A dynamical property for planar homeomorphisms
and an application to the problem of canonical
position around an isolated fixed point

Marc BONINO

1 Introduction

The first result of this paper (Theorem 2.1) is a fixed point theorem for
planar homeomorphisms and describes a situation where we can answer the
following question: given such a homeomorphism h and a compact disc
D C R? disjoint from the fixed point set Fix(h), does this disc contain the
whole positive orbit Oy = {h"(z) | n € N} of a point © € D? The proof
depends mainly on Bell’s Theorem ([Be]), which asserts that h has a fixed
point in every non-separating invariant continuum of the plane.

Section 3 provides an application of Theorem 2.1 to the study of an orien-
tation preserving homeomorphism A of R? near an isolated fixed point p. We
will show that, up to small and compactly supported perturbations (which
do not alter the fixed point set Fix(h)), one can suppose that h is conjugated
on a suitable circle around p with a “canonical homeomorphism” which
depends only on the Lefschetz index ind(h,p) of h at the point p (Theo-
rem 3.4). As a matter of fact, this lemma, which has several applications
(see Section 3), is asserted in a paper of Schmitt ([Sc]) but the proof is
there very difficult to follow and seems to contain a gap. Another proof,
due to Slaminka ([S]]), strongly uses the fact that every point = ¢ Fix(h)
is a wandering point. In particular, it does not apply when ind(h,p) =
1. We will see that our arguments, in contrast with the earlier ones, are
valid for every value of the fixed point index. Then we will be able to
confirm Schmitt’s Theorem: for every n € Z, the space H,, of all orientation
preserving homeomorphisms h of R? such that the origin o is the only fixed
point and ind(h,0) = n, endowed with the compact-open topology, is path
connected (Theorem 3.7).



2 A dynamical property

2.1 Notations and conventions

R? is equipped with the metric d(m,m’) = ||m — m/'||, where || - | is the
euclidian norm. The topology of R? induces a topology on every subset
X Cc R%

For Y C X C R2, Clx(Y), Intx(Y) and Frx(Y) = Clx(Y) \ Intx(Y)
denote respectively the closure, the interior and the frontier of Y relative to
X. More briefly, we will write Clgs(Y) = Y, Intgs(Y) =Y and Frg(Y) =
Fr(Y).

Unless the contrary is stated, a simple closed curve C' C R? is positively
oriented. If z, y are two points on C, [z,y]c (resp. (z,y)c) denotes the
closed arc (resp. the open arc) from z to y for the choosen orientation on
C.

Finally, weset B = {m € R? | |m| <1} and B = {m € R? | |m| < r}.

2.2 Statement of theorem

Theorem 2.1 Let h be a homeomorphism of R? (preserving or reversing
the orientation) and D C R? a topological closed disc bounded by the simple
closed curve C' = Fr(D).

Assume we can find two arcs o = [a,blc and B = [b,alc such that
DNh YB) =0 and h X (D) Na =0 (see fig.1).

Then, if ﬂ h=™(D) # 0, there exists a point m € D such that h(m) € D

neN

and h%(m) = m.

Furthermore, if h preserves the orientation, we can choose m to be a
fized point (that is, h(m) =m).



fig. 1

2.3 Plane topology

This paragraph is devoted to more or less well known results, which will be
basic tools in the proof of Theorem 2.1. We give some of their proofs when
they do not appear in the literature.

Proposition 2.2 Let K1 and Ko be two connected compact sets included
in a topological closed disc D C R%. Suppose there exist two points a,c in
KiNFr(D) and two points b,d in Ko N Fr(D) such that a,b,c,d are met in
this order on C' = Fr(D).

Then K1 N Ky # 0.

The proof is left as an exercice to the reader.

Proposition 2.3 (see for example [WD, exercice 9 page 113]) Let K be a
connected compact set in R? and X a connected component of R? \ K.
Then Fr(X) is a connected set.

Corollary 2.4 Let K be a connected compact set included in a topological
closed disc D C R?, K # D, and X a connected component of D\ K.
Then the frontier Frp(X) = X \ X of X relative to D is a connected

set.



Proof : If K C B, this is an obvious consequence of Proposition 2.3. Then
we can suppose K NFr(D) # (. Using the Schoenflies Theorem, we can also
assume that D = {z € C | |z| <1} and 0 ¢ K. Define a homeomorphism f
of the sphere S? = C U {oco} by the formula

f(2) = 5 if 2 € C\ {0}, £(0) = o0, f(c0) = 0.

