FUSION SYSTEMS REALIZING CERTAIN TODD MODULES

BOB OLIVER

ABSTRACT. We study a certain family of simple fusion systems over finite 3-groups, ones
that involve Todd modules of the Mathieu groups 2M2, M1, and Ag = O?(Mjig) over Fj,
and show that they are all isomorphic to the 3-fusion systems of almost simple groups. As
one consequence, we give new 3-local characterizations of Conway’s sporadic simple groups.

Fix a prime p. A fusion system over a finite p-group S is a category whose objects are the
subgroups of S, and whose morphisms are injective homomorphisms between the subgroups
satisfying certain axioms first formulated by Puig [Pu], and modeled on the Sylow theorems
for finite groups. The motivating example is the fusion system of a finite group G with
S € Syl,(G), whose morphisms are those homomorphisms between subgroups of .S induced
by conjugation in G.

The general theme in this paper is to study fusion systems over finite p-groups S that
contain an abelian subgroup A < .S such that A ¢ F and Cs(A) = A. In such situations, we
let I' = Autz(A) be its automizer, try to understand what restrictions the existence of such
a fusion system imposes on the pair (A, OP (I')), and also look for tools to describe all fusion
systems that “realize” a given pair (A, O” (I')) for A an abelian p-group and I" < Aut(A).

This paper is centered around one family of examples: those where p = 3, where O% (I") =
2Mio, My, or Ag = O% (M), and where A is elementary abelian of rank 6, 5, or 4, respec-
tively. But we hope that the tools we use to handle these cases will also be useful in many
other situations. Our main results can be summarized as follows:

Theorem A. Let F be a saturated fusion system over a finite 3-group S with an elementary
abelian subgroup A < S such that Cs(A) = A, and such that either

(i) 1k(A) =6 and O¥ (Autyr(A)) = 2Ms; or
(ii) 1k(A) =5 and O¥ (Autz(A)) = My;; or
(iii) rk(A) =4 and O (Autz(A)) = As.

Assume also that A 4 F. Then A < S, S splits over A, and O (F) is simple and isomorphic
to the 3-fusion system of Coy in case (i), to that of Suz, Ly, or Cos in case (ii), or to that
of Us(3), Us(2), McL, or Coy in case (iii).

Theorem A is proven below as Theorem 4.16 (case (i)) and Theorem 5.23 (cases (ii) and
(iii)). As one consequence of these results, we give new 3-local characterizations of the three
Conway groups as well as of McL and Ug(2) (Theorems 6.1, 6.2, and 6.3).

All three cases of Theorem A have already been shown in earlier papers using very different
methods. In [vB, Theorem A], Martin van Beek determined (among other results) all fusion
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systems F over a Sylow 3-subgroup of Co; with O3(F) = 1. In [BFM], Baccanelli, Franchi,
and Mainardis listed all saturated fusion systems F with O3(F) = 1 over a Sylow 3-subgroup
of the split extension Fg; X Ag, and this includes the four systems that appear in case (iii)
of the above theorem. In [PSm], Parker and Semeraro develop computer algorithms that
they use to list, among other things, all saturated fusion systems F over 3-groups of order at
most 37 with O3(F) = 1 and O*(F) = F. However, our goals are different from those in the
earlier papers, in that we want to develop tools which can be used in other situations within
the framework of the general problem described above, and are using these Todd modules
as test cases.

The proof of Theorem A is straightforward, following a program that also seems to work
in many other cases. Set Z = Z(S). We first show that F = (Cx(Z), Nz(A)). We then
construct a special subgroup @@ < .S of exponent 3 with Z(Q) = [Q, Q] = Z (of order 3 or 9)
and Q/Z(Q) = Eg;, and show that @ is normal in Cx(Z). This is the hardest part of the
proof, especially when O% (Autz(A)) = 2M;,. Finally, we determine the different possibilities
for O3 (Out£(Q)), and show that this group together with O* (Autz(A)) determines O (F)
up to isomorphism.

Theorem A involves just one special case of the following general problem. Given a prime
p, a finite group I' = OP'(I'), and a finite F,I-module M (or more generally, a finite Z/p* -
module for some k& > 1), we say that a saturated fusion system F over a finite p-group S
“realizes” (I', M) if there is an abelian subgroup A < S such that Cs(A) = A, A 4 F, and
(0P (Autxz(A)), A) = (I', M). We want to know whether a given module can be realized in
this sense, and if so, list all of the distinct saturated fusion systems that realize it.

In the papers [O1], [COS], and [OR1], we studied this question under the additional
assumption that |I’] be a multiple of p but not of p?, and the answer in that case was
already quite complicated. In this more general setting, all we can hope to do for now is
to look at a few more cases, and try to develop some tools that can be used in greater
generality. For example, in a second paper [O3] still in preparation, we give some criteria
for the nonrealizability of certain IF,/-modules. As one application of those results, when
I' = My, Mia, or 2M,5, we show that up to extensions by trivial modules, the only F,/-
modules that can be realized in the above sense are the Todd modules of M;; and 2M;5 and
their duals (when p = 3), and the simple 10-dimensional Fy;[2M;j5]-modules.

As pointed out by the referee, Theorem A in this paper is closely related to the list of
amalgams by Papadopoulos in [Pp]. It seems quite possible that the results in this paper
can be used to strengthen or generalize the main theorem in [Pp|, but if so, that will have
to wait for a separate (short) paper.

General definitions and properties involving saturated fusion systems are surveyed in Sec-
tion 1, while the more technical results needed to carry out the programme described above
are listed in Section 2. In Section 3, we set up some notation for working with Todd modules
for 2M,5 and Mjq; notation which we hope might also be useful in other contexts. Case (i)
of Theorem A is proven in Section 4, and the remaining cases in Section 5. The 3-local
characterizations of the Conway groups and some others are given in Section 6. We finish
with two appendices: one containing a few general group theoretic results, and another more
specifically focused on groups with strongly p-embedded subgroups.

Notation and terminology: Most of our notation for working with groups is fairly stan-
dard. When P < G and z € Ng(P), we let ¢f € Aut(P) denote conjugation by x on

xT

the left: cf'(g) = *g = xzgz~! (though the direction of conjugation very rarely matters).

T

Our commutators have the form [z,y] = zyz~'y~!. If G is a group and a € Aut(G), then
[a] € Out(P) denotes its class modulo Inn(G). If ¢ € Hom(G, H) is a homomorphism, @ is
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normal in both G and H, and ¢(Q) = @, then ¢/Q € Hom(G/Q, H/Q) denotes the induced
map between quotients. Also, Syl (G) is the set of Sylow p-subgroups of a finite group G,

(@) is the set of all subgroups of GG, and Z5(G) is the second term in its upper central
series (Z2(G)/Z(G) = Z(G/Z(G))).

Other notation used here includes:

e [,m is always an elementary abelian p-group of rank m;

e p®* denotes a special p-group P with Z(P) = [P, P] & E,. and P/Z(P) > E

pb>

1+2m

e p "™ (when p is odd) is an extraspecial p-group of order p'*?™

and exponent p;
e Ao B is a central product of groups A and B;
e A X B and A.B are a semidirect product and an arbitrary extension of A by B;

e UT,(q) is the group of upper triangular (n xn)-matrices over F, with 1’s on the diagonal;
and

e I'L,(q) and PI'L,(q) denote the extensions of GL,(q) and PGL,(q) by their field auto-
morphisms.

Also, 2My3, 2A,,, and 25, (n = 4,5, 6) denote nonsplit central extensions of Cy by the groups
Mis, A, and X, respectively.

Thanks:  The author would especially like to thank the referee for the many helpful
suggestions, including some several involving potential connections with other papers. He
would also like to thank the Isaac Newton Institute for its hospitality while the paper was
being revised.

1. BACKGROUND

We begin with a survey of the basic definitions and terminology involving fusion systems
that will be needed here, such as normalizer fusion systems, the Alperin-Goldschmidt fusion
theorem for fusion systems, and the model theorem. Most of these definitions and results
are originally due to Puig [Pu].

1.1. Basic definitions and terminology.

A fusion system JF over a finite p-group S is a category whose objects are the subgroups
of S, and whose morphism sets Homz(P, ()) are such that

e Homg(P, Q) C Homz(P, Q) C Inj(P, Q) for all P,Q < S; and

e cvery morphism in F factors as an isomorphism in F followed by an inclusion.
For this to be very useful, more conditions are needed.
Definition 1.1. Let F be a fusion system over a finite p-group S.

(a) Two subgroups P, P’ < S are F-conjugate if Isox(P, P') # &, and two elements z,y € S
are JF-conjugate if there is ¢ € Homz((z), (y)) such that p(z) = y. The F-conjugacy
classes of P < S and z € S are denoted P7 and z7, respectively.

(b) A subgroup P < S'is fully normalized in F (fully centralized in F ) if |[Ns(P)| > |Ns(Q)|
(ICs(P)] = |Cs(Q)]) for each @ € P7.

(c) The fusion system F is saturated if it satisfies the following two conditions:
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e (Sylow axiom) For each subgroup P < S fully normalized in F, P is fully centralized
and Autg(P) € Syl,(Autx(P)).

e (extension axiom) For each isomorphism ¢ € Isoz(P, Q) in F such that @ is fully
centralized in F, ¢ extends to a morphism ® € Homz(N,, S) where

N, ={g € Ns(P)| gocggo_l € Autg(Q)}.

In the following lemma, we describe another important property of fully normalized sub-
groups.

Lemma 1.2 ([AKO, Lemma 1.2.6(c)]). Let F be a saturated fusion system over a finite
p-group S. Then for each P < S and each Q € P7 N F/, there is ¢ € Homz(Ng(P),S)
such that ¢(P) = Q.

We next recall a few more classes of subgroups in a fusion system. As usual, for a fixed
prime p, a proper subgroup H of a finite group G is strongly p-embedded if p | |H|, and
pt|HN*H| for each z € G\ H.

Definition 1.3. Let F be a fusion system over a finite p-group S. For P < S,

e Pis F-centric if Cs(Q) < Q for each Q € P7;

e Pis F-essential if P is F-centric and fully normalized in F, and the group Outz(P) =
Autz(P)/Inn(P) contains a strongly p-embedded subgroup;

P is weakly closed in F if P7 = {P};
P is strongly closed in F if for each x € P, 27 C P; and

P is normal in F (P < F) if each morphism in F extends to a morphism that sends P
to itself. Let O,(F) < F be the largest subgroup of S normal in F.

P is central in F if each morphism in F extends to a morphism that sends P to itself
via the identity. Let Z(F) < F be the largest subgroup of S central in F.

Clearly, if P is weakly closed in F, then it must be normal in S.

It follows immediately from the definitions that if P, and P, are both normal in F, then so
is P Py. So O,(F) is defined, and a similar argument applies to show that Z(F) is defined.

The following notation is useful when referring to some of these classes of subgroups.
Notation 1.4. For each fusion system F over a finite p-group S, define

o F/ ={P < S|P is fully normalized in F};

o F¢={P < S|P is F-centric} and F¢/ = F*nN F/; and

e Er = {P < S|P is F-essential}.

1.2. The Alperin-Goldschmidt fusion theorem for fusion systems.

The following is one version of the Alperin-Goldschmidt fusion theorem for fusion systems.
This theorem is our main motivation for defining F-essential subgroups here.

Theorem 1.5 ([AKO, Theorem 1.3.6]). Let F be a saturated fusion system over a finite
p-group S. Then each morphism in F is a composite of restrictions of automorphisms

a € Autg(R) for Re Ex U{S}.
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Equivalently, Theorem 1.5 says that F = (Autxz(P)| P € Ex U{S}). Here, whenever F
is a fusion system over S, and 2 is a set of fusion subsystems and morphisms in F, we
let (Z7) denote the smallest fusion system over S that contains 2. Since an intersection
of fusion subsystems over S is always a fusion system over S (not necessarily saturated, of
course), the subsystem (Z7) is well defined.

In fact, up to F-conjugacy, the essential subgroups form the smallest possible set of
subgroups that generate F.

Proposition 1.6. Let F be a saturated fusion system over a finite p-group S, and let T be
a set of subgroups of S such that F = (Autx(P)| P € 7). Then each F-essential subgroup
R < S is F-conjugate to a member of 7.

Proof. Fix R € F/ such that R < S and R N.7 = &, and set
Aut}(R) = (o € Autz(R) |a = @|g, some @ € Homz(P, S) where R < P < S).

We will prove that Aut%(R) = Autz(R). It will then follow that R is not F-essential (see
[AKO, Proposition 1.3.3(b)]), thus proving the proposition.

Fix o € Autz(R). By assumption, there are isomorphisms

a3 L

R=Ry —— Ry —— R, y oo —* 5 Re=R

1R
1R

such that o = aj o - -+ 0 ay, together with automorphisms ; € Autz(F;) for 1 <1i < k such
that <Ri,1, Rl> < B € .7 and a; = 51 Ri_1-

By Lemma 1.2 and since R € F/, for each 0 < i < k, there is x; € Homz(Ng(R;), Ns(R))
such that x;(R;) = R, where we take xo = X = Idyg(r). For each 1 <i <k, set

~

Rifl = Npi (Ri,1> and al = (Xl) o (ﬁz

ﬁii,l) ° (X;—ll Xi,l(ﬁifl)) € Homz(Ri—1, S).

Then |z = (Xilr,) o i o (X; YR, ,) € Autz(R) for each i.

For each i, P, > R,_; since P, € .7 while R;_; € R and R 1.7 = @. Hence ﬁi,l >R
for each 1 < i < k. By construction, & = (Qx|g) o -+ o (Q1]r), and so @ € Auty-(R). Since
a € Autz(R) was arbitrary, this proves that Aut%:(R) = Autz(R), as claimed. O

The next two lemmas give different conditions for a subgroup to be normal in a fusion
system. Both are consequences of Theorem 1.5.

Lemma 1.7. Let F be a saturated fusion system over a finite p-group S. A subgroup @ < S
1s normal in F if and only if it is weakly closed and contained in all F-essential subgroups.

Proof. This is essentially the equivalence (a <> c) in [AKO, Proposition 1.4.5]. O

In general, strongly closed subgroups in a saturated fusion system need not be normal.
The next lemma describes one case where this does happen.

Lemma 1.8 ([AKO, Corollary 1.4.7(a)]). Let F be a saturated fusion system over a finite
p-group S. If A Q.S is an abelian subgroup that is strongly closed in F, then A < F.
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1.3. Normalizer fusion subsystems and models.

If F is a fusion system over a finite p-group S, then a fusion subsystem & < F over a
subgroup 7' < S is a subcategory £ whose objects are the subgroups of T', such that & is itself
a fusion system over T'. For example, the full subcategory of F with objects the subgroups
of T is a fusion subsystem of F. If we want our fusion subsystems to be saturated, then, of
course, the problem of constructing them is more subtle.

One case where this is straightforward is the construction of normalizers and centralizers
of subgroups in a fusion system.

Definition 1.9. Let F be a fusion system over a finite p-group S. For each @ < S, we
define fusion subsystems Cz(Q) < Nz(Q) < F over Cs(Q) < Ng(Q) by setting

Home, o) (P, R) = {¢|p | ¢ € Homz(PQ, RQ), ¢(P) <R, plg =1dg}
Homn ) (P, R) = {¢|p| ¢ € Homz(PQ, RQ), ¢(P) < R, ¢(Q) = Q}.

It follows immediately from the definitions that a subgroup @ < S is normal or central in
F if and only if Nx(Q) = F or Cx(Q) = F, respectively.

Theorem 1.10 ([AKO, Theorem 1.5.5]). Let F be a saturated fusion system over a finite
p-group S, and fir Q < S. Then Cx(Q) is saturated if Q is fully centralized in F, and
Nz (Q) is saturated if Q is fully normalized in F.

We next look at models for constrained fusion systems, and in particular, for normalizer
fusion subsystems of centric subgroups.

Definition 1.11. Let F be a saturated fusion system over a finite p-group S.

(a) The fusion system F is constrained if there is a subgroup @ < S that is normal in F
and F-centric; equivalently, if O,(F) € F°.

(b) A model for a constrained fusion system F over S is a finite group M with S € Syl (M),
such that S € Syl, (M), Fs(M) = F, and Cy(Op(M)) < O,(M).

By the model theorem (see [AKO, Theorem II1.5.10]), every constrained fusion system has
a model, unique up to isomorphism. We will need this only in the following situation.

Proposition 1.12. Let F be a saturated fusion system over a finite p-group S. Then for
each Q € F¢/, the normalizer fusion subsystem Nx(Q) is constrained, and hence has a model:
a finite group M with Ns(Q) € SylL,(M) such that Q < M, Cy(Q) < Q, and Fny) (M) =
Nx(Q). Furthermore, M is unique in the following sense: if M* is another model for Nx(Q),
also with Q@ <X M* and Ns(Q) € Syl,(M*), then M = M* via an isomorphism that restricts
to the identity on Ng(Q).

Proof. The subsystem Nz(Q) is constrained since the subgroup @ is normal and Nz(Q)-
centric. So by the model theorem [AKO, Theorem II1.5.10], it has a model, and any two
models for Nz(Q) are isomorphic via an isomorphism that is the identity on Ng(Q). O

1.4. Subsystems of index prime to p.

We next turn to fusion subsystems of index prime to p. By analogy with groups, this really
corresponds to subgroups of a finite group G' that contain O (G) (but are not necessarily
normal).
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Definition 1.13. Let F be a fusion system over a finite p-group S. A fusion subsystem
£ < F has index prime to p if £ is also a fusion system over S, and Aute(P) > OF (Autz(P))
for each P < S.

There is clearly always a smallest fusion subsystem of F of index prime to p: the subsystem
OP' (F) over S generated by the automorphism groups O” (Autz(P)). The corresponding
result for saturated fusion subsystems is more subtle.

Theorem 1.14. Let F be a saturated fusion system over a finite p-group S. Then there
is a (unique) smallest saturated fusion subsystem OP (F) < F of index prime to p. This
has the property that for each P < S and each ¢ € Homgz(P,S), there are morphisms
¢o € Homep,y (7 (P,S) and a € Autz(S) such that o = a o pp.

Proof. See [AKO, Theorem 1.7.7] or [BCGLO, Theorem 5.4] for the existence and uniqueness
of O (F). The last statement follows from Lemma 3.4(c) in [BCGLO], or since the map
0: Mor(F¢) — Iy(F) sends Autz(S) surjectively. O

In fact, the theorems in [AKO] and in [BCGLO)] cited above both describe the subsystem
OP'(F) in more precise detail.
Proposition 1.15. For each saturated fusion system F over a finite p-group S, we have

OY(F) = F¢, O"(F)! = F!, and Epy () = Ef.

Proof. By Theorem 1.14, if P < S and Q € P”, then there is a € Autz(S) such that

a(Q) € PO From this, it follows immediately that O (F) and JF have the same centric
subgroups, and the same fully normalized subgroups. To see that they have the same essential
subgroups, it remains to check that Out,r ]_-)(P) has a strongly p-embedded subgroup if and
only if Outz(P) does, and this is shown in Lemma B.1. O

We also need the following result, which gives a more precise description of O (F), but
under very restrictive conditions on F.

Proposition 1.16. Let F be a saturated fusion system over a finite p-group S, such that

(i) Ex # @ and each member of Ex is weakly closed in F, and

(ii) no intersection of two distinct members of Ex is F-centric.
Then

(a) Autow (ny(r))(P) = {o € Autz(P)|alg € O¥ (Autx(R))} for each R € Ex and each
R<P<S;and

(b) AUtOP'(}')(S> = <AUtOP’(N;(R))(S) | R € EF).

Proof. For each R € Ex, set £ = O” (Nx(R)).

(a) Fix R € Ez, and let H be a model for Nx(R) (see Proposition 1.12). Then O (H) is
a model for £x, and an extension of R by O (H/R) = O (Outx(R)). Hence

Autte, (R) = Autgy ) (R) = O” (Auty(R)) = O” (Autz(R)).
Let P be such that R < P < S. Then a € Autg,(P) implies a|p € Autg,(R) =

O” (Autz(R)). Conversely, if a € Autz(P) is such that a|z € OY (Autz(R)) = Aute, (R),
then by the extension axiom and since «|p normalizes Autp(R), there is § € Autg, (P) such
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that B|gr = a|g. So by [AKO, Lemma 1.5.6] and since R € F¢, there is x € Z(R) such that
a = [ oc,, and hence o € Autg, (P).

(b) Set
Fo=(O"(Autz(R))|R€ EF) and O (F)= (0" (Autz(P))|P < S)

as (not necessarily saturated) fusion systems over S. Thus O (F) is the minimal fusion
subsystem in F of index prime to p. For P € F¢, since P is contained in at most one
member of Ex by (ii), the sets Homz(P,S) and Homg (P, S) and groups Autz(P) and
Aut g, (P) are described as follows:

£ | Homeg (P, S) Autg(P)
F {alp|a € Autz(R)} {alp|a € Autz(R), a(P) = P}
Fo | {alp| € O"(Autr(R))} {alp|a € O (Auts(R)), a(P)= P}

TABLE 1.17. In each case, either R is the unique member of Ex such that
P < R, or R =5 if there is no such member.

In particular, this shows that Autz, (P) is normal of index prime to p in Autz(P) for each
P € F¢, and hence by [AKO, Lemma 1.7.6(a)] that Fy has index prime to p in F. Thus
Fo = OY(F) (the inclusion Fy < O (F) is immediate from the definitions). So

Autow (7(5) = (o € Autz(S) | alp € Homofl(F)(P, S), some P € F°)
= (a € Autz(S) |alp € Homg, (P, S) some P € F°)
=(a e Autz(S)|IP e F°, P< Re ErU{S}, B € O (Autr(R)), s.t. a|p = f|p)
= (a € Autz(9) |alg € O” (Autz(R)) some R € Ex U {S})
= (Aute, (5) | R € Ef) :

the first equality by [AKO, Theorem 1.7.7], the second since Fy = O? (F), the third by Table
1.17, the fourth since «|p = §|p implies a|g = B o ¢, for some x € Z(P) (see [AKO, Lemma
1.5.6]), and the last by (a) (applied with P = S). O

One can also show that O (F) = (O” (Nx(R)) | R € Ez) under the hypotheses of Propo-
sition 1.16. However, that will not be needed here.

1.5. Quotient fusion systems.

Quotient fusion systems of F over S are formed by dividing out by a subgroup of S, not
by a fusion subsystem of F.

Definition 1.18. Let F be a fusion system, and assume ) < S is strongly closed in F.
In particular, @ < S. Let F/Q be the fusion system over S/@ where for each PR < S
containing (), we set
Hompzq(P/Q, R/Q) =
{¢/Q € Hom(P/Q, R/Q) | ¢ € Homz(P,Q), (¢/Q)(9Q) = v(9)Q Vg € P}.

We refer to [Cr, Proposition 11.5.11] for the proof that F /@ is saturated whenever F is.
In fact, the definition and saturation of F /@) hold whenever () is weakly closed in F. This is
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not surprising, since we are looking only at morphisms in F between subgroups containing
@, so that F/Q = N£(Q)/Q.

