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Abstract. This article deals with various topics related with Grothendieck
groups, invariant distributions, parabolic and compact inductions... for
a p-adic groupG. The main result is a description of tig of the Hecke
algebra# of G in terms of discrete series of Levi subgroups, which has
an interesting behavior with regard to parabolic restriction and induction.
A similar description — but no more compatible with these parabolic func-
tors — is obtained for¢ = /[, #] and the Hattori rank map gets an
easy description in this dictionary.

We follow a beautiful idea of J. Bernstein consisting in comparing two
natural filtrations on these objects, one of combinatorial nature and one of
topological nature. The combinatorial filtrations are related to the structure
of Levi subgroups inG and have counterparts concerning many classical
objects of interest as the Grothendieck group of finite lerigtmodules
R(G), the set2%" of regular semi-simple conjugacy classes, and the variety
®(G) of infinitesimal characters. These filtrations will turn out to be “com-
patible”, in a sense to be specified, with regard to all the classical operations
or morphisms between these objects.
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1 Introduction

As already said in the abstract, this article investigates some “level O lin-
earizations” of the Hecke algebra opaadic groupG with regard to its Levi
structure. In this “introductory” part, we will begin with a collection of the
many results on the subjects (published or unpublished). The main sources
are articles from Bernstein ([7], [6], [5]), Kazhdan ([23]), Schneider-Stuhler
([25], see also Bezrukavnikov [8]), Vigmas [27] and Blanc-Brylinsky [9],
etc...

The second part deals with “combinatorics” — as nhamed by Bernstein —
on parabolic restriction and induction. Assume fixed some set of standard
Levi subgroups irG, then for each of the three objects = Ko, H or R
(see abstract) and for all towkt < L < G of standard Levi subgroups the
functors of “standard” parabolic restriction and induction induce morphisms
A(M) — A(L) . Taking up all these morphisms and the relations they
fulfill, we can equip these objects with an additional structure, called “Hopf
system” (from ideas of Zelevinski), of modules over some quiver. Then,
inspired by [6, 5.5] we define the so-called combinatorial filtrations; they
are filtrations in the category of Hopf systems. Adding some assumptions
on the Hopf system, so that we can use (slight generalization of) the results
of [6, 5.5], we can describe the associated graduates of these filtrations as
“trivial Hopf systems”— by definition induced from some simpler quiver.

The third part introduces the filtration “a la Harish-Chandra” of the set
of regular semi-simple conjugacy classes and investigates its compatibility
with the combinatorial filtrations previously defined. We are also lead to
give a generalization of a result of Kazhdan which had been expressed for
groups with compact center; as a matter of fact, we are faced with a constant
problem: in order to use induction on the depth of Levi subgroups, we must
get rid of this compactness assumption on the center.

In the fourth part, following ideas of Bernstein, is investigated ke
of the p-adic groupG, i.e. the Grothendieck group of finitely generated
projective G-modules. Among the profusion of Bernstein's ideas which
will be used, the fundamental one may be that of introducing a topological
filtration (the “devissage” of [10] applied to the variety of infinitesimal
characters) on thikg and studying it with combinatorial tools. This idea has
been spreading through conferences (see [18]) and private communications
for a few years. It has lead Bernstein to prove some important properties in
K-theory as the injectivity of the so-called “rank map” or the fact tais
generated ove by induced modules from compact open subgroups, etc...
Here we (try to) give the detailed proofs of these facts. Then we proceed
to get an explicit description dkg ® Q as explained in the abstract; this
is actually a description of the Hopf system structure, hence including the
behavior with regard to parabolic induction and restriction.

The fifth part adapts the discussion of part four to the cas# ofer-
tainly some results are contained in [18] where the topological filtration is
also used, but it seems that we go further. In particular, starting from a cat-
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egorical definition of# we show the existence of a short exact sequence
for # with regard to quotient categories similar to the “localization exact
sequence” folK (but unfortunately with heavy assumptions...). Then we
get a description of#(G) similar to that ofKo(G), but unfortunately not
compatible with induction and restriction: as a Hopf system, we actually
only get a description of the graduate module associated to the topological
filtration.

