Around Brouwer’s theory of fixed point free planar
homeomorphisms

Marc Bonino

RESUME: On expose tout d’abord la théorie de Brouwer. De facon générale,
cette théorie montre que toute forme de récurrence pour un homéomorphisme
préservant I'orientation du plan R? implique I'existence d’un point fixe. Nous com-
mencons par montrer que la présence d’une orbite périodique impose I’existence
d’un point fixe. Nous prouvons ensuite un résultat plus fort, le théoreme de trans-
lation plane, affirmant que si h est un homéomorphisme de R? sans point fixe et
préservant I'orientation alors on peut recouvrir le plan par des ouverts simplement
connexes invariants ou la dynamique de h est celle d’une simple translation.

Par la suite, nous donnons des résultats analogues pour les homéomorphismes
de la spheére S? qui renversent l'orientation. Dans ce cadre, I’absence de point
2-périodique interdit a peu pres toute forme de récurrence. Plus précisement, si
un tel homéomorphisme h est sans point 2-périodique, alors on peut recouvrir le
complément des points fixes par des ouverts invariants ou la dynamique est celle
de (2,y) = (z + 1, —y) ou de (2,y) = 3(z, —y).
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Chapter 1

Brouwer’s theory

Notations

We write respectively CI(X), Int(X) and 0X for the closure, the interior and
the frontier of a subset X of the 2-sphere §* = R? U {oo}. If X C Y § S? then
Cly (X), Inty(X) and 0y X are the closure, the interior and the frontier of X
with respect to Y. Finally 7y(X) denotes the set of all connected components of
X.

1.1 Translations arcs

Definition 1.1 Let f be a homeomorphism of the 2-sphere S> = R?U {c0}. An
arc o C S? is said to be a translation arc for a f if

1. one of its two endpoints, say p, is mapped by f onto the other one,

2. we have furthermore aN f(a) = {p, f(p)} N {f(p), f2(p)}.

Note that Fix(f) is disjoint from Jc; f¥(e). We make the convention that
the arcs f¥(a) are oriented from f*(p) to f&¥*1(p) (k € Z). Of course a could
also be thought of as a translation arc for f~! and the arcs f¥(a) would be
then oriented from f*+1(p) to f¥(p). This definition can also be used for planar
homeomorphisms since a homeomorphism f of R? can be extended to S? by letting

f(00) = 0.

Lemma 1.2 For any orientation preserving homeomorphism h of R? and any
point m € R?\ Fix(h) there exists a translation arc o C R?, say with endpoints
p,h(p), such that m € o'\ {p, h(p)}.



Proof. Let U be the connected component of R? \ Fix(h) which contains m.
Since h preserves the orientation we have h(U) = U (|BK]) and, since an open
connected subset of S? is arcwise connected, there exists an arc 7 lying in U with
endpoints m and h(m). We can slightly enlarge this arc vy and obtain a topological
closed disc A such that v C Int(A) C A C U. For any R > 0, let us denote
by Dpg the closed disc in R? with center the origin o = (0,0) and radius R. Up
to conjugacy in R?, we can suppose that m = o0 and A = D;. Thus there exists
Ry € (0,1) such that

8DR1 N h(aDRl) =Dpgr, N h(DRl) #* 0.

Let p € ODpg, be such that h(p) € 0Dpg,. Then any arc a from p to h(p) satisfying
o € a\{p,h(p)} C Int(Dg,) (see Fig. 1.1) is as required, possibly with p = h?(p).
|

h(Dgy

o)

Figure 1.1: The translation arc «

1.2 Brouwer’s Lemma

Proposition 1.3 (Brouwer’s Lemma) Let h be an orientation preserving hom-
eomorphism of R%. Assume that we can find a translation arc o for h such that
Ugez M* () is not a simple curve. Then there exists a Jordan curve J C R? such
that Ind(h, J) = 1.

The following proof is due to M. Brown ([Brow]). One can also read [Brou, Fa,
G1, Kel].



Proof. We write p, h(p) for the two endpoints of . It is convenient to define an
integer n > 1 and a point € h™(a) as follows:

- if p = h2(p) then n =1 and = = p = h%(p),

- if p # h%(p) then n is the least integer > 2 such that h"(a) Na # () and z
is the first point on A" () to meet .

With these notations the set
n—1 '
J = [z, h(p)la U (| P() U™ (D), 2] hn (o)
i=1

is a Jordan curve (we have simply J = a U h(«) is n = 1). We write hy ~ hy if
and only if hi, hy are two planar homeomorphisms such that Fix(h;) = Fix(hg)
and Ind(hy, J') = Ind(heg, J') for any Jordan curve J’ disjoint from Fix(hy). Thus
~ is an equivalence relation and it is enough to prove Proposition 1.3 for a ho-
meomorphism h, ~ h. We first reduce to the situation where h"(«) meets « in a
nice way.

Lemma 1.4 There exists h, ~ h possessing o, = [x,h(p)|a as a translation arc

with hy(x) = h(p) and such that
o foric{l,....,n—1} hi(a) = hi(a),

o hlM(aw) = ["(p), Z]pn(a)-

Proof. There is nothing to do if n = 1 so we assume n > 2. The proof is in two
steps.

STEP 1: If x = p we rename g = h. Otherwise we have x # h(p) because of the
minimality of n so the arc [p, ], has the following properties:

(i) it is disjoint from its image under h,
(ii) it is disjoint from h’(a) for every i € {1,...,n — 1}.

On can construct a topological closed disc D; which is a neighbourhood of [p, ],
and so thin that it also satisfies (i)-(ii). There also exists a homeomorphism ¢
with support in D; such that p(a.) = a and we define g = ho ¢. The Alexander
trick gives an isotopy (¢)o<t<i with support in D; from ¢g = Idg2 to ¢1 = .
It follows from Dy N h(D;1) = 0 that all the homeomorphisms h o ¢; (0 <t < 1)
have the same fixed point set and consequently g ~ h. Moreover we have:

e g(a.) = h(a) with g(z) = h(p),



e Vi € {1,...,n} g'(ax) = h'(a) with ¢g*(x) = hi(p) because g = h on
Uiz h(a).
STEP 2: If {z} = {¢""(2)} = a. N ¢g"(aw) we just let h, = g. Otherwise we
have = # g™ (x) = h"(p) and the arc [z, " (x)]gn(q,) satisfies

(iii) it is disjoint from its image under g,
(iv) it is disjoint from g%(a) for every i = 1,...,n — 1.

Choose a disc neighbourhood Dy of [z, g™+ (2)]4n (4, ) which also satisfies (iii)-(iv)
and a homeomorphism ¢ with support in Dy such that ¢ (9" () = [¢" (%), Z]gn(a.)-
As in the first step one check that h, = o g ~ g has the required properties. B

We can now prove Proposition 1.3. According to Lemma 1.4 there is no loss in
supposing a N h™(a) = {p} = {h""(p)}, so that J = |J,h'(a). It is easy to
construct an orientation preserving homeomorphism g of R? such that

1. g=hon U?:_OI(O‘)¢
2. g maps h™(a) on «a (hence g(Cl(int(J))) = Cl(int(J))).

Thus ¢! o h is an orientation preserving planar homeomorphism which coincides
with Idge on the arc [JI') h'(a). A variant of the Alexander trick provides an
isotopy (¢¢)o<i<1 from ¢g = Idge to p1 = g~ ! o h such that ¢;(2) = z for every
t € [0,1] and z € U?:_Ol hi(a). Defining hy = gop; (0 < t < 1) we get an
isotopy from hg = g to hy = h such that h; = h on U?;Ol(oz). Consequently
all the hy are fixed point free on (JJ— (a) U ht(U?gol (@) = J. Hence we get
Ind(h, J) = Ind(g, J) and g(Cl(int(J))) = Cl(int(J)) implies Ind(g,J) =1. N

As a consequence of Lemma 1.2 and of Proposition 1.3 we get

Theorem 1.5 Let h be an orientation preserving homeomorphism of R? pos-
sessing a k-periodic point, k > 2. Then there exists a Jordan curve J such that
Ind(h,J) = 1. In particular h has a fized point in int(J).

Corollary 1.6 Let h be an orientation preserving of R? without any Jordan curve
J such that Ind(h,J) = 1. If a topological closed disc D C R? satisfies D N
h(D) = () then we have D N h™(D) = 0 for every n # 0. In particular the only
nonwandering points of h are its fized points (if any).

Proof. Suppose that k > 2 is the smallest positive integer such that DNA*(D) #
(. Enlarging slightly D if necessary, we can assume Int(D) N h*(Int(D)) # 0.
Pick z € Int(D) N h~*(Int(D)) and let ¢ be a homeomorphism with support in
D such that ¢(h*(z)) = z. Thus z is a k-peridic point of the homeomorphism
g = @ o h ~ h, contradicting Theorem 1.5. |



1.3 Brouwer plane translation theorem

We state two equivalent versions.

Theorem 1.7 (BPTT, version 1 ) Let h be a fized point free orientation pre-
serving homeomorphism of R?. Every point m € R? belongs to a properly embed-
ded topological line A which separates h='(A) and h(A).

Theorem 1.8 (BPTT, version 2 ) Let h be a fized point free orientation pre-
serving homeomorphism of R?. For every point m € R? there exists a topological
embedding ¢ : R — R? such that

1. m € p(R?),
2. Yz € R p({z} x R) is a closed subset of R?,

3. hoyp = por where T is the translation T(x,y) = (x + 1,y).

The proof given below is essentially the one of P. Le Calvez and A. Sauzet
([LS],[S]), based on their notion of brick decompositions and on Franks’ Lemma.
It has been slightly simplified by following an idea of F. Le Roux ([LeR]) which
allows to suppress a hypothesis of “transversality” for the brick decompositions
appearing in the original work of Le Calvez and Sauzet ([LS]). Others proofs can
be found in [Kel, G1, G3, Fr2].

1.3.1 Franks’ Lemma

The following result is due to J. Franks ([Frl]). It consists roughly in changing a
periodic “pseudo-orbit” into a true periodic orbit, without modifying neither the
fixed point set nor the Lefchetz index on Jordan curves.

