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ABSTRACT: We consider the homeomorphisms of the compact annulus A = S$* x [—1, 1] isotopic
to the symmetry Sa which interchanges the two boundary components. We prove that if such a
homeomorphism is, in some sense, conservative and twisted then it possesses a periodic orbit of
period exactly two. This can be regarded as a counterpart of the Poincaré-Birkhoff theorem in
the isotopy class of Sj.
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1 Introduction and Motivation

A celebrated result in topological dynamics is the following, whose first complete
proof is generally attributed to G.D. Birkhoff ([2], see also [4]).

Theorem 1.1 (Poincaré-Birkhoff) Let h be a homeomorphism of the compact
annulus A isotopic the identity map Idy. If h preserves the area and satisfies the
boundary twist condition *then it has at least two fized points.

There are numerous variants and generalizations of this theorem. An important
idea, which already appears in the paper [19] by Poincaré, roughly says that
the area-preserving assumption can be replaced with the next one: there is no
essential sub-annulus of A containing its image as a proper subset. This is the
point of view adopted for example in [5, 9, 12, 13, 16, 21] and we will also think
of a conservative homeomorphism of the annulus by following this line. Suitable
generalized twist properties can be found in [7, 8, 12, 21]. An interesting feature
of these properties is that they deal with the behaviour of A inside the annulus
and not only on its boundary. As we will see below, this is naturally adapted to

The boundary twist assumption intuitively says that h rotates the two boundary components
of A in opposite directions. See e.g. [7] or [12] for a precise statement.



our purpose. Let us quote finally [1, 7, 14] for analogous statements in the open
annulus.

The aim of the present paper is to show that there exist close results in the
isotopy class of the symmetry S, which interchanges the boundary components
of A. The reasons for such an investigation are the following. First of all, the
homeomorphisms h of A isotopic to either Sy or Idy share the following property,
which is actually one of the mostly basic fact for proving the various versions
of the Poincaré-Birkhoff theorem: any lift H of h to the universal cover A com-
mutes with the deck transformations. In other words, they induce the identity
map at the level of homology. Secondly, it is well known that the Poincaré-
Birkhoff theorem can be deduced from (the proof of) another classical result in
dynamics, namely the Brouwer plane translation theorem for fixed point free and
orientation preserving planar homeomorphisms. This idea can be traced back to
Kerékjarté ([16]) and also plays a central role in some modern papers such as
[1], [12]-[14], [21]. Moreover the Brouwer plane translation theorem has a coun-
terpart in the framework of orientation reversing homeomorphisms: roughly, for
such a homeomorphism of the sphere S?, any kind of recurrent behaviour in the
complement of the fixed point set implies the existence of a 2-periodic orbit (see
[3]). It is then natural to expect for a result saying vaguely that “a conservative
homeomorphism A of the annulus A isotopic to Sy and without a 2-periodic orbit
(but possibly with fixed points) cannot twist the annulus”. Producing non trivial
results in this direction requires to describe what is an untwisted homeomorphism
h by considering its behaviour in the whole annulus; indeed, if A% has no fixed
point on the boundary of A then it moves points in the same direction on the
two boundary components. Following L. Guillou in [12], this is carried out by
looking at the way h moves the arcs joining the two boundary components of A.
Precisely, our main result is the following.

Theorem 1.2 Let h be a homeomorphism of the compact annulus A = St x[—1,1]
isotopic to the symmetry Sy : A — A, (z,7) — (z,—7r); equivalently, h reverses
the orientation and interchanges the two boundary components of A. We assume
that h has only finitely many fized points. If h has no 2-periodic point, i.e. if
Fix(h) = Fix(h?), then at least one of the two following assertions holds.

1. There exists an essential Jordan curve J C A such that

- JNh%(J) = JNFix(h),

- the Jordan curves J and h*(J) have no point of transverse intersection;
equivalently, h?(J) meets only one connected component of A\ J.

2. There exists an arc « joining the two boundary components of A such that



- anh(a) = anh?a) =anFix(h),
- the set h(a) U h%(a) does not meet the two (local) sides of a; as a
consequence, h?(a) does not meet the two sides of h(a),

- the three arcs hi(a), i € {0,1,2}, are either in the (circular) order
a, h(a), h?(a) or h*(a), h(a), a.

A typical homeomorphism illustrating the untwisted situation (2) is of course
h = Sp o Ry where Ry is the rotation by angle 6 ¢ {0,7}. Such an example
satisfies Fix(h) = Fix(h?) = () but it can be easily modified, by slowing down the
rotation near S! x {0}, in order to create finitely many fixed points on this circle.
As aremark, let us observe that a Jordan curve J as in the dissipative situation (1)
is actually contained in the interior of A, due to the fact that Fix(h?) = Fix(h)
is disjoint from the boundary of A. It should also be pointed out that we do
not know anything about the relative positions of the Jordan curves J, h(J) and
h%(J). Finally, the finiteness of the fixed point set Fix(h) is a technical assumption
appearing as the price to pay in order to interpret the conservative and twist
properties in terms of curves such as J and a.

Another approach for considering twist properties inside the annulus, due to
J. Franks ([7, 8]), is by means of the rotation set. From this point of view, a
homeomorphism of the annulus A is untwisted if it moves asymptotically all the
points of A in the same direction, clockwise or counterclockwise. Observing that
the notions of rotation number and rotation set also make sense for a homeomor-
phism of A isotopic to S, we explain in an Appendix how some results of Franks
extend to this framework. This leads to another version of our result for homeo-
morphisms without wandering point where we drop the assumption concerning

Fix(h) (Theorem 4.4).

2 Background

2.1 Notation and vocabulary

We think of the compact annulus as A = S! x [~1,1] and of the open annulus
as A’ = S x R. We use the ~same letter II for the two universal covering maps
A=Rx[-1,1] — A and A’ = R? — A’ both defined by (8,7) — (e r).
The deck transformations are then the iterates 7" of the translation 7 : (z,y) —
(z + 1,y) defined either on A or on R%. We write Bd*(A) for the two boundary
components St x {£1} of A and Bd(A) = Bd™(A) UBd"(A). We have similarly
Bd(A) = Bd~(A) UBd"(A) for the boundary of the strip A. Each boundary
component of Bd(A) is naturally ordered from the left to the right, i.e. for a

given o = +1, we write (a,0) < (d/,0) if and only if a < o’. In a general way,



Bd(M) denotes the boundary of a manifold M which is always a surface or a 1-
dimensional manifold in this paper. Since it does not seem to be entirely standart,
let us point out that a 1-dimensional submanifold IV of a surface S with boundary
is always assumed to satisfy Bd(N) = Bd(S)NN. In other words, we define N C S
to be 1-dimensional submanifold of S if the pair (S, N) is locally homeomorphic
to either (R?,R x {0}) or ({(z,y) € R*|z < 0},{(z,y) € R?|z <0, y =0}).

If Y is a topological space and X C Y we write generally Cly (X), Inty(X) and
Oy X for respectively the closure, interior and frontier of X with respect to Y.
Nevertheless, most of our constructions are made in the strip A so we denote
simply X, Int(X) and 0X instead of respectively Clj (X), Intz(X), 9; X for any
set X C A.

