unique up to homotopy.

The main tools which now make possible a more precise study of maps be-
tween classifying spaces are a series of consequences of the proof of the Sullivan
conjecture by Miller (cf. [13]), Carlsson [11], and Lannes [22]. The principal
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result which we use directly is the description, by Dwyer & Zabrodsky [14],
Zabrodsky [33], and Notbohm [24], of map(BP, BG) when G is any compact Lie
group and P is p-toral (an extension of a torus by a finite p-group). The idea of
our approach was to combine these theorems of Dwyer-Zabrodsky and Notbohm
with a new decomposition of BG: a decomposition which approximates BG at
any prime p as a homotopy direct limit of classifying spaces of p-toral subgroups
of G.

In this paper, we show how the same techniques can be used successfully in
other situations, to get information about the existence and uniqueness of maps
BG — BG' when G and G’ are two distinct compact connected Lie groups. We
first describe the general strategy for doing this, taking as our starting point the
work of Adams & Mahmud in [3]. To illustrate how these tools work in practice,
we then take those examples listed in [3] involving (potential) maps between
classifying spaces of distinct rank; and use our methods to determine exactly
which ones actually do exist.

We end with a complete description of the set of homotopy classes of maps
from BG4 to BF, (Example 3.4). In this case, there are four families of maps,
of which two can be constructed (at least away from the prime 3) as composites
of the inclusion Gy < Fj, unstable Adams operations, and Friedlander’s “ex-
ceptional isogeny” on BGs. The maps in the other two families come in pairs,
where one map from each pair can be constructed in a similar fashion, but by
using an inclusion which is defined only between the algebraic groups over Fy
instead of the inclusion of compact Lie groups. But the remaining map in each
pair seems to be completely new, and cannot as far as we can tell be constructed
as any composite of algebraically defined maps.

Many of the techniques used here carry over to the case where G is an arbitrary
compact Lie group (in particular, a finite group). But since they are based on
using Sullivan’s arithmetic pullback square for localizations and completions of
BG’, we do always assume that G’ is connected.

Section 1

Throughout the paper, G and G’ will denote two compact Lie groups, where
G’ is connected. We want to study the set [BG, BG’] of homotopy classes of maps
from BG to BG'. We fix maximal tori TCG and T'CG’, and let W = N(T)/T
and W' = N(T")/T' denote the Weyl groups. We also regard W and W' as
groups of automorphisms of T and T’ respectively (note, however, that the
action of W need not be effective if G is not connected).

Our procedure for studying maps BG — BG’ can be broken up into three
steps:

Step 1: Admissible maps
For the purposes of this paper, we define an admissible map from G to G’ to be
a homomorphism ¢ : T — T" such that for every weW there exists w’' €W’ such
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that w’ o ¢ = ¢ow. The motivation for this definition comes from the following
result, due in its original form to Adams & Mahmud [3].

THEOREM 1.1. For any f : BG — BG', there exists an admissible map
¢ : T — T’ such that the following square commutes up to homotopy:

BT 2%, pr

lincl lincl (1)
BG —— BG".
Furthermore, for any other admissible map ¢’ : T — T" such that f|BT~B¢',
¢ =wo ¢ for some weW’.

PROOF. By [3, Theorem 1.5], there is a homomorphism ¢ : T' — T" such that
(1) commutes in @Q-cohomology. Also, ¢ is admissible by [3, Corollary 1.8], and
by [3, Theorem 1.7] is unique up to composition by an element in W’. And by a
result of Notbohm [24, Proposition 4.1], two maps BT — BG’ are homotopic if
they induce the same map in K-theory, and hence if they induce the same map
in Q-cohomology. [

A partial converse to Theorem 1.1 is also proven in [3]: any admissible map
¢ : T — T’ is induced by some f : BG — BG’[Wll]; i.e., after inverting those
primes dividing the order of the Weyl group. In fact, the definition of admissible
maps given by Adams & Mahmud in [3] is more general than that given here,
in order to allow for admissible maps corresponding to maps f : BG — BG’ [%],
i.e., maps defined only after inverting some finite number of primes.

We want to determine which admissible maps extend to globally defined maps
f: BG — BG' (and if such maps exist, how many there are). When doing this,
it will be useful to write [BG, BG']y to denote the set of homotopy classes of
maps which extend a given admissible map ¢, and similarly for localizations and
completions of BG’. The next proposition reduces the problem of describing
[BG, BG'], to the case of maps to the p-adic completions of BG'.

PROPOSITION 1.2. For any set P of primes and any admissible map ¢ : T —
T', the map
[BG, BGp)ls —— ][ [BG, BG'}]s
peEP
(induced by completion) is a bijection. Also, if p{|W|, then [BG,BG'}]g has
order 1. So in particular (if W #1)

[BG,BG']; = [] [BG,BG' ;).

p|IWl

ProOOF. The bijectivity of ¢ is shown in [21, Theorem 3.1], using Sullivan’s
arithmetic pullback square for completions and localizations of the simply-
connected space BG'. The fact that [BG, BG';]4 has order 1 whenever pf|W|
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is implicit in [30], although it is stated there only for G finite or connected.
Another proof (for arbitrary G) is given in Theorem 1.12 below. O

Note that when G is finite, the last statement in Proposition 1.2 takes the
form

[BG,BG'| = [] [BG, BG;].
p|IG|

By [3, Theorem 2.21], for any admissible ¢, there is a homomorphism ¢ :
W — W' such that ¢ is ¢-equivariant; i. e., ¢(w) o ¢ = ¢ o w for each weW. In
general, there can be more than one ¢ : W — W' for which ¢ is ¢-equivariant.
But in many cases ¢ is uniquely determined, and the following lemma gives one
condition for this to happen.

LEMMA 1.3. Assume that ¢ : T — T’ is a reqular admissible map: an ad-
missible map with either of the following equivalent properties:

(a) Car (9(T)) = T".

(b) Im[p : T — T'] is not contained in the kernel of any of the roots of G’.
(qg denotes the universal covering map of ¢.)
Then there is a unique homomorphism ¢ : W — W' for which ¢ is ¢-equivariant.

PROOF. See [3, Lemma 2.22]. Note, when showing that (b) implies (a), that
the centralizer of any torus in the connected group G’ is connected (cf. [21,
Proposition A.4]). O

We must now consider the problem: given an admissible map ¢ : T — T, is
it induced by a map f : BG — BG’ between the classifying spaces? And if so, is
the map unique? By Proposition 1.2, ¢ can be extended to a map f if and only
if it can be extended to f, : BG — BG’, for each prime p, and the extension is
unique if it is unique for each completion.

Our procedure for answering these questions is based on p-local approxima-
tions of BG, by homotopy direct limits over certain orbit categories defined as
follows:

DEFINITION 1.4. A subgroup PCG is p-toral if it is an extension of a torus by
a finite p-group. A subgroup PCG is p-stubborn if it is p-toral, and if N(P)/P
is finite and has no nontrivial normal p-subgroups. We let O,(G) denote the
category of orbits G/ P for p-toral PCG (and Mor(G/Py,G/Ps) is the set of all
G-maps). And Rp(G) C O,(T') denotes the full subcategory of orbits G/P for
p-stubborn PCG.

Our procedure for describing maps from BG to BG’}, is based on two results
which are summarized in the following theorem. The first says that BG can be
approximated as a limit of BP’s for p-stubborn subgroups PCG, and the second
describes the sets [BP, BG'] for p-toral P. For any pair of groups G, G2, we let

Rep(Gy,G2) := Hom(G1, G2)/ Inn(G3)

denote the set of Go-conjugacy classes of homomorphisms p : Gy — Gs.
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THEOREM 1.5. (i) (Jackowski, McClure, & Oliver [21]) For any compact Lie

group G and any prime p, hocolim (G/P) is Fp-acyclic. Hence the
= G/PER,(Q)
projection map

hocolim(EG/P) = EG x¢ ( hocolim (G/P)) ———— BG
— —
G/PeR,(G)

is an Fp-homology equivalence (and EG/P~BP).
(i) (Dwyer & Zabrodsky [14], Notbohm [24]) For any p-toral group P, the
map

B : Rep(P,G') —=— [BP, BG'|, (1)

which sends p to Bp, is a bijection. Also, for any prime p, the completion map
[BP, BG'] — [BP, BG'}] is injective, and is bijective if P is a finite p-group.

PROOF. Point (i) is shown in [21, Theorem 1.4]. The bijectivity of (1) is
shown in [14] (when P is a finite p-group) and [24] (when P is an arbitrary
p-toral group). Note that this does not require the connectivity of G'.

If P is a finite p-group, then [BP, BG',] = [BP, BG'] by obstruction theory
(or the fact that BP is p-complete).

Now assume that P is an arbitrary p-toral group, and let f, f' : BP — BG’
be such that (f), ~ (f'),. Let T C P be the identity component. For each
n > 1, let T,, € T be the subgroup of elements of order dividing p™. Choose
subgroups P, C P, C --- C P such that P, N"T = T, for each n, and such
that the union of the P, is dense in P (cf. [15, Corollary 1.2]). Then for each
n, (f|BP,)p ~ (f'|BP,),, and hence f|BP, ~ f'|BP, (since P, is a finite p-
group). Also, BP, ~ hocglim((BPn);,) (cf. [15, Proposition 2.3]); and so the

obstructions to constructing a homotopy between f and f’ lie in

1(1211 (7r1 (map(BPFP,, BG/>f‘BPn)).

n

By the theorem of Dwyer & Zabrodsky [14], if p,, : P, — G’ is such that f|BP,, ~
Bpy, then m(map(BP,, BG') s pp,) = m1(BCq (Im(py))). In particular, these
groups are all finite, so {iinl vanishes, and f ~ f/. O

In Steps 2 and 3 below, we fix a prime p, and consider the problem of deter-
mining the set of homotopy classes of maps BG — BG’,, which extend a given
admissible map ¢ : T'— T’. Fix a maximal p-toral subgroup N,(T)CG: i. e., a
subgroup for which N,(T)/T is a p-Sylow subgroup of N(T')/T. (See, e.g., [21,
A1 & A.2] for more details about maximal p-toral subgroups.)

Step 2: R,-invariant representations.
An R,-invariant representation on G is an element

p € Rep(N,(T),G") = Hom(N,(T),G")/ Inn(G")



6 STEFAN JACKOWSKI, JAMES MCCLURE, AND BOB OLIVER

with the property that the representations p|P combine to form an element in
the inverse limit:

p=(pIP)a/per,) €  lim  Rep(P, G").
G/PeR(G)
Equivalently, for any p-stubborn PCG and any two homomorphisms i1,5 : P —
N,(T) induced by inclusions and conjugation in G, poi; is conjugate (in G’) to
poia. Analogously, we say that p : N(T') — G’ is Op-invariant if its restrictions
define an element in above limit when taken over all G/P € O,(G) (see Definition
1.4). The next proposition says that these two conditions are equivalent.

PROPOSITION 1.6. Any R,-invariant representation p : Np(T) — G’ is O,-
invariant. In particular, if p is Rp-invariant, and g,g' € Np(T') have p-power
order and are conjugate in G, then p(g) is conjugate to p(g’).