Proposition 1.9 Let h be an orientation preserving homeomorphism of R?. As-
sume that there exists a sequence D1, . .., D,, of topological closed discs in R? such
that

(i) Yi,j € {1,...,n} D;=D; or Int(D;) N Int(D;) =0,

(ZZ) VZE{L,TL} Dlﬂh(DZ):(b,

(i4i) Yi € {1,...,n — 1} 3k; > 1 such that h*(D;) N Int(D;y1) # O and 3k, > 1
such that h*»(D,) N Int(Dy) # 0.

Then there exits a Jordan curve such that Ind(h,J) = 1. In particular int(J) N
Fix(h) # 0.



Remarque: A sequence D1,...,D, as above is often called a periodic chain of
discs.

Proof. Choose a sequence Dy, ..., D, satisfying (i)-(iii) whose length ng > 1
is minimal among all these sequences. This implies Int(D;) N Int(D;) = ( for
1 < i # j < ng. Remark that if ng = 1 then k& > 2. We can also assume
that the integers ki,...,k,, are minimal for property (iii). For simplicity we
define Dy 41 = Dy and U; = Int(D;) (1 <i <ng+1). Foreachi=1,...,n9
pick a point x; € U; N h~%(U;y1) # 0. Because Uy, ..., U,, are pairwise disjoint
one can construct a homeomorphism ¢ with support in (J;°; D; which preserves
setwise each D; and satisfies o(h¥ (x;) = z;11 (i <i < ng— 1), p(hFo (z,,) = 21.
Moreover for every i,7 € {1,...,n9} we have

1<k<k—1=h)¢D,.

Otherwise this would contradict the minimality of ki if ng = 1 and, if ng > 2,
we would get a contradiction with the minimality of ng by considering either the
subsequence Dy, ..., D;,Dj,..., Dy, or Dj,...,D;. It follows that x; is a periodic
point of g = ¢ o h with period k; + ... + kp, > 2. Finally one deduces from (ii)
that Fix(h) = Fix(g) and even better, by considering an Alexander isotopy in
each D;, that g ~ h as defined in the proof of Brouwer’s Lemma. We conclude
with Theorem 1.5. |
We will actually use the following version of F. Le Roux ([LeR]).

Lemma 1.10 If in Proposition 1.9 we replace (iii) with the weaker

(i4i°) Vi € {1,...,n — 1} 3k; > 1 such that h¥i(D;) N\ D;y1 # O and 3k, > 1 such
that h¥»(D,,) N Dy # O then the conclusion still holds.

Proof. Let D,...,D,, be a sequence of topological closed discs satisfying (i)-
(ii)-(iii’) whose lenght ny > 1 is minimal among all these sequences. Writing
Dyoy+1 = D1, let us choose z; € D; N h=*(D;;1) for each i = 1,...,ng. First
remark that these points zy,...,x,, are distinct because because

(1 < i,j < o and T, = xj) — hk](l‘l) = hkj (1‘3) S hkj (Dl) N Dj+1

and the fact that Dq,..., Dy, has minimal length gives ¢ = j.
Now, if we can find i,j € {1,...,n9} and an integer k& > 1 such that h¥(z;) = zj
then our lemma is proved. Indeed this implies

hk]"i'k(g;i) = Kb (l‘]) S hk3+k(DZ) NDjyq.

Again because Dq,..., Dy, has minimal length, this is possible only for i = j
and consequently h¥(x;) = x;. Because of (ii) we have necessarily k > 2 and we



conclude with Theorem 1.5. Thus we can assume without loss of generality
(*) Vi, je{l,....,no}Vk #0 hF(x;) # ;.

For convenience we let ky = k,, and 9 = x,,. Then we choose for each ¢ €
{1,...,n0} an arc 7; with endpoints x; and h¥-1(x;_1) # z; lying entirely in
Int(D;) except possibly its endpoints in 9D;. Since 7; C D;, these arcs possesse
the same property (ii) as the discs D;. Moreover, remembering that the D;’s have
disjoint interiors and the x;’s are pairwise distinct (1 < i < ng), we obtain using

(%):
(i) i#j= Ny =0.

By the construction we have also
Vie{l,...,ng—1} h¥(u) Ny #0 and B0 (y,,) Ny # 0.

One can construct for each i € {1,...,n0} a topological closed disc D, neighbour-
hood of 7; and so close to ~; that (i’),(ii) are still true with the D] ’s in place
of the 7;’s. Such a sequence D1,..., D, then satisfies the conditions (i)-(iii) of
Proposition 1.9. |

1.3.2 Brick decompositions

This notion is due to P. Le Calvez and A. Sauzet ([LS], [S]). It is also used with
some variants in several papers around Brouwer theory of fixed point free planar
homeomorphisms (e.g. [Bo],[G2],[LeC1], [LeC2], [LeR]).

Definition 1.11 A brick decomposition D of a nonempty open set U C S? is a
collection {B;}ier of topological closed discs where I is a finite or countable set
and such that

1 Uier Bi=U,
2. if i # j then B; N B; is either empty or an arc contained in 0B; N 0B;,

3. for every point z € U, the set I(z) ={i € I |z € B;} contains at most three
elements and UZ-GI(Z) B; is a neighbourhood of z in U.

The B;’s are called the bricks of the decomposition. Of course the set I is finite
only for U = S? and we will not be concerned with this situation. For a point
z € U, the neighbourhood |J;c 1(z) Bi is necessarily of one of the three kinds
pictured in Fig. 1.2 (up to a homeomorphism). A brick decomposition of an
open set U C S? can be readily constructed from a triangulation 7 of U: for



Figure 1.2: The neighbourhood J ) B; for a point z € U

i€l(z

example, if 7’/ denotes the barycentric subdivision of 7, one can observe that the
set
D = {star(v,7") |v is a vertex of T}

is a brick decomposition of U [recall that star(v,7”) is the union of the trian-
gles of 7' containing v]. Moreover it is always possible to "subdivide” a brick
decomposition in such a way that every brick has diameter less than a given € > 0.

We also have the following property which is one of the main motivation for
the use of brick decompositions.

Property 1.12 Let D = {B;}icr be a brick decomposition of an open set U C S?
and let J be a nonempty subset of I. Then J;c; B; is a closed subset of U.
Furthermore Oy (J;c; Bi) is a 1-dimensional submanifold without boundary of U.
In particular, its connected components are homeomorphic either to St or to R.

Proof. If z € Cly (U, Bi) it is clear from the definition that I(z)NJ # 0 hence
Uics Bi is closed in U. Consider now a point z € 9y (|J;c; Bi)- Its neighbourhood
Uier(») Bi contains necessarily two or three bricks, (at least) one of them is in
{Bi}ics and (at least) one of them is not. The result is then obvious with Fig.
1.2. |

Attractors and repellers. Let D = {B;};c; be a brick decomposition of an
open set U C S? and let h be a homeomorphism of S? such that h(U) = U. For

10



a given brick B;, € D we define
Iy={io}, Ao=Ro= ] Bi= B
i€y
and inductively, for n € N,

Ly = (i € TIW(A)N B #0}, Aa = |J B

1€l 11

I po1= {’L el | hil(R—n) NB; # (D}a R _pn1= U B;.

iEI—n—l

Definition 1.13 With the above notations, the two sets

A=|JAn and R=[JR.,

n>1 n>1

are said to be respectively the attractor and the repeller associated to the brick
B;,.
Note that, according to Property 1.12, A and R are closed subsets of U. Fur-
thermore one can check:

Property 1.14 We have h(AUB;,) C Int(A). Consequently h*(9y A)Nh!(0yA) =
(0 for any two integers k # 1 in 7Z.

1.3.3 Proof of BPTT.

We prove the first version (Theorem 1.7). Let a be a translation arc for h with
endpoints p, h(p) such that m € a\ {p,h(p)}. Up to conjugacy in R? one can
suppose that h=1(a) = [~1,0] x {0} and h = 7 on A~} (a)Ua = [-1,1] x {0} and
m = (3/4,0). For e > 0 we consider the three rectangles (see Fig. 1.3)

1 1
Dflz{(x,y)ERQ‘_nggzand —e<y<e},

w

1
Do:{(az,y)ERQ‘ZSJES—and —e<y<e},

ot

3
D1:{(az,y)€R2‘Z§$§Zand —e<y<e}

Lemma 1.15 There ezist ¢ > 0 and a brick decomposition D = {B;}ien of R?
such that:

11



1. D_1,Dqy and D1 are bricks of D,
2. every brick B; satifies B; Nh(B;) = 0.

The details of the construction of D are omitted. Let A, R C R? be respectively
the attractor and the repeller associated to Dy and h. As a consequence of
Lemma 1.10 we have Int(Dy)NA = 0 and Int(R)NA = 0. We also have D; C A
and D_; C R because respectively h(Do) N Dy # 0 and h=1(Dg) N D_1 # 0.
In particular the vertical segment {3/4} X [—¢, €] is contained in a connected
component A of dg2.A which is either a topological line closed in R? or a planar
Jordan curve (Property 1.12). In both cases A separates R? in two connected
components by Jordan Theorem. It is now enough to see that A separates h~1(A)
and h(A) and that A cannot be a Jordan curve. To do that we give the following

(x=—-1/4) (x=1/4) (x=3/4) (x=5/4) (x=7/4)

Figure 1.3: The bricks Dy, D11 and A, h*!(A) close to these bricks

notations and an elementary but important lemma.

12



Notations 1.16

= {@0)] -7 <e< )
3 7
v+ =A@, 0)] 7 <z < }=h(r-),

1={@0)] -3 <w< 1} =7 {0} U

Lemma 1.17 The set h™1(A) U~y_ (resp.y. Uh(A)) is connected and contained
in R?\ A (resp. in Int(A)).

Proof. For the connectedness, just remark that
(—iJDeh‘%A)mC@AmJ and (EO)EC@A%QﬂhUM.
Property 1.14 gives h(A) C h(A) C Int(.A) and also
YA NA=hY(ANK(A)) C h 1 (Oge AN Int(A)) = 0.
Moreover we have
Int(D_1)NACInt(R)yNA=0 and Int(Dg)NA=10

hence v_ N A = (.
It remains to check that v C Int(.A). This follows from

{@ﬁﬂ%<x<g}chmpgcnmA)

and, with Property 1.14, from
5 7
{(z,0) | 2 <z < Z} C h(Dy) C Int(A).

|

We deduce from the last Lemma that A separates h=!(A) and h(A) since
otherwise the segment v would intersects A tranversely and would meet only one
connected component of R?\ A, which is absurd. Finally we also obtain that A is
not a Jordan curve since otherwise we would get h*!(Cl(int(A))) C Cl(int(A))
and h would have a fixed point in int(A). [ |

13



Chapter 2

The case of orientation
reversing homeomorphisms

The following results are contained in [Bo].

