CONSTRUCTION OF 2-LOCAL FINITE GROUPS OF A TYPE
STUDIED BY SOLOMON AND BENSON

RAN LEVI AND BOB OLIVER

ABSTRACT. A p-local finite group is an algebraic structure with a classifying space
which has many of the properties of p-completed classifying spaces of finite groups.
In this paper, we construct a family of 2-local finite groups, which are exotic in the
following sense: they are based on certain fusion systems over the Sylow 2-subgroup
of Spin;(q) (¢ an odd prime power) shown by Solomon not to occur as the 2-fusion
in any actual finite group. Thus, the resulting classifying spaces are not homotopy
equivalent to the 2-completed classifying space of any finite group. As predicted by
Benson, these classifying spaces are also very closely related to the Dwyer-Wilkerson
space BDI(4).

As one step in the classification of finite simple groups, Ron Solomon [So] considered
the problem of classifying all finite simple groups whose Sylow 2-subgroups are isomor-
phic to those of the Conway group C'os. The end result of his paper was that C'os is
the only such group. In the process of proving this, he needed to consider groups G
in which all involutions are conjugate, and such that the centralizer of each involution
contains a normal subgroup isomorphic to Spin,(¢) with odd index, where ¢ is an odd
prime power. Solomon showed that such a group G does not exist. The proof of this
statement was also interesting, in the sense that the 2-local structure of the group in
question appeared to be internally consistent, and it was only by analyzing its inter-
action with the p-local structure (where p is the prime of which ¢ is a power) that he
found a contradiction.

In a later paper [Be], Dave Benson, inspired by Solomon’s work, constructed certain
spaces which can be thought of as the 2-completed classifying spaces which the groups
studied by Solomon would have if they existed. He started with the spaces BDI(4)
constructed by Dwyer and Wilkerson having the property that

H*(BDI(4):Fy) = Folxy, 2o, x5, 24) 43

(the rank four Dickson algebra at the prime 2). Benson then considered, for each odd
prime power ¢, the homotopy fixed point set of the Z-action on BDI(4) generated by
an “Adams operation” ¢ constructed by Dwyer and Wilkerson. This homotopy fixed
point set is denoted here BDI,(q).

In this paper, we construct a family of 2-local finite groups, in the sense of [BLO2],
which have the 2-local structure considered by Solomon, and whose classifying spaces
are homotopy equivalent to Benson’s spaces BDI4(q). The results of [BLO2]| combined
with those here allow us to make much more precise the statement that these spaces
have many of the properties which the 2-completed classifying spaces of the groups
studied by Solomon would have had if they existed. To explain what this means, we
first recall some definitions.
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2 Construction of 2-local finite groups

A fusion system over a finite p-group S is a category whose objects are the subgroups
of S, and whose morphisms are monomorphisms of groups which include all those
induced by conjugation by elements of S. A fusion system is saturated if it satisfies
certain axioms formulated by Puig [Pu], and also listed in [BLO2, Definition 1.2] as well
as at the beginning of Section 1 in this paper. In particular, for any finite group G and
any S € Syl (G), the category Fg(G) whose objects are the subgroups of S and whose
morphisms are those monomorphisms between subgroups induced by conjugation in G
is a saturated fusion system over S.

If F is a saturated fusion system over S, then a subgroup P < S is called F-centric if
Cs(P") = Z(P') for all P" isomorphic to P in the category F. A centric linking system
associated to F consists of a category £ whose objects are the F-centric subgroups of
S, together with a functor £ —— F which is the inclusion on objects, is surjective on
all morphism sets and which satisfies certain additional axioms (see [BLO2, Definition
1.6]). These axioms suffice to ensure that the p-completed nerve |L[) has all of the
properties needed to regard it as a “classifying space” of the fusion system F. A p-local
finite group consists of a triple (S, F, L), where S is a finite p-group, F is a saturated
fusion system over S, and L is a linking system associated to F. The classifying space of
a p-local finite group (S, F, £) is the p-completed nerve ||} (which is p-complete since
|£| is always p-good [BLO2, Proposition 1.11]). For example, if G is a finite group
and S € Syl,(G), then there is an explicitly defined centric linking system Lg(G)
associated to Fs(G), and the classifying space of the triple (S, Fs(G), LL(G)) is the
space |L5(G)|) ~ BGY.

Exotic examples of p-local finite groups for odd primes p — i.e., examples which do
not represent actual groups — have already been constructed in [BLO2], but using ad
hoc methods which seemed to work only at odd primes.

In this paper, we first construct a fusion system Fgq(g) (for any odd prime power
q) over a 2-Sylow subgroup S of Spin,(q), with the properties that all elements of
order 2 in S are conjugate (i.e., the subgroups they generated are all isomorphic in the
category), and the “centralizer fusion system” (see the beginning of Section 1) of each
such element is isomorphic to the fusion system of Spin,(g). We then show that Fs.1(q)
is saturated, and has a unique associated linking system £§ ;(¢). We thus obtain a 2-
local finite group (S, Fso(q), £, (¢)) where by Solomon’s theorem [So] (as explained
in more detail in Proposition 3.4), Fse(q) is not the fusion system of any finite group.

Let BSol(q) o 1L, (q)|5 denote the classifying space of (S, Fso(q), £$,(¢)). Thus,
BSol(q) does not have the homotopy type of BG% for any finite group G, but does
have many of the nice properties of the 2-completed classifying space of a finite group

(as described in [BLOZ2]).

Relating BSol(q) to BDI4(q) requires taking the “union” of the categories £§(¢")
for all n > 1. This however is complicated by the fact that an inclusion of fields
Fym C Fpn (i.e., m|n) does not induce an inclusion of cenric linking systems. Hence we
have to replace the centric linking systems L£§,(¢") by the full subcategories L£&(¢")
whose objects are those 2-subgroups which are centric in F§,(¢>) = U,>; Fsa(q"),

and show that the inclusion induces a homotopy equivalence BSol'(¢™) &f | (gm)]5 ~

BSol(q"™). Inclusions of fields do induce inclusions of these categories, so we can then

define £8,(4) “ U,z1 £8:(q"), and spaces

BSol(¢™) = |£5, (¢ (U BSol'( ”> .

n>1
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The category L§,,(¢*°) has an “Adams map” 17 induced by the Frobenius automor-

phism z — z? of F,. We then show that BSol(¢*) ~ BDI(4), the space of Dwyer and
Wilkerson mentioned above; and also that BSol(g) is equivalent to the homotopy fixed
point set of the Z-action on BSol(¢*) generated by Bi9. The space BSol(q) is thus
equivalent to Benson’s spaces BDI4(q) for any odd prime power q.

The paper is organized as follows. Two propositions used for constructing saturated
fusion systems, one very general and one more specialized, are proven in Section 1.
These are then applied in Section 2 to construct the fusion systems Fgq(g), and to
prove that they are saturated. In Section 3 we prove the existence and uniqueness of
a centric linking systems associated to Fso(q) and study their automorphisms. Also
in Section 3 is the proof that Fs.(q) is not the fusion system of any finite group. The
connections with the space BDI(4) of Dwyer and Wilkerson is shown in Section 4.
Some background material on the spinor groups Spin(V, b) over fields of characteristic
= 2 is collected in an appendix.

We would like to thank Dave Benson, Ron Solomon, and Carles Broto for their help
while working on this paper.

1. CONSTRUCTING SATURATED FUSION SYSTEMS

In this section, we first prove a general result which is useful for constructing satu-
rated fusion systems. This is then followed by a more technical result, which is designed
to handle the specific construction in Section 2.

We first recall some definitions from [BLO2]. A fusion system over a p-group S is a
category F whose objects are the subgroups of F, such that

Homg (P, Q) C Mors(P,Q) C Inj(P, Q)

for all P,@Q < S, and such that each morphism in F factors as the composite of an
F-isomorphism followed by an inclusion. We write Homg(P,Q) = Morz(P, Q) to
emphasize that the morphisms are all homomorphisms of groups. We say that two
subgroups P, Q < S are F-conjugate if they are isomorphic in F. A subgroup P < S
is fully centralized (fully normalized) in F if |Cs(P)| > |Cs(P")| (|Ns(P)| > |Ns(P")])
for all P’ < S which is F-conjugate to P. A saturated fusion system is a fusion system
F over S which satisfies the following two additional conditions:

(I) For each fully normalized subgroup P < S, P is fully centralized and Autg(P) €
Syl,(Autz(P)).

(IT) For each P < S and each ¢ € Homg(P, S) such that ¢(P) is fully centralized in
F, if we set

N, = {g € Ns(P) | pcep™" € Autg(p(P))},

then ¢ extends to a homomorphism ¢ € Homz(N,, S).

For example, if 7 is a finite group and S € Syl (G), then the category Fs(G) whose
objects are the subgroups of S and whose morphisms are the homomorphisms induced
by conjugation in G is a saturated fusion system over S. A subgroup P < S is fully
centralized in Fg(G) if and only if Cs(P) € Syl,(Cg(P)), and P is fully normalized in
Fs(G) if and only if Ng(P) € Syl (Na(P)).
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For any fusion system F over a p-group 5, and any subgroup P < .S, the “centralizer
fusion system” C'z(P) over Cs(P) is defined by setting

Home,(©.2) = {(¢la) |« € Hom(PQ. PQ'). 9(Q) < ' ¢lp =14}

for all Q,Q" < Cs(P) (see [BLO2, Definition A.3] or [Pu] for more detail). We also
write Cr(g) = Cx((g)) for ¢ € S. If F is a saturated fusion system and P is fully
centralized in F, then Cx(P) is saturated by [BLO2, Proposition A.6] (or [Pu]).

Proposition 1.1. Let F be any fusion system over a p-group S. Then F is saturated
if and only if there is a set X of elements of order p in S such that the following
conditions hold:

(a) Each x € S of order p is F-conjugate to some element of X.

(b) If x and y are F-conjugate and y € X, then there is some ¢ € Homgz(Cs(x), Cs(y))
such that ¥(x) = y.

(c) For each x € X, Cr(x) is a saturated fusion system over Cg(x).

Proof. Throughout the proof, conditions (I) and (II) always refer to the conditions in
the definition of a saturated fusion system, as stated above or in [BLO2, Definition
1.2].

Assume first that F is saturated, and let X be the set of all x € S of order p such
that (x) is fully centralized. Then condition (a) holds by definition, (b) follows from
condition (II), and (c) holds by [BLO2, Proposition A.6] or [Pu].

Assume conversely that X is chosen such that conditions (a—c) hold for F. Define
U={(Px)|P<S, |z|=p, x€ Z(P)T, some T € Syl,(Autz(P)) containing Autg(P)},

where Z(P)T is the subgroup of elements of Z(P) fixed by the action of T. Let Uy C U
be the set of pairs (P, z) such that © € X. For each 1 # P < S, there is some x such
that (P,z) € U (since every action of a p-group on Z(P) has nontrivial fixed set); but
x need not be unique.

We first check that
(P,z) € Uy, P fully centralized in C'r(x) = P fully centralized in . (1)

Assume otherwise: that (P,x) € Uy and P is fully centralized in Cx(z), but P is not
fully centralized in F. Let P’ < S and ¢ € Isox(P, P’) be such that |Cs(P)| < |Cs(P")|.
Set ©' = p(x) < Z(P'). By (b), there exists ¢ € Homz(Cs(z"), Cs(x)) such that
P(x') = x. Set P" = (P’). Then o ¢ € Isoc, () (P, P"), and in particular P” is
Cr(x)-conjugate to P. Also, since Cs(P’") < Cg(z’), ¢ sends Cg(P’) injectively into
Cg(P"), and |Cs(P)| < |Cs(P")| < |Cs(P")]. Since Cg(P) = Ceyw)(P) and Cy(P") =
Ceg(z)(P"), this contradicts the original assumption that P is fully centralized in C'z(x).

By definition of U, for each (P,x) € U, Ng(P) < Cg(zr) and hence Auteyq)(P) =
Autg(P). By assumption, there is T' € Syl,(Autz(P)) such that 7(z) = z forall 7 € T}
i.e., such that 7' < Autc, () (P). In particular, it follows that

V(P,x) €U : Autg(P) € Syl,(Autz(P)) <= Autcy()(P) € Syl (Autc,w)(P)). (2)

We are now ready to prove condition (I) for F; namely, to show for each P < §
fully normalized in F that P is fully centralized and Autg(P) € Syl (Autz(P)). By
definition, | Ng(P)| > |Ng(P")| for all P" F-conjugate to P. Choose x € Z(P) such that
(P,x) € U; and let T € Syl,(Autx(P)) be such that T > Autg(P) and z € Z(P)". By
(a) and (b), there is an element y € X and a homomorphism 1 € Homg(Cs(z), Cs(y))
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such that ¢(z) = y. Set P’ = ¢ P, and set T" = YT~ € Syl (Autz(1")). Since T >
Autg(P) by definition of U, and (Ng(P)) = Ng(P’) by the maximality assumption,
we see that T/ > Autg(P’'). Also, y € Z(P')"" (T'y = y since Tz = x), and this shows
that (P',y) € Uy. The maximality of |[Ng(P')| = [Neg() (P')| implies that P’ is fully
normalized in Cx(y). Hence by condition (I) for the saturated fusion system Cx(y),
together with (1) and (2), P fully centralized in F and Autg(P) € Syl (Autz(P)).

It remains to prove condition (II) for F. Fix 1 # P < S and ¢ € Homg(P, S) such

that P’ & P is fully centralized in F, and set
N, = {g € Ns(P) | pcgp™" € Autg(P')}.

We must show that ¢ extends to some ¢ € Homz(N,,, S). Choose some 2’ € Z(P’) of
order p which is fixed under the action of Autg(P’), and set z = p~1(2') € Z(P). For
all g € N, ey € Autg(P) fixes 2/, and hence ¢,(x) = z. Thus

r € Z(N,) and hence N, < Cg(z); and  Ng(P') < Cs(a'). (3)
Fix y € X which is F-conjugate to x and 2/, and choose
¥ € Homz(Cs(7),Cs(y))  and o' € Homg(Cs(2"), Cs(y))

such that ¢ (z) = ¢'(2') = y. Set Q = Y(P) and Q' = ¢'(P’"). Since P’ is fully
centralized in F, ¢'(P') = @', and Cs(P’') < Cg(2'), we have

Y (Ceg@n (P) = ¢/ (Cs(P) = Cs(Q') = Cos) (Q)- (4)

Set 7 = /o € Isox(Q, Q). By construction, 7(y) = y, and thus 7 € Isoc, ) (Q, Q).
Since P’ is fully centralized in F, (4) implies that @’ is fully centralized in C'x(y). Hence
condition (II), when applied to the saturated fusion system Cz(y), shows that 7 extends
to a homomorphism 7 € Home, () (N;, Cs(y)), where

N; = {g € Neg()(Q) | 7e,77" € Auteg) (@)}
Also, for all g € N, < Cg(x) (see (3)),

Crple) = TCug)T |+ = (T0)cg(T0) ™1 = (W' 0)eg(V'0) ™ = ey € Auteyy)(Q')

for some h € Ng(P') such that pcyo™t = ¢;,. This shows that (N,) < N;; and also
(since Cs(Q'") = ¢'(Cs(P’)) by (4)) that

T((Ny)) < &' (Neg@) (P1)).

We can now define
Y (1) o (o ¥)lw, € Homz(N,, ),

and ¢|p = ¢. O

Proposition 1.1 will also be applied in a separate paper of Carles Broto & Jesper
Mgller [BM] to give a construction of some “exotic” p-local finite groups at certain odd
primes.

Our goal now is to construct certain saturated fusion systems, by starting with the
fusion system of Spin,(gq) for some odd prime power ¢, and then adding to that the
automorphisms of some subgroup of Spin,;(¢). This is a special case of the general
problem of studying fusion systems generated by fusion subsystems, and then showing
that they are saturated. We first fix some notation. If F; and JF; are two fusion systems
over the same p-group S, then (F;, F,) denotes the fusion system over S generated by
F1 and Fy: the smallest fusion system over S which contains both F; and F;. More
generally, if F is a fusion system over S, and F; is a fusion system over a subgroup
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So < S, then (F; Fy) denotes the fusion system over S generated by the morphisms in
F between subgroups of S, together with morphisms in Fj between subgroups of S
only. In other words, a morphism in (F; Fy) is a composite

Py —"— P, == P, Py == Py,
where for each i, either ¢; € Homg(P,_1, P;), or ¢; € Homg, (P;_1, P;) (and P;_q, P, <
So)-
As usual, when G is a finite group and S € Syl (G), then Fg5(G) denotes the fusion
system of G over S. If I' < Aut(G) is a group of automorphisms which contains

Inn(G), then Fg(I') will denote the fusion system over S whose morphisms consist of
all restrictions of automorphisms in I' to monomorphisms between subgroups of S.

The next proposition provides some fairly specialized conditions which imply that

the fusion system generated by the fusion system of a group G together with certain
automorphisms of a subgroup of GG is saturated.
Proposition 1.2. Fiz a finite group G, a prime p dividing |G|, and a Sylow p-subgroup
S € Syl,(G). Fiz a normal subgroup Z <1 G of order p, an elementary abelian subgroup
U < S of rank two containing Z such that Cs(U) € Syl,(Ca(U)), and a subgroup
I' < Aut(Cg(U)) containing Inn(Ce(U)) such that v(U) = U for all v € T'. Set

def

Sy = Cs(U) and F = (Fs5(G); Fs, (1)),

and assume the following hold.

a) All subgroups of order p in S different from Z are G-conjugate.

o) {p el|w(2) = Z} = Autn, ) (Ca(U)).

d) For each E < S which is elementary abelian of rank three, contains U, and is fully
centralized in Fs(G),

{a € Autr(Cs(E)) |a(Z) = Z} = Auta(Cs(E)).

(e) For all E,E" < S which are elementary abelian of rank three and contain U, if E
and E' are I'-conjugate, then they are G-conjugate.

(
(b) T' permutes transitively the subgroups of order p in U.
(
(

Then F is a saturated fusion system over S. Also, for any P < S such that Z < P,
{¢ € Homz(P,5) | ¢(Z) = Z} = Homg(P, 5). (1)
Proposition 1.2 follows from the following three lemmas. Throughout the proofs of

these lemmas, references to points (a—e) mean to those points in the hypotheses of the
proposition, unless otherwise stated.

Lemma 1.3. Under the hypotheses of Proposition 1.2, for any P < S and any central
subgroup Z' < Z(P) of order p,

Z # 7' <U = J¢ € Homp(P, Sp) such that p(Z2') = Z (1)
and

7' £ U = 3¢ € Homg(P, Sp) such that ¢(Z') < U. (2)

Proof. Note first that Z < Z(.9), since it is a normal subgroup of order p in a p-group.
Assume Z # 7' < U. Then U = ZZ', and

P<Cy(Z)=Cs(22') = Cs(U) = S,



Ran Levi and Bob Oliver 7

since Z' < Z(P) by assumption. By (b), there is a € T" such that a(Z’) = Z. Since
So € SylL(Ca(U)), there is h € Cg(U) such that h-a(P)-h™" < Sp; and since

Cp € AutNG(U)(Og(U)) <Tr

by (c), ¢ © e Homyr (P, Sp) and sends Z' to Z.

If Z' «£ U, then by (a), there is ¢ € G such that gZ’g~! < UNZ. Since Z is
central in S, gZ’¢g~! is central in gPg~!, and U is generated by Z and ¢gZ'¢g~!, it
follows that gPg~' < Cg(U). Since Sy € Syl (Ca(U)), there is h € Cg(U) such that
h(gPg~')h~' < Sp; and we can take ¢ = cp, € Homg (P, Sp). O

We are now ready to prove point (1) in Proposition 1.2.

Lemma 1.4. Assume the hypotheses of Proposition 1.2, and let F = (Fs(G); Fs,(I'))
be the fusion system generated by G and I'. Then for all P, P' < S which contain Z,

{¢ € Homg(P, P') | p(Z) = Z} = Homg(P, P').

Proof. Upon replacing P’ by ¢(P) < P’, we can assume that ¢ is an isomorphism, and
thus that it factors as a composite of isomorphisms

1 ®2 ®3 Prk—1 Pk
P=P P, P 2 . 2L gy 2 p=P

1%
1%

where for each i, ¢; € Homg(P;_1, F;) or ¢; € Homp(P;,_1, P;). Let Z; < Z(P;) be the
subgroups of order p such that Zy = Z, = Z and Z; = v;(Z;_1).