A subset X of a surface S is said to be an are, a Jordan curve, a topological
closed disc, a line, a half-line if it is homeomorphic to respectively [0, 1], St, the
closed unit disc of R?, R, [0,+00). A line or a half-line X C S is said to be
properly embedded in S if it is a closed subset of S. If a C S is an arc with a
given orientation and a,b two points of o which are met in this order on «, then
[a, b, denotes the subarc of a from a to b. We say briefly that an arc « C A
crosses A if it joins the two boundary components of A, i.e. if it is contained
in A\ Bd(A) except one endpoint on each boundary component of A. Similarly
for an arc @ C A. It follows from the Jordan curve theorem that if & is an arc
crossing A then A \ @ has exactly two connected components W, W’ and that
OW = OW' = a. Only one of these two sets W, W' is unbounded on the right
(resp. on the left), which means that it contains points (z,%) (resp (—z,%)) of A
with arbitrarily large = > 0; it is named the domain on the right (resp. on the
left) of a.

For any map f : X — X, a point x € X is said to be k-periodic if k is the
smallest positive integer such that f¥(z) = 2. The integer & > 1 is named the
f-period or simply the period of x. We also say that k is the period of the orbit
O = {z, f(x),..., fFY(x)} since any point in this orbit is k-periodic. The fixed
point set is Fix(f) = {z € X | f(z) = x}.

2.2 Homology-preserving homeomorphisms of the annulus

There are precisely four isotopy classes for the homeomorphims of the annulus
A. We are mainly interested in this paper in the one of the symmetry Sy :
A — A defined by the formula Sy(z,7) = (z,—r). A homeomorphism in this
class lifts to homeomorphisms of A commuting with 7, exactly as those isotopic
to Ids. This is not true for a homeomorphism of A which is in one of the two
remaining isotopy classes. This commutation property can be rephrased in a more
topological way by saying that h induces the identity map on the homology group



Hyi(A,Z). Indeed fix zyp € A and let w : [0,1] — A be a path from w(0) = z¢ to
w(1) = h(zg). If a : [0,1] — A is a loop based at zo whose lifts @ : [0,1] — A
satisfy &(1) = 7(&(0)) then its homotopy class [@] generates the fundamental
group m1 (A, z¢) = Z and for any lift H of h to A we have

ToH=Hor <= [a] =[wxhoa*w ],

where * is the concatenation of paths. Since the Hurewicz isomorphism from
m1(A, o) to Hi(A,Z) maps the homotopy class [5] of a loop 3 to the homology
class {3} of the 1-cycle § (see e.g. [11]) we obtain

ToH = Hor <= {a} = {wxhoasw '} ={hoa} =h.1({a}) < h. =1d,

where h,; is the endomorphism induced by h on Hi(A,Z). In this situation,
we say that h is a homology-preserving homeomorphism. Remark that all this
remains valid if one replaces A with A’.

Property 2.1 We let B be either A or A’. We suppose that h is a homology-
preserving homeomorphism of B and that H : B — B is a lift of h to the universal
cover.

1. If 2 € B is a 2-periodic point of H then z = I1(Z) is a 2-periodic point of h.

2. If H has no 2-periodic point then it extends to a homeomorphism (again
denoted H ) of the whole sphere S* = R? U {oo} without a 2-periodic point.

Proof. 1) We have 2 = H%(%) so z = h%(z). If 2 = h(z) then H(Z) = 7"(Z) for
an integer n € Z and consequently 7 = H?(Z) = 72*(Z). So we get n = 0 and
then H(Z) = z, a contradiction.

2) If B = A’ then, of course, we just let H(co) = oo. If B = A, let us write 7, for
the vertical translation by vector (0,b) € R?. We obtain the required extension
by letting H(c0) = oo and for (z,y) € R?, |y| > 1:

-
H(z,y) = y/lyl-y
(z,y) { Ty/lyl—y © H © Ty/‘yl_y(x,y) if h is isotopic to Sy.

o HoTyy—y(w,y) if his isotopic to Idy,

2.2.1 Rotation number and rotation set

This section will be useful in the Appendix. We recall some definitions and
results which are very classical for homeomorphisms of the annulus A isotopic
to Idy and the reader is just asked to observe that they extend immediately to



any homology-preserving homeomorphism i of A. The projection on the first
coordinate A — R, (x,y) +— x is denoted by p;. We consider a lift H : A — A of
h.

e We say that m € A has rotation number py(1h) € R if lim 4 o
pr (). In this case, all the points 7%(1m), k € Z, have the same rotation number
as m and one can define the rotation number of m = II(m) € A by letting
pr(m) = pg(m). In particular if m € A is a g-periodic point of h then there
exists p € Z such that H9(m) = 7P(m) for any m € II-'({m}) and we have
pr(m) =p/q.

e The rotation set p(H) may be defined by

pioH" () —py () _

p(H) = { / ¢dp| pis an h-invariant Borel probability measure on A}
A

where ¢ : A — R is well-defined by ¢(m) = p1 o H(m) — p1(m) for any m € A and
m € I~ ({m}). The rotation set is a compact interval [a, b] (possibly a = b) whose
endpoints are realized by ergodic probability measures. By using the Birkhoff
ergodic theorem one deduces that a,b are the rotation numbers of some points,
i.e. there exist 7, m’ € A such that a = py (1) and b = py(1’). We also have

Vp,q€Z p(t7P o HY) =qp(H)— p.

2.3 A recurrence property

The next result is Lemma 5.4 of [3]. It will give some important properties for
the brick decompositions used farther in the paper (see Section 2.4).

Lemma 2.2 Let H : S — S? be an orientation-reversing homeomorphism. As-
sume that there exists a sequence D1, ..., D, of topological closed discs in S?
satisfying

(i) Yi,j € {1,... ,n} D; = D;j or Intg2(Di) ﬂIntSQ(Dj) = (),
(’l’l) VZG{L,TL} H(DZ)QDZ:®:H2(DZ)QD“

(iii) Vi,j € {1,...,n} Dj meets at most one of the two sets H~*(D;) or H(D;);
equivalently: H(D;) N D; #0 = H(D;)ND; =0,

(iv) Vi € {1,...,n—1}3k; > 1 such that H* (D;) N\ D;1 # 0 and 3k, > 1 such
that H*(D,,) N Dy # 0.

Then H has a 2-periodic point.



2.4 Brick decompositions

This notion was introduced by P. Le Calvez and A. Sauzet in [17] and [20].

2.4.1 Definition and a topological property

Let S be a surface. A brick decomposition D of S is a collection {B;};c; of
topological closed discs such that

® Uie] B; =5,
e if ¢ # j then B; N B; is either empty or an arc contained in dsB; N dsB;,

e for every z € S, the set I(z) = {i € I|z € B;} contains at most three
elements and Uie[(z) B; is a neighbourhood of z in S,

e if S has a boundary, then for every B; the set B; N Bd(S) is either empty
or an arc. In particular there are at most two B;’s containing a given point

2 € BA(S).

A brick decomposition can be readily constructed from a triangulation of S. The
B;’s are called the bricks of the decomposition. An elementary but important fact
is the following. The reader is asked to keep in mind our convention concerning
1-submanifolds of bordered surfaces (Section 2.1).

Property 2.3 For any nonempty set J C I, the set |J;c; B; is closed in S and
its frontier aS(UZEJ BZ-) is a 1-dimensional submanifold of S.

Observe that the second assertion in the above property requires the fourth item in
the definition of a brick decomposition. Further details can be found for example
in [3][Section 5.2] in the case of a surface S which is an open subset of the sphere
S?. The adaptation to our slightly more general setting is straightforward.

2.4.2 A Lemma of Guillou

Lemma 2.4 below is implicit in [13]. For the convenience of the reader, we write
it in a form adapted to our purpose and we give a proof.