2.1 Period k£ > 3 implies period 2

The aim of this section is to prove the following result, which can be regarded as
the counterpart of Theorem 1.5 in the framework of orientation reversing home-
omorphisms.

Theorem 2.1 Let h be an orientation reversing homeomorphism of the sphere
S? with a point of period at least three. Then h also admits a 2-periodic point.
More precisely there exist a Jordan curve C C S? \ Fix(h?) and a point z such
that, writing U, U’ for the two connected components of S* \ C, we have:

z=h*z) €U, h(z)ceU andInd(h,U) =0, Ind(h*U)=1.

This result is actually a consequence of Lemma 2.3 and of Propositions 2.6-2.11
below.

2.1.1 Detecting a 2-periodic orbit using Lefschetz index

As is the proof of Theorem 1.5 we will need some “perturbations” of h in order to
compute more easily the Lefschetz index on some Jordan domains. The difference
is that we deal now with perturbations which do not alter not only the fixed point
set of h but also the set of 2-periodic orbits. Thus we introduce a new equivalence
relation ~ as follows.

14



Notations 2.2 Let f,g be two homeomorphisms of S®. We write f ~ g if and
only if

1. they have exactly the same fized points and the same 2-periodic orbits, i.e.
Fiz(f') = Fiz(g®) fori=1,2 and f(z) = g(z) for every z € Fix(f?).

2. Vi=1,2 Ind(f" Q) = Ind(g",Q) for any Jordan domain Q C S? such that
o0 N Fix(f?) = 0.

Clearly Theorem 2.1 will be proved if its conclusion holds for some g ~ h. We
will show (after replacing h with some suitable g ~ h is necessary) that for a
connected component U of S?\ C, the set U N h(U) is a disjoint union of Jordan
domains such that Ind(h?,U N h(U)) = 0 (possibly U N h(U) = 0). In particular
Ind(h?,U N h(U)) # Ind(h%,U) and the properties of the Lefschetz index then
imply Fix(h?) N U N h(U) # Fix(h?) N U. In others words there exists a point
z € U such that h?(z) = z and h(z) = h=1(z) € S?\ CI(U), as required.

2.1.2 Construction of suitable translation arcs

Lemma 2.3 Let h be a homeomorphism of S? such that h® # Ids2 and let m be
a point in S? \ Fiz(h?). Then at least one of the following two assertions holds:

A1 : There exists a translation arc o for h, with endpoints p and h(p), such
that a1 h(a) = {h(p)}, aNk2(a) = {p} N {A3 ()} and m € o\ {p, h(p)},

A2 : There exists a translation arc 3 for h?, with endpoints q and h*(q), such
that BN K(B) =0 and m € B\ {q,h%*(q)}.

Proof. Let U be the connected component of S?\ Fiz(h?) which contains m. We
know that h?(U) = U ([BK]) hence there exists an arc +y lying in U with endpoints
m and h?(m). We can slightly enlarge this arc v and obtain a topological closed
disc A such that v C Int(A) C A C U. For any R > 0, let us denote by Dg the
closed disc in R? with center the origin o = (0,0) and radius R. Up to conjugacy
in S?, we can suppose that m = 0 and A = D;. Define respectively R; > 0 and
Ry > 0 to be the unique real numbers such that

8DRI N h(aDRl) =Dpgr, N h(DRl) #* 0

and
dDr, Nh*(dDRr,) = Dr, Nh*(Dg,) # 0.

Observe that, since h%(0) € Int(D1) N h?(Int(D1)), we have necessarily Ry < 1
SO
Dg, C Dy C $?\ Fix(h?) C $? \ Fix(h).

15



Lemma 2.3 then follows from the comparison of Ry and Ra:

o If Ry < Ry, let us choose a point p € ODp, such that h(p) € 0Dg,. Since
DR, C Dg,, the points p, h(p), h?(p) are pairwise distinct and any arc « from p
to h(p) satisfying o € o\ {p, h(p)} C Int(Dg,) has the properties required in the
assertion Al.

e If Ry > Ry, let ¢ € ODg, such that h?(q) € dDg,. Choose an arc 3 from ¢ to
h%(q) # q such that o € 8\ {q,h%(q)} C Int(Dg,). It is clear that 3 is an arc as
described in the assertion A2 (possibly with ¢ = h*(q)). [ |

2.1.3 An index zero lemma

Suppose that U,V C S? are two Jordan domains such that V C U, V # U,
0V NOU contains at least two points. Every connected component p of 9V NU is
then an open subarc of 9V whose endpoints z,y are in 9U. Then U\ p = U'UU”
where U’,U" are two disjoint Jordan domains; moreover we have 0U’ = p U o’
and OU"” = p U o” where o is one of the two subarcs of QU with endpoints z,y
and o is the other one. Since V is connected and contained in U \ u we have
either V.C U or V. .C U".

Notations 2.4 We write U, v for the connected component of U \ u which con-
tains V' anf . for the subarc of OU with endpoints x,y such that pUp, = 0U, v .

Then we have

Lemma 2.5 Let U,V C S? be two Jordan domains as above and let f : S? — S?
be a continuous. Assume furthermore that

(i) f has no fixed point in OV,

(i) UNov N f(U) =10,
(ii1) there exists p € mo(U NAV) such that f(us) NU = 0.
Then we have Ind(f,V) = 0.

Proof. Because of (i), Ind(f,V) is defined. Since OU, v = p U ps it is easy to
construct a homotopy

ClU,v) x [0,1] — Cl(Uuv)
(2,1) = (2)

with the following properties:

1. 79 is the identity map of Cl(U,yv ),
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2. Tl(Cl(UM,V)) = Ux,
3. Vte[0,1]Vz € py 1(2) =2,
4. if 0 <t <1 then r(Cl(U,v)) C Uy U pis.

Essentially, this simply means that (7;)o<;<1 is a strong retracting deformation
of Cl(Uy,v) onto py. The additional fourth property ensures that the maps for;
have no fixed point on 9V (0 < t < 1). Indeed there is nothing to prove for
forolav = flov and for 0 <t <1, z € 0V C Cl(U,,v), we have:

- If 2 € py then fory(z) = f(2) # 2,
-If z € Uy v U p then with (4)

fori(z) € fULy) U fp)
and consequently z # f o r(z) since, using (ii) and (iii),
VNUuvup)NfUuy)covnUnfU)=10

and
OV 1 Uy U ) O f () € U N () = 0.

Moreover we have
fori(V)NV C fori(Cl(U,v))NU = f(us) NU =10

which gives Ind(f o r1,V) = 0. We conclude by using the homotopy invariance
property of the Lefschetz index with

Cl(V)x[0,1] — S?
(2,1) = for(z)

2.1.4 A proposition about translation arcs of A

Proposition 2.6 Let h be an orientation reversing homeomorphism of S?. As-
sume that we can find a translation arc o for h, say with endpoints p, h(p), such
that:

o anh(e) ={h(p)}, anh*(a)={p}n{r’(p)}
o the set Jyey h¥ () is not a simple curve.

Then there exist a Jordan curve C' and a point z as announced in Theorem 2.1.

17



This proposition is a consequence of the following lemmas.

Lemma 2.7 Let h, a be as in Proposition 2.6. Define n to be the minimun of
the set {k > 2|a N h*(a) # 0} and = to be the first point on h™(a) to fall in
a. Then there exists an orientation reversing homeomorphism hy ~ h admitting
oy = [z, h(p)]a as a translation arc such that h.(x) = h(p) and

e Vic{l,....,n—1} hl(a) = hi(a),

o hlM(aw) = ["(p), Z]pn(a)-

Proof. Mimic the proof of Lemma 1.4 observing that the support Dy (resp. Dj)
of the homeomorphism ¢ (resp. 1) can be choosen such that h*(D;) N Dy = ()
(resp. g*(D2) N Dy = ) for both k = 1 and k = 2. Using an Alexander isotopy
in each Dj, this is easily seen to imply h~g=hop ~h,=1og. B

Lemma 2.8 Let h, o, n be as in Lemma 2.7. We assume furthermore that
anh™(a)={p} = {h""(p)} and we consider the Jordan curve C = Ji_,h'(c).
If U is a connected component of S*\C, then we have Ind(h,U) = 0 and Ind(h?,U)
= 1.

Proof. Consider an orientation reversing homeomorphism g of S? possessing the
following properties:

1. g=hon U hi(a),
2. g maps h"(a) onto a (hence g(C) = C),
3. g interchanges the two connected components of S? \ C.

Thus ¢! o h is an orientation preserving homeomorphism of the sphere which
coincides with the identity map Ids2 on the arc U?;ol hi(a). As in the proof of
Theorem 1.5, one can find an isotopy (¢t)o<t<1 from pg = Idg2 to p1 =g toh
such that

n—1
vt e [0,1]Vz € | J hi(a) @il2) = 2.

i=0
Defining hy = goy; (0 <t < 1), we obtain an isotopy from hy = g to hy = h such
that hy = h on U?:_Ol h'(a) and (h?)o<t<1 is then an isotopy from g* to h? such
that h? = h? on J/; h'(a). Clearly h? has no fixed point on o and then also on
U,z h' (). Consequently, for every ¢ € [0,1], the homeomorphism /7 (and so k)
has no fixed point on

n—2 n—2 n—2 n
U P uhe(| Ri(@) ubZ(| k(@) = (i) =C.
=0 =0 =0 =0

18



Hence all the indices Ind(h;, U) and Ind(h?, U) are defined and we deduce Ind(g, U)
= Ind(h,U), Ind(g?,U) = Ind(h?,U). Finally U N g(U) = O gives Ind(g,U)=0
and U = ¢*(U) implies Ind (g2, U)=1. [ |

Remarks 2.9 If in Lemma 2.8 we have n > 3, then aU h(«) is a translation
arc for the orientation preserving homeomorphism h? and Brouwer’s lemma gives

directly Ind(h* U)=1.

Lemma 2.10 Let h, a, n and C be as in Lemma 2.8. Then there exists a con-
nected component U of S*\ C such that every connected component of U N h(U)
is a Jordan domain (if any) and ITnd(h?,U N h(U)) = 0.