PRrROOF. Fix a p-toral subgroup PyCN,(T'), and an element z€G such that
zPyz'CN,(T). We must show that the homomorphisms

51 = p| Py, sa = (plxPox™') o conj(x) : Py —— G

are conjugate in G’. The last statement then follows from the special case Py =

(9)-
Consider the G-complex
ER,(G) = hO(Eim (G/P).
G/PeR,(G)
Let ZoCZCER,(G) be its 0- and 1-skeletons. In other words, Z is the disjoint

union of the orbits G/P in R,(G), and Z consists of the mapping cylinders of
all morphisms in R,(G) attached to Zy. Since p is Rp-invariant, the map

fo= ]_[ B(p|P) : EG xg Zy ~ ]_[ BP —— BG&
G/PeR,(G) G/PER,(G)

can be extended to a map
f:EGxgZ — BG'.

By [21, Theorems 2.14 & 1.4], (ER,(G))** is F,-acyclic, and in particular con-
nected. It is the homotopy colimit of the functor which sends G/P to (G/P)™,
and hence its 1-skeleton Z° is also connected. It follows that any two G-maps
G/Py — Z are G-homotopic. And if we identify BPy ~ EG X¢g G/Fy in the
usual way, then Bs;~f o (EG X «;), where

Q1,09 G/PO —_— G/NP(T> - ZO - Z

are defined by setting a;(gPy) = gN,(T) and ax(gPy) = gz ' N,(T). Hence
Bsi1~Bsg, and s is conjugate to sa by Theorem 1.5(ii). O

By Theorem 1.5(ii), [BP, BG'] = Rep(P,G’) for all p-toral P. So for any
f: BG — BG', f|BN,(T) ~ Bp for some unique R,-invariant representation
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p. Actually, the following slightly stronger version of this observation will be
needed.

PROPOSITION 1.7. For any f : BG — BG’, extending ¢ : T — 1" (i.e., f €
[BG,BG'}]s), fIBN,(T) ~ (Bp), for some unique Ry-invariant representation
p:N,(T) — G

PRrOOF. Choose finite p-subgroups P1 C P, C --- C N,(T'), as in the proof
of Theorem 1.5(ii) above, such that the union of the P, is dense in N,(T"). By
Theorem 1.5(ii) (the Dwyer-Zabrodsky theorem), for each n, f|BP, ~ Bp, for
some p, : P, — G'. We may choose the p,, such that p,|T;, = ¢|T, for all n.
Also, for each n, p,+1|P, and p, are conjugate in G’, and hence by an element
of Cq/(Ty). And since Ca (T),) = Ce (T) for n sufficiently large, the p, can be
successively chosen such that p,41|P, = p, for all n.

Now let p : N,(T) — G’ be the unique continuous extension of U2, p,. In
particular, p|T = ¢. And since BN,(T), ~ hocglim((BPn);,) (cf. [15, Propo-
sition 2.3]), the same argument (involving {inl) used in Theorem 1.5(ii) shows
that f|BN,(T) ~ (Bp)p-

The R,-invariance of p now follows immediately from Theorem 1.5(ii): for
any p-toral P C G and any 01,02 : P — G', (Bo1), ~ (Bos), if and only if oy
and oy are conjugate in G'. [

The question is now: given an admissible map ¢ : T — T”, can it be extended
to an R,-invariant representation, and if so to how many? As will be seen below,
in many concrete cases, this can easily be determined using ad hoc methods. But
we have no general techniques for doing this. In particular, this is the missing
step if we want to construct the unstable Adams operations for the exceptional
Lie groups using this procedure.

The following proposition gives one simple (but very useful) tool for showing
that certain admissible maps do not extend to maps between classifying spaces.

PROPOSITION 1.8. Let ¢ : T — T be an admissible map such that

(i) Ker(¢) is finite (i.e., ¢ : T — T' is injective), and

(i) there exists an element t€ Ker(¢) of p-power order, which is conjugate in
G to some element in N,(T)\T.
Then ¢ does not extend to any Rp-invariant representation from G to G'. In
particular, B¢ is not the restriction of any map BG — BG',,.

PROOF. Assume that ¢ extends to an Rp-invariant representation p
N,(T) — G’. Since any p-toral subgroup of G’ is conjugate to a subgroup
of N(T"), we may assume that Im(p) C N(T”) (this can be done without chang-
ing p|T', but that is not necessary here). By assumption, ¢ is conjugate in G to
some element ¢ €N, (T)\T. The conjugation action of ¢; on T is nontrivial, and
p sends T into T” with finite kernel. Thus, the conjugation action of p(t;) on
T’ must be nontrivial. But since p is Op-invariant by Proposition 1.6, p(t1) is
conjugate to p(t) = 1; and this is a contradiction.
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The last statement follows from Proposition 1.7. [

Step 3: Computation of higher limits.

An R,-invariant representation p determines a family of maps, compatible
up to homotopy, from the BP~EG/P to BG',. The obstructions to extending
these to a map from hocglim(EG/P) to BG';, — and hence from BG to BG',
— were described (in a much more general context) by Wojtkowiak in [29].

We use Wojtkowiak’s notation, and write Hgr to denote the category whose
objects are groups, and where Mory 4 (G1,G2) = Rep(G1,G2). Also, Gr will
denote the usual category of groups; and p-Hgr C Hgr and p-Gr C Gr the
subcategories of finite p-groups. Then {ini(F ) is defined for any functor F :

C — Hgr, and lim" (F) is defined for any F : C — Gr (cf. [29]).
—C

THEOREM 1.9. Fiz an R,-invariant representation p : Np(T) — G', and
define functors

7 : Rp(G) — p-Hgr and 1°

n

:Rp(G) = Zpy-mod  (n > 2)

by setting

I} (G/P) = mn (map(BP, BG';) gy p) = { m1(BCa (Im(p))  ifn=1

[ (BCar (Im(p)))]p  if n > 2.
Then Bp extends to a map f : BG — BG', if the higher limits {iﬁl"+l(ﬂﬁ)
vanish for all n > 1. If there is such an extension f, then I lifts to a functor
Rp(G) — p-Gr, and f is unique up to homotopy if the limits {iin”(l'[fl) vanish
foralln > 1.

PRrROOF. The formula for the homotopy groups of map(BP, BG',) g, p is im-
plicit in Notbohm [24]; and is shown explicitly in [21, Theorem 3.2(iii)] using the
results in [24]. Note in particular that for any p-toral PCG’, 7 (BCq (P)) =
mo(Ceq (P)) is a p-group (cf. [21, Proposition A.4]).

By Theorem 1.5(i),

[BG, BG';) = [ hocolim (EG/P), BG’;,]
—
G/PERH(Q)
So by Wojtkowiak [29], the obstructions to extending Bp to a map f : BG —
BG'; lie in the higher limits lim" " (I1%), and the obstructions to uniqueness in
—
the lim" (I12). Note that once we have found one map f which extends Bp, then
—

it can be used to consistently define base points for the map(BP, BG'})¢ pp,
and hence to lift II? to a functor to p-Gr (so that lim'(I?) is defined). [
«—

In fact, it is not hard to extend the arguments in [29] to construct a second
quadrant spectral sequence which converges to the homotopy of map(BG, BG';),
— the space of maps which extend Bp. See also [9] & [10]. Problems with
nonabelian values for IT{ do not occur in any of the concrete examples we consider
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in Sections 2 and 3; but they do have to be considered in the proof of Corollary
1.11 below.

One might expect the computation of these higher limits to be quite hard
in general. We did, however, succeed in [21] in developing some very powerful
algorithms which are successful in making these computations in many cases.
They are based on some functors A*(T'; M), defined (for fixed p) for any finite
group I' and any Z,)[[']-module M.

More precisely, for any such I and M, let Op,(T") denote the category of orbits
I'/P for p-subgroups P C I'. Let Fis : Op(I') — Zp)-mod be the contravariant
functor defined by setting Fi(I'/1) = M, and Fp(I'/P) =0 for 1#£P CT'. We
then define

AT M) = {El ().
Op(T)
The following theorem explains the significance of these functors.

THEOREM 1.10. Consider a contravariant functor I : R, (G) — Z,y-mod.
(i) Assume, for some p-stubborn subgroup PCG, that F wvanishes except on
the orbit type G/P. Then lim*(F) = A*(N(P)/P; F(G/P)).
—
(ii) Assume, for some n > 0, that A"(N(P)/P;F(G/P)) = 0 for all p-
stubborn PCG. Then {Eln(F) =0.

(iii) pr“ Ker[l' — Aut(M)]|, then A*(I; M) = 0. If pf|T'|, then A°(T; M) =

MY and A"(T; M) =0 for allmn > 1. pr‘|1"|, then A°(T; M) = 0. If p*{|T|, then
A (T, M) =0 for all n > 2.

PROOF. Point (i) is shown in [21, Lemma 5.4].

To see point (ii), let N,(T') = Fo, Pi, ..., Py be conjugacy class representatives
for all p-stubborn subgroups of G (there are finitely many by [21, Proposition
1.6]). Assume the P; are arranged from smallest to largest; i. e., such that (P;) C
(P;) implies i<j. For each 0<i<k, define F; by setting F;(G/P) = F(G/P) if
(P) = (P;) for some j<i, and F;(G/P) = 0 otherwise. Then FyCF; C ...CF;, =
F. By (i), for each i,

lim" (Fy/Fy—1) = A"(N P,/ P;; F(G/P)) = 0.

The long exact sequence of higher limits for a short exact sequence of functors
(cf, [21, Proposition 5.1]), can now be used to show that lim"(F) = 0.
—

Finally, point (iii) is shown in [21, Propositions 5.5, 6.1, and 6.2]. O
Note that if we only are interested in the existence of maps extending p, then
we need only compute higher limits lim™ over R,(G) for n > 2. The following
—

corollary to Theorem 1.10 gives some simple sufficient conditions for these to
vanish.

COROLLARY 1.11. Fiz contravariant functors

F:Ry(G) = Zpy-mod, Fi:Ry(G) = p-Gr and Fy:Ry(G) — p-Hgr.
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(i) Assume for each p-stubborn subgroup PCG that either pf|N(P)/P]|,
p“Ker N(P)/P — Aut(F(G/P))]|. Then 1<£n (F1) =0, and 1<£n (F)=0 for
alln > 1.

(it) Assume for each p-stubborn subgroup PCG that either p*{|N(P)/P|, or
p|| Ker[N(P)/P — Aut(F(G/P))]|. Then h;n (F2) = 0, and lim"(F) = 0 for
all n > 2.

Proor. For the functor F', which takes values in Zj)-mod, these claims follow
immediately from Theorem 1.10.

Now let F; be one of the functors Fy or F». Let G/P be minimal (i.e., P is
minimal) among those objects upon which F; is nonvanishing. Let F] C F; be
the subfunctor such that F!(G/P) = Z(F;(G/P)), and such that F vanishes
on all other orbit types. Then F! is a functor to the category of finite abelian
p-groups. So by Theorem 1.10, hm (F/) = 0 if pf|N(P)/P|, and hm (F)) =

0 if p*|N(P)/P|. We may assume inductively that lim' "(F;/F)) = 07 and an
—
examination of the definitions of the nonabelian lim" and lim? in [29] now shows
— —
that lim‘(F}) = 0.
—

As a first illustration of the use of Theorems 1.5 and 1.10, we show how they

apply in the case where pf|W|.

THEOREM 1.12. (Adams & Mahmud, Wojtkowiak) If pf|W|, then any ad-
missible map ¢ : T — T" extends to a unique map f: BG — BG';.