Lemma 2.4 Let F' be a closed subset ofA disjoint from Bd(A) and containing
only isolated points (maybe F =0). Let D = {B;}ics be a brick decomposition of
the surface S = A \ F'. Suppose that X C S is a nonempty union of bricks, i.e.
X = U,y Bi for some nonempty J C I, and has the following properties.

(i) X is connected,



(ii) X is unbounded as well as any connected component of S\ X = A\ (FUX).

Then X is a 1-dimensional submanifold of A such that 9sX C X C FUdsX.
Furthermore one of the two next assertions holds for any connected component A

of 0X.
1. The set A is a line, or a half-line, properly embedded in A.
2. The set A is an arc crossing A.

Proof. The set X is closed in S = A\ F (Property 2.3) so X C X UF. Moreover
S is an open subset of A hence easily 9sX C X C F UdsX. The set dsX is
already known to be a 1-dimensional submanifold of S, and so of A. Thus, in
order to prove that dX is a 1-dimensional submanifold of A, we just have to check
that any given z € 9X N F C A\ Bd(A) possesses a neighbourhood in X which
is homeomorphic to R. Consider any connected component § of dg.X. Because
of (ii) the set  cannot be a Jordan curve and if d is a line, then § \ § C F is
different from {z}, i.e. 0 U {2z} is not a Jordan curve. Let V be an open disc
in A containing z so small that V N F = {2z} and V N Bd(A) = §. We have
D#XNV=Xn(V\{z})and V \ {z} =V ¢ X hence the connected set V \ {z}
meets JgX. According to the above remarks we have

Vo em(dsX) NV D =0NnV #0.

Since a brick decomposition of S is locally finite and dsX C J;c; 9B, it follows
from the compactness of 9V C S that there are only finitely many § meeting
V. Moreover at least one of them satisfies z € § since otherwise one could find
a smaller V such that V' N 95X = (). Thus the set & = {J € 79(9sX)|z € 6} is
nonempty and has finite cardinality. It is now enough to check that it contains
precisely two elements. Clearly z € A\ Bd(A) implies that £ has cardinality at
least two. It cannot contain three distinct d; (i = 1,2, 3) since otherwise one could
construct a Jordan curve J C X as follows. For ¢ = 1,2, pick a point a; € §; and
write §; for the subarc of §; joining a; to z. Since X is a connected union of bricks
there is an arc v C X joining a1, as and meeting dsX only in its two endpoints
ai,as. Thus J = By U~ U By is a Jordan curve disjoint from d3. Possibly after
renaming the 9;’s, the arc v can be chosen in such a way that d3 is contained in
the bounded connected component of A\ J, contradicting (ii). Finally, let A be a
connected component of 9X. It is obviously closed in A and, if it is an arc, then

its two endpoints cannot be on the same connected component of Bd(A) because

of (ii). [ |



2.4.3 Attractors and repellers

Suppose now that h is a homeomorphism of a surface S with a brick decomposition
D = {Bi}ier. For any brick B;, € D define

In={io}, Ao=Ro= U B; = B;,

i€l

and inductively, for n € N,

Inji={i € I|h(A)NB; #0}, A= |J B,

ieln+l

Iy y={i€llh (Ro)NB; £0}, Ro,a= |J B

ISY

Following Le Calvez and Sauzet, we consider the sets A = |J,,~; An and R =
U,;>1 R—n which are called respectively the attractor and repeller associated to
B;, and h. If necessary we specify the brick B;, by writing respectively A,,(B;,)
and A(B;,) in place of A,, and A (the homeomorphism h is always clear from the
context) and similarly for the sets R,, and R. The next key result is Lemma 5.9
of [3] although it is stated there for a surface S which is an open subset of S?. As
in [3], it is a consequence of Lemma 2.2.

Lemma 2.5 Let H : S?> — S? be an orientation-reversing homeomorphism with-
out a 2-periodic point and let D = {B;}icr be a brick decomposition of a surface
S C S? such that H(S) = S. Assume furthermore that for any two bricks B;, B;
m D we have:

° H(BZ) NB;,=0= HQ(BZ) N B;,
e at most one of the two sets H1(B;) N B; or H(B;) N Bj is nonempty.

Then the attractor A and the repeller R associated to any brick B;, € D are such
that

(i) Ints(B;,) NA =0,
(ii) ANIntg(R) = 0.

In other words, (i) By, is not a brick of A and (i) A and R do not have any
common brick.



2.5 Two versions of the Poincaré-Birkhoff theorem

The next result is due to Guillou.

Theorem 2.6 ([12]) Let h be a fized point free homeomorphism of the annulus
A isotopic to Idy. Then there is an essential Jordan curve J C A such that
h(J) N J =0 or there is an arc « crossing A such that h(a) N = (.

As explained in the introduction, this theorem was helpful for finding a reasonable
notion of (un)twisted homeomorphism in our framework. From a more technical
point of view, some of our constructions were also inspired by [12, 13]. In partic-
ular Lemma 3.7 below is an adaptation of some arguments in [12]. Nevertheless,
no familiarity with these papers is needed for the reading of the present work. On
the other hand, the following close result of H.E. Winkelnkemper is an ingredient
for proving Theorem 1.2.

Theorem 2.7 ([21]) Let h be a homeomorphism of the annulus A isotopic to
Ids and let H : A — A be a lift of h. If H is not conjugate to T, then either
H has a fized point or there exists an essential Jordan curve J C A such that
h(J)NnJ=10.

3 Proof of the main result (Theorem 1.2)

Let h be as in Theorem 1.2 without any 2-periodic point. Let Hy : A — A be
a lift of h. Since h? has no fixed point on Bd(A) there exists k € Z such that
z < 7o HZ(2) < 7(Z) for every 2 € Bd™(A) and one deduces from Hyor = 70 Hy
that these inequalities also hold for Z € Bd*(A). If k is even (resp. odd) let us
define H = 7%/2 0 Hy (vesp. H = 707%/2 0 H;') and afterwards G = 70 H™2,
Thus H and G are lifts of h and h=2 (resp. of h~! and h?) and one can check
from the above inequalities that

VZ e Bd(A) z< H%*(Z) <7(%) and Z < G(2) < 7(3).

We denote from now on F = Fix(H) = Fix(H?) (see Property 2.1) and S = A\ F.
We have S = 7(S) = H(S). We recall that H can be thought of as the restriction
of a homeomorphism of the whole sphere S? without any 2-periodic orbit. For
later use we make the following remark.

Claim. The homeomorphism G is fixed point free.

Indeed Z = G(2) implies I1(2) € Fix(h?) = Fix(h) hence H(Z) = (%) for some
n € Z and consequently 71727 (2) = G(Z) = Z which is absurd.
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To avoid repetitions we introduce some vocabulary: for any map f: X — X we
say that a family &£ of subsets of X is 2-aperiodic with respect to f if we have

YNnfY)=0=Ynf()

VY, Zzeé& { fY)ynz=0or f(Z)nY =9.

Thus Lemma 2.2 and Lemma 2.5 can be rephrased by demanding that respectively
{Dy,...,D,} and the brick decomposition D are 2-aperiodic w.r.t H.

We now construct a brick decomposition of S = A\ F which, in addition to
the general features recalled in Section 2.4, captures some part of the behaviour

of H? on Bd(A).

Lemma 3.1 There exist an € € (0,1) and a brick decomposition Dy = {Bi }ier
of the surface S = A\ F satisfying the following properties:

1. Dy is T-equivariant, which means {T(B;)}Yic; = Dyy.
2. Dy is 2-aperiodic w.r.t. H.

3. The bricks meeting BA™(A) (resp. Bd*(A)) are rectangles B, = [an, tni1]X
[_1’ -1+ E] (Tesp' B; = [bnaanrl] X [1 -6 1]) where (an)neZ and (bn)nEZ
are two strictly increasing sequences of reals numbers such that limy a, =
lim4 o by = Fo00.