Proof. Let U; and Uy = S?\ CI(U;) be the two connected components of S?\ C.
We can assume U; N h(U;) # () for both ¢ = 1 and i = 2 since otherwise the result
is obvious. Choose for example U = U;. First we remark that every connected
component V of UNhA(U) is a Jordan domain such that OV C 90U U h(9U). This
is a straightforward consequence of a result of Kerékjarté: pick any point

200 € U2 NA(U2) = (S2\ CUU)) N (S*\ CU(R(V))) # 0

and any homeomorphism of S? such that (24 ) = 0o so that we reduce to the si-
tuation of Proposition 3.4 by considering the Jordan curves ¢(0U) and ¢(h(0U)).

It suffices now to prove that Ind(h?, V) = 0 for any given V € m(U N h(U)).
To do that we check that we are exactly in the situation discribed in Lemma 2.5.
Since h reverses the orientation, every point z € C'\h"(a) admits a neighbourhood
N, such that h(N,NU) = h(N,)NUs and h(N,NUsz) = h(N,)NU. Consequently
we have (C'\ @) N CU(UNA(U)) = (. In particular this shows h*}(U) ¢ U and we
obtain the following properties for every V' € mo(U N h(U)):

(1) V C U with V £ U,
(2) V is a Jordan domain such that OV C a UR"(a),
(3) OV N C contains at least two points.

The first one is clear since U ¢ h(U). We know that V' is a Jordan domain such
that OV C C UhA(C) = Uy hi(@) and, since CI(V) C CL(U N h(U)) is disjoint
from C'\ a, we obtain more precisely 9V C a U h"T!(a). The third property
follows since otherwise we would have

oV = Cl(oV \ C) C h"(a)

which is absurd because an arc cannot contain a Jordan curve.
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Because of C'\ao C C\CI(V), a point a € U close enough to C'\ « is separated
from V, inside U, by a connected component u of U N AV C h"*!(a). Using the
notations U,y and pu, introduced for Lemma 2.5 we have then OU, v = U p,
with s« C . We obtain finally Ind(h?,V) = 0 applying Lemma 2.5 with f = h?
because

UNnovNnh*(U) C k" (a)nh*(U) = h*(h" Y a)NU) =0,
R () NU C W2 () NU = 0.
|

Proof of Proposition 2.6: We consider the integer n > 2 and the point = €
h™(a) defined in Lemma 2.7. The set

n—1
C = [z, i) |J (@) U " (), 2]in (o)
=1

is then a Jordan curve. If necessary we can replace h,a with h,,a, given by
Lemma 2.7 so there is no loss in supposing x = p = k" (p) and C' = |, h'().
We complete the proof using Lemmas 2.8 and 2.10. |

2.1.5 A proposition about translation arcs of h?

Proposition 2.11 Let h be an orientation reversing homeomorphism of S?. As-
sume that we can find a translation arc B for h?, with endpoints q,h?(q), such
that

e ANh(B) =0,
o the sets J;cz h*(8) and Ujez h2+1(B) are not two disjoint simple curves.

Then there exist a Jordan curve C' and a point z as announced in Theorem 2.1.

Beginning of the proof of Proposition 2.11: Define an integer n > 2 and a
point z € h™([3) as follows:

- if ¢ = h*(q) then n = 2 and = = q = h*(q),

- if ¢ # h*(q) then n is the minimum of the set {k > 3|3 N A*(3) # 0} and =
is the first point on A" (/) to fall in S.

Let us remark that, because of the minimality of n, we have necessarily = &
{h?(q), h"(q)}. We also note that h? (and so h) has no fixed point on (J,c;, h*(8).
The proof of Proposition 2.11 depends on the parity of n, as explained below.
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2.1.5.1 n is even

We consider the set

n—2

C = [z,h*(q)ls | P (B) U [h"(@), 2] (s)-

21=2

It is a Jordan curve contained in | Jy,_q h*(8) (we have C = U h?(3) if n = 2).
It follows from the minimality of n that

n n—1
(U h%w))m U »¥ )| =0.

2i=0 2j+1=1

Hence ;- Jrll:l h?+1() is disjoint from C' and, by connectedness, is contained in
one of the two connected components Uy, Up of S?\C, say in Us. Thus we have also
Usi—s h%(B) C h(Uz). Observe that this implies 1 (Uy) ¢ Uy and UsNh(Us) # 0.
Since 3 is a translation arc for h%, Brouwer’s lemma gives Ind(h% U;)=1 and
U; N Fix(h?) # 0. We can suppose U; N h(U;y) # () since otherwise we have
U1 NFix(h) = 0, hence Ind(h, U;) = 0, and every fixed point z of h? in U; satisfies
h(z) € Us. We write simply U = U;. As in the proof of Lemma 2.10 one deduces
from Proposition 3.4 that every connected component V' of U Nh(U) is a Jordan
domain such that 9V C C' U h(C). Since CI(V) C CI(U) N Cl(h(U)) is disjoint
from (J}_; h*(B) we get in fact

OV C [, 13(q)] U 1" (@), B s

Thus a point a € U close enough to C'N (USZ-:2 h%(ﬂ)) is separated from V,
inside U, by a connected component p of IV NU C [T (q), h(x)]pn+1 (). Using
the notations preceding Lemma 2.5 we have then u. C [z,h%(q)]s (Fig. 2.1).
Furthermore, since

UNnovnhU)coUNAU)NUNKU) =0,
h(u ) NU C h(B)NU =0,

and

UNovNnrAU) c k" THB) nh*(U) = AW 1 (B) N U) = 0,
R () NU C R2(B)NU =0,

one can use Lemma 2.5 with successively f = h, f = h? and thus obtain Ind(h, V)
=0 = Ind(h?, V). Since Fix(h)NUNA(U) = Fix(h)NU we get from the properties
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Figure 2.1: The Jordan domains U, h(U) and V

of the Lefschetz index:

0= > Ind(h,V)=Ind(h,UNh(U)) =Ind(h,U),
Verg(UNh(U))

0= > Id(h*V)=Ind(h* U NT)).
Vemry(Unh(U))

This proves Proposition 2.11 when n is even.

2.1.5.2 nis odd and A" T(B)N B =0

We begin with a lemma which plays the same role as Lemma 2.7. Note that the
assumption A" (3) N B3 = () is useless in this proof.

Lemma 2.12 (see Fig. 2.2) There exists an orientation reversing homeomor-
phism h. ~ h such that h? admits B. = [x,h*(q)]s as a translation arc with
hi(z) = h*(q) and

o h.(Bs) = [h(2), h*(@)]n(s)»
e Vic{2,....,n—1} hL(B:) = hi(pB),
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o WP (Bs) = [M™(q), ]pn (),
o WIHN(B.) = [F"TH(q), ()] hn1 5 -

@

Figure 2.2: The arcs h'(3), 0 <i <n+1

f

Proof. As in Lemma 2.7 the proof is in two steps;
STEP 1. If x = g we rename h = g. Otherwise observe that the arc [h?(q), h*(x)]52(g)
has the following properties:

(i) it is disjoint from its images by h and h? |
(ii) it is disjoint from hi(3) for every integer i € {1} U {3,...,n+ 1}.

One can construct a homeomorphism ¢ of S* mapping [h*(z), h*(q)]p2(5) onto
h?(3) whose support is contained in a topological closed disc D; so close to
[h2(q), h*(2)]p2(g) that it satisfies also (i) and (ii). Defining g = ¢ o h, we have
then g ~ h and g = h on B U, h'(B), hence g(B:) = [h(x), h*(q)]pn(s) with
g(x) = h(x) and

Vie{2,...,n+1} ¢'(B.) = h'(B) with ¢'(z) = h'(p).

STEP 2. If {z} = {¢"™%(2)} = B« N ¢g"(Bs) it is enough to define h, = g.
Otherwise we remark that the arc [z, g""2(z)]n(g,) is disjoint from its images by
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n—1

g and g2 and also from the set (Ui:l gi(ﬂ*)) Ug"t(Bs). It is possible to have the

same for a topological closed disc D5 containing the support of a homeomorphism
¥ of S? such that ¢(¢9"(8:)) = [¢"(2), %]gn(s,). Then h, =)o g ~ g possesses the
announced properties. |

Continuation of the proof of Proposition 2.11: We consider now the sets

n—1
vo =z, W2 (@))g U | p¥(B) U [h" (@), ()]s ),
21=2

n—2

Y4 = [h(x), h* (@) ]nes) U RATH(B) U [h"(q), x]pn 5
2j+1=3
and finally C = v_ U ~,. Keeping in mind that 8 N A"T(3) = 0, we see that
~v— and 4 are two arcs which meet only in their common endpoints x,h(x).
Consequently C' is a Jordan curve. Replacing h, 8 with respectively h,,Bx given
by Lemma 2.12, one can suppose that = ¢ = h"*2(q), that is

n+1 n n+1
v=Ure), w= U ¥ and €= H(0).
2i=0 2j+1=1 i=0

Lemma 2.13 Let U be a connected component of S>\C. Then we have Ind(h,U)
=0 and Ind(h®,U) = 1.

Proof. It is similar to the one of Lemma 2.8. Construct an orientation reversing
homeomorphism ¢ of S? such that

1. g = h on the set [JI_, h'(8),
2. g maps h"T1(B) onto 3 (hence g(C) = C),
3. g interchanges the two connected components of S? \ C.