If @ is strongly closed in F, then every morphism ¢ € Homz(P, R), for arbitrary P,Q < S,
induces a (unique) morphism @ € Hom(PQ/Q, RQ/Q). (Just note that o(PNQ) < RNQ.)
A much deeper theorem states that each such morphism @ also lies in F/Q. We refer to
[AKO, Theorem I1.5.12] and [Cr, Theorem II.5.14] for proofs of this result first shown by
Puig. In this paper, however, we work with F/@Q only in the special case where @) < F, in
which case this property is automatic.

We will need the following lemma, comparing essential subgroups in F and in F/Z when
Z is central in F.

Lemma 1.19. Let F be a saturated fusion system over a finite p-group S, and fix Z < Z(F).
Then for each R < S, R € Er if and only if R > Z and R/Z € Ez/y.

Proof. If R € Ex, then R € F¢, and hence R > Z(S) > Z. So from now on, we always
assume that R > Z. We will show that the following hold for each R < .S containing Z:

(a) Re Flifand onlyif R/Z € (F/Z)7;

(b) the natural map ¥: Outz(R) — Outr/z(R/Z) is surjective and its kernel is a p-group;
and

(¢) R/Z € (F/Z)¢if and only if R € F¢ and V¥ is an isomorphism.

It follows immediately from (a), (b), and (c) and Definition 1.3 that R € Ex if R/Z € Ez/5.
Conversely, if R € Ex, then O,(Outz(R)) = 1 since Outz(R) has a strongly p-embedded
subgroup (see [AKO, Proposition A.7(c)]), so ¥ is an isomorphism, and R/Z € Ez,z by (a),
(b), and (c) again.

Point (a) is clear, since (R/Z)*/% = {P/Z| P € R}, and Ng,z(P/Z) = Ng(P)/Z when-
ever Z < P <G6.

The natural map V: Autz(R) — Autz/;z(R/Z) is surjective by definition of F/Z. If
[a] € Ker(¥), where [a] is the class of & € Autz(R), then for some z € R, acl! induces the
identity on R/Z and (since Z < Z(F)) the identity on Z, and hence has p-power order by
Lemma B.5. So Ker(¥) is a p-group, proving (b).

By (a), it suffices to prove (c¢) when R € F/ and R/Z € (F/Z)/. Assume R/Z € (F/Z)°.
Then Cs(R)/Z < Csyz(R/Z) < R/Z, so R € F°¢. For each [a] € Ker(¥), the class of
a € Autz(R), we have [a] € O,(Outx(R)) < Outg(R), so a = & for some x € Ng(R) such
that ¢ € Aut(R) induces an inner automorphism on R/Z. Hence 2Z € (R/Z)Cs/z(R/Z),
soxZ € R/Z since R/Z € (F/Z)¢, and x € R. Thus « € Inn(R), and VU is an isomorphism
in this case.

Conversely, assume R € F¢and W is an isomorphism, and let y € Ng(R) be such that yZ €
Csjz(R/Z). Then [y, R] < Z, so [c}]] € Ker(¥) = 1. So ¢! € Inn(R), and y € RCs(R) = R
since R is F-centric. This shows that C's)z(R/Z) < R/Z and hence R/Z € (F/Z)¢, finishing
the proof of (c). O

If F is a saturated fusion system over S and P < Q) < 5, then P < F and Q < F implies
Q/P < F/P: this follows easily from the definitions. However, P < F and Q/P < F/P
need not imply that < F, as is seen by the following example. Let p be any prime, set
G = Cp 1 X, (wreath product), fix S € Syl (G) (so S = C,1C)), and set F = Fg(G). Set
P =0,(G) = Ep. Then P < F and S/P < F/P, but S is not normal in F.
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In the following lemma, we give two conditions under which P < F and Q/P < F/P
does imply that @ < F.

Lemma 1.20. Let F be a saturated fusion system over a finite p-group S, and let P < Q < S
be such that P Q F and Q/P < F/P. If Q is abelian, or if P < Z(F), then Q < F.

Proof. Since @/ P is normal, it is strongly closed in F /P, and hence @ is strongly closed in
F. So if @ is abelian, then it is normal by Lemma 1.8. If P < Z(F), then @ is contained in
all F-essential subgroups by Lemma 1.19 and since @)/ P is contained in all F/P-essential
subgroups (Lemma 1.7), and so @ < F by Lemma 1.7 again. O

2. GENERAL LEMMAS

As noted in the introduction, in our general setting, we want to analyze a saturated fusion
system F over a finite p-group S with an abelian subgroup A < S and I" = Autx(A), where
the group A and the action of Opl(F ) are given. In this section, we give some of the tools
that will be used in Sections 4 and 5 to do this.

In practice, we don’t get very far without knowing that the subgroup A is normal in S
and weakly closed in F, and this should perhaps be included in our general assumptions.
But in many cases, it follows easily from the weaker assumptions on A and O¥ (I').

Lemma 2.1. Let F be a saturated fusion system over a finite p-group S, and let A < S be
such that no member of A7~ {A} is contained in Ns(A). Then A is weakly closed in F.

Proof. Assume otherwise: then S > Ng(A), and hence Ng(Ng(A)) > Ng(A). Choose x €
Ng(Ng(A)) N Ng(A). Then A # A, contradicting the assumption that A not be S-conjugate
to any other subgroup of Ng(A). O

The importance of A being weakly closed in our general situation is illustrated by the
following lemma.

Lemma 2.2. Let F be a saturated fusion system over a finite p-group S, and assume A < .S
1s an abelian subgroup that is weakly closed in F.

(a) IfRe F/, and R € QF for some Q < A, then R < A.

(b) For each P,Q < A, Homz(P,Q) = Homp,(4)(P,Q). Hence each ¢ € Homz(P,Q)
extends to some @ € Autx(A).

(¢c) No element of Cs(A) \ A is F-conjugate to any element of A.

Proof. (a) Assume Q < A and R < S are F-conjugate and R € F/. By the extension
axiom, each ¢ € Isoz(Q, R) extends to some 1) € Homz(Cs(Q), S). Then Cs(Q) > A since
A is abelian, ¥(A) = A since A is weakly closed in F, and so R = 9(Q) < A.

(b) Assume P,Q < A and ¢ € Homz(P,Q), and choose R € P’ that is fully centralized
in 7. Then R < A by (a), and there is ¢ € Isoz(p(P), R). By the extension axiom again,
¥ extends to ¢ € Homz(A, S) and ¢y extends to @ € Homz(A, S), and @/D\(A) =A={p(A)
since A is weakly closed. Then '3 € Autz(A), and (~13)|p = ¥~ (Vp) = .

(c) Assume x € Cg(A)\ A is F-conjugate to y € A. By (a), we can arrange that (y) € F/,
so by Lemma 1.2, there is ¢ € Homz(Ng({x)), S) such that p(z) = y. But A < Ng((z)),
p(A) = A since A is weakly closed, and this is impossible since ¢(z) € A and x ¢ A. So no
element in Cs(A) \ A is F-conjugate to any element of A. O
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In many of the cases we want to consider, the assumptions we choose on A and on I" imply
that OF (F) is simple (see, e.g., [AKO, Definition 1.6.1]). For example, if F is a saturated
fusion system over S, and A < S is such that Cg(A) = A, and we set I' = Autz(A) and
I'y = O”(I'), and assume also that §2;(A) is a simple F,'-module and I/O, (1) is a simple
group (and Iy 2 C,), then either A < F or the fusion system O (F) is simple. However,
this will not be needed, and before proving it here, we would first have to define normal
fusion subsystems.

2.1. Proving that F = (N£(A),Cx(Z)).

When analyzing fusion systems in our setting, we first check whether F = (Nz(A), Cx(Z))
for some choice of Z < Z(S). The following lemma will be our tool for doing this.

Proposition 2.3. Let F be a saturated fusion system over a finite p-group S, let A < S
be an abelian subgroup that is weakly closed in F, and fir 1 # Z < Z(S)N A. Then either
F =(Cx(Z),Nx(A)), or there are R € Ex and o € Autz(R) such that « is not a morphism
in (Cx(Z),Nx(A)), and such that a(Z) £ A, a(Z) € Nx(A), and R = Cs(a(Z)) =
Ns(Oé(Z))

Proof. Set Fy = (Cx(Z), Nz(A)): the smallest fusion system over S (not necessarily satu-
rated) that contains both C'x(Z) and Nx(A). We first claim that

N#(Z) < (Cx(Z), Autz(S5)) < Fo. (2.4)

The second inclusion is clear: Autz(S) = Auty,(4)(S) since A is weakly closed in F by
assumption. If ¢ € Hompn,(z)(P,Q), where P,Q > Z, then since S = Cy(Z), ¢|; €
Autz(Z) extends to some o € Autx(S) by the extension axiom, and ¢ = a o (') where
o'y € Home,(z) (P, S). This proves the first inclusion in (2.4).

By Lemma 1.2 and since Z < Z(S) is fully normalized in F, for each X € Z7, there is
x € Homzg(Ng(X), S) such that ¢¥x(X) = Z. Set

Z={X e 7" |vx € Mor(Fy)}.

If ¥/ € Homz(Ng(X),S) is another morphism such that ¢/(X) = Z, then ¢’ o 93! €
Mor(Nz(Z)), and hence ¢ € Mor(Fp) if and only if ¢»x € Mor(Fy) by (2.4). So Z is
independent of the choices of the ¢ x.

If X € ZF and X < A, then A < Ng(X) and ¢x(A) = A, so ¢x € Mor(Fy). Thus
XeZ7and X <A = Xc2zZ (2.5)

If ¢ € Homz(P,S) is such that P > Z and X = ¢(Z) € Z, then p(P) < Cg(X) since
P < S =Cs(Z),s0xopisdefined and in Np(Z) < Fy, and hence ¢ = (¢ x]|up)) o (¥x o)
is also in Fy. Thus

for each ¢ € Homz(P,S) with Z < P < S, ¢(Z) € Z = ¢ € Mor(Fy). (2.6)

Assume F > Fy. By Theorem 1.5 (the Alperin-Goldschmidt fusion theorem), there are
R € Exr U{S} and a € Autz(R) such that a ¢ Mor(Fy). Since Autz(S) = Autg,(S) by
(2.4), we have R € Ex. Choose such R and « with |R| maximal. Since R is F-centric, we
have R > Z(S) > Z. Set X = a(Z); then X ¢ Z by (2.6), and hence X £ A by (2.5). Also,
R < Cg(X) < Ng(X) since R< Cg(Z) = S.

For each Y € Z7 \ Z, we have ¢y ¢ Mor(F,) by definition of Z. Hence vy is a composite
of restrictions of automorphisms of members of Ex U {S} of order at least |Ng(Y)|, and
at least one of these automorphisms is not in Fy. So by the maximality assumption on R,
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|R| > |[Ns(Y)| for all Y € Z7 \ Z, and in particular, for all Y € X¥*()_ Since R < Ng(X),
this shows that X is fully normalized in Nz(A), and also that R = Cs(X) = Ng(X). O

Note in particular the following special case of Proposition 2.3.

Corollary 2.7. Let F be a saturated fusion system over a finite p-group S, let A < .S be
an abelian subgroup that is weakly closed in F, and fix 1 # Z < Z(S) N A. Assume that
A <QCr(Z) but A4 F. Then there are R € Ex and oo € Autz(R) such that a(Z) £ A,
a(Z) € Nr(A), and R = Cs(a(Z)) = Ns(a(Z2)).

Proof. By assumption, Cr(Z) < Ng(A) < F. So (Cx(Z),Ng(A)) # F, and the result
follows from Proposition 2.3. OJ

2.2. Normality of subgroups.

The results in this subsection will be useful when showing that certain subgroups, espe-
cially abelian subgroups, are strongly closed or normal in a fusion system.

Lemma 2.8. Let F be a saturated fusion system over a finite p-group S, and let ) J .S
be a normal subgroup that is not weakly closed in F. Then there are P € Q7 ~ {Q},
R € Ex U{S}, and a € Autx(R) such that R > Q, P = a(Q), R = Ns(P), P € Nx(Q)’,
and |R| > |Ns(U)| for all U € Q7 ~ {Q}.

Proof. Let # be the set of pairs (R, ) where R € Ex U{S}, R > Q, a € Autz(R), and
a(Q) # Q. Since @Q is not weakly closed in F, there is ¢ € Homz(Q, S) such that p(Q) # Q,
and hence # # & by the Alperin-Goldschmidt fusion theorem (Theorem 1.5).

Choose (R,a) € # such that |R| is maximal. By Lemma 1.2, for each U € Q7 \ {Q},
there is a morphism ¢ € Homz(Ng(U),S) such that ¢(U) = Q. By Theorem 1.5 again,
there is (Ry,aq) € # such that |Ry| > |[Ng(U)|, and |R| > |R;| by the maximality of |R].
Thus |R| > |Ns(U)| for each U € Q7 . {Q}.

Now set P = «(Q). Then P < R since @Q < R, so R < Ng(P), with equality since we
just saw |R| > |Ng(P)|. Also, P € Nx(Q)” since |R| > |Ng(U)| for each U € Q7 ~ {Q} D
PNF(Q) O

The following is a more technical result that will be needed when proving that Q/Z <
Cr(Z)/Z in case (i) of Theorem A.

Proposition 2.9. Let F be a saturated fusion system over a finite p-group S, and let A I .S
be an abelian subgroup that is weakly closed in F but not normal. Let 1 = Ay < A; < --- <
A, = A be such that [S, A;) < A;_q for each 1 < i <m. SetE = F, and for each 1 < i < m,
set Ay = AiJAi_1 and & = Cg,_ (A;)/A;, regarded as a fusion system over S/A;. (Note that
A; < Z(S/A;_1).) Then there are 0 < £ <m —2, R<S, and o € Autz(R), such that

e R>Apq, [, i) <Ay for 1 <i</{, and X d:efa(AgH) %« A;

o R = Ns(X>, R/Ag = CS/AE(X/Ag), and X/Ag - NgZ(A/Ag)f; and

° R/Ag S Ege.
Proof. The fusion systems &; are all saturated by Theorem 1.10 and [Cr, Proposition I1.5.11],
applied iteratively. Also, A/A,,_1 is weakly closed in &,,_; since A is weakly closed in
F. All &,,_1-essential subgroups contain Z(S/A,,—1) > A/A,,_1 since they are centric, so

AJA;,—1 < &1 by Lemma 1.7. Since A ﬂ & = F by assumption, there is 0 < ¢ < m — 2
such that A/A, 4 & and A/Apy < Eppa.
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We now apply Corollary 2.7, with A/Ay, Ayi1/As, and & in the role of A, Z, and F. Here,
A1 /A < Z(S/Ay) since [Apy1, S| < Ay, while A/A, 4 & by assumption. Since A/A, is
abelian, it is normal in Cg, (A, ) by Lemma 1.20 and since A/Ay,; < &y = Ce,(Ap1)/Avsr.
So by Corollary 2.7, there are R < S containing A,, and @ € Autg,(R/A,), such that
R/Ag = CS/Ae(a(Au_l)) - Eg[, and

X/Ag d—efa Ag+1 f A/Ag, R/Ag = NS/Ag(X/A£>7 and X/Ag € Nge<A/Ag)f. (210)

Also, R/A; > Z(S/As) > Ayy since R/A, is E-centric, so R > Ay, .
7. (1/A;) < Autg,(R/A;) for decreasing indices

i=/(—1,0—2,...,0s0 that o;/A;;1 = a;; for each i < £. Set a = ap € Autz(R);
then [, A;] < Al 1 for each i by by definition of the &, and X = a(Apq1) £ A since
X/A; = a(Ap1) £ A/A,. The other claims listed in the proposition follow easily from
(2.10). O

Set ay = @, and choose «; € Autog

2.3. Equalities between fusion systems.

We finish the section with two sets of conditions for showing that two fusion systems
over the same p-group are equal. Proposition 2.11 will be applied to the fusion systems
encountered in Section 4, and Proposition 2.13 to those in Section 5.

Proposition 2.11. Let F; > £ < Fy be saturated fusion systems over a finite p-group S.
Assume that Q@ < S is centric and normal in all three, and that Autr, (Q) = Autg,(Q).
Assume also that the homomorphism

H'(Outz,(Q); Z(Q)) — H'(Oute(Q); Z(Q))

induced by restriction is surjective. Then F, = F3.

Proof. Let My > H < M, be models for F; > & < F, (Definition 1.11), where S < H is a
Sylow p-subgroup of all three. Thus M; and M, are both extensions of @ by Outz (Q) =
Outx,(Q), and the difference of the two extensions (up to isomorphism) is represented by
an element y € H?(Outz (Q); Z(Q)) (see [McL, Theorem IV.8.8]). Also, y vanishes after
restriction to H?(Oute(Q); Z(Q)) since M; and M, both contain H, so x = 0 since Outg(Q)
has index prime to p in Outz, (Q). Thus there is an isomorphism ¢ : M; — M, such that
1|g = Idg. Note that 9 also induces the identity on H/Q and on S/Q) since they inject into
Aut(Q), but need not induce the identity on S.

Set ¥y = |y € Aut(H). Consider the commutative diagram

H'(M1/Q; Z(Q)) —=— Cau(an (Q)/Aut iz (M)

ml |

H'(H/Q; Z(Q)) —=— Cau(m)(Q)/Autzg)(H)

where 1y, 7y are defined as in [OV, Lemma 1.2]. Since p; is surjective by assumption, ps is
also surjective. So there is @ € Aut(M;) such that o]y = ¥gc,|g for some z € Z(Q), and
upon replacing a by ac;!, we can arrange that a|y = 1.

Now set ¢ = pa~t: M, =5 M,. Then ol = Yoy " = Idy, and in particular, ¢|g = Ids.
Since M; and M5 are models for F; and F5, we conclude that F; = Fs. O
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The other criterion we give for two fusion systems to be equal applies only to fusion
systems satisfying some very restrictive hypotheses, which are stated separately for easier
reference.

Hypotheses 2.12. Let F be a saturated fusion system over a finite p-group S. Assume
A, Q < S are such that

(i) Er={4,Q};
(ii) A is abelian, S = AQ, and Cs(ANQ) = A; and

(i)t | Nawea) (O (Autx(A))) /O (Aut=(A)|.

Note that F = Nx(R) if Er = { R} has order 1, while F = Nxz(5) if Er = @. So the next
proposition still holds if we assume Ex C {A, @} instead of assuming equality. However,
since the extra cases that would be added are rather trivial and will not be encountered in
this paper, we decided to use the more restrictive version.

Proposition 2.13. Let F; and F» be two saturated fusion systems over the same finite p-
group S, and let A,Q < S be normal subgroups with respect to which Hypotheses 2.12 hold
for Fi and for Fy. Assume also that O (Nz,(A)) = O (Nx,(A)) and O (Autr, (Q)) =
O (Autx,(Q)). Then O (Fy) = OF' (F,).

Proof. If Hypotheses 2.12 hold for F; (i = 1,2), then they also hold for O” (F;) (note in
particular that Egy z) = Ex by Proposition 1.15). So it suffices to prove the proposition

when F; = OP (F;) for i = 1,2.

Since S = AQ where A and @ are both properly contained in S, we have Q #? A and A ?
@. Note that @ is nonabelian, since otherwise Cs(A N Q) = S, contradicting 2.12(ii). Also,
A and @ are weakly closed in F; for i = 1,2, since otherwise, there would be o € Autx,(5)
with a(A) # A or a(Q) # @, which is impossible since o permutes the members of Ex .

Set

O = (Autg (9), Autxz,(S)) < Aut(9).
Fix R € {A,Q}. Each element of © normalizes R since R is weakly closed in F; and in Fo.

For each a € © such that a|g = Idg, a also induces the identity on S/R since Cs(R) < R
(since R € Ex, by 2.12(i)), and hence a has p-power order. Thus

{a€O|alp=1dr} < 0,(0) (for Re€ {A,Q}): (2.14)
this subgroup is normal in © since all elements in © normalize R.

By points (i) and (ii) in Hypotheses 2.12 and since A and @) are weakly closed, the
conclusions of Lemma 1.16 hold for F; and F,. (Note that Q N A ¢ F° since it is strictly
contained in the abelian group A.) By Lemma 1.16(b) and since O (F;) = F; for i = 1,2
by assumption,
fori=1,2.

Againfix R € {A,Q}. Ifa e Autop (v, (r)(S), then a|g € O” (Autr, (R)) = O (Autz,(R))
by Lemma 1.16(a), so a|gr = B|g for some 8 € Autz,(S) by the extension axiom and since
a|g is normalized by Autg(R). By Lemma 1.16(a) again, § € Autop/(NFQ(R))(S). Also,

a™f € 0,(0) by (2.14) and since a|r = f|z. Upon repeating this argument with the roles
of F; and F, exchanged, we have shown that

Amoz"(zvf1 (R))(S>Op(@> = AUtOP'(N}-Q(R))(S)OP(@)'
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Together with (2.15), this implies that
Autz, (5)0,(0) = Autx,(5)0,(0). (2.16)
For R € {A,Q}, set
' = 0¥ (Autz (R)) = O¥ (Autz,(R)),
where the last two groups are equal by assumption. Then for 1 = 1,2,
Autz (R) = T'® - {a|g|a € Autz (9)} (2.17)

by the Frattini argument and the extension axiom (and since R < .5).

Set ©W = (Autz, (A), Autz,(A)). Then I'™ < O since it is normal in each Autz,(A).
Since Naug(ay(I')/I'™ has order prime to p by 2.12(iii), we have OY (6@)) = O (I'Y) =
'™, By (2.17), for each o € Auty, (A), there are oy € I'™ and @ € Autz, (S) such that
a = ag(@4). By (2.16), there is 8 € Autz,(S) such that 413 € 0,(0). Set B = ao(Bla) €
Autg,(A). Then o138 = (a—1§)|A has p-power order, hence lies in O” (@) = ' and we
have shown that Autz (A) < Autz,(A). A similar argument proves the opposite inclusion,
and thus

Autz, (A) = Autz,(A). (2.18)
For i = 1,2,
Autz(Q) = TV - {alg | a € Autx(S)}
= I'D ({alg | a € Autoyy, @) (S)} . {alo|a € Autoy, (4 (5)})
<r@-. (Auto v, ) (@), {ela lae At (. (ap(S)})
=19 {alg|a € Autoy iy, 4 (5) } :

the first equality by (2.17), the second by (2.15), and the last since Auty, (n,. ) (Q) = re
by Lemma 1.16(a). The opposite inclusion is clear, so

Autr, (Q) = Aut,(Q) (2.19)

since O (Nz, (A)) = O” (Nz,(A)) by assumption.
For R € {A, @}, consider the homomorphism

@ = <Aut]:1 (S),Auth(S)) L) NAut]__l(R)(Allts(R)) == NAut].—Q(R)(AU-tS(R));

where Autz (R) = Autg,(R) by (2.18) or (2.19), and where Vg is induced by restriction
to R and is surjective by the extension axiom. Hence Uy sends O,(©) into the group
Op(NAutfi(R)(Auts(R))) = Autg(R). So for each 8 € O,(0), there are g,h € S such that
Bla = cit and Blg = cg. Then B(cg)_1 is the identity on @ and conjugation by hg~' after
restriction to A, so hg™! € Cs(QNA) = A by 2.12(ii), and (c)) |4 = Id. Since S = AQ by
2.12(ii), this shows that 8 = ¢, and hence that O,(©) = Inn(S). So Auty (S) = Autz,(S)
by (2.16). Since Ex, = {A, @} by 2.12(i), this together with (2.18) and (2.19) (and Theorem
1.5) shows that

Fi = (Autr (5), Autr (4), Autz (Q)) = (Autx, (5), Autz, (A), Auty (Q)) = Fo. O
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3. TODD MODULES IN CHARACTERISTIC 3

We describe here the notation we use in Sections 4 and 5 to make computations involving
Todd modules: first the Todd module for 2M;5, and afterwards those for M;; and Ag =
O?(My).