To simplify the discussion, we say that a morphism in F is of type (G) if it is
given by conjugation by an element of G, and of type (I') if it is the restriction of
an automorphism in I". More generally, we say that a morphism is of type (G,T) if
it is the composite of a morphism of type (G) followed by one of type (I'), etc. We
regard Idp, for all P < S, to be of both types, even if P £ S;. By definition, if any
nonidentity isomorphism is of type (I"), then its source and image are both contained
in S() = Cs(U)

For each i, using Lemma 1.3, choose some ¢; € Homz(P,U, S) such that ;(Z;) = Z.
More precisely, using points (1) and (2) in Lemma 1.3, we can choose 1; to be of type
(I') if Z; < U (the inclusion if Z; = Z), and to be of type (G,T') if Z £ U. Set
P! = 9;(P;). To keep track of the effect of morphisms on the subgroups Z;, we write
them as morphisms between pairs, as shown below. Thus, ¢ factors as a composite of
isomorphisms

(PlLy, 2) === (Pioy, Zimt) —— (P, Z) —"— (P, 2),
If p; is of type (G), then this composite (after replacing adjacent morphisms of the same
type by their composite) is of type (I', G, T'). If ¢; is of type ('), then the composite
is again of type (I',G,I") if either Z;_; < U or Z; < U, and is of type (I',G,T",G,T) if
neither Z;,_; nor Z; is contained in U. So we are reduced to assuming that ¢ is of one
of these two forms.

Case 1: Assume first that ¢ is of type (I', G, T"); i.e., a composite of isomorphisms of
the form

Py 7) —2 P.Z i Py Z L Ps. 7).
(m)T(mﬁW(z;z)T(?ﬂ)

Then Z; = Z if and only if Zy = Z because ¢y is of type (G). If Z; = Zy = Z, then
¢1 and 3 are of type (G) by (c), and the result follows.
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If Zy # Z #+ Zy, then U = ZZ) = ZZ5, and thus po(U) = U. Neither ¢; nor o3 can
be the identity, so P; < Sy = Cg(U) for all i by definition of Homr(—, —), and hence
o is of type (') by (c). It follows that ¢ € Isor(Fy, Ps) sends Z to itself, and is of
type (G) by (c) again.

Case 2: Assume now that ¢ is of type (I',G,T',G,T"); more precisely, that it is a
composite of the form

Py 7) “2 (P 7)) 2 (P, Zy) 22 (Py. Zs) -2 (P Z) —22s (P, Z
(07)T(h1)?(272)?(3;3)?(4;4)?(57)7

where Z5,Z3 £ U. Then Zy,Zy < U and are distinct from Z, and the groups
Py, Py, Py, Ps all contain U since ¢; and ¢35 (being of type (I')) leave U invariant.
In particular, P, and Ps contain Z, since P; and P, do and ¢, 4 are of type (G). We
can also assume that U < P,, Ps, since otherwise P,NU = Z or PsNU = Z, p3(Z) = Z,
and hence 3 is of type (G) by (c) again. Finally, we assume that Py, Py < Sy = Cg(U),
since otherwise 3 = Id.

Let E; < P; be the rank three elementary abelian subgroups defined by the require-
ments that Fy = UZy, B35 = UZs, and ¢;(F;_1) = E;. In particular, E; < Z(F)
for i = 2,3 (since Z; < Z(P;), and U < Z(F;) by the above remarks); and hence
E; < Z(P,) for all i. Also, U = ZZ, < p4(F3) = Ej since p4(Z) = Z, and thus
U = p5(U) < E5. Via similar considerations for Fy and E;, we see that U < E; for all
i.

Set H = C¢(U) for short. Let £ be the set of all elementary abelian subgroups £ <
S of rank three which contain U, and with the property that Cs(E) € Syl,(Cu(FE)).
Since Cs(E) < Cs(U) = Sp € Syl,(H), the last condition implies that E is fully
centralized in the fusion system Fg,(H). If E < S is any rank three elementary abelian
subgroup which contains U, then there is some a € H such that E' = aFa™! € &s,
since Fg,(H) is saturated and U < H. Then ¢, € Isog(E, E') NIsor(E, E') by (c). So
upon composing with such isomorphisms, we can assume that F; € & for all 7, and
also that ¢;(Cs(F;—1)) = Cs(E;) for each 1.

In this way, ¢ can be assumed to extend to an F-isomorphism ¢ from Cg(E)p)
to Cs(Fs5) which sends Z to itself. By (e), the rank three subgroups FE; are all G-
conjugate to each other. Choose g € G such that gE5g~! = Ey. Then g-Cg(E5)-g"
and Cs(Ep) are both Sylow p-subgroups of Ci(E)p), so there is h € Cg(Ep) such that
(hg)Cs(Es)(hg)™" = Cs(Ey). By (d), chgo @ € Autx(Cs(Ep)) is of type (G); and thus
QDGISOg(Po,P5>. ]

To finish the proof of Proposition 1.2, it remains only to show:

Lemma 1.5. Under the hypotheses of Proposition 1.2, the fusion system F generated
by Fs(G) and Fg,(I') is saturated.

Proof. We apply Proposition 1.1, by letting X be the set of generators of Z. Condition
(a) of the proposition (every x € S of order p is F-conjugate to an element of X) holds
by Lemma 1.3. Condition (c¢) holds since Cx(Z) is the fusion system of the group
Ce(Z) by Lemma 1.4, and hence is saturated by [BLO2, Proposition 1.3].

It remains to prove condition (b) of Proposition 1.1. We must show that if y,z € S
are F-conjugate and (z) = Z, then there is ¢» € Homz(Cs(y), Cs(2)) such that ¢(y) =
z. If y ¢ U, then by Lemma 1.3(2), there is ¢ € Hom#(Cs(y), Sp) such that o(y) € U.
If y € UNZ, then by Lemma 1.3(1), there is ¢ € Hom#(Cs(y), Sp) such that p(y) € Z.
We are thus reduced to the case where y, z € Z (and are F-conjugate).
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In this case, then by Lemma 1.4, there is g € G such that z = gyg~!. Since Z <1 G,
[G:C(Z)] is prime to p, so S and gSg~! are both Sylow p-subgroups of C;(Z), and
hence are Cg(Z)-conjugate. We can thus choose g such that z = gyg~! and gSg~! = S.
Since Cs(y) = Cs(z) = S (Z < Z(95) since it is a normal subgroup of order p), this
shows that ¢, € Isog(Cs(y), Cs(2)), and finishes the proof of (b) in Proposition 1.1. [

2. A FUSION SYSTEM OF A TYPE CONSIDERED BY SOLOMON

The main result of this section and the next is the following theorem:

Theorem 2.1. Let q be an odd prime power, and fir S € Syl,(Spin,(q)). Let z €
Z(Spin,(q)) be the central element of order 2. Then there is a saturated fusion system
F = Fso(q) which satisfies the following conditions:

(a) Cx(z) = Fs(Spinys(q)) as fusion systems over S.
(b) All involutions of S are F-conjugate.

Furthermore, there is a unique centric linking system £ = L§ ,(q) associated to F.

Theorem 2.1 will be proven in Propositions 2.11 and 3.3. Later, at the end of Section
3, we explain why Solomon’s theorem [So| implies that these fusion systems are not
the fusion systems of any finite groups, and hence that the spaces BSol(q) are not
homotopy equivalent to the 2-completed classifying spaces of any finite groups.

Background results needed for computations in Spin(V,b) have been collected in
Appendix A. We focus attention here on SO;(q) and Spin;(q). In fact, since we want
to compare the constructions over F, with those over its field extensions, most of the

constructions will first be made in the groups SO (F,) and Spin, (F,).
We now fix, for the rest of the section, an odd prime power ¢. It will be convenient

to write Spin,(¢*) o Spin,(F,), etc. In order to make certain computations more
explicit, we set

Ve = My(F,) ® MJ(F,) = (F,)" and  b(A, B) = det(A) + det(B)

(where MJ3(—) is the group of (2 x 2) matrices of trace zero), and for each n > 1 set
Vi = My(Fyn) & MI(Fyn) C Vi Then b is a nonsingular quadratic form on V,, and
on V,. Identify SO7(¢>) = SO(Ve,b) and SO7(¢") = SO(V,,b), and similarly for

Spin, (¢") < Spin,(¢>). For all a € Spin(M,(F,),det) and § € Spin(MJ(F,), det), we
write a @ 3 for their image in Spin,(¢®) under the natural homomorphism
La3: Sping(¢™) X Sping(¢™) ——— Spin(¢™).

There are isomorphisms

pa: SLa(q™) x SLy(¢™) — Spiny(¢™)  and  p3: SLa(q™) — Sping(g™)
which are defined explicitly in Proposition A.5, and which restrict to isomorphisms

SLy(q") x SLa(q") = Spiny(q") and SLy(q") = Sping(q™)

for each n. Let

z=pa(—1,-1)®1 =1 p3(—I) € Z(Spin;(q))
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denote the central element of order two, and set

21 =pa(—1,1)® 1 € Spin,(q).
Here, 1 € Spin,(q) (k = 3,4) denotes the identity element. Define U = (z, z1).
Definition 2.2. Define

w: SLy(q™)? —— Spin;(¢™)
by setting

w(Ay, Az, Az) = pa(Ar, Ag) @ p3(As)

fO?" Al, A27 A3 < SLQ((]OO) Set

H(q™) = w(SLy(q™)?) and [A1, A, As]] = w(Ay, As, A3) .

Since ps3 and py are isomorphisms, Ker(w) = Ker(i43), and thus
Ker(w) = ((—1,—1I,-1)).
In particular, H(q>) = (SLy(q¢>)?)/{x(I,1,1)}. Also,
z=[1,1,-1] and 7 =[-1,1,1],
and thus
U= {[+I,+1I,+I]}
(with all combinations of signs).
For each 1 < n < oo, the natural homomorphism
Sping(¢") ——— SO07(¢")

has kernel and cokernel both of order 2. The image of this homomorphism is the
commutator subgroup Q7(¢") < SO(q"), which is partly described by Lemma A.4(a).

In contrast, since all elements of I@‘q are squares, the natural homomorphism from
Spin,(¢™) to SO7(¢*) is surjective.

Lemma 2.3. There is an element T € Nspin_(q)(U) of order 2 such that
7-[ Ay, Ay, Ag] -7t = [[Ag, Ay, Ag] (1)
for all Ay, As, A3 € SLa(q™).

Proof. Let 7 € SO7(q) be the involution defined by setting
T(X,)Y)=(-0(X),-Y)
for (X,Y) € Voo = My(F,) ® MY(F,), where
0(2) = (4)
Let 7 € Spin,(¢™) be a lifting of 7. The (—1)-eigenspace of 7 on V,, has orthogonal

basis

{(170) ) (07 ((1) Pl)) ) (O’ ([1)(1))) ) (0’ (*01 (1]))}’
and in particular has discriminant 1 with respect to this basis. Hence by Lemma
AA4(a), 7 € Q7(q), and so T € Spin,(q). Since in addition, the (—1)-eigenspace of 7 is
4-dimensional, Lemma A.4(b) applies to show that 72 = 1.

By definition of the isomorphisms p3 and py, for all A; € SLy(¢™) (i = 1,2,3) and

all (X,Y) € Vi,

[A1, A, As](X,Y) = (A1 X AL, AsY ASH).
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Here, Spin,(¢>) acts on V, via its projection to SO7(¢>). Also, for all X,Y € MQ(IF‘q),

O(X) = (28)-X%(%8)""  andin particular (XY = 6(Y)-0(X);
and 0(X) = X' if det(X) = 1. Hence for all Ay, Ay, Az € SLy(¢*) and all (X,Y) €
Voo,

(7-[A1, A2, A3 77 ) (X,Y) = 7(—A10(X)-A7 ", —AsY A )
- (AQXAIl, AgYAgl) - [[AQ, Al; Ag]] (X, Y)

This shows that (1) holds modulo (z) = Z(Spin,(¢>)). We thus have two automor-
phisms of H(¢™®) = (SLy(¢>™)*)/{x(I,1,I)} — conjugation by 7 and the permuta-
tion automorphism — which are liftings of the same automorphism of H(¢>)/(z).
Since H(q>) is perfect, each automorphism of H(¢*)/(z) has at most one lifting
to an automorphism of H(¢*), and thus (1) holds. Also, since U is the subgroup
of all elements [+],41,£I] with all combinations of signs, formula (1) shows that
TE NSpin7(q)<U)- O
Definition 2.4. For each n > 1, set

H(q") = H(q™)NSpin(¢")  and  Hy(q") = w(SLa(q")") < H(q").
Define R

I, =Inn(H(¢")) x X3 < Aut(H(q")),

where ig denotes the group of permutation automorphisms

S = {[[AbAmAs]] = [As1, Aso, Aos] ‘ oS 23} < Aut(H(q")).

For each n, let 97" be the automorphism of Spin,(¢>) induced by the field isomor-
phism (q — ¢”"). By Lemma A.3, Spin,(¢") is the fixed subgroup of 1?". Hence each
element of H(q") is of the form [A;, Ay, As]l, where either A; € SLy(q") for each i (and
the element lies in Hy(q")), or 97" (A;) = —A; for each i. This shows that Hy(¢") has
index 2 in H(q").

The goal is now to choose “compatible” Sylow subgroups S(¢") € Syl,(Spin,(¢™))
(all n > 1) contained in N(H(¢")), and let Fgo(g™) be the fusion system over S(q")
generated by conjugation in Spin,(¢™) and by restrictions of I',,.

Proposition 2.5. The following hold for each n > 1.

(a) H(q") = Csping(gm)(U)-
(b) Nspin,(a)(U) = Nspin, (g»)(H(¢")) = H(q")-(T), and contains a Sylow 2-subgroup of
Spinz(q").

Proof. Let z; € SOz(q) be the image of z; € Spin,(q). Set V. = My(F,) and V, =

MJ(F,): the eigenspaces of z; acting on V. By Lemma A.4(c),
Csping (¢) (U) = Cspin, () (21)
is the group of all elements « € Spin,(¢>) whose image & € SO7(¢*) has the form
a=a_Pa, where ar € SO(Vy).
In other words,
Copiny(g)(U) = ta3(Sping(¢™) x Sping(¢™)) = w(SLa(¢)*) = H(q™).
Furthermore, since

Tt P =71, 11|t = [I,—1,1] = 2z
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by Lemma 2.3, and since any element of Ngpin, (g)(U) centralizes z, conjugation by 7
generates Outgpin, (g)(U). Hence

NSpin7(q°°)(U) = H(qoo)<7—>
Point (a), and the first part of point (b), now follow upon taking intersections with
Spinz(q").

If Ngpin,(g»)(U) did not contain a Sylow 2-subgroup of Spin;(¢"), then since every
noncentral involution of Spin,(¢") is conjugate to z; (Proposition A.8), the Sylow 2-
subgroups of Spin,(q) would have no normal subgroup isomorphic to Cz. By a theorem
of Hall (cf. [Go, Theorem 5.4.10]), this would imply that they are cyclic, dihedral,

quaternion, or semidihedral. This is clearly not the case, so Ngpin, (gq»)(U) must contain
a Sylow 2-subgroup of Spin,(q), and this finishes the proof of point (b).

Alternatively, point (b) follows from the standard formulas for the orders of these
groups (cf. [Ta, pp.19,140]), which show that

ISpin, (¢")] (@™ =)@ = D@ = 1) G an . om ¢+ 1
|H(q")-(T)| 2" (> — 1)]? =t et 1)< 2 )
is odd. 0

We next fix, for each n, a Sylow 2-subgroup of Spin,(¢™) which is contained in
H(q")(T) = Nspin, (g (U)-
Definition 2.6. Fiz elements A, B € SLs(q) such that (A, B) = Qs (a quaternion

~

group of order 8), and set A= [A, A, Al and B = [B, B, B]]. Let C(¢™) < Cgr,(g=)(A)
be the subgroup of elements of 2-power order in the centralizer (which is abelian), and
set Q(¢*) = (C(¢™), B). Define

So(q™) = w(Q(¢™)?) < Ho(q™) and  S(¢™) = So(¢™)-(r) < H(¢™) < Spin.(¢™).
Here, T € Spin,(q) is the element of Lemma 2.3. Finally, for each n > 1, define

C(q") = C(g™) N SLa(q"),  Q(q") = Q(¢™) N SLa(q"),
So(q") = So(¢™) N Spinz(¢"),  and  S(¢") = S(¢™) N Spinz(¢"”).

Since the two eigenvalues of A are distinct, its centralizer in SLs(¢>) is conjugate to
the subgroup of diagonal matrices, which is abelian. Thus C(¢*°) is conjugate to the
subgroup of diagonal matrices of 2-power order. This shows that each finite subgroup
of C'(¢*) is cyclic, and that each finite subgroup of Q(¢*) is cyclic or quaternion.

Lemma 2.7. For alln, S(¢") € Syl,(Spin,(¢")).

Proof. By [Sz, 6.23], A is contained in a cyclic subgroup of order ¢" — 1 or ¢" + 1
(depending on which of them is divisible by 4). Also, the normalizer of this cyclic
subgroup is a quaternion group of order 2(¢" +1), and the formula |SLo(¢")| = ¢"(¢*" —
1) shows that this quaternion group has odd index. Thus by construction, Q(q") is a
Sylow 2-subgroup of SLs(q"). Hence w(Q(g")?) is a Sylow 2-subgroup of Hy(g"), so
w(Q(g>)?) N Spin,(¢") is a Sylow 2-subgroup of H(q"). It follows that S(¢") is a Sylow
2-subgroup of H(q")-(T), and hence also of Spin,(¢™) by Proposition 2.5(b). O

Following the notation of Definition A.7, we say that an elementary abelian 2-
subgroup E < Spin,(¢") has type I if its eigenspaces all have square discriminant,
and has type II otherwise. Let &, be the set of elementary abelian subgroups of rank
r in Spin,(¢") which contain z, and let £ and £!7 be the sets of those of type I or
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I1, respectively. In Proposition A.8, we show that there are two conjugacy classes of
subgroups in £ and one conjugacy class of subgroups in £/, In Proposition A.9, an
invariant z¢(E) € E is defined, for all £ € & (and where C is one of the conjugacy
classes in &) as a tool for determining the conjugacy class of a subgroup. More pre-
cisely, F has type I if and only if z¢(F) € (z), and E € C if and only if z¢(E) = 1. The
next lemma provides some more detailed information about the rank four subgroups
and these invariants.

Recall that we define A = [A, A, A] and B = [B, B, BJ.

Lemma 2.8. Fizn > 1, set E, = <Z,Zl,1zl\7 E) < S(q"), and let C be the Spin,(q")-
conjugacy class of E,. Let EY be the set of all elementary abelian subgroups E < S(q™)

of rank 4 which contain U = (z,z1). Fix a generator X € C(q") (the 2-power torsion
in Csp,gn)(A)), and choose Y € C(¢*") such that Y? = X. Then the following hold.

(a) E, has type 1.
(b) &Y = {Eijk, B li, g,k € Z} (a finite set), where
Eyjr = (2,21, A, [X'B,X'B,X"B]) and El;, = (2,21, A, [X'YB, XY B, X*Y B]).

() @e(Eyr) = [(=1)', (=1, (=D)*] and ze(Ey,) = [(-1)', (=1), (=1)*]-A.
(d) All of the subgroups Ei;, have type II. The subgroup Eij; has type I if and only if

i =j (mod 2), and lies in C (is conjugate to E,) if and only if i = j = k (mod
2). The subgroups Eooo, Eoo1, and Eyog thus represent the three conjugacy classes
of rank four elementary abelian subgroups of Spin,(q™) (and E. = Egu ).

(e) For any p € T, < Aut(H(q")) (see Definition 2.4), if E', E" € E are such that
o(E) = B, then plze(E)) = xc(E").

Proof. (a) The set
{(1,0),(A,0),(B,0),(AB,0),(0,A4),(0,B),(0,AB)}

is a basis of eigenvectors for the action of E, on V,, = My(Fyn) & M3 (Fyn). (Since the
matrices A, B, and AB all have order 4 and determinant one, each has as eigenvalues
the two distinct fourth roots of unity, and hence they all have trace zero.) Since all of
these have determinant one, F, has type I by definition.