PROOF. The existence of an extension is shown in [3, Theorem 1.10], at least
when G is connected; and existence and uniqueness when G is finite or connected
is shown in [30]. We show here how the result follows from the theory just pre-
sented. When pJ(|W|, then the only p-stubborn subgroups of G are the maximal
tori (any p-toral subgroup PCG is contained in a maximal torus, and N(P)/P
is finite). Thus, R,(G) is equivalent to the category with one object G/T', with
End(G/T)=W. In particular, N,(T) = T, and any admissible map ¢ is itself
Rp-invariant. Finally, for each 7,j > 1,

{iini(nf) =~ H'(W;11(G/T)) = 0

since pf|W| and H? (G/T) is p-local. 0O

We next consider the cases where p2)(|W|, or where G’ is a matrix group.
These conditions hold for several of the examples from [3] which we study in
Sections 2 and 3. In these cases, we again get some very strong results about
the existence and uniqueness of maps BG — BG’},.

PROPOSITION 1.13. Fiz a prime p. Assume that mo(G) is a p-group, and
that p2ﬂW|. Then p2J(|N )/ P| for all p-stubborn subgroups PCG. Also, any
Rp-invariant representation p : Np(T) — G’ extends to a map BG — BG',,.
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PRroOOF. Fix a p-stubborn subgroup PCG. If P is contained in a maximal
torus, then P is a maximal torus (N(P)/P is finite); and so p*|N(P)/P|. So
we are left with the case where P is not contained in any maximal torus.

Step 1: We start with a general observation. Let H < P be any normal
subgroup of finite index, let S < P be the identity component, and let Aut(P, H)
be the group of automorphisms of P leaving H invariant. Then

Aut(P, H) (Res, Quot) Aut(H)
Inn(S) Inn(S)
is a finite p-group. When P is finite, this is shown in [17, Corollary 5.3.3]. If
H =S, then this holds since the kernel can be identified with H(P/S;S) (any
automorphism « induces the 1-cocycle (g — g~ ta(g))). And the general case
now follows since the kernel of each of the maps
Aut(P, H)
Inn(S)
is a finite p-group.
Assume in addition that H is normalized by N(P) (i.e., H < N(P)). We
claim that in this case,

x Aut(P/H)

—— Aut(S) x Aut(P/S, H/S) — Aut(S) x Aut(H/S) x Aut(P/H)

Ker [N(P) — Aut(H) x Aut(P/H)] C P. (1)

Let K denote this kernel. Since N(P)/P has no nontrivial normal p-subgroups
(by definition of “p-stubborn”), it will suffice to show that the image of K
in N(P)/P is a p-group. For any g € K, conj(g) has p-power order in
Aut(P, H)/Inn(S), so conj(g?") = conj(z) for some k and some z € T. Hence
g"" 21 € Cq(P) C P (see [21, Lemma 1.5]), and so g?" € P.

Step 2: Assume that p‘|N(P)/P| (otherwise we are done). Let P'/P be a p-
Sylow subgroup of N(P)/P. Since P’ is p-toral, we may assume that P'CN,(T).
Since P Z T (and p*{|W|), we must have P’ C (P, T). If PNT<IN(P), then

P'NT C Ker {N(P) —— Aut(P N T) x Aut(P/(P N T))};

and this contradicts (1).

Thus, PNT is not normal in N(P). Consider the Frobenius subgroup ®(P):
the subgroup generated by all commutators and p-th powers in P (cf. [17, §5.1]).
Then Cp(®(P))<N(P), and Cp(®(P))2PNT. Since PNT has index p in P and
is not normal in N (P), this shows that Cp(®(P)) = P; i. e., that ®(P)CZ(P).

In particular, the conjugation actions of P on ®(P) and P/®(P) are trivial
— the first since ®(P) is central and the second since [P, P] C ®(P). So there
is a well defined map

(k1,k2) : N(P)/P — Aut(®(P)) x Aut(P/®(P)).

By (1) again, (k1,k2) is injective. Furthermore, P'/PCKer(xy) (P’ C (P, T)
and ®(P)CT'), P'/P is a Sylow p-subgroup of N(P)/P; and so Im(x1) has order
prime to p. And pf| Ker(kz)|, since (k1, k2) is injective.
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Step 3: Identify P/®(P) = V = (Fp)", set I' = Im(k2), and regard I' as a
subgroup of GL,,(F,). This subgroup has the following properties:

(a) any Sylow p-subgroup of I' acts as the identity on some codimension
one subspace of V. It suffices to check this on one Sylow p-subgroup of I' =
k2(N(P)/P); e.g., on ko(P’/P). And this acts via the identity on (PNT)/®(P),
since P C (P,T). Conversely, any two distinct Sylow p-subgroups of T' fix
distinct codimension one subspaces, since the stabilizer in I' C GL,,(F,) of any
codimension one subspace has a normal (and hence unique) Sylow p-subgroup.

(b) T contains no nontrivial normal p-subgroup. Since if 1 # @ < T' is a
nontrivial normal p-subgroup, then (k1,x2) (1 x Q) is a nontrivial normal p-
subgroup of N (P)/P (recall that pf|{Im(k1)|).

By (b), either pf|T'| (and hence pf|{N(P)/P)|), or T contains at least 2 distinct
Sylow p-subgroups A, B. In the second case, let H C I be the subgroup gener-
ated by A and B. Since V4 and VB are distinct and have codimension 1 in V,
VH has codimension 2. Also, the conjugation map H — Aut(V/V#) = GLy(F,)
must be injective, since its kernel is a normal p-subgroup (Step 1 again); is there-
fore contained in AN B, and hence fixes all of V. Since p*{| GL(F,)|, p*{|H|; and
so p*{|T'| since H contains a Sylow subgroup of I'. And finally, since p{| Ker(xz)|,
this shows that p?{|N(P)/P|.

Step 4: It remains to prove the last statement. By Corollary 1.11(ii),
h;n”(l’[fn) = 0 for any Rp-invariant representation p : N,(T) — G’, any m > 1,
and any n > 2 (with n = 2 if m = 1). In particular, p lifts to a map BG — BG’.
d

The following corollary lists some more consequences of Proposition 1.13, and
also of character theory for representations.

COROLLARY 1.14. Fiz a prime p. Assume that G is connected.

(i) Assume that G'=U(n), SU(n), SO(2n + 1), or Sp(n). Then a homomor-
phism p : Np(T) — G’ is Rp-invariant if and only if for any pair g, ¢’ €Np(T) of
elements conjugate in G, p(g) and p(g') are conjugate in G'. Also, an admissible
map ¢ : T — T’ has (up to conjugacy) at most one extension to an Rp-invariant
representation p : Np(T) — G'.

(it) Now assume that p*{|W|; and that G'~SU(n) or U(n), or p is odd and
G'>2S0(2n+1) or Sp(n). Then any given admissible map ¢ : T — T lifts to at
most one map BG — BG',.

PROOF. (i) When G’ is one of the groups U(n), SU(n), Sp(n), or SO(2n+1),
character theory applies to show that two homomorphisms p1, p2 : P — G’ are
conjugate if and only if p1(g) and p2(g) have the same trace for each g € G, if
and only if p1(g) and pa(g) are conjugate for each g € G. When G'=2SO(2n+1),
this property holds because O(2n + 1)~ SO(2n+ 1) x Z/2. Note that it does not
hold for G’ SO(2n).

By definition (and Proposition 1.6), a homomorphism p : N,(T) — G’ is
Rp-invariant if and only if for each p-toral PCN,(T'), and each z€G such that
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xPx~'CN,(T), the homomorphisms
o|P, (p|(xPz™1)) o conj(z) : P —— G’

are conjugate in G’. So by the remarks on character theory, p is Rp-invariant
if and only if p(g) is conjugate to p(g’) for all pairs g,¢’€N,(T) of elements
conjugate in G such that either the closures of (g) and {¢’) are p-toral, or both
lie in T

If p is Rp-invariant and geN,(T') is arbitrary, then g = lim(g;) for some
sequence of elements g,€N,(T") of p-power order, each g; is conjugate to some
g;€T, and after restricting to a subsequence the g} converge to some ¢’€T con-
jugate to g. Then p(g) = p(g’) (p is continuous); and hence p(g) = p(g”) for any
g"€N,(T) conjugate to g.

By the same argument, if p,p’ : N,(T) — G’ are both R,-invariant and
p|T = p/|T, then p(g) is conjugate to p(g') for all ge N,(T') (since every element
is conjugate to an element of T'); and hence p is conjugate to p'.

(i) If p*|W|, then h;n"(HfJ = 0 for any Rp-invariant representation p and
any n > 2 (see Proposition 1.13).

If G' = U(n), then the centralizer of any subgroup is a product of unitary
groups, and hence connected. If G’ = Sp(n) or SO(2n+1) and p is odd, then the
centralizer of any p-toral subgroup is a product of unitary groups and (possibly)
one symplectic or special orthogonal group, and is again connected. And if
G’ = SU(n), then the centralizer of any subgroup is generated by its connected
component and Z(G’). Thus, in all of these cases, N(P)/P acts trivially on
1} (G/ P); and hill(nf) = 0 by Corollary 1.11(i).

This shows that any R,-invariant representation lifts to a unique map BG —
BG',. And an admissible map ¢ : T'— T” extends to at most one Rp-invariant
representation (up to conjugacy in G’): since any two extensions must have the
same character. [

Section 2

We now want to apply these procedures to the examples of admissible maps
given by Adams & Mahmud in [3, Section 2]. For simplicity, we concentrate in
this section on the question of which admissible maps can be realized as maps
BG — BG' (and at which primes p) — and pay less attention to the uniqueness
question.

The first three examples in [3, §2] involve cases where all admissible maps are
zero: and these maps can clearly be realized. Their next four examples involve
unstable Adams operations 1% : BG — BG constructed by Wilkerson [28], and
the “exceptional isogenies” of Friedlander [16].

An unstable Adams operation of degree k is a self-map ¢* : BG — BG which
extends the admissible map ¢ : T — T defined by ¢y (t) = t*. The following
theorem combines the results of several authors.
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THEOREM 2.1. For any compact connected group G and any integer k, there
exists an unstable Adams operation of degree k on BG if and only if (k,|W]) = 1.
Also, any two unstable Adams operations of the same degree k are homotopic.

PrOOF. For (k,|W|) = 1, the unstable Adams operations were first con-
structed by Sullivan [26] when G = U(n), and then by Wilkerson [28] for arbi-
trary connected G. The necessity of the condition (k,|W]|) = 1 was shown by
Ishiguro [19]. And the uniqueness of the maps was one of our main results in
[21]. O

It is thus the remaining examples (2.8 to 2.11) which provide the main interest
here. Those are the examples involving maps between simple groups of different
rank. In all cases, we refer to [3] for more discussion.

In all of these examples, for any admissible map ¢ : T — 1", we let 5 T =T
denote its universal covering map. As will be seen, the only primes dividing the
order of W (the Weyl group of G) are 2 and 3 in all cases. So any admissible
map can be realized as a map BG — BG'}, for p > 5 (see Theorem 1.12 above).

In the first three examples, G is one of the classical groups SU(3) or Sp(3). The
p-stubborn subgroups of all of the classical groups U(n), SU(n), O(n), SO(n),
and Sp(n) can be described explicitly (see [25]). For the results shown here,
however, Proposition 1.13 can be used instead, to avoid having to list all p-
stubborn subgroups.