2|

Clearly, the set K’ = K U f(K) C R? is compact and connected. If X cD
then X is also a connected component of R?\ K’ and then Frp(X) = Fr(X)
is connected by Proposition 2.3. If X N Fr(D) # 0, then (X U f(X)) \ {occ}
is a connected component of R?\ K’ and then Fr ((X U f(X))\ {o0}) is
connected. One can check that

Fr((X U f(X))\{oo}) = Frp(X) U f(Frp(X))
and this implies the connectedness of Frp(X). O

Definition 2.5 Let Y ¢ X ¢ R? and my # mg be two points in X \'Y. It
1s said that Y separates mi and mo in X if my and mg do not belong to the
same connected component of X \'Y. For X = R2, we will simply write “Y
separates my and mo”.

Definition 2.6 A set X C R? is simply connected if its complement S%\ X
in §% = R? U {oo} is connected.

If X is a bounded set, this is clearly equivalent to the connectedness of

R\ X.

Properties 2.7 (1) If X; C R?, i € I, is a family of simply connected
sets, then ﬂ X; is simply connected.
el
(2) A compact set K C R? separates two points m1 and mo if, and only if
one of its connected component separates mi and ms. Consequently,
K is simply connected if and only if each of its connected component
is stmply connected.

Proof : (1) Since oo € S\ X; for all 4 in I, S?\ (ﬂXZ> = USz\Xi is
icl i€l
connected.



(2) : If a connected component L of K separates m; and ma, so does
K. Conversely, suppose there is no connected component of K separating
mq and mo. We recall the following result (known as the Zoretti Theorem,
see [Wh, page 35]) :

If L is a connected component of a compact set M C R? and € is any
positive number, then there exists a simple closed curve J which encloses L
and is such that J N M =0, and every point of J is at distance less than €
from some point of L.

Let g be a homography of S? such that g(mz) = oo and consider the
compact set K; = g(K) C R%2. Choose r > 0 such that K; C rB and
mo ¢ 2rB. It is sufficient to prove that K does not separate mg and g(my).

Let L; be a connected component of K. Since the connected components
of R%\ L; are path connected, there exists a path a; C R%\ L; from g(my)
to mg. Note that L; is also a connected component of the compact set
M; = K1 Ua; and applying the Zoretti Theorem with L = L;, M = M; and
€ = r gives a simple closed curve J; bounding a topological closed disc D;

[}

such that L; CcD;, ;N Ky C J;NM; = 0 and D; Na; = (). Repeating this
construction for every connected component of K, we obtain a finite open
covering

Ky CDil Uu...ubD,,

where we can suppose D;; ¢ D;, for j # k. Then one can check that the set

(R2\ (O Dij)) U Lnj Ji;

is connected, disjoint from K; and contains both g(m;) and mg. O

Corollary 2.8 Let K be a compact set in a topological closed disc D C R?,
K # D, and two points m; € D\ K (i=1,2).

Then K separates my and mg in D if, and only if one of its connected
component separates my and meo in D.

Proof : By the Schoenflies Theorem, we can assume that D = {z € C | |z]| <
1} and 0 ¢ K. Suppose that K separates m; and mg in D and consider the
homeomorphism f of S? defined in the proof of Corollary 2.4. It is easily
seen that

K separates m; and mg in D <= K U f(K) separates m1 and mg



then we obtain with Proposition 2.7 (2) a connected component L’ of K U
f(K) which separates m; and mg. It is not difficult to deduce that a con-
nected component L of K separates mq and mo in D. O

Theorem 2.9 (Cartwright-Littlewood-Bell Theorem) Let h be a homeo-
morphism of R? (preserving or reversing the orientation) and K C R? a

connected and simply connected compact set.
If h(K) = K then h possesses a fixed point in K.

When h preserves the orientation, this result is known as the Cartwright-
Littlewood Theorem (see [CL] or [Brl]). The general case is proved in [Be].

Corollary 2.10 Let h and K be as in Theorem 2.9.
If we suppose only h(K) C K, then h possesses also a fixed point in K.