3.1. The ternary Golay code and the group 2Mj,.

We first set up notation for handling the ternary Golay code ¢ and its automorphism
group 2Mi. Our notation is based on that used by Griess in [Gr, Chapter 7] to describe the
ternary Golay code. We begin by fixing some very general notation for describing n-tuples
of elements in a field.

Notation 3.1. For a finite set X = {1,2,...,n} and a field K, we regard KX as the vector
space of maps X — K, and let {e;|i € X} be its canonical basis:

1 ifi=j

fori,j € X.
0 ifits 7

{e;]ie X} C K* where €;(j) = {

We also set ey =3 ._;e; for J C X. Let

Permy (K) < Mony (K) < Aut(K™)

jeJ

be the subgroups of permutation automorphisms and monomial automorphisms, respectively:
automorphisms that permute the basis {e;} or the subspaces {Ke;}, respectively. Thus if
| X | =n, then Permx (K) = X, and Monx(K) = K*1X,. Let

m=mx: Monx(K) —— Permx (K)

be the canonical projection that sends a monomial automorphism to the corresponding per-
mutation automorphism; thus Ker(mx k) is the group of automorphisms that send each Ke;
to itself.

Now set I = {1,2,3,4}, and regard F% as the space of 4-tuples of elements of F3 as well
as that of functions I — F3. Let 7 C FL be the tetracode subgroup:
T ={(a,b,b+a,b+2a)|a,b e F3}
= {€ e F3[£(3) = &(1) +£(2), €(4) =€(1) +€(3) -
Thus 7 is a 2-dimensional subspace of Fi. By [Gr, Lemma 7.3],

Aut(7) = {a € Mony(Fs) | a(F) = T} = GLy(3) = 23, (3.3)

More precisely, each linear automorphism of .7 extends to a unique monomial automorphism
of Fi; and each permutation of I lifts to a monomial automorphism of F%, unique up to sign,
that acts on .7 .

Set A =F3x 1, sothat IFgA is a 12-dimensional vector space over [F3. Define C, Cy, C3,Cy €
F$ by setting

(3.2)

Ci = 6(071') + 6(171') + 6(271') for i € _[,
and set ¢ = {C;|i € I}. Thus ex = ) .., C;. Define

®r: FL ——— F$ by setting  &t(¢) = Ziel €(€(0).0)

(the “graph” of §). Thus for each (c,7) € A, &v(§)(c,i) = 1 if ¢ = £(7) and is zero otherwise.
Finally, define &4 < ¢ < F% by setting

G=(¢uer(7)) and G=(Ci+6(¢)|icl, (e T). (3.4)
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Finally, for 7,7 € I and £ € .7, we define
Cz'j = Cz - Cj €Y and gtg = Q5‘C(f) — @'C(O) €Y.

The C; are clearly linearly independent in ¢. The relations
Gr(&) + Oe(n) + Oe(f) = > C; forall{,n,0€ T suchthat {+n+0=0 (3.5

E)enti
among the C; and &t(§) are easily checked. So for any F3-basis {{1,&} of 7,
g = <Cl, CQ, Cg, 04, Q5t(0), QSt(«Sl), ®t(fg)>
G = <012, Ci3, Cha, g%, 9%, C1 + @t(0)>.

These elements in each of these two sets are independent in F5', and hence form bases for 7

and ¢, respectively. So dim(¥) = 7 and dim(¥) = 6.

The subspace ¢ is the ternary Golay code. We refer to [Gr, Lemmas 7.8 & 7.9] for more
details and more properties. Note in particular that 4 = 4 under the standard inner
product on F§* (i.e., that for which the standard basis {e(.; | (c,7) € A} is orthonormal).

We next look at automorphisms of €.

Notation 3.6. (a) Set My, = {& € Mona(Fs) |£(9) = ¥}

(b) Forn € Fi, let tr, € Perma(F3) be the translation that sends e(.; to €(cyn@)i). Thus
for £ € FS, we have tr,(€)(c, i) = &(c —n(i), ).
(c) Fiz o € Mony(F3), and let e; € F5 (i € I) and 0 € Xy be such that a(e;) = €ieq() for
all i. Let T(o) € Perma (F3) be the automorphism that sends e(cz) 10 €(c,c.0(i))- Thus for
¢ € FL, we have (T(a)(€))(c, i) = E(eg-1(yc, 07 (4)).
(d) Define
No = tey X 7(Aut(T)) = (v, 7(a) [n € T, € Aut(F)) < M,

and set N = Np x {£Id} < M.

By [Gr, Proposition 7.29], J/\le =~ I2Mis.
Note the following relations, for 7,0 € Fi, i € I, and o € Mony(F3):
t,(C;) = C; T(@)(Ci) = Criayi)
tr, (Br(0)) = Be(6 + 1) () (&(0)) = Gr(a(h)).
To see the last equality, note that for « € Mon,(FF3) with ¢; € F5 and o € X} as above, and
for 0 =3,.,0(i)e; in FL, we have
T()(&(0)) = Y T (@) (e ) = D et = Gt(#)
il iel
where 0 = 3., €:0(i)e,;) = (). In particular, these formulas show that the action of Ny
on F5 sends 4 and ¢ to themselves.

Lemma 3.7. We have N = Ng; (tvz), and this is a mazimal subgroup of M.

Proof. By construction, N < Ng; (tez). Conversely, by [Gr, Theorem 7.20], N is the

subgroup of all elements of ]/\le whose action on A permutes the columns F3 x {i}, and
hence contains the normalizer of tt .
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For the maximality of N < M (or of N /{=Id} 2 Ey x GLy(3) in Mya/{£Id} = M),
see [Co, p. 235] or [A3, p. 8]. Note that if we regard M, as a group of permutations of 12
points, then N /{£Id} & My x X5 is the subgroup of those permutations that normalize a
set of three of the points. O

One easy consequence of Lemma 3.7 is that Ng = ﬁlz N Perma (F3). In other words, the

elements of Ny are the only ones in J/\le that permute the coordinates in A without sign
changes. But this will not be needed later.

To simplify later calculations, we next describe ¢ and the action of Ny on it in terms of
(3 x 3) matrices over F3. In general, for a vector space V' over a field K, we let Sy(V') denote
its symmetric power

So(V)= (Ve V)/{(vew)— (wev)|v,weV).

For v,w € V, let [v® w] € S3(V) denote the class of v @ w € V ®x V, and write v¥* =
[v ® v] for short. When a € Autg(V), we let Sy(a) € Autg(S2(V)) be the automorphism
Sa(a)([v © w]) = [a(v) ©@ a(w)].

Definition 3.8. (a) Choose a map of sets A\: I — .7 such that for each i € I, A\(i) # 0
and (A(7))(7) = 0. Define a map of sets

Oy: CUGL(T) ——— So(T @ Fy)
by setting
©o(C) = (M(3),0)%*  and  @o(&¢()) = (&,1)%"
foralli € [ and all £ € 7.
(b) Define ©,: Ng —— Aut(.7 @ F3) by setting

O.(te,T())(&, a) = (a(§) + an, a)
for each n,£ € 7, o € Aut(7), and a € Fs.

We now check that &, and O, extend to a natural isomorphism from the F3 Ng-module
9 to the group S»(.7 @& F3) with action of a certain subgroup of Aut(.7 ® F3).

Lemma 3.9. (a) The map ®q of Definition 5.8(a) is independent of the choice of A, and
extends to a surjective homomorphism ®: G — So(T @ F3). This in turn restricts to
an isomorphism @, from & onto So(T & F3).

(b) The map O, of Definition 3.8(b) is an isomorphism from No = 7 x Aut(.7) onto the
group of all automorphisms of 7 @® F3 that are the identity modulo .7 & 0.

(¢) For each € Ng and each v € 9,

0.(6(7)) = 52(04(8))(®.(7)). (3.10)

Thus ©, and ®, define an isomorphism from & as an F3Ng-module to So(T B F3) with
its natural structure as a module over ©,(Np) < Aut(.7 & Fs).

Proof. (a) For each i € I, the choice of A(i) is unique up to sign. So ®(C;) = (A(i),0)®? is
independent of the choice of A(7).

We first check that Y, ; @o(C;) = 0. It suffices to show that >, ; A(4)®* = 0 in S5(.7).
Independently of our choices, {\(i)|i € I} is a set of representatives of the four subspaces
of dimension 1 in F2. So the (i) are permuted up to sign by each o € Aut(.7), and the
sum of the A\(7)®? is fixed by each such a. Hence the sum must be zero. (Alternatively, this
can be shown directly by choosing coordinates and then computing with matrices.)
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We next check that the relations (3.5) hold for the images of the elements in € U &t(.7)
under @ as defined above. So fix £,7,6 € 7 such that +n+60 = 0. If { =n = 0, then (3.5)
clearly holds. Otherwise, £ —n # 0, so there is a unique index j € I such that (£ —n)(j) = 0.
Then & —n = £A(j), and SO

(& D22+ (0, D)2 +(0,1)% = (£,0)%% + (,0)%* + (6,0)**
= (£,0)%* + (1,0)%% + (=€ =1, 0)%* = —(£ = 1,0)**
= —(A(7),0% = > (A0),0)%,

i€I~{j}

where the first equality holds since { 4+ 7 + 6 = 0, and the last one since ) .., ®o(C;) = 0.

Thus ¢y extends to a homomorphism defined on a vector space over 3 with basis
¢ U &r(7), modulo the subspace generated by the relations (3.5). This quotient space
is generated by the images of the C;, as well as those of 0, &, and &, for any basis {¢;, 52_}

of 7, hence has dimension 7 and is isomorphic to 4. So @, extends to a homomorphism ®
from & to So(7 @ F3).

Now, ®((€)) = ((n,0)%?) = Sy(T @ 0) since T# = {\(i)*'|i € I}. Hence
D(No) = S2(T @ 0){(,1)? | € T) = S(T ®F3).

Thus @ is onto, and a comparison of dimensions shows that Ker(®) = (e). Since ex ¢ ¢,
® restricts to an isomorphism @, from ¢ to Syms(Fs).

(b) One easily checks that O, as defined above restricts to homomorphisms on {tv, |n €
T} = and on Aut(.7). So it remains only to check conjugacy relations: for o € Aut(.7)
and n € .7, we have

0.(a) (0.(tr,)(0.(e)'(¢, ) = Ou(@)(a™ ' (§) + an,. a) = (§,a- a(n),a)
= @*(fta(n))(f, a) = @*(a o ftn ) ofl)(f’,a).

Thus O, is well defined on Ny, and it clearly defines an isomorphism onto the group of
all 5 € Aut(.7 @ F3) that are the identity modulo .7 & 0.

(c) Foreach&,ne J,iel,and a € Aut(.7), we have

D(te,(Br(€))) = (€ + 1, 1) = (O4(tr,)(§, 1)) = S2(O.(try)) (B(&¢(€)))
(7 (a)(81(€))) = (a(€), 1)** = (0u(T())(€,1)** = S2(O:(7 () (2(Sx(¢)))
D(tr,(Ci)) = B(Ch) = (A(0),0)% = Sa(O.(tr,))(2(Cy)).
Also, for all & € Aut(.7) inducing the permutation o € X}, and all i € I,

B(r(@)(C1)) = B(Cory) = (M0 (9),0)™
= (£0.(T(@)(A(1),0)) 7 = $5(O.(()))(D(C1))
where A(o(i)) = £7(a)(A(i)) by definition (and uniqueness up to sign) of the A(¢). Since
¢ = (¢ U6t(7)) and Ng = (tv,, T(a) |n € T, o € Aut(.7)), this proves (3.10). O

To simplify computations still farther, we now describe elements in INg and A as (3 X
3)-matrices over F3. Fix an isomorphism & = F2 (e.g., by restriction to the first two
coordinates), so that .7 @ F3 is identified with F3 and Aut(.7 @ F3) with GL3(F3). We then
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identify So(.7 @ F3) with the group Sym,(F3) of symmetric (3 x 3) matrices over Fs, by
sending the class [v ®@ w] (for v,w € F}) to (v - w' 4+ w - v"). More explicitly,

a d ad (ae +bd) (af +cd)/2
bl |e is sent to (ae +bd)/2 be (bf +ce)/2
c ! (af +cd)/2 (bf + ce)/2 cf
Let
: Y —= Symy(Fs) (3.11)
= abc a,b,c,d, e, f € F3
o: Mo —=— [ (27)| “hotn ST beeney e

be the composites of @, and O, with the isomorphisms induced by this identification & = F2.
Lemma 3.9(c) now takes the following form:

Lemma 3.13. For each € Ng and each £ € 9,
D(B(€)) = O(B)()O(B)" € Symy(IF).

As a first, very simple application, we describe the Jordan blocks for actions on A.

Lemma 3.14. There are exactly two conjugacy classes of elements of order 3 in ﬁlzs those
in one class act on &G with three Jordan blocks of lengths 1,2,3, and those in the other with

two Jordan blocks of length 3. In particular, for each x € M of order 3, tk(Cy(x)) < 3.

Proof. Each element of order 3 in M;, is the image of a unique element of order 3 in 2M;5. So

]\712 has two conjugacy classes of elements of order 3 since My, does (see, e.g., [Gr, Exercise
101

7.34(ii)]). With the help of Lemma 3.13, it is straightforward to check that ©~! ((8 1 o))

01
acts on ¢ with three Jordan blocks of lengths 1,2,3, and that ©~* <<é é ?)) acts with two
Jordan blocks of length 3. Thus these elements are in different classes, and each element of

order 3 in M2 is conjugate to one of them and acts on ¢ in one of these two ways. The
last statement holds since the rank of Cy(z) is equal to the number of Jordan blocks. (See
also [Gr, Exercise 7.37].) O

The notation developed in this subsection is summarized in Table 3.15.

I = ﬁu = {a € Monn (F3) ‘ a(9) = %} =~ 2Mis
No = try x T(Aut(7)) < My,

N = Ny x {£Id} = {a € M\lz ‘ « permutes the Jij}
0: No —— {(4Y) | A€ GLy(3), v € F3} < GLy(3)
T = 0~ (UT5(Fs)) € Syls(No) € Syls(I)

A = ®(9) = Symy(IFs)
B(X)=0(8)XO(p) forBe Ny, XecA

TABLE 3.15. Notation used for certain subgroups of I' = J/\jlz and their
action on 4 = ®(9).
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3.2. Notation for the Todd modules of M;; and Ag.

We next set up notation to work with the Todd modules of M;; and of Ag = O?(My). In
particular, we get explicit descriptions of the actions of certain subgroups of Ag and My;.

Let 4 < F% be as in (3.4) and Notation 3.6. By [Gr, Lemma 7.12], ¢4 contains exactly
12 pairs {£60} of elements of weight 12. Three of those pairs lie in (%): the elements of the
form )., &,C; for ¢, € F5 and ), ;&; = 0. (The other nine have the form 4(ea + &t())
for £ € 7.) By a direct check, for each basis {£,n} of 7, the six elements

{£((£,0)%2 + (1,0)%2), £((£,0)%* = (7,0)%*) £[(£,0) @ (1,0)]} € S2(F ©@Fs)  (3.16)
are the images of the six elements of weight 12 in (%) under the isomorphism
b, 9 i) SQ(?@F?,)
of Lemma 3.9(a). We want to identify M, as the subgroup of elements in M 12 that are the

identity on one of these subspaces, and similarly for M.

To simplify these descriptions, we identify .7 with Fy via some arbitrarily chosen isomor-
phism. We adopt the following notation for elements of Fg:

Fo = F3[i] where i* = —1
¢ =1+ of order 8 in Fy (3.17)
¢ € Aut(Fy) :  ¢o(a+bi) = a— bi for a,b € Fs.
We also write T = ¢(x) for x € Fy.
Notatign 3.18. Assume Notation 3.6 and Table 3.15, and choose an Fs3-linear isomorphism
k: T — Fy. Define elements 01,045,035 € So(T) < So(T & F3) by setting
01 =S (k) N ([1®1+i®i])
0y = So(k) H[1®1—i®i+1®i])
03 =S (k) H[1®1—-i®i—1®1i]).

Set 07 = ©;1(0;) € 4. By (3.16), +0;, +0;, and +0; are elements of weight 12 in 4, and
the only ones in (€)NY.

Set Ky = (07) and Ky = (05,03%), both subspaces of 4, and define
.Z/\j]_l = Nﬁlz(Kl) and ﬁlo = N]/\}I\lz(KQ)'

Also, set ﬁg = O3l(ﬁg) and N = N M, for ¢ = 10,11, and set T = tv.

Finally, define \: By {¢) — Aut(7) by setting \N(u) = k™ (x — uzx)r for u € Fy and
M) = k™ oK. (Recall that we compose from right to left.) For x € Fyg and u € Fy, set

(@) =te,1py € T, [l =7(\Nu)) € N, and [¢] =T(A(¢)) € N.
Also, for & € Ny, we write —§ = ¢ - (—1d) € N.
For easy reference, we summarize in Table 3.20 some of the basic properties of groups

defined in Notation 3.18.

Lemma 3.19. Assume Notation 3.18. Then for ¢ = 10,11, MO — Ciia (Kia-¢) = C’ﬁe(Klg,g),
and the groups ]\7@, M\?, N(e), and T are as described in Table 3.20. In particular,
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(=10 (=11
T tey = (@) |z €Fy)  try = ((x) |2 € Fy)
N T([¢1, (41, —1d) T([(1, [41, —1d)
N MY T(—[i1) T(—[(1, [¢1)
M = As My
J/\/—TE/J/\/E) = Dy Cs

TABLE 3.20. In particular, N = NOD = (Ey 5 SDyg) x C,.

Proof. By definition (see Notation 3.6(d)), each element of N normalizes the subspace (€)M
¢, and hence permutes the six elements 6, £6,, 05 (the only elements of weight 12 in
(€)N¥Y). Some of these actions are described in Table 3.21.

geEN|IQ [l [¢] -Id
0T |- o 01 -6
0 | =03 —0; 03 05
0y | 03 —0; 05 —0;

TABLE 3.21.

Consider, for example, the case €163, Set € = k(1) and n = k(i), where k: T — Fy
is as in Notation 3.18. Then
®.(03) = 0> = Sa(r) (1@l —i@it+1@i]) =[{®-—n@n+{am]
Since ( =141 and i = —1 + 4, we get
D, (1903) = S (k) "([(1+) @ (1 +4) — (—14+) @ (—1+4) + (L +i) ® (-1 +14)])
=[E+n)@E+n) - (=E+n) @ (=E+n)+(E+n) @ (= +n)]
=[4(€®@n) —E®@E+n x ] = —D.(65).
Hence 1705 = —@;. The other computations are similar, but simpler in most cases.

Recall that N = (tty x 7(Aut(7))) x {£Id} (Notation 3.6(d)), where Aut(.7) =
GLy(3) = 2X, by (3.3). Since the element [—1]1 = [i]? centralizes KK, by Table 3.21,
each element of tty = [[—1],trs] also centralizes K;K,. Also, each noncentral element of
Os(T(Aut(7))) = (L1, [(p]) = Qs fixes one of the €7 and sends the other two to their
negative, and hence each element of order 3 in 7(Aut(.7)) acts by permuting the sets {+6; }
(1 = 1,2,3) cyclically. From this, we conclude that N9 — NOD ig a5 described in Table
3.20, and also that

CN(10)<K2) = T<—[Z]> and CN(11) (Kl) = T<— [C], [¢]>
In particular, Mlo)/C’N(m)(KQ) =~ Dg and N(ll)/CN(ll) (K7) = Cs.
It remains only to show that ﬁg = Cﬁe(Klg_g). For ¢ = 10 or ¢ = 11, consider the

action of Mg = N]/\le(KH—f) on g/Klg_g. Since ﬁfo = 03I<M10) = A6 and ﬁ?l = Mll
by definition of Mjy and Mj; as permutation groups, and since dim(¥/Ki5_,) = 4 or 5,
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respectively, this quotient is absolutely irreducible as an Fgl\/l\ p-module by Lemma 5.2. Hence
Caut(@ /Ko (M) = {£Id}, and so

[N [Cpeo (K1-0)| < | M/ Ci, (Kvo0)| < | Mo/ M| < 2 |Out (M) (3:22)

A@
We just saw that |[NPO /Cyae (Ky)| = 8 = 2 - |[Aut(Ag)| and [N /Cran (K))| = 2 =
2-[Aut(Miy)|, and so the inequalities in (3.22) are all equalities. Hence My = Oz (Kia—() =
C= (Ki2-¢), and the descriptions of N® N J/\jg and ﬁg/ﬁ/? in Table 3.20 all hold. O

Mi2

As seen in Lemma 5.2, there are three different representations that appear under Hy-
potheses 5.1: one of Ag and two of M;;. We will refer to these throughout the rest of the
section as the “Ag-case” (when Iy = Ag), the “Mjj-case” (when Iy = My; and A is its
Todd module), and the “M;-case” (when I'y = Mj; and A is the dual Todd module).

Lemma 3.23. Assume Notation 3.18. We summarize here the notation we use for the

FgM\l()— and Fgﬁll—modules we are working with, and describe explicitly the action of the
subgroup N1 o NG,

a) (Ag-case) We identify the Todd module for MIO with AQ0) & F3 x Fg x F3 in such a
(a) ( Y
way that N9 acts as follows:
) [a,b,c] = La,b— ax,c+ Tr(zb) — aN(z)] for x € Fy
() Ta,b,c] = La,ub, N(u)c] for u € Fy
I la,b,c] = [a,b,c] and “[a,b,cl = [—a, —b, —c].
b) (M;ii-case) We identify the Todd module for M\u with AV & F3 x Fg x Fg in such a
( y
way that N acts as follows:
@ Tab,cl = [a,b— azx,c+ bz + az?] for z € Fy
il a, b, el = La,ub, u*c] for u € Fy
I Ta,b,c] = [a,b,e] and ~“[a,b,cl = [—a, —b, —c].
(c) (M -case) We identify the dual Todd module for My, with A" LRy« Fy x Fy in
such a way that NV acts as follows:
@ Ta,b,cl = La,b— ax,c+ Tr(bz + ax?)] for z € Fy
W a, b, el = Tu2a,u b, cl for u € Fy
I la,b,c] = [a,b,c] and “[a,b,cl = [—a, —b, —c].