The sixth partis an evidence of the author’s ignorance. It was intended to
provide a proof of the innocent-looking statement of 4.13; the strategy con-
sisted in studying representations@fover “big fields” (actually fields of
functions of complex algebraic varieties) by means of direct image in alge-
braic X -theory. It was redacted before the conference [18], which contained
a much shorter argument (although incompletely stated), was revealed to
the author by G. Henniart. The interest of this part is to define “discrete”
infinitesimal characters for arbitrary fields and to show that they are actu-
ally closed points of the variety of discretginfinitesimal characters. It is
completely independent of the rest of this work.

Acknowledgement$ am indebted to J. Bernstein for explaining me some of his ideas.
Special thanks are due to Peter Schneider: this work started from a discussion during a stay
at Munster and his comments were a constant motivation. Finally | thank my advisor Marie-
France Vigeras for her support and for supplying me with the proof of 1.6.

From now on,G is a reductive group over a non-archimedean local
field F. We will have soon to assume its characteristic to be zero although
certainly in many places it may be avoidab&modules are smooth and
the coefficient field isC unless it is specified. We writslod(G) for the
category they form anod; (G) for the category of finitely generates-
modules. We write#¢(G) for the convolution algebra of locally constant
measures with compact support. We fix a minimal parab@jigvith Levi
decompositionMg.Ug and we writeM < G for “M is a standard Levi
subgroup of5”. G° will be the subgroup generated by compact elements and
¥(G) = Homy,(G/GP, C*) will be the torus of unramified characters®f
For a compact open subgrouih, we write #(G, H) for the convolution
sub-algebra of#(G) of bi-H-invariant functions an&/" for the subspace
of H-invariants elements in thé-moduleV. Recall from [7, 3] that there
exists a system of neighborhoods effbrmed by open compact subgroups
H enjoying the property:

(%) : The full subcategory
Mody (G) = {V € Mod(G), V" generate¥/}
is abelian and the functor

Mody (G) — #(G., H) — Mod
Vi~ VH

is an equivalence of categories.
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1.1 The objects: Here are the main heroes

e K(G): The Grothendieck group of finitely generated projective
G-modules. Since the category Gfmodules was shown (by Bernstein,
see [27, Prop. 37]) to be of finite cohomological dimension, we are al-
lowed to identify X (G) with the Grothendieck grouf (Mod¢(G)) of
finitely generated G-modules. If H satisfies condition(x), then
K (FH (G, H)) is naturally a direct summand oK (G) and we have
K(G) = Ii_nj K (G, H).

° E(G) = H/[H, H] = Hg the G-coinvariants quotient of¢. We have
H(G) = lim #(G, H), the limit being taken over thoskE'’s satisfy-

ing (). Moreover for such &, # (G, H) is a direct summand o# (G)
(see [24)).
e R(G): The Grothendieck group of finite leng@-modules.

It will be convenient to consider the complex groufis := X ®z C and
R := R ®yz C. They are connected by different morphisms:

1.2 The relations:

e The rank mapRk: X (G) — #(G) which sends a finitely generated
projective P to the image in# of the trace of the idempotent o, ()
defining itas a quotient g#". (One can pass through some ri#g G, H),

H satisfying(x) to recover the standard situation of a unital algebra).

e The canonical pairing (up to the choice of a Haar measure):

<, > H(G) x Rc(G) - C
(f,7) — O,(f)

where®,, is the character of the finite leng@-moduler.
e The Euler-Poincare map:

EP: R(G) — K(G)
7 [1 ® C[G/G%] = YK, (-1)'[R]

where we letG act diagonally on the tensor product and
0— PR — - — Ph— 7®C[G/G’] — 0

is any finitely generated projective resolutiono® C[G/G].

1.3 Alternative description o oft (G): (See[27]) By general theory of rings
with units and the property¢(G) = lim #(G, H), we have the following

description of# (G): it is the freeC-vector space with basis the pai u)
where P is a finitely generated projectiv@-module andu € Ends (P),
modulo the relations:
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e (POP,udU)=(Pu)+ (P, U)
e (P,u)+ (P,v) =(P,u+v)and(P, A.u) = A(P, u)
o (P fgp=(P,gfH)if f: P — Pandg: P — P’

In this context the maRkis justP — (P, 1p) and we have
< (P,u), r >= Tr(u|Homg (P, ))

In particular when the center @ is compact, we have the following: for
any irreducibleG-modulesr, 7’