Proof : Define K’ = (] h"(K). Then K’ is a connected compact set (as a

neN
decreasing intersection of connected compact sets) and is simply connected

by Property 2.7 (1). Since h(K) C K we have h(K') = K’ and Theorem
2.9 gives a fixed point in K’ C K. O
2.4 Proof of Theorem 2.1

From now on, we suppose ﬂ k(D) # 0.
keN

2.4.1 The sets D,, n € NU{co}

n
Notations 2.11 Vn € N, set D,, = ﬂ h~*(D) and Do = ﬂ h=k(D).
k=0 keN

Lemma 2.12 Fr(D,) C fULA " (a) Vn € N.

Proof (by induction on n) : The result is obvious for n = 0. If we suppose
it is true for n we obtain :

Fr(Dy11) = Fr (b (D,) N Dy) € R~ (Fr(Dy)) U Fr(Dy,)
C R Y (B)UR~ D (@)U UL (a).

But Fr(D,y1) Nh™™(a) C Dpri Nh™(a) € h"(h~Y(D)Na) = § and
Fr(Dpi1)Nh=Y(8) c DNRh=Y(B) =0, so we have



Fr(Dpy1) C BUL~ D (a). O

Proposition 2.13 FEvery connected component of Dy, is simply connected
and meets the arc (.

Proof : First we prove, for n € N, that every connected component of D,
meets the arc @ : recall the intersection Uy N Us of two Jordan domains is a
disjoint and countable union H Vi, where each V; is a Jordan domain such

that F'r(V;) C Fr(Uy) U Fr(Us) (see for example [Ke]). It follows that

VnEN Dn—ﬂh HVnz
k=0
where each V;,; is a Jordan domain such that Fr( U hk

and precisely, with Lemma 2.12, Fr(V,;) C Fr(D,) C U h "(c). Then
every topological closed disc Vm = Vi U Fr(V,,;) meets the arc 5. Now
note that we have Fr(D,)\ 3 C UFT Vp,i); there is nothing to prove for

n=20;letn>1and m e Fr(D n) \ 8 C h~™(a). Since D,, C Dy_; and
h="(a) Nh~"* () C A" (A1 (D) N a) = () we have also

m € Dp_1 \ (BUR™Y) C Dp_y

and then there exists a neighbourghood V of m in R? such that V C lo)n_l
and h™"(« ) divides V into exactly two connected components A and B, with

ACh™ ()andBCh "(R2\ D) (see fig. 2).

Jm h' (@)



We obtain

A C h_n(lo)) N lo)n—l == lo)n = HVn,Z 5

then there exists an index iy such that A C V,,;, and m € Fr(V,,;,). It fol-
lows that D,, C fU UVW- and then, for n € N, every connected component

7

of D,, meets (3.
Let cs be a connected component of Do, and, for n € N, ¢, the con-
nected component of D,, which contains c,,. We have clearly

Coo C ﬂ ¢n C Doo.
neN

Furthermore, ﬂ ¢n, 1s connected (as a decreasing intersection of connected
neN
compact sets) and then co, = ﬂ ¢, meets the arc 3.

neN
Finally, the simple connectedness of ¢, is an obvious consequence of

Properties 2.7. O

Notation 2.14 7y(Ds) denotes the set of all connected components of Do .

2.4.2 Two order relations on (D)

Remark that Do, € D1 C D\ .. Then for every ¢ € my(Doo) there exists
a (unique) connected component of D \ ¢ which contains a. We define a
relation < on my(Dso) in the following way :

For ¢; and ¢y in mo(Doo), we will write ¢; < co if either ¢; = ¢3 or ¢1
is contained in a connected component of D \ ¢y which does not contain «
(see fig. 3).



fig. 3
Proposition 2.15 (1) The relation < is a (partial) ordering of mo(Doo).

(2) (existence of maximal elements for <)

Ky,

c1 € mo( ) Jea € mo( ) suc @ {02<<63=>62=C3‘

Proof : (1) (i) Suppose ¢; < ¢o and ¢; # ca. Let A be the connected
component of D \ ¢ which contains a. Since ) # Frp(A) = A\ A C ¢, the
set AUcy = AU ¢y is connected and satisfies

aUcy CAUcg=AUca CD\cy.

This excludes the situation ¢y < c;.

(ii) Let ¢1 < ¢g, o < c3 with ¢1 # co and ¢y # ¢3. Suppose ¢1 U « is
contained in a connected component A of D \ ¢3. Since ¢; < ¢z and ¢ # co
we have A ¢ D \ co, that is ANcy # 0, and then ¢; C A which gives a
contradiction with co < c3.