Thus ¢! o h is an orientation preserving homeomorphism of the sphere which
coincides with Idg2 on the arc J;_, h*(3). There exists an isotopy (¢¢)o<t<1 from
0o = Ids> to p1 = g~ ! o h such that

vt e [0,1]Vz € | JH(B) wil(z) ==
=0
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Defining hy = go ¢ (0 <t < 1), we get an isotopy from g to h such that hy = h
on U?:O h'(B) and also an isotopy (h?)o<i<1 from g* to h? such that h? = h% on
U?:_OI ht(B). Tt follows, for every t € [0, 1], that h? has no fixed point on

n+1

n—1 n—1
Ur@uni(|Jre)=JHre) =c
=0 1=0 1=0

We get consequently Ind(g, U)=Ind(k,U) and Ind(g?, U) = Ind(h?,U). We obtain
finally Ind(g,U) = 0 (resp. Ind(g? U)=1) because U N g(U) = § (resp. U =
g*(U)). u

Continuation of the proof of Proposition 2.11: Let Uj,Us be the two
connected components of S?\ C. According to Lemma 2.13 we have Ind(h, U;)
= 0 and Ind(h?,U;) = 1. In particular we have U; N Fix(h?) # 0 (i € {1,2}).
If one can find i € {1,2} such that U; N h(U;) = 0 then the result is easy.
Otherwise we consider for example U = U;. Let V' be any connected component
of UNh(U). Since h reverses the orientation, every point z € C'\h"*1(3) possesses
a neighbourhood N, such that h(N,NU) = h(N,)NUy and h(N,NUs) = h(N,)NU.
It follows that C'\ § is disjoint from CI(U Nh(U)) and in particular from CI(V).
Using one more time Proposition 3.4, we obtain that V is a Jordan domain such
that OV C SUR"2(3). Hence a point a € U close to C'\ 3 is separated from V,
inside U, by a connected component u of UNAV C h™*2(3) and the corresponding
arc iy satisfies p, C 5. We have then

OV NUNRAU) c h"T2(B) N2 (U) = K2(h™(B) N U) = 0,
R (u) NU C K2(B)NU = 0,
and Lemma 2.5 gives Ind(h?,V) = 0. Thus we get

0= Y Ind(h%V)=Ind(h? U NAU)).
Verg(UNh(U))

2.1.5.3 nis odd and A""(B)N B #£0

The following remarks allow us to reduce to the two cases studied before. We
consider the last point y on 3 to fall into h™(3) U h"T1(3). Since BNA(B) =0, y
does not belong to h™(3) and k"1 (3) simultaneously, and y # ¢q. We also have
y # h?(q) because of the minimality of n. We can then assert:

Lemma 2.14 There exists an orientation reversing homeomorphism h ~ h such
that h? admits 3 = [y,h*(q)|s as a translation arc with h*(y) = h*(q) and
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o h(B) = (), h*(@)]n(s)
e Vie{2,...,n+1} hi(B) = hi(p).

Proof. Replace x with y in the construction of the intermediate homeomorphism
g in the proof of Lemma 2.12. |

End of the proof of Proposition 2.11: By the definition of y we have:

-if y € h"(B) = h™(B) then h"t1(B) N3 = h""(8) N B = 0 and we reduce to the
situation of Section 2.1.5.2 by replacing h, 8 with h, .

-if y € ht(B) = h*tL(B) then hi(y) = h(q) # y and n + 1 is the smallest
integer k € {3,...,n + 1} such that ﬁk(ﬁ) = h¥(B) intersects 3. We reduce to
the case treated in Section 2.1.5.1 by replacing h, 8 and n with H,BA and n + 1.
Proposition 2.11 is proved. |

2.2 An analogue of BPTT

We prove in this section the following result:

Theorem 2.15 Let h be an orientation reversing homeomorphism of the sphere
S? without a 2-periodic point. Then for any point m € S?\ Fiz(h) there exists a
topological embedding ¢ : O — S?\ Fiz(h) such that

e O is either R? or {(z,y) € R?|y # 0} or R?\ {(0,0)},
e m € ¢(0),
e if O=R? or O ={(z,y) € Ry # 0} then

(i) hoyp = ¢oG|p where G(x,y) = (x + 1, —y),
(it) for every x € R, o(({z} x R)NO) is a closed subset of S*\ Fiz(h) (it
is said that ¢ is a proper embedding),
e if O=R?\ {(0,0)} then
(iii) hop = o H|o where H(z,y) = 3(z,—y).

Note that, since we are looking for conjugacy outside the fixed point set, the
map H in the statement of Theorem 2.15 can be replaced with any map (x,y) —
Az, —y) where A € R\ {0,£1}. Moreover, although we use the word proper
for an embedding ¢ satisfying the property (ii) above, we do not assert that the
backward image ¢~ !(K) of a compact set K C S? \ Fix(h) is compact (it is
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actually not difficult to find an example showing that this property is not true in
general). The word “proper” should only be regarded in this text as a convenient
abbreviation for “proper on each vertical line ({z} x R) N O”.

2.2.1 Some recurrence properties

The next lemma can be regarded as the counterpart of Franks’ Lemma in the
case of an orientation reversing homeomorphism.

Lemma 2.16 Let h be an orientation reversing homeomorphism of S?. Assume
that there exists a finite sequence of topological closed discs D1, ..., D, satisfying

(i) Vi,] € {1,...,?7,} D, = Dj or Int(DZ-) ﬂInt(Dj) = @,
(i) Vi € {1,...,n} h(D;)ND; =0 = h*D;)N D;,

(iii) Vi,j € {1,...,n} D; meets at most one of the two sets h~(D;) or h(D;),
Equivalently: h(D;) N Dj # 0 = h(D;) N D; =0,

(iv) Vi € {1,...,n — 1} 3k; > 1 such that k¥ (D;) N Int(Diy1) # O and Ik, > 1
such that h*»(D,,) N Int(Dy) # 0.

Then h possesses a 2-periodic point.

Proof. Let us choose a sequence Dy, ..., D,, satisfying (i)-(iv) and whose length
no is minimal among all these sequences. Remark that if ng = 1 then ky > 3. We
can also suppose that the integers ki, ..., kp, are minimal for the property (iv).

We also define D,,,+1 = D;. We have clearly
R¥(Dy) N Int(Diy1) # 0 <= h¥ (Int(D;)) N Int(Diy1) # 0

so we can choose for every i € {1,...,ng} a point z; € Int(D;) such that h¥i(z;) €
Int(D;41). Since the sequence Dy, ..., Dy, has minimal length we have

1<i#j<ng= Int(D;)NInt(D;) =10

so there exists an orientation preserving homeomorphism 1 of S? with support in
Dy U...U Dy, preserving setwise each disc D; (1 <i < ng) and such that

Vie{l,...,nog—1} (A" (z;)) = i1, (0 (20,)) = @1
Furthermore we have for every i,j5 € {1,...,no}
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since otherwise the minimality of either k; or ng would be contradicted. Thus the
homeomorphism g = 1) o h reverses the orientation and possesses x1 as a periodic
point with period k; 4 ... + kp, > 2. Theorem 2.1 then gives a 2-periodic point
for g and it is enough to check that Fix(h) = Fix(g) and Fix(h?) = Fix(g?).

e The first equality follows from the fact that D; N h(D;) = () for every i €
{1, ce ,TL()}.

e Let us check that Fix(g?) = Fix(h?).

- First we observe that if m € h=1(D;) for an index j € {1,...,n0} then necessa-
rily m # g*(m): For such a point m we have g(m) = ¥ (h(m)) € ¥(D;) = D; so
hg(m)) € h(D;). £ h(gm)) & U™, Di then g?(m) = w(h(g(m))) = h{g(m)) and
consequently m # g?(m) since h=1(D;)Nh(D;) = 0. If one can find i € {1,...,n0}
such that h(g(m)) € D; then we obtain h(g(m)) € D; N h(D;) # 0 and (iii)
implies D; N h=Y(D;) = 0. Since g?(m) = ¥(h(g(m))) € ¥(D;) = D;, it follows
that g?(m) # m.

- Secondly we remark that if m ¢ %, h=1(D;) but m € h™2(D;) for a j €
{1,...,n0} then we also have m # ¢*(m). Indeed we have then g(m) = h(m),
g*(m) = ¢ (h*(m)) € ¥(D;) = D; and consequently m # g*(m) since h~2(D;) N
D; =10.

Thus we obtain:

no no
m = g*(m) = m ¢ (U h_l(Dz’)> U (U h_Q(Dz‘)> = g°(m) = h*(m).
i=1 i=1
On the other hand, it is easily seen with (ii) that

m = h%*(m) = m ¢ (Cj hl(Di)> U (G hQ(Di)> — ¢*(m) = h*(m).
i=1 i=1

|
In the same way as Lemma 1.10 improves Proposition 1.9, the following
slightly stronger lemma relax the hypothesis (iv) of Lemma 2.16.

Lemma 2.17 If in Lemma 2.16 we replace the condition (iv) with the weaker

(iv’) Yi € {1,...,n — 1} 3k; > 1 such that h* (D;) N D;s1 # O and Ik, > 1 such
that h*»(D,) N Dy # 0,

then the conclusion still holds.
One also deduces from Lemma 2.16:

Lemma 2.18 Let h be an orientation reversing homeomorphism of S* without a
2-periodic point and let V be an open connected subset of S? such that VNh(V) =
0 =V Nnh*V). Then we have V N RhE(V) =0 for any integer k # 0.
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2.2.2 Proof of Theorem 2.15

Let h and m be as in Theorem 2.15. We define U = S? \ Fix(h) = S? \ Fix(h?).
Of course we have h(U) = U # () and, according to the Lefschetz-Hopf Theorem,
U # S%. Let us remark that there is a situation where our result is easily seen.
According to a theorem of Epstein, a connected component K of Fix(h) is either
a point or an arc or a Jordan curve and, in the last two cases, h interchanges
locally the two sides of K (see [E]). If one can choose K to be a Jordan curve
then S?\ K has exactly two connected components, say Uy and Us with m € Uy,
which are interchanged by h (this also implies K = Fix(h)). Since the U;’s are
homeomorphic to R? we can use the Brouwer plane translation theorem with k2|,
to find a proper topological embedding ¢ : {(x,y) € R? |y > 0} — U; such that
©(0,1) =m and h? o p(z,y) = po7(z,y) for y > 0, where 7(z,y) = (v +2,y) =
G?(x,y). We obtain a proper topological embedding ¢ : O = {(z,y) € R? |y #
0} — U such that ho ¢ = ¢ o G|p defining

Vy<0 o(z,y)=hopoG (z,y) e Us.

Thus we can suppose that S? \ K is connected for every connected component
K of Fix(h) and this implies that U = S? \ Fix(h) is connected (see for example
[N][Chapter V]). According to Lemma 2.3, Propositions 2.6 and 2.11, at least one
of the two following properties is true:

P1: There exists a translation arc « for h containing the point m and such that
Ugez h*(a) is a simple curve contained in U.

P2: There exists a translation arc 3 for h? containing the point m and such that
Urez 1% (8) and Uyey h*1(3) are two disjoint simple curves contained in
U.