As one example, given here without proof, consider the group G = SU(3). Set
¢ = exp(2mi/3), and consider the elements

1 0 O 01 0
A=10 ¢ O0 and Ai=10 0 1
0 0 ¢ 1 0 0

Then the only 3-stubborn subgroups of SU(3) are (up to conjugacy) the groups
Ng(T) = <T, A1>, and Fg = <A,A1>

Note that I's is a group of order 27 with center of order 3, and that
N(T3)/Tsx=SLo(Fs).

In what follows, (21,...,z,) denotes the usual coordinates in T when G is
one of the groups SU(n)C U(n)C Sp(n):

exp(x1,...,o,) = diag (exp(2mi - 1), ...,exp(2mi - ,,)) .

EXAMPLE 2.2. [3, Example 2.8] G = SU(3) and G’ = SU(6). For any k,m €
Z, define ¢pp.m : T — T' by setting

Okom (@1, T2, x3) = (ka1, ko, kxs, mx1, mxa, mas).

Then
(i) for p =2,3, ¢pm extends to (fi.m)p : BSU(3) — BSU(6), if and only if
each of k,m is 0 or prime to p
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(i) ¢rm extends to a map frm : BSU(3) — BSU(6) if and only if each of
k,m is O or prime to 6.
In all cases, the extension is unique.

PROOF. Point (ii) follows from point (i) and Proposition 1.2. And the unique-
ness follows from Corollary 1.14(ii).

Fix p = 2 or 3. If each of k, m is 0 or prime to p, then there are unstable Adams
operations ¥, ¥y, : BSU(3) — BSU(3), of degrees k and m, respectively (see
[28]). By definition, ¢ |BT~B(t — t*), and similarly for t,,. So if we let fi m
be the composite

Fom : BSU(3) 2207 BSU(3), x BSU(3); 2 BSU(6);,
then fk7m|BTZB¢k7m.

We now prove the converse. If k = m = 0 (mod p), then all order p elements
of T lie in Ker(¢x,m). So by Proposition 1.8, ¢y extends to a map between
the classifying spaces only if Js,m is noninjective, only if £ =m = 0.

It remains to consider the case where ptm, and p | k # 0 (or vice versa). In
this case, ¢ is regular (Cq/ (¢(T)) = T”), and so by Lemma 1.3 there is a unique
choice of homomorphism ¢ : W — W’ for which ¢ is ¢-equivariant (namely,
d(w) = whw). Assume that B¢ extends to a map f, : BG — BG',; then ¢
extends to an R,-invariant representation p : Np(T') — SU(6) by Proposition
1.7.

If p = 3, then set ¢ = exp(27i/3), and consider the matrices

10 0 01 0
A={0 ¢ o and A;=[0 0 1
00 ¢ 100

as before. Then p(A4;)=A18A; (mod T'); and in particular Tr(p(A;)) = 0. On
the other hand, since 3|k but 3fm,

p(A) = (A) = diag(1,1,1,1,¢™, ¢*™),

and so Tr(p(A4)) = 3. Thus, A and A; are conjugate in SU(3) but p(A) and
p(A1) are not conjugate in SU(6). And since p is Rp-invariant, this contradicts
Proposition 1.6.

If p = 2, then set

-10 0 -1 0 0
B=[o0o 1 0], Bi=[0 01],
0 0 -1 0 10

and
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Then P = (S, B, By) is 2-stubborn in G, since
N(P) C Cs(S,) =U(2)
and

Na(P)/P = Ny)(P)/P = Nsuy()(P NSU(2))/(P NSU(2))
= Nsu() (Q(8))/Q(8) = Xs.

Since B is conjugate to B in U(2), there is an element in N(P) which sends B
to By and centralizes S}. Let z be such an element. Since p is R,-invariant,
there is an element y of SU(6) for which the composites poconj(x) and conj(y)op
are equal. Then y centralizes ¢(S.); i.e., p(B1) is conjugate to p(B) = ¢(B) in

Csu(e) (6(Sa)) = SU(6) N (U(1) x U(2) x U(1) x U(2)).

Also, p(B1)=B1®B; (mod T"); and one now checks (by comparing traces) that
this is impossible. [

EXAMPLE 2.3. [3, Example 2.9] G = SU(3) and G’ = SU(6). For any k,m €
Z, define ¢p.m : T — T’ by setting

gk,m (551 L2, 1'3)

= (kx1+maa, kxo+mas, kxs+maey, kx1+mas, kra+may, krs+mas).

Assume that k,m # 0, and that k#m (otherwise ¢y, is one of the maps in [3,
Example 2.8]). Then

(i) ¢k,m does not extend to any map (fi,m)2 : BSU(3) — BSU(6)5.

(i) ¢rm extends to a map (fr,m)s : BSU(3) — BSU(6)s5 if and only if

(k+m,3) = 1; in which case the extension is unique.

PROOF. Uniqueness follows from Corollary 1.14(ii): any admissible map ex-
tends to at most one homotopy class of maps between the classifying spaces.

Under the given assumptions on k and m, ¢ is always regular: Cq/ (¢(T)) = T".
So by Lemma 1.3, ¢ : W — W' = ¥ is uniquely defined. And one easily checks
that the image of any element of W1 is fixed-point free as a permutation on
6 objects. In other words, for any p, any extension of ¢ to p : Np(T) — &,
and any geN,(T)\T, p(g) has no nonzero diagonal entries, and hence has trace
Zero.

p = 2: Consider the elements

-1 0 0 01 0
B = 0 -1 0 and Bi=|11 0 O
0 0 1 0 0 -1
in N,(T'). Then for any R,-invariant representation p : Np(T') — SU(6) extend-

ing ¢ = d)k,mv
p(B) = ¢(B) = diag ((_1)k+m’ (_1)k’ (_1)ma (_1)ka (_1)k+m’ (_1)m) .
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Under the conditions on k£ and m, this cannot have trace zero. On the other
hand, we noted above that Tr(p(B1))=0#£Tr(p(B)). Since By and B are conju-
gate in G = SU(3), this contradicts the assumption that p is Ra-invariant (see
Proposition 1.6).

p = 3: Set ¢ = exp(2mi/3) again, and set

0
0
§2

1 0
A = 0 Q and A1 =
0 0

= o O
o O =
o = O

in N,(T'). By definition,
$(A) = diag(C™, ¢, ¢7F, 7, ¢ TR,

Then Tr(¢(A)) = 0 if and only if exactly one of the numbers k,m, k — m is a
multiple of 3, if and only if 3t(k+m).

If ¢ lifts to a map BG — BG's, then it extends to some R,-invariant rep-
resentation p : N3(T') — G’. We saw earlier that Tr(¢(A41)) = 0, and so ¢(A)
must also have trace 0. And we just saw that this implies 3tk + m.

Conversely, if 3tk 4+ m, then define p : Np(T') = (T, A1) — G’ by setting

p|T = ¢, p(A1) = A1 @ A;.

This is easily seen to be a well defined homomorphism, which is R,-invariant
by Corollary 1.14(i). So by Proposition 1.13, p extends to a map BG — BG'3.
O

As was shown by Adams & Mahmud [3, Proposition 2.16 and other re-
marks in Section 2], Examples 2.2 and 2.3 here give a complete list of all non-
nullhomotopic maps BSU(3) — BSU(6) or BSU(3) — BSU(6),.

EXAMPLE 2.4. [3, Example 2.10] G = Sp(3) and G’ = Sp(4). Define ¢ : T —
T' by setting

o(x1, T2, 23) = (T1 + 2 + T3, —71 + T2 + T3, T1 — T2 + T3, T1 + T2 — T3).

Then ¢ extends to a unique map f, : BSp(3) — B Sp(4), for all odd p, but does
not extend to any map when p = 2. In particular, B¢ is not the restriction of
any map B Sp(3) — BSp(4).

PrOOF. If p > 5, then pf|W]|, and so ¢ extends to a (unique) map f, :
BSp(3) — BSp(4), by Theorem 1.12.

If p = 2, then note first that diag(—1, —1,1)€ Ker(¢), and that this element is
conjugate to elements in N(T)\T. Hence, by Proposition 1.8, ¢ does not extend
to any map B Sp(3) — B Sp(4)3.
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01 0
Now set p = 3. We can take N,(T) = (T, A;), where Ay = [0 0 1
1 0 0
Define p : N,(T') — G’ = Sp(4) by setting p|T = ¢, and
1 0 0 O
0 010
p(A1) = 00 0 1 = (1) & 4.
01 00

Using Corollary 1.14(i), it is not hard to check that p is Rp-invariant. And by
Proposition 1.13, p lifts to a map f3 : BSp(3) — B Sp(4)3; which is unique by
Corollary 1.14(ii). O

Section 3

The last example (Example 2.11 in [3]) involves the groups G2 and Fy, and
illustrates some of the techniques which can be used when working with excep-
tional Lie groups. This is the most interesting case of those we consider here.
It is the only case where we find new maps BG — BG’ (without finite localiza-
tion); i. e., maps which are not composites of maps constructed earlier. It is also
the only case where we give a complete classification of the homotopy classes in
[BG, BG'].

This result can be loosely described as follows. Following the notation of
Adams & Mahmud, we say that a map f : BGo — BF} has type (k,m) if the
following diagram commutes in rational cohomology:

BSU(@3) 0 BSU(3)x e, SU))

incll incll

BG, —I1 BE,.

Here, the vertical maps are induced by inclusions of subgroups (see Lemmas 3.2
and 3.3 below), and ¢y, and 9, are the unstable Adams operations on B SU(3).
Also, type (k,m) is equivalent to type (—k,—m), but not to type (m,k) (the
two SU(3) factors are embedded asymmetrically in Fj). Then every map from
BG5 to BF, has type (k,m) for some k and m. Aside from the null homotopic
maps (k = m = 0), there are for each k > 0 prime to 6 unique homotopy classes
of maps of type (k,0) and (k,—k), and two homotopy classes each of maps of
types (k, k) and (k, 2k).

The maps of type (1,0) are induced by an inclusion ¢ : Go — Fy, and the
(k,0) are the composites of Bt with unstable Adams operations on BGs. Also,
the maps of type (k, —k) can be obtained, though only away from the prime 3,
as composites of maps of type (k,0) with the “exceptional isogeny” on BG3 [16].

Of the remaining homotopy classes of maps, it is the two classes of type (1,1)
which are the most fundamental: the pairs of maps of type (k, k) and (k, 2k) are
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obtained by composing the maps of type (1, 1) with unstable Adams operations
and (away from the prime 3) the exceptional isogeny on BG2. In [32], Testerman
constructs a homomorphism o : G2(F7) < Fy(F7), which is remarkable because
its image is a maximal connected subgroup of Fy(F7). Via homotopy equivalences
of Friedlander and Mislin [31], o induces maps (BG2), — (BF4), of type (1,1)
for all primes p # 7 (this is discussed in more detail at the end of the section). In
other words, the homomorphism between algebraic groups provides a different
construction of one of the two homotopy classes of maps of type (1,1) (and a
way of distinguishing the two classes).

The following lemma contains two general facts which are very useful when
making computations in the exceptional Lie groups.

LEMMA 3.1. Let G be any compact connected Lie group.

(i) (Borel) If G is simply connected, then the centralizer of any element in G
— or the fized point set of any automorphism — is connected.