< RkoEP(rr), 7’ >= Z(—l)kdim(Extk(n, 7).
k

Note that the property of finite cohomological dimension implies that we can
forget the word “projective” in the definition above (see 5.2). In particular
we may consider the following¢-theoretic analogue of the m& above

(» € C[G/G acts as &-equivariant endomorphism en® C[G/G°] by
right multiplication):

EP: R(G)®C[G/G’ — #(G)
7@ [1 ®C[G/GO, Al = Y F (=[P, Ai]

for any endomorphism of finitely generated projective resolutions

0—>Pk—> .............. —>P0—>7T®(C[G/GO]—>O
lkk lko lk
0—>Pk—> .............. —>P0—>JT®C[G/GO]—>O.

Now we give known properties of these objects and relations.

Theorem 1.4 (Trace Paley-Wiener, see [6]) The pairing, > provides
a morphism# (G) — Rc(G)* whose image is the space of linear forms
¢ on R (G) satisfying:

i) There exists a compact open subgrdtguch thai(¢, ) = 0if 7K = 0.
i) For each Levi subgroupM and finite lengthiM-moduleo, the map

Y(M) —» C
X (@15 (0.0)
is algebraic.

We now discuss the injectivity of the morphism of 1.4. It is obviously
equivalent to the following “spectral density property”

(SDP) Vf € #(G), (Vr € R(G), < f,mr >=0) = f € [H(GC), #(G)]

This property has a geometric analogue: &t be the set of conjugacy
classes of regular semi-simple element§irFor f € #(G) andw € Q,
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we will write ®( f, w) for the orbital integral off onw (The same notation
will be used forf e #(G) since it doesn't depend on the choice of
a representative functioh of f in #(G)). The Haar measure an will

be specified in the context but we will mainly be concerned with vanishing
of such orbital integrals. We will call “geometrical density property” the
following property:

(GDP) Vf € #(G), (Yo € Q¥, ®(f,w) =0) = f € [H#(G), #(G)]

Theorem 1.51) Assume Chaf = 0, then (GDP) holds fo6.
i) Assume ChafF = 0 or G is split, then (SDP) holds fdB.

The standard proof of i) is [20, Thm 10] although it is given there only for
Lie Algebras. As for ii) it is proved via a Global Trace Formula argument
in [23, Appendix] for characteristic 0 and via Close Fields in [24] with this
split assumption that is certainly not necessary.

Now we turn to the properties d®k the main result is the so-called
abstract Selberg principle of Blanc and Brylinsky:

Theorem 1.6 The image of Rk is contained in the g€t(G)of f € #(G)
such thatd ( f, w) = 0for any conjugacy class of a regular non-compact
element. It is equal to this set whenever (GDP) holdsFor

Proof: The inclusionim Rk C #.(G) is the most difficult assertion here
and is proven in [9]. To show the reversal inclusion, we give an argument of
Vignéras (see [28]): leL be a set of representatives®fconjugacy classes

of maximal open compact subgroups, then in the following commutative
diagram,

Kc(G) H(G)
ZindfT Tzext‘f
@Lex Ke(l) R_k> @Lex ﬁ(l-)

where exf is the extension by zero, the bottom map is an isomorphism.
Hence it is sufficient to show that given ariye #.(G), one can construct
asumfe =), fL with f € €*°(L) such that®(f, w) = ®(f¢, w) for

any regular semi-simple conjugacy class and then apply (GDP). To do this,
let 23" be the set of compact regular semi-simple elements. We can cover
the setSupp f N Q' by a finite disjoint union of sets of the forgyg?

with g € G and such thaY is open in a certaih € L. Then define

fLoo =Y f(g 'xg).

Y 1
gnggL O
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As a consequence, we see that the imagekef(G) in #(G) and that

of the subspace oK ¢ (G) generated by compact induced representations
coincide. This fact will be useful later. It will also be shown later on fRiat

is injective.

1.7 Parabolic induction: In this paragraph, the symbel may stand for
any of the symbolg¢, X, R. Given a standard Levi subgrotyp, one can use
the exact normalized functors of parabolic induction (resp. restriction) to get

G M
morphismsA(M) —%> 4(G) (resp.A4(G) — A(M)). Indeed, it is known
that these functors respect the following properties of representations:

e To be Finitely generatedmmediate for and [7, 3.11] fori§;.

e To be ProjectiveFrobenius reciprocity for¥ and Bernstein’s “second
adjunction” theorem in [4, Main Theorem)] faff,.

e To be of finite lengthJacquet’s first lemma faf and [2, 2.8] forif;.