4. For everyn € Z we have either HQ(B?LE)HB?;I # () or there exists an integer

m = m(n) such that H-Y(BF)NBX #0 # H(BL) N B,jf_H. Consequently

BE | C Ay(BF) C A(BY) and B, C R_5(BY) Cc R(BY).

Proof. We first construct the trace of Dy on Bd(A) in order to get (4) and
afterwards we extend it to obtain the whole brick decomposition. Let us call an
interval decomposition of BA(A) a set Z of compact intervals of Bd(A) satisfying
Uaez @ = Bd(A) and such that, for o # o’ in Z, we have

z€aNad = zisacommon endpoint of o and «’.

We define in the same way an interval decomposition of Bd(A). Since h? is fixed
point free on Bd(A), one can easily construct a finite interval decomposition Zy
which is 2-aperiodic w.r.t. h. Remark that Zy has at least three intervals on each
boundary component of A. Let fo be the set obtained by “lifting Zy”, that is fo
contains the connected components of all the sets II™!(a), aw € Zg. This provides

an interval decomposition of Bd(A) which is both T-equivariant and 2-aperiodic

11



w.r.t. H. Now if Z,7" are two interval decompositions of Bd(A), we write Z < 7" if
7 is finer than 7/, that is if every interval of Z is contained in an interval of Z'. This
yields a partial orderlng on the set of all the interval decompositions of Bd(A)
There exists Z > Zo which is maximal among the interval decompositions of Bd(A)
which are both 7-equivariant and 2-aperiodic w.r.t. H. Consider two intervals
&,& € T with a common endpoint say @ = [a,d] x {c},& = [d/,d"] x {o}
(a < d <d’ o =241). We have & # 7(&) since otherwise we would get

(a,0) < H*(a,0) < 7(a,0) = (d',0)

on the boundary component of A containing these three points, which contradicts
anH 2( a) = 0. Consequently we get a new 7- equ1var1ant interval decomp051t10n
7' = T by replacing in 7 all the translates of & and & by those of & U&'; precisely
we define

= (Z\{r"(&),™(@&@)|n e Z}) Uu{r™(@ud)|n € Z}.

This interval decomposition Z’ cannot be 2-aperiodic w.r.t. H because of the
maximality of Z. Since H o7 = 7 o H, it follows that either we have

(1) 0£H(@ud)n(aud) = (H*@)na)u(H*d)na)

or there exists &” = [b,b] x {—o} € T such that

(2) H'@)n(@ua)#0#H@" )N @ua)

and the latter can be restated as

(3) (HYa)na#£0#+H@&)Nd)or (HH@)Nd #0+H(@)Na).

Because of the behaviour of H? on Bd(A), Equation (1) glves H2(a)na # 0.
Moreover Equation (3) implies H-}(a")Na # 0 # H(&") N&'. Indeed observe
that H=1(&")Na’ # 0 # H(&") N & would imply that H(&") meets both H?(&')
and & which are respectively on the right and on the left of @ in the connected
component of Bd(A) which contains them. Consequently we would get &' C
H(&") and then

@# ~/I ( ) ~I/mH2( /I) _@

which is absurd. For a given ¢ € (0,1) one can associate to each & = [a,a'] x
{—1} € T the rectangle Rsz = [a,a/] x [-1,—1 + €] C A and similarly for & =
[b,0'] x {1} € Z. The family {R4 | & € T} is T-equivariant and, for a small enough
€ > 0, it is also 2-aperiodic w.r.t. H. It remains to complete this family to get a

12



brick decomposition of S as required. By the construction, each rectangle Ry is
mapped homeomorphically by the covering map IT onto R, = H(Rd) C A\II(F).
Because of the finiteness of 7 there are only finitely many different R,’s, call
them Ry,..., Rg, and it is not difficult to construct a brick decomposition Dy of
A\ II(F') possessing all the R;’s as bricks (one can proceed as for Lemma 5.10
of [3]). Since every brick B € Dy is topologically a disc, so are the connected
components of II71(B) and we get a T-equivariant brick decomposition 7% of
S by considering all the connected components of the sets II71(B), B € Dy.
Subdividing suitably some bricks of 56 \ {Rs|a& € T} if necessary, one gets a
T-equivariant brick decomposition D of S which is also 2-aperiodic w.r.t H. The
reader can for example adapt the proof of Lemma 5.10 of [3]; the only difference is
that if a brick B € Dy\{Ra | & € Z} is subdivided, then the translated subdivision
must be performed on each Tk(B), k € 7Z, in order to keep the T-equivariance.

Let Dy be a brick decomposition of S as given by Lemma 3.1. We keep the
notation B, a,, by, from this lemma. Choose any brick meeting Bd(A), say By =
[ap,a1] X [-1,—1 + €], and consider the attractor A = A(B, ) and the repeller
R = R(B, ) associated to B, and H. According to Property (4) of Lemma 3.1
we have

UB,clJAwmcAand | B, c|JR-anCR.

n>1 n>1 n<—1 n>1
We let
Ae = U Aon, Re = U R_2, and A, = U -/42n+1, Ro = U R-_2n-1
n>1 n>1 n>0 n>0

where the subscripts e and o stand for respectively even and odd. It follows
from By C A and By N By # 0 that A, and A, are connected hence A =
Ae U A, has at most two connected components. We clearly have H(A.) C A,
and H(A,) C A.. Since the union of the bricks containing a given point Z € S is
a neighbourhood of Z, we can be more precise and observe that

H(A.) C Int(A,) and H(A,) C Int(A.).

Remark that the set A,NBd* (A) contains H ([a1, +00)x {—1}) so it is unbounded
on the right. Similarly B~; C R_» and B_;N B, # ) implies that R, and R, are
connected, so R = R, UR, has at most two connected components. Moreover
we have

H™Y(R,) c Int(R,) and H '(R,) C Int(R,).

The set R, N Bd*(A) is unbounded on the left since it contains H ~((—o0, ag] x
{-=1}). It is now enough to prove the two next propositions.
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Proposition 3.2 If either A or R is not connected, then there exists a Jordan
curve J as announced in Theorem 1.2.

Proposition 3.3 If A and R are connected, then the conclusion of Theorem 1.2
holds.

Proof of Proposition 3.2. We first suppose that A is not connected, i.e.
A.N A, = 0. Then we necessarily have A, N BdT(A) = . Otherwise A, con-
tains a brick B+ and Property (4) of Lemma 3.1 implies Un>l B c A.. Con-
sequently Bd+( ) N A, would be bounded on the right, a contradiction. Let
Xo = U,pez 7" (Ae) and let X be the union of Xy with all the bounded connected
components of S\ Xy. Because of the T-equivariance of Dy, each set 7"(A.)
(n € Z) is a union of bricks and then so are Xy and X. Since each set 7"(A.)
is connected and 7"(B; ) C 7"(Ae) N 7™ (Ae) for n > m in Z we obtain that
X is connected and then satisfies the assumptions (i)-(ii) of Lemma 2.4. Since
X C X UF is disjoint from Bd*(A) and

Bd~(A) c Int( | J B,) C Int(X)
nez

there exists a connected component J of 9X which is a line properly embedded
in A, disjoint from Bd(A), which separates Bd*(A) and Bd~(A) in A. We have
7(X) = X hence 7(0X) = X and consequently 7(.J) = J since otherwise .J and

(J ) € 0X would be two disjoint and properly embedded lines in A separating
Bd~(A) and Bd*(A). This contradicts the connectedness of X because Bd™(A)
Int(X). Thus J projects onto an essential Jordan curve J = II(.J) € A\ Bd(A)
and it is enough to show that H2(.J N .S) is contained in one of the two connected
components of A \ .J. We know that

J C X C dsX UF and also dsX C dgXg C U 0s(m"(Ae)),
nez
the last inclusion following from the fact that Xo = (J,,cz 7" (Ae) is closed in S

(Property 2.3). Thus any point Z € J NS belongs to dg(7™(A.)) = 7"(d5.A) for
some n € Z hence

H%(3) € H*(1"(95A.)) = T"(H?(8s.A)) C 7 (Int(A.)) C Int(X).