(i) Fiz a mazimal torus TCG and an element geT. Let W = Ng(T)/T
and Wy = Neoy(T)/T be the Weyl groups of G and of the centralizer Cg(g),
respectively. Then the number of elements in T conjugate (in G) to g is just the
Weyl group index [W : W].

PROOF. (i) See [5, Theorem 3.4 and Corollary 3.5] (or [8, p.48, Théoreme 1]).

(ii) By [1, Lemma 4.33], two elements of T" are conjugate in G if and only if
they are conjugate by an element of W. The result is then immediate. O

The groups G2 and F; each comes in only one “version”: the simply connected
groups are center-free (cf. Bourbaki [7, §VI.4], where the center of the simply
connected group is denoted P(R)/Q(R)). From now on, we fix G = G5 and
G' = Fy; let TCG and T'CG’ be maximal tori, and let W, W’ be the Weyl
groups. As before, T and T" denote the universal covers of T and T" , respectively.
We will also need to study the integral lattices of G and G':

A=Ker[T —T] and A =ZKer[I' — T'].

The next two lemmas collect for later use information about some of the
subgroups of G2 and Fy. Note (cf. [8, p.40, Prop. 15]) that any isomorphism
between the root systems and integral lattices of two compact connected Lie
groups extends to an isomorphism between the groups themselves. This fact
is very useful when working with the exceptional Lie groups, and in particular
when identifying the centralizers of elements.

LEMMA 3.2. We can identify T = T(G2) = {(z1,22,23) € R3 : Yy = 0}
(with the usual inner product); such that the set of roots of Go is

21—z —2x 2x9—x1—x 2x3—x1—2 —
R:{:l:(l'zij>,:l: 132 37:|: 231 S,:l: 331 Z}QT*

(where 1<i<j<3); and such that the integral lattice is

A= {(nl,ng,ng) EZB:Zni :0}.
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(i) All elements of order 2 in Gy are conjugate to each other, and the central-
izer of any such element is isomorphic to SO(4) = Sp(1)x ¢, Sp(1).

(ii) Go contains a unique conjugacy class of subgroups isomorphic to (Ca)3.
For any such A = (Cq)3 in Ga, Cg,(A) = A and Ng,(A)/A~ GL3(Fs).

(ii) Go contains exactly 6 conjugacy classes of 2-stubborn subgroups, with
representatives Py, ..., Ps as listed below. They are all presented as subgroups
of Sp(1)x ¢, Sp(1) C Go. Also, QCNCSp(1) are the subgroups @ = (i,j) (the
quaternion group of order 8), and N = <Sl,j>.

P N(P)/P
Py = Nx¢,N = No(T) 1
Py =Nxc,Q 1x X3
P3s=Qxc,N Y3 x1
Py =QX%c,Q 23 X X3
Ps = (S'%xc,8%,(4,4)) =T x Cy 23

Po = ((i,4), (4, 4), (1, —1)) =2 (C2)*  GL3(F2).

Furthermore, all morphisms in Ra(G2) between the Ga/P; listed here are com-
posites of automorphisms of the orbits, and of the maps induced by the given
inclusions.

(iv) There is a unique conjugacy class of subgroup SU(3)CGa. Also, there is
a semidirect product SU(3)xCoCGa, where Cy acts on SU(3) by complex conju-
gation.

(v) Ga contains exactly two conjugacy classes of 3-stubborn subgroups, pre-
sented in the following list as subgroups of SU(3):

P N(P)/P
<T,A1> = N3(T) Cg XCQ
(A, Ay) GLy(F5).
Here, A, A; € SU(3) again denote the matrices
1 0 0 0 1 0
A=10 ¢ O and Ai=10 0 1
0 0 (2 10 0

PRrROOF. The description of the root system of Gz is given in Bourbaki [7,
§VI.4.13] (the description there is slightly different, but is clearly equivalent).
Note that the last three roots as given above are equal (as functions on T) to
the coordinate functions +z1, £x2, and +x3 — but the form given above makes
clearer their lengths and angles relative to the other roots.

The description of A follows easily from the fact that the integral lattice is
the group of elements in T whose value on each root is integral. This property
of the integral lattice holds in general for connected center-free groups (cf. [1,
Proposition 5.3]).

(i) Set g = (3,—3,0) € T, and let g = exp(g). Then g has order 2. By
Lemma 3.1(i), Cg(g) is connected (and it clearly has maximal torus 7). The
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roots of C(g) are precisely those roots of G which take integral values on g:
namely, £(z1 — 2) and +4 (223 — 21 — 22). Since these roots are orthogonal,
the centralizer has type A; x A;. Also, the integral lattice is generated by the
elements

61:(1,—1,0)2 ($1—$2)(€1):2

es = (—1,-1,2): (x1 —x2)(e2) =0
and 1 (e1+e2). Upon comparing these with the integral lattices for Sp(1) = SU(2)
and SO(3), one sees that Cg(g) = Sp(1)x ¢, Sp(1).

Finally, by Lemma 3.1(ii), the number of elements in T conjugate to g is
|[W|/4 = 3. Since this accounts for all elements of order 2 in T, we see that all

(21‘3 — 1 — .Tg)(el) =0
2

W= Wl

(2:63 — 1 — SCQ)(GQ) =

elements of order 2 in G are conjugate to g.

(ii) Assume that A = (g1,92,93) and A’ = (¢, g5, 95) are both isomorphic
to (Cy)3. (Possibly A = A’ with different bases.) We want to show that there
exists z€G such that zg;z~! = g/ for each i.

Since g¢; is conjugate to g}, we may assume that g; = g;. Then

A A" C Cgq,(g1) = Hi 2 Sp(1)x¢, Sp(1).

Upon inspection, we see that all noncentral elements of order 2 in H; are conju-
gate in Hy to (4,7). So we may assume (upon conjugating A and A’ by elements
of Hy) that g5 = g2 = (4,1).

We now have

A A C Caylgr,g2) = Ho = (H) ") = ("%, S8, (4. 5))-

Then g3 and ¢4 are both conjugate (in Hz) to (j,7). This shows that A is
conjugate to A’; and also that

Con(4) = (H2) 09 = A,

Also, Ng, (A)/A= GL3(F2), since we have just shown that any automorphism of
A is an inner automorphism in Gs.

(iii) Fix a 2-stubborn subgroup PCGa, and let 2Z(P) be the 2-torsion sub-
group of its center. If rk(2Z(P)) = 1, say 2Z(P) = (g), then Ng(P) = N¢(g)(P),
and so P is also 2-stubborn in C(g)= Sp(1)x ¢, Sp(1). By [21, Proposition 1.6],
the 2-stubborn subgroups of Sp(1)X ¢, Sp(1) are precisely the groups of the form
P’'x ¢, P"”, where P', P” are 2-stubborn in Sp(1). Also, the only 2-stubborn
subgroups of Sp(1) are @ and N (just check the list of all 2-toral subgroups).
Conversely, if P = P'x¢,P” where P’ and P” are 2-stubborn in Sp(1), then
Ng(P)/P=N(P")/P'xN(P")/P", and so P is 2-stubborn in G = G2. Note
that the subgroups N x¢,@ and @ X ¢, N are not conjugate in Go — since if they
were it would have to be via an element in the centralizer Cg,(g).

Now assume that 2Z(P) = (g1,g2) has rank 2. Since C(g;) is connected,
(g91,92) is contained in a maximal torus, and is hence the 2-torsion in some
maximal torus T. One now checks that PCCgq,(g1,92) = TxCs. This group
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is normal in N(P), and N(P)/P has no nontrivial normal 2-subgroups. Hence
P =Tx(C5. Conversely, to check that this group is in fact 2-stubborn, note that
N(P)/P=W/Cy = %3.

If rk(2Z(P)) > 3, then by part (ii), P =2 (Cq)? and N(P)/P = GL3(F3).

Now let « : G/P; — G/P; be any G-equivariant map. Choose z € G such that
a(P;) = zPj; then x7 1Pz C P;. By inspection of the individual possibilities
for (i,7), we see that P, C P;, and that =1 Pz is conjugate by an element
of N(P;)/P; to P; (C P;). Hence, after replacing « by its composite with an
automorphism of G/P;j, we may assume that 271 Pjz = P;. And in this case
x € N(P;), and « is the composite of an automorphism of G/P; with the map
induced by the inclusion P; C P;.

(iv) Take g = exp($, 5, —2). Then Cg,(g) has roots +(z; — x;), and hence is
isomorphic to SU(3). Also, since (z — x71)€W (note that this is in the Weyl
group of Sp(1)x¢, Sp(1l) C Gs), we see that complex conjugation on SU(3)
is inner in G3. Thus, there exists a€Ng,({(g)) such that conj(a) is complex
conjugation on SU(3). Then a?€Z(SU(3)) = (g), and since |g| = 3 we may
take a to have order 2. Thus, the normalizer of (g) is a semidirect product
SU(3)xCy C Gs.

Now let H be any other subgroup of Gs isomorphic to SU(3), and let
g € Z(H) = (3 be a generator. We want to show that H is conjugate to
the centralizer Cg, (g) = SU(3) just constructed, and it will suffice to show that
g’ is conjugate to g. We may assume that ¢’ € T. Since W = X3 x Cs acts
on T by permuting coordinates and changing all signs, we see that ¢’ must be
conjugate either to g = exp(%, %, _TQ), or to exp(%, %1, ). And since the only
roots in the centralizer of this last element are £(2z3 — x1 — x2)/3, ¢’ must be
conjugate to g.

(v) Fix a 3-stubborn subgroup P € G2. We may assume that it is contained
in the maximal 3-toral subgroup N3(T') = (T, A1) C SU(3). Set z = diag(¢, ¢, ¢);
then z € P since Cg, (P) = Z(P) [21, Lemma 1.5]. Also, P ¢ T (since N(P)/P
is finite and T is not 3-stubborn); and so (up to conjugation) we may assume
that A; € P. Furthermore, P 2 (2, A1), since that subgroup is contained in a
torus. By inspection, no cyclic subgroup of T strictly containing (z) is normalized
by Ai, and so we must have (z, A) C P (the subgroup of 3-torsion in T'). In
particular, since Cg,(2) = SU(3), Cq,(PNT) = Csys)(PNT)=T.

If PNT < N(P), then Cq,(PNT) =T and (T, P) = N5(T) are also normal-
ized by N(P). In particular, Ny, (P)/P is normal in N(P)/P, is a 3-subgroup
(cf. [21, Lemma A.3]), and must be trivial since P is 3-stubborn. And this is
possible only if P = N3(T) = (T, A;).

Now assume that P N T is not normal in N(P). Choose z € N(P) such
that (P NT)x™t # PNT, and set Q = x(P N T)z~! for short. Choose any
y€QNT. Then y € AlilT, and [y, @ NT] = 1 since Q is abelian. This implies
that QNT C (z); and hence (since @ has index 3 in P) that P = (4, 4;). And in
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this case, P/(z) = (C3)?, and one easily checks that the induced homomorphism
Ng,(P)/P —— Aut(P/(z)) = GL2(F3)

is an isomorphism. [

One way frequently used to describe G5 directly is as the group of auto-
morphisms of the Cayley numbers C: a division algebra on R® which contains
the quaternions as a subalgebra H C C. Under this description, the subgroup
SU(3)C G4 can be regarded as the group of automorphisms a€ Aut(C) such that
a(i) =i (such an « acts complex linearly on the remaining coordinates). This
shows that G/ SU(3)=2S%: the set of unit vectors orthogonal to 1 € C. Also,
Sp(1)x ¢, Sp(1)=2S0O(4) can be regarded as the group of those e Aut(C) for
which «(H) = H. See [27, Appendix A.5] for more details.