2.2.2.1 Proof when P1 is true

Up to conjugacy in S?, we can suppose that
h™H(a) = [-1,0] x {0},
h(z,y) = (z + 1, —y) for every (z,y) € h~(a) Ua = [-1,1] x {0},
m=(2,0).

For € > 0 we consider the three rectangles (see Fig. 1.2)
o, 1 1
D 1 ={(x,y) € R?| —ngﬁzand —e<y<e}
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1
Do:{(az,y)ERQ‘ZﬁaES%and —e<y<e¢},

3 5
D1:{(x,y)€R2‘Z§$§Zand —e<y<e}
One can check:

Lemma 2.19 There exist € > 0 and a brick decomposition D = {B;}ien of U
such that:

1. D_1,Dqy and Dy are bricks of D,
2. for any two bricks B;, B; € D we have
-Vk=1,2 R¥B)NB; =0,
- at most one of the two sets h~1(B;) N B, or h(B;) N B; is nonempty.

Let us consider the attractor and the reppeller A, R C U associated to B;, = Dy.
We remark that Dy C A and D_; C R since respectively h(Dg) N Dy # 0
and h=Y(Dg) N D_1 # (). Moreover Lemma 2.17 implies Int(Dy) N A = () and
Int(R)NA = 0. So the vertical segment {3} x [—¢, €] is contained in a connected
component A of 9y A and we know from Property 1.12 that A is a closed subset
of U homeomorphic to either S' or to R. As in the proof of BPTT we use the

Notations 2.20

1
= @0 -y <z <)

3 7
T+ = {(l‘,O) ‘ Z <z < Z} = h‘(ﬁy—)a
“{@0)] -~y << =1 U 0u
Y= x, 4 x 4 =7- 47 Y+
The same arguments as for Lemma 1.17 allow one to state:

Lemma 2.21 The set h=1(A) U~y_ (resp.y. Uh(A)) is connected and contained
in U\ A(resp. in Int(A)).

CASE 1: The set A is a Jordan curve.

CLAIM 1: The set A separates h™1(A) and h(A) in S2.

Proof: Otherwise Lemma 2.21 would show that - intersects A transversely and
meets only one connected component of S? \ A, which is absurd. |

Let us write V. for the connected component of S?\ A containing h(A). We have
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Oh(Vy) = h(A) C Vi so (Vi) NV, # () and actually h(Cl(Vy)) C V4 since,
according to the above claim,

h(Vi)NnoVy = (Vi) NA =h(Venh 1 (A)) = 0.

It is now routine to construct topological embedding ¢ defined on O = R? \
{(0,0)} and conjugating h and H. We just sketch the construction: defining
Q =V, \ h(CI(Vy)), we clearly have C1(2) = AUQUA(A) C U. Let ¢ : St — A
be a homeomorphism. It can be extended to a homeomorphism

o:SYTUHESY) - AUhA)

by defining @[ g1y =hopo Hfl\H(Sg. Using suitably the Schoenflies Theorem,
one can extend again ¢ to a homeomorphism from the compact annulus A = {z €
C|3 < |z <1} onto CI(2). Finally, for any point z € R?\ {(0,0)}, there exists
a unique k € Z such that 2 € H¥(A\ 0~ A), where - A = {z € C||z| = 3}, and
we define

©(z) = hF o oo H7*(2) € hF(C1(Q)).

One can easily check that ¢ : O = R\ {(0,0)} — U is a well-defined one-to-one
continuous map such that ho ¢ = ¢ o H|p and ¢(O) = [Jycz KF(CUQ)).

CASE 2: The set A is homeomorphic to R. Since A is a closed subset of U
we have () £ CI(A)\ A C Fix(h). Moreover, CI(A)\ A has at most two connected
components, say L, and Lo with possibly L1 = Lo, and each L; is contained
in a connected component K; of Fix(h). It will be convenient to compactify
S?\ (K1 U K3) as follows; let us choose a; and ap in S? with the convention that
a1 = ag if and only if K7 = Ks. Since U has been assumed to be connected, we
have the same for S?\ (K7 U K3) and it is then very classical that this latter set is
homeomorphic to S? \ {a, as} (see for example [N]Chapter VI). Now, if 1 is any
homeomorphism from 2\ (K; U K3) onto S\ {a1, as}, we define h : S — S? by

. . if 2 € {a1,as},
h(Z)—{ wohowfl(z) if Z¢{ai’a§}'

One can check that h is a homeomorphism and that CI()(A)) \ (A) = {a1,as}.
Furthermore, since we are looking for a (proper) topological embedding ¢ taking
its values in U C $?\ (K U K3), it is enough to prove our theorem for h instead
of h. In other words, there is no loss in supposing that K; (and so L;) is reduced
to one point (i € {1,2}). This will be assumed from now on.
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CLAIM 2: We have necessarily K1 = K.
Proof: Suppose this is not true and define

C=CI(AUR(A)) = AUK(A)UK; UK,.

Thus C is a Jordan curve. Let us remark that the sets h~1(A) U~_ and v, are
both connected and contained in U\ (AUR(A)) C S?\ C; for =1 (A)U~_, this is
contained in Lemma 2.21 since we know from Property 1.14 that AUA(A) C A.
Lemma 2.21 also gives

v NACInt(A)NoyA=10

and
Y+ Nh(A) =h(y-NA) C h(y-N.A) =0.

Now, since the segment v intersects A C C transversely, we deduce that the
connected components V_, V, , of S?\ C containing respectively h~(A)U~_ and
v+ are different. It follows that

o Itv)nve =t O)nNVe =1 ANV, =0

so we have either Vi, € h=1(Vy) or Vo Nh~1(V}) = (). We remark now that none
of these two situations is possible. The first one would imply

YUy = UR™ (yg) € 7 H(V4)

which is absurd because the segment 7 intersects A C h~(C) transversely.
Suppose now that h=1(V,) NV, = (. We first remark that we cannot have
h=H(CUV))UCI(Vy) = S? since this would imply A~(A) = h(A) which contra-
dicts Property 1.14. So the set h=1(CI(Vy)) UCI(V,) is contained in the domain
of a single chart of S? and can be represented as in Fig 2.3. Keeping in mind
that Ky, Ky are fixed points of h, this contradicts the fact that h reverses the
orientation. |
Thus CI(A) = AU K; is a Jordan curve. Again, v intersects A C CI(A)
transversely so we can write with Lemma 2.21:
CLAIM 3: The set CI(A) separates h~!(A) and h(A) in S2.
Now, let V. be the connected component of S?\ CI(A) containing h(A). Since
h(A) € 0h(VL)NVy we have h(Vy )NV, # () and in fact h(V, UA) C Vy because
the third claim implies

(Vi) NoVy = (Vo) NCIA) = h(Vy) NA =h(V,nh HA)) =0.
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h®)

Kz

Figure 2.3: V., Nh=Y(V}) = () is not possible

We conclude as follows. Let us define Q = Vi \ A(CI(V})). We have obviously
Cl(Q)\ K1 = AUQUA(A) C U. Using the Schoenflies Theorem, one can construct
a homeomorphism

o {(5,y) €R2[0 <z < 1} U {00} — CUQ)
such that ¢(00) = K1, p({0} x R) = A and
VyeR ¢(l,y) =hopoG '(l,y) € h(A).
Now, if k <z <k+1 (k€Z) welet
o(z,y) =h* o po G F(x,y) € KF(AUQ).

It is easily seen that ¢ : O = R? — U defined in this way is a proper topological
embedding, with image ¢(O) = Uz R*(AUQ), such that hoy = poG|e. This
completes the proof of Theorem 2.15 when Property P1 is true.

2.2.2.2 Proof when P2 is true

Up to conjugacy in S?, we can suppose that

h2(8) = [-2.0] x {1},

ha,y) = (@ +1,—y) if (ey) € [ B5(8) = [-2,2] x {1} U[-1,3] x {1},
k=-2
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For € > 0, let us consider the five rectangles (see Fig. 2.4)

1+ 1 1+ 3
Di={(wy)| - < w <

and —1—e<y<-—-1+¢€} forie{0,+2},

’L+1<$<’L+3
2 - = 2

Di =A{(z,y)|

One can check:

and 1 —e<y<1+4¢} fori==+1

Lemma 2.22 There exist € > 0 and a brick decomposition D = {B;}ien of U
such that:

1. Dy, D41 and D+ are bricks of D,
2. for any two bricks B;, Bj € D we have

-Vk=1,2 RNB)NDB; =0,
- at most one of the two sets h~1(B;) N B, or h(B;) N B; is nonempty.

Let A,R C U be respectively the attractor and the repeller associated to the
brick B;, = Dy. First we remark that Dy UDy C Aand Dy UD_5 C R
since, on the one hand, h(Dg) N D1 # (0 # h(D1) N Do, and on the other hand,
h=Y(Do)ND_1 # 0 # h~Y(D_1)ND_5. Using Lemma 2.17 we see that the vertical
segment {3} x [~1—¢, —1+¢] is contained in a connected component A of 9y A.
We give again some convenient notations and a basic lemma before to study the
situation where A is homeomorphic to S! (resp. to R).

Notations 2.23

= (@) —5 <z <3}
=A@ -5 <z <1} =100,
y={(z,-1)| —%<m<g}:7_u{(g,—1)}U7+-

As for Lemmas 1.17 and 2.21 one can see

Lemma 2.24 The set h=2(A)U~_ (resp.y; Uh%(A)) is connected and contained
in U\ A(resp. in Int(A)).
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=0 =) (=2)

(x=—1/2) (x=1/2) (x=3/2) (x=5/2) (x=7/2)

Figure 2.4: The bricks Dg, D41, D1y and A, h*2(A) close to these bricks

First case: The set A is a Jordan curve.

CLAIM 4: The set A separates h™1(A) and h(A) in S2.

Proof: First we remark that A separates h=2(A) and h%(A) in S%: this follows
from Lemma 2.24 and from the fact that -+ intersects A transversely. Let us denote
V_,Vy the connected components of S? \ A containing respectively h~2(A) and
h%(A). As in Section 2.2.2.1 (with A% in the place of h), one can check that
h2(CI(Vy)) C V4 or equivalently CI1(V_) C h?(V_). According to the Brouwer
fixed point Theorem, h? possesses two fixed points z_ € V_ and z, € V, and
these points are also fixed points of h since h has no 2-periodic point. In particular
we have

Vinh(Vy)#0#V_nh Y(Vo).