(2) For ¢ € mp(Doso), define

Maj(c) = {c € mo(Dso) | ¢ < '}
We need the following lemma, :

Lemma 2.16 The set Maj(c) is totally ordered by <.



Proof of Lemma 2.16 : Suppose Maj(c) is not reduced to {c}. Let ¢ # ¢’
be in Maj(c). If ¢ = ¢ (resp. ¢’ = ¢) we have obviously ¢ < ¢’ (resp.
" < ). Then we can assume ¢’ # ¢ and ¢’ # ¢. We note A’ (resp. A”) the
connected component of D\ ¢ (resp. of D\ ¢’) which contains ¢. If ¢ C A’
then ¢/ < . If ' N A’ = () then we have

cud cAud=AudcD\.
Since A’ U = A’ U ¢ is connected, it is contained in A” and then ¢ < ¢”.
O
continuation of the proof of Proposition 2.15 (2) : If Maj(c;) = {a1}
just set ca = ¢1. If ¢ € Maj(c1) and ¢ # ¢1 we let A(c) be the connected

component of D \ ¢ which contains ¢;. For convenience, set A(¢;) = () and
then define

A= |J A(c)c D, K=Frp(A).
ceEMaj(er)

Thus A is an open set in D disjoint from the arc a and K = A\ A.

(i) We have K C D :

Let m € K and U a connected neighbourhood of m in D. Since m € A
there exists ¢ € Maj(cq) such that U N A(c) # 0. On the other hand,
m ¢ A(c) so UN(D\ A(c)) # 0. It follows from the connectedness of U
that ) # UN Frp(A(c)) C ¢ C Dy. The assertion is proved because U is
arbitrary small and Dy is closed.

(ii) o and ¢; are not in the same connected component of D \ K :

We have the partition D\ K = (D \Z) [TA. The set D\ A is an open

set in D and contains o (because A = AUK C AU Dy C D\ a) whereas
A is an open set in D and contains ¢;.

(11i) K is a connected set :

Suppose there exists a partition K = K [[ Ko where K; is a non empty
closed set in K (i = 1,2). Then there exist two open sets {1 and s in
R? such that K; € Q; (i = 1,2) and QN Qs = 0. Let m € K; and
U C 4 a connected neighbourhood of m in D. The proof of (i) above gives
c11 € Maj(cy) such that

0 7& FTD(A(CLl)) NU C FT’D(A(CLl)) N .
Furthermore, it is easily seen that

1 <cgd = Ale) C A(d)

10



and we obtain precisely Frp(A(c)) Ny # 0 for every ¢ > ¢;,1. In the same
way, there exists ¢1 2 € Maj(cy) such that Frp(A(c))NQe # 0 for every ¢ >
c1,2. According to Lemma 2.16, we can suppose cj2 < c1,1 and ¢ # cq1.
For every ¢ € Maj(c1,1) C Maj(c1), Frp(A(c)) = A(c)\ A(c) is a connected
set (see Corollary 2.4) then there exists m(c) € Frp(A(c)) \ (21 [192) and
one can define

X(c)={m(d) | e< }.
It follows from Lemma 2.16 that the set
B={X(c)|ce Maj(ci1)}

is the basis of a filter F on D and by compactness of D there exists a filter
F1 finer than F which converges to a point m € D.
Let U be an open neighbourhood of m in D. Then

X(aip)e BCFCFH

and U € Fj so X(c11) NU # 0, that is there exists ¢ > ¢;1 such that
m(c) € U. Since m(c) € Frp(A(c)) C A(c) we obtain

me |J Ale)=A4A.
ceMaj(er)

On the other hand, we have m ¢ A : indeed m € A(c), ¢ € Maj(c1),
would imply A(c) € F; and as above one could find ¢ > ¢ such that m(c’) €
A(c). But ¢ < ¢ implies A(c) C A(¢') then we would have m(c’) € A(c)
which is absurd. Thus we have obtained

mGK:K1HK2C91HQQ.

Suppose for example that € is a neighbourhood of m in R?. Then
DNy € Fand X(c)N(DNQy) #0D for every ¢ € Maj(ey )

which gives a contradiction with m(c) ¢ Qp [[Qq for all ¢ € Maj(c11).