Proof. (b) Define
Rii: So(T @ Fy) ———— AUY = Fy x Fy x Fy
by setting
Fu ([ ) @ (n,5)]) = Trs,re(n) + sk(€), K(€) - k()T
This is surjective since AV is generated by the elements
£11([(0,1) @ (n,8)]) = [s,5(n), 00 and &1 ([(1,0) ® (n,0)]) = [0,0,x(n)1.
Also, %11(01) = 0, so Ker(k11 o ®) = (07) = K since they both are 1-dimensional. Thus the

action of M\lz on ¢ induces an action of My, = Nﬁm(Kl) on ¥ /K, = A0,
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For 0 € 7, tep(&,7) = (E+ 10, r) and tep(n,s) = (n + sb,s). So if we set © = k(f) and
La,b,cl =%k ([(§,7) ® (n,s)]), then
@ ra.b,cl = En([@ +70,7r)® (n+ s, s)])
= [rs, (r(n) + sk(€)) + 2rsu(9), 6(§)(n) + (0)(ra(n) + sk(€)) + rsw(0)’T
= [a,b— azx,c+ bx + az’].
The other formulas follow by similar (but simpler) arguments.
(c) The description of the action of N on A®V” follows from that in (b), together with
the relation (9€,n) = (€,9 ) for £ € A" and ne A® where the nonsingular pairing

A(ll)* X A(ll) = (Fg X Fg X F3) X <F3 X Fg X Fg) % Fg

is defined by ([a,b, 21, Ly, c,dl) = yz + Tr(ad + bc).

(a) This proof is similar to that of (b), except that Ky is replaced by the map
Rio: S2(T @ Fy) ——— A1Y —F; x Fy x Fs,

defined by setting

Ruo([(&7) @ (15)]) = Trs,rr(n) + sw(€), Te(k(€) - £(n)) T

This is easily seen to be surjective. For ¢ = 2,3, we have
Rio(0) = 10,0, Tr(1-1—i-74£1-2)] =0,

and so Ker(kyg) = (0;,0%) = K since they are both 2-dimensional. So the action of M,
on ¢ induces an action of Myg = N5z _(K,) on 4/K, = AY,

M2

The formulas for ¢ [a, b, cl, ™ [a,b,cl, and ! [a, b, c] follow from arguments similar
to those used in case (b). O

4. THE TOoDD MODULE FOR 2M;9

We are now ready to look at fusion systems that involve the Todd module for 2M,.
Throughout the section, we refer to the following assumptions:

Hypotheses 4.1. Set p = 3. Let F be a saturated fusion system over a finite 3-group S,
and let A < S be an elementary abelian subgroup such that Cs(A) = A. Set I' = Autz(A)
and Ty = O ("), and assume that tk(A) = 6 and T'y = 2M,,.

The main result in this section is Theorem 4.16, where we show that if F satisfies these
hypotheses, then either A < F, or F is isomorphic to the 3-fusion system of the sporadic
group Coy.

Standard results in the representation theory of 2M;5 show that in the above situation, A

must be the Todd module for I' = I or its dual. In fact, we can assume in all cases that it
is the Todd module.

Lemma 4.2. Assume Hypotheses /.1. Then I' = I'y = 2M,5, A is the Todd module for I',
and A is absolutely irreducible as an FsI'-module.

Proof. By §4 and Table 5 in [Hu|, the only 6-dimensional faithful FsIp-modules are the
Todd module and its dual, and they are absolutely irreducible and not isomorphic. Also,
Out(Ip) = Out(Myy) = Cy, and composition with an outer automorphism of Iy sends the
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Todd module to its dual. So the action of I'y on A does not extend to any extension of Iy
by an outer automorphism, and I" = I'y - Cr(Ip). As subgroups of Aut(A), we have

C['(Fo) S Aut[g:;[b(A) = {:l:Id} = Z(Fo),
where Autg,, (A) = {£Id} since A is absolutely irreducible. Hence I' = I'y = 2Ms.
Now, Out(I") = Out(Mj3) = Cy, and by §4 in [Hu] again, an outer automorphism of I

acts by exchanging the Todd module with its dual. So (I', A*) = (I', A) as pairs, and we
can assume that A is the Todd module for I". 0J

We next check that under Hypotheses 4.1, A is weakly closed in F and S splits over A.
These are easy consequences of Lemma 3.14.

Lemma 4.3. Assume that A < S and F satisfy Hypotheses 4.1, and let M be a model for
Nx(A) (see Proposition 1.12). Then

(a) A is weakly closed in F and hence normal in S, and

(b) S and M both split over A.

Proof. By Lemma 4.2, we have Autxz(A) = J/\/.le, and A 2 ¥ as IF3J/\/.712—modules.

(a) If A* < Ng(A) is such that A* = FE3s and A* # A, then for x € A* N A, ANA* <
Ca(z), where 1k(Cy4 (7)) < 3 by Lemma 3.14 and since ¢4 has order 3 in Autz(A). Hence
rk(Auta-(A)) > 3, which is impossible since rk(Autg«(A)) = rk3(2M12) = 2. So A is the
only element of A” contained in Ng(A). Hence A is weakly closed in F by Lemma 2.1.

(b) Choose # € M such that ¢y is the central involution in Autz(A) = 2M;s (Lemma 4.2).
Then |f] = 2 or 6, and after replacing 6 by 63 if necessary, we can assume |[0| = 2. Also,
f fixes at least one element in each coset hA of A in M since the cosets have odd order.
Hence M = AC)y(0) and S = ACg(#), while ANCy(f) = 1 since 6 acts as —Id on A. This
proves that Cy(0) and Cg(0) are splittings of M and S over A. O

We use throughout this section the notation set up in Section 3.1 for working with the
Todd module for 2M;5, as summarized in Notation 4.4. In Subsection 4.1, we set up notation
for some of the subgroups of S and I' that we have to work with. All of this is then applied
in Subsection 4.2 to prove Theorem 4.16 describing fusion systems satisfying Hypotheses 4.1.

Notation 4.4. Assume Hypotheses 4.1 and Notation 3.6. Identify
I = J/\le = 2M12 and A= @(g) = Sym3(F3),

where M\lz is as in Notation 3.6(a). Let Ny < Mlz be as in Notation 3.6(d), set N =
Ny x {£Id}, and let

@:N0i> {(glg]ﬁ)
001

be the isomorphism defined by (3.12). Thus
B(X) =0e(p)Xe(s)
for all B € Ng and X € A by Lemma 3.13. Finally, define
T = ©7'(UTs(Fs)) € Syl;(No) C Syly(I),

abc.de feTs ae bd} < GLy(Fy)

and set
M=AxTI and S=AxTeSyly(M).
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4.1. Some subgroups of I' and S.

We begin by listing the additional notation that will be needed; in particular, notation to
describe the subgroups of index 3 in T'.

Notation 4.5. Define
Z =7(8) =Cu(T) and A, =T, Al

Define elements 1y, N+1, Moo, ] € T as follows:

ween (1) Grremn e (D). a-e (i

Thus T = (N9, Neo) and Z(T) = (n)). For each k € F3U {0}, set

Wk:{GGAHCL,Uk]SZ:Z(S’)}SA (SO Wk/Z:CA/Z(Uk))
Qr=WUp < S

)

For k € F3, set
Q={Q<S|QNA=W,, QA=U,A}.
In addition, we set
Q= AU, =33

For 1 <i4,j < 3 and x € F3, let af; € A = Symy(F3) be the symmetric (3 x 3)-matriz

with x in positions (i,7) and (j,i) (or 2x in position (i,1) if i = j) and 0 elsewhere, and set
1

Q5 = aij'

The actions of the 7, on A are described explicitly in Table 4.6.

" n((471)) n(555)]

110 t—utv  utvtk(r+s) r+s —u+tv  vtk(r+s) s
Ng = <8 (‘% llq) (k € Fg) utv+tk(r+s) v—ks+ak? s+ak vtk(r+s) —ks+ak? ak

r45 s+ak a s ak 0

100 t  utr v 0 r O

Noo = 011 u+r v—s+a s+a r —s+a a

001 r s+a a 0 a O

~ 101 t—r+a u+ts r+a —r+a s a

n=1010 u+s v s s 00

001 r+a s a a 00
TABLE 4.6.

Lemma 4.7. Assume Notation 4.4 and 4.5.
(a) We have

Z:{(é%)‘teﬁg} and A*:{@

Autnz(a.)(A) = Aubn,(a,)(A4) where ~ Np(A,) = N.

g) ’ t,u,v,r,sEFg},

waeg
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(b) For each k € F3 U {oo},

t u r :
(G EDbeenp wren
= A\Ug) = .
{(Z%S))t,u,velﬁ‘g} oo W if k=00
000
S ifk=0

2

o {&ﬂ if | € Fs
k

N pr—
By if k = oo. s(Qr) {mT<s if k 0.

(c) More generally, if k € Fy and Q € Qk, then Ng(Q) > A if k =0, and AN Ng(Q) = A.
if k0.

Proof. The descriptions of Z and A, follow immediately from the formulas in Notation 4.4.
From this, we see that A, = [Ny, A] and hence is normalized by N. Since N is a maximal
subgroup of I' by Lemma 3.7, it must be the full normalizer of A,.

The formulas in point (b) follow easily from those in Table 4.6. (Note, for each k €
F3 U {oo}, that T normalizes @, since it normalizes Uy and W.)

If @ € QO for some k € Fs3, then an element a € A normalizes @ if and only if [a, Uy < Wy,
which holds for all @ € A if £ =0, but only for a € A, if k = +1. O

Note that for each k € F3, the subgroup Wy (7, assne) lies in Qy (since (agsne)® € Ca(ne) <
W), but is not extraspecial since [7, assnr] = [7, ass] € Wi Z. Thus members of the Q
need not be extraspecial. However, as shown in the next lemma, all subgroups of S not in
A and isomorphic to Ess or 377 are members of Q for some k.

Lemma 4.8. Assume Notation 4.4 and 4.5.

(a) There are exactly three abelian subgroups of S of order 3° not contained in A, and all
of them are conjugate to Qo = E3s by elements of A . A,.

(b) If P < S is extraspecial of order 3°, then Z(P) = Z, and P € Q}, for some k € Fs. If
in addition, P is weakly closed in Ng(Z), then P = Q.

(c) For each saturated fusion system E over S and each k € F3, Qy is E-centric.

Proof. (a) Assume B < S is abelian and such that B £ A and |B| = 3°. For each
ne S~ A, rk(Ca(n)) <3 by Lemma 3.14, so rk(BA/A) = 2 and tk(BN A) = 3. Thus
BA = U, A for some k € F3 U {oco} such that rk(Wy) > rk(C4(Uy)) > 3, and k = oo by
Lemma 4.7(a). By the same lemma, BN A = W.

Thus B = Wy (b17], banso) for some by, by € A uniquely determined modulo W,. Since
[7,10) =1 and A < S, we have

1 = [017, banoo| = b1 (ﬁb2771)(ﬁmbflﬁgol)b51 = [77, b2] [b1, o]
and hence
1, ba] = [Neo, 1] € [11, A] N [N, A] = (a12).
So by Table 4.6 again, b; = af; and by = a3 (mod W) for some = € Fj.
In particular, there are at most three subgroups of § isomorphic to F3s and not in A. Since
Ns(Qx) = AL T has index 3 in S, there are exactly three such subgroups, and they are all

conjugate to Q. by elements of AN\ A,. More precisely, the three subgroups W (a37, @35m0 )
for x € F3 all have the form #Q,, for some 3 € (as3).

(b) Assume that P < § is extraspecial of order 3°, and set Py = PN A. Then P, and
P/ Py are both elementary abelian (since [P, P| = Z(P) < F,), and hence Py = FEy; and
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P/Py= FEy. So PA = U, A for some k € F3U {oo0}, and Z(P) < Ca(Uy). Since Uy = (1, ni.)
and Cy () = W, this means that Z(P) < Cw.__ (), and hence Z(P) = Z if k € F5 (while
Ca(Ux) = Wy). Soif k # oo, then [Py, Ui] = Z, and hence Py < Wy in this case, with
equality since rk(W},) = 3 for each k (Lemma 4.7). Thus P € Qy if k € F;.

Conjugation by the element (/' 9) € N lies in Autz(S) = Auty, () (S), and its action
on S exchanges the sets Q; and Q_;. So no member of either of these is weakly closed
in Nz(Z). Each member of Qg has the form @ = Wy(g1n0, gon) for some g1,g92 € A, and
—Id € N sends Q to Wylgy 'm0, g5 'M). Since c_1q € Autz(S) = Auty,(2)(S), Q is weakly
closed only if g; = g; ' (mod W) for i = 1,2, which occurs only if g;, g, € Wy and hence
@ = @o. Thus @y is the only member of Qy U Q; U Q_; that could be weakly closed in
Nx(Z).

If k = oo, then

Z(P) < Ca(Uss) N [11, Al N [0, A] = (a12)
by Table 4.6, and so
Py<{a€ A|lUx,a <Z(P)} =Wy
with equality since k(W) = 3 = rk(Fp). But [Us, We] = 1, so Wy < Z(P), a contradic-
tion.

(c) For each k € F3 and each Q € Qy, Cs(Q) < Cay, (Wi) = A since Qp = UWj is
extraspecial (Lemma 4.7(b)), and hence Cg(Q) = C4(Uy) = Z by the same lemma. Since
(Qr)”T C Qo U Q; U Q, by (b), this proves that Qy is E-centric for each saturated fusion
system £ over S. O

Point (c¢) in Lemma 4.8 is not true if one replaces Q. (for k € F3) by Q. If F and S satisfy
Hypotheses 4.1, then one can show that Q < Cr(Wy), and that OUtC}-(Woo)(@) = 24,.
(Since F is isomorphic to the fusion system of Co; by Theorem 4.16, this follows from the
structure of C'p, (W) = @.2A4.) The subgroup @ contains exactly four elementary abelian
subgroups of rank 5 (the three described in Lemma 4.8 and A,), and they are permuted
transitively by OUtC}-(WOO)(@)- So Qw € (A.)%, and hence is not F-centric.

4.2. Fusion systems involving the Todd module for 2M;,.

We now begin to apply results from Section 2. Recall that our goal is to describe all fusion
systems that satisfy Hypotheses 4.1 with A 4 F.

Proposition 4.9. Assume Hypotheses 4.1 with I' = ]/\212 and A as in Notation 4.4, and
set Z = Z(S). Then F = (Cx(Z), Ng(A)).

Proof. Assume otherwise. By Proposition 2.3, there are subgroups X € Z% and R € Ex
such that X € A, R = Cg(X) = Ng(X), and Z = «a(X) for some o € Autg(R). Fix
r € XN A. Inall cases, RNA = Cu(X) = Cylx), since | X| = |Z| = 3 and hence X = (z).
Also, |z] = 3 since z € X € Z7 where Z has order 3. Set Ry = RN A.

Case 1: Assume first that |[RA/A| = 3, so that RA = A(x) and R = Cg(X) = Ca(z)(x).
Then Auty(R) = Cyyp,(2) = Esm, where m is the number of Jordan blocks of length at
least 2 for the action of x on A, and m = 2 by Lemma 3.14.

Thus |Out 4 (R)| = 9. Since Out 4 (R) acts trivially on Ry and |R : Ry| = 3, this contradicts
Lemma B.7.

Case 2: Assume that |RA/A| =9, and hence that Autg(A) = Uy, for some k € F3 U {oc}.
If k € F3, then Z = C4(R) < Ca(x) by Lemma 4.7(b), and hence Z < [R,C4(z)] < [R, R].
Since X £ [R, R], no automorphism of R sends X to Z.
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Now assume k = oo, so Ry = Cy(x) = Ca(R) = Es; by Lemma 4.7(b) again. Also,
Outy(R) = Ca/ry(Uss) = Ey (see Table 4.6). So by Lemma B.6(b), for each characteristic
subgroup P < R, either |P| > 3% or |[R/P| > 3. Since |R| = 3°, and since R is not
extraspecial by Lemma 4.8(b), this implies that R = Fss.

Set B = Outa(R) = Ey, so that B < Outg(R). Let H < Outz(R) be a strongly 3-
embedded subgroup that contains Outg(R) (recall R € Ez), fix g € Outz(R) \ H, and set
L = (B,9B). Then L £ H and 3 | |H N L|, so by Lemma B.2(b), the subgroup H N L is
strongly p-embedded in L.

Since tk(Cr(B)) = 3 and rk(R) = 5, we have tk(Cr(L)) = rk(Cr(B)NCr(?B)) > 1. Also,
tk(R/Cgr(L)) > 4 by Lemma B.6(b) again, so rk(Cr(L)) = 1, and R/Cg(L) is a faithful
4-dimensional representation of L. For each x € B¥, rk([z, R]) = tk([z,Us]) = 2, and so
[z, R/Cr(L)] has rank 1 or 2, and z acts on R/Cg(L) with Jordan blocks of lengths 2 + 2
or 2+ 1+ 1. By Proposition B.10, L = SLy(9) with the natural action on R/Cg(L), and
hence rk([z, R/Cr(L)]) = 2 for each z € B¥. Thus Cr(L) N[z, R] = 1 for each x € B#. But
this is impossible: from Table 4.6, we see that the subgroups [z, R] are precisely the four
subgroups of rank 2 in W, = Fy; that contain (aj2), and hence each element of W, lies in
at least one of them.

Case 3: Finally, assume that |[RA/A| > 9. Then RA/A = §/A = 31*? and AX = A(R)).
From Table 4.6, we see that Ry = Cx () = Z{a12, ae) = Eor.

From the formulas in Table 4.6 again, we see that Z{ai2) < [T, Ro] < [R, R], and hence
that Z < [R,[R, R]]. Since [R,[R, R]] < A, it does not contain X, so no automorphism of
R sends X to Z, contradicting our assumptions. [l

We next show that Qg is normal in Cx(Z). The following lemma is a first step towards
doing this. From now on, we set Q = (), since this subgroup plays a central role in studying
these fusion systems satisfying Hypotheses 4.1.

Lemma 4.10. Assume Hypotheses 4.1, and Notation 4.4 and 4.5, and set Q = QQy. Then

(a) @Q is weakly closed in F;
(b)
(C) C ( ) Eg X GL2( ) and NF(U()) = N[‘(Z) = (Eg bl GLQ(S)) X CQ; and
(d)

Q is normal in Ny, a)(Z);

Z and Wy are the only proper nontrivial subspaces of A invariant under the action of

Cr(Z).

Proof. (c) Since Z = Ca(Uy) (see Table 4.6), we have Np(Uy) < Np(Z). Also, Np(Up) >
Nn(Up) = T x Eg, so the index of Np(Up) in I" divides 880. By [Gr, Lemma 7.12 & Exercise
7.36], the orbits of I" acting on the projective space P(A) have lengths 132, 220, and 12, so
Z must be in an orbit of length 220, and hence |Np(Z)| = 3%-96 = | N|.

Recall (Lemma 3.14) that there are two conjugacy classes of elements of order 3 in I,
differing by the number of Jordan blocks for their actions on A. Thus all elements in Uf
and UZ are in one of the classes, while elements in Uy \ (7)) for k € {&1} are in the other.
Since C4x(Uy) = Z while Cy(Us) = Wy by Lemma 4.7(b), Uy and U, are not I'-conjugate.

As noted earlier (see [Hu, §4]), while A is not isomorphic to its dual A* as FsI'-modules,

the pairs (I', A) and (I", A*) are isomorphic via an outer automorphism a € Aut(I") \
Inn(I"). Hence by Table 4.6,

tk(Ca(Up)) =1 and 1k(Ca(a(Up))) = rk(Cax(Uy)) = rk(A/[Uy, A]) = 3,
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so a(Up) is not I'-conjugate to Uy. Since all elements of order 3 in «(Up) are conjugate to
each other, a(Uy) must be I'-conjugate to Uy. Thus v exchanges the classes of Uy and U.

By the description of the action of N on A in Notation 4.4, N normalizes the subgroup
A, of index 3 in A. So it also normalizes a subgroup of order 3 in the dual space A*, and
hence a(N) < Np(X) for some X < A of order 3. The length of the orbit of X under
the action of I' divides [I' : N| = 220, so X is in the orbit of Z by earlier remarks, and
a(N) = Np(X) is I'-conjugate to Np(Z). Thus Np(Z) = N = (Ey x GLy(3)) x Cy. Since
Ny acts via the identity on A/A,, a similar argument shows that Cr(Z) = Np. Finally,
since Uy, = O3(N) and a(Uy) is I'-conjugate to Uy, we get that O3(Np(Z)) is I'-conjugate
to Uy, so |[Nr(Up)| = |Nr(a(Us))| > |Np(Z)]. Since Np(Up) < Nr(Z), they must be equal.

(d) Since Cpr(Z) has index 2 in Np(Z) = Nr(Up) by (¢), Z and W, are both invariant
under its action on A (recall Wy/Z = Cy,7(Up) by definition). We must show that there
are no other invariant subgroups.

As noted in the proof of (c), the action of Crr(Z) on A is (up to isomorphism) dual to the
action of Ng = Fg x GLy(3) on A. Set

B=0""({(49) |A€ GL:(3)}) < No.

Then A splits as a direct sum of the three irreducible F3 B-submodules

ab0 00z 000
o= {(jiDloneen). {(HD)]moer). {(359))<n).

of which only W, is Np-invariant. Since Ng = U, B, it now follows that the only proper
nontrivial F3Np-submodules are W, and A., and hence (after dualizing) that A also has
only two proper nontrivial F3Cr(Z)-submodules.

(b) Since M = A x I' is a model for Ng(A) (Lemma 4.3(b)), it suffices to show that @ <
Ny(Z) = ANp(Z). Since [Q, A] = [Uy, A] = Wy < @Q, where the second equality holds
by Table 4.6, we have A < Ny (Q). Also, Np(Z) = Nr(Uyp) by (c), this group normalizes
Wy since Uy normalizes Wy = [Uy, A], and hence Np(Z) also normalizes Q = UyWj. So
Q < ANr(Z).

(a) We first check that

Q7N ={Q}. (4.11)
Assume otherwise: assume P € QF N Qy and P # Q. By Lemma 1.2, there is ¢ €
Homgz(Ng(P), S) such that p(P) = @, and A < Ng(P) by Lemma 4.7(c). Then p(A4) = A
since A is weakly closed (Lemma 4.3(a)), and p(Z) = Z since Z = Z(Ng(P)) = Z(S). (Note
that Ng(P) = UyA or S.) Thus ¢ € Mor(Nn,(4)(Z2)), so ¢(Q) = Q by (b), contradicting
our assumption that P # Q.

If @ is not weakly closed, then by Lemma 2.8, there are R € Ex U {S}, a € Autxz(R),
and P < R such that R > Q, P = a(Q) # Q, and R = Ng(P). Then P ¢ Qy by
(4.11), so by Lemma 4.8(b), there is k € {£1} such that P € Q,. By Lemma 4.7(c) again,
RNA = Ng(P)nA = A,. Also, RA contains both QA = UyA and PA = U, A, so
RA = S and |S/R| = 3. In particular, R < S.

We next claim that
B e Autz(R), B(A) = A, — B(Q)= Q. (4.12)
Fix such a 8. Since f(A,) = A, and A is weakly closed, 3|4, extends to some Be Autz(A) =
I' by Lemma 2.2(b). Also, (%) = Z since Z = Z(R), so B € Npr(Z) = Nr(Uyp) by (c), and

B normalizes Cy,z(Uy) = Wo/Z. So (Wy) = Wy, hence 5(Q) N A, = B(Wy) = Wy, and
B(Q) € Qp by Lemma 4.8(b) again. So (Q) = Q by (4.11), proving (4.12).
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In particular, a(A,) # A, = RN A by (4.12) and since a(Q) # @, so a(A,) £ A, and by
Lemma 4.8(a), a(A,) is one of the three subgroups A-conjugate to Q. Since R < S, all
three of these subgroups are in the Autz(R)-orbit of @. In particular, Qs = UxsWe < R,
so R>Uy,QA, = TA,, with equality since both have index 3 in S.