(b) Consider the subgroups
Ro = w(C(¢®)") N S(q") = {[X%, X7, XM], [X7Y, X9¥, XM [i.).k € Z)

and

~ ~

R1 == Cg(qn)(<U, A>) - R0<B>
Clearly, each subgroup E € £! is contained in
Cs(g)(U) = So(q") = Ro([B', B, B"]).
All involutions in this subgroup are contained in Ry = Ry-([B, B, B]), and thus £ <

Ry. Hence E N Ry has rank 3, which implies that E > (z, 21, A) (the 2-torsion in Ry).
Since all elements of order two in the coset Ry-B have the form

[X'B,X'B,X*B] or [X'VYB,X'YB,X*YB]

for some 4, j, k, this shows that £ must be one of the groups E;;, or Ez’jk (Note in
particular that F, = Eyg.)
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(c) By Proposition A.9(a), the element z¢(F) € E is characterized uniquely by the
property that z¢(E) = g~ 47" (g) for some g € Spin,(¢>) such that gEg~! € C. We
now apply this explicitly to the subgroups E;j;;, and E{Jk
For each 7, Y™/(X'B)Y" = Y% X'B = B. Hence for each i, j, k,
[[Yi> Yj7 Yk]]_l'Eijk'[[Yi> Yj7 Yk]] = L,
1/1(1 ([[Yza Yj? Yk]]) = [[Yl7 Yj? Yk]][[(_l)z7 (_I)Ja <_I)k]]
Hence . .
ve(Bygr) = [(=1), (=1), (=D)*].
Similarly, if we choose Z € Cigp,(g)(A) such that Z* =Y, then for each 4,
Y'Z)"YX'YB)(Y'Z) = B.
Hence for each ¢, j, k,
Y'zY 2 Y"Z) “E,[Y'Z, Y Z,Y*Z] = E..
Since ¢ (Z) = +Z A,
V(Y Z,YIZ,YRZ)) = [YZ, Y Z,Y*Z]-[(—1)'A, (=1)7 A, (—=1)*A],
and hence

xC(El{jk

) = [(=D)'A, (=1)A, (=D)*A].
(d) This now follows immediately from point (c¢) and Proposition A.9(b,c).

(e) By Definition 2.4, T', is generated by Inn(H(¢")) and the permutations of the
three factors in H(q>®) = (SLy(¢™)3)/{x(I,I,1)}. If ¢ € I, is a permutation au-
tomorphism, then it permutes the elements of £V and preserves the elements x¢(—)
by the formulas in (c). If ¢ € Inn(H(¢")) and ¢(E') = E” for E', K" € £}, then
o(ze(E')) = xzc(E") by definition of z¢(—); and so the same property holds for all
elements of T',,. O

Following the notation introduced in Section 1, for P,Q < S(¢"), Homgpin_ (g (P, Q)
denotes the set of homomorphisms from P to () induced by conjugation by some
element of Spin,(¢"). Also, if P,Q < S(¢") N H(q"), Homr, (P, Q) denotes the set
of homomorphisms induced by restriction of an element of I',,. Let F,, = Fso1(q") be
the fusion system over S(¢™) generated by Spin,(¢") and I',,. In other words, for each
P,Q < S(¢"), Homg, (P, Q) is the set of all composites

P=Ph ——P—>h Py —= P =Q,

where P; < S(q") for all i, and each ¢; lies in Homgyin, (gn)(Pi=1, F;) or (if Pi_y, P <
H(q™)) Homr, (P;_1, P;). This clearly defines a fusion system over S(q").

Proposition 2.9. Fizn > 1. Let E < S(q") be an elementary abelian subgroup of
rank 3 which contains U, and such that Cggny(E) € Syly(Cspin, gy (E)). Then

{ € Autg, (Cs(gn)(E)) [ (2) = 2} = Autspin, () (Cs(gn) (E))- (1)
Proof. Set
Spin = Spin,(¢"), S =S(q"), r=r,, and F=Fn

for short. Consider the subgroups

Ro=Ro(¢") ¥ w(C(@))NS and R = Ri(¢") ¥ Cs((U, A)) = (R, B).
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Here, Ry is generated by elements of the form [X;, X5, X3], where either X; € C(¢"),
or X; =X, =X;=X € C(¢*) and ¢ (X) = —X. Also, C(q") € Syly(Csr,(gm(A))
is cyclic of order 2¥ > 4, where 2* is the largest power which divides ¢" +1; and C (q )
is cyclic of order 21, So

Ry (Cy)®  and Ry = Ry x (B),
where B = [B, B, B] has order 2 and acts on Ry via (g +— ¢g~'). Note that
(U.A) = ([£1,£1,£1],[A, A, A]) = &

is the 2-torsion subgroup of R,.
We claim that

Ry is the only subgroup of S isomorphic to (Cayx)?. (2)

To see this, let R < S be any subgroup isomorphic to (Cy )3, and let E’ = C3 be its
2-torsion subgroup. Recall that for any 2-group P, the Frattini subgroup Fr(P) is the
subgroup generated by commutators and squares in P. Thus

E' < Fr(R') < Fr(S) < (R, [B, B, I])

(note that [B, B,I] = (7-[B, I,I])?). Any elementary abelian subgroup of rank 4 in
Fr(S) would have to contain (U, A\> (the 2-torsion in Ry = C5,), and this is impossi-
ble since no element of the coset Ro-[B, B, I] commutes with A. Thus, rk(Fr(S)) =
3. Hence U < F’, since otherwise (U, E’) would be an elementary abelian sub-
group of Fr(S) of rank > 4. This in turn implies that R < Cg(U), and hence
that £’ < Fr(Cs(U)) < Ro. Thus E' = (U, A) (the 2-torsion in R, again). Hence
R < Cs((U, /Al)) = (Ro, §>, and it follows that R’ = R,. This finishes the proof of (2).

Choose generators 1, T2, x5 € Ry as follows. Fix X € Csp,(4=)(A) of order 2, and
Y € Cgpy(g2n)(A) of order 287 such that Y? = X. Set a1 = [[,1, X], 2o = [X,I,1],
and z5 = [V,Y,Y]. Thus, 22" =z, 22" = 2, and (23)%" ' = A.

Now let £ < S(¢") be an elementary abelian subgroup of rank 3 which contains U,
and such that Cggn)(E) € Syly(Cspin(£)). In particular, £ < Ry = Cggn)(U). There
are two cases to consider: that where F < R, and that where F ﬁ Ry.

Case 1: Assume E < Ry. Since Ry is abelian of rank 3, we must have £ = (U, 121\>,
the 2-torsion subgroup of Ry, and Cg(E) = R;. Also, by (2), neither Ry nor R; is
isomorphic to any other subgroup of S; and hence

Autz(R;) = (Autgpin(R;), Autr(R;)) for i =0, 1. (4)

By Proposition A.8, Autgy,(£) is the group of all automorphisms of F which send
z to itself. In particular, since H(q") = Cspin(U), Autg(gny(E) is the group of all auto-
morphisms of £ which are the identity on U. Also, I' = Inn(H (q”))-ig, where 35 sends
A = [A, A, A] to itself and permutes the nontrivial elements of U = {[+I, %I, +I]}.
Hence Autp(F) is the group of all automorphisms which send U to itself. So if we
identify Aut(E) 2 GLs(Z/2) via the basis {z, 21, A}, then

def

Autspin(E) = GL (Z/Q) {(aij) € GL;J,(Z/Q) | 91 =— A3z1 — 0}

and
def

Autr(E) GLQ(Z/Z) {(aij) S GL3(Z/2) | 31 = Az = 0}
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By (2) (and since F is the 2-torsion in Ry),
Nepin(E) = Nspin(Ro) ~ and  {y € T'[y(E) = E} = {7 € ['[y(Ro) = Ro}-

~

Since Cspin(E) = Cspin(Ro)-(B), the only nonidentity element of Autgy,(Ry) or of
Autr(Rp) which is the identity on E is conjugation by B, which is —I. Hence restriction
from Ry to F induces isomorphisms

Autspin(Ro) /{1 = Autgpm(E)  and  Autp(Ro)/{I} = Autp(E).

Upon identifying Aut(Ry) = G L3(Z/2%) via the basis {1, x5, 73}, these can be regarded
as sections

pi: T GLy(Z/2°)[{£1} = SLy(Z/2") x {\I | X € (Z/2")}/{£]}

of the natural projection from G L3(Z/2%)/{+£I} to GL3(Z/2), which agree on the group
Ty = T1 NTs of upper triangular matrices.

We claim that gy and ps both map trivially to the second factor. Since this factor
is abelian, it suffices to show that T is generated by [T}, 71] N Ty and [T, To] N Tp, and
that each T; is generated by [T;,T;] and Ty — and this is easily checked. (Note that
T =Ty =Y,

By carrying out the above procedure over the field Fn, we see that both of these
sections p; can be lifted further to SLz(Z/2"1) (still agreeing on Tp). So by Lemma
A.10, there is a section

p: GL3(Z)2) —— SLs3(Z/2%)

which extends both py and ps. By (4), Autz(Ro) = Im(p)-( — I).

We next identify Autg(R;). By Lemma 2.8(a), F. o <z,z1,121\, §> < Spin,(¢")

is a subgroup of rank 4 and type I. So by Proposition A.8, Autgyi,(F) contains all
automorphisms of E, = C§ which send 2 € Z(Spin) to itself. Hence for any z €
Ngpin(Ry), since ¢, (z) = z, there is x1 € Ngpin(Ey) such that ¢, |p = ¢.|p (i€, rayt €
Cspin(E)) and ¢, (B) = B (ie., [z1, B] = 1). Set x5 = za7".

Since Cepin(U) = H(¢") < Im(w), we see that Cspin(E) = Ko-(B), where

Ko = w(Csr,(4<)(A)*) N Spin
is abelian, RUAE Syly(Kyp), and B acts on Ky by inversion. Upon replacing x; by Exl
and x, by 1oB~1 if necessary, we can assume that x5 € K,. Then

[z, E} = .rg-(éa:gé_l)_l = 13,
while by the original choice of x, x; we have

22, B] = [za7", B] = [z, B] € Ry.

Thus 22 € Ry € Syly(K)), and hence zo € Ry < R;. Since x = xox; was an arbitrary

~

element of Ngpin(R1), this shows that Nepin(R1) < Ri-Cspin(B), and hence that

~

Autspin(R1) = Inn(Ry)-{p € Autgpin(R1) | (B) = B}. (5)

Since Autp(R;) is generated by its intersection with Autgyi,(R;) and the group 23
which permutes the three factors in H(¢>) (and since the elements of Y3 all fix B), we
also have

Autr(Ry) = Inn(Ry)-{¢ € Autr(R,) | o(B) = B}.
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Together with (4) and (5), this shows that Autz(R;) is generated by Inn(R;) together
with certain automorphisms of Ry = Ry-(B) which send B to itself. In other words,

Autz(Ry) = Inn(R,)-{p € Aut(R,) | SO(E) =B, ¢lr, € Autz(Ro)}
= Inn(Ry)-{¢ € Aut(Ry) | ¢(B) = B, ¢ln, € n(GLs(Z/2))}.
Thus

{¢ € Autr(Ry) | p(2) = 2}
=Inn(Ry)-{y € Auwt(R)) | ¢(B) = B, ¢|g, € u(Th) = Autsyin(Ro)} = Autsyin(R1),
the last equality by (5); and (1) now follows.

Case 2: Now assume that £ € Ry. By assumption, U < E (hence E < Cg(E) <
Cs(U)), and Cs(F) is a Sylow subgroup of Cspin(E). Since Cg(E) is not isomorphic
to Ry = C’S((z,zl,f/b) (by (2)), this shows that E is not Spin-conjugate to (2,21,1@.
By Proposition A.8, Spin contains exactly two conjugacy classes of rank 3 subgroups
containing z, and thus F must have type II. Hence by Proposition A.8(d), Cs(FE) is

elementary abelian of rank 4, and also has type II.

Let C be the Spin;(¢™)-conjugacy class of the subgroup E, = (U, A, E) >~ (4, which
by Lemma 2.8(a) has type . Let £ be the set of all subgroups of S which are ele-
mentary abelian of rank 4, contain U, and are not in C. By Lemma 2.8(e), for any
¢ € Isor(E',E") and any E' € &', E” = e(E") € &, and ¢ sends z¢(E') to xzc(E").
The same holds for ¢ € Isogpin(E’, E”) by definition of the elements z¢(—) (Proposi-
tion A.9). Since Cg(F) € &', this shows that all elements of Autz(Cg(FE)) send the
element z¢(Cs(E)) to itself. By Proposition A.9(c), Autgpin(Cs(F)) is the group of
automorphisms which are the identity on the rank two subgroup (z¢(Cs(F)), 2z); and
(1) now follows. O

One more technical result is needed.

Lemma 2.10. Fizn > 1, and let E, E" < S(q") be two elementary abelian subgroups of
rank three which contain U, and which are I',,-conjugate. Then E and E' are Spin,(¢™)-
conjugate.

Proof. By [Sz, 3.6.3(ii)], —I is the only element of order 2 in SLs(¢*). Consider the
sets
T ={X € SLy(¢")| X* =TI}
and
Jo ={X € SLy(¢"") |07 (X) = =X, X* =—1I}.
Here, as usual, ¢" is induced by the field automorphism (z — 29"). All elements in

J1 are S Lo(q)-conjugate (this follows, for example, from [Sz, 3.6.23]), and we claim the
same is true for elements of J5.

Let SL3(g") be the group of all elements X € SLy(¢*") such that ¢4 (X) = +X.
This is a group which contains SLy(¢") with index 2. Let k be such that the Sylow
2-subgroups of SLy(g") have order 2%; then k > 3 since |SLy(¢")| = ¢"(¢°*" — 1). Any
S € Syly(SLi(¢q™)) is quaternion of order 21 > 16 (see [Go, Theorem 2.8.3]) and
its intersection with SLy(g") is quaternion of order 2%, so all elements in S N J, are
S-conjugate. It follows that all elements of J5 are SL3(¢")-conjugate. If X, X’ € 7,
and X' = gXg~! for g € SL;(¢"), then either g € SLy(q") or gX € SLy(¢"), and in
either case X and X' are conjugate by an element of SLs(q").
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By Proposition 2.5(a),

E, E' < Cspiny(q(U) = H(g") = w(SLs(¢)*) N Sping(q”).
Thus £ = (z, 2, [ X1, X2, X5])) and E' = (z, 2z, [ X7, X}, Xi])), where the X; are all
in J; or all in J,, and similarly for the X/. Also, since £ and E’ are I',-conjugate
(and each element of I',, leaves U = (z, z1) invariant), the X; and X/ must all be in
the same set J; or Jo. Hence they are all SLy(¢")-conjugate, and so £ and E’ are
Spin;(¢™)-conjugate. O

We are now ready to show that the fusion systems F,, are saturated, and satisfy the
conditions listed in Theorem 2.1.

Proposition 2.11. For a fized odd prime power q, let S(q") < S(¢*°) < Spin,(¢>)
be as defined above. Let z € Z(Spin,(¢™)) be the central element of order 2. Then
for each n, F,, = Fsol(q") is saturated as a fusion system over S(q"), and satisfies the
following conditions:

(a) For all P,Q < S(q") which contain z, if o € Hom(P,Q) is such that o(z) = z,
then o € Homg, (P, Q) if and only if a € Homgpin, (qn) (P, Q).

(b) Cr,(2) = Fs(g(Spin;(¢"™)) as fusion systems over S(q").
(c) All involutions of S(q") are F,-conjugate.

Furthermore, F,, C F, for min. The union of the F, is thus a category Fso(q™)
whose objects are the finite subgroups of S(¢>).

Proof. We apply Proposition 1.2, where p = 2, G = Spin;(¢™), S = S(¢"), Z = (z) =
Z(G); and U and Cg(U) = H(q") are as defined above. Also, I' =T, < Aut(H(¢")).
Condition (a) in Proposition 1.2 (all noncentral involutions in G are conjugate) holds
since all subgroups in & are conjugate (Proposition A.8), and condition (b) holds by
definition of I'. Condition (c) holds since

{y el |y(z) = 2z} = Inn(H(q"))(¢;) = Autngw)(H(q"))

by definition, since H(q¢") = C¢(U), and by Proposition 2.5(b). Condition (d) was
shown in Proposition 2.9, and condition (e) in Lemma 2.10. So by Proposition 1.2, F,
is a saturated fusion system, and C'z, (Z) = Fg(g)(Spins(¢")).

The last statement is clear. O

3. LINKING SYSTEMS AND THEIR AUTOMORPHISMS

We next show the existence and uniqueness of centric linking systems associated to
the Fsoi(q), and also construct certain automorphisms of these categories analogous to
the automorphisms 17 of the group Spin;(¢"). One more technical lemma about ele-
mentary abelian subgroups, this time about their F-conjugacy classes, is first needed.

Lemma 3.1. Set F = Fso(q). For each r < 3, there is a unique F-conjugacy class of
elementary abelian subgroups E < S(q) of rank r. There are two F-conjugacy classes
of rank four elementary abelian subgroups E < S(q): one is the set C of subgroups
Spin,(q)-conjugate to E, = <z,21,121\, §>, while the other contains the other conjugacy
class of type I subgroups as well as all type II subgroups. Furthermore, Autg(E) =



Ran Levi and Bob Oliver 19

Aut(E) for all elementary abelian subgroups E < S(q) except when E has rank four
and is not F-conjugate to E,, in which case

Autz(E) = {a € Aut(E) | a(ze(E)) = zc(E)}.

Proof. By Lemma 2.8(d), the three subgroups
E*:<27z17;{7 [[B7BaB]]>7 E001:<Z7Z17A\7 [[BvBaXB]Da E100:<Z,Zl,;{, [[XBvaB]D

(where X is a generator of C(q)) represent the three Spin,(g)-conjugacy classes of rank
four subgroups. Clearly, Ejoo and Eyp; are I';-conjugate, hence F-conjugate; and by
Lemma 2.8(e), neither is I';-conjugate to E,. This proves that there are exactly two
F-conjugacy classes of such subgroups.

Since E, and Eyo; both are of type I in Spin,(q), their Spin,(g)-automorphism groups
contain all automorphisms which fix z (see Proposition A.8). By Lemma 2.8(¢e), z is
fixed by all I'-automorphisms of Fyo1, and so Autz(Egg) is the group of all automor-
phisms of Eyy which send z = z¢(FEge) to itself. On the other hand, F, contains
automorphisms (induced by permuting the three coordinates of H) which permute the
three elements z, 21, 221; and these together with Autgpi, () generate Aut(E.).

It remains to deal with the subgroups of smaller rank. By Proposition A.8 again,
there is just one Spin,(q)-conjugacy class of elementary abelian subgroups of rank one
or two. There are two conjugacy classes of rank three subgroups, those of type I and
those of type II. Since Eiqg is of type II and Eyy; of type I, all rank three subgroups
of Fyo1 have type I, while some of the rank three subgroups of Fg have type II. Since
FEqo1 is F-conjugate to Egg, this shows that some subgroup of rank three and type II is
F-conjugate to a subgroup of type I, and hence all rank three subgroups are conjugate
to each other. Finally, Autz(F) = Aut(E) whenver rk(E) < 3 since any such group is
F-conjugate to a subgroup of E, (and we have just seen that Autz(E,.) = Aut(E,)). O

To simplify the notation, we now define

ny def . n
FSpin(q ) = fs<qn>(Spm7(q ))

for all 1 < n < oco: the fusion system of the group Spin,(¢™) at the Sylow subgroup
S(q"™). By construction, this is a subcategory of Fgsoi(¢"). We write

Osal(q") = O(Fsar(q")) and Ospin(q") = O(Fspin(q"))

for the corresponding orbit categories: both of these have as objects the subgroups of
S(q"), and have as morphism sets

Morosol(qn)(P> Q)= Hom}—sol(qn)(Pv Q)/Inn(Q) C Rep(P, Q)
and

MOIOSpin(qn)(P7 Q) = HOInfSpin(Q”)(‘P? Q)/ Inn(Q) °

Let 0§,1(¢") € Osai(¢") and O, (¢") € Ospin(q™) be the centric orbit categories; i.e.,
the full subcategories whose objects are the Fgo1(¢")- or Fgpin(¢")-centric subgroups of
S(q™). (We will see shortly that these in fact have the same objects.)