Similarly we will write E and@ the morphisms obtained from induction

and restriction along the opposite parab®icP, of M. Py. Then Frobenius
reciprocity and Bernstein’s second ajunction theorem yield the adjunction
formulas

(1.8) <rd(P,u), o >y =< (P, u),i§(0) >¢ and
<i$(Q.u), 7 >6 =< (Q,u), ¥ (m) >u

From [6] we have the following equality

. . w1
(1.9) r§oi= Y iNqwowory™

NM
weWg

whereWM is the set of representatives\dk \ Wg /Wy of minimal length
(see [2, 2.11)).

The definition of the morphismisandr for A = # implicitly uses the
alternative description of¢. But we can formulatey in terms of functions
using the adjunction property, 1.3 and Van Dijk’s formula ([26]):

Proposition 1.10 LetM < G and assume (SDP) holds fbt. If f € #(G)
has representativéd < #(G), then the smooth function dvi defined by

Y (f)(m) = 8p2 (M) /R / f(kmnkL)dk.dn
K

adm.py)

whereK is a maximal open compact subgroup, is a representativ 6fe
H (M) in H(M).
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2 Combinatorics and filtrations

2.1 Hopf systems As was already pointed out in the last paragraph, there
are common features between the objeRiskX and# with respect to the
structure of Levi subgroups in the reductive gro@pWe can make this
formal with the following definition (which may appear somewhat heavy):

Definition 2.2 We will call Hopf-system o any data(4(.), r, i, w) con-
sisting of a family of abelian groups4 (N)) . together with morphisms

o iN: AN) — AM)and 1) : AM) — A(N) foranyN < M
(induction and restriction).

o w: A(N) — A(NY) for anyw € Wg such thatN* = w(N) < G
(conjugation).

satisfying the properties:

) iNoil =iMandr§orl =rk forany triplesL < N < M.
w_l .

i) roiM= ZweWuL itwoworN™ ifL,N<M<G.

i) wow=(ww): AN — AN if w(N) < Gandww(N) < G.
iv) Anyw € Wy acts trivially onA(N). Moreover ifw(N) < G andw has

minimal length invWy then (see 2.12i)poiy = il ow andwor} =
rvM
w(N) .

A morphism of Hopf systems is naturally defined as a family of morphisms
A(N) —> A'(N) which commute with induction, restriction and conjuga-
tion.

Remarks:

e Our main examples will be of course, X and.#; the only property that
wasn't yet checked is iv). Note that € W has minimal length invW)y
if and only if w(N N Py) C P and in our cases of interesfy andr)
are induced by usual parabolic induction and restriction functors, more
precisely , ifV € Mod(M)

w(ip(V)) = w(ndy ey (@-V)) = ALY oy (8°V7) = it (VY).

The same remark works for restriction hence the property iv) is fulfilled
by R, X and .

e Note thatRkis an example of morphism of Hopf systems.

e The definition above enables to speak of the category of Hopf systems
on G. It is quite clear that it is an abelian category. See 2.13 for a more
“modern” interpretation in terms of quivers.

1 This terminology comes from the works of Bernstein and Zelevinski
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2.3 Filtrations: Let A be a Hopf system of&, then the family of mor-
phismsr andi yields the following filtrations om4. For a Levi subgroup/
putd(M) = dim¥(M). Then we define

o Ai(G) =Y 4~ IM if (decreasing)

o A'(G) = Nym-i ker ¥ (increasing)

We also writesqc)(G) = A (G) and AR(G) = A%®(G). These filtra-
tions have the following easy properties:

e They are respected by any morphism of Hopf system.

° iﬁ,l (A'(M)) C A'(G) and all other combinations with lower or upper
filtrations, induction or restriction hold true. The proof of the non-trivial
cases uses property 1.9. Hence these are actually filtrations in the category
of Hopf systems oi1®.