Let Auty(R) < Autz(R) be the stabilizer of A,. We just saw that the Autz(R)-orbit of
A, consists of A, together with the three subgroups conjugate to (), by elements of A. So
Aut%(R) has index 4 in Autz(R). By (4.12), 8(Q) = Q for each 3 € Auty(R), and hence
the Autz(R)-orbit of @ has order at most 4. Since R < S, all three members of the A-
conjugacy class of P € Qy lie in this orbit. Also, the element O (YY) e Nn(T) < M
exchanges the two classes Q; and Q_; and normahzes R =TA,, so the Autz(R)-orbit of
Q has at least three members from each of these classes. Since this contradicts the earlier
observation that the orbit has at most four members, we conclude that @ is weakly closed

in F. O

We are now ready to prove that Q@ < Cx(7).

Lemma 4.13. Assume Hypotheses 4.1 and Notation 4.5, and again set Q = Qo. Then
QA Cx(Z).

Proof. For 1 < ¢ < j < 3, let A;; < A be the subgroup of those elements represented by
symmetric (3 x 3)-matrices with entries 0 except possibly in positions (,7) and (j,i). We
also set A = WyAgyy = W Ays, since this “triangular shaped” subgroup appears frequently
in the arguments below.

Define inductively Z = By < By < By < B3 < By = B = Q by setting B;/B;_1 =
Cq/B,_,(S). Thus
By = An, By =DByAn, By=Wy=DBiA3, Bs=DBy7), Bi= Q= Bsn),
and B; < 8 for each ¢ since Z and @ are normal.
Assume Q 94 Cx(Z). Then Q/Z 4 Cx(Z)/Z by Lemma 1.20 and since Z < Z(Cx(Z)).

By Proposition 2.9, apphed with Cx(Z)/Z and Q/Z in the role of F and A, there are ¢ < 2,
R < 8, and a € Aute,(z)(R) such that

(1) R> By, a(B) =B foralli </( and X ¥ a(B.) £ Q;

(2)) R=Ng(X)and R/B;, = Cgp,(X/By); and

(3)) if£=0,then R € Ec,z) and R/Z € Ec,(z)/z-

Note, in ((3)), that R € E¢,(z) by Lemma 1.19 together with Proposition 2.9.

We will show that this is impossible. Fix an element t € X\ Q = a(Bp41)\ Q. Thus X =
By(t) (recall B, < Fy). Set Ry = RN A, so that Ry = N4(X) and Ry/B; = Ca;p,(X/Be)
by ((2)). We claim that

(4) R % A and hence Ry # A and t ¢ A;
(5) t| = 3; and
(6)) t ¢ nA implies R < A(t,n).

To see these, note first that if R > A, then a € Autg,(R) C Mor(CNF(A)(Z)) since Fy <
Cx(Z) and A is weakly closed (Lemma 4.3(a)). So a(RN Q) = RN Q since @ < Ny, (4)(Z)
by Lemma 4.10(b), contradicting the assumption that ¢ € a(By1)~\ Q. Hence R 7 A. Also,
By < A, while X = By(t) £ A since A # Ry = Na(X), so t ¢ A, finishing the proof of

(4)-
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Since Byy1 < @ has exponent 3, so does X = «(By;1). Hence [t| = 3, proving ((5)). If
t ¢ NA, then RA/A < Cg/a(t) = (tA,NA), so R < A(t,7), proving ((6)).

Since t € § . A by ((4)), and each element in S \ A is S-conjugate to an element of nA
for n = 7 or ni! for k € F3 U {oo}, we can arrange that ¢ € nA for 0 € {7, N, M0, 11 }-
The proof now splits up naturally into different cases, depending on the class tA and on /.

The following arguments, covering all possible pairs (tA,{), are summarized in Table 4.14.

¢ =0 (=1 (=2
*00 * % 0 EREIE
B {(§38)} {(530)} {G30)}
T T (5]
A a~l(t) € [R,R] = t€[R,R] — A= By, a(A) £ A | Fo=A
N(// R = A(t,u,v) with u € ngA, v € Nc A = R > A.Qx impossible
ZWMMZRWV&%Em}mmw @A) SR = R=A.T| by (4)
Z(R/Z(t)) = B1(t)/Z(t) = Cs R>Qwcl =a(Q)=Q
w= (G R | me((a
* 0 *
A\ 5 _ 43 _ .3 _ Ry=A
Where[j EZ?ﬁ P ]> i LR Tl € A i
23, ] < Ba(t) = 2>
t By <[R,R by ((4
[Ag3, Bo(t)] < ZA13 = Z(Z2(R) :Wiflg 75€¢ [2 _}g] ] v (4)
= R ¢ Eg,(z) (Lem. B.9) imp. by ((3)) R,

8 * kT % % 0 x*00
S ro=m={(ik b)) or {(358)} R = At u) for some
) R = Ry(t,u) where [t,u] € Z temA, uenA, [tu eZ
w Re Qp, R/Z = Es Set z = a~!(t) € Byy1 ~ By : then
= Prop.B.10 = Autc,. (zy,2(R/Z) = (P)SL,(q) Cr(z) = Cr(t) < Ca(np)(t, o) for
E |Autg,z(R/Z)| = |[Ns(R)/R| = 3 u' € uA: nonabelian of order 3*
w = Autg)z(R/Z) £ Autc,(z)/2(R/Z) Cr(z) > A= Ey ifl=1
= Cr(z) > Wo(x) X Eqa if £ =2

TABLE 4.14. In all cases, Ry =

ces used to describe Ry, a “x
of the other entries.

RN A, where R/B; = Cg/p,(t). In the matri-
means an arbitrary element of F3, independent

t € nA: Since [, A] = By = [n, 4], [t,u]
R Z R0<t,u).

If £ = 0, then Ry = A. So a™'(t) € By = [A, ] = [Ro,u] < [R, R], and hence t € [R, R].
This implies that R = A(t,u,v) for some v € 1, A, and hence that Z(R) = Z and
Zy(R) = Bi(t) = Eo.

By the above relations, we have Z(R/B;) = A(t)/By = FEy;, while Z(R/(Z(t)))
By (t)/Z(t) = C3. So no o € Aut(R) sends By into Z(t).

If £ =1, then Ry = A, = AAy3 = E3s. Set E = a(A,). Thent € a(By) < E,so E = E3s
is not contained in A, and E is A-conjugate t0 Qo = Woo (7], 1) by Lemma 4.8(a).
Since Q AQs < S, this implies that R > Q Thus R = Q( ) = A1), Moo, 1), and
has index 3 in §.

= 1 for some element u € 7n9A, and hence
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Let a € Ass be such that u € ngaA,. The element 7, normalizes both A, and Q. =
Woo(N, ). Hence 1y normalizes each of the four subgroups of @ isomorphic to Fss,
while A3z normalizes A, and permutes the other three transitively. Since A, < R, we
must have £ = a(A,) < R, and this is possible only if a = 1. Thus R = @(n@ =AT.

In particular, @ = Ba(n,mo) < R, and a(Q) = @ since Q is weakly closed in F by
Lemma 4.10(a). This contradicts the assumption that a(Bs) = Bi(t) £ Q.

If £ = 2, then Ry = A, contradicting ((4)).

t € moA: Since [, A] = By = [no, A.], t commutes with some element u € 7A,. Thus
R = Ry(t,u) by ((6)), where u € fA,, and [t,u] = u® = 1.

If £ = 0, then RO = BQA33 (recall WO = BQ) So Z(R) = Z, and R/Z = 3}l-+2 X Eg. Then
Zy(R) = By(t) = 3172 x O3 and Z(Zy(R)) = Z(Ba(t)) = Z A3, and so both of these are
characteristic in R.

Since [Agg, R] S B2 S ZQ(R) and [Agg, ZQ(R)] = [A23,t] = Alg S Z(ZQ(R)) (and since
[As3, Z(Z2(R))] = 1), we have R ¢ E¢,(z) by Lemma B.9, contradicting ((3)).

If ¢ = ]_, then R() = B2A22A33 = E35. So Oé(t) € BQ S [Ro,(t,’d)] S [R, R], while
t ¢ [R, R], a contradiction.

If £ = 2, then Ry = A, contradicting ((4)).

t € qpA for kK = oo, £1: We have W, < Ry < A in all cases. Since |t| = 3 by ((5)), we
have t € npA,, and t € npA if & = £1. This follows from Lemma A.5, together with the
formulas in Table 4.6. So if & = 1, then [7,t] € [,A] = Z, and we set v =7 € R. If
k = oo, then [1,t] € [, A.] = By, and [u, Ro(t)] < Z (hence u € R) for some u € NA;3. In
all cases, [t,u] € Z, and R = Ry(t,u) by ((6)).

If £ = 0, then Ry = Wy, and so R € Qy, and R/Z = FEss in all cases. Since R/Z €
Ec, 2z by ((3)), the group Aute,(z)/z(R/Z) < GL4(3) has a strongly embedded sub-
group, and hence O% (Aute,(z)/2(R/Z)) = SLy(9) or PSLy(9) by Proposition B.10. So
Autg/z(R/Z) = Ng(R)/R = Ey: a Sylow 3-subgroup of (P)SL,(9).

In all cases, Ng(R)N A = A,. If k = £1, then Ng(R) = A.(t,7,n0), so |[Ns(R)/R| =
33. If k = oo, then t € Z(R) since a~!(t) € By < Z(R), so R = Ess and is S-conjugate
to Qu by Lemma 4.8(a). So |Ns(R)/R| = |Ns(Qw)/Qx] = 3%, and we also get a

contradiction in this case.

If £ =1 or 2, then Ry = A and R = A(t,u) where u € A3 and [t,u] € Z. Set
r = a '(t) € Bpyy \ By Then Cg(x) = Cg(t), where either Cr(t) = Ca(t)(t) = For,
or Ca(t)(t,u) is nonabelian of order 3*. If £ = 1, then x € A, so Cr(z) > Ry = Fs. If
¢ =2,then z € By C A (and z € R), so Cg(z) > Wy (x) = E3s. So this is impossible
in either case. O

We can now determine Outz( Q). Let Sp;(3) < GL4(3) denote the group of matrices that
preserve a symplectic form up to sign. Thus Sp}(3) contains Sp,(3) with index 2.
Lemma 4.15. Assume Hypotheses 4.1 and Notation 4.5. Then
Outr(Q) = Out(Q) = Syi(3).
Also,
Outne(4)(Q) = Nu(Q)/ Q= ANn(Uo)/Woly
= (A/Wo) X (NM(U())/U(]> = E27 A (GLQ(?)) X CQ)
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where the action of Cy(Up) /Uy = GLy(3) on O3(Outn,(a)(@Q)) = A/Wy is irreducible.

Proof. The model M for Nz(A) is a semidirect product of A by I' = Autx(A) = 2M,
(Lemmas 4.2 and 4.3(b)). Since @ is weakly closed in F by Lemma 4.10(a), we have
Ny (Q) = Ny (AUy) = ANp(Uy), where Np(Up) = (Eg x GL2(3)) x Cy by Lemma 4.10(c).
The description of Outy,4)(Q) = Nu(Q)/Q is now immediate, where the action of
Cr(Uy) /Uy on A/W is irreducible by Lemma 4.10(d).

Since Ng(A) < F by assumption and F = (Cx(Z), Ng(A)) by Proposition 4.9, we
have Nx(Z) > Ny,(a)(Z). Since @ is F-centric by Lemma 4.8(c) and normal in Nz (Z)
by Lemma 4.13, Nz(Z) constrained and Autz(Q) > Auty,(a)(Q). Since Outy,(4)(Q) is
maximal in Out(Q), we conclude that Outz(Q) = Out(Q) = Sp,(3). O

We are now ready to identify all fusion systems satisfying Hypotheses 4.1.

Theorem 4.16. Let F be a saturated fusion system over a finite 3-group S with a subgroup
A < 8 such that A = Ess, Cs(A) = A, and O (Autz(A)) = 2My. Assume also that
A A F. Then A 1S, S splits over A, and F is simple and isomorphic to the 3-fusion
system of Coy.

Proof. By Lemma 4.2, Autz(A) = 2M;5 and acts on A as the Todd module. By Lemma
4.3, A is normal in S and weakly closed in F, and § =2 A x T where T € Syly(I') is
defined in Notation 4.4. So we are in the situation of Notation 4.4 and 4.5, and can use the
terminology listed there. Set @ = Qo; then @ < Cx(Z) by Lemma 4.13, and is the only
subgroup of § isomorphic to 317 and weakly closed in Nx(Z) by Lemma 4.8(b).

Set G* = Coy, fix S* € Syly(G), and let A* < S* be the unique subgroup isomorphic to
Ess. Set Z* = Cx+(S*) = Z(S*). By [Cu, Theorem 3.1] (see also the discussion about the
subgroup !333 on p. 424), the fusion system Fg-(G*) satisfies Hypotheses 4.1.

Let M be a model for Nz(A) (see Proposition 1.12), and set M* = Ng«(A*). By Lemmas
4.2 and 4.3(b), M and M* are both semidirect products of Ezs by 2Mj, acting as the

Todd module, so there is an isomorphism ¢: M* — M such that p(S*) = §. Set F* =
?(Fs+(G*)). Thus F* is a fusion system over S isomorphic to Fg«(G*). We will show that
F* = F. By construction, Nxg(A) = Nz (A).

Set Fi = Cx(Z), Fo = Cr<(Z), and € = Cn,a)(Z). Since Ng(A) = Nz<(A), & is
contained in F5 as well as in JF;. All three of these are fusion systems over S, and @
is centric and normal in each of them by Lemmas 4.8(c) and 4.13. Also, Outr (Q) =
Outz,(Q) = Spy(3) since they have index 2 in Outz(Q) and Outz-(Q), respectively, where
Outz(Q) = Outz(Q) = Out(Q) by Lemma 4.15.

By Lemma 4.15,

Outny(4)(Q) = Auta(Q) x (Nr(2)/Us) = Ear % (GLa(3) x ),
where the action of Cr(Z)/Uy = GL2(3) on Auta(Q) = A/W, is irreducible. In particular,
Outg( Q) has no normal subgroup of index 3, and hence
H'(Oute(Q); Z(Q)) = Hom(FEy; x GLy(3),Z/3) = 0.
So F1 = F» by Proposition 2.11.

Thus Cx(Z) = Cx«(Z) and Ng(A) = Nz(A). Since F = (Cx(Z), Nx(A)) by Proposi-
tion 4.9 again, and similarly for F*, we have F = F*.

The 3-fusion system of Co, was shown to be simple by Aschbacher [A4, 16.10] (see also
[OR2, Theorem A]). O
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5. ToDD MODULES FOR My AND M,

We now look at Todd modules for the Mathieu groups M;; and M;q. More generally,
rather than looking only at M;o-representations, we work with representations of extensions
of O% (M) = Ag. We want to determine all saturated fusion systems over finite 3-groups
which involve these modules. Throughout the section, we refer to the following hypotheses.

Hypotheses 5.1. Set p = 3. Let F be a saturated fusion system over a finite 3-group S,
and let A < S be an elementary abelian subgroup such that Cg(A) = A. Set I' = Autx(A)
and Iy = O%(I"), and assume that one of the following holds:

(i) rk(A) =4 and I'y = Ag, or
(ii) rk(A) =5 and I'y = M.

We will see in Lemma 5.5 that A is weakly closed in F under these assumptions.

The irreducible F3Ag- and F3Mj;-modules are, of course, very well known. In particular,
there are only three modules that we need to consider.

Lemma 5.2. There are exactly one isomorphism class of faithful 4-dimensional F3Ag-mod-
ules, and exactly two isomorphism classes of faithful 5-dimensional F3Mi-modules. All of
these modules are absolutely irreducible.

Proof. We refer for simplicity to [JLPW, p. [4]] for the table of characters of Ag in charac-
teristic 3: there are none of degree 2, two of degree 3 which are not realized as F3 Ag-modules
(since GL3(3) has order prime to 5), and one of degree 4 which is realized (as the natural
module for Ag). This proves the claim for F3Ag-modules.

By [Ja, §7A], there are exactly two isomorphism classes of irreducible 5-dimensional
F3Mi-modules, one the dual of the other. In both cases, these are the smallest degrees of
nontrivial Brauer characters. It is well known that they can be realized as [F3M;;-modules;
we give one explicit construction in Lemma 3.23(b,c). O

Note: Of the two distinct 5-dimensional F3M;;-modules, what we call the “Todd module”
is the one that has a set of eleven 1-dimensional subspaces permuted by M;;. That one of
the modules has this form is clear by the construction in Notation 3.18.

As noted in the proof of Lemma 5.2, the 4-dimensional F3 Ag-module is the natural module
for Ag: a subquotient of the 6-dimensional permutation module. However, for our construc-
tions here (e.g., when we want to extend it to an F3Aut(Ag)-module), it will be easier to
work with it as a quotient module of the Todd module for 2M;5 described in Section 4.

5.1. Preliminary results.
The main goal in this subsection is to show that F = (Cx(Z), Ng(A)) whenever Hy-
potheses 5.1 hold (Proposition 5.8). But we first describe more explicitly how the notation

of Section 3.2 is used in the situation of Hypotheses 5.1. Recall that T € Syl3(ﬁg) by
Lemma 3.19.

Notation 5.3. Assume Hypotheses 5.1 and Notation 3.18 as well as the notation in Lemma
3.28. Identify Iy with ﬁg = O¥(M,) for € =10 or 11 in such a way that T = Autg(A),
and identify A with A® or (in the M -case) with AAV" . Thus Z = Z(8) = C4(T).
Finally, set A, =[S, A] = [T, A].
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Ag-case M;q-case M -case
A Fs; x Fg x Fg F3 x Fg x Fy Fg x Fg x Fy
[S, La,b, C]]] [0, —az, Tr(bx)—aN(2)] [0, —azx, bz + ax*1 [0, —az, Tr(bz + az?)]
A, =[T, A] 0 xFg x Iy 0 x Fg x Fy 0 xFg x Iy
ar,c
[s, A] {[0,az,c] |a,c € F3} {a[[gFg: c]]€| Fo} 0 x Fg x F3
Ca(T)=2(S) 0x0xIFs 0 x 0 x [y 0x0xIFs
Ca(s) = Z(A(s)) | {[0,b,c] | Tr(bT) = 0} 0 x 0 x Ty {00,b,c] | Tr(bz) = 0}
Jd. blL. Ith. of ¢, 3+1 3+2 3+2

TABLE 5.4. In all cases, s € § " A, and = € Fy is such that ¢, = (x)) € T.
The last line gives the Jordan block lengths for the action of s on A.

For later reference, we collect in Table 5.4 some easy computations involving some of the
subgroups of A and I" defined above.

The next lemma gives a first easy consequence of the computations in Table 5.4.

Lemma 5.5. Assume that A < S and F satisfy Hypotheses 5.1. Then A is weakly closed
m F and in particular is normal in S.

Proof. By Lemma 5.2, A is one of the F3Iy-modules described in Lemma 3.23. From that
lemma and Table 5.4, we see that in all of these cases, Ng(A)/A = Ey, |Ca(z)| =9 for each
r € Ng(A)\ A, and |A : C4(Ng(A))| > 33. So A is the unique abelian subgroup of index
9 in Ng(A), and hence by Lemma 2.1 is weakly closed in F. O

The following properties will also be needed.
Lemma 5.6. Assume Hypotheses 5.1 and Notation 5.5.

(a) In the Ag- and My, -cases, for v € S\ A and a € A, we have (az)® = x3 if and only if
a € A.. In all cases, r € S\ A and a € A, implies (ax)® = 3.

(b) In all cases, if A 4 F, then S, S| = A..

Proof. (a) By Lemma A.5, fora € A and x € S\ A, 2° = (ax)? if and only if [, [z, a]] = 1;
i.e., if [x,a] € Ca(z). By Table 5.4, this holds if and only if @ € A, in the Ag- and M;;-cases,
while [z, A,] = Z < C4(z) in the M -case.

(b) Assume otherwise: assume [S,S] > A, =[S, A]. Then since S/A = Ey in all cases,
[S, S| contains A, with index 3.

Assume we are in the M;;-case. Thus |A/A,| = 9 (Table 5.4), and hence A, < [S, S] < A.
By Lemma 3.19, there is an element —[i] € Np,(T), and this extends to o € Aut#(S) by
the extension axiom. By the formulas in Lemma 3.23(c), no subgroup of index 3 in A and
containing A, is normalized by «. In particular, a([S, S]) # [S, S|, which is impossible.

Now assume we are in the Ag- or Mij-case. Then |A/A.| = 3 by Table 5.4 again, so
[S,8] = A, and S/A. is nonabelian of order 27. Let x € S N~ A and y € S\ A(x) be
arbitrary. Then § = A{x,y) and [z,y] € A~ A.. So 2® # (Y2)> = ¥(2?) by (a). In
particular, 23 # 1, and since x was arbitrary, no element of S \. A has order 3.

Assume R € Ex. Then A N R = ((R) is characteristic in R. For each a € N4(R) \ R,
we have [a, R] < RN A and [a, RN A] = 1, contradicting Lemma B.9. Thus N4(R) < R, so
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Nar(R) = R, and hence A < R. Thus each F-essential subgroup contains A, contradicting
the assumption that A 4 F. O

In Notation 5.3, we identified O3 (I') = O (M) (for £ = 10 or 11). In fact, this extends
to an inclusion I' < M,.

Lemma 5.7. Assume Hypotheses 5.1 and Notation 5.3. Then for ¢ = 10,11, N® = Nﬁl(T)

and is a maximal subgroup of ]/\/.74. Also, as subgroups of Aut(A), we have
* ﬁm = NAut(A)(FO) > I if Iy = MO = Ag, and

Proof. For ¢ =10, 11,
N® = NNM,=Ng (T)N M= Ng (T),

where the second equality holds by Lemma 3.7. The maximality of N in M, ¢ is well known

in both cases, but we note the following very simple argument. If N® is not maximal in Mg,

then since it has index 10 or 55 when ¢ = 10 or 11, respectively, there is N® < H < Mg

Where [H : N®] =n for n € {2,5,11}. But then H has exactly n Sylow 3-subgroups where
= 2 (mod 3), contradicting the Sylow theorems.

Now let ¢ € {10,11} be such that Iy = M\ 9. Since A is absolutely irreducible as an
IE‘gM -module by Lemma 5.2, we have Cau(a (MO) = {z£Id}, and hence

|M£/M°| < |Naut(a (MO)/M°| <2 ]Out(MO)\.

These inequalities are equalities by Table 3.20 (and since |Out(Ag)| = 4 and |Out(M;;)| = 1),
SO Mg NAut( )(M )>F O

We can now begin to apply some of the lemmas in Section 2.

Proposition 5.8. Assume Hypotheses 5.1 and Notation 5.3. Then F = (Cx(Z), Nx(A)).

Proof. Assume otherwise, and recall that A < § by Lemma 5.5. By Proposition 2.3, there
are subgroups X € Z% and R € Ex such that X £ A, R = Cs(X) = Ng(X), and Z = a(X)
for some a € Autz(R). Set Ry = RN A.