We deduce now from h(A) N A = () that h(A) C Vi: otherwise we would have
h(A) C V_ and consequently

so Vi C h(Vy) C h3(V,) which contradicts h2(CI(V,)) C V. We get similarly
h=1(A) C V_ replacing h,V, with h=1,V_. [ |
Defining 2 = Vi \ h(Cl(V})), we proceed now exactly as in Section 5.3.1 to

construct a topological embedding

©:0=R>\{(0,0}—-U
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with image ¢(O) = Uz PF(CU(Q)) such that ho ¢ = p o Hl|o.

Second case: The set A is homeomorphic to R.
We denote again Lj, Ly the connected components of the nonempty set CI(A)\
A C Fix(h), with possibly L1 = Ls. Each L; is contained in a connected compo-
nent K; of Fix(h) and, as explained in Section 2.2.2.1, there is no loss in supposing
that K; (and so L;) is reduced to one point.

For convenience we will use the following notations for the two half-planes on
both sides of the z-axis:

Py ={(z,y) €R*|y >0} and P ={(z,y) € R?|y < 0}.
We first suppose K; = K.

Then CI(A) = AU K is a Jordan curve. Using again Lemma 2.24 and since
v N A is a transverse intersection, one can write:

CLAIM 5: The set CI(A) separates h=2(A) and h2(A) in S2.

We consider now the two connected components V_,V, of S?\ CI(A), with
h?(A) € Vi and h72(A) C V_. One can easily derive from the claim above
that h2(V, UA) C Vi, ie. V_UA C h2(V.).

CLAIM 6: There are three possible situations:

S1: h(V+ U A) C V+,
S2: h(VLUA) C V.,
S3: h(V_UA) C V;.

Proof: Suppose that we are neither in the situation S1 nor in the situation S2.
Then h(Vy UA) meets 9V, = OV_ = CI(A). Since h(A) N A = (), this implies
h(Vi) N A # 0 and then A C h(Vy). Consequently h(V_ U A) is a connected
subset of S?\ CI(A) and we get either h(V_UA) C Vi or (V- UA) C V_. The
latter is actually not possible because of V_ U A C h3(V_). [ |

We construct now a proper topological embedding ¢ : O — U conjugating h and
G which will be defined on @ = R? in the first situation and on O = {(z,y) €
R? |y # 0} in the last two ones.

e In the situation S1 we proceed exactly as in Section 5.3.1.

e Remark now that

h(V_UA)CV, <= V. UAChV,) <= h (V. uA) CV,
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which shows that the situation S3 can be reduced to the situation S2 replacing
h with h~!. Since it is equivalent to prove Theorem 2.15 for h or for h~!, it
suffices to consider S2. In this case, let us denote Q =V \ h2(CI(V,)). We have
then CI(Q)\ K1 = AUQUA?(A) C U. We construct the required embedding
¢ as follows. We consider for example the set D = {(z, 1) |z > 0} and we write
B for the domain between D and G?(D) in the upper half-plane P,. Using the
Schoenflies Theorem, one can construct a homeomorphism

¢ : Cl(B) = Clg2(B) U {0} — CI(Q)

such that p(c0) = K1, ¢(D) = A and ¢ o G?|p = h? o ¢|p. Then we define the
map ¢ on the half-plane P, observing that for every point z € P, there exists a
unique even integer 2k € Z such that z € G?*(D U B) and then defining

0(z) =h* opoG % (2) e F(AUQ).
In particular we have at this stage
hop=polG|p,.
Afterwards we extend ¢ on P_ by

Yy <0 o(z,y)=hopoG x,y) € U R*FFH A UQ).
kEZ

It is easily seen that we have obtained in this way a continuous map
p:0={(z,y) eR*|y#0} - U

satisfying h o ¢ = ¢ o G|p and such that, for every z € R, p(({z} x R) N O) is
a closed subset of U . It is not totally obvious that this map ¢ is one-to-one (in
contrast to the previously constructed embeddings). To check this property, it is
enough to see that the sets h*(A U Q), k € Z, are pairwise disjoint. This turns
out to be true because h¥(A) N A (A) = () for k # | (Property 1.14) and because

QNAQ) CVinh(Vy) =0, QNA*Q) CQNh* (Vi) =0
which implies, according to Lemma 2.18, h*(Q) N hY(Q) = O for k # 1.
We suppose now K # K.
Let us define C = CI(A U R?(A)) = AUA?*(A)U K1 U Ky. Thus C is a Jordan

curve.
CLAIM T7: The set C separates h~2(A) and 74 in S%.
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Proof: Property 1.14 gives A U h?(A) C A so, with Lemma 2.24, h=2(A) U y_
is contained in a connected component V_ of S?\ C. This lemma also gives
Y+ NA C vy NIypA =0 and v N A2(A) C h%2(y- NA) = 0 hence 7, is also
contained in a connected component V. of S?\ C. We have necessarily V_ # V.
since the segment ~ intersects A C C transversely. |

We keep the notations V_, Vi of the proof above, that is V_ (resp. V) is the
connected component of S? \ C' containing h=2(A) (resp. 7). In particular we
have OV_ = 0V, = C.

CLAIM 8: We have h2(V,)NVy =0 =h(Vy)NV,.
Proof: According to the previous claim we have

Oh2(V) NV, = (R 2(A)UA) NV, =0

so we have either h=2(V,) NV, = 0 or Vi, € h=2(V,). The latter would imply
that ~ is contained in h=%(V) except for the point (2, —1) which is absurd since
this segment intersects A C h=2(C) transversely. This proves h2(Vy) NV, = 0.
For the other equality, we first observe that the situations h*!(V,) C V, are not
possible since they contradict h?(V,) NV, = (. Suppose now Vi N h(V,) # 0.
Then we have

RV )NC #0 and Vinh(C)#0,

that is
R(Vi)N(AUR*(A)) #0 and Vi N (R(A)UA3(A)) # 0.
For convenience we define four sets Fi, ..., Fy by
By =h(Vy)NA, By =WV )NRAA), B3 =V, Nh(A), Ey =V, Nh3(A).

Since h¥(A) N hY(A) = () for k # | we see that E; is either empty or equal, for
respectively i = 1,2, 3,4, to the whole set A, h2(A), h(A), h3(A).

It turns out that necessarily E; = (), hence Ey = h%(A). Otherwise we would
have A C h(Vy), i.e. h™1(A) C Vi, and h=}(CI(A)) would be a connected set
joining K; and K3 in Cl(Vy). Moreover, Cl(v4) is an arc contained in V. except
one endpoint on A and the other one on h?(A) so it separates K; and Ks in
CI1(Vy). This implies h~1(A) N~y # 0. On the other hand, since v, C A, we get
with Property 1.14

R HA) Ny = Y (ANh(yy)) € R (0r AN Int(A)) = 0,

a contradiction.
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We also observe that the two sets Fs and F4 cannot be simultaneously non-
empty since this would give h3(A) C h2(Vy) NVy = 0. It remains to study
the situation h(A) C V4, i.e. h2(A) C h(Vy). We first observe that we cannot
have CI1(V,) U h(C1(V,)) = S? because this would imply A C h(V,) and then
h(A) C h2(Vy) NV, = (. Thus the whole set CI(V,) U h(CI(Vy) is contained in
the domain of a single chart of S2. In such a chart, the situation is as in Fig. 2.5
and, K7 and K being fixed points, we obtain a contradiction with the fact that
h reverses the orientation. The claim is proved. |

Figure 2.5: The situation h(A) C V4 is not possible

We consider now a new “model” homeomorphism G defined by
V(z,y) €R® Gi(z,y) = (z+yl, —y)-

Let D = {(0,y) € R?|y > 0} and let B be the domain between D and G%(D)
in the half-plane P,. Using again the Schoenflies Theorem, one can construct a
homeomorphism ¢ : Cl(B) — CIl(V,) such that ¢1(0,0) = K1, p1(c0) = Ko,
01(D) = A and ¢ 0 G3|p = h% o ¢1|p. For every point z € P, there exists a
unique even integer 2k € Z such that z € G?*(D U B) and we set

©1(2) = h?* 0 1 0 GT(2) € KP*F(AUV,).
We have in this way h? o ¢ = ¢; o G%\p+. Extending ¢1 on P_ by

Vy<0 i(e,y) =hopioGi'(z,y) e | (Aaun),
kEZ
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we obtain a continuous map ¢; defined on O = {(z,y) € R? |y # 0} and such
that h o o1 = ¢ 0 G1|o. Using the eighth claim and Lemma 2.18 we get h*(A U
V) NA(AUV,) =0 for k # [ which ensures that ¢; is one-to-one. Finally, it is
easy to construct a homeomorphism 1 : O — O such that G; o) =1 o G|p and
such that

Vz € R cz(w(({x} % R) N o)) \ % (({z} x R) N O) = {(0,0), 00}.

Then ¢ = @1 01 is a proper topological embedding such that ho ¢ = ¢ o G|o,
with ©(0) = Uyey B(A U VL), The proof of Theorem 2.15 is completed. [ |
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Chapter 3

Appendix

3.1 Winding numbers

The unit circle is S' = {t € C = R?||t| = 1}. Let p: R — S, 2 — p(x) = ¥
be the universal covering map of S'. If v : S' — S! is a continuous map then
there exists a continuous map @ : R — R such that po @ = u o p (one says that @
is a lift of ) and an integer d € Z such that

VeeR a(x+1)=a(r)+d.

This integer d depends only on the homotopy class of u in the space C(S!) of the
continuous self-maps of S!, endowed with the topology of the uniform convergence.
It is called the degree of .

If we have now a continuous map S' > ¢ — v, € R?\ {0}, we define the winding
number of (v;); as the degree of the map ¢ — wu(t) := vy /||v¢]| (t € S'). Since two
homotopic self-maps of S! have the same degree we obtain:

Property 3.1 Suppose that
St x[0,1] — R2\ {0}

(t,s) = Vg

is a continuous map. Then the winding numbers of (v,): and of (vy1): are the
same.

3.2 Jordan curves and Jordan domains

A Jordan curve is a subset of S? = R?U{occ} which is homeomorphic to the circle
St. We have the classical result (see e.g. [Ku, M, N, T, W]):
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Theorem 3.2 (Jordan curve Theorem) Let J C S? be a Jordan curve. Then
S?\ J has exactly two connected components and J is their common frontier.