2.4 Combinatorics: Strengthening a little the discussion in [6, 5.5], we
can give a more handy definition of the filtrations above. We first define for
eachM < G

Tv = I,c\;/I o I’g andPy = |=/VWG(M)/WM|

whereWg stands for the Weil group d&. Then we have to choose (and fix
throughout the paper) for eadran orderingg = (Mg, My, - - - My,) of the
set of Levi subgroups of given deptliM) = d, and putTy = Tq(oq) :=

M (Tm; — Pw,) then define

Ag = Ag(0) := Tymg_10--- 0 Tgand A = A(o) = Tyo--- o Tymp)_1
Note that all these morphisms respect both filtrations.

Proposition 2.5 Here, A is aQ-Hopf system of® (i.e. A(N) is aQ-vector
space for eaciN < G):

) Assume§,, ow =iy foranyM < G, w € Wg such thatw(M) < G.
Then there exist an integd¥y and rationalscy(M) € PidZ such that

Ag=Py1— > ca(M)Tw)
d(M)>d
Moreover the endomorphismy := PidAd is a projector and44(G) =
ker 4 (note that immy4 a priori depends on the chosen ordering).
iy AssumefE™ = worl foranyM < G, w € Wg such thato(M) < G.
Then there exist an integé?® and rationalsc”(M) € 377 such that

Al=PiL— > (MTw)
d(M)>d

Moreover the endomorphisaf := 27 A is a projector and4%(G) =
im 79,
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i) Assume the two conditions above are satisfied, thgn= A" and
A(G) = AL D Aqg.

Proof: i): From the hypothesis, we have the following multiplication rule
concerning th&y'’s (see [6, 5.4]):

TWIv= > Tu,

NM
weWg

whereM,, = M N N¥. This shows the existence & and thecy(M)’s,
hence the implicatiolAgX = 0 = X € Aq4. Moreover, the discussion in
[6, 5.5] shows tha\y annihilatesAq (Note the notations are different from
that of [6]). Hence

Ago Ad=PaAg—Ago( Y  ca(MTw)) = Pu.Aq

d(M)>d

and the projector property follows.
ii): The proof is exactly “dual” to that of). In particular we get the
multiplication rule

TnTw = Z TN,

NM
weWg

and the equalitym AY = A9,

From the latter and calculatingg o A® by two different ways, we find
PY4. Ay = PyAY. From the definition, thé’s are easily seen to coincide and
iii) follows. O

Proposition 2.6 i) R (G) fulfills condition i) in 2.5.
i) If (SDP) holds for anyM < G, then#(G) fulfills condition ii) in 2.5.
iii) If (GDP) holds for anyM < G, thenX ¢ (G) fulfills iii) in 2.5.

Proof: i) is well known for complex representations, a proof is given in [6,

5.4]. ii) follows immediately by the adjunction property 1.8. iii) is much

deeper and will be shown later. 1t should hold only under (SDP) assumption.
O

Remarks:

e From now on, if a Hopf system is said to fulfill condition i), ii) or iii) of
2.5, it should be understood that it satisfies this condition forry G
(and not onlyG): in particular there are analoguous projectmﬂmr )
defined just as fo: note that in general they depeadpriori on the
choice of an ordering of the set dfdeep Levi subgroups iN. Anyway,
if we are in the case of condition iii), therf, andx)} coincide and are
actually “canonically” defined by the properties?(N) = im =g and
Aq(N) = ker ndN. In this case we hence have equalities

7§ 0i$(X) =i ox) (X) andr o 7d(Y) = 78 o rN(Y)
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so that we may view the syste(nﬁ)N<G as an endomorphism of Hopf
system.

e As for the filtrationR2.(G), in a previous version of these notes, | wrote
that

RLG) = P Rec(G. 0
d(®s)<d

(With the notations of 4.1). Thinking more carefully to this, it didn’t
appear so evident to me. In fact | think this can be showfsfo(n), using
techniques (Zelevinski’s theory of segments, or types and representation
theory of Hecke algebras) that won't fit in a more general case but | don't
see any general argument.