Fix € X ~ A. Then || = 3, since x € X =2 Z and Z < A has exponent 3. Also,
Ry = Ca(X) = C4(x): since either | X| = |Z| = 3 and hence X = (z), or else we are in the
My;-case and Cxa(z) = Z = C4(S). Since z acts on A in all cases with two Jordan blocks
(Table 5.4), we have |Ry| = |C4(x)] = 9.

Case 1: Assume first that |RA/A| = 3. Then R = Ry(z), and hence |R| = 27.

If we are in the Ag-case, then each member of the S-conjugacy class of R has the form
Ca(y){y) = Ro(y) for some y € zA, and y € rA, by Lemma 5.6(a) and since y*> = 1 = .
Since C4(x) has index 3 in A,, there are at most three such subgroups, so |Ng(R)/R| >
5[5 : R] =9, contradicting Lemma B.6(b).

In the M- and M -cases, [Nra(R)/R| = |Ca/r,(x)| = 9, since & acts on A with Jordan
blocks of length 3 and 2 (Table 5.4). Thus |Out4(R)| = 9. Since Out4(R) acts trivially on
Ry, and |R/Ry| = 3, this contradicts Lemma B.7.

Case 2: Now assume that |[RA/A| = Ey. Thus RA = S and |R| = 81.
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Assume first we are in the Ag- or Mjj-case. Then |Z] = 3 and Z = Cx(R) < Ca(x).
So there are y € R~ A(z) and a € Cy(x) ~ Ca(R) such that 1 # [y,a] € Z, and hence
Z < [R,Ca(x)] < [R, R]. Since X £ [R, R], no automorphism of R sends X to Z.

Now assume we are in the M;j-case. Then Ry = Z and Ng(R) = RA,, so |[Ns(R)/R| =
|A./Z| =9, and hence R = Fg; by Lemma B.6(b). Each element of order 3 in Autg(R) acts
on R with Jordan blocks of length at most 2, so by Proposition B.10, O% (Aut#(R)) = SLy(9)
with the natural action on R. Also, each element of order 8 in Npw (py,(r))(Auts(R))
restricts to an element o € Autz(Z) of order 8 (note that Z = [Ng(R), R]), and this in
turn extends to some J € Autz(S) and hence to f|4 € Autz(A) since A is weakly closed
in F by Lemma 5.5. But M? < Autz(A) < My; = My x Cy by Lemma 5.7, so F} (¢)
or its product with {£Id} is a Sylow 2-subgroup of Autz(A), and by Lemma 3.23(b), the
subgroups of order 8 in these groups do not act faithfully on Z. So this case is impossible. [

5.2. The subgroup Q < Cx(Z).

So far, we have shown that F = (Nx(A),C#(Z)) in all cases where Hypotheses 5.1 hold.
Our next step in studying these fusion systems is to prove that Cx(Z) is constrained by
constructing a normal centric subgroup @ < C'x(Z); and proving (as one consequence) that
S splits over A.

Proposition 5.9. Assume Hypotheses 5.1 where A 4 F. Then there is a unique special
subgroup @ < S of exponent 3 such that Z(Q) = Z, QN A = A,, and Q/Z = Eg;, and
Ecrz) ={Q}. In particular, @ < Cx(Z), and Q is weakly closed in F and F-centric.

Proof. Assume Notation 5.3. Define

Q={Q<S|QNA=A,, Q/Z abelian of order 3*}

Qy ={Q € 9| Q of exponent 3}.
Recall that [S,S] = A, by Lemma 5.6(b). Also, S/A, is elementary abelian by Lemma
A.1(a), applied to the group S/Z with center A,/Z.

We will prove that
ch(z) Q Q(] and |Q0| S 1. (510)
Since F = (Cx(Z), Nx(A)) by Proposition 5.8, and since F # Ng(A) (recall A 4 F by
assumption), we have Ec,(z) # @. So (5.10) implies that Ec,(z) = Qo has order 1, and for
Q € Qp, Q@ < Cx(Z) and @ is weakly closed in F. By construction, Cs(Q) = Cs(T) = Z,
so @ is also F-centric.

It thus remains to prove (5.10). Set § = §/Z and similarly for subgroups and elements

of §. In all cases, Z(S) = A, = Ey.

Let p: Q/A, — Z be the homomorphism of Lemma A.1(b) that sends gA, to g*. (Note

that p is defined on Q = Q/Z in the lemma, but factors through Q/A, since A, is elementary
abelian.)
Ag- and Miq-cases: Here, |A/A,| =3, s0|Qy| < |Q| =1 by Lemma A.1(c), applied with
S and A, in the role of S and Z. Let Q € Q be the unique element. Then Ec,(z)z C {Q}
by [O1, Lemma 2.3(a)] and since @ is the unique abelian subgroup of index 3 in §, and so
Ec,(z) € {Q} by Lemma 1.19.

Since @ is the only member of Q, it is normalized by Autz(S). By Table 3.20, the element

Bo= 4~ [i] € NU9n ﬁfa < Autz(A) in the Ag-case
R [¢] € NV n M?, < Autg(A) in the Mi-case
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normalizes Autg(A), and hence extends to some 5 € Autz(S). Also, by construction of
NI — NOD 3 permutes the cosets gA, for g € Q ~ A, — in two orbits of length 4 in
the Ag-case, or one orbit of length 8 in the Mj;-case — and p is constant on each of these
orbits.

In the Ag-case, where |Z| = 3, this implies that p = 1 and hence @ € Qy. In the M;;-case,
where |Z| = 9, it implies that either @ € Qg, or all elements of @ ~ A, have order 9 and

hence A, is characteristic in Q. But in that case, @ ¢ Ec,(z) by Lemma B.9, since for
a € A~ A, we have [a, Q] < A, and [a, A.] = 1. We conclude that Ec,z) C QO in either
case, finishing the proof of (5.10).

M7 -case: Now, |[A/A,| = 9. Assume R € EC}-( z)- Then R > Z and R € EC}-(Z)/Z
by Lemma 1.19, and hence R > Z(S§) = A,. If R is not abelian, then Z(R) A, so
A, is characteristic in R, contradicting Lemma B.9 since [z, R] < A, and [z, A,] = 1 for
each x € § " R. Thus R is abelian, and is maximal abelian since it is F/Z-centric. So
R e QU{A} by Lemma A.1(d), and Ec,z) C QU {A}.

Since N o~ (E9 x SDyg) x Cy is a maximal subgroup of M\u by Lemma 5.7 and
normalizes Z by Lemma 3.23(c), we see that Auty,(z)(A) = Caur(a)(Z) has index 2 in
N and hence contains T as a normal subgroup. So A ¢ Ec,.(z), and Ec,.(z) C Q.

Assume R is not of exponent 3, and set Ry = §2;(R). Then R, has index 3 in R by
Lemma A.1(b), and so Ry/Z(Ry) = Ey where Z(Ry) < A.. Since |A/A, = 9 and 9 {
|Aut(Ro/Z(Ry))|, there is € A \ A, such that [z, Ry] < Z(Rp). Also, [z,R] < A, < Ry
and [z, Z(Ro)| = 1, and by Lemma B.9, this contradicts the assumption that R € Ec(z).
Thus Ec,(z) € Q.

It remains to show that |Qg| < 1. Assume otherwise: assume @); and @)y are both in Q.
Define ¢: S/A — A/A, by setting, for each gA € S/A, Y(gA) = (gANQ1) " (gANQ,) €
A/A,. (Note that gANQ; € S/A, for i = 1,2.) Since (¢1)® =1 = (g2)? for g; € gANQ;,
and g2 € g19(gA), we have [g, [g,%(gA)]] = 1 by Lemma A.5. Using the formulas in Lemma
3.23(c), we identify S/A and A/A, with Fg, and through that identify ¢ with an additive

homomorphism v : Fg — Fy such that
= [@@Y,[C@), [P(x),0,01]] = T0,0, Tr(a*(x)]
for each x € Fy. Thus 2%)(z) € iF3, and

- iFy if o= 41, +i
€
V(@) {]Fg if 7 = +¢, 4¢3,

Hence 1 is not onto, and either ’Q/ZJ\(l) = {/J\(z) =0 or QZ(Q) = @//J\(C?’) = 0. This proves that
1 = 0 and hence Q); = @2, and finishes the proof of (5.10). O

We list some of the properties of these subgroups @ < S in the Table 5.11 for easy
reference. They follow immediately from the descriptions in Lemma 3.23 and Proposition
5.9.

One easy consequence of Proposition 5.9 is that S =2 A x T.

Corollary 5.12. Assume Hypotheses 5.1 where A 4 F, and let M be a model for Ng(A)
(see Proposition 1.12). Then S and M split over A.

Proof. Let Q < S be the special subgroup of exponent 3 of Proposition 5.9. To prove that
S splits over A, it suffices to show that @ splits over Q N A = A,. If |Z| =9 (i.e., in the
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Io= 1k(A) tk(Z) |S|] Q= |Outs(Q)]
Ag-case | Ag 4 1 36 3Lt 3
M -case | My, 5 2 37 3 3
M -case | My, 5 1 37 3t 9

TABLE 5.11.

Mi;-case), then we are in the situation of Lemma A.1(d), so there is B < @ abelian of index
9 such that BN A, = Z, and any complement in B to Z is a splitting of @ over A,.
If |Z| = 3, then consider the space @ = Q/Z, with symplectic form b defined by

b(xZ,yZ) = o([z,y]) for some o: Z = Fy. Following the standard procedure for con-
structing a symplectic basis for @, we fix a basis {a;, as} for A,/Z, choose by € @ \ ai, and
choose by € (a1, b1)* ~ {(az). Then {a;, b1, as, by} is a basis for @, and (b1, by) < @Q is totally
isotropic and lifts to a splitting of @ over A,.

Since S splits over A, it follows from Gaschiitz’s theorem (see [A1, (10.4)]) that M also
splits over A. O

Recall that for ¢ = 10,11, we set T = Og(N(£)> > Fy, a Sylow 3-subgroup of Mg, and
set M = O¥(M,). Also, I was chosen so that Iy = M (see Notation 5.3), and then
I' < M, by Lemma 5.7.

Notation 5.13. Assume Hypotheses 5.1 and Notation 3.18 and 5.53. Let M be a model for
Nz(A), and set My = O% (M). Then M splits over A by Corollary 5.12, and we identify

M=AxT<AxM, and My=AxTy=AxDM,

where £ = 10 if Iy = Ag and ¢ = 11 if Iy = My;. Thus S = A x T € Syly(M) and
Q=A.xT<S.

One easily sees that @ is special with Z(Q) = Z and Q/Z = Eg;. Also, @ has exponent
3 by Lemma 5.6(a), and hence is the subgroup described in Proposition 5.9. In particular,
Q < Cr(Z), and Ec,(z) = {@Q}.

Recall Notation 3.18 and Lemma 3.19: T = {{(z)) |z € Fy}, and

NOO = NOY = (@), [ul, [¢], —1d |z € Fy, u € F) = (Ey x SDy) x {£Id}.

Lemma 5.14. Assume Hypotheses 5.1 and Notation 5.13, and also that A ﬂ F. Then
conditions (i)—(iii) in Hypotheses 2.12 hold for F, S, A, and Q.

Proof. Since M is a model for Nx(A), we have S € Syl;(M) and M/A = I' = Autz(A).
Each pair of distinct Sylow 3-subgroups of I'y = O%(I') = Ag or My, intersects trivially.
Hence for each subgroup R such that A < R < S, S is the unique Sylow 3-subgroup
of M that contains R. So 1 # Outg(R) < Outy(R) = Outz(R), and hence Outz(R) =
Outy,(4) (1) does not have a strongly 3-embedded subgroup. Thus no such R can be Nz(A)-
essential, proving that En,4) C {A}.

By Proposition 5.8, F = <N_7:(A), C’g:(Z)>. Hence Ex C En,(4)UE¢, (2 by Proposition
1.6, while Ec,.(z) € {@Q} by Proposition 5.9. So Ex C {A, Q}. Also, A € Ex by Lemma
B.1 and since Iy = O¥ (Autz(A)) = Ag or My, and hence has a strongly embedded sub-

group, and @ € Ez since otherwise A would be normal in F. Thus Ex = {A, @}, proving
2.12(1).
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Recall that @ = A, T. So S = AQ, and Cg(Q N A) = Cs(A.) = A by the relations in
Lemma 3.23. This proves 2.12(ii).

By Lemma 5.2, A is absolutely irreducible as an FsIT'y-module, where Iy = O% (Autz(A))
as earlier. Thus the centralizer in Aut(A) of Iy is {#£Id}. Since Out(Ag) and Out(M;;) are
2-groups, Nauy(a)(OP (Autz(A)))/OP (Autz(A)) is also a 2-group, and so 2.12(iii) holds. O

The following notation for elements in @ will be useful.

Notation 5.15. For a,b € Fy, and z € Fy (in the Myi-case) or z € Fy (in the Ag- or
M7 -case), set

<a,b,z» = [0,a,21 (b)) € A.T= Q.

Thus each element of @ is represented by a unique triple <a,b, 2>, for a,b € Fy and
z € F3 or Fg. We sometimes write <a,b,*» € Q/Z to denote the class of «a,b,z>» for
arbitrary z.

We list in Table 5.16 some of the relations among such triples: all of these are immediate
consequences of the definition in Notation 5.15 and the relations in Lemma 3.23.

*
Ag-case M;q-case M -case

La, b, z»<c,d,y» =<a+c,b+d,z+y+ p(b,c)» where
(b, c) = Tr(bc) w(b, c) = be (b, c) = =Tr(bc)
r001«a, b, 2 | «a — br,b,z +rN(b)» <a—br,b,z+rb>> <a+br,b,z+ Tr(rb?)>

ll«a, b, z> <ua, ub, N(u)z>» <ua, ub, u?z> <u"ta,ub, z>
[Pl<a,b, 2> <a,b, z» <a,b,z»> <a,b, z»
“ld«a, b, 2> <L—a,b, —z> L—a,b, —z> L—a,b, —z>

TABLE 5.16. Here, a,b,c,d € Fy and u € Fg in all cases, z,y € Fy in the Ag-
and M7,-cases, and z,y € Fg in the Mj-case. Also, r € 3 in the Ag- and
M;;-cases, and r € Fy in the M, -case.

The next two lemmas give more information about Out(@Q) and Outz( Q). We start with
the case where I'p = Ag.

Lemma 5.17. Assume Hypotheses 5.1, and Notation 5.3 and 5.13, with I'y = Ag. Thus
My = AX M7, = Eg1xAg. Then each o € Nayyq)(Auts(Q)) extends to some @ € Aut(M).

Proof. Since N0 = N37,,(T) by Lemma 5.7, we have

Nug(8) = A x (NI 1 M%) = §(8) where 8= —[i] € N, (5.18)
by Lemma 3.19, and g acts on S via
ﬁ([[a, b, cl ((x))) = [ —a,—ib, —cll ix)). (5.19)

For calculations in Out( @), we use Notation 5.15, and the ordered basis
B = {<<1, 0, %>, <, 0, ¥, <0, 1, ¥, <0, 7, *>>}

for Q/Z. With respect to B, the symplectic form b defined by commutators has matrix
+ (flé), and conjugation by [1,0,00 (a generator of Outg(@Q)) has matrix ({) _II) by
Table 5.16.
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We identify Out(Q) with Aut(Q/Z, £b): the group of automorphisms of Q/Z that pre-
serve b up to sign. We have

Naut(q/z)(Outs(Q)) = Naw,) (((51))) = {(§ &) | A € GLy(3), X € My(F3)},
and hence
Now(g)(Outs(@Q)) = ((§¥), (¢

=((671) (32, (6%
%E27><1(SD16><C'2).

9. (55%) |A X € My(Fs), X = X', AA" = +1)
) | X =X Ae{(L1).(6D)}) (5.20)

Here, each element of the form ({ %) in Nowy(g)(Outg(@Q)) is conjugation by some element
of N9 and hence extends to an automorphism of M.
It remains to prove the lemma for automorphisms of the form (/%) when X = X'

Define aq, as, a3 € Aut(S) as follows. In each case, ;|4 = Id, and w;: T — A is such
that o;(g) = w;i(g)g for all g € T

a1 (La,b,cl (z)) = La,b+z,c+ N(z)D (x) wi((z)) = 00,2, N(z)]
as([La,b,c] ((I))) = [a,b+7,c— Tr(z*)] (2) wa () = [0,7, —Tr(z*)]
az(La,b,cl (a)) = La,b+ iZ, ¢ + Tr(iz®)] () wy((x)) = 0,47, Tr(iz?)T.
Each of the «; is seen to be an automorphism of S by checking the cocycle condition
wi((z+yN) = wi( @) + “w (YD)

on w;. (Note the relation N(z +y) = (x + y)(f—i— 7) = N(z) + N( ) + Tr(Zy).) The class of
@] g as an automorphism of Q/Z has matrix ({§) for X =1, (§ %), or (9}), respectively,
and thus the classes [a;]q] generate O3(Nous(o (OutS(Q))) by (5. 20) Since o is conjuation
by [1,0,01, it extends to M,. For ¢ = 2,3, the automorphism «; extends to S(f) since
[, cs) = 1 in Aut(S): this follows upon checking the relation #w;((z))) = w;((Pz))) using
(5.19).

Recall that Iy = Mfo = Ag. Then Np(T) = T(B) (see (5.18)), and the cohomology
elements [w], [ws)], [ws] € HY(T; A) are all stable under the action of 3. Since T € Syl;(Ip)
is abelian, fusion in I'y & Ag among subgroups of T is controlled by Np (T) = T{(f),

and hence the [w;] are stable under all fusion in Iy. So they are restrictions of elements

of H'(Ip; A) by the stable elements theorem (see [CE, Theorem XII.10.1] or [Br, Theorem
I11.10.3]), and each «; extends to an automorphism @; of My = A x Iy that is the identity
on A. O

The next lemma is needed to handle the cases where Iy = M.

Lemma 5.21. Assume Hypotheses 5.1 and Notation 5.13, where I'y = My,. Let Q < S be

as in Proposition 5.9, set A = Outz(Q) and Ay = O% (A).

(a) If we are in the Myi-case (i.e., if |Z(S)| = 9), then there is 7 € Autz(S) of order 2
that acts on Q/Z via (x — x~1). For each such 7, if we set v = [7|q] € Outx(Q), then

A < Coue(7) = I'L(9),

If, furthermore, 1 # Uy < U € Syl3(Couw(q) (7)), and if & € Couyq)(y) has 2-power
order and acts on U by (x + x7Y), then for H = 2A, or H = 2A5, there is a unique
subgroup X < Cowy(q)(y) isomorphic to H, containing Uy, and normalized by &.

(b) If we are in the M -case (i.e., if |Z(S)| = 3), then there is 7 € Autx(S) of order 4
such that [7]q] € Outz(Q) centralizes Outg(Q). For each such 7,

Ay = 0% (Cou(q)(Tlq)) = SLx(9).
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Proof. Recall that M = A x I' is a model for Nz(A), and My = O¥ (M) = A x Ty.

(a) Assume we are in the M -case. By Lemma 3.19 and Table 5.16, the element [—1] €
N 0 MO < M acts on Q/Z via (v + 2~'). Set 7 = ¢;_17 € Autxz(S); thus 7 has order
2 and inverts Q/Z.

Now let 7 € Autz(S) be an arbitrary element of order 2 that acts on Q/Z via (z + 1),
and set v = [7]q] € A = Outz(Q). Since Q = UT5(9) by the relations in Lemma 3.23(b),
we can apply Lemma A.2 to the group Outxz(Q) < Out(Q). By Lemma A.2(a,c) and since
v € A has order 2 and inverts all elements of @Q/Z, we have Couy(g)(7) = I'L2(9). By the
same lemma and since O3(A) = 1, A is sent isomorphically into Aut(Q/Z), and hence (since
7 is sent to Z(Aut(Q/Z))) we have v € Z(A). So A < Cour(g)(7)-

Now fix subgroups 1 # Uy < U € Syl3(Cou(g)(7)), and an element § € Couyg)(7) of
2-power order that acts on U by (z + x~'). In particular, |[U| = 9 and |Uy| = 3. Since
O (Cou(g)(7)) = SLy(9) = 2A, there is a surjective homomorphism W: O% (Coug) (7)) —
Ag with kernel of order 2 such that W(Up) is generated by a 3-cycle. (Recall that Ag has an
outer automorphism that exchanges the two classes of elements of order 3.) Also, ¢¢ induces
(via W) an automorphism &’ of Ag. Since £ has 2-power order and inverts all elements in
U(U), it must be inner, and conjugation by a product of two disjoint transpositions. So there
is a unique subgroup X < Ag that contains ¥(Uj), is normalized by &', and is isomorphic
to H/Z(H) (i.e., to Ay or As). Thus X = U~'(X) is the unique subgroup satisfying the
corresponding conditions in Out( Q).

(b) Assume we are in the M} -case. By Lemma 5.7 (and Notation 5.3),

M\&:FOSFSJ\ALL

—~

where [ﬁn:Mfl] = 2 by Table 3.20. By Table 3.20 and Lemma 5.7, Ny; (T)/T =

NGO /T = SDyg x Cy, and hence this group has two subgroups of order 8, generated by [(]
and — [(], of which only the subgroup (—[(]1) lies in I'y. By Table 5.16, these elements act
on Q/Z as follows:

W«a,b,x» = <Cla,Cb,x>» and  ~<a, b, x> = <a, (b, *>. (5.22)

By comparing characteristic polynomials or traces for the actions of the (¢ on Fy, we see
that Q/Z splits as a sum of two nonisomorphic irreducible F3Cg-modules under the action
of ([¢1), while the two summands under the action of (—[{]) are isomorphic.

Set U = Outg(Q) = Out4(Q) € Syl;(A). Since U = FEy and all elements of order 3 in U
are in class 3C or 3D (see Table 5.16), we have

Ao =2 245 = SLy(9)

by Lemma A.4. In particular, there is an element vy € Na,(U) of order 8 that acts on
Q/Z, as an F3Cs-module, with two irreducible summands not isomorphic to each other.
By the extension axiom, 7y extends to 7, € Autz(S), and J,|a € Np(T) has order 8. By
comparison with the formulas in (5.22), we see that 7,| 4 must be conjugate to [(], and hence

—

does not lie in I'y. Thus I' > Iy, and hence I' = My; = My x Cy. So ¢S € Autz(S),
it has order 4 and acts on A by ~¥ [r s t1 = [r,is, —t] (see Lemma 3.23(c)), and hence
centralizes U = Outg(Q) = A/A..

Now let 7 € Autxz(S) be an arbitrary automorphism of order 4 that centralizes U =
Outg(Q). Since Aut(A) = Aut(24¢) = Aut(Ag) where Out(Ag) = Ey4, and since each
outer automorphism of Yy exchanges 3-cycles with products of disjoint 3-cycles, we have
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Cauw(ag)(U) = Cx (V) =V for V € Syly(Xs). Since 7| € A acts on Ag and centralizes U
(and since 7 has order prime to 3), we conclude that c$° = Ida, and hence Ay < Cou(g)(7)-
From the list in [Di2] of subgroups of PSp,(3), we see that Ay = SLy(9) = 24 has

index 2 in a maximal subgroup of Sp,(3), and hence index 4 in a maximal subgroup of
Out(Q) = Sp;(3). So Ay = 0% (Couw(g)(7))- O

5.3. Fusion systems involving the Todd modules for M7 and Mj;.

We are now ready to state and prove our main theorem on fusion systems satisfying
Hypotheses 5.1.