The set Int(X) being connected (as the interior of a connected union of bricks)
and disjoint from .J, this proves the proposition when A is not connected. If R is
not connected, the proof is the same after replacing A, and H with respectively

R, and H1. [ |
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Proof of Proposition 3.3. This is broken into the following four lemmas.

Lemma 3.4 If A and R are connected, then A is bounded on the left while R is
bounded on the right.

Proof. Since A is a connected union of bricks and meets the two boundary
components of A, one can find an arc 7 crossing A from a point %, € Bd_(A) NnA
to a point #; € Bd*(A) N A and lying entirely in Int(A). We know from Lemma
2.5 that R € A\ Int(A) € A\ 4 and furthermore |J,,. , B;, C R is unbounded
on the left. Consequently R is contained in the domain on the left of 4 and is
then bounded on the right. One gets the assertion concerning A by reversing the
roles of A and R. |

Lemma 3.5 If A and R are connected, then at least one of the following two
assertions 1s true.

1. There exists an essential Jordan curve J C A such that J N h%(J) = (.

2. There exists an arc 3 crossing A such that, writing W, for the domain on
the right of 3, we have

o 7(W,) C H*(W,) C H(W,) C W,;
equivalently, G(W,.) C W,, ¢ H-Y(W,.) ¢ H=2(W,.).

« H)NG=H*B)NG=HNF.

Proof. Let X be the union of A with all the bounded components of S\ A, so
that X is a union of bricks of Dy satisfying (i)-(ii) of Lemma 2.4 and 85X C dg.A.
The set A meets the two boundary components of A and is bounded on the left
(Lemma 3.4) so the same is true for X. It follows that there is a connected
component & of 9X C 95X U F which is an arc crossing A. Write U; (resp. U,.)
for the domain on the left (resp. on the right) of & We have Int(X) C U, because
Int(X) is connected, disjoint from & C X and unbounded on the right. We also
observe that H(U,) C U,. Indeed H fixes the two ends of A, so it is enough to
check 9H (U,.) C U, and this turns out to be true because

OH(U,) = H(a) = H@n S) U (anF)

and

H@)NScHOXNS)C H(A) C Int(A) C Int(X) C U,.

The homeomorphism G = 7o H~2 being fixed point free, Theorem 2.7 tells us
that either G is conjugate to the translation 7 or there exists an essential Jordan
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curve J C A such that J N A*2(J) = (). So we can suppose that G is conjugate
to 7. Defining V' = J,,cy G"(U;) and keeping in mind that G(2) > Z for any
Z € Bd(A), one obtains since G is conjugate to 7 that V = Uy, <,, G"(U,) for
some integer m > 0 and consequently V = {y<,,<,n G"(U;). In particular this

shows that A \ V has only one unbounded (on the left) connected component
which we call W;. A classical result of Kerékjarto asserts that if Uy, Us are two
Jordan domains 2 of R? then any connected component of U; NUs is also a Jordan
domain whose frontier is contained in Og2U; Udg2Us (see [15]). One deduces that
OW, is an arc crossing A and contained in Uo<n<m G™(@). We let 3 = W, and

W, = A N\ W;. Thus W;, W, are the domains respectively on the left and on the
right of 8 and V' C W,.. To prove the first point of (2), first remark that

GV)CV =W cCcGW) < GW,) CW, < 7(W,) C HX(W,).

Furthermore we know that H(U,) C U, hence by using H o G = G o H we obtain
that H(V) C V. It follows that W; C H(W)) and afterwards H2(W,) C H(W,) C
W,.. To prove the second point of (2), remark that G(S) = S gives

pnsc( |J ¢ra)nsc |J G osA).

0<n<m 0<n<m

Thus we get for i € {1,2}
H(@AnS) ¢ | ¢rH (9sA) c | Gmt(A) c | MU =Vvew,

0<n<m 0<n<m 0<n<m
and consequently H'(3)N 3= H (BNF)NB=3NF. |

Lemma 3.6 Let ﬁ and W, be as in Lemma 3.5. We suppose that 7(W,) ¢ W,,
i.e. that 7(B) NGB # 0. Then there exists a Jordan curve J as announced in
Theorem 1.2.

Proof. We adopt the convention that any arc crossing A is oriented from its
endpoint on Bd~(A) to its endpoint on BdT(A) and we keep the notation W,
for the domain on the left of B. Let %o, % be the endpoints of 3 on respectively
Bd~(A) and Bd*(A). Let Z be the first point of 3 such that 7(2) € 3. Clearly
zZ & {20,221}, so we have two arcs [Zp,7(Z )]5 and 7([29, 2 ]B) = [r(2),7(2 )]r(ﬁ)
contained in A\ Bd(A) except for their origins Z, 7(%) and meeting only in their
common endpoint 7(2). Since 7(W;) C W, two points of BN 7(3) are met in the
same order on 3 and on T(B) so we get more precisely

{r(0)} = [20.7(2)] 5 N 7([20, 2]5) = [Z0, 7(2)]5 N 7(5)-

2A Jordan domain of R? is the bounded complementary domain of a Jordan curve J C RZ.
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Letting ¥ = [Z0, 7(2)] ;U7 ([20, 2] 5), it follows that 7 = €2 for a connected compo-

nent Q of A\ (3U7(3)). Since any point 7 € Bd™(A) such that Zy < m < 7(Z)
belongs to W, N7(W;), we deduce that € is a connected component of W, N7 (W;).
Moreover we have fN7(3) C BNH(3) C F by item (2) of Lemma 3.5, so 7%(%) € F
for every k € Z.

FIRST CASE: the points Z,7(Z) are met in this order on j3.

1) Bd"(A)

21 T(

83

Figure 1: The arcs 3 and 7(3) when Z precedes 7(Z) on 3

Let J = [2,7(2)]5, so that ¥ = [Z, Z]5 U JuU 7([%0,2]5). The arc J projects onto

an essential loop J =1II(J) C A\ Bd(A) and we have
{z,7(5)} c JNH?*(J) c BN H?*(3) C F.