(iv) It follows from (i) and (7ii) that K is contained in a connected
component ¢y of Dy,. It remains to be checked that co possesses the required
properties. Let ¢ be in Maj(c1). If ¢ # co , we have by the construction
K N A(c) = 0 and therefore co N (A(c)Uc) = 0. Furthermore, the set
A(c)Uc = A(c)Uc is connected and satisfies

cUci CA(c)Uc=A(c)UcC D\ ¢

11



so it is contained in the connected component A(cz) of D\ co which contains
¢1. According to (ii), A(c2) Na = 0. This proves simultaneously ¢; < ¢y and
cKL e U

Notation 2.17 £ = {c € my(D) | ¢ is maximal for the ordering <}

Now consider the natural ordering < of § provided by the positive orien-
tation of C' ( for z and y in 3, z < y simply means that b, z,y,a are met
in this order on C). Clearly, the ordered set (/3,<) has the properties of
the interval [0, 1] ordered as usual. Especially, every set X C [ admits a
least upper bound Sup(X) € 5 and a greater lower bound Inf(X) € § which
belongs to X if X is closed.

Keeping in mind Proposition 2.13, we have the following result which
will be a convenient criterion to use with the order < :

Proposition 2.18 Let ¢; # ¢ be in mo(Doo). The following properties are
equivalent :

(1) c1 < ¢
(2) Yz € c1 NG, Inflca N B) < & < Sup(ca N 3)
(8) x € c1 N B such that Inflca N B) <z < Sup(ca N ().

Proof : (1) = (2) Let v € ¢y N B. If x ¢ [Inf(ca N B3), Sup(ca N B)]~ then
either the arc [b,z], or the arc [z,a], joins o and ¢; in D \ ¢, which
contradicts ¢; < cs.

(2) = (3) is obvious.

(8) = (1) Suppose a U ¢ is included in a connected component A of
D\ ¢y. Since A is also path connected, there exists a path v C A from z to
a point y € a. We obtain with Proposition 2.2

@#VQCQCAOCQZQ
which is absurd. O

Proposition and definition 2.19 The set mo(Dy) is totally ordered by
the relation < defined as follows :

c1 = ¢a & Infler N B) < Inflea N B).

The verification is easy and left to the reader. As usual, ¢; < ¢y will
mean ¢ < ¢g and ¢ # co.

12



Proposition 2.20 In the (totally) ordered set (€,=), every non empty sub-
set F C &€ admits a least upper bound.

Proof : Set xzy = Sup (U cn 6). Since Do, is a closed set, there exists

ceF
¢p € mo(Dwo) such that zg € cp.

(i) co € € : suppose there exists ¢; € my(Doo) such that ¢ # ¢p and
co < ¢1. According to Proposition 2.18 we have

Inf(c1 N B) < xg < Sup(ci N )

and, by the definition of x(, we obtain an element ¢ € F and a point = € cN(
such that
Inf(c; N B) <z < xp < Sup(c; N G).

If ¢ # ¢1, we deduce again from Proposition 2.18 that ¢ < ¢;, which is not
possible because ¢ € F C £. We obtain therefore ¢ = ¢; € F and then

Sup(c1 N B) < xg < Sup(er N GF)

which is absurd.
(ii) co is a upper bound for F : suppose there exists ¢; € F such that
co < ¢1. Then

Inf(co N B) < Inf(erp N G) < Sup(er NP) < xo < Sup(cp N B)

and it follows from Proposition 2.18 that ¢; < ¢ which gives a contradiction
with ¢; € €.

(11i) co is the least upper bound of F : let ¢; € £ such that ¢; < ¢p.
Then Inf(c; N B) < Inf(cop N G) < xg. Since ¢y € € and using Proposition
2.18, we obtain also

Sup(e; N B) < Inf(ep N B) < xp
then there exist ¢ € F and = € ¢N 3 such that
Sup(c1 N B) < z < zp.
Since ¢; € &€, we obtain with Proposition 2.18
Inf(c; N B) < Sup(ciNP) <Inf(cnpP) <=z

and then ¢; < ¢ is not an upper bound for F. O

13



2.4.3 A map ¢ from £ to &

Proposition and definition 2.21 For every ¢ € my(Du) there exists a
unique ¢’ € mo(Doo) such that ¢ C h=(c).

Furthermore, we have : c € £ = ¢ € €.

We obtain a well-defined map ¢ from & to & by setting o(c) = .