LEMMA 3.3. We can identify T' = T(F;) = R* (with the usual inner product),
such that the set of roots of Fy is

and such that the integral lattice is
A= {(n13n23n33n4) VAR Z”i even} .

Also, |W'| = 2732, and W' contains all signed permutations of the coordinates
in RY. Furthermore:

(i) Every element in Fy is conjugate to its inverse.

(i) If g and §' are two liftings to T’ of an element geT’, then

1911 = [I3'lI* (mod Z) if |g| =2,

and
1712 = 17']1* (mod 57Z) if |g| = 3.

Here, ||g|| denotes the norm of g € = R*, and |g| denotes the multiplicative
order of g € T".
(iii) There are 2 conjugacy classes of elements of order 2 in Fy:
(1) 157 €Z, Cr,(gr) = Spin(9)
(1) [0l € Z+ 4, Cry(g11) = Sp(1)xc, Sp(3)

(iv) There is a unique conjugacy class of subgroups (Co)>=ACF; with the
property that all elements of order 2 in A are conjugate to each other in Fy. For
any such A, all elements of order 2 in A have type (II); Cr,(A)=2Ax SO(3), and
NF4 (A)/CF4 (A) = AU.t(A)g GLg (FQ) .

(v) Set g = exp(%, %, %, 1)eT’. Then Cr,(g) is the image of a map

0:SU(3) xc, SU(3) — Fy

whose restriction to the maximal tori is given by

(OITXT) ((w1, 22, 23), (Y1, Y2, ¥3)) = (1 + Y3, T2 +y3, T3 +¥3, Y1 — Y2 = 2y1 +y3)-
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Also, N, ({g)) is a semidirect product (SU(3) x ¢, SU(3))xC2, where Cy acts on
each SU(3) factor by complex conjugation.

PROOF. The description of the root system of Fj, and the order of its Weyl
group, are given in Bourbaki [7, §VI.4.9]. The Weyl group is generated by
reflections in the kernels of the roots, and hence contains all signed permutations
of the 4 coordinates (consider the roots z; and x; — x;). Since F} is centerfree,
its integral lattice A’ is just the group of elements in T" whose value on each root
is an integer (cf. [1, Proposition 5.3]).

(i) As a special case of the above remarks, W’ contains the automorphism
(t = t=1). Thus, g is conjugate to g~! for all g€T”; and hence for all geF}.

(ii) This follows from the fact that if « € %Z, Yy € %Z, and z =2’ and y = ¢/
(mod Z), then

22 =(2')? (mod Z) and y*= (3/)? (mod %Z)

(iii) See [21, Proposition 6.12]. By Borel’s theorem (Lemma 3.1), the central-
izer of any element in Fj is connected. By Borel & Siebenthal [6] (and a study
of the root system for Fy), Fy contains Spin(9) and Sp(1)x ¢, Sp(3) as maximal
connected subgroups. Hence, these groups must be the centralizers of their cen-
tral elements gy, gr; of order 2. Alternatively, this can be shown by taking the
following explicit elements, and computing the roots of their centralizers:

gr = exp(0,0,0,1): roots +x;, tx; £z,

gr1 = exp(3,1,0,0): roots a3, +ay, +o14xs, Tasta,, MLW

A comparison of the orders of the Weyl groups (W’ = W (F}) has order 27 -32)
shows that each maximal torus contains three elements conjugate to gr and 12
conjugate to gry. So this accounts for all elements of order 2. The norms of g;
and gy are immediate from the explicit formulas above.

(iv) Assume first that A = (g1, g2, 93) = (C2)? is such that all elements of
order 2 in A have type (I). Then ACCF,(g1)=Spin(9). Since Spin(9) is simply
connected, Cr, (g1, g2) is again connected by Lemma 3.1(i). Since any maximal
torus of Cr, (g1, g2) which contains g3 also contains g; and g2, A must be con-
tained in a maximal torus of F;. And this contradicts the fact that each maximal
torus contains only 3 elements of type (I).

Now assume that A = (g1, g2, g3) and A" = (g}, g5, g5) are both isomorphic to
(C3)3, and that all elements of order 2 in A, A’ have type (II). (Possibly A = A’
with different bases.) Since g; is conjugate to g7, we may conjugate A’ to arrange
that g5 = g1. Then A, A’CCF,(¢91) = H12Sp(1)X ¢, Sp(3). Upon inspection, we
see that all noncentral elements in Hy of type (II) are conjugate in H; to

hi = (4, diag(i,4,17)) or he = (1,diag(—1,1,1)).

And g;-he does not have type (II) (where g1 = (—1,1I) = (1,-)). Thus, g2, g4
are both conjugate to hq, and we may assume (by conjugating by appropriate
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elements of Hy) that g5 = go = h1. We now have
A, A C Cr,(g1,92) = Ha = Cppy (1) = (8%, UB), (G, - ).

Finally, we see that g3, g5 must both be conjugate (in Hz) to (j, 7). This shows
that A is conjugate to A’; and that

Cr,(A) = (Hy)97D = A x SO(3).

Also, Np,(A)/CF, (A)= GL3(IF3), since we have just seen that any automorphism
of A is an inner automorphism in Fj.

(v) The centralizer CF,(g) is connected by Lemma 3.1(i), and it contains T’
as a maximal torus. The roots of Cp,(g) are precisely those roots of Fy which

take integer values on (%, %, %, 1): namely,
+(z; — a;)(1 <0 < j < 3),tay,£5 (w1 + 2 + 23 £ 24). (1)

The homomorphism 6 : T(SU(3) x ¢, SU(3)) — T, defined by setting

0((x1, 2, 23), (Y1, Y2, ¥3)) = (T1 + Y3, T2 + Y3, T3 + Y3, Y1 — Y2),

is an isomorphism of vector spaces and integral lattices, and its dual sends the
roots in (1) bijectively to the roots of SU(3) x¢, SU(3). Since an isomorphism
between root systems and integral lattices induces an isomorphism between com-
pact connected Lie groups (cf. [8, p.40, Prop. 15]), 0 extends to an isomorphism

0:SU(3) x¢, SU(3) —— Cr,(g) C Fy.

By point (i), g is conjugate to g—!

such that conj(a) is complex conjugation on both SU(3) factors in the centralizer.
Then a?€Z(Cr,({g))) = (g), and (since |g| = 3) we can take a of order 2. This
shows that Ng, ((g)) is a semidirect product (SU(3) X ¢, SU(3)) xC5; and finishes
the proof of the lemma. [

Note, in part (iii) above, that #(SU(3) x 1) is the factor which contains long
roots of Fy: in keeping with the notation in [3, Example 2.11]. As noted in [3],
there is a subgroup G2 of Fy such that 6(SU(3) x 1)CGoCFy. One way to see
this is to consider the elements of order 2 in the maximal torus of 8(1x SU(3)):
namely, g1 = exp(0,0,0,1) and g2, g1g2 = exp(%, %, %, :l:%) We have seen that
Cr,(91)= Spin(9), and so #(SU(3) x 1)CCFr, (g1, g2)= Spin(8). If we regard G as
the group of automorphisms of the Cayley numbers, then the induced inclusion
G2C SO(8) lifts to Spin(8) (G2 being simply connected), and its restriction to
SU(3)C@G; is the composite SU(3)C U(3)C U(4)C SO(8). This is isomorphic to
the above inclusion of #(SU(3) x 1) into C(g1, g2); and so this inclusion factors
through Ga.

The following result now completely classifies homotopy classes of maps from
BG4 to BFy.

in Fy. In particular, there exists a€ N, ((g))
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EXAMPLE 3.4. [3, Example 2.11] Set G = Gy and G’ = Fy. Use the inclusions
SU(3)CG4 and SU(3) X, SU(3)CFy defined above to identify

T =T(Gy) =T(SU3)) and T’ =T(Fy)=T(SU(3)) x T(SU(3)).
Under this identification, define ¢ = ¢pm : T — T (any k,m € Z) by setting

olz) = gkm(z) = (kz,mz) (for any € T(G2) = T(SU(3)))
Then

(i) ¢ extends to a map (fim)2 : BGa — (BFy)3 if and only if either k =
m = 0, or k is odd and m € {0,tk,2k}. The extension is unique if m = 0
or m = —k; otherwise there are exactly two distinct homotopy classes of maps
which extend ¢.

(i) ¢ extends to a map (fr.m)s : BGa — (BFy)3 if and only if each of k,m
is 0 or prime to 3; and the extension is unique up to homotopy.

(iii) ¢ extends to a map fim : BGa — BFy if and only if either k =m =0,
or (k,6) = 1 and m € {0, £k, 2k}. The extension is unique if m = 0 or m = —k.
If m = k or m = 2k, then there are exactly two distinct homotopy classes of
maps which extend ¢.
Furthermore, for any f : BGy — BFy, f|BT ~ B¢y m for some k and m.

Proor. We first check that the ¢y ., are admissible. By construction, they
are equivariant with respect to the diagonal inclusion

W(SU(3)) —=— W(SU(3)) x W(SU(3)) C W".

Also, W = W (SU(3)) x (w), where w(t) = t~! for allt € T'. Choose w’ € W' such
that w'(t) = ¢! for all t € T" (Lemma 3.3(v)). Then the ¢ ,, are equivariant
with respect to the homomorphism

AX(wew): W ——W'

and hence are admissible.

Now let ¢ be any nontrivial admissible homomorphism from G3 to Fy. If ¢
is equivariant with respect to the diagonal inclusion A : X3 — Y3x X3 as above,
then (by Schur’s lemma) ¢ must be equal to ¢y, for some k, m. By [3, Theorem
2.21], there is some homomorphism ¢ : W — W’ such that ¢ is ¢-equivariant,
and ¢ is injective since qz is. We will show that ¢ can be chosen so ¢|Y3 is
conjugate in W’ to A, and hence that ¢ is conjugate by an element of W’ to
some Q@ .

To see this, fix elements a,b € W(SU(3)) € W such that |a| = 3 and |b] = 2
(so bab=! = a~1). Write elements in W’ as matrices with respect to the standard
basis for 7" 2 R%; then

00 10 0100
100 0 100 0
A=ty g g o]  B=1g 01 0
000 1 000 1



MAPS BETWEEN CLASSIFYING SPACES REVISITED 27

generate the first 33 factor, and

e 100 0
5 F -1 —% 010 0

A: 2 2 2 2 dB:

’ T T T 2 i NI R
S 000 -1

generate the second. Note that A; acts via rotation by 27/3 on the plane Pl; =
{(z,y, —r—y,0)} and fixes Ply = {(x,z,7,y)} = Pli, while A, rotates Ply and
fixes Pl;.