To prove that J is actually a Jordan curve as required, it is enough to show the
following properties:

() JUHA(J) € QUJIU (o). 7(3)], 5 = O\ (120,215 \ {2}),

(ii) the covering map II induces a one-to-one map from Q \ [Z, 7] 5 onto 1(Q).
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Because of HQ(W) C W,, two points of N H%(() are met in the same order
on (3 and on H?(3) hence H2(J) N [20,2]5 = {Z}. So we just have to check that
H?(J) c Q for proving (i). First observe that Q is the only connected component
of W,.N7(W)) containing Z in its frontier, due to the fact that if Q' #  is another
connected component of W, N 7(W;), then Q' NdQ C BN 7(F) C [7(2), 21] 5.
Consider now an arbitrary neighbourhood V of Z in A. We have z € W, \ T(B) C
7(W;) and H%(Z) = %, so any point m € JNS C B NS close enough to Z satisfies
H?(m) € V. N7 (W;) N W, and consequently H?(J) N Q # (). To see that H?(.J)
is entirely contained in € remark that otherwise H?(J\ {%,7(3)}) c H*(p)
W, N7(W;) would contain a point of #2N3N7(3) = {r(2)}, which is not possible
since 7(2) is a fixed point of H?. Property (ii) can be rephrased by saying that

vn e Z\ {0} 7"(Q\ [20.2];) N (2\ [20,2];5) = 0.

This is true for n = +1 because 2\ [Zo, z)5 C W,.N7(W;) = W, \ 7(W,.). Moreover
we have Q N 7(Q) = 7([Z0, 2] 5) C 0 and classical arguments from Brouwer’s

theory of fixed point free orientation-preserving planar homeomorphisms 3 then
ensure QN 7"(Q) = @ for |n| > 2.

SECOND CASE: the points 7(%), Z are in this order on £.

Remark that 7(2) is the first point on 3 whose image by 7! belongs to 3. Hence
we reduce to the first case by considering 7(2), Z, 7!, H~! in place of respectively
zZ,7(2), 7, H and by interchanging the roles of W;, W,. |

Lemma 3.7 Let 3 and W, be as in Lemma 3.5. We suppose that 7(W,) C Wy,
i.e. that T(ﬁ) NG = 0. Then there exists an arc o as announced in Theorem 1.2.

Proof (adapted from [12]). For every integer n > 1, let us define X

Ny G¥(B) and X = N,y G'(B) = N>, Xn- We remark that X = . Otherwise,
since X C G(X), one can consider the map f = (G Y)|x : X — X which
preserves the order induced by § on X because of G(W,) ¢ W,. We get a
contradiction because every increasing map from a nonempty closed subset of the

3Let f : R? — R? be a fixed point free and orientation-preserving homeomorphism. It is
well known that a topological closed disc D C R? disjoint from its first iterate f(D) is also
disjoint from every f"(D), n # 0 (see e.g. [12][Proposition 3.5]). Suppose now that D’ C R?
is a topological closed disc such that D’ N f(D') C Og2D’ and D' N f*(D’) # () with |n| > 2.
Pick m € D' n f~™(D’) and consider an arc 7 from m to f™(m) lying entirely in Intgz(D’)
except possibly its endpoints in Gg2 D’. The points m, f(m), f™(m), f*T*(m) are pairwise distinct
because f has no periodic point and n & {0,+1}; moreover f(Intg2(D’)) N Intg2(D’) = 0, so
f(y) Ny = 0. One can find a topological closed disc D C R? containing ~ and so thin that
DN f(D)=0. We also have f"(m) € DN f*(D), which contradicts the above property.
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interval [0, 1] into itself has a fixed point. Hence there exists a least integer N > 1
such that Xy = 0. If N = 1, i.e. if 3NG(B) = 0, then we have H2(5)N7(3) = 0
and we simply take o = H(B) We complete the proof by showing the following
induction step:

If N > 2 there exists an arc 4 crossing A such that, writing W/ for the domain
on the right of ¥ and X/, = N, G'(7) (n > 1), we have

a) (W) C H*(W)) € H(W;) C W,
b) (W) C Wy,
(c) H(y)Ny=H*A)Ny=4NF,
(d) Xy, =0
We first observe the following properties of X_1.
(i) 7(Xny_1) C H*(W,); in particular 7(Xy_1) N H*(Xy_1) = 0.
Equivalently, G(Xy_1) C W, and then G(Xy_1) N Xy_1 =0,
(i) Vi = 1,2 H(Xny_1) C W,; in particular H(Xy_1) N Xy_1 = 0,
(iii) 7(Xny—_1) C W,; in particular 7(Xy_1) N Xy_1 =0,
(iv) Xy_1 NBd(A) = 0.
Indeed we have
G(Xn-1) CGB) c GW,) cW, and G(Xy_1)NB=Xy=0,
which gives G(Xy_1) C W,.. To get (ii) remark that H (Xy_;) C H'(3) c W,
and afterwards
BNH(Xy_1) C BOH(BNG(F) = BnH(B)N (ro H2(B))
=BNFnN(roH™B)) cAnT(B) =0.

Finally (iii)-(iv) are clear since 7(W,) C W, and G has no fixed point. By the
compactness of Xy_1 there exists an open neighbourhood U of Xn_1 in A such
that all the properties appearing in (i)-(iv) are still true when one replaces Xy _;
with U. Consider a finite covering Xy_1 C U:‘L:1 &; where the &;’s are connected
components of U N B For each ¢ = 1,...,n one can choose an arc B, C ¢j in
such a way that Xy_1Na; = Xy_1 N BZ and there exists an arc 4; having the
same endpoints as Bi, call them a;, b;, such that 7; \ {a;,b;} € W;NU. These ~;’s
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can be supposed pairwise disjoint and we then define 7 to be the arc obtained by
replacing in 3 each 3; with 7;. Precisely we set
_ n _ n
y=@E\Um vl
i=1

i=1

It remains to check properties (a)-(d). Remark that W, C W/ by construction.
The homeomorphisms 7, H fixing the ends of A, Property (a) follows from

() c 7(BUU) c H*(W,) c H*(W!) and H(§)Cc H(BUU)C W, Cc W/,

One deduces (b) similarly from 7(¥) C 7(BUU) C W, € W'. Remembering that
A\ 8 C W;NU one obtains for i € {1,2},

H@NAE\B) =HGF\AHNB=HF\B)NEF\F) =0

and consequently H*(3) N4 C H'(3)N G C F, which proves (c). To prove (d) we
first observe that X, C X,, for every n > 1. Because of X,,11 = X,,NG(X,,), and
similarly for X ,,, it is enough to check X| C X;. This inclusion follows again
from 4\ 8 C W; N U, which implies

GBYNE\B) =GE\BNB=CGE\B)NE\H) =0,
hence ¥NG(3) € NG(B), i.e. X| C X;. Consequently we get X, C N Xn_1

and the latter set is empty by the construction of 7. |

4 Appendix: A remark on a theorem of J. Franks

The following version of the Poincaré-Birkhoff theorem is essentially due to Franks.

Theorem 4.1 Let h be a homeomorphism of the compact annulus A isotopic to
Ida and with every point nonwandering. Let H : A — A be a lift of h.

1. If 0 € p(H), then H (and so h) has a fized point.
2. If 0 is an interior point of p(H), then h has at least two fized points.

The assertion (1) is an easy consequence of [8][Corollary 2.3] or of Theorem 2.7
whereas (2) is contained in [7][Theorem 3.3]. As a remark, the conservative
assumption in Theorem 4.1 (namely, h has no wandering point) is not the best
one in order to get only one fixed point but is enough for our purpose. Our interest
is actually in the techniques developed in [7] for finding the second fixed point of h.
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Our goal here is to point out that the same arguments lead to Theorem 4.4 below,
provided one replaces Proposition 1.3 of [7] (which is a consequence of Brouwer’s
lemma on translation arcs) with its analogue from [3], that is Lemma 2.2. Our
original motivation was to find a statement in the same spirit as Theorem 1.2 but
without any hypothesis on Fix(h). Nevertheless, observe that the conservative
assumption is stronger in Theorem 4.4 than in Theorem 1.2. Indeed, if A has no
wandering point, then so does h? (see for example Property 4.2) and this clearly
implies that the situation (1) of Theorem 1.2 does not occur. Before proving
Theorem 4.4, let us state a classical corollary of Theorem 4.1. It may be useful
to first recall the next fact.