The obstructions to the existence and uniqueness of linking systems associated to the
fusion systems Fg,1(¢"), and to the existence and uniqueness of certain automorphisms
of those linking systems, lie in certain groups which were identified in [BLO2] and
[BLO1]. It is these groups which are shown to vanish in the next lemma.
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Lemma 3.2. Fiz a prime power q, and let
Zsal(q): Osalq) —— Ab  and  Zspin(q): Ogpin(g) —— Ab
be the functors Z(P) = Z(P). Then for all i > 0,

lim' (Zsa(q)) = 0= lim" (Zspin(9))-

Oéol(Q) Oépin(Q)

Proof. Set F = Fso(q) for short. Let Py, ..., Py be F-conjugacy class representatives
for all F-centric subgroups P, < S(g), arranged such that |P;| < |P;| for ¢ < j. For
cach i, let Z; C Zg,(q) be the subfunctor defined by setting Z;(P) = Zsq(q)(P) if P
is conjugate to P; for some j < ¢ and Z;(P) = 0 otherwise. We thus have a filtration

of Zs,1(q) by subfunctors, with the property that for each i, the quotient functor
Z,/Z;_1 vanishes except on the conjugacy class of P; (and such that (Z;/Z;_1)(P;) =
Zs01(q)(F;)). By [BLO2, Proposition 3.2],

" (2;/Zi1) = A" (Outx(F); Z(F))
for each i. Here, A*(I'; M) are certain graded groups, define in [JMO, §5] for all finite

groups I' and all finite Z,)[I'l-modules M. We claim that A*(Outz(F); Z(P;)) = 0
except when P; = S(q) or So(q) (see Definition 2.6).

Fix an F-centric subgroup P < S(g). For each j > 1, let Q,;(Z(P)) = {g €
Z(P)|g¥ =1}, and set E = Q,(Z(P)) — the 2-torsion in the center of P. For each
j>1,let Q;(Z(P))={g € Z(P)|¢*¥ =1}, and set E = Q,(Z(P)) — the 2-torsion in
the center of P. We can assume E is fully centralized in F (otherwise replace P and
E by appropriate subgroups in the same F-conjugacy classes).

Assume first that Q % Cs)(E) 2 P, and hence that Ng(P) = P. Then any

x € No(P)N\P centralizes E = Q(Z(P)). Hence for each j, x acts trivially on
Q,;(Z(P))/Q-1(Z(P)), since multiplication by p/~! sends this group Ng(P)/P-linearly
and monomorphically to E. Since ¢, is a nontrivial element of Outz(P) of p-power
order,

A*(Outz(P); Q;(Z(P))/Q;-1(Z(P))) = 0
for all j > 1 by [JMO, Proposition 5.5], and thus A*(Outz(P); Z(P)) = 0.

Now assume that P = Cg(,)(E) = P, the centralizer in S(q) of a fully F-centralized
elementary abelian subgroup. Since there is a unique conjugacy class of elementary
abelian subgroup of any rank < 3, Cs(,)(E) always contains a subgroup C3, and hence
P contains a subgroup C4 which is self centralizing by Proposition A.8(a). This shows
that Z(P) is elementary abelian, and hence that Z(P) = E.

We can assume P is fully normalized in F, so
Autgg)(P) € Syly(Autz(P))

by condition (I) in the definition of a saturated fusion system. Since P = Cgq)(E)
(and £ = Z(P)), this shows that

Ker [Outz(P) —— Autz(E)]

has odd order. Also, since F is fully centralized, any F-automorphism of E extends to
an F-automorphism of P = Cg,)(E), and thus this restriction map between automor-
phism groups is onto. By [JMO, Proposition 6.1(i,iii)], it now follows that

A(Outx(P); Z(P)) = N (Autz(E); E). (1)
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By Lemma 3.1, Autz(E) = Aut(E), except when F lies in one certain F-conjugacy
class of subgroups E = C3; and in this case P = E and Autx(F) is the group of auto-
morphisms fixing the element z¢(F). In this last (exceptional) case, Os(Autz(E)) # 1
(the subgroup of elements which are the identity on E/(z¢(E))), so

A*(Out£(P): Z(P)) = A*(Aut(E): E) = 0 (2)

by [JMO, Proposition 6.1(ii)]. Otherwise, when Autz(E) = Aut(E), by [JMO, Propo-
sition 6.3] we have

7)2 ifrk(E)=2,i=1
N(Autr(E); E) 2 Z/2 iftk(E)=1,i=0 (3)
0 otherwise.

By points (1), (2), and (3), the groups A*(Outz(P); Z(P)) vanish except in the two
cases = (z) or E = U, and these correspond to P = S(q) or P = Ng()(U) = So(q).

We can assume that P, = S(¢) and P,_; = Sy(¢). We have now shown that
lim*(2;_2) = 0, and thus that Zg,(¢) has the same higher limits as Z/Z;_,. Hence
lim’(Zs01(g)) = 0 for all j > 2, and there is an exact sequence

0 — ’(Zsalg) —— (2 Zer) —— (21 /Zis)

— lim'(Zsa(q)) — 0.

One easily calculates that 1im°(Zs.(g)) = 0, and hence we also get lim'(Zs,1(q)) = 0.

The proof that lim*(Zspin(q)) = 0 for all i > 1 is similar, but simpler. If F = Fgpin(q),
then for any F-centric subgroup P < S(q), there is an element z € Ng(P)~P such
that [z, P] = (z), and ¢, is a nontrivial element of Oy(Outz(P)). Thus

A*(Outz(P); Z(P)) = 0
for all such P by [JMO, Proposition 6.1(ii)] again. O

We are now ready to construct classifying spaces BSol(q) for these fusion systems
Fso1(q). The following proposition finishes the proof of Theorem 2.1, and also contains
additional information about the spaces BSol(q).

To simplify notation, we write £§,;,(¢") = L5 (Spinz(¢")) (n > 1) to denote the
centric linking system for the group Spin,(¢"). The field automorphism (z +— x9)
induces an automorphism of Spin,(¢") which sends S(¢") to itself; and this in turn
induces automorphisms ¢} = ¢%(Sol), ¥%(Spin), and ¢%(Spin) of the fusion systems
Fsol(q") 2 Fspin(q™) and of the linking system L ; (¢").

Proposition 3.3. Fiz an odd prime q, andn > 1. Let S = S(q") € Syl,(Spin;(¢™)) be
as defined above. Let z € Z(Spin,(q™)) be the central element of order 2. Then there
s a centric linking system

L= Li(q") —— Fsa(q")

associated to the saturated fusion system JF o Fsol(q™) over S, which has the following
additional properties.

(a) A subgroup P < S is F-centric if and only if it is Fspin(q")-centric.
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(b) L§,(q") contains L§;,(q") as a subcategory, i
usual projection to F§;,(q"), and that the distinguished monomorphisms

£8,im(a™) s the

P - Autg(P)
for L = L§,(q") are the same as those for £§;,(q").

(c) Each automorphism of L§;,(q") which covers the identity on F§;,(¢") extends to
an automorphism of L£§.,(¢") which covers the identity on F§.(q"). Furthermore,
such an extension is unique up to composition with the functor

C.: LSOI( ") — Lgol(qn)

which is the identity on objects and sends a € Morgg (o) (P,Q) to Zo a0 27!
( “conjugation by z”).

(d) There is a unique automorphism ¥} € Aut(LE,,(q")) which covers the automor-
phism of Fso(q™) induced by the field automorphism (x +— x7), which extends the
automorphism of L£§;,(q") induced by the field automorphism, and which is the

identity on 7 (Fsor(q))-

Proof. By Proposition 2.11, F = Fg,(q") is a saturated fusion system over S = S(¢") €
Syly(Spin;(¢™)), with the property that Cr(z) = Fgpin(¢"). Point (a) follows as a
special case of [BLO2, Proposition 2.5(a)].

Since lim' (Zs0(¢")) = 0 for i = 2,3 by Lemma 3.2, there is by [BLO2, Propo-

Osol(qn)

sition 3.1] a centric linking system £ = £§ ,(¢") associated to F, which is unique up
to isomorphism (an isomorphism which commutes with the projection to Fgu(g™) and
with the distinguished monomorphisms). Furthermore, 7! (Fspin(¢")) is a linking sys-
tem associated to Fgpin(¢"), such a linking system is unique up to isomorphism since
lim*(Zspin(q")) = 0 (Lemma 3.2 again), and this proves (b).

(c) By [BLOI1, Theorem 6.2] (more precisely, by the same proof as that used in
[BLO1]), the vanishing of lim’(Zss(¢")) for i = 1,2 (Lemma 3.2) shows that each
automorphism of F = Fgs(¢") lifts to an automorphism of £, which is unique up
to a natural isomorphism of functors; and any such natural isomorphism sends each
object P < S to a isomorphism g for some g € Z(P). Similarly, the vanishing of
lim’(Zspin(¢™)) for i = 1,2 shows that each automorphism of Fsym(g") lifts to an
automorphism of £ (¢ ), also unique up to a natural isomorphism of functors. Since

$o1(q") and Lg;, (¢") have the same objects by (a), this shows that each automorphism
of £§,;,(¢") which covers the identity on Fg,(¢") extends to a unique automorphism
of £§.,(¢™) which covers the identity on Fg(g").

It remains to show, for any ® € Aut(L§,,(¢")) which covers the identity on F§,(¢")
and such that P £5m(a) = = Id, that ® is the identity or conjugation by z. We have

already noted that ¢ must be naturally isomorphic to the identity; i.e., that there are
elements v(P) € Z(P), for all P in £ (¢"), such that

®(a) =7(Q)oaoy(P)? for all o € Morge (o) (P, @), all P, Q.

Since ® is the identity on £§;,(¢"), the only possibilities are (P) = 1 for all P (hence
¢ =1d), or y(P) = z for all P (hence ® is conjugation by z).

(d) Now consider the automorphism ¢% € Aut(Fgo(¢™)) induced by the field auto-
morphism (z +— 27) of Fn. We have just seen that this lifts to an automorphism )7
of L£$,,(¢"), which is unique up to natural isomorphism of functors. The restriction of
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Y7 to L§,;,(¢"), and the automorphism 17 (Spin) of £g;,(¢") induced directly by the
field automorphism, are two liftings of 1% |z .. (g, and hence differ by a natural iso-
morphism of functors which extends to a natural isomorphism of functors on £§(¢").
Upon composing with this natural isomorphism, we can thus assume that ¢} does
restrict to the automorphism of £§;,(¢") induced by the field automorphism.

Now consider the action of 1% on Aut,(So(q)), which by assumption is the identity
on Autzg  ()(S0(¢)), and in particular on §(So(q)) itself. Thus, with respect to the
extension

1 —— So(q) —— Autz(So(q)) Y3 1,
% is the identity on the kernel and on the quotient, and hence is described by a cocycle
n e Z' (¥ Z2(50(q) = 7' (33 (Z/2)*).
Since H'(33;(Z/2)?) = 0, n must be a coboundary, and thus the action of ¢% on
Autz(So(q)) is conjugation by an element of Z(Sy(g)). Since it is the identity on
Autggpm(q)(So(q)), it must be conjugation by 1 or z. If it is conjugation by z, then we

can replace 1} (on the whole category £) by its composite with z; i.e., by its composite
with the functor which is the identity on objects and sends o € Morz(P, Q) to Zo o 2.

In this way, we can assume that ¢} is the identity on Aut,(Sy(g)). By construction,
every morphism in Fg,(q) is a composite of morphisms in Fgpin(¢) and restrictions
of automorphisms in Fse(q) of So(g). Since ¢% is the identity on 7! (Fspin(q)), this
shows that it is the identity on 7= (Fsai(q)).

It remains to check the uniqueness of }. If ¢’ is another functor with the same
properties, then by (e), (/)% o % is either the identity or conjugation by z; and the
latter is not possible since conjugation by z is not the identity on 7= *(Fsa(q)). O

This finishes the construction of the classifying spaces BSol(q) = |Ls(q)|5 for the
fusion systems constructed in Section 2. We end the section with an explanation of
why these are not the fusion systems of finite groups.

Proposition 3.4. For any odd prime power q, there is no finite group G whose fusion
system is isomorphic to that of Fsoi(q).

Proof. Let G be a finite group, fix S € Syl,(G), and assume that S = S(q) €
Syl,(Spin,(q)), and that the fusion system Fg(G) satisfies conditions (a) and (b) in
Theorem 2.1. In particular, all involutions in G are conjugate, and the centralizer
of any involution z € G has the fusion system of Spin,(¢). When ¢ = 4+3 (mod 8),
Solomon showed [So, Theorem 3.2] that there is no finite group whose fusion system

has these properties. When ¢ = £1 (mod 8), he showed (in the same theorem) that

there is no such G such that A < Cq(2)/0O2(Cg(z)) is isomorphic to a subgroup of

Aut(Spin,(¢)) which contains Spin,(¢) with odd index. (Here, Oy (—) means largest
odd order normal subgroup.)

Let G be a finite group whose fusion system is isomorphic to Fg.(q), and again
set H & Ci(2)/09(Ca(z)) for some involution z € G. Set H = O% (H/(z)): the
smallest normal subgroup of H/(z) of odd index. Then H has the fusion system of
Q7(q) = Spin,(q)/Z(Spin;(q)). We will show that H = Q7(q’) for some odd prime power
¢'. It then follows that Ozl(ﬁl ) = Spin,(¢’), thus contradicting Solomon’s theorem and
proving our claim.

The following “classification free” argument for proving that H = Q,(q’) for some ¢
was explained to us by Solomon. We refer to the appendix for general results about
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the groups Spini(q) and QF(g). Fix S € Syly(H). Thus S is isomorphic to a Sylow
2-subgroup of 27(¢), and has the same fusion.

We first claim that H must be simple. By definition (H = O%(H/(z))), H has
no proper normal subgroup of odd index, and H has no proper normal subgroup of

odd order since any such subgroup would lift to an odd order normal subgroup of

H = Cg(2)/02(Cq(z)). Hence for any proper normal subgroup N <1 H, Q “NNS

is a proper normal subgroup of S, which is strongly closed in S with respect to H
in the sense that no element of () can be H-conjugate to an element of S\ (). Using
Lemma A.4(a), one checks that the group €27(¢) contains three conjugacy classes of
involutions, classified by the dimension of their (—1)-eigenspace. It is not hard to see
(by taking products) that any subgroup of S which contains all involutions in one
of these conjugacy classes contains all involutions in the other two classes as well.
Furthermore, S is generated by the set of all of its involutions, and this shows that
there are no proper subgroups which are strongly closed in S with respect to H. Since
we have already seen that the intersection with S of any proper normal subgroup of H
would have to be such a subgroup, this shows that H is simple.

Fix an isomorphism

S — S € Syly(€2(q))

[~=3

which preserves fusion. Choose ' € S’ whose (—1)-eigenspace is 4-dimensional, and
such that (z') is fully centralized in Fg (27(¢)). Then

Coqg)(2") = OF (q) % Os(q)

by Lemma A.4(c). Since Qf(¢) < Of(q) and Q3(q) < Os(q) both have index 4,
Ca. (g (') is isomorphic to a subgroup of Of (¢) x O3(q) of index 4, and contains a
normal subgroup K’ = Q (q) x 3(q) of index 4. Since (') is fully centralized, C's/ (')
is a Sylow 2-subgroup of Coq,y(2'), and hence S} Y NK isa Sylow 2-subgroup of
K'.

Set z = ¢~ 1(2/) € S. Since S = S’ have the same fusion in H and Q;(q), Cs(x)
Cg(2') have the same fusion in Cy(z) and Cq,)(2'). Hence Hy(Cy(x);Z))
Hy(Co,(g)(2'); Z2)) (homology is determined by fusion), both have order 4, and thus
Cp(z) also has a unique normal subgroup K <0 H of index 4. Set Sy = K NS. Thus
©(Sp) = S|, and using Alperin’s fusion theorem one can show that this isomorphism
is fusion preserving with respect to the inclusions of Sylow subgroups S; < K and
S, < K.

Using the isomorphisms of Proposition A.5:

Q5 (q) = SLa(q) X(@) SLa(q)  and  Q3(q) = PSLa(q),

we can write K' = K{ X K}, where K| = SL,(q) and K3 =2 SLy(q) x PSLy(q). Set
Si = S'NK] € Syly(K}); thus Sj = 57 X 21y S. Set S; = ¢ 1(S]), so that Sy = Si X ()52
is normal of index 4 in Cg(x). The fusion system of K thus splits as a central product
of fusion systems, one of which is isomorphic to the fusion system of SLs(q).

1R

We now apply a theorem of Goldschmidt, which says very roughly that under these
conditions, the group K also splits as a central product. To make this more precise,
let K; be the normal closure of S; in K < Cy(z). By [Gd, Corollary A2], since S; and
Sy are strongly closed in Sy with respect to K,

(K1, K> < (2)-0y(K).
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Using this, it is not hard to check that S; € Syl,(K;). Thus K; has same fusion as
SLy(q) and is subnormal in Cy(z) (K7 < K < Cg(z)), and an argument similar to
that used above to prove the simplicity of H shows that K;/((z)-O«(K;)) is simple.
Hence K; is a 2-component of Cy(z) in the sense described by Aschbacher in [Asl].
By [Asl, Corollary III], this implies that H must be isomorphic to a Chevalley group
of odd characteristic, or to Mj;. It is now straightforward to check that among these
groups, the only possibility is that H = ;(¢’) for some odd prime power ¢'. OJ

4. RELATION WITH THE DWYER-WILKERSON SPACE

We now want to examine the relation between the spaces BSol(q) which we have just
constructed, and the space BDI(4) constructed by Dwyer and Wilkerson in [DW1].
Recall that this is a 2-complete space characterized by the property that its coho-
mology is the Dickson algebra in four variables over Fy; i.e., the ring of invariants
Py, 29, 23, 4] 43, We show, for any odd prime power ¢, that BDI(4) is homotopy
equivalent to the 2-completion of the union of the spaces BSol(¢"™), and that BSol(q) is
homotopy equivalent to the homotopy fixed point set of an Adams map from BDI(4)
to itself.

We would like to define an infinite “linking system” L£§,(¢*°) as the union of the
finite categories L£§,,(¢"), and then set BSol(¢™) = |£§,,(¢°)|5. The difficulty with this
approach is that a subgroup which is centric in the fusion system Fg,(¢™) need not be
centric in a larger fusion system Fgo(¢") (for m|n). To get around this problem, we
define £&,(¢™) € LE,,(¢") to be the full subcategory whose objects are those subgroups
of S(¢") which are Fgq(g>)-centric; or equivalently Fgo(¢¥)-centric for all k € nZ.
Similarly, we define £&7;,(¢") to be the full subcategory of £§ ; (¢") whose objects are
those subgroups of S(¢") which are Fgpin(¢°°)-centric. We can then define £§(¢*)
and L£§;,(¢>) to be the unions of these categories.

For these definitions to be useful, we must first show that |£(¢")]5 has the same
homotopy type as |£5,,(¢")]5. This is done in the following lemma.

Lemma 4.1. For any odd prime power q and any n > 1, the inclusions

| Sol( )‘2 C |£Sol( n)‘;\ and | Spln( )‘2 C |£Sp1n< n)|é\

are homotopy equivalences.

Proof. 1t clearly suffices to show this when n = 1.

Recall, for a fusion system F over a p-group S, that a subgroup P < S is F-radical
if Outx(P) is p-reduced,; i.e., if O,(Outz(P)) = 1. We will show that

all Fso1(q)-centric Fso(g)-radical subgroups of S(q) are also Fso(¢™)-centric (1)
and similarly
all Fspin(q)-centric Fgpin(g)-radical subgroups of S(q) are also Fgpin(¢™°)-centric. (2)

In other words, (1) says that for each P < S(g) which is an object of LS (¢) but not
of L& (q), O2(Outry,, 4 (P)) # 1. By [JMO, Proposition 6.1(ii)], this implies that

A" (Outggy,, () (P); H(BP;Fy)) = 0.
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Hence by [BLO2, Propositions 3.2 & 2.2] (and the spectral sequence for a homotopy
colimit), the inclusion £&(¢) C L£§,,(¢) induces an isomorphism

H*(|£501(q) s F2) —— H(I£5(q)]; F2),
and thus [££,()3 ~ [£5,(q)l3. The proof that |8, ()3 ~ |L&m(@)l§ is similar,
using (2).