Proof : For the first part of the proposition, just note that Do, C h™1(Dso).
Then, for every ¢ € my(Dwo), there exists a unique ¢’ € my(Ds) such that
h=1(c) is the connected component of h~!(D,) containing c. Let ¢1 # ¢/
be in mp(Doo) such that ¢’ < ¢o'.

It is enough to prove :

(01 € mo(Dao), €1 C h’l(cl’)> = (1 ¢€).

Let C; C mp(Ds) be the family of all connected components of D N
h=1(cy) and, for every ¢ € Ca, Maj(c,Co) = {c € Ca | c < '}.

Since DNh~1(c}) is a closed set, one can replace Maj(c1) by Maj(cy,Co)
in the proof of Proposition 2.15 (2) and obtain the following result :

c K ey,
Vep € Cp Jep € C h that
“ 27 2 SUe & { (c2 < 3,03 €Ca) = (e =c3).

We denote Cppazr = {c €Ca| (c < ¢, €C2) = (c =)} and, for every
ceE Cmaa:
e B(c) the connected component of D \ ¢ which contains « ,
e A, the set of the connected components of D \ ¢ which are disjoint from
a.

Since ) # A\ A C c for every connected component A of D\ ¢, the set

K(c) =D\ B(c) = ( U A) Uc
A€A.

is connected.
Note that the set K = U K(c) is closed : suppose there exists a

Cecmax
sequence (my)reny Which converges to a point m and satisfies

VEk € N, 3¢ € Cag such that my, € K(cy), with K(ci) # K(q) for k # 1.

14



By the construction, the K(c), ¢ € Cpaz, are pairwise disjoint therefore

lilind(mk, Frp(K(c))) = 0.

Since Frp(K(ck)) C ¢, € DN h~1(ch) there exists ¢ € Co such that m € ¢
and we obtain m € K (), where ¢ € Cpq, satisfies ¢ < ¢.

Furthermore, one can check that the K(c), ¢ € Cpnaz, are exactly the
connected components of K. We deduce from the connectedness of D\ K (c)
and from Corollary 2.8 that D \ K is connected.

Suppose ¢; C D\ K. Since aNh™ (D) =0 and ¢; € DNh"Y(D), we
have

0#(D\K)NFrp(DNh (D)) c (D\ K)Nh (a)

and there exists a connected component Y of (D\ K)Nh~!(D) which meets
both ¢; and h™!(a). Then h(Y) C D is connected, disjoint from c, and
joins h(ec1) C ¢} and «. This contradicts ¢ < ¢, and we obtain therefore
¢ € Caz such that e; N K(c) # (0. Since c; Ne C h=Y(c) Ncy) = B there
exists A € A, containing ¢;. Thus ¢; < cand ¢ ¢ £. O

Proposition 2.22 If h preserves (resp. reverses) the orientation then ¢
preserves (resp. reverses) the order < of £.

Proof : Let cl be in £ and ¢;' = p(¢;) (1 = 1,2). Suppose we have ¢; < ¢y
and c¢1’ # ¢y’. Since ¢o € £, we obtain with Proposition 2.18

Inf(c; N B) < Sup(er NB) < Inf(ca N )

Furthermore, ¢; N h™1(c’) € h=Y(c1’ Nea’) = () then there exists a point
x € (3 such that

Sup(c1 N B) < & < Inf(ca N B) and [Sup(ci N B), x|~ N h=Y(co') = 0.

Now choose a point y € (a,b)c. As in the proof of Proposition 2.21, we
denote by C; C mp(Doo) (2 = 1,2) the set of all connected components of
D N h7Y(¢'). Since ¢1 U [Sup(cr N B),z]o is connected and disjoint from
h~1(co'), observe that if a connected component ¢ € Cy separates x and y
in D then ¢; and « are not contained in the same connected component of
D\ ¢, which is not possible because ¢; € £. On the other hand, it is clear
that ¢; does not separate z and y in D. The set {c1} UCy is exactly the
set of all connected components of ¢; U (h™1(c2’) N D)) and it follows from
Corollary 2.8 that there exists a path

v C D\ (01 U (D N h_1(02,)>)