Property 4.2 Let X be a topological space and let h : X — X be a homeomor-
phism. We suppose that h has no wandering point. Then the same is true for
any iterate hi, ¢ > 2.

Proof. It is enough to check that for a given nonempty open set U C X there
exist an integer n > 1 multiple of ¢ and a set V' C U such that V. N h"(V) # 0.
Because h has no wandering point there exists an integer n; > 1 such that the
open set Uy = U NA™(U) is non empty. For the same reason there exists ny > 1
such that Uy = Uy N h"2(Uy) # () and so on. Thus we get a decreasing sequence
of non-empty open sets Uy = U,Uy,...,U,; and a sequence of positive integers
ni,...,ng such that Uy = Uy N A™+1(Uy), 0 < k < ¢ — 1. Consider the
q + 1 integers po = 0,p1 = n1,p2 = n1 +na,...,pg = Zzzl ng; at least two
of them are equal modulo ¢, say p; = pjmodg where 0 < i < j < ¢, so that
pj — pi = zgc:z 41 = 1is a multiple of q. We conclude by observing that
Uj = Ujfl N h"j(Ujil) cU;n hnj+“'+ni+1(Ui). |

We make the convention that a rational number p/q is always written with ¢ €
N\ {0}, p € Z and p, q relatively prime. According to Property 4.2, one can apply
Theorem 4.1 to h? and its lift 77P o H? to obtain the following result.

Corollary 4.3 Let h be a homeomorphism of A isotopic to Idy and with every
point nonwandering. For any rational number p/q € p(H), the homeomorphism
h possesses a q-periodic point with rotation number p/q.

The result to be proved in this Appendix is the following.

Theorem 4.4 Let h be a homeomorphism of the compact annulus A isotopic to
Sa and with every point nonwandering. Let H : A — A be a lift of h. If 0 is
an interior point of the rotation set p(H), then H (and so h) admits a 2-periodic
point.

21



Remark. It is easy to construct a homeomorphism of A showing that the con-
clusion of Theorem 4.4 does not hold if one supposes only 0 € p(H).

Let us explain how to adapt the arguments in [7] in order to get Theorem 4.4.
We first recall the

Definition 4.5 ([7]) Let h be a homeomorphism of the open annulus A’ isotopic
to Idys and let H be a lift of h to the universal cover A’ = R?. A positively
returning disc for H is a topological closed disc D C R? satisfying the following
properties.

(i) The covering map I induces a homeomorphism from D onto II(D), i.e.
T{D)N D =0 for every integer 1 # 0,

(i) H"(Intge(D)) N 7F(Intg2 (D)) # 0 for some integers n > 1,k > 1,
(iii) H(D)N D = 0.

A negatively returning disc is defined similarly but with £ < —1 in the second
item. We chose to include (i) in our definition in view of [10] and in order to
save words. One can also remark that the true definition used in [7] deals with
open discs. This does not alter the validity of Theorem 4.6 below because if D
is a positively returning disc as defined above, then U = Intg2(D) is an (open)
positively returning disc in the sense of [7] (conversely, if U is an open positively
returning disc as in [7], then a large enough closed disc D inside U also satisfy
(ii)-(iii) in Definition 4.5). A similar remark holds for negatively returning discs.
Thus our choices in Definition 4.5 will allow us to use directly both results from
[7, 10] and Lemma 2.2.

After minor modifications, which are explained below, the main result of [7]
can be stated as follows.

Theorem 4.6 ([7, 10]) Let h be a homeomorphism of A’ isotopic to 1dys and
satisfying the following conditions.

(1) Every point of A" is nonwandering under h.

(2) There is a lift H of h to the universal cover R? which possesses both a
positively returning disc and a negatively returning disc.

Then H (and so h) has a fized point.

Theorem 2.1 of [7](see also [10]) contains an additional hypothesis, namely h
is supposed to have at most finitely many fixed points, but gives a stronger
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conclusion: H, and so h, has a fixed point of positive index. The finiteness of
Fix(h) ensures that R?\ Fix(H) is connected, which is a crucial point in the proof
of [7][Theorem 2.1]. To prove now Theorem 4.6, suppose that Fix(H) = {J; then,
of course, R? = R? \ Fix(H) is connected so that verbatim the same proof as in
[7] gives a fixed point for H, a contradiction. In fact, Franks’ result could be
rephrased in an even more precise way by saying that, for ~ and H as in Theorem
4.6, either Fix(H) separates R? or there exists a Jordan curve J C R?\ Fix(H)
such that the index of J w.r.t. H is 1. It is easily seen that we cannot drop the
first possibility.

We give now a suitable definition of a positively /negatively returning disc for a
homeomorphism of A’ isotopic to the symmetry Sy : A" — A’ (z,7) — (2, —71).

Definition 4.7 Let h be a homeomorphism of A’ isotopic to Sy and let H be
a lift of h to the universal cover R?. A positively returning disc for H is a
topological closed disc D C R? satisfying the properties (i),(i) of Definition 4.5
and

(i) H(D)N D = () fori=1,2 and there is no integer | such that H(D) meets
both '(D) and 77Y(D).

The definition of a negatively returning disc is the same except that we demand
kE < —11in (ii). Replacing (iii) with (iii’) when A is isotopic to Sy is essential
in order to use Lemma 2.2 instead of Proposition 1.3 of [7]. Then Theorem 4.6
becomes:

Theorem 4.8 Let h be a homeomorphism of A’ isotopic to Sy and satisfying
the following conditions.

(1) Every point of A’ is nonwandering under h.

(2) There is a lift H of h to the universal cover R? which possesses both a
positively returning disc and a negatively returning disc.

Then H (and so h) has a 2-periodic point.

Proof. e We first suppose that R? \ Fix(H) is not connected. Then there is
a connected component K of Fix(H) such that R? \ K is not connected (see
e.g. [18][Chapter V]). According to a result of Epstein ([6][Theorem 2.5]), if
f S — S is an orientation-reversing homeomorphism of a compact surface S,
then any connected component K of Fix(f) is either a point, an arc or a Jordan
curve; in the last two cases f interchanges the two (local) sides of K. Working
in the sphere S = R? U {00} and combining with the Jordan curve theorem, we
obtain that K is a line properly embedded in R?; furthermore R2 \ K has exactly
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two connected components 1/&71,1&; which satisfy &Rz& =K (1 = 1,2) and are
interchanged by H. In particular it is enough to find a fixed point of H? in Al

This switch property also gives K = Fix(H), hence K is 7-invariant as well as Al
(i = 1,2). Consequently K = II(K) is an essential Jordan curve of A’ and the
sets AL = II(A}) (i = 1,2) are the two connected components of A"\ K; they are
homeomorphic to A" and they are interchanged by h. We reduce now to Theorem
4.6 by considering the homeomorphism 7|4 : A} — A}. Let us give a few
details. First of all, one knows from Property 4.2 that h? has no wandering point
(alternatively, this also follows from the fact h has no wandering point and that
a connected set U C A"\ K is disjoint from all its odd iterates h?"*L(U), n € Z).
Remark now that if D is a positively (resp. negatively) returning disc for H then
obviously D N K = § and H(D) is also a positively (resp. negatively) returning
disc for H. Consequently A/ contains both a positively and a negatively returning
disc of H. If D C A} is such a disc, then any integer n > 1 as in (ii) of Definition
4.7 is necessarily even so D is also a positively (resp. negatively) returning disc
for the lift H? of h? in the sense of Definition 4.5. Pick any homeomorphism
f from A} onto A’ mapping a loop of A] C A’ homotopically to itself. Since