Theorem 5.23. Let F be a saturated fusion system over a finite 3-group S, with a subgroup
A< 8. Set Iy = O¥ (Autg(A)), and assume that either

(i) A= Ezi and Iy = Ag; or
(ll) A= E35 and F() = Mll-
Assume also that A 4 F. Then A < S, S splits over A, F is almost simple, and either

(a) Iy =2 Ag and O% (F) is isomorphic to the 3-fusion system of one of the groups Uy(3),
Us(2), McL, or Coy; or

(b) Ty = My, |Z(8S)| =9, and O (F) is isomorphic to the 3-fusion system of Suz or Ly;
or

(¢) Io= My, |Z(S)| =3, and F is isomorphic to the 3-fusion system of Cos.
(Note that (a), (b), and (c) correspond to the Ag-, M-, and M,-cases, respectively.)

Proof. By Lemma 5.5, A < 8§ and is weakly closed in F. By the same lemma, A is the
unique 4-dimensional F3Ag-module if Iy = Ag, and A is the Todd module or its dual if
Iy = M. Also, S splits over A by Corollary 5.12 and since A € F. So we are in the
situation of Notation 5.3 and 5.13, and can use the terminology listed there.

By Proposition 5.9, there is a unique special subgroup @ < S of exponent 3 such that
Z(Q)=2Z=2(8), QNA = A, and Q/Z = Eg. Also, Ec,z) = {Q}, s0o Q < Cr(Z).
Set I' = Autx(A), A = Outx(Q), Iy = O¥(I"), and Ay = O¥(A) for short.

If |Z] = 3 (i.e., if we are in the Ag- or M -case), then @ = 31" and by Table 5.11,
Outg(Q) = S/Q has order 3 (if Iy = Ag) or 9 (if Iy = Mjy). Also, all elements of order
3 in Ip act on Q/Z with two Jordan blocks of length 2 (see Table 5.16), and hence they
have class 3C or 3D in O%(Out(Q)) = Sp,(3) by Lemma A.3. So by Lemma A.4, Ay is
iSOHlOI'phiC to 2A4, 2A5, (Qg X Qg) X 03, or 2£+4.A5 if FO = A67 while AO = 2A6 if FO = Mll-

If |Z] =9, then I'y = Mj; and A is its Todd module. Also, @ = UT3(9) by the relations in
Lemma 3.23(b). So Aut(Q)/Os(Aut(Q)) = I'Ly(9) by Lemma A.2(a,b). Since O3(Ag) =1
(recall @ € Ex and hence Out( Q) has a strongly 3-embedded subgroup), A is isomorphic to
a subgroup of SLy(9). The subgroups of SLy(9) are well known, and since Outg(Q) = S/Q
has order 3, we have Ag = 2A, or 2As.

Thus in all cases, (Ip,Ag) is one of the pairs listed in the first two rows of Table 5.24. Let
G* be the finite simple group listed in the table corresponding to the pair (Ip, Ay), and fix
S* € Syl (G*). If G* = Uy(3), then it has maximal parabolic subgroups of the form Eg; x Ag
and 31++4.224, so Fs+(G*) satisfies Hypotheses 5.1, and there are subgroups A*, Q* < S*
such that A* = A, Q* = Q, O¥ (Autg-(A*)) = Ag, and O% (Autg-(Q*)) = 24,. In all of the
other cases, we refer to the tables in [A3, pp. 7-40], which show that Fg«(G*) also satisfies
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I, Ag My,

AO 2A4 2A5 (Qg X Qg) X 03 21,+4.A5 2A4 2A5 2A6

G* || Ug(3) | McL Us(2) Coy | Suz| Ly | Cos
TABLE 5.24.

Hypotheses 5.1 with subgroups A* 22 A and Q* = @ such that O% (Autg.(A*)) = Iy and
O (Autg- (Q¥)) = Ay.

Let M be a model for Nx(A) (see Proposition 1.12), and set M* = Ng«(A*). By Corollary
5.12, applied to F and to Fg-(G*), we have O% (M) = A x Iy = O¥(M*). Choose an
isomorphism ¢: 0% (M*) — O¥(M) such that ¢(A*) = A and ¢(S*) = S, and set
F* = ?(Fs«(G*)). Then F* is a fusion system over S isomorphic to Fg«(G*), and we
will apply Proposition 2.13 to show that F* = O (F).

The fusion system Fg-(G*) is simple in all cases by Proposition 4.1(b), Proposition 4.5(a),
or Table 4.1 in [OR2]. (See also (16.3) and (16.10) in [A4], which cover almost all cases.) So
F* = O¥(F*). By construction, O¥ (Ng(A)) = O (Nz-(A)). By Lemma 5.14, the fusion
systems F and JF* both satisfy Hypotheses 2.12 with respect to A, Q@ < S. So by Proposition
2.13, to show that O% (F) = F*, it remains to show that O% (Out#(Q)) = O¥ (Outz-(Q)),
and this will be shown by considering the three cases separately. Set

I = Autz-(A), A*=Outz(Q), I}=0%(I"), and A= O0%(A%),

and note that Ay = Aj in all cases by the choice of G*.

The Ag-case: Since Ay = Aj are both subgroups of Out(Q) with the same Sylow 3-
subgroup Outg(@Q), Lemma A.4 applies to show that they are conjugate in Out(@), and
hence Ay = " Aj for some vy € Nauyg)(Auts(Q)). By Lemma 5.17, v, extends to some
v € Aut(Hp), and v(S) = S since § = QA. So upon replacing F* by O1)F* we can
arrange that Aj = Ay without changing 7.

The M;y;-case: Let vy € Autx(S) = Autz(S) be as in Lemma 5.21(a): v has order 2, and
v|@ acts on Q/Z by inverting all elements. Then Ag, Af < O% (Cow(g)(7]q)) = SLa(9) =
2A4 by that lemma.

Set Uy = Outg(Q) = Cs, and let U € Syls(Cour(g)(7]@)) be the (unique) Sylow 3-
subgroup that contains Up. Set h = —[¢] € N n Mfl < My (see Lemma 3.19), and set
& =cf € Autz(S) = Autxz(S). Since Q is weakly closed in F and in F* by Proposition
5.9, we have £ & [€]o] € ANA*. So Ag = A¥ both contain Uy and are normalized by &, and
they are both isomorphic to 244 or 2A45. Hence Ay = Aj by the last statement in Lemma
5.21(a).

The M -case: By Lemma 5.21(b), applied to either fusion system F or F*, there is
7 € Autz(S) = Autz(S) of order 4 such that 7| commutes with Autg(@Q). By the same
lemma, for any such vy, we have Ay = Couyg)(7) = Ag. Also, in this case, since G* = Cos,
we have Out(F*) 2 Out(G*) = 1 by [02, Proposition 3.2], and hence F = O% (F). O

The automizers of the subgroups A and @ in each case of Theorem 5.23 are described
more explicitly in Table 5.25. We refer again to [A3, pp. 7-40] in all cases except that of
Uy(3).
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A Fo Q I = Aut]:(A) A= Out}-(Q) G

Ag 254 U4(3)

Ag-case | Eqa  Ag 3?“4 6 (Qs x @s) x 25 Us(2)

M10 225 McL

(A6 X 02).E4 21_+4.25 002

Mn—case E35 M11 32+4 M11 (2A4 o Dg).CQ Suz
Mu X CQ (2145 o Cg).Cg Ly

Mfl—case E35 M11 3};'_4 2 X Mll (2A6 o 04).02 003

TABLE 5.25. In all cases, F is a fusion system over § = A x T, and is realized
by the group G. Also, A < S is abelian with Cg(A) = A and Z = Z(S),
I' = Autz(A), and I'y = O¥(I'). The subsystem Cg(Z) is constrained with
Q = 05(Co(2)) and Z = Z(Q).

Note that by [BMO, Theorem A(a,d)], the 3-fusion system of Us(2) is isomorphic to those
of Us(q) for each ¢ = 2,5 (mod 9), and to those of Lg(q) for each ¢ = 4,7 (mod 9). Thus
Ug(2) could be replaced by any of these other groups in the statement of Theorem 5.23.

6. SOME 3-LOCAL CHARACTERIZATIONS OF THE CONWAY GROUPS

We finish with some new 3-local characterizations of the three Conway groups, Us(2),
and McLaughlin’s group. In each case, the new result is obtained by combining an earlier
characterization of the some group with the classifications of fusion systems in Theorem 4.16
or 5.23. It seems likely that one could get stronger results with a little more work, but we
prove here only ones that follow easily from Theorems 4.16 and 5.23 together with the earlier
characterizations.

We first combine Theorem 4.16 with the 3-local characterization of Co; shown by Salarian
[Sal, to get the following slightly simpler characterization.

Theorem 6.1. Let G be a finite group. Assume A < S € Syl;(G) are such that

(1) A Ess, Cq(A) = A, and Ng(A)/A = 2M5;

(2) A is not strongly closed in S with respect to G; and

(3) O3(Ca(£(5))) =1 and |05(Ca(Z(5)))] > 3.

Then G = Coy.

Proof. By Salarian’s theorem [Sa, Theorem 1.1], to show that G = Coy, it suffices to find
subgroups Hy, Hy > S € Syl;(G) that satisfy the following three conditions:

(i) H, = Ng(Z(0s(H,))), Os(H,) = 35, H,/Os(H;) = Sp,(3) x Oy, and Cy, (O5(Hy)) =
Z(03(Hy));

(11) Og(Hz) = E36 and HQ/Og(HQ) = 2M12; and

(iii) (H1NHy)/O3(Hs) is an extension of an elementary abelian group of order 9 by GLs(3) x
Cs.

Set Z = Z(S), HH = Ng(Z) and Hy = Ng(A). Since Hi, Hy > S (recall A < S by
assumption), it suffices to prove (i)—(iii).
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Set F = Fs(G). Then A 4 F by (2), and hence F is isomorphic to the fusion system of
Coy by (1) and Theorem 4.16. In particular, S is isomorphic to the 3-group S of Notation
4.4 and 4.5, so we can identify S with S and use the notation defined there for subgroups
of S.

Condition (ii) holds by (1). Also, (H; N Hy)/O3(Hs) = Nu,(Z)/A = Nauya)(Z) where
Nawr4)(Z) = (Eg x GLy(3)) x Cy by Lemma 4.10(c), so (iii) holds.

Set P = O3(Cg(Z)). Then |P| > 3 by (3), s0o P > Z. Also, P 9 Cx(Z), so P <
03(Cx(Z)) = Qo = 31" by Lemma 4.13. The action of Outc,(2)(Qo) = Sp4(3) on Qp/Z =
Eg; is irreducible, and hence P = Q. Thus Qo = O3(Cq(Z)) = Os(H;) since Cg(Z) is
normal of index at most 2 in H; = Ng(Z).

Now, @ is F-centric by Lemma 4.8, so Z = Z(Qo) € Syl;(Cx(Qo)), and hence Cx(Qo) =
K x Z(Qo) = K x Z for some K of order prime to 3. Also, K < Cg(Z) since Qg < C(Z), so
K < Og/(Cg(Z>> =1 by (3) Thus CH1 (Qo) =7 = Z(QQ), and hence HI/QO = Out]_‘(Qo).
Since Outz(Qo) = Sp,(3):2 by Lemma 4.15, this finishes the proof of (i), and hence the proof
of the theorem. 0J

The following 3-local characterization of Coz simplifies slightly that shown by Korchagina,
Parker, and Rowley.

Theorem 6.2. Let G be a finite group. Assume A < S € Syl3(G) are such that
(1) A= Es, Cq(A) = A, |Z(9)| =3, and O¥ (Ng(A)/A) = My ;

(2) A is not strongly closed in S with respect to G; and

(3) Ox(Ca(Z(9))) =1 and [05(Ce(Z(5))) > 3.

Then G = Cos.

Proof. By the theorem of Korchagina, Parker, and Rowley [KPR, Theorem 1.1], to show
that G =2 Cog, it suffices to find subgroups M;, My < G and A < S that satisfy the following
two conditions:

(i) My = Ng(Z(9)) is of the form 31%.Cy.C. PSLy(9).Cs; and
(ii) My = Ng(A) is of the form Fzs x (Cy x Mjq).

Set Z = Z(S), My = Ng(Z) and My = Ng(A); we claim that (i) and (ii) hold for this choice
of subgroups.

Set F = Fs(G). Then A 4 F by (2). By Table 5.4 and since |Z| = 3 by (1), A is the
dual Todd module for O% (Autz(A)) = My,. Hence F is isomorphic to the fusion system of
Coz by Theorem 5.23(c). In particular, S is isomorphic to the 3-group S of Notation 5.3, so
we can identify S with S and use the notation defined there for subgroups of S.

Condition (ii) holds by (1), and since Ng(A)/A = Autz(A) = My x Cy by Table 5.25.

Set P = O3(Cg(Z)). Then |P| > 3 by (3), so P > Z. Also, P < Cx(Z), so P <
O3(Cx(2)) = Q =2 31" by Proposition 5.9. Since 5 | |SLy(9)], the action of Oute,(z)(Q) =
SLy(9) on Q/Z = Eg is irreducible, and hence P = (. Thus Q = O3(Cq(Z)) = Os(M,)
since Ci(Z) is normal of index at most 2 in M; = Ng(Z).

Now, @ is F-centric by Proposition 5.9, so Z = Z(Q) € Syl;(Ce(Q)), and hence Cq(Q) =
K x Z(Q) = K x Z for some K of order prime to 3. Also, K < Cg(Z) since @ < Cq(Z2),
so K < O3 (Ce(Z)) =1 by (3). Thus C, (Q) = Z = Z(Q), and hence M;/Q = Outx(Q).
Since F is the fusion system of Cosz, and since Out£(Q) = 2(Ag x C3).Cy by Table 5.25, this
finishes the proof of (i), and hence the proof of the theorem. O
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Finally, we combine Theorem 5.23 with results of Parker, Rowley, and Stroth, to get some
new 3-local characterizations of McL and Ug(2) as well as of Cos.

Theorem 6.3. Let G be a finite group, fixr S € Syls(G), and set Z = Z(S). Assume A < S
is such that

(1) A Es, Cq(A) = A, and O¥ (Ng(A)/A) = Ag;
(2) A is not strongly closed in S with respect to G; and
(3) O3(Cq(Z)) =1 and |05(C(Z))| > 3.

Then O3(Ng(Z)) = 34 and Cq(O3(Ca(Z))) = Z. Also, the following hold, where k denotes
the index of O% (Ng(A)/A) in Ng(A)/A:

(a) If5||Cq(Z)|, then G is isomorphic to McL, Aut(McL), or Cos, depending on whether
k=2, 4, or8, respectively.

(b) If51|Ca(Z)], |0:(Ca(Z2)/05(Ca(2)))] > 2%, and k < 4, then G = Ug(2) or Us(2) x Cy

when k = 2 or 4, respectively.

Proof. Set F = Fs(G). Then A 4 F by (2). So by (1) and Theorem 5.23(a), O¥(F) is
isomorphic to the fusion system of Cos, Uy(3), McL, or Us(2).

Set Q = O3(Cx(Z)): an extraspecial group of order 3° with Z(Q) = Z by Proposition
5.9. We claim that @)/Z is a simple F30utz(Q)-module. Assume otherwise, and consider
the elements a = [1,0,01 € S and = [c_3] € Outx(Q) in the notation of Tables 3.20
and 5.16. Assume 0 # V < @)/Z is a proper nontrivial submodule, and choose 0 # z € V.
If © ¢ Co/z(a), then the elements [a, x|, 5([a, z]), z, B(x) all lie in V' and generate Q/Z (see
Table 5.16), contradicting the assumption that V' < Q/Z. Thus V' < Cg,z(a), with equality
since V' > (z, B(z)) = Cq/z(a). But if Cg/z(a) were a submodule, then by Lemma B.9, @
would not be F-essential, contradicting Proposition 5.9.

Set P = 03(Cs(Z)). Then P > Z by (3), and P < @ since P < Cx(Z). Also, P/Z is an
F30ut#(Q)-submodule of Q/Z, so P = Q = 3™ since Q/Z is simple.

Now, @ is F-centric by Proposition 5.9, so Z = Z(Q) € Syl;(C¢(Q)), and hence C(Q) =
K x Z(Q) = K x Z for some K of order prime to 3. Also, K < Cg(Z) since Q < Cg(Z), so
K <03(Cq(Z)) =1 by (3). Thus Cs(Q) = Z = Z(Q), and hence Cx(Z)/Q = Out£(Q).

If 5 | |Ce(Z2)/Q| = |Outz(Q)|, then by Table 5.25 again, O (F) is the fusion system of
MecL or Coy. In the former case, 0% (Ng(Z)) =2 3174245 and C(03(Ca(2))) = Ca(Q) < Q,
so conditions (i)—(iii) in [PSt2, Theorem 1.1] all hold, and G = McL or Aut(McL) by that
theorem (with k = 2 or 4).

If O% (F) is the fusion system of Coy, then by Table 5.25,

(i) Q= 03(Cg(Z)) is extraspecial of order 3%, 05(Cx(Z)/Q) is extraspecial of order 2°,
and Cg(Z)/Ogjg(CG«Z)) = A5, and

(ii) Z is not weakly closed in S with respect to G.

So G = Coy by a theorem of Parker and Rowley [PR2, Theorem 1.1]. Also, & = 8 in this
case.

If54|Cq(2)|, |02(Ce(2)/Q)| > 2%, and k < 4, then by Table 5.25, C5(Z)/Q contains 24,
with index k or (Qgx Qg) ¥ C3 with index k/2, and the first would imply |O2(C(Z)/Q)] < 2.
So O% (F) is the fusion system of Us(2), and C;(Z)/Q contains a normal subgroup isomorphic
to (Qs X Qs) x C3. Hence Cy(Z) is “similar to a 3-centralizer in a group of type PSUs(2)
or F4(2)” in the sense of Parker and Stroth [PSt1, Definition 1.1], and F*(G) = Us(2) or
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Fy(2) by [PSt1, Theorem 1.3]. The group Fy(2) does contain subgroups isomorphic to Es; (a
maximal torus and the Thompson subgroup of a Sylow 3-subgroup), but all such subgroups
have automiser the Weyl group of Fj, and so we conclude that G = Ug(2) or Ug(2) x Cy. O

APPENDIX A. SOME SPECIAL p-GROUPS

In this section, we give a few elementary results on special or extraspecial p-groups and
their automorphism groups. Most of them involve p-groups of the form p?™ or pf‘l, but we
start with the following, slightly more general lemma.

Lemma A.l. Fiz a prime p, and let Q be a finite nonabelian p-group such that Z(Q) =
[Q, Q] and is elementary abelian. Set Z = Z(Q) and Q = Q/Z for short. Then the following
hold.

(a) The quotient group Q is elementary abelian, and hence Q is a special p-group.

(b) If p is odd, then there is a homomorphism p: Q — Z such that g° = p(gZ) for each
g€Q.

(c) Assume Q = Eys and Z = E,2. Then there is a unique abelian subgroup A < Q) of order
p* and indez p.

(d) Assume |Q| = p*, and |Z| < p?. Then for each g € Q ~\ Z, there is an abelian subgroup
A < Q of index p* such that g € A, and A is unique if [9,Q) = Z = E. If |Z| = p?
and [g,Q] = Z for each g € Q \ Z, then there are exactly p* + 1 abelian subgroups of
index p* in Q, any two of which intersect in Z.

Proof. Set P = PZ/Z and g = gZ € Q/Z for each H < Q and g € Q. Since [Q,Q] < Z(Q),
the commutator map @ x ) — Z is bilinear.

(a) For each g,h € Q, we have [g,h] € Z and [g, h]? = 1 by assumption. Hence [¢7, h] =1
forall h € @, so g* € Z(Q) = Z, and Q) = Q/Z is elementary abelian.

(b) Foreach g,h € Q, since [h, g] € Z(Q), we have (gh)" = g"h"[h, g]"™~Y/? for each n > 1.
(Recall that [h, g] = hgh~'g~! here.) So if p is odd, then (gh)? = gPh? for each g,h € Q.

(c) Assume |Q] = p® and |Z] = p*. Since |[Q, Q]| > p, there is at most one abelian subgroup
of index p in @ (see [O1, Lemma 1.9]).

Fix a, b, c € @ such that {@, b, ¢} is a basis for Q = E,s, and consider the three commutators
la,b], [a,c], and [b,c]. Since rk(Z) = 2, one of these is in the subgroup generated by the
other two, and without loss of generality, we can assume there are i, j € Z such that [a,b] =
[a, c]'[b, c]! = [a, ¢'][b, ] (recall [@Q,Q] < Z(Q)). Then [ac?,bc™"] = 1, and hence Z{ac’,bc™)
is abelian of index p in Q.

(d) Assume Q = E,u and |Z| < p?, and fix g € Q . Z. Then commutator with g defines
a homomorphism x: Q/Z(g) — Z, and this is not injective since rk(Q/Z(g)) > rk(Z). So
there is h € Q . Z(g) such that [g,h] =1 and Z(g, h) is abelian. If [g,Q] = Z = E,2, then
X is surjective, Ker(y) is generated by the class of h, and hence Z(g, h) is the only abelian
subgroup of index p? in @ containing g.

Now assume [g, Q] = Z = E» for each g € Q. Z, and let A be the set of abelian subgroups

of index p? “in Q. Then each P < @ of order p is contained in A for some unique A € A, and
each such A has p? — 1 subgroups of order p. So |A| = (p* —1)/(p* — 1) = p* + 1. O

In the rest of the section, we prove some more specialized results on certain special p-
groups. Recall that for each prime power ¢ and each n > 2, we let UT,,(q) denote the group
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of upper triangular (n x n) matrices with 1’s on the diagonal. The groups UT3(q) are a
special case of what Beisiegel calls “semi-extraspecial p-groups” in [Bei].

Lemma A.2. Let p be an odd prime, and set ¢ = p™ for some m > 1. Set QQ = UT3(q) and
Z =7(Q), and let

U Aut(Q) —— Aut(Q/2)
be the natural homomorphism. We regard Q/Z as a 2-dimensional F -vector space in the
canonical way.

(a) The image V(Aut(Q)) is the group of all F-semilinear automorphisms of Q/Z, hence
isomorphic to I'Ly(q). For a € Aut(Q), we have a|z = 1d if and only if V(«) is linear
of determinant 1.

(b) We have Ker(¥) = O,(Aut(Q)) = Hom(Q/Z, Z) = E,n where n = 2m?.
(c) Lety € Aut(Q) be any automorphism such that V(v) = —Idg,z. Then

Caun@) (1) = Cour@)(7) = ¥ (Aut(Q)).

More precisely, each @ € W(Aut(Q)) is the image under ¥ of a unique element in
Caur(@)(7) and of a unique class in Couyq)(y), and hence

Aut(Q) = Op(Aut(Q)) X Caug)(y) and  Out(Q) = Op(Out(Q)) x Couye)(7)-
Proof. (a,b) See [PR1, Proposition 5.3].