An open set U C S? is said to be a Jordan domain if it is a connected component
of §%\ J for some Jordan curve J.

The case of planar Jordan curves: For a Jordan curve J C R?, one usually
consider the two connected components of R?\ J; the bounded one is called
the interior domain of J and denoted by int(J) while the unbounded one is
called the exterior domain of J and denoted by ext(J). We have the following
usefull caracterization for these two domains. Let u : S' — J = u(S!) be a
parametrization of J (i.e. a homeomorphism from S* onto J) and let z € R?\ J.
The winding number of (u(t) — z);est is named the inder of the curve u with
respect to z and is denoted by ind,(u).

Property 3.3 The integer ind.(u) depends only on the connected component of
R2\ J containing z; more precisely

. 0 st z € ext(J),
ind(u) = { 1 siz€int(]).

Remark. The first assertion in the above property follows directly from the Prop-
erty 3.1. Indeed, the plane R? being locally path-connected, every connected open
subset of R? is also path-connected hence if z, 2’ € U for a connected component
U of R?\ J one can find a path from z to 2’ lying in U, i.e. a continuous map
a : [0,1] — U such that «(0) = z and «(1) = 2’; the assertion then follows by
considering the map (¢, s) — u(t) —a(s) € R?\ {0} in Property 3.1. The fact that
ind,(u) = 0 for z € ext(J) is also easy: for example choose A to be a vertical
line such that J in contained in the half-plane H, on the right of A. Then the
half-plane H; on the left of A is contained in ext(J) and, for a given z € Hj, all
the vectors u(t) — z (¢ € S') have positive first coordinate from which we deduce
that the winding number of (u(t) — 2); is zero. In contrast, it is more work to find
a point z € R?\ J satisfying ind,(u) = £1 and this is actually the most difficult
part in some proofs of Jordan Theorem (e.g. [M]).

Property 3.3 will allow us to define the notion of orientation preserving/rever-
sing homeomorphism in a rather intuitive way and avoiding any homology theory.
If ind,(u) = 1 for z € int(J) one says that u is a positive or counterclockwise
parametrization of J. Otherwise u is a negative or clockwise parametrization.

We have also the following result, due to Kerékjarté ([Ke2]).

Proposition 3.4 Let Ji,Jo be two Jordan curves in the plane R? such that
int(Jy) Nint(Jz) # 0. Then every connected component of int(Jy) N int(J3)
18 also the interior domain of a Jordan curve J C J1 U Js.
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3.3 The Schoenflies Theorem

It can be stated as follows;

Theorem 3.5 Let Ji,Jo C S? be two Jordan curves and, for i = 1,2, let U;
be one of the two Jordan domains with frontier J;. Any homeomorphism from

J1 onto Jo can be extended to a homeomorphism from Cl(Uy) = Uy U Jy onto
Cl(Uy) = Uy U Jo (and then to a self-homeomorphism of S?).

See for example [P] for a proof relying on complex analysis or [C, Ku, N]) for more
topological arguments. Moreover one can show that any arc o C S? is contained
in a Jordan curve hence we also have:

Theorem 3.6 Let u : [0,1] — o C S? be a homeomorphism. Then it can be
extended to a homeomorphism of the whole sphere.

3.4 Orientation preserving vs orientation reversing ho-
meomorphisms

Let h : U — V = h(U) be a homeomorphism between two connected open
subsets of R?. For a given point z € U, let us choose r > 0 such that the disc
B(z,r) = {m € R?|||m — z|]| < r} is contained in U and consider a Jordan
curve J such that z € int(J) C B(z,r). Since h(int(J)) = int(h(J)) we have
h(z) € int(h(J)). It follows that if u : S' — J is a parametrization of J (hence
h o u a parametrization of h(J)) there exists € = e(z,u,r) = £1 such that

indp(,)(h ou) = eind. (u).

Since two Jordan curves J; (i = 1,2) satisfying z € int(J;) C B(z,r;) C U are
homotopic in U \ {z}, we deduce that € depends only on the point z. Moreover the
map z — €(z) is locally constant because of Property 3.3 so it is constant on the
connected set U. One says that the homeomorphism h preserves the orientation
if e =1 and that h reverses the orientation if e = —1.

Since this notion has been defined for a local planar homeomorphism, one can
extend it to the framework of homeomorphisms on orientable surfaces.

3.5 Lefschetz index

The aim of this section is to provide an elementary Lefschetz fixed point theory.
Roughly, given a continuous self-map h of a‘“nice” topological space X, such a
theory associates to an open set U C X an integer Ind(h,U) € Z which allows
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to detect fixed points of h in U. We just explain here how to compute this index
in a intuitive way when the open set U is a Jordan domain of R? or S? and we
give the main properties in this framework (see e.g. [D] for a general theory). We
begin with a definition in the plane R2.

Definition 3.7 Let X C R? and let h : X — R? be a continuous map. Suppose
that U is a Jordan domain such that Cl(U) C X and that h has no fized point on
the Jordan curve J = 0U (i.e. if UNFix(h) is compact). The Lefschetz index of h
on J, denoted by Ind(h, J), is defined as the winding number of (h(u(t))—u(t));est
where u : S' — J is a counterclockwise parametrization of J. It does not depend
on the choice of u. One also speaks of the Lefschetz of h on U and we write then
Ind(h,U).

We have the following
Properties 3.8 1. IfInd(h,J) # 0 then Fix(h) N U # 0,

2. Homotopy Invariance; If (hs : X — R2)0§S§1 is an homotopy from hg = h
such that Fix(hs) N J =0 for every s then Ind(h,J) = Ind(hi, J),

3. Topological Invariance; Suppose that ¢ : X — Y = p(X) is a homeomor-
phism. Then
Ind(h, J) = Ind(p o ho ™", ¢(J)),

4. If h(z) € CU(U) for every z € J then Ind(h,J) = 1.

Proof. 1) Suppose that Fix(h) N U = (). The set CI(U) is homeomorphic to
the closed unit disc of R? by Schoenflies Theorem. So, for some zy € U, the
Jordan curve J is isotopic inside Cl(U) to another Jordan curve J; surrounding
zp and with diameter arbitrary small. If this diameter is small enough, there
is a straightline A such that J; and h(J;) are on both sides of A from which
we deduce Ind(h,J;) = 0. The assertion then follows by considering the map
(t,s) — h(us(t)) — us(t) # 0 in Property 3.1.

2) Use Property 3.1 with the map (¢, s) — hs(u(t)) — u(t) # 0.

3) We give an argument valid only for an orientation preserving conjugacy map
¢. Consider the restricted map ¢|cyry and extend it to a homeomorphism ¢ of
R? by using Schoenflies Theorem. Since ¢ preserves the orientation so does ¢
and consequently there exists an isotopy from Idg2 to ¢, i.e. a family (¢s)o<s<i
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of homeomorphisms of R? such that ¢g = Idge, 1 = ¢ and (s,2) — ¢s(2)
is continuous. We get the result by using Property 3.1 with the map (¢,s) —
¢s o h(u(t)) — ¢s(u(t)) # 0.

4) Because of Schoenflies theorem and 4) above, there is no loss in supposing that
J =S For 0 < s <1 define hy(z) = (1 — s)h(z). We have clearly Ind(hy,J) = 1
and we conclude with 2) above. [ |

The topological invariance above allows one to define the Lesfchetz index for
Jordan domains in the sphere: consider a continuous map h : X — S? where
X C S? and a Jordan domain U such that CI1(U) C X, OUNFix(h) = (). Moreover
we restrict our attention to the situation CL(U) U h(CI(U)) # S? (it is enough
for our purpose). Then we can pick a chart v : S\ {a} — R? where a €
S\ (CLU) U h(CL(U))) and we simply define

Ind(h,U) :=Ind(s o h oy, (J))

It does not depend on the choice of ¢. Properties 3.8 also hold in this context.

We also demand that the Lesfchetz index is "additive”; Let h: X — S? be as
above and suppose that U;, i € [ is a family of pairwise disjoint Jordan domains
such that Fix(h) is disjoint from each OU; and meets only finitely many U;’s.
Then we define

Ind(h, | JU;) =) Ind(h,U;).
el icl
We have the useful

Property 3.9 Let h : X — S? be as above and let Uy, Uy C S? be two Jordan
domains such that Cl(U;) C X and 0U; NFix(h) =0 (i =1,2). We also assume
that each connected component of Uy N Us is a Jordan domain.

If Fix(h) N Uy = Fix(h) N Uy N Uz then we have

nd(h, U1) = Ind(h, Uy NUs) = S Tnd(h, V).
VEﬂ'()(UlﬂUQ)

Proof. The set Fix(h) N Uy N Uz = Fix(h) N U; is compact hence it is covered
by finitely many connected components Vi,...,V, of Uy N Uy. The proof is by
induction on n. There is nothing to do if n = 0. If n = 1, first remark that we can
slightly alter 0V; is such a way that CI(Vy) C Uy. We get Ind(h, Uy) = Ind(h, V1)
by considering an isotopy between the Jordan curves 0U; and 9V; inside the
annulus C1(Uy) \ V1. Suppose now the result was proved for n =0,1,..., N and
let us check that it also holds for N 4+ 1. Consider an arc « contained in U; except
its two endpoints a, b in J = 90Uy and write a1, as for the two subarcs of J having
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a,b as endpoints. Such an arc « separates Uy into two connected components
Wi, Wy which are Jordan domains bounded by respectively the Jordan curves
Ci = ag Ua and Cy = as U . Moreover a can be choosen disjoint from the
Cl(V;)’s and in such a way that each Jordan domain Wj, contains at least one of
the C1(V;)’s. We conclude by observing that

Ind(h, U) = Ind(h, W}) + Ind(h, Wa)

and by using our induction hypothesis with Wy N Us (k = 1,2). [ J

We end with a result which is a consequence of the so-called Lefschetz-Hopf
Theorem (see e.g. [D]) and which cannot be proved using only our elementary
point of view.

Theorem 3.10 If h is an orientation preserving (resp. reversing) of S?, then
we have Ind(h,S?) = 2 (resp. Ind(h,S?) = 0). In particular, since 2 # 0, every
orientation preserving homeomorphism of S* admits a fized point.
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