Point (2) is shown in Proposition A.12, so it remains only to prove (1). Set F =
Fsol(q), and set Fr = Fsa(q*) for all 1 < k < co. Let E < Z(P) be the 2-torsion in
the center of P, so that P < Cgy)(E). Set

(z) if tk(E) =1
(z,21) if tk(E) =2
(2,21, A) if tk(E) =3
E if tk(E) = 4

E =

in the notation of Definition 2.6. In all cases, F is F-conjugate to E’ by Lemma
3.1. We claim that E’ is fully centralized in Fj for all k& < oo. This is clear when
tk(E') = 1 (E' = Z(S(q"))), follows from Proposition 2.5(a) when rk(E’) = 2, and
from Proposition A.8(a) (all rank 4 subgroups are self centralizing) when rk(E’) = 4.
If rk(E’) = 3, then by Proposition A.8(d), the centralizer in Spin;(¢*) (hence in S(¢¥))
of any rank 3 subgroup has an abelian subgroup of index 2; and using this (together
with the construction of S(¢*) in Definition 2.6), one sees that E’ is fully centralized
in fk

If B/ # E, choose ¢ € Homz(FE,S(q)) such that ¢(F) = E’; then ¢ extends to
¢ € Homz(Csq)(E),S(q)) by condition (II) in the definition of a saturated fusion
system, and we can replace P by @(P) and E by ¢(E). We can thus assume that
E is fully centralized in F for each &k < oo. So by [BLO2, Proposition 2.5(a)], P
is Fi-centric if and only if it is Cg, (E)-centric; and this also holds when k = oo.

Furthermore, since Oute, (g)(P) < Outz(P), O2(Oute, (g)(P)) is a normal 2-subgroup
of Outz(P), and thus

02 (Outcf(E)(P)) < Og(out]:(P)).
Hence P is Cx(E)-radical if it is F-radical. So it remains to show that
all C'r(E)-centric Cx(FE)-radical subgroups of S(q) are also Cx_(E)-centric.  (3)

If rk(E) = 1, then Cx(F) = Fspin(q) and Cr_(E) = Fspin(¢>), and (3) follows from
(2). If tk(E) = 4, then P = E = Cg(4=)(£) by Proposition A.8(a), so P is Fu-centric,
and the result is clear.

If rk(F) = 3, then by Proposition A.8(d), Cx(E) C Cx,_(E) are the fusion systems
of a pair of semidirect products AxCy < A, xCy, where A < A, are abelian and C,
acts on A, by inversion. Also, E is the full 2-torsion subgroup of A, since otherwise
rk(As) > 3 would imply A, xCy < Spin,(¢*) contains a subgroup C§ (contradicting
Proposition A.8). If P < A, then either Outc, (g)(P) has order 2, which contradicts
the assumption that P is radical; or P is elementary abelian and Oute, g (P) = 1,
in which case P < Z(AxCy) is not centric. Thus P £ A; PN A > E contains all
2-torsion in A, and hence P is centric in Ao, xC5.

If rk(F) = 2, then by Proposition 2.5(a), Cx_(F) and Cx(E) are the fusion systems
of the groups

H(q™) = SLy(¢™)*/{£(1,1,1)} (4)
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and
00 . def
H(q) = H(q™) NSping(q) > Ho(q) = SLa(q)*/{£(I,1,1)}.
If P < S(q) is centric and radical in the fusion system of H(q), then by Lemma A.11(c),

its intersection with Hy(q) = SLs(q)?/{=£(I,I,1)} is centric and radical in the fusion
system of that group. So by Lemma A.11(a,f),

PN Hy(q) = (P x Pyx Py)/{£(I,I,1)} (5)

for some P; which are centric and radical in the fusion system of SLs(g). Since the Sylow
2-subgroups of SLs(q) are quaternion [Go, Theorem 2.8.3], the P; must be nonabelian
and quaternion, so each P;/{%/} is centric in PSLy(¢*). Hence P N Hy(q) is centric
in SLy(q)®/{+(I,1,I)} by (5), and so P is centric in H(g>) by (4). O

We would like to be able to regard BSpin,(q) as a subcomplex of BSol(q), but there
is no simple natural way to do so. Instead, we set

BSping(q) = | L&, (0)|5 € |£(q)]3 € BSol(q);

Spin
then BSpin%(q) ~ BSpin;(¢)5 by [BLO1, Proposition 1.1] and Lemma 4.1. Also, we
write
cc def c
BSol'(q) = [£&,(q)l2 € BSol(q) = [L£5.(q)]2

to denote the subcomplex shown in Lemma 4.1 to be equivalent to BSol(q); and

set BSping(¢™) = [£§,;,(¢>)|5. From now on, when we talk about the inclusion of

BSpin,(q) into BSol(g), as long as it need only be well defined up to homotopy, we
mean the composite

BSping(q) ~ BSpinz(q) € BSol'(q)

(for some choice of homotopy equivalence). Similarly, if we talk about the inclu-
sion of BSol(¢™) into BSol(¢") (for m|n) where it need only be defined up to homo-
topy, we mean these spaces identified with their equivalent subcomplexes BSol'(¢™) C
BSol'(¢").

Lemma 4.2. Let q be any odd prime. Then for alln > 1,
H*(BSol(q"); Fy) — H*(BH(q"); Fy)“*

| |

H*(BSpin;(q"); Fs) — H*(BH(q");F3)

(with all maps induced by inclusions of groups or spaces) is a pullback square.

Proof. By [BLO2, Theorem B], H*(BSol(¢");F2) is the ring of elements in the coho-
mology of S(¢") which are stable relative to the fusion. By the construction in Section
2, the fusion in Sol(¢") is generated by that in Spin,(¢"™), together with the permu-
tation action of C3 on the subgroup H(¢") < Spin;(¢"), and hence (1) is a pullback
square. 0

Proposition 4.3. For each odd prime q, there is a category L§.;(¢>), together with a
functor

m: L50(¢7) —— Fsalq™),
such that the following hold:

(a) For eachn > 1, 7 (Fsa(q™)) = LE,(q™).
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(b) There is a homotopy equivalence
def 0o
BSol(¢™) & |£5,(¢™)l; —— BDI()

such that the following square commutes up to homotopy

BSpin}(¢™); —"“"— BSol(¢>)

ol A j 1)

BSpin(7), —— BDI(4).

Here, 1y is the homotopy equivalence of [FM]|, induced by some fized choice of em-
bedding of the Witt vectors for F, into C, while §(¢™) is the union of the inclusions
1L (q") ]2 € 1£&1(q™)]2, and 0 is the inclusion arising from the construction of

BDI(4) in [DW1].

Furthermore, there is an automorphism ¥} € Aut(LE,(¢>)) of categories which satis-
fies the conditions:

(c) the restriction of 1/)% to each subcategory LE,(q") is equal to the restriction of 1/12 =
Aut(LE,(¢")) as defined in Proposition 3.3(d);

(d) ¥} covers the automorphism V% of Fsa(¢™) induced by the field automorphism
(x — 27); and

(e) for each n, (YE)" fizes LE,(q").

Proof. By Proposition 2.11, the inclusions Spin;(¢™) < Spin,(¢") for all m|n induce
inclusions of fusion systems Fso(¢™) C Fsoi(¢™). Since the restriction of a linking
system over &S (¢") is a linking system over F§5 (¢™), the uniqueness of linking systems
(Proposition 3.3) implies that we get inclusions £ ,(¢™) C L&, (¢"™). We define L ;(¢™)
to be the union of the finite categories £&(¢"). (More precisely, fix a sequence of
positive integers nj|na|ng| - - - such that every positive integer divides some n;, and set

Sol U [’Sol

Then by uniqueness again, we can identify £ (¢") for each n with the appropriate
subcategory.)

Let m: £§,;(¢>°) — Fsoi(¢™) be the union of the projections from L& (¢™) to
Fso(q™) C Fsor(¢™). Condition (a) is clearly satisfied. Also, using Proposition 3.3(d)
and Lemma 4.1, we see that there is an automorphism )} of L5,,(¢>°) which satisfies
conditions (c,d e) above. (Note that by the fusion theorem as shown in [BLO2, The-
orem A.10], morphisms in £§(¢") are generated by those between radical subgroups,
and hence by those in £&(¢").)

It remains only to show that |£5,,(¢*°)|) ~ BDI(4), and to show that square (1)
commutes. The space BDI(4) is 2-complete by its construction in [DW1]. By Lemma
41,

H*(BSol(¢™ L m H* (L&, (¢")]; F2) = lim H*(BSol(¢"); Fs).
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Hence by Lemma 4.2 (and since the inclusions BSpin;(¢™) — BSol(¢") commute with
the maps induced by inclusions of fields Fym C Fyn), there is a pullback square

H*(BSol(¢®); F2) — H*(BH(q>); F2)~

| |

H*(BSping(¢7); F2) — H*(BH(¢™); F2) .
Also, by [FM, Theorem 1.4], there are maps
BSpin,(¢>) —— BSpin(7) and BH(q™) —— B(SU(2)*/{+(I,1,1)})

which induce isomorphisms of Fy-cohomology, and hence homotopy equivalences after
2-completion. So by Propositions 4.7 and 4.9 (or more directly by the computations
in [DW1, §3]), the pullback of the above square is the ring of Dickson invariants in the
polynomial algebra H*(BCj;Fy), and thus isomorphic to H*(BDI(4);F5).

Point (b), including the commutativity of (1), now follows from the following lemma.
0J

Lemma 4.4. Let X be a 2-complete space such that H*(X;Fy) is the Dickson alge-
bra in 4 variables. Assume further that there is a map BSpin(7) X such that
H*(f|BC§1;]F2) 1s the inclusion of the Dickson invariants in the polynomial algebra

H*(BCY$;Fy). Then X ~ BDI(4). More precisely, there is a homotopy equivalence
between these spaces such that the composite

BSpin(7) —1— X ~ BDI(4)

is the inclusion arising from the construction in [DW1].

Proof. In fact, Notbohm [Nb, Theorem 1.2] has proven that the lemma holds even
without the assumption about BSpin(7) (but with the more precise assumption that
H*(X;Fy) is isomorphic as an algebra over the Steenrod algebra to the Dickson alge-
bra). The result as stated above is much more elementary (and also implicit in [DW1]),
so we sketch the proof here.

Since H*(X;F,) is a polynomial algebra, H*(Q2X;Fy) is isomorphic as a graded
vector space to an exterior algebra on the same number of variables, and in particular
is finite. Hence X is a 2-compact group. By [DW3, Theorem 8.1] (the centralizer
decomposition for a p-compact group), there is an Fy-homology equivalence

hocolim(a) ——— X.
A

Here, A is the category of pairs (V,¢), where V is a nontrivial elementary abelian
2-group, and ¢ : BV —— X makes H*(BV;F;) into a finitely generated module over
H*(X;F3) (see [DW2, Proposition 9.11]). Morphisms in A are defined by letting
Mora ((V,¢), (V',¢')) be the set of monomorphisms V' —— V"’ of groups which make
the obvious triangle commute up to homotopy. Also,

a: A®® — Top is the functor «a(V,¢) = Map(BV, X),.

By [DW1, Lemma 1.6(1)] and [La, Théoreme 0.4], A is equivalent to the category of
elementary abelian 2-groups F with 1 < rk(F) < 4, whose morphisms consist of all

group monomorphisms. Also, if BC, —— X is the restriction of f to any subgroup
Cy < Spin(7), then in the notation of Lannes,

Te,(H*(X;F2);0") = H*(BSpin(7); Fy)
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by [DW1, Lemmas 16.(3), 3.10 & 3.11], and hence
H*(Map(BCs, X),;Fo) =2 H*(BSpin(7);Fy)
by Lannes [La, Théoreme 3.2.1]. This shows that
<Map(BC’2,X)¢>;\ ~ BSpin(7)},

and thus that the centralizers of other elementary abelian 2-groups are the same as their

centralizers in BSpin(7)5. In other words, « is equivalent in the homotopy category

to the diagram used in [DW1] to define BDI(4). By [DW1, Proposition 7.7] (and the
remarks in its proof), this homotopy functor has a unique homotopy lifting to spaces.

So by definition of BDI(4),
X ~ (hocolim(av))y ~ BDI(4). O
A

Set By & |¥}], a self homotopy equivalence of BSol(¢™) ~ BDI(4). By construc-

tion, the restriction of By? to the maximal torus of BSol(¢>) is the map induced by
x +— 2%, and hence this is an “Adams map” as defined by Notbohm [Nb]. In fact,
by [Nb, Theorem 3.5, there is an Adams map from BDI(4) to itself, unique up to
homotopy, of degree any 2-adic unit.

Following Benson [Be|, we define BDI,(q) for any odd prime power ¢ to be the
homotopy fixed point set of the Z-action on BSol(¢>) ~ BDI(4) induced by the
Adams map B?. By “homotopy fixed point set” in this situation, we mean that the
following square is a homotopy pullback:

BDI,(q) BSol(¢™)

| !
BSol(¢™) 4B, BSol(¢*) x BSol(¢g™).
The actual pullback of this square is the subspace BSol(q) of elements fixed by B9,

and we thus have a natural map BSol(q) o, BDI4(q).
Theorem 4.5. For any odd prime power q, the natural map
BSol(q) —2— BDI4(q)

15 a homotopy equivalence.

Proof. Since BDI(4) is simply connected, the square used to define BDI,(q) remains

a homotopy pullback square after 2-completion by [BK, I1.5.3]. Thus BDI4(q) is 2-

complete. Also, BSol(q) o |£5,,(q)]5 is 2-complete since |£§,,(q)] is 2-good [BLO2,

Proposition 1.11], and hence it suffices to prove that the map between these spaces is
an Fy-cohomology equivalence. By Lemma 4.2, this means showing that the following
commutative square is a pullback square:

H*(BDI,(q);Fy) —— H*(BH(q);F5)®*

| |

H*(BSping(q); F2) — H*(BH(q); F2).
Here, the maps are induced by the composite

BSpin,(q) ~ BSpin,(q)y € BSol(q) ———— BDI,(q)



Ran Levi and Bob Oliver 31

and its restriction to BH(q). Also, by Proposition 4.3(b), the following diagram com-
mutes up to homotopy:

BSpin; (g) — BSpin,(¢™) —*— BSpin(7)

6<q>l 5@00% Sl (2

incl

BSol(q) ——— BSol(¢®) —~— BDI(4)

~—

By [Fr, Theorem 12.2], together with [FM, §1], for any connected reductive Lie group

G and any algebraic epimorphism ¢ on G(F,) with finite fixed subgroup, there is a
homotopy pullback square

incl -
BG(F,);
N 3
= A (14,By) - -
BG(F,); ——— BG(F,); x BG(F,)3 -

incl

B(G(F,)");
l

We need to apply this when G = Spin; or G = H = (SLy)*/{+(I,1,I)}. In particular,
if b = 97 is the automorphism induced by the field automorphism (z +— %), then
Spin, (F,)% = Spin,(q) by Lemma A.3, and H(F,)? = H(q) o H(F,) N Spin,(q). We
thus get a description of BSpin,(q) and BH (q) as homotopy pullbacks.

By [FM, Theorem 1.4], BG(F,)} ~ BG(C),. Also, we can replace the complex

Lie groups Spin,(C) and H(C) by maximal compact subgroups Spin(7) and H =

SU(2)%/{%(I,1,1)}, since these have the same homotopy type.

If we set R = H*(BG(F,);Fy) = H*(BG(C);F,), then there are Eilenberg-Moore
spectral sequences

By = Torggmo (R, B) = H*(B(G(F,)"): Fa);

where the (R@MRP)-module structure on R is defined by setting (a®0b)-x = a-x-By(b).
When G = Spin, or H, then R is a polynomial algebra by Proposition 4.7 and the above
remarks, and B acts on fR via the identity. The above spectral sequence thus satisfies
the hypotheses of [Sm, Theorem 11.3.1], and hence collapses. (Alternatively, note that
in this case, Fs is generated multiplicatively by Ey* and E; "* by (5) below.) Similarly,
when R = H*(BDI(4);F,), there is an analogous spectral sequence which converges to
H*(BDI4(q);Fs), and which collapses for the same reason. By the above remarks, these
spectral sequences are natural with respect to the inclusions BH(—) C BSpin,(—), and
(using the naturality of ¢/ shown in Proposition 3.3(d)) of BSpin,(—) into BSol(—) or
BDI(4).
To simplify the notation, we now write

AL H(BDI(4);F,), B H (BSpin(7):F.), and €% H*(H;Fy)

to denote these cohomology rings. The Frobenius automorphism 19 acts via the identity
on each of them. We claim that the square

TOI‘;@QPP 2,20 — Tor’&®€0p (€, Q:)C?r

| |

Torfgmer (B, B) —— Torggeon (€, €)
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is a pullback square. Once this has been shown, it then follows that in each degree,
square (1) has a finite filtration under which each quotient is a pullback square. Hence
(1) itself is a pullback.

For any commutative Fo-algebra R, let Qg/r, denote the R-module generated by
elements dr for r € SR with the relations dr = 0 if r € Fy,
d(r+s)=dr+ds and d(rs) = r-ds + s-dr.

Let Q;R/IFQ denote the ring of Kdhler differentials: the exterior algebra (over fR) of
Qw/p, = Qs IRy When fR is a polynomial algebra, there are natural identifications

Torjgmes (R, R) = HH,.(R;R) = R/Fs - (5)

The first isomorphism holds for arbitrary algebras, and is shown, e.g., in [Wb, Lemma
9.1.3]. The second holds for smooth algebras over a field [Wb, Theorem 9.4.7] (and
polynomial algebras are smooth as shown in [Wb, §9.3.1]). In particular, the iso-
morphisms (5) hold for R = A, B, €, which are shown to be polynomial algebras in
Proposition 4.7 below. Thus, square (4) is isomorphic to the square

QQ/FQ - (QZ/FQ)CB

o

* *
B/Fa Q@/FQ )

which is shown to be a pullback square in Propositions 4.7 and 4.9 below. U

It remains to prove that square (6) in the above proof is a pullback square. In what
follows, we let D;(x1,...,z,) denote the i-th Dickson invariant in variables 1, ..., x,.
This is the (2"—2""%)-th symmetric polynomial in the elements (equivalently in the
nonzero elements) of the Fy-vector space (z1,...,2n)p,. We refer to [Wi] for more
detail. Note that what he denotes ¢, ; is what we call D,,_;(z1,...,2,).

Lemma 4.6. For any n,

Dy(x1,...,Tp41) = H (Tnt1 + ) + D21, ..., 2,)°

TE(T1 ey wn)Fz

1+an+1 (1, xn) + Dy, 1)

Proof. The first equality is shown in [Wi, Proposition 1.3(b)]; here we prove them both
simultaneously. Set V,, = (71,...,2n)p,. Since 0;(V;) = 0 whenever 2" — i is not a
power of 2 (cf. [Wi, Proposition 1.1]),

Dy(z1,...,Tpy1) = E 0i(Vo)-oan_i(Tns1 + Vi)

= H (Tpy1 + ) —|—ZD (X1, .y ) Ogn—i(Tpi1 + Vi).

Also, since o;(V;,) = 0 for 0 < i < 2"~ as noted above,

(2 0 if0<k<2nt
O(ns1 + Vi) anﬂ ki JoilVa) = {Dl(:vl ) if k=271
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This proves the first equality, and the second follows since
2TL

n
H (Tpi1 +2) =221 + Z 22 Fo(V,) = 22 + Z 22 Di(x1,. .. ). O
i=1 i=1

In the following proposition (and throughout the rest of the section), we work with
the polynomial ring Fy[z, y, z, w], with the natural action of GL4(IFy). Let

GL2(F,), GL3(F,) < GLy(Fy)

be the subgroups of automorphisms of V' def (x,y, 2, w)Fz which leave invariant the sub-
spaces (z,y) and (z,y, 2), respectively. Also, let GL2 (Fy) < GL%(F3) be the subgroup
of automorphisms which are the identity modulo (z,y). Thus, when described in terms
of block matrices (with respect to the given basis {z,y, z, w}),

GLiF) ={(3¥)}, GLF)={(§¢)}, —and GLy(F)={(F7)},
for A € GL3(Fy), X a column vector, B,C' € GLy(Fy), and Y € My(F,).