(c) Set U =Ker(¥) = O,(Aut(Q)) for short. Fix v € Aut(Q) such that ¥(y) = —Id. Then
vz = Idg since Z = [Q, Q]. Each § € U has the form $(g) = gx(g) for some y € Hom(Q, Z)
with Z < Ker(x), and

(B)(g9) =v8(v""(9) =7y (9)x(g™")) = gx(9)"" = B (9).

Thus ¢, sends each element of U to its inverse, and since v € a_;U (where a_; € Aut(Q) is
defined as in the proof of (a)), we have v* = (a_;)? = Id. Note also that Cauyg)(7)NU = 1.

Fix a € Aut(Q). Then [a,v] € U since ¥(vy) € Z(Aut(Q)/Z)), so ¢, sends the coset alU to
itself. Since v* =1 and |aU| = |U] is odd (a power of p), there is some o € aU NCaug)(7)-
Since Caw(g)(7) NU = 1, there is at most one such element o’ € alU centralized by 7.

A similar argument shows that each [a] € Out(Q) is congruent modulo U/Inn(Q) to a
unique class of automorphisms that centralizes the class of v in Out(Q). O

When working with automorphisms of extraspecial groups 31*4, we will need to know the

conjugacy classes of elements of order 3 in Sp,(3).

Lemma A.3. Let V be a 4-dimensional F3-vector space with nondegenerate symplectic form
b. Thus Aut(V,b) = Sp,(3). There are four conjugacy classes of elements of order 3 in
Aut(V,b).

(a) The elements g € Aut(V,b) in class 3A or 3B are those that act on V' with one Jordan
block of length 2 and two of length 1. Also, g € 3A implies g~' € 3B.

(b) The elements g € Aut(V,b) in class 3C or 3D are those that act on V' with two Jordan
blocks of length 2. If B = {v1,vs,v3,v4} is a basis for V with respect to which the form
b has matrix £ (_OI {)), and if g has matriz (§5) with respect to B, then g € 3C if
det(X) =1 and g € 3D if det(X) = —1.

Proof. The conjugacy classes of elements of order 3 in Sp,(3) were first determined by Dick-
son, in [Dil, p. 138].
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Fix g € Aut(V,b) of order 3. Its Jordan blocks have length at most 3, so there must be
at least two of them. Thus dim(Cy(g)) > 2 and Cy(g) N [g,V] # 0, so there are v,w € V
such that {gv — v, w} are linearly independent and lie in Cy (g). Also, (gv — v) L w since g
preserves b, and so W = (gv — v,w) < Cy(g) is totally isotropic.

Fix a basis B = {vy, v, v3,v4} such that W = (vq, v9), and with respect to which b has
matrix + ( % {). Then g has matrix (} %) with respect to B, and B = I and X = X" since
g preserves b. Such a matrix ({4 ) has Jordan blocks of length 2 + 2 if det(X) # 0, or
of length 2 4+ 1 4 1 if det(X) = 0, showing that such elements lie in at least two different
conjugacy classes of subgroups.

If g and h have matrices ({ ¥ ) and ({ ¥ ), respectively, where X and Y are invertible, then
W = Cy(g) = Cy(h). So if they are conjugate in Aut(V,b), they are conjugate by a matrix
of the form (‘3 (Ato)fl ), and hence Y = AX A" and det(Y) = det(X) det(A)? = det(X). Thus
there are at least three conjugacy classes of subgroups of order 3, and since there are exactly
three by [Dil], they are distinguished by det(X) when there is a generator of the form ().

There are 40 maximal isotropic subspaces, each of which is fixed by three subgroups of
the form ((Z%)) for det(X) = 1, and six of that form with det(X) = —1. Also, there
are 40 3-dimensional subspaces, each of which is fixed by exactly one subgroup of the form
((§%)) with det(X) = 0. Hence there are 120, 240, and 40 subgroups conjugate to {(§ §))
for det(X) =1, —1, and 0, respectively. Since they are named in order of occurrence in the
group, they correspond to the classes 3C, 3D, and 3AB, respectively. O

Finally, we consider certain subgroups of extraspecial groups of order 3°.

Lemma A.4. Assume Q is extraspecial of order 3° and exponent 3. Let 1 # P < Out(Q)
be such that Os(P) =1, O%(P) = P, and each element of order 3 in P is of type 3C or 3D.
Then either

(a) P is isomorphic to 2A4, 2As, or (Qs X Qs) x Cs, in each of which cases there is one
Sp,(3)-congugacy class containing elements of type 3C and one containing elements of
type 3D; or

(b) P =2 Ay or 2Aq, in each of which cases there is just one conjugacy class.

Proof. Set Z = Z(Q) and V = Q/Z, and let b be the symplectic form on V' defined by taking
commutators in ). Thus V is a 4-dimensional vector space over F3, and O%* (Out(Q)) =
Aut(V,b) = Sp,(3). Let R < O¥(Out(Q)) be a maximal subgroup that contains P. By a
theorem of Dickson [Di2, § 71] (see also [Mi, Theorem 10]), R must lie in one of five conjugacy

classes.

e If R is in one of the two classes of maximal parabolic subgroups, then O% (R)/Os(R) =
SLy(3) = 2A4. Since O3(P) = 1, it follows that P = 2A,.

o If R2 Sp,(3)1Cs = 24,10y, then P < O¥(R) = 24, x 2A4, and V splits as a direct
sum of 2-dimensional F3P-submodules. Each g € P of order 3 is in class 3C or 3D
and hence acts on V' with two Jordan blocks of length 2, and thus acts nontrivially
on each of the two direct summands. In other words, each such g acts diagonally on
O2(R) = Qg X Qg, and so P < (Qg X Qg) X C3. Hence either P = (Qg x Qg) x Cs,
or P = 2A, diagonally embedded in 244 x 2A4.

o If O?(R) = Spy(9) = 24, then from a list of subgroups of 245 = SLy(9) (see [GLS3,
Theorem 6.5.1]), we see that P = 2A,, 245, or 2As.
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e Assume R = 21 A; and let P be the image of P in R/O5(R) = As. Then P Cs, Ay,
or As: these are up to conjugacy the only nontrivial subgroups of A generated by
elements of order 3. Also, P acts faithfully on Oy(R)/Z(R) = Ej6. Since O3(R) = 1,
P must be isomorphic to one of the following groups:

ﬁ = Cg — P= Qg X Cg;
P~A, = P=~A,;, 244 or 273 4,2 (Qs x Qs) x Cs;
ﬁgA5 — P2A5, 2A5, or 2£+4.A5.

The groups A4 and A5 cannot occur as subgroups of Sp,(3), since an element of order
3 would have to permute three distinct eigenspaces for the action of Os(Ay) = Ey,
hence have a Jordan block of length 3, which contradicts Lemma A.3.

Thus P is isomorphic to 244, 245, (Qs x Qg) x Cs, 27 A5, or 244. By §11 and §46 in
[Di2], there are two conjugacy classes of subgroups isomorphic to 24, and two of subgroups
isomorphic to 245. Since 24g = SLy(9) < Sp,(3) has elements of both types 3C and 3D
(the elements (§ 1) and () are in different classes by the criterion in Lemma A.3), the two
classes in each case are distinguished by having elements of type 3C or 3D. Likewise, by
[Di2, §49], there are two classes of subgroups of the form (Qg x Qg) x C5 (and not isomorphic
to 244 X Qg), and they are also distinguished by having elements of type 3C or 3D. Finally,
by [Di2, §61 & §68], there is just one conjugacy class of subgroups isomorphic to 244 and
one of subgroups isomorphic to 217 A5, O

We finish the section with the following well known and elementary lemma.

Lemma A.5. Fiz a prime p. Let G be a finite p-group, let A < G be a normal elementary

abelian p-subgroup, and assume x € G . A is such that ¥ € A. Let ®, € End(A) be the

homomorphism ®,(a) = [x,a] = “a-a~'. Then for each a € A, (ax)? = 2 if and only if

(@) (a) = 1.

Proof. Set U = A(x)/A = C, and u = vA € U, and regard A as an F,U-module. Then
(ax)’ =a-"a-- R - ((1 +u+---+ Up_l)“) aP = (u—1P"a- 2P = ¥ N (a) - 2”

(in additive notation). So (az)? = z? if and only if ®2~!(a) = 0. O

APPENDIX B. STRONGLY p-EMBEDDED SUBGROUPS

We collect here some of the basic properties, especially for odd primes p, of finite groups
with strongly p-embedded subgroups. All of the results here are proven independently of the
classification of finite simple groups (but see remarks in the proof of Proposition B.10).

Lemma B.1. Let G be a finite group, and let Gy I G be normal of index prime to p. Then
Gy has a strongly p-embedded subgroup if and only if G does.

Proof. Recall (see [HB3, Theorem X.4.11(b)]) that G has a strongly p-embedded subgroup
if and only if there is a partition Syl,(G) = X; I X5, with X3, X5 # @, such that for each
S1 € Xj and S5 € Xo, we have S; N 55 =1 (G is “p-isolated” in the terminology of [HB3]).
Since Syl,(Go) = Syl,(G), the lemma follows immediately. O

Lemma B.2. Let G be a finite group with a strongly p-embedded subgroup H < G.
(a) Each proper subgroup H < G that contains H is also strongly p-embedded in G.
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(b) For each normal subgroup K < G, either HK/K 1is strongly p-embedded in G/K, or
HK =G, orpt|G/K]|.

Proof. (a) Assume H < H < G. If g € G~ H is such that p | |ﬁ ﬂgﬁ|, then there is
x € HN9H of order p. Since H contains a Sylow p-subgroup of H , there are a,b € H such
that = € “H and = € %°H. Thus p | [*H N9%H| = |[H N * '9°H|, so a~'gb € H since H is
strongly p-embedded. Hence g € H since a,b e H. So H is also strongly p-embedded in G.

(b) If K <G and HK < G, then HK is strongly p-embedded in G by (a). Hence HK/K
is strongly p-embedded in G/K if p | |HK/K]|; equivalently, if p | |G/K]. O

The next few lemmas provides different ways of showing that certain groups do not have
strongly p-embedded subgroups.

Lemma B.3. Fiz a finite group G containing a strongly p-embedded subgroup. Let {K;}icr
be a finite set of normal subgroups, set K, = ﬂielo K; for each Iy C I, and assume K; = 1.
Let J C I be the set of those i € I such that pt |K;|. Then the following hold.

(a) In all cases, J # @ and G/K; has a strongly p-embedded subgroup.

(b) If p* |G|, or (more generally) if there is a p-subgroup T < G such that Ng(T) is
strongly p-embedded in G, then there is j € J such that G/K; has a strongly p-embedded
subgroup.

Proof. Fix S € Syl,(G), and let H < G be the minimal strongly p-embedded subgroup that
contains S.

(a) We show this by induction on |I ~\ J|. If I = J, there is nothing to prove, so assume
I 2 J, fixig € I J,and set Iy = I\ {ig}. Then p | |Ky| and K;, N Ky, =1, so Iy # @ and
(K, K1,] = 1. For each g € Ky,, we have HN K;; < Cg(g) < HNYH, and p | |[H N K|
since S contains some Sylow p-subgroup of K;,. Thus g € H, and so K;, < H. So pt|K},],
and H/ K/, is strongly p-embedded in G/Kj, by Lemma B.2(b). Since |[y \ J| <[]\ J|, we
now conclude by the induction hypothesis (applied to the group G/K;, and the subgroups
{K:/K/,}ic1,) that J # @, and that G/K; has a strongly p-embedded subgroup.

(b) Assume T < S is such that H = Ng(T') is strongly p-embedded in G. In particular,
if |S| = p, this holds for 7" = S. We must show that G/K; has a strongly p-embedded

subgroup for some j € J, and it suffices to do this when I = J and |J| = 2; e.g., when
I'=J={1,2}. Thus KN Ky =1, and p{|K;| for i =1,2. Set K = K, K>.

Assume neither G/K; nor G/K, contains a strongly p-embedded subgroup. Then G =
HK, = HK; by Lemma B.2(b). Also,

[HNK,T) = [Ng(T), T| <TNK =1,

and HN K = Ng(T) = Ck(T). So for i = 1,2, we have K = (H N K)K; = Cx(T)K; since
G = HK;, and hence [K,T]| = [K;,T] < K;.

Thus [K,T] < KyN Ky = 1. But then K and H both normalize T', so G = H K normalizes
T, contradicting the assumption that H = Ng(T') < G. O

The next lemma is an easy consequence of the well known list of subgroups of PSL3(p).

Lemma B.4. Fiz a primep andn > 2. Let G < GL,(p) be a subgroup such that G # SL,(p),
p* | |G|, and G acts irreducibly on F.. Then n > 4.
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Proof. Since p* t |GLy(p)|, we have n > 3. From the list of maximal subgroups of PSL3(p)
(see [GLS3, Theorem 6.5.3]), we see that there is no proper subgroup G < SL;(p) (hence
none in GLz(p)) such that G is irreducible on F3 and p?* | [H|. Son > 4. O

In the next few lemmas, ®(P) denotes the Frattini subgroup of a finite p-group P.

Lemma B.5. Let P be a finite p-group, and let Py < P, < --- < P,, = P be a sequence
of subgroups, all normal in P, and such that Py < ®(P). Let a € Aut(P) be such that
la, )| < P,y for all 1 <i <m. Then « has p-power order.

Proof. For each such o, a/Py € Aut(P/F,) has p-power order by [Go, Theorem 5.3.2], and
hence « has p-power order by [Go, Theorem 5.1.4]. O

Lemma B.6. Let F be a saturated fusion system over a finite p-group S, and assume
PeEz. Let Bh< P, <--- < P, = P be a sequence of subgroups such that Py < ®(P), and
such that P; is normalized by Autz(P) for each 0 < i < m. Assume also that [P, P;| < P,y
for each 1 <i < m.

(a) If|Ns(P)/P|=p, then there is at least one index i =1,...,m such that vk(P;/P;_1) >
2, and such that the image of Autz(P) in Aut(P;/P,_1) has a strongly p-embedded
subgroup.

(b) If|Ns(P)/P| > p?, then there is at least one indexi =1,...,m such that vk(P;/P;_y) >
4. If there is a unique such indez i, then the image of Autz(P) in Aut(P;/P;_1) has a
strongly p-embedded subgroup.

Proof. Fixi =1,...,m. Since [P, P,] < P;_y, the homomorphism Autz(P) — Aut(F;/P;_1)
induced by restriction to P; contains Inn(P) in its kernel, and hence factors through a ho-
momorphism ¢;: Outz(P) — Aut(P;/P,—1). Set K; = Ker(y;) < Outz(P).

Assume that a € Autz(P) is such that its class [o] € Outz(P) lies in (-, K;. Thus
la, P;] < P,y for each i, so a has p-power order by Lemma B.5 and since Py < ®(P). So
Nz, K; is a normal p-subgroup of Outz(P). Since Outz(P) has a strongly p-embedded
subgroup (recall P € Er), we have O,(Outz(P)) =1 (recall O,(—) is contained in all Sylow
p-subgroups), and hence (2, K; = 1. We are thus in the situation of Lemma B.3.

Recall that Ng(P)/P = Outg(P) € Syl,(Outz(P)). As in Lemma B.3, let J be the set
of all i = 1,...,m such that |K;| is prime to p, and set K; = ﬂjeJ K;. By Lemma B.3(a),
J # @ and Outx(P)/K; contains a strongly p-embedded subgroup.

Without loss of generality, in both points (a) and (b), we can assume that the filtration

by the P; is maximal. Thus each quotient P;/P;_; is elementary abelian, and the action of
Outz(P) on it is irreducible.

(a) If |Outg(P)| = p, then by Lemma B.3(b), there is j € J such that Im(p;) = Outz(P)/K;
contains a strongly p-embedded subgroup.

(b) Now assume |Outg(P)| > p*. Recall that the action of Outz(P) on P;/P;_; is irreducible
for each j € J. So rk(P;/P;j_1) > 4 for each j € J by Lemma B.4. In particular, if there
is a unique ¢ such that rk(P;/P,—1) > 4, then |J| = 1, and Outx(P)/K; has a strongly
p-embedded subgroup for j € J. 0

The next lemma provides another way to show that certain subgroups of a p-group S
cannot be essential in any fusion system over S.

Lemma B.7. Let F be a saturated fusion system over a finite p-group S. Assume P < S
and T < Autg(P) are such that |T/(T NInn(P))| > p? and [P : Cp(T)] = p. Then P ¢ Ex.
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Proof. Assume otherwise: assume P is F-essential. Set G = Outz(P), and set T =
T-Inn(P)/Inn(P) < Outg(P). Thus |T| > p? by assumption. Let H < G be a strongly
p-embedded subgroup that contains Outg(P) € Syl,(G). Fix g € G \ H, and set K =
(T,9T) < Autx(P). Since H is strongly p-embedded and g ¢ H, no p-subgroup of G can
intersect nontrivially with both 7" and 97", and in particular,

either O,(K)NT <Inn(P) or O,(K)NT < Inn(P). (B.8)

By assumption, Cp(7") has index p in P, and so does Cp(T). If Cp(T) = Cp(9T), then
K is an abelian p-group, contradicting (B.8). So Cp(K) = Cp(T) N Cp(T) has index
p? in P, and P/Cp(K) = E,.. The group of elements of K that induce the identity on
P/Cp(K) is a p-group by Lemma B.5, and hence contained in O,(K). Since p* 1 |GLs(p)|,
we have [T : O,(K) N T] < p, and since |T| > p?, this implies O,(K) NT % Inn(P). But
O,(K)N9T « Inn(P) by a similar argument, this again contradicts (B.8), and so P cannot
be F-essential. 0

The next lemma gives yet another simple criterion for a subgroup not to be essential.
Again, ®(—) denotes the Frattini subgroup.

Lemma B.9. Let F be a saturated fusion system over a finite p-group S, and fixr P < S.
Assume there are subgroups Py < Py < --- <1 P, = P, all normalized by Autz(P), such that
Py < ®(P). Assume also there is x € Ng(P)~ P such that [x, P;] < P,_y for each 1 <1i < k.
Then P ¢ Er.

Proof. By Lemma B.5 and since Py < ®(P), the group I" of all a € Aut(P) such that
la, P;] < Py for 1 <i < kisap-subgroup of Aut(P), and I'NAutz(P) is normal in Autz(P)
since the P; are normalized by Autz(P). So ¢, € O,(Autz(P)), and either ¢, € Inn(P), in
which case x € PCg(P) ~\ P and hence P is not F-centric, or O,(Outz(P)) # 1, in which
case Outxz(P) has no strongly p-embedded subgroup (since O,(—) is contained in all Sylow
p-subgroups). In either case, P ¢ Ex. O

We finish by listing the subgroups of SLs(p) that have strongly p-embedded subgroups
and order a multiple of p?. We indicate how to arrange the proof so as to be independent of
the classification of finite simple groups.

Proposition B.10. Fiz an odd prime p, let V be a 4-dimensional vector space over F,
and let H < G < Aut(V) be such that p* | |G| and H is strongly p-embedded in G. Set
Go = O”(G). Then either Gy = SLy(p?) and V is its natural module, in which case each
element of order p in Gy acts on V with two Jordan blocks of length 2; or Gy = PSLy(p?)
and V' is the natural £2; (p)-module, in which case each element of order p in Gy acts on 'V
with Jordan blocks of lengths 1 and 3.

Proof. By Aschbacher’s theorem [A2], applied to the finite simple classical group PSLy(p),
either G is contained in a member of one of the “geometric” classes %; (1 < i < 8) defined
in [A2], or the image of G in Aut(V)/Z(Aut(V)) = PGL4(p) is almost simple.

By Lemma B.1, Gy = O (G) also has a strongly p-embedded subgroup.

Case 1: Assume G is contained in a member of Aschbacher’s class %, for some 1 < k£ < 8.
Since [, has no proper subfields, the class %5 is empty.

If k=1 or k =2, then Gy acts reducibly on V, contradicting Lemma B.6(b).

If k = 3, then G is contained in SLy(p®) (where V' is the natural module). Since SLy(p?)
is generated by any two of its Sylow p-subgroups (and since they have order p?), Gy cannot
be a proper subgroup of SLy(p?).
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If K =4 or k =7, then the restriction of V to GGy splits as a tensor product of 2-dimensional
representations, and G is isomorphic to a subgroup of SLy(p)oSLsy(p). By Lemma B.2(b), the
image of Gy in PSLy(p) X PSLy(p) has a strongly p-embedded subgroup. But this contradicts
Lemma B.3(a), applied with K; the kernels of the two projections to PSLy(p).

The class %5 consists of the normalizers of K = 21" (if p = 3 (mod 4)), or that of
K =2 Cyo2' (if p=1 (mod 4)). Thus Out(K) = 330 Cy, X5, or T, respectively. If k = 6,
then since p? | |G|, we have p = 3 and K =2 21 so Gy is a subgroup of SLy(3) o SLy(3), and
G is contained in a member of %7.

Assume k = 8. The class 63 consists of the normalizers of Sp,(p), 2 (p) = SLy(p)oSLs(p),
and 2, (p) = PSLy(p?). The symplectic group Sp,(p) is generated by the two parabolic
subgroups that contain S, each of which would be contained in a strongly p-embedded
subgroup if there were one. So G 2 Sp,(p), and the proper subgroups of this group are
eliminated by again applying Aschbacher’s theorem using similar arguments. The subgroup
SO (p) is in class €7. This leaves the case Gy < 27 (p) = PSLy(p?) (see [Ar, Théoreme 5.21]
or [Ta, Corollary 12.43]), with equality since PSLy(p?) is generated by any two of its Sylow
p-subgroups.

Case 2: It remains to check the cases where the image in PGLy(p) of G is almost simple,
and show that none of them (aside from those already listed) have strongly p-embedded
subgroups. By Tables 8.9 and 8.13 in [BHR], the only almost simple groups that could appear
in this way as mazimal subgroups of SLs(p) are normalizers of Lo(7) or A7 (if p = 1,2,4
(mod 7)), or Uy(2) (if p = 1 (mod 6)) in Ly(p), or Ag, A7 (if p = 7), La(p) (if p > 7) in
Sp4(p). None of these subgroups can occur when p = 3, which is the only odd prime whose
square can divide the order of the subgroup, so they and their subgroups do not come under
consideration.

The tables in [BHR] were made using the classification of finite simple groups. But lists
of maximal subgroups of PSL,(q) and PSp,(q) for odd ¢, compiled independently of the
classification, had already appeared in [Mi] for the symplectic case, and in [Bl, Chapter VII]
and the main theorems in [ZS, Su] for the linear case.

Elements of order p: The description of the Jordan blocks for the natural action of
SLy(p?) is clear. So assume V is the natural module for Gy = §2; (p) = PSLy(p?). The iso-
morphism extends to an isomorphism GO; (p) & PI'Ly(p*) between automorphism groups,
so all elements of order p in GGy have similar actions on V. Hence it suffices to describe the
action of one element ¢ of order p in £25(p) < £2;7(p). The action of £25(p) on F? is induced
by the conjugation action of PSLy(p) on the additive group M3 (F,) of (2 X 2)-matrices of
trace 0 (see, e.g., [LO, Proposition A.5]), and using this one easily checks that ¢ acts with
one Jordan block of length 3. O
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