Since (A1, As) is a Sylow 3-subgroup of W, we may assume that ¢(a) is one of
the elements Ay, Ag, or A; As. If ¢(a) = Ay, then Im(qz) = Ply, since this is the
unique A;-invariant subplane in T’ upon which A; acts by rotation. The relation
bab~1 = a1 forces qg(b) to leave both Pl; and Ply invariant, and to act on Pl;
via a reflection. Define ¢/ : W — W' by setting ¢'(a) = A;A; ¢'(w) = w'
(these are again the elements which act via (t +— t~1)); and ¢'(b) = ¢(b) or
#(b)- By according to which one acts as a reflection on Ply. This is a well defined
homomorphism — (a,b) = X3 acts on each Pl; via the standard 2-dimensional
representation — and ¢ is ¢’-equivariant since Im(¢) = Pl;.

The same argument applies if ¢(a) = Ao, and shows that ¢ can always be
chosen such that ¢(a) = A; As. Consider the homomorphism i : W’ — GLy(Fs)
induced by the action of W’ on A’/2A’, with respect to the basis

{(2,0,0,0), (1,1,1,1), (1,-1,0,0), (0,1,—1,0)}

of the integral lattice A’ C T”. It is not hard to see that Ker(u) = {+I}, and
that

0 Z

Atso, (A1) = (32), w(Br) = (§5), w(42) = (59), and u(B2) = (§9);
where o = ((1) i) and 8 = (é }) Hence, since any element of order 2 in GLa(F3)
is conjugate to 8 (conjugate by an element of (a)), we may assume that

o) = (5 ) aa wtoen (g %)

Tm(p) = {<X Y) . X, 7 € GLo(Fs), YeMQ(FQ)}.

0 8

for some X. The relations b> = 1 and bab = a~! imply that X = 0 or j3.

1
Since (é?‘) (gg) (é?‘) = (Og), we may assume that X = 0; i.e., that

b(b) = £B1By. And if we set U = (° 1) & (_013)) € W', then [U, A, As] = I
and UB;ByU ! = — B, By; and this finishes the proof that q3|§]3 is conjugate to

the diagonal inclusion.

It remains to determine which of the ¢y, extend to maps from BG; —
(BFEy), (for p = 2,3), and to count the number of homotopy classes of such
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maps. As before, we identify
11 -2
SU(3) = CG2 (eXp(g, 3 T)) g GQ.

Fix an embedding
0:SU(3)x¢c, SU3) —— Fy:
where Im(#) = CF, (exp(3, 3, 3,1)) and (by Lemma 3.3(v))

9|T((9€1,$27~’C3)7 (yl,y27y3)) = (21 +y3, 22 +¥3, 23 + Y3, Y1 — Y2).

Using this, we get the explicit formula

—_—

Grm(x1, T2, x3) = (kx1 + mzs, kxe + mas, kxg + mas, mzy —maa). (1)

Recall (Lemma 1.3) that ¢ is regular if and only if Im(¢) is not contained in the
kernel of any root of Fy. Using this last criterion, one checks that ¢ is regular
unless either k =0, or m =0, or kK = —m, or k = 2m.

p=3:If ¢ = ¢y is trivial, then any extension f: BGy — (BFy)3 of By m
is null homotopic (cf. [21, Theorem 3.11]).

Now fix (k,m) # (0,0), and assume that ¢ = ¢y, lifts to a map f : BGy —
(BFy)3. We first show that each of k,m must be 0 or prime to 3. If k£ and
m are both multiples of 3, then all elements of order 3 in T lie in Ker(¢), and
this contradicts Proposition 1.8. If one of k£ or m is prime to 3 and the other a
nonzero multiple of 3, then ¢ is regular by the above remarks. So there is only
one possible induced map ¢ : W — W', and by the remarks at the beginning of
the proof it must be A.

Again consider the matrices
0
0
€2
of order 3 in SU(3) C G2. These are conjugate in SU(3); and, in fact, ev-
ery element in (T, A1) ~ T is conjugate in SU(3) to A. From the previous
paragraph, we see that ¢(A1T) = 0(A;, A1)-T'. Hence, for any R,-invariant
representation p : N3(T) = (T, A1) — Fu, p(41) = 0(A1,41) (mod T7).
Thus p(A1) is conjugate to (A, A); but since p is R,-invariant it is also con-
jugate to p(A) = (1, A*!) or (AT, 1). And a norm computation, using Lemma
3.3(ii), shows that (A, A) = exp(—3,0,—%,—3%) cannot be conjugate in Fj to
(A,1) = exp(0, %, —%, 0) or (1,A4) = eXp(—%, —%, —%, —%)

Construction of Rs-invariant representations: Now assume that k& and m each
is 0 or prime to 3. Extend ¢ = ¢ to

1 01 0
A=10 and Ai=10 0 1
0 1 00

o Yy O
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by setting

0(1,A;) itk=0

0(A1, A1) otherwise.
This clearly gives a well defined homomorphism, and we claim that it is Rs-
invariant.

We must show, for any pair P, P’ C N3(T) of 3-stubborn subgroups of G2, and
any x € G such that zPz~! C P/, that the maps p|(zPz~!) and conj(z) o (p|P)
are conjugate in Fy. Consider the 3-stubborn subgroups of G listed in Lemma
3.2(v). For any subgroup P” C (T, A;) isomorphic to (A, A1), PNT = 3T (the
3-torsion subgroup); and hence P” is conjugate to (A4, A1) by an element of T'.
Hence, we need only consider the cases where € N(T) (where the maps are
conjugate since ¢ is admissible); or where P = (4, A;) and z € N(P). And in
this latter case, p|(zPx~!) and conj(z)o (p| P) are conjugate in Im(), since they
have the same character in each SU(3)-factor.

Uniqueness of the Ra-invariant representations: Assume that p' : (T, A1) —
F, is another Rs-invariant representation. If ¢ is regular, then

p'(A1) € p(A1)-Cr,(T) = p(Ar)-T".

Also, p(A1) = 0(A1, A7) in this case, and every element in p(A;)T” is conjugate
by an element of 7" to p(A41). So p and p’ are conjugate.

Now assume that ¢ is not regular. Consider the elements g1 = exp(%, %, %, 1)
and g» = exp(3,—3,1, %), where in both cases Cr,(g;) = SU(3)x¢, SU(3). If
m =0 or k =0, then ¢(T) is the maximal torus in one of the factors of Cr,(g1),

while if kK = —m or k = 2m then ¢(T') is the maximal torus in one of the factors
of Cr,(g2). Fix n : SUB)x ¢, SU(3) — Fy such that Im(¢) = n(Tx1). Note
that (since g1 and go are conjugate by an element of W), n) is conjugate in Fy to
0, except possibly with the factors reversed. Now, Cr, (¢(T)) = n(T x ¢, SU(3)),
and
(), Tm(e') € n({T, Ay} xc, SU(3).

And after conjugating, we may assume that Im(p), Im(p") C n((T, A1) xc,T).

Write p(A41) = n(x,y) and p' (A1) = n(2’,y’), where z, 2’ € A1T,and y,y’ € T.
Since y* = (y')® = 1, we may assume that y,3’ € (A). Since A and A~! are
conjugate in SU(3), we may assume that y,y’ € {1, A}. And since any element
in A;T is conjugate to A;, we may assume z,2’ = A;. Finally, p(A;) and
p' (A1) must be conjugate in Fy — since both are conjugate to ¢(A) — and
hence 7(A, y) must be conjugate to n(A4,y’). And since 7 is conjugate in Fy to
0 (except possibly with the factors switched), formula (1) can be used to show
that y = ¢/, and hence that p = p’.

Existence and uniqueness of maps: It remains to check that the appropriate

higher limits vanish. By Lemma 3.2(v) again, G2 contains up to conjugacy two
3-stubborn subgroups: Py = (T, A1) and P, = (A, A;). Also, N(P;)/P; has
order prime to 3, and 32| N (P2)/P|.
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The main problem is to determine the centralizer of p(P:). Set z =
diag(¢, ¢, ¢) € SU(3) C Ga. If 31 k+m, then by (1),

p(z) = plexp(3, 3. —3)) = exp(£(5. 5.5, 1))
and Cp, (p(P2)) = Cim(oy(p(P2)). If 3|k+m, then p(z) = 1, and Cp,(p(P)) =
Cor, (p(a))(p(A1)), Where

p(A) = p(exp(3, ~3,0)) = exp(3, 5,0, )
is conjugate to exp(3, 3, 5,

subgroup of SU(3)x ¢, SU(3), and hence is either connected or has 3 components.
In particular, the action of N(P;)/P2 on

7(G/ Py) = 70 (Cry (p(F2)))
has order at most 2. By Corollary 1.11, lim*(IT{) = 0 for all i > 1, and lim"(I12) =
— —

1). In either case, Cr, (p(P2)) is the centralizer of a 3-

0 for all 4,n > 2. By Theorem 1.9, p (and hence ¢) extends to a unique homotopy
class of maps f: BGy — (BFy)s.

p=2: By [21, Theorem 3.11], the trivial homomorphism ¢ extends to a
unique (null homotopic) map. So we restrict attention to the case ¢ = ¢y, for
(k,m) # (0,0).

Assume that ¢ extends to an R,-invariant representation p. Note that
Ngus) (T)NT € Ng,(T)\T contains elements of order 2, which are conjugate
to any given element of order 2 in 7' (Lemma 3.2(i)). So by Proposition 1.8, for
each geT = T(Gs) of order 2, ¢(g) # 1. Also, ¢(g) must have type (II) in Fy
by Lemmas 3.2(i,ii) and 3.3(iv). This is the case if and only if k is odd: since by
formula (1), ¢(g) has type (I) if k is even and m is odd, and ¢(g) = 1 if k and
m are both even.

Assume now that k is odd.

Uniqueness of the Ro-invariant representation: Fix some ¢ = ¢y, and as-

sume that p, p’ : No(T') — F, are two Ry-invariant representations which extend
¢. We must show that they are conjugate.
Fix g € T of order 2, set h = ¢(g), and identify

Ca,(9) = Sp(1)xc, Sp(1), Na(T) = Nxc,N, and Cg,(h) = Sp(1)xc, Sp(3).
The images of p and p’ lie in Cg, (h); and p and p’ lift to homomorphisms
ﬁ’ﬁ, : NXN = <Slaj> X <Sla.7> — Sp(l)x Sp(3)

The easiest way to check this last step is to take the pullbacks of Sp(1)x Sp(3)
along p and p’, and check that they both must be isomorphic to NxN.

Since p is Ra-invariant, there is some x € Fy such that zp(z,j)z~! = p(z,14)
for all z € S'. In particular, z € CF, (h), and hence lifts to & € Sp(1)x Sp(3)
such that Zp(z, )~ = £p(z,i) for all z. The sign (&) must be constant (by
continuity); and since (1, %) is conjugate to (1,—i) in Nx N we may assume that
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2p(z,5)x71 = p(z,1) for all z. In particular, p(z,j) is conjugate to p’(z,5); and
in fact p(z,2'j) is conjugate to p'(z,2j) for all z, 2’ € S* (since 2’j is conjugate
in N to j). The same argument applies to all other cosets of T' in No(T'). Thus,
p and p’ have the same characters in Sp(1) and Sp(3), and hence are conjugate.
And hence p and p’ are conjugate.

Existence and uniqueness of maps: Before going further, we must specify
more precisely some of the identifications already used. Set g = exp(3,—13,0) €

GQ . Then

k
2

hy = exp(%,—2,0,0) if m is even
k 1 Pl3; )
qbk,m(g)zexp( a_EaOam):{ 2 2

hy = exp(3,—4,0,1) if m is odd.