2.7 Trivial Hopf systems: There is an easy way to construct Hopf systems
on G. Let us first define the following object foramyl, L < N < G:

Wi (M, L) := {w e Wy, w(M) < L)

Now, assume given for eadfl < G an abelian groug\y, and a system of
isomorphism#\y — Anw (if w(M) < G) compatible with multiplication
in Wg and such thatVy, acts trivially onAy (see also 2.13). Then we may

put for anyN < G
AN = (€D Au)/ ~n

M<N

where~y is the equivalence relation identifyingv, x) and (M", x*) for
M < N, x € Ay andw € Wy such thatw(M) < N. Then we define
induction and restriction by:

1
G N woyw
iS(M, % = (M) andrif(M, ) := Y —— " (M", x")
e IWn (MY, N)|

(the reader will check that they are well defined). As for conjugation mor-
phisms, suppose&(N) < G and writew for the minimal length elem-
ent in wWy, then from 2.12w carries standard Levi subgroups Mfto
standard Levi subgroups a@f(N) and thus induces our desired morphism
w : A(N) — A(NY). Now we claim:

Lemma 2.8 The system thus obtained is a Hopf system and will be noted

Proof: The only nontrivial things to be checked are the transitivity of re-
striction and the compositiono i (the compatibility of conjugation with



182 J.-F. Dat

muliplication inWg is insured by 2.12 ii)). For the first one, we have

1 1
R N = yw ,yw
oM = Y o Y (MY, )
ey WNME N e IWL MY, L)
1 1
= 2 WD e M
zeWg (M,L) L ’ yeWn (MZ,N) | N( s )|
1
= 2 e M
zeWG(M,L)| LM% L)

where the second line is obtained by resummation. As for the composition
roi, fix Levi subgroupaM < N < G andL < G andx € Ay, on one hand
we have

1
L ;G wow
rgoing(M, x) = E 7 (M", x"),
e L) WL (MY, L)|

on the other hand, puttinyy = N N Lyfl, we have

. N 1
2 itweyervM = 3 ), o vz M
y b

yewAL ye WAL ZEWN (M, Ny)

Now sinceW|_ -conjugates are identified in (L), the right hand side above
is also equal to

1 1 wyzZ yowyz
2o 2 D we D s M

yewg'- zeWN (M, Ny) wieW (MYZ,L)

Hence the claim follows from the following fact:

Fact 2.9 Everyw € Wg (M, L) can be decomposed into a product=
wiyzwithy € Wi, z € Wi (M, Ny) andw; € W (MYZ L). Moreover, any
other such decomposition = w{y'z' verifies

ey =Yy
e There exists some € Wy, (M? Ny) such thatz = tz and w; =

wy yt‘ly—l.

Proof: (ofthefact) Let be the length function on the Weyl groW; . Using
[2,6.3] and [11, ch.lV, ex 1.3], we know that for any pair of Levi subgroups
L, N < G, eachx € Wg decomposes as a product X yx, with x, € W,

y e WAL x, € Wy andl(x) = 1(x) +1(y) +1(xn). So start applying this to
ourw with respectto the palt, M, hencew = w,yiwm. Fromthe properties
of WY we gety;wm(M) = y1(M) < L, hencew;* € W, (M, L). Now
apply again the decompaosition propertyytowith respect to the paic, M:

we gety; = VY YYn, but the length equality above together with the fact that
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yi is of least length itW_ y; imply thaty, = 1. Hence putting = y,wm, we
get a decompositiomw = w,yz satisfyingyz(M) = w(lw(M) < LNNY,
hencez(M) < M N Ly andw, € W, (MY% L) as required.

Now the remaining assertion follows from the fact thigt™ is a set of
representatives of the double clas®dsxWy in Wi and from the equality
Wy N W o Wy, (see [12, 2.7,pp 64-65]). m

o

Remark:lt is a kind of “trivial” Hopf system. It may be checked that it
fulfills the property iii) of 2.5.

As was noticed before, the terms of both filtratieoksand 4, are again
Hopf systems so that we may attach to any Hopf systethe associated
graduategr* 4 = @y AY/A andgr, A = @y Ad_1/Ad, Which are
again Hopf systems. Then we have the following fact:

Proposition 2.10 Let A be aQ-Hopf system,

i) If A fulfills 2.5 i), then gr(A) ~ $H (M > A(M)/A (M)).
ii) If 4 fulfills 2.5 ii) then gr(+4) >~ § (M > AR(M)).
i) If A satisfies both conditions, thef >~ gr*(4) >~ gr,(A).

Proof: We begin proving point ii). We first notice thabife A4™ (M) and
w(M) < G, theny =i (x) —iS, o w(x) € AM~Y(G): as a matter of

w

fact, if N < G andd(N) = d(M), then

rfy= Y = x- > x* = 0.