Al is simply connected, the map II; = II| i A} — A} is an universal covering

map. As a consequence, there exists a homeomorphism & : Av'l — R? such that
IIo® = foll;. The group of all the deck transformations of II : R? — A’ (resp.

of Iy : AY — A)) is G = {7% |k € Z} (vesp. G| = {(7’|jg)k |k € Z}) and the map
1
®, : G — Gy defined by ®,(t) = ® ' otod is an isomorphism of groups such that

P lorod=0a,(r)=r1| le. To® =dor|.
1

K{’

The homeomorphism g = foh2|A/1 of~t: A’ — A’is isotopic to Idy because h2|A/1

preserves the orientation and the two ends of the subannulus A}. Furthermore

g is conjugate to h?| A}, SO it has no wandering point. The homeomorphism

G =9®o H2|jg o®7 ! : R? - R? is a lift of g to R? and one deduces from
1

Tod =00 T’&f that if D C Av'l is a positively (resp. negatively) returning disc
1
of H? then ®(D) is a positively (resp. negatively) returning disc of G. Theorem
4.6 then gives a fixed point for G and therefore for H? NG
1

e We now deal with the case where R?\ Fix(H) is connected by following closely
[7]. Arguing by contradiction, we suppose that Fix(H) = Fix(H?). Let B (resp.
B_) be the set of all the points of R? contained in the interior of a positively (resp.
negatively) returning disc of H. Every point m € R? \ Fix(H) = R? \ Fix(H?)
belongs to the interior of a disc D C R? so small that it satisfies the properties
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(i) and (iii’) in Definition 4.7. Since m = II(m) € A’ is a nonwandering point of
h, there exists an integer n > 1 such that A" (II(Intg2(D))) N H(Intg2(D)) # 0
and consequently H"(Intgz (D)) N 7% (Intg2 (D)) # 0 for some k € Z. Because of
Lemma 2.2 we have k # 0 so D is either a positively returning disc or a negatively
returning disc of H. This proves R? \ Fix(H) = B_ U By. Since R? \ Fix(H)
is connected and since By are nonempty open subsets of R? \ Fix(H) we obtain
B_ N By # (). Hence there exists m € Intge (D) N Intg2(D’) where D (resp. D')
is a positively (resp. negatively) returning disc of H. Choose another disc D"
with m € Intge2 (D”) C DN D’. As above D" is either a positively returning disc
or a negatively returning disc. We only deal with the latter case, the first one
being similar. Because of D” C D we obtain that D is both a positively and a
negatively returning disc; there exist four positive integers m,n, k,[ such that

H"(D)N7*(D)#0 and H™(D)N7 YD) # 0.
Let us consider the following sequence of discs:
D, (D), 7*(D),...,7*(D),7"*V(D),7'*=2(D),... . 7/(D).

Property (iii’) in Definition 4.7 implies that for any two integers p,q € Z one has
H(tP(D))N7P(D) = 0 = H*(7(D)) N 7P(D) and furthermore at most one of the
two sets H(7P(D))N714(D) or H(r4(D)) N7P(D) is nonempty. Moreover we have

Vi=0,...,0—1 H"(r"™(D))nr5D) = r*(H"(D)n7™D)) #0,

Vi=1,....k H™7"(D)) (D) =r"(H™(D)nr71(D)) #0,

so that Lemma 2.2 gives a 2-periodic point for H, a contradiction. |

For completeness, we now give the proof of Theorem 4.4. It is almost the same
as the one of Theorem 3.3 in [7].

Proof of Theorem 4.4. Let us write p(H) = [a, b] with a < 0 < b and recall that
a, b are the rotation numbers of some points of A, say b = py (1) and a = pg (/).
We also have b = lim o 5 (p1 © H*"(1m) — p1(1)) from which one deduces that
the set

{n € N\ {0}|p1 o H* o H*" () — py o H*" (1) > b}

has infinite cardinality, so there exists a sequence (ny)ren in this latter set with
lim o 1 = +00. We let m = II(m) € A. Considering a subsequence if necessary,
one can suppose that (h%™ (m))ren converges to a point z € A. Pick any point
Z € I '({z}) and remark that it cannot be a fixed point of H? because of
p1o H% o H?™ () — py o H?™ (1) > b > 0. There exists a closed Euclidean disc
D C R? with center % and so small that, by letting 6 = D N A, we have
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e II induces a homeomorphism from ¢ onto I1(4),

e Hi(§)N§ =0 for i = 1,2 and there is no integer | such that H(§) meets
both 774(8) and 7!(5).

For k large enough we have h?"(m) € II(Int()), hence H?" (m) € 7 (Int(5))
for some ij € Z. We have lim o, i, = +00 because lim o, p1 o H2”(fn) = +00 S0
there exist k, [ such that n; > ny, i; > ij, and H?™ 2™ (Int(5))N74 =% (Int(5)) # 0.
If 2 ¢ BA(A) then one can choose § = D C A\ Bd(A). If 2 € Bd(A) then § is
a half-disc and there exists a topological closed disc & € d N (A\ Bd(A)) such
that H2™ =2 (Int(8")) N 7%~ % (Int(8")) # 0; it suffices to consider the intersection
of § with the substrip {(z,y) € A| —1+¢ <y < 1— ¢} for a small enough
€ > 0. Thus we obtain a positively returning disc for H contained in A \ Bd(A).
We get in the same way a negatively returning disc of H in A\ Bd(A). We
conclude similarly as in the first part of the proof of Theorem 4.8, by using
that II; = H‘A\Bd(&) : A\ Bd(A) — A\ Bd(A) is a universal covering map.
Given a suitable homeomorphism f : A\ Bd(A) — A’ there is a homeomorphism
®: A\Bd(A) — R? such that ITo® = f oIl and 70 ® = ® o 7|5\ pa(a) (actually
f and @ could be made explicit here). One deduces that Theorem 4.8 applies to
g = fohlppany o f ' A — A lifted by G = @ OH‘A\Bd(A) o® 1 :R? - R
This gives a 2-periodic point for G and so for H| A\Bd(A)" |

We end with a result similar to Corollary 4.3.

Corollary 4.9 Let h be a homeomorphism of A isotopic to Sy and with every
point nonwandering. We suppose that there exists a lift H : A — A of h such that
p(H) =[a,b], a <b. Then for any rational number p/q € (a,b) we have:

- if q is even then h possesses a q-periodic point m with pg(m) = p/q,
- if q is odd then h possesses a 2q-periodic point m with prg(m) = p/q.

Proof. The homeomorphism h? is isotopic to Ida (resp. to Sa) when ¢ is even
(resp. odd) and we know from Property 4.2 that it has no wandering point.
Furthermore p(77Po H?) = [aq — p, bq — p] contains 0 in its interior, hence one can
apply either Theorem 4.1 or Theorem 4.4 to h? and its lift 777 o HY, depending
on whether ¢ is even or odd. In the first case one gets a point 7m € A such that
H(m) = 7P(m), so h%(m) = m for m = II(m) € A. The integer ¢ is the h-period
of m because p/q is irreducible. In the second case one obtains m € A such that
H?(mm) = 7% (m) but H(m) # 7P(m). One deduces from the irreducibility of
p/q that 2q is the h-period of m = II(m). [ |
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