By Lemmas 3.2(i) and 3.3(iii), we know that the centralizers of these elements
are the images of embeddings

o0:Sp(1)x¢e, Sp(l) = Gy and 71,72 : Sp(1l)X ¢, Sp(3) — Fi.

So if we choose No(T) C Im(o), it then follows that Im(p) C Im(7;) (where
1 = 1,2 depending on the parity of m).

Let S C Sp(1)x¢, Sp(1) and S" C Sp(1)x¢, Sp(3) denote the standard max-
imal tori. Upon checking the roots of these centralizers, we see that o and the
7; can be chosen to satisfy the following formulas:

(0]S)(z,y) = (z +y, —z +y, —2y)

(11]8")(z1; 22, 23, 24) = (21 + X2, —21 + X2, —T3 — Ty, —T3 + T4) (2)

—

(128") (215 w2, T3, T4) = (1 + T2, T1 — T2, —T3 + Ty, —T3 — T4).

For example, if m is even, then the roots of Cp,(hy) are tx1tas, Tasztay,
+x3, +14, i%(ml +zotwstay) (i.e., the roots of Fy whose value on (%, —%, 0,0)
is integral). And these are the roots of Im(7y).

The idea of the proof is now to push all computations into the centralizers
Ca,(g) and CF,(¢(g)). So we start by identifying the composite (71[S")™! o ¢ o
(o]S). This splits into two cases, depending on whether m is even or odd.

Case 1. k odd and m even: In this case, (1) and (2) yield the formula

(1118") Lo g o (a|S)) (z,y) = (kx; ky — 2my, ky + m(y — x), ky + m(x +y)) .

(3)

Case la. m # 0,2k: Consider the subgroup P = o0(Qx ¢, N)CG3 (see Lemma

3.2(iii)). There is z € N(P) such that z(i,1)x~! = (4,1) and z centralizes

o(1xS1). Hence, since p is Rp-invariant, po(j, 1) must lie in and be conjugate
to po(i,1) in

CVF4 (¢J(1 X Sl)) =T (C’Sp(l)xc2 Sp(3) (eXp(R : (0’ k— 2m7 k+ m, k+ m))))
= 71 (Sp(1) X, (U(1) x U(2))).
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(Recall that the centralizer of any subtorus is connected.) By (3),

1 0 0
il po(iy1) = go(i,1) = exp(5;0, -2, ) = [ £i, [ 0 £1 0
0 0 =1

and so 7, ' po(j,1) must have the form

1 0 0
lpo(j, )= 2|0 £1 0
0 0 =1

for some z € Sp(1) conjugate to i. In addition (since p is a homomorphism) this
element must act on

71 po (St x 1) = exp(R-(k; 0, —m,m))

via (z — z71); and this is impossible.
Case 1b. m = 2k: In this case, (3) takes the form

(r1|8") Lo go(a|S)) (x,y) = (kx; —3ky, 3ky — 2kx, 3ky + 2kz) . (3a)
We extend this to a homomorphism p: Nx¢c, N — Sp(1)x¢, Sp(3) by setting
1 0 0 2300
plz, )= |20 272 0 p(lL,z)=11,[ 0o 2% 0
0 0 22 0 0 2%
1.0 0 —j 0 0
p, 1) =4 0 0 1 pLj)=|1[ 0 0 j
0 1 0 0 4 0
andset p=T110p: Nxc,N — Fy. Note in particular that
1 0 0 + 0 0
p(i,1)= (=i, [0 -1 o0 and  p(Li)= (1[0 Fi o
0 0 -1 0 0 =

We claim that the composite
p=m10p:No(T)=Nxc,N —— F}

is Re-invariant. To show this, it suffices using Lemma 3.2(iii) to check that for
any of the subgroups P; C N x ¢, N listed there (i = 1,...,6), and any 2 € N(F;),
the homomorphisms 71 o p|P; and 71 o (p|P;) o conj(x) are conjugate in Fy.

The case Ps = (C3)? follows from Lemma 3.3(iv), once one has checked that
all elements of order 2 are sent to elements of type (II) in Fy. To see this, note
that for any 1 # z € Py, p(x) is conjugate in Im(7y) to ¢o(i,i) or ¢po(l,—1),
both of which have type (II).

For ¢ = 1,...,4, this is straightforward, and the homomorphisms are in fact
always conjugate in Sp(1)x ¢, Sp(3) (i.e., before composing with 71). In the case
Py = Nx¢, N, there is nothing to prove (N(P;)/P; = 1). In the next two cases,
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Py = Nx¢,@Q and P3 = Qx¢,N, the arguments can be greatly simplified by
conjugating elements of Sp(3) with the matrices

100 j 0 0
0 j 0 and 0 i/vV2 i/V2
0 0 1 0 —1/vV2 1/V2

respectively. Note also that the centralizer in U(2) of the matrix (_Oj {J) is SU(2).
The last case, Py = @x¢,Q, follows from the two previous ones.

It remains to consider the case Ps = (T,~), where we write v = o(j,j) for
short. Fix any € N(Ps) = N(T). Since ¢ is admissible, there is y € N(T") C
Fy such that p(xaz~!) = yp(a)y~! for all a € T. Also, p(7), yp(y)y~!
p(zyx~1) all have the same conjugation action on p(7T'), and hence lie in the
same coset of Cr, (p(T)) = T'. From the formula p(y) = 71(j,5-1), we see that
any two elements in p(y)T" are conjugate by an element of 7'. And this shows
that conj(y") o p = p o conj(z) (on Ps = (T, 7)) for some 3’ € T'y.

, and

The higher limits lim* (II£) can now be computed using Theorem 1.10 (and the
—

formula for T2 in 1.9); together with the computation A*(GL3(F2); (F2)?) = 0
of [21, Proposition 6.3]. The results are summarized in the following table:

P N@)/P  Cr(pP) ANP/PII(-)) ANNP/PIT(-))
Nxc,N 1 (Cr)? (Z.)2)* 0
NXCQQ 1 x 23 (02)2 0 0
Qxc,N  ¥3x1 (Cr)3 0 Z/2
QXCZQ 23 X 23 (02)3 0 0
T % CQ 23 Q(T/) = (02)4 0 (Z/2)2

(02)3 GL3(F2) (02)3>< 80(3) 0 0.

Note for example that whenever there is P’ 2 P such that C(p(P’)) = C(p(P)),
then (N(P) N P’)/P acts trivially on all homotopy groups of BC(p(P)), and
hence A*(NP/P;1I2(G/P)) = 0 for all n by Theorem 1.10(iii).

In all other cases (n > 1 or i > 1), A{(N(P)/P;112(G/P)) = 0. Since the
A% are the higher limits of the quotient functors of a certain filtration of I17,
(see Theorem 1.10(i)), these computations show that {iﬁll(ﬂ’f) =Z/2, and that

lim*(T12) = 0 for all (i,n) # (1,1). It follows that p (and hence ¢y o1,) extends to
—

exactly two homotopy classes of maps (fx 2x)2, (f,’ﬂk)ﬁ : BGy — (BFy)5. This

last step, the existence in this situation of exactly two extensions, follows from

the arguments in Wojtkowiak [29], even though it is not stated explicitly there.
Case lc. m = 0: In this case, formula (3) simplifies to give

(rilS") " o do (o|T) (x,y) = (kas ky, ky, ky). (3b)

In other words, 77 '¢o(z,w) = (2*,w*-I) for any (z,w)€S*x¢,S'. This can
now be extended to a homomorphism p : o(Nx¢,N) — Fy (N = (S',5)) by
setting pU(j, 1) = Tl(ja I) and pO’(l,j) = Tl(lajl)
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We check that p is Re-invariant, by again referring to the list of 2-stubborn
subgroups of G5 in Lemma 3.2(iii). Invariance with respect to conjugation and
inclusion of the subgroups Nx¢,Q, @Xc, N, and QX ¢,Q is easily checked (and
holds within Im(71)2=Sp(1)x ¢, Sp(3)). Invariance for the subgroup T'xCjy fol-
lows automatically from the fact that ¢ is admissible. And invariance for the
subgroup (C2)3CGs follows from Lemma 3.3(iv) (uniqueness of (Co)3CFy) —
after checking that all elements of order 2 in Nx ¢, N are sent to elements of
type (II) in Fy.

The higher limits l(iini (I12) can again be computed using Theorem 1.10 (and
1.9); together with the computation A*(GL3(F2); (F2)®) = 0 of [21, Proposition
6.3]. This time, we get the following table:

P N(P)/P  Cp(p(P) AYNP/PIIY(-)) AYNP/PI(-))

Nxg,N 1 0(3) 7.)2 0
Nxc,Q 1x33 0(3) 0 0
Qxc, N  Xgx1 0(3) 0 0
QXCZQ 23 X 23 0(3) 0 0
T % Cy Y3 (02)2>< 80(3) 0 Z/2
(02)3 GLg(Fg) (02)3>< 80(3) 0 0.

Also, AY(N(P)/P;112(G/P)) = 0 whenever i > 1, orn > 1 and i > 0. So in
this case, hilo(Hﬁ) = 7, (BSO(3)) for all n, and hili(Hﬁ) = 0 whenever 7 > 0.
Thus, by Theorem 1.9, p, and hence ¢y, 2k, extend to a unique homotopy classe
of map (fr,0)2 : BGy — (BFy)s3.

Case 2. k odd and m odd: These cases can be handled by the same straight-
forward procedure as that carried out in Case 1. But it is much simpler to use
Case 1 directly, together with the relation

¢k,m o€ = ¢—k+2m,k+m

given in [3, Example 2.11]. Here, € denotes the restriction to the maximal torus
T C G4 of the “exceptional isogeny” ® : (BG3)5 — (BG2)3 constructed by
Friedlander [16]. Since @ is a homotopy equivalence, we can define (for any odd
k):

(frp)s =27 " o (from)s and (fr,—x)2 = P o (f-ko0)2-
And the same argument shows that (fr _x)2 is unique, and that ¢y, extends to
exactly two maps.

Conversely, if k and m are odd and (f )2 is defined, then (f_ktom k+m)2 =
® o (fr,m)3 is also defined. So either k +m =0 or k +m = 2(—k + 2m) by Case
1. And these relations imply that m = £k. O

Among the maps fx ., : BGa — BF, constructed above, f1 is (aside from
fo.0) the only one which is induced by a homomorphism between the (real)
compact Lie groups. See the remarks before Example 3.4 on embedding of G»
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as a subgroup of Fy. It is not hard, using Lemmas 3.2(ii) and 3.3(iv), to show
that any two such subgroups are conjugate.

There are irreducible complex representations V27 of Gy and W26 of F; (with
dimensions as given by the superscripts). It is not hard to check that V|T =
(W|¢1.1(T)) @ €, where € denotes the trivial 1-dimensional representation (and
that this relation holds for no other ¢y ). This shows in particular that there
is no homomorphism of type (1,1): since W|¢y1 1(T') is not the weight system
(restriction to T') of any Ga-representation. In characteristic 7, the corresponding
representation V(F7) of G2(F7) contains a 1-dimensional fixed subspace, and
Testerman’s embedding o : Go(F7) — Fy(F7) in [32] is characterized by the
property that W (F7)|o(Go(F7)) = V(F;)/F;. Hence the map

defined for any p # 7 using the equivalences of Friedlander and Mislin [31,
Theorem 1.4], has type (1,1).
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