We need to make more precise the relation between V' (or the polynomial ring
Fylz,y, z,w]) and the cohomology of Spin(7). To do this, let W < Spin(7) be the
inverse image of the elementary abelian subgroup

(diag(—1,-1,—1,-1,1,1,1),diag(—1,—1,1,1,—1,—1,1), diag(—1,1,-1,1,—1,1, -1))

< SO(7).
Thus, W = C3. Fix a basis {n,7/,£,(} for W, where ¢ € Z(Spin(7)) is the nontrivial
element. Identify V' = W* in such a way that {z,y,z,w} C V is the dual basis to
{n,n’,&,C}. This gives an identification
H*(BW;Fy) = Fslz,y, z, w],

arranged such that the action of Ngpinr)(W)/W on V = (x,y,z,w) consists of all
automorphisms which leave (x,y,z) invariant, and thus can be identified with the
action of GL3}(Fy). Finally, set

H = Cspin(ry(€) = Spin(4) x ¢, Spin(3) =2 SU(2)*/{£(I,1,1)}
(the central product). Then in the same way, the action of Nz (W)/W on H*(BW;F,)
can be identified with that of GLZ (F,).
Proposition 4.7. The inclusions
BW ——— BH ——— BSpin(7) —— BDI(4)

as defined above, together with the identification H*(BW;Fy) = Fylz,y, z, w], induce
1somorphisms

A= H*(BDI(4);Fa) = Bl y, 2,w]% ) = Fy[ag, a1z, ava, ais]

B = H*(BSpin(7); Fa) = Fafx, y, 2, w]“HE) = Fy[by, bs, by, by (+)

¢ < H*(BH;Fy) = Falz,y, 2, w]O5 F2) = Byley, e, ), €]
where
ag = Dl(x>ya Zaw)a Q12 = D2<x7yv Zaw)> alqy = D3<x7y7 Zaw)a als = D4(:U7y7 Z,U)),

by = Di(z,y,2), bs= Da(x,y,2), b= Ds(x,y,z), bs= H (w+ a);

ac(z,y,z)
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and

:Dl(x7y)7 C3:D2(I7y)7 CQL: H (Z—|—Oé H w+a
ak(z,y

Furthermore,

(a) the natural action of X5 on H = SU(2)3/{x(I,I,1)} induces the action on € which
fizes cq, c3 and permutes {c, cy, ¢+ }; and

(b) the above variables satisfy the relations

ag = bg + bi a1g = bgby + b% a14 = bgbg + b? a5 = bgby

/ 2 / 2 / "ol "
b4 == C4 + 62 b6 = CQC4 + CS b7 - C3C4 bg = C4(C4 + 04) .

Proof. The formulas for A = H*(BDI(4);F,) are shown in [DW1]. From [DW1, Lem-
mas 3.10 & 3.11], we see there are (some) identifications

H*(BSpin(7); Fy) = Fofz, y, z, w]"F)  and  H*(BH;F,) = Fyfz, y, z, w] " F2),

From the explicit choices of subgroups W < H < Spin(7) as described above (and
by the descriptions in Proposition A.8 of the automorphism groups), the images of
H*(BSpin(7);Fy) and H*(BH;Fs) in Fsfz,y, z,w] are seen to be contained in the
rings of invariants, and hence these isomorphisms actually are equalities as claimed.

We next prove the equalities in () between the given rings of invariants and poly-
nomial algebras. The following argument was shown to us by Larry Smith. If k is
a field and V' is an n-dimensional vector space over k, then a system of parameters
in the polynomial algebra k[V] is a set of n homogeneous elements fi, ..., f, such
that k[V]/(fi,..., fn) is finite dimensional over k. By [Sm2, Proposition 5.5.5], if V' is
an n-dimensional k[G]-representation, and fi,..., f, € k[V]% is a system of parame-
ters the product of whose degrees is equal to |G|, then k[V]“ is a polynomial algebra
with fi,..., f, as generators. By [Sm2, Proposition 8.1.7], Fy|x, y, z, w] is a free finitely
generated module over the ring generated by its Dickson invariants (this holds for poly-
nomial algebras over any F,), and thus Fy|x,y, 2, w]/(as, a12, @14, a15) is finite. (This
can also be shown directly using the relation in Lemma 4.6.) So assuming the relations
in point (b), the quotients Fa[z, y, 2, w]/(ba, bg, b7, bs) and Fy[x, y, z, w]/(ca, c3, ¢}, ¢]) are
also finite. In each case, the product of the degrees of the generators is clearly equal
to the order of the group in question, and this finishes the proof of the last equality in
the second and third lines of (x).

It remains to prove points (a) and (b). Using Lemma 4.6, the ¢; are expressed as
polynomials in z,vy, z, w as follows:

¢ =Di(z,y) = 2" + 2y +y°

Dy(z,y) = zy(z +y)

Di(z,y,2) + Dy(x,y)* = 2* + 22Dy (z,y) + 2Do(x,y) = 2* + 2%y + 2c5
Di(z,y,w) + Dy(x,y)* = w* +w?Dy(x,y) + wDy(z,y) = w* + w?cy + wes .

(1)

C3
/
Cy
//
Cy

In particular,

dy+cf = (z+w) + (2 +w)’Di(z,y) + (2 + w)Dy(z,y) H (z+w+a). (2
o€ (z,y)
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Furthermore, by (1), we get

Sql(cg) = C3

Sq'(es) = Sq'(c}) = Sq'(cf) =0

S¢*(es) = 2"y (z +y) + 2y(z + 1) = cacy

Sq?(d) = 2y + 223 4 zcac3 = coc)) (3)
S¢°(¢)) = Sq' (cacy) = cac

Se*(c)) = eoc]

Sq*(c)) = esc].

The permutation action of X3 on H = SU(2)3/{£(I,1,I)} permutes the three el-

ements ¢, &, ¢+ € of Z(H) C W, and thus (via the identification V = W* described
above) induces the identity on z,y € V' and permutes the elements {z, w, z + w} mod-

ulo (z,y). Hence the induced action of 3 on € = Fy[V]%" 2 g the restriction of the
action on Fy[V] = Fa[z,y, z, w| which fixes z,y and permutes {z, w, z + w} So by (1)
and (2), we see that this action fixes co, c3 and permutes the set {c}, ], + ¢ }. This
proves (a).

It remains to prove the formulas in (b). From (1) and (3) we get

b = Da(z,y, 2) = Sq*(bs) = cacy + 3,

(

b4 = Dl(xay> ) - C4 + C27
z) =

b? - Dg(l’,y, )

Sq' (bs) = escl.
Also, by (1) and (2),
bg = H (w+a) = ( H (w—l—a))'( H (w+z+a)> = dy(c) + ¢f).
a€(z,y,z) aE(z,y) ac(z,y)
This proves the formulas for the b; in terms of ¢;. Finally, we have
ag = Dy(z,y, z,w) = bg + b],
a1y = Da(x,y, 2,w) = Sq* (bs + ) = Sq* (] (¢} + &) + (¢} + 3)*)

= cyd|(cy + &) + e3c)(cy + &) + c5cy + 5 = bgby + b
111 = Dy(, .2 w) = S¢%(ar) = exchel(c + ) + Be(cy + ) + el
— bgbg + b2
a5 = Dy(z,y, 2,w) = Sq' (ars) = e3¢y} (c + ) = bgbr;
and this finishes the proof of the proposition. O

Lemma 4.8. Let k € Aut(€) be the algebra involution which exchanges ¢y and ¢ and
leaves co and c3 fived. An element of € will be called “k-invariant” if it is fived by this
inwvolution. Then the following hold:

(a) If B € B is k-invariant, then 3 € 2.
(b) If B € B is such that 3-}' is k-invariant, then 3 = [3'-b for some 3’ € 2.
Proof. Point (a) follows from Proposition 4.7 upon regarding 2, 9B, and € as the fixed

subrings of the groups G Ly (F3), GL3(F3) and GL2 (F3) acting on Fy[z, y, z, w], but also
follows from the following direct argument. Let m be the degree of 3 as a polynomial
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in bg; we argue by induction on m. Write § = [y + bg"- (1, where 51 € Fy[by, bg, br],
and where 3, has degree < m (as a polynomial in bg). If m = 0, then § = [ €
Fylby, be, b7] C Fales, 3, ¢y, and hence § € Fylcs, c3] since it is k-invariant. But from
the formulas in Proposition 4.7(b), we see that Fy[by, bg, b7| N Fa[ca, c3] contains only
constant polynomials (hence it is contained in ).

Now assume m > 1. Then, expressed as a polynomial in ¢y, c3, ¢, cj, the largest

power of ¢ which occurs in 3 is ¢j?™. Since (3 is k-invariant, the highest power of ¢}

which occurs is ¢}*™; and hence by Proposition 4.7(b), the total degree of each term in

By (its degree as a polynomial in by, bg, b7) is at most m. So for each term b}bgbL in [y,
e O

is a sum of terms which have degree < m in bg, and thus lies in 21 by the induction

hypothesis.

To prove (b), note first that since 3-¢}’ is k-invariant and divisible by ¢*, it must also
be divisible by ¢*, and hence ¢*|3. Furthermore, by Proposition 4.7, all elements of 9B
as well as ¢ are invariant under the involution which fixes ¢ and sends ¢ — ¢ + ¢J.
Thus (c}, + ¢)*|5. Since by = ¢ (¢} + ¢j), we can now write § = [3'-b} for some [ € B.
Finally, since . o .

ey = Bch ey (dy + )’

is k-invariant, (' is also k-invariant, and hence 3’ € 2 by (a). O

Note that C3 < Y3 = GLy(Fs) act on € = Fyfz, v, z,w]GLg’(FQ): via the action of
GL3(Fy)/GL2(F,), or equivalently by permuting ¢}, ¢}, and ¢, + ¢ (and fixing ¢y, c3).
Thus 2 = BNE, since G Ly(Fy) is generated by the subgroups GL3(Fy) and GL3(Fy).
This is also shown directly in the following lemma.

Proposition 4.9. The following square is a pullback square, where all maps are induced
by inclusions between the subrings of Folz,y, z,w]:

Q*QI/FQ - (QE/FQ)CS

L

* *
%/]FQ QQ:/]FQ °

Proof. Let k be the involution of Lemma 4.8: the algebra involution of € which ex-
changes ¢ and ¢ and leaves ¢, and c3 fixed. By construction, all elements in the image
of {2 /g, are invariant under the involution which fixes ¢} (and ¢, ¢3), and sends ¢ to
cy + cj. Hence elements in the image of Q3 p are fixed by Cj if and only if they are
fixed by X3, if and only if they are s-invariant. So it will suffice to show that all of the
above maps are injective, and that all k-invariant elements in the image of 3, /Fs lie in
the image of €23 JFy- The injectivity is clear, and the square is a pullback for Q% /F> by

Lemma 4.8.
Fix a k-invariant element
w:Pldb4+P2db6+P3db7+P4db8
1
= PQCiL dCQ —+ P3C£1 ng —+ P4C£1 dCZ + (P1 + PQCQ + P303 + P4CZ) dCZl € Ql%/FQ, ( )

where P; € B for each i. By applying  to (1) and comparing the coefficients of dcy and
dcg, we see that Pyc, and Psc) are k-invariant. Also, upon comparing the coefficients
of dc/j, we get the equation

Py + Pycy + Pscs + Pyc) = k(Py)cy. (2)
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So by Lemma 4.8, P, = Pjbs and P; = Pjbs for some Pj, P; € 2. Upon subtracting
PQ/ dCL14 + P3, da15 = P2 db@ + P3 db7 + (Péb@ + Péb7) dbg

from w and introducing an appropriate modification to P, we can now assume that
P, = P; = 0. With this assumption and (2), we have

P, + Pyc) = k(Pyc)) = k(Py)-c},
so that
Picy = (P + K(Py))cycy (3)
is k-invariant. This now shows that P, = P[bg for some P € 2, and upon subtracting

P dajs from w we can assume that P; = 0. This leaves w = Pydbs = P,dag. By (3)
again, P, is k-invariant, so P, € 2 by Lemma 4.8 again, and thus w € Qét Ky

The remaining cases are proved using the same techniques, and so we sketch them
more briefly. To prove the result in degree two, fix a k-invariant element

w = Py dby dbg + P> dby db; + P53 dby dbg + Py dbg db; + Ps dbg dbs + FPs dby dbg
= Pyc, 2 dcy des + (Picy + Pyesc, + Pscycy) dey dcy + Pscl? dey dc)
+ (Pycy + Pycocy + Psc,d)) des dey + Pyc,? des dc)
+ (Psc) + Pscac) + Pocady) dey de € Q.

Using Lemma 4.8, we see that Py = P;b?, and hence can assume that Py = 0. One
then eliminates P, and Ps, then P5 and Fg, and finally Ps.

If
w = Py dby dbg dby + P dby dbg dbg + P dby dby dbg + Py dbg dby dbg
= (Pi&,? + Pyd)2c)) dey des de)y + (Pocy® 4 Pyesc)?) dey dey de)
+ (P3cy® 4 Picacy?) des dey dcly + Pyl dey des dcly € Qg
is k-invariant, then we eliminate successively P, then P,, then P, and Ps.
Finally, if
w = P dby dbg db; dbs = Pc}® dey des dc)y de] € Qi e,

is k-invariant, then P = P'b3 for some P’ € 2 by Lemma 4.8 again, and so w =
Pl das da12 d(l14 da15 c Qél/]Fg O

Appendix

APPENDIX A. SPINOR GROUPS OVER FINITE FIELDS

Let F' be any field of characteristic # 2. Let V' be a vector space over F', and let
b: V —— F be a nonsingular quadratic form. As usual, O(V,b) denotes the group of
isometries of (V,b), and SO(V,b) the subgroup of isometries of determinant 1. We
will be particularly interested in elementary abelian 2-subgroups of such orthogonal
groups.

Lemma A.1. Fiz an elementary abelian 2-subgroup E < O(V,b). For each irreducible
character x € Hom(E,{%£1}), let V,, C V denote the corresponding eigenspace: the
subspace of elements v € V' such that g(v) = x(g)-v for all g € E. Then the restriction
of b to each subspace V, is nonsingular, and V is the orthogonal direct sum of the V.
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Proof. Elementary. 0

We give a very brief sketch of the definition of spinor groups via Clifford algebras;
for more details we refer to [Di, §I1.7] or [As2, §22]. Let T'(V') denote the tensor algebra
of V, and set

CV,b) =T(V)/((v@v)=b(v)) :

the Clifford algebra of (V,b). To simplify the notation, we regard F' as a subring of
C(V,b), and V as a subgroup of its additive group; thus the class of v; ® -+ ® vy,
will be written v;---v,. Note that vw +wv = 0 if v,w € V and v L w. Hence
if dimp(V) = n, and {vy,...,v,} is an orthogonal basis, then the set of 1 and all
vy - v, for iy < --- <y (1 <k <n)isan F-basis for C(V,b).

Write C(V,b) = Cy @ C, where Cjy and C consist of classes of elements of even or
odd degree, respectively. Let G < C(V,b)* denote the group of invertible elements u
such that uVu™' =V, and let 7: G — O(V, b) be the homomorphism

(w) (v —uvu™t) fueC
e =
(v uwou™t)  ifueCy.

In particular, for any nonisotropic element v € V' (i.e., b(v) # 0), v € G and 7(v) is
the reflection in the hyperplane v*. By [Di, §I1.7], 7 is surjective and Ker(w) = F*.

Let J be the antiautomorphism of C(V,b) induced by the antiautomorphism v; ®
QU v ® - ®@up of T(V). Since O(V, b) is generated by hyperplane reflections,
G is generated by I and nonisotropic elements v € V. In particular, for any u =
Ao € G,

J)u =N vp-v v v = A2 b(vy) -+ b(vg) € F* = Ker(n);

implying that m(J(u)) = 7(u)~! for all w € G. There is thus a homomorphism

0: G

F* defined by O(u) = u-J(u).

In particular, (\) = A\ for A € F* < @, while for any set of nonisotropic elements
v1,...,0; of V,

0(”1 .. 'Uk) = (Ul c. Uk)<vk .. 'Ul) — b(vl) . b(vk)'
Hence 0 factors through a homomorphism
Ove: O(V,b) ——— F*/F** = F*/{u®|u € F*},

called the spinor norm.
Set Gt =771 (SO(V, b)) = G N Cy, and define

Spin(V,b) = Ker(fg+)  and  Q(V,b) = Ker(0v.elsovs))-
In particular, (V,b) has index 2 in SO(V,b) if F is a finite field, and Q(V,b) =

SO(V,b) if F is algebraically closed (all units are squares). We thus get a commutative
diagram
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1 1 1
\L i A—A2 ¢
1 {1} F* F*? 1
(A.2) 1 — Spin(V, b) Gt d P 1
Ov,p
1—=Q(V,b) SO(V,b) ——= F*/F*? — 1

| / |

1 1 1

where all rows and columns are short exact, and where all columns are central exten-
sions of groups. If dim(V') > 3 (or if dim(V') = 2 and the form b is hyperbolic), then
Q(V,b) is the commutator subgroup of SO(V, b) [Di, §I1.8].

The following lemma follows immediately from this description of Spin(V, b), together
with the analogous description of the corresponding spinor group over the algebraic
closure of F.

Lemma A.3. Let F be the algebraic closure of F, and setV = FQpV and b = Idz ®b.

Then Spin(V, b) is the subgroup of Spin(V,b) consisting of those elements fized by all
Galois automorphisms ¢ € Gal(F/F). O

For any nonsingular quadratic form b on a vector space V, the discriminant of b (or
of V') is the determinant of the corresponding symmetric bilinear form B, related to b
by the formulas

b(v) = B(v,v) and  B(v,w) = 1(b(v+w) — b(v) — b(w)).

Note that the discriminant is well defined only modulo squares in F*. When W C V
is a subspace, then we define the discriminant of W to mean the discriminant of bl .
In what follows, we say that the discriminant of a quadratic form is a square or a
nonsquare to mean that it is the identity or not in the quotient group F*/F*2.

Lemma A.4. Fix an involution x € SO(V,b), and let V =V, & V_ be its eigenspace
decomposition. Then the following hold.

(a) x € Q(V,b) if and only if the discriminant of V_ is a square.

(b) If x € Q(V,b), then it lifts to an element of order 2 in Spin(V,b) if and only if
dim(V_) € 4Z.

(c) If x € QV,b), and if « € Q(V,b) is such that [z,a] =1, then a = oy @ o, where
ax € OV, b). Also, the liftings of x and o commute in Spin(V, b) if and only if
det(a_) = 1.

Proof. Let {vy,..., vt} be an orthogonal basis for V_ (k is even). Then x = m(v;- - -vy)
in the above notation, since 7(v;) is the reflection in the hyperplane v;*. Hence by the
commutativity of Diagram (A.2),

Ove(r) = b(vy)---b(vg) = det(bly.) (mod F*?).
Thus z € Q(V,b) = Ker(fy,) if and only if V_ has square discriminant.
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In particular, if x € Q(V,b), then the product of the b(v;) is a square, and hence

(upon replacing v; by a scalar multiple) we can assume that b(vy)---b(v) = 1. Then
~ def e

T = v v, € Spin(V, b) = Ker(#). Since vw = —ww in the Clifford algebra whenever
v L w, and since (v;)? = b(v;) for each i,

52 _ (—1)k(k_1)/2-(1)1>2- . -(Uk)2 _ (_1>k(k—1)/2 _ {

This proves (b).
It remains to prove (c). The first statement (o« = a; & a_) is clear. Fix liftings
ax € C(Vi,b)*. Rather than defining the direct sum of an element of C(V,,b) with

an element of C'(V_,b), we regard the groups C(Vi, b)* as (commuting) subgroups of
C(V,b)*, and set

1 if k=0 (mod 4)
—1 if k=2 (mod 4).

52 = 52+ o&_ = a_ o&+ - Spll’l(‘/, b)
Let ¥ = v;- - -vg be as above. Clearly, z commutes with all elements of C(V,,b). Since

(Ul' . 'Uk)‘Ui — (—1)’671.1}1..(@1. . .ka) — —/Ui.(rvl. . .ka)
fori=1,...,k we have -8 = (—1)"3-7 for all 3 € C;(V_,b) (i = 0,1). In particular,
since [ay,a_] =1, [7,a] = [7,a_] = det(a_), and this finishes the proof. O

We will need explicit isomorphisms which describe Spins(F') and Spin, (F') in terms
of SLy(F). These are constructed in the following proposition, where MJ(F) denotes
the vector space of matrices of trace zero. Note that the determinant is a nonsingular
quadratic form on My(F) and on MJ(F), in both cases with square discriminant.