15



from x to y. Furthermore, v can be chosen to be a simple arc which intersects
Fr(D) only in its endpoints x and y. Thus ¢; (resp. ¢2) is included in the
topological closed disc D; (resp. D2) bounded by the simple closed curve
C1 = [y, z]cUy (resp. C2 = [x,y]cUy) and DiNDy = ~. Let 23 € (a,y)c and
mg € cz. Since ¢z € &, we obtain again with Corollary 2.8 that DN h~1(cy’)
does not separate ms and 2z in D and then there exists a path

vo C D\ (D n h_l(cl’)>

from mgo to zz. If necessary, we can modify v2 and obtain v C Da \ 7,

a ¢ Y2.
With the Schoenflies Theorem, we can assume that D = {z € C |

|z2| <1}, a=1,b= —1 and h~1(3) is a horizontal segment below D (say

for example h=1(3) = [~1,1] x {—2}) such that h_l(lo)) is above h=1(3).
Choose two simple arcs u; (i = 1,2) in such a way that

e the endpoints of u; (resp. of pg) are b and (—1,—2) (resp. a and
(L _2)>7
o Oy =aUpu Uh™Y(B) U ps forms a simple closed curve,

e the topological closed disc D, bounded by C, contains D U h~1(D)
(see fig. 4).
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Define Ko = h™'(c2’) U~a D ca Uxe. Thus K3 is a connected compact
set included in D, \ h~!(c1’) and contains neither a nor b. Denote X, (resp.
Xp) the connected component of D, \ Ky which contains a (resp. b). It
follows from Proposition 2.2 that X, # Xp. Since

c1 U [Sup(ci N B),z]o Uy U [y, bl

joins ¢; C h™(¢1!) and b in D, \ Ka, we have h™!(c;’) € X and then
XaN h_l(cll) = 0.

e If h preserves the orientation, this implies ¢;’ < ¢o’: otherwise, since
¢1’ € € (see Proposition 2.21), we obtain with Proposition 2.18

Inf(co’ N B) < Sup(ca’ N B) < Inf(e;’ N JB) .

As h preserves orientation, h_l(lo)) is (locally) on the left of h=1(C) and
therefore h=1(b) = (—1,-2), h™!(a) = (1,—2). Thus the connected set
h=1 ([Inf(er’ N B),al) U pg joins h=1(c1’) and a in D, \ K2, a contradiction.
o If h reverses the orientation, we obtain co’ < ¢1’ : otherwise, since ¢’ € &,
we have with Proposition 2.18

Inf(c;" N B) < Sup(cr’ N B) < Inf(ea’ N JB) .

Realizing that hil(lo)) is now (locally) on the right of h=1(C), we can see
that A= ([b,Inf(c1’ N 3)]) U p2 is connected and joins h~'(ci’) and a in
D, \ K», a contradiction. O

We can now prove Theorem 2.1 :

Let 29 = Inf(Do N 3). Since D is closed, xy belongs to a connected
component ¢; (I for “left”) of Do and ¢; is clearly the minimal element of
the ordered set (mp(Doo), <). Furthermore, it is an obvious consequence of
Proposition 2.18 that ¢; € £. If h preserves (resp. reverses) the orientation,
define ® = ¢ (resp. ® = p o). According to Proposition 2.22, & maps &
into £ and preserves the order <.

Assertion : ® possesses a fixed point ¢, € £.
We can suppose ¢; < ®(¢;). Then consider F = {c € £ | ¢ < ®(c)} and

cp € & the least upper bound of F (see Proposition 2.20). If ®(co) < co,
there exists ¢; € F such that ®(cp) < ¢1 < ¢p and we obtain both

®(c1) = P(cp) < ¢1 (since P preserves the order <) and ¢; < ®(cy),
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which is absurd. Thus we have ¢y < ®(cp), and we can assume ¢y < P(cp).
Consequently, we obtain ®(cp) ¢ F, that is ® o ®(cp) < ®(cp). On the other
hand,

co = @(Co) = (I)(Co) <do (I)(Co)

and then ®(cp) = @ o ®(cp). The assertion is proved.
We have obtain the following :
e if A is an orientation preserving homeomorphism, then

e Ch™ (plen)) = R (@(eh)) = h™ ' (e)

and Corollary 2.10 gives a fixed point for h in c,.
e if i is an orientation reversing homeomorphism, then p(c,) C h™! (p o ¢(cy))
implies

¢, Ch7t (p(ey)) C h? (pop(c)) = h_2(<I>(c*)) = h_2(c*)

and Corollary 2.10 gives a fixed point for h? in c,. Furthermore, h(c,) C
v(cy) C D. Theorem 2.1 is proved. O

3 Canonical position
We begin with two definitions :

Definition 3.1 Let h and b’ be two homeomorphisms of R?. It is said that
I/ is a free modification of h if there exists a finite sequence hy, . .., hy which
satisfies

VZ:].,,H—l hi—l—l:@iohi (07’hi+1:hi0g0i)

where each @; 1s a planar homeomorphism supported on a countable union
HDi»J' of pairwise disjoint topological closed discs D; ; such that hi(D; ) N
J

D; ; =0 for every pair (i,j).