Proposition A.5. Define
p3: SLy(F) ——— Q(MJ(F),det)
and
J SLQ(F) X SLQ(F) _— Q(MQ(F),det)
by setting
p3(A)(X)=AXA™"  and  ps(A,B)(X)=AXB "

Then p3 and py are both epimorphisms, and lift to unique isomorphisms

SLy(F) —2— Spin(MY(F), det)

o

and

SLy(F) x SLy(F) —=— Spin(My(F), det).
Proof. See [Ta, pp. 142, 199] for other ways of defining these isomorphisms. By Lemma
A.3, it suffices to prove this (except for the uniqueness of the lifting) when F' is alge-
braically closed. In particular, Q(M3(F), det) = SO(M23(F), det) and Q(My(F), det) =
SO(Ms(F),det) in this case.

For general V' and b, the group SO(V,b) is generated by reflections fixing non-
isotropic subspaces (i.e., of nonvanishing discriminant) of codimension 2 (cf. [Di,
§I1.6(1)]). Hence to see that ps and p4 are surjective, it suffices to show that such
elements lie in their images. A codimension 2 reflection in SO(MZJ(F),det) is of the
form Rx (the reflection fixing the line generated by X) for some X € MP(F) which
is nonisotropic (i.e., det(X) # 0). Since F is algebraically closed, we can assume
X € SLy(F). Then X? = —T (since Tr(X) = 0 and det(X) = 1), and Rx = p3(X)
since it has order 2 and fixes X. Thus p3 is onto.
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Similarly, any 2-dimensional nonisotropic subspace W C V has an orthonormal basis
{Y,Z}, and ZY ! and Y7 have trace zero (since they are orthogonal to the identity
matrix) and determinant one. Hence their square is —I, and one repeats the above
argument to show that Ry = ps(ZY 1, Y1Z). So py is onto.

The liftings p,, exist and are unique since SLy(F) is the universal central extension
of PSLy(F) (or universal among central extensions by 2-groups if F' = Fj). O

We now restrict to the case F' = F, where ¢ is an odd prime power. We refer to
[As2, §21] for a description of quadratic forms in this situation, and the notation for
the associated orthogonal groups. If n is odd and b is any nonsingular quadratic form
on Fy, then every nonsingular quadratic form is isomorphic to ub for some u € Fy,
and hence one can write SO,(q) = SO(F;,b) = SO(Fy,ub) without ambiguity. If
n is even, then there are exactly two isomorphism classes of quadratic forms on Fy;
and one writes SO (q) = SO(Fy,b) when b is the hyperbolic form (equivalently,
has discriminant (—1)"? modulo squares), and SO, (q) = SO(F?,b) when b is not
hyperbolic (equivalently, has discriminant (—1)"/2-u for u € F; not a square). This
notation extends in the obvious way to QF(g) and Spin(q).

The following lemma does, in fact, hold for for orthogonal representations over arbi-
trary fields of characteristic # 2. But to simplify the proof (and since we were unable
to find a reference), we state it only in the case of finite fields.

Lemma A.6. Assume F' = F,, where q is a power of an odd prime. Let V be an
F-vector space, and let b be a nonsingular quadratic form on V. Let P < O(V,b) be
a 2-subgroup which is orthogonally irreducible; i.e., such that V has no splitting as an
orthogonal direct sum of nonzero P-invariant subspaces. Then dimp(V') is a power of
2: and if diim(V') > 1 then b has square discriminant.

Proof. This means showing that each orthogonal group O(F,", b), such that either n is
not a power of 2, or n = 2¥ > 2 and the quadratic form b has nonsquare discriminant,
contains some subgroup O (q) x OF_, (q) (for 0 < m < n) of odd index. We refer to
the standard formulas for the orders of these groups (see [Ta, p.165]): if € = £1 then

n—1 n
05, (@) = 24" V(" =) [[(¢* 1) and  [Oanii(a)l = 2¢" [[ (@ — 1)
=1 i=1

We will also use repeatedly the fact that for all 0 < i < 2F (k > 1), the largest powers
of 2 dividing (¢>"* — 1) and (¢’ — 1) are the same. In other words, (¢*** —1)/(¢' — 1)
is invertible in Zs).

For any n > 1,

Oonii(g)]  _ ,q"+e

O5. (@) 10:()] — ¢ 2

is odd for an appropriate choice of €. Thus, there are no irreducibles of odd dimension.

Assume n is not a power of 2, and write n = 2¥ +m where 0 < m < 2* and k > 1.
Then

m—1 i m
|O§n(Q)| _ qm2k+1. H q2(2k+ ) _ 1 . q2k+ — € . q2k +1
10542 (0)]-105,, ()] -1 qm — € 2 ’
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and each factor is invertible in Z). When n = 2m = 2% and k > 1, then O3,(q) is the
orthogonal group for the quadratic form with nonsquare discriminant, and

- m—1 m-1 m
|02n(Q)| — q2m2. q2( ) — 1 _q2 + 1
|03 (@)] 02 ()] ¢ —1 2
and again each factor is invertible in Z). Finally,
O5(q)]  _g—ce

101(q)]|01(q)| 2

is odd whenever ¢ = 1 (mod 4) and € = —1, or ¢ = 3 (mod 4) and € = +1; and these are
precisely the cases where the quadratic form on F,? has nonsquare discriminant. [

=1

We must classify the conjugacy classes of those elementary abelian 2-subgroups of
Spin,(q) which contain its center. The following definition will be useful when doing
this.

Definition A.7. Fiz an odd prime power q, and identify SO7(q) = SO(Fy,b) and
Spin,(q) = Spin(Fg, b), where b is a nonsingular quadratic form with square discrimi-
nant. An elementary abelian 2-subgroup of SO-(q) or of Spin,(q) will be called of type
[ if its eigenspaces all have square discriminant (with respect to b), and of type I oth-
erwise. Let &, be the set of elementary abelian 2-subgroups in Spin,(q) which contain
Z(Spin,(q)) = Cy and have rank n. Let E! and E be the subsets of £, consisting of
those subgroups of types I and II, respectively.

In the following two propositions, we collect together the information which will
be needed about elementary abelian 2-subgroups of Spin;(q). We fix Spin,(q) =
Spin(V,b), where V' = ]FZ, and b is a nonsingular quadratic form with square dis-
criminant. Let z € Z(Spin,(q)) be the generator. For any subgroup H < Spin,(q) or

any element g € Spin,(q), let H and g denote their images in 7(q) < SOz(q). For each

elementary abelian 2-subgroup £ < Spin,(q), and each character y € Hom(E, {£1}),
Vi, €V denotes the eigenspace of x (and V; denotes the eigenspace of the trivial char-
acter). Also (when z € FE), Aut(F,z) denotes the group of all automorphisms of F
which send z to itself.

Proposition A.8. For any odd prime power q, the following table describes the num-
bers of Spin,(q)-conjugacy classes in each of the sets EI and EM, the dimensions and
discriminants of the eigenspaces of subgroups in these sets, and indicates in which cases
Autgpin, () (E) contains all automorphisms which fix z.

Set of subgroups &l &l e &l el
Nr. conj. classes 1 1 1 2 1
dim(V}) 3 1 0
dim(V,), x # 1 4 2

discr(V4, b) square | square | nonsq. | — —
discr(V4, b), x # 1 square | square | nonsq. | square | both
Autgpin, () (£) = Aut(E, z) | yes yes yes yes no

There are no subgroups in E of type II, and no subgroups of rank > 5. Furthermore,
we have:

(a) For all E € &, Cspin,(q(E) = E.
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(b) If E,E' € &L, then E' = gEg™" for some g € SO:(q), and E and E' are Spin,(q)-
conjugate if and only if g € Q7(q).

(c) If E € EI, then there is a unique element 1 # & = z(E) € E with the property
that for 1 # x € Hom(E, {#+1}), Vi has square discriminant if x(¥) = 1 and
nonsquare discriminant if x(z) = —1. Also, the image of Autspm, ()(E) in Aut(E)
is the group of all automorphisms which send x to itself; and if X < E denotes

the inverse image of (¥) < E, then Autsyin, () (E) contains all automorphisms of E
which are the identity on X and the identity modulo (z).

(d) If E € &, then Cspin,(q)(E) = AxCsy, where A is abelian and Cy acts on A by
inversion. If E € EI then the Sylow 2-subgroups of Cspin, (q)(E) are elementary
abelian of rank 4 (and type II).

Proof. Write Spin = Spin,(q) for short. Fix an elementary abelian subgroup £ < Spin
such that z € E.

Step 1: We first show that rk(£) < 4, and that the dimensions of the eigenspaces
V) for x € Hom(E, {£1}) are as described in the table.

By Lemma A.4, every involution in E has a 4-dimensional (—1)-eigenspace. In
particular, if tk(E) = 2, (E = (), then dim(V}) = 4 for 1 # x € Hom(F, {£1}),
while dim(V;) = 3.

Now assume rk(E) = n for some n > 2. Assume we have shown, for all £/ € &,_1,

that the eigenspace of the trivial character of E'is r-dimensional. For each 1 # x €
Hom(E, {£1}), let E, € &,_1 be the subgroup such that £, = Ker(x); then V; &V, is

the eigenspace of the trivial character of E,, = Ker(y), and thus dim(V})+dim(V,) = r.
Hence all nontrivial characters of E have eigenspaces of the same dimension. Since there
are 2”1 — 1 nontrivial characters of E, we have dim(V;) + (2"~* — 1) dim(V})) = 7, and
these two equations completely determine dim(V;) and dim(V, ). Using this procedure,
the dimensions of the eigenspaces are shown inductively to be equal to those given by
the table. Also, this shows that rk(£) < 4, since otherwise rk(E) > 4, so the V, for
X # 1 must be trivial (they cannot all have dimension > 1), so E acts on V via the

identity, which contradicts the assumption that F < Spin-(q).

Step 2: We next show that £/ = (), describe the discriminants of the eigenspaces
of characters of E for E € &, (for all n), and show that subgroups of rank 4 are self
centralizing. In particular, this proves (a) together with the first statement of (c).

If £ € &, then E = (z,¢g) for some noncentral involution g € Spin,(¢), and the

eigenspaces of £ = (g) have square discriminant by Lemma A.4(a) (and since the
ambient space V has square discriminant by assumption). Thus £ = ().

If £ € &;, then the sum of any two eigenspaces of E is an eigenspace of g for some
g € Ex(z). Hence the sum of any two eigenspaces of E has square discriminant, so
either all of the eigenspaces have square discriminant (E € £F), or all of the eigenspaces
have nonsquare discriminant (£ € &),

Assume tk(E) = 4. We have seen that all eigenspaces of F are 1-dimensional.
By Lemma A.4(c), for each a € Cspin, () (£), a(Vy) = Vi for each x # 1, and since
dim(V) = 1 it must act on each V) via £1d. Thus a € Q7(q) has order 2; let V be its
eigenspaces. Then dim(V_) is even since det(a) = 1, and V_ has square discriminant
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by Lemma A.4(a). If dim(V_) = 4, then |a|] = 2 (Lemma A.4(b)), and hence a € F
since otherwise (F,a) would have rank 5. If dim(V_) = 2, then V_ is the sum of

the eigenspaces of two distinct characters xi, xo of E, there is some g € E such that

X1(9) # x2(g), hence det(glyv_) = x1(g)x2(9) = —1, so [g,a] = z by Lemma A.4(c),
and this contradicts the assumption that [a, E] = 1. If dim(V_) = 6, then V_ is the

sum of the eigenspaces of all but one of the nontrivial characters of E, and this gives
a similar contradiction to the assumption [a, E] = 1. Thus, Cspin,(q)(E) = E.

Now assume that F € £/, and let z € O(q) be the element which acts via —Id
on eigenspaces with nonsquare discriminant, and via the identity on those with square
discriminant. Since b has square discriminant on V', the number of eigenspaces of E on
which the discriminant is nonsquare is even, so = € €;(¢) by Lemma A.4(a), and lifts
to an element = € Spin,(q). Also, for each g € E, the (—1)-eigenspace of g has square
discriminant (Lemma A.4(a) again), hence contains an even number of eigenspaces of

E of nonsquare discriminant, and by Lemma A.4(c) this shows that [g,z] = 1. Thus
7 € Cspin,(q(E) = E, and this proves the first statement in (c).

Step 3: We next check the numbers of conjugacy classes of subgroups in each of the
sets &L and EI and describe Autgy;,(F) in each case. This finishes the proof of (b)
and (c), and of all points in the above table.

From the above description, we see immediately that if £ and E’ have the same
rank and type, then any isomorphism « € Iso(F, E’), such that a(z(F)) = z(E') if
E,E' € &, has the property that for all x € Hom(F', {£1}), V, and V,., have the
same dimension and the same discriminant (modulo squares). Hence for any such «,
there is an element g € O7(q) such that g(Vy.o) =V, for all x; and o = ¢, € Iso(E, E)
for such g. Upon replacing g by —g if necessary, we can assume that g € SO7(q). This
shows that

E, E' have the same rank and type = E and E’ are SO;(¢)-conjugate (1)

and also that
— Aut(FE if £ ¢ gH

Aut E) = T
u SO7(Q)( ) Aut(E,z(F)) if Ee Sf-

We next claim that

E ¢ &l = 3y € 5S0:(q)~Q:(q) such that [y, E] = 1. (3)
To prove this, choose 1-dimensional nonisotropic summands W C V, and W’ C V,,

where y, 1 are two distinct characters of E, and where W has square discriminant and
W’ has nonsquare discriminant. Let v € SO7(q) be the involution with (—1)-eigenspace

W @ W'. Then [y, E] = 1, since v sends each eigenspace of E to itself, and v ¢ Qz(q)
since its (—1)-eigenspace has nonsquare discriminant (Lemma A.4(a)).

If E has rank 4 and type I, then Aut(E) = GLs(F,) is simple, and in particular
has no subgroup of index 2. Hence by (2), each element of Aut(F) is induced by
conjugation by an element of Q(q). Also, if g € SO7(q) centralizes E, then g(V,) =V,

for all x € Hom(FE, {£1}), g acts via —Id on an even number of eigenspaces (since it
has determinant +1), and hence g € Q;(¢) by Lemma A.4(a). Thus

E € & = Nso.p(E) < Qu(q) (4)
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If £ ¢ &, then by (3), for any g € SO;(q), there is v € SO7(q)~Q7(q) such that
¢qlE = Cgy|E, and either g or g lies in Q7(q). Thus Isogo,q) (£, £') = Isoq, g (£, £') for
any E’. Together with (1), this shows that F is Spin-conjugate to all other subgroups
of the same rank and type, and together with (2) it shows that

_ {Aut(E) if B¢ £l -

Im|Autgyin (F Aut(FE)| = —
[ Autspin(E) — Aut(E) Aut(E,z(E)) if Ee &M
If £ € &, then by (4) and (2), Autg7(q)(E) = Autgo7(q)(E) = Aut(E), and so (5)
also holds in this case. Furthermore, for any g € SO7(¢)~Q:(q), E and gEg~" are
representatives for two distinct 27(q)-conjugacy classes — since by (4), no element of
the coset g-27(q) normalizes E.

We have now determined in all cases the number of conjugacy classes of subgroups

of a given rank and type, and the image of Autgyi,(E£) in Aut(E). We next claim that
if rk(E) <4 or E € &, then

E ¢ &' = Autgyin(E) > {a € Aut(E) |a(z) =z, a=1d (mod (2)) }. (6)

Together with (5), this will finish the proof that Autgyi,(E) is the group of all auto-
morphisms of E which send z to itself. We also claim that

Ec &’ = Autgyn(E) > {a € Aut(E) |a|x =Idy, a =1d (mod (z))}, (7

where X < E denotes the inverse image of (z(E)) < E, and this will finish the proof
of (c).

We prove (6) and (7) together. Fix o € Aut(F) (o # Id) which sends z to itself,
induces the identity on E, and such that a|y = Idy if £ € £f. Then there is
1 # x € Hom(FE,{£1}) such that a(g) = ¢g when x(g) = 1 and a(g) = zg when
x(g) = —1. Choose any character ¢ such that Vj, # 0 and V, # 0, and let W C V/,
and W’ C Vj, be 1l-dimensional nonisotropic subspaces with the same discriminant
(this is possible when E € £[! since z(E) € Ker(x)). Let g € Oz(q) be the involution
whose (—1)-eigenspace is W @ W’. Then g € Q(¢q) by Lemma A.4(a), so g lifts to
g € Spin;(q), and using Lemma A.4(c) one sees that ¢, = a.

Step 4: It remains to prove (d). Assume E € &. Let 1 = x1, X2, X3, X4 be the four
characters of E, and set V; = V,,. Then dim(V}) = 1, dim(V;) = 2 for ¢ = 2,3,4,
and the V; either all have square discriminant or all have nonsquare discriminant. For
cach g € Cspin(E), we can write g = @le gi, where g; € O(V;, ;). For each pair of
distinct indices 4, j € {2,3,4}, there is some g € E whose (—1)-eigenspace is V; @& V},
and hence det(g; @ g;) = 1 by Lemma A.4(c). This shows that the g; all have the same
determinant. Let A < Cspin(E) be the subgroup of index 2 consisting of those g such
that det(g;) = 1 for all 1.

Now, SO, (F,) = 1, while SO, (F,) = IF‘Z is the group of diagonal matrices of the form
diag(u, u™!) with respect to a hyperbolic basis of ]qu. Thus A is contained in a central
extension of Cy by (F%)%, and any such extension is abelian since Hy((F?)%) = 0. Hence
A is abelian. The groups Oj (¢) are all dihedral (see [Ta, Theorem 11.4]). Hence for
any g € Cspin(F)\A, g has order 2 and (—1)-eigenspace of dimension 4 (its intersection
with each V; is 1-dimensional), and hence |g| = 2 by Lemma A.4(b). Thus all elements

of Cgpin(E)\A have order 2, so the centralizer must be a semidirect product of A with
a group of order 2 which acts on it by inversion.
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Now assume that £ € EI'; i.e., that the V; all have nonsquare discriminant. Then
for i = 2,3,4, SO(V;,b;) has order ¢ &+ 1, whichever is not a multiple of 4 (see [Ta,
Theorem 11.4] again). Thus if g € A < Cgpin(E) has 2-power order, then ¢; = 1
for each ¢, the number of ¢ for which ¢g; = Id is even (since the (—1)-eigenspace of g
has square discriminant), and hence g € E. In other words, E € Syl,(A). A Sylow
2-subgroup of Cgpin(F) is thus generated by E together with an element of order 2
which acts on F by inversion; this is an elementary abelian subgroup of rank 4, and is
necessarily of type II. O

We also need some more precise information about the subgroups of Spin;(q) of
rank 4 and type II. Let 97 € Aut(Spin,(F,)) denote the automorphism induced by the
field automorphism (z — z7). By Lemma A.3, Spin,(q) is precisely the subgroup of
elements fixed by 9.

Proposition A.9. Fix an odd prime power q, and let z € Z(Spin;(q)) be the central
involution. Let C and C' denote the two conjugacy classes of subgroups E < Spin-(q)
of rank 4 and type 1. Then the following hold.

(a) For each E € &, there is an element a € Spin,(F,) such that aEa~' € C. For any

such a, if we set
def _1

ve(E) = a”9%(a),
then xc(E) € E and is independent of the choice of a.

(b) E € C if and only if xc(FE) =1, and E € C" if and only if zc(F) = z.
(c) Assume E € EIT, and set 7(E) = (z,z¢(E)). Then rk(7(E)) =2, and
Autspin7(q)<E) = {Oé - Aut(E) ‘ Oé|T(E) = Id}

The four eigenspaces of E contained in the (—1)-eigenspace of x¢(E) all have non-
square discriminant, and the other three eigenspaces all have square discriminant.

Proof. (a) For all E € &, F has type I as a subgroup of Spin-(g?) since all elements
of F, are squares in Fp. Hence by Proposition A.8(b), for all E’ € C, there is a €
SO7(¢?) < Qq(¢*) such that aEa~' = E'. Upon lifting @ to a € Spin,(¢*), this proves
that there is a € Spin,(F,) such that aEa~" € C.

Fix any such a, and set
v = zc(E) = a '¢(a).
For all g € E, 9%(g) = g and ¥(aga™") = aga™" since E,aFa~' < Spin;(q), and hence

aga™! = ¢(a)-g-¢7(a”") = a(zgz™t)a".
Thus, = € Cspin7(]iq)(E)’ and so € E since it is self centralizing in each Spin,(q"*)
(Proposition A.8(a)).