Definition 3.2 Let h be a planar homeomorphism and C C R? a simple
closed curve disjoint from the fized point set Fiz(h), bounding the topological
closed disc D.

It is said that h s in a canonical position on C if the following conditions
are satisfied :
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(C1) h(C) intersects C' transversely and only finitely often,
(C2) DN h(D) is connected,
(C3) Card(CNh(C)) =2|n—1|

where n is the index ind(h,C) of C with respect to h (see [Sl, page 430]);
furthermore, if x belongs to the intersection T = C' N h(C'), then either the
arc (z,h(z))y () or the arc (h(z), ), is disjoint from T U h(Z).

See examples in figure 5, where h is supposed to preserve the orientation
and where C’, @/, b’ denote respectively h(C'), h(a), h(b).

n=1 n=2

fig. 5
The following properties are well known and easily checked :

Properties 3.3 Let b/ be a free modification of a planar homeomorphism
h and C C R? a simple closed curve such that CN Fiz(h) = (. Then there
exists an isotopy (hi)o<i<1i from hg = h to hy = h' such that Fiz(hy) =
Fiz(h) for every t. Consequently, we have ind(h,C) = ind(h',C).

When C' surrounds an isolated fixed point p of h (and is close enough
to p), n = ind(h, C) is nothing but the Lefschetz index ind(h,p) of p and
the purpose of this section is to find a free modification of h which is in a
canonical position on C'. As mentioned in the introduction, this idea is due
to Schmitt and is a central point in several papers (see [Sc|, but also [Bo],
[Br2], [PS] and [Sl]). Nevertheless, it is not possible to obtain the condition
(C2) with the arguments in [Sc] (see [Bo, section 5]). To avoid this difficulty,
Slaminka ([S]]) modifies both the homeomorphism A and the simple closed
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curve C. We follow his strategy and adapt his proof in such a way it works
for every value of the Lefschetz index of p.

Theorem 3.4 Let p be an isolated fixed point of an orientation preserving
planar homeomorphism h and a circle C bounding a closed disc D such that
p €D, DN Fiz(h) = {p}.

Then there exist a free modification h' of h and a simple closed curve C’
bounding a topological closed disc D' C D such that

(1) peD’,
(2) B is in a canonical position on C'.

Proof : The condition (C1) can be obtained adapting the proof of theorem
Al in [Ep, Appendix]. These details are left to the reader. Then we follow
the proof in [S]] from “Reduction to a connected component”, page 434. We
consider the disc Fjy bounded by p and -, as described page 436. Observe
that Fp satisfies the hypothesis of Theorem 2.1 (see [Sl, figure 8]) and Fyn
Fix(h) = 0 then (as asserted page 437) there exists an integer n > 1 such
that
(x) AT (F)Nh T (F)Nn...nFy=0

but this property depends no more on Brown’s lemma and is now valid for
every value of the fixed point index. Furthermore, it is true but not obvious
that property (%) is sufficient to remove the intersection of v with C' : since
[S]] contains no proof, the reader is referred to [Bo, lemme 5.4]. Performing
a finite number of removals, we are reduced to the case where (C1) and (C2)
are satisfied. Afterwards, proceed as explained in [Sl]. One can also obtain
(C3) following [PS] from “reduction to canonical form”, page 471. O

Remark 3.5 The reader can observe that the removal of the arcs such as
~ above has to be inserted in [PS] to complete the proof.

Remark 3.6 Given a neighbourhood U of p, we can choose the disc D small
enough to have h\Rz\U =hn |r2\p- Furthermore, there exists a neighbourhood
V of p such that hly = R/|y.

Using Theorem 3.4, we can confirm the following result:

Theorem 3.7 (Schmitt’s Theorem, see [Sc]) For every n € Z, the space
‘H,, is path connected.

Proof : Just replace in [Sc] the process to obtain a canonical position by
Theorem 3.4. O
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