We next check that z¢(E) is independent of the choice of a. Assume a, b € Spin,(F,)
are such that aEa™' € C and bEb~! € C. Then by Proposition A.8(b), there is
g € Spin,(q) such that gbFE(gh)™' = aEa™'. Set E' = aEa™' € C, then gba™' €

Nspin7(fﬁq)(El ). Furthermore, since Autgpin, ()(£’) contains all automorphisms which

send z to itself, and since E’ is self centralizing in each of the groups Spin;(¢*) (both

by Proposition A.8 again), we see that N in (7 )(E’ ) is contained in Spin,(q). Thus,
q

ba~' € Spin;(q), so ¥4(ba~') = ba~!'; and this proves that z¢(E) = a '4?(a) = b~ 19%(D)
is independent of the choice of a.
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(b) If E € C, then we can choose a = 1, and so z¢(F) = 1.

If E € C', then by Proposition A.8(b), there is a € Spin,(¢?) such that a €
SO(q)~Q7(q) and aFa™! € C. Then 9%a) # a since a ¢ Spin;(¢) (Proposition
A.3), but ¥9(a) = a since a € SO(q). Thus, z¢(E) = a '4(a) = z in this case.

We have now shown that xz¢(E) € (z) if E has type I, and it remains to prove the
converse. Fix a € Spin,(F,) such that aFa™! € C. If x¢(E) € (z), then ¥%(a) € {a, za},
so ¥9(a) = a, and hence a € SO;(q). Conjugation by an element of SO7(q) sends
eigenspaces with square discriminant to eigenspaces with square discriminant, so all
eigenspaces of £ must have square discriminant since all eigenspaces of aFa~! do.
Hence E has type L.

(c) Now write Spin = Spin,(q) for short. Assume E € &/, and set z = x¢(F) and
T(E) = (z,z). Then x ¢ (z) by (b), and thus 7(FE) has rank 2.

By (a) (the uniqueness of x having the given properties), each element of Autgsyi,(E)
restricts to the identity on 7(E). We have already seen (Proposition A.8(c)) that there
is an element z(E) € E such that the image in Aut(E) of Autgy,(E) is the group
of automorphisms which fix z(E), and this shows that z(E) = z: the image in E of
x. Since we already showed (Proposition A.8(c) again) that Autgy,(E) contains all
automorphisms which are the identity on 7(E) and the identity modulo (z), this finishes
the proof that Autgp,(E) is the group of all automorphisms which are the identity on
7(E). The last statement (about the discriminants of the eigenspaces) follows directly
from the first statement of Proposition A.8(c). O

Throughout the rest of the section, we collect some more technical results which will
be needed in Sections 2 and 4.

Lemma A.10. Fiz k > 2. Let A = ey3(2871) € GL3(Z/2%) be the elementary matrix
which has off diagonal entry 251 in position (1,3). Let Ty and Ty be the two mazimal
parabolic subgroups of GL3(2):

Ty = GLY(Z/2) = {(aij) € GL3(2) | ag = az =0}
and
Ty = GLA(Z/2) = {(aij) € GL3(2) | agi = ags = 0}.
Set Ty = Ty N'Ty: the group of upper triangular matrices in GL3(2). Assume that
R SL3(Z/2k)

are lifts of the inclusions (for i = 1,2) such that ui|r, = psa|r,. Then there is a
homomorphism
p: GL3(2) —— SLy(7/2%)

such that p|r, = w1, and either plp, = pa, or plr, = ca o la.

Proof. We first claim that any two liftings o,0’: Ty — SL3(Z/2%) are conjugate by
an element of SL3(Z/2%). This clearly holds when k& = 1, and so we can assume
inductively that o = ¢’ (mod 2871). Let M2(IF3) be the group of 3 x 3 matrices of trace
zero, and define p: Ty —— MJ(F,) via the formula

o'(B) = (I +2"p(B))-o(B)

for B € Ty. Then p is a 1-cocycle. Also, H'(Ty; MJ(F,)) = 0 by [DW1, Lemma 4.3]
(the module is Fy[T3]-projective), so p is the coboundary of some X € M2(Fy), and o
and ¢’ differ by conjugation by I + 281X,
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By [DW1, Theorem 4.1}, there exists a section p defined on GL3(2) such that p|p, =
pi. Let B € SL3(Z/2%) be such that u|y, = cgops. Since pln, = palr,, B must
commute with all elements in p(7p), and one easily checks that the only such elements
are A = e13(2871) and the identity. O

Recall that a p-subgroup P of a finite group G is p-radical if Ng(P)/P is p-reduced;
ie., if O,(Ng(P)/P) = 1. (Here, O,(—) denotes the largest normal p-subgroup.) We
say here that P is F,(G)-radical if Outg(P) (= Outg, () (P)) is p-reduced. In Section
4, some information will be needed involving the F»(Spin;(g))-radical subgroups of
Spin;(¢) which are also 2-centric. We first note the following general result.

Lemma A.11. Fiz a finite group G and a prime p. Then the following hold for any
p-subgroup P < G which is p-centric and F,(G)-radical.

(a) If G = Gy X Gy, then P = Py x Py, where P, is p-centric in G; and F,(G;)-radical.

(b) If P < H < G, then P is p-centric in H and F,(H)-radical.

(¢) If H < G has p-power index, then PN H is p-centric in H and F,(H )-radical.

(d) If G < G has p-power indez, then P = G N P for some P < G which is p-centric
in G and F,(G)-radical.

(e) If Q < G is a central p-subgroup, then Q < P, and P/Q is p-centric in G/Q and
F,(G/Q)-radical.

(f) IféN—a» G is an epimorphism such that Ker(a) < Z(G), then o~ (P) is p-centric
in G and F,(G)-radical.

Proof. Point (a) follows from [JMO, Proposition 1.6(ii)]: P = P, x P, for P, < G; since

P is p-radical, and P; must be p-centric in G; and F,(G;)-radical since
Cg<P) = CG1 (Pl) X CGQ(PQ) and Outg<P) = OU_tp1 (Gl) X Outp2(G2).

Point (b) holds since Cy(P) < Cg(P) and O,(Outy(P)) < O,(Outg(P)).

It remains to prove the other four points.

(e) Fix a central p-subgroup @ < Z(G). Then P > @, since otherwise 1 #
Nop(P)/P < O,(Ng(P)/P). Also, P/Q is p-centric in G/@), since otherwise there
would be z € GNP of p-power order such that
1 # [¢,] € Ker[Outg(P) —— Outgq(P/Q) x Outg(Q)] < O,(Outg(P)).

It remains only to prove that P/Q is F,(G/Q)-radical, and to do this it suffices to
show that

Outg/Q(P/Q) = Outg<P).
Equivalently, since P/@Q) and P are p-centric, we must show that

NeoPIQ) . Na(P)

CroPIQ) X PIQ  CL(P) x P
and this is clear once we have shown that
Cty(P/Q) = CG(P).

Any z € C /Q(P/ Q) lifts to an element = € G of order prime to p, whose conjugation

action on P induces the identity on @) and on P/Q. By [Go, Corollary 5.3.3], all such
automorphisms of P have p-power order, and thus x centralizes P. Since () is a p-group
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and Cf, /Q(P/ Q) has order prime to p, this shows that the projection modulo @) sends
Cto(P/Q) isomorphically to C(P).

(f) Let G — G be an epimorphism whose kernel is central. Clearly, o~ 'P is p-

centric in G. It remains only to prove that o™ P is Fp(é)—radical, and to do this it
suffices to show that

Outgz(a™'P) = Outg(P).
Equivalently, since P and a~!(P) are p-centric, we must show that
Ng(a™tP) ~ Ne(P)
Chla™'P) xa”'P Cg(P) x P’

and this is clear once we have shown that
CL(a™'P) = Cy(P).
This follows by exactly the same argument as in the proof of (e).

(c) Set P = PN H for short. Let

™

Ny(P)

Outp (P') = Nu(P')/(Cu(P')-P')
be the natural projection, and set
K =770,(0Outy(P")) < Ny (P).

Then K > O,(Ng(P')) is an extension of Cy(P')-P’ by the p-group O,(Outy(P’)). It
suffices to show that p 1 [K:P'], since this implies that O,(Outy(P')) =1 (i.e., P is
F,(H)-radical), and that any Sylow p-subgroup of Cy(P’) is contained in P’ (hence P’
is p-centric in H).

Assume otherwise: that p|[K:P’]. Note first that P’ <t Ng(P), and that Ng(P) <
N¢(K); ie., Ng(P) normalizes P’ and K. The first statement is obvious, and the
second is verified by observing directly that Ng(P) normalizes Ny (P') and Cy(F).
Thus the action of Ng(P) on K induces an action of Ng(P), and in particular of P,
on K/P'. Let Ko/P' denote the fixed subgroup of this action of P. Since p|[K:P'] by
assumption, and since P is a p-group, p| |Ko/P'|. A straightforward check also shows
that Ky < Ng(P), and therefore that PKy < Ng(P). Also, since P’ < Ky < H,

PKo/PgKo/(PmKo) :Ko/Pl

is a normal subgroup of Ng(P)/P of order a multiple of p. Since P is p-centric in G
by assumption,

Outg(P) = Na(P)/(Ca(P)-P) = No(P)/(Ca(P) x P),

and hence the image of PK,/P in Outg(P) is a normal subgroup which also has order
a multiple of p.

By definition of K as an extension of Cy(P’)-P’' by a p-group, if € K has order
prime to p, then z € Cy(P’). Hence if © € K, has order prime to p, then for every
z € P, [x,z] € P, so x acts trivially on P/P’. Since z also centralizes P’ it follows that
x centralizes P. This shows that the image of PKy/P in Outg(P) is a p-group, thus a
nontrivial normal p-subgroup of Out(P), and this contradicts the original assumption
that P is F,(G)-radical.
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(d) Let G« G be a normal subgroup of p-power index and let P < G be a p-centric
and F,(G)-radical subgroup. Let

N.

o(P) —— Outg(P) = N4(P)/(Cx(P)-P)

be the natural surjection, and set
K = W*I(Op(Outé(P))) < Ng(P).

Then K is an extension of Cg(P)-P by O,(Outgz(P)). Fix any Pec Syl,(K). We will
show that P NG = P, and that P is p-centric in G' and F,(G)-radical.
For each z € K NG < Ng(P),

m(z) € Op(Outy(P)) NOutg(P) < Op(Oute(P)) = 1.
Hence

z € Ker[Ng(P) —— Outg(P)] = (C5(P)-P)NG = Cg(P) - P = Cy(P) x P,
where C(P) < Cg(P) is of order prime to p. Since the opposite inclusion is obvious,

this shows that K NG = C4(P) x P, and hence (since P € Syl,(K)) that PNG=P.

Next, note that (K NG) < K and K/(KNG) < G/G, and hence K/C4(P) has

p-power order. Since P € Syl,(K), P is an extension of P by K/(K NG), and Ng(P)
is an extension of a subgroup of (KNG) = (Ci(P) x P) by K/(KNG). Also, an

element 2 € C%(P) normalizes P if and only if [z, P] € PN C%(P) = 1. Hence

Ni(P) = Ck(P)-P = Cg(P) x P, (1)
where Cl(P) = C%(P) N Cg(P) has order prime to p and is normal in N «(P). Since
C'é( ) < C'é(P) < K, (1) shows that Cg(P) < C4L(P) x P, and hence that P is

p-centric in G.

It remains to show that P is F,(G)-radical. Note first that K < Ng(P) by construc-
tion, so for any x € Ng(P), zPr! € Syl,(K). Since K is an extension of Cg(P) x P
by the p-group K/(K NG), and since C,(P) < K, it follows that K is a split extension
of C%(P) by P. Hence for any = € Ng(P), zPx~' = yPy~! for some y € CL(P).
Consequently, the restriction map

Ng(P)/Cx(P) = Autg(P) ———— Autg(P) = Ng(P)/Cg(P) (2)

is surjective. Also, if 2 € C5(P) < K normalizes P, then 2 € Ng(P) = P x C%(P)
by (1), and so ¢, € Inn(P). Thus the kernel of the map in (2) is contained in Inn(P).
Consequently,

Outz(P) = Aut5(P)/Inn(P) & Aut;(P)/ Aut5(P) = Out(P)/O0,(Out(P)),
and it follows that P is F,(G)-radical. O

This is now applied to show the following;:

Proposition A.12. Fiz an odd prime power q, and let P < Spin,(q) be any sub-

group which is 2-centric and Fo(Spin;(q))-radical. Then P is centric in Spin,(F,);

i, Cgu ) (P) = Z(P).
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Proof. Let z be the central involution in Spin,(¢). By Lemma A.11(e), z € P, and
P P/(z) is 2-centric in Q7(q) and is F»(£27(¢))-radical. So by Lemma A.11(d), there
is a 2-subgroup P < O(q) such that P N Q:(¢) = P, and such that P is 2-centric in
O7(q) and is F»(O7(q))-radical.

Let V = @, V; be a maximal decomposition of V' as an orthogonal direct sum of

}A’—representations, and set b; = b|y,. We assume these are arranged so that for some
k, dim(V;) > 1 when ¢ < k and dim(V;) = 1 when ¢ > k. Let V be the sum of those
1-dimensional components V; with square discriminant, and let V_ be the sum of those
1-dimensional components V; with nonsquare discriminant. We will be referring to the
two decompositions

m k

(V.b) = @(‘fia bi) = @(Vz‘, b)) ® (Vy,by)d (Vo,bo),

i=1 =1

both of which are orthogonal direct sums. We also write

V) =F,@p, V. and V™ =F,®g V,

and let b and b§°°) be the induced quadratic forms.

Step 1: For each 7, set

a subgroup of order 2; and write

D=][Di<0O(V,b), and Di= [[ Di<OV+,by).
2 ViCVy
Thus D and Dy are elementary abelian 2-groups of rank m and dim(V..), respectively.
We first claim that
P> D, (1)
and that

P = H P, where Vi, P, is 2-centric in O(V}, b;) and F2(O(V;, b;))-radical. (2)

i=1
Clearly, [D, ]3] =1 (and D is a 2-group), so D < P since P is 2-centric. This proves
(1). The V; are thus distinct (pairwise nonisomorphic) as P-representations, since they

are pairwise nonisomorphic as D-representations. The decomposition as a sum of V;’s
is thus unique (not only up to isomorphism), since Hompz(V;, V;) = 0 for i # j.

Let C be the group of elements of O(V, b) which send each V; to itself, and let N be
the group of elements which permute the V;. By the uniqueness of the decomposition

of V,

)
>

PCO( 6 = H ‘/1, b and NO(V,b) (ﬁ) < ]/\\[

Since P is 2-centric in O(V,b) and F»(O(V, b))-radical, it is also 2-centric in N and
Fao(N ) radical (this holds for any subgroup which contains NO(V o) (P )) So by Lemma

A.11(b) (and since C < N), P is 2-centric in C' and F(C)-radical. Point (2) now
follows from Lemma A.11(a).
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Step 2:  Whenever dim(V;) > 1 (i.e., 1 < i < k), then by Lemma A.6, dim(V;) is
even, and b; has square discriminant. So by Lemma A.4(a), —Idy, € Q(V;, b;) for such
i. Together with (1), this shows that

P=PnQ(q) > [[Di x (Vi b5) N D) x (V- b_)ND_). (3)

Also, by Lemma A.4(a) again,
(Q(Vi,br) N Dy) = (SO(Va,by) N Dy)
= (—ldyey, |k+1<i<j<m, V;V; CVi).

(4)

Step 3: By (3) and (4), the V; are distinct as P-representations (not only as P-
representations), except possibly when dim(Vy) = 2. We first check that this ex-
ceptional case cannot occur. If dim(V;) = 2 and its two irreducible summands are

isomorphic as P-representations, then the image of P under projection to O(Vy,by)
is just {£1Idy, }. Hence we can write V; = W @& W', where W_ LW’ are 1-dimensional,

P-invariant, and have nonsquare discriminant. Also, dim(V_) is odd, since V, and the
V; for i <k are all even dimensional. So —Idy_gw lies in Cq, (4 (P) but not in P. But
this is impossible, since P is 2-centric in Q7(¢). The argument when dim(V_) = 2 is
similar.

The V; are thus distinct as P-representations. So for all i # j, Homp(V;,V;) = 0,
and hence ~
Homg, ., (V™ V/*?) = F, @, Homg, p|(Vi, V;) = 0.

Thus any element of O(V () 5(>)) which centralizes P sends each V;(OO) to itself. In
other words,

Cspin7(1ﬁq)(P)/<Z> <C, H V'(Oo b(oo

If dim(Vy) > 2, then since P contains all involutions in O(V.,b.) which are P-
invariant and have even dimensional (—1)-eigenspace (see (3)), Lemma A.4(c) shows

that each element of Spin,(F,) which commutes with P must act on Vi via 4 Id. Also,

for 1 <1 <k, since —Idy, € P by (3), each element in the centralizer of P acts on V;
with determinant 1 (Lemma A.4(c) again). We thus conclude that

Spin, (F

k
gH OV, b)) x {+1dy, } x {£1dy. }. (5)
Step 4: We next show that

k
Copinr () (P)/(2) < TH{ETdWY x {£1dy, } x {£1dy.}. (6)
i=1
Using (5), this means showing, for each 1 <1 < k, that
pr; (Ospim(ﬁq)(P)/(Z)) < {iIdVi}§ (7)

where pr; denotes the projection of O(F,) = O(V() b)) to O(Vi(oo), b§°°)). By
Lemma A.6, dim(V;) = 2 or 4. We consider these two cases separately.
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Case 4A: If dim(V;) = 4, then by (2) and Lemma A.11(c), P/ “pn Q(V;, b;) is
2-centric in Q(V;, b;) and is F(2(V;, b;))-radical. Also, by Proposition A.5,

QVi, bi) = Q5 (q) = SLa(q) X, SLa(q).
By Lemma A.11(a,f), under this identification, we have P/ = Q X, Q)’, where @ and @’
are 2-centric in SLs(q) and F5(SLa(q))-radical. The Sylow 2-subgroups of SLsy(q) are
quaternion groups of order > 8, all subgroups of a quaternion 2-group are quaternion

or cyclic, and cyclic 2-subgroups of SLs(q) cannot be both 2-centric and F»(SLy(q))-
radical. So @ and @’ must be quaternion of order > 8. By [Sz, 3.6.3], any cyclic

2-subgroup of SLy(F,) of order > 4 is conjugate to a subgroup of diagonal matrices,
whose centralizer is the group of all diagonal matrices in SLQ(]Fq). Knowing this,
one easily checks that all nonabelian quaternion 2-subgroups of S LQ(IFq) are centric in
SLy(F,). Tt follows that P! is centric in

SOV, 60)) = SLy(Fy) xc, SLa(F,),
and hence that
P15 (Copin, ey (P)/(2)) < Cgppyon yoor (F) = Z(P)) = {£1dy; }.
Thus (7) holds in this case.

Case 4B: If dim(V;) = 2, then O(V;, b;) & O3 (q) is a dihedral group of order 2(q ¥ 1)
[Ta, Theorem 11.4]. Hence P; € Syl,(O(V;,b;)), since the Sylow subgroups are the
only radical 2-subgroups of a dihedral group. Fix V; for any & < j < m, and choose
a € O(V;,b;) of determinant (—1) whose (—1)-eigenspace has the same discriminant
as V. Since P; € Syl,(O(V;, b;)), we can assume (after conjugating if necessary) that

a € P;. Then (—Idy,) © a lies in P = PN 7(q). Hence for any g € C’Spima@ )(P)/<Z>,

pr;(g) € O(Vi(oo), b(oo)) leaves both eigenspaces of « invariant, and has determinant 1

by (5). Thus pri(g)Z = £ Idy;; and so (7) holds in this case.

Step 5: Clearly, —Idy, lies in SO(V4,by) if and only if dim(V.) is even (which is
the case for exactly one of the two spaces Vi), and this holds if and only if —Idy, €
Q(Vi,by). Also, since each V; for 1 < ¢ < k has square discriminant (Lemma A.6
again), — Idy, € Q(V;, b;) for all such i. Thus (6) and (1) imply that

Cspin7(qu)(P)/<Z> < PNQq) = P,
and hence that P is centric in Spin7(IF‘q)_ -

Proposition A.12 does not hold in general if Spin,(—) is replaced by an arbitrary
algebraic group. For example, assume ¢ is an odd prime power, and let P < SLs(q)
be the group of diagonal matrices of 2-power order. Then P is 2-centric in SL;(q) and

F»(SLs(q))-radical, but is definitely not 2-centric in SLs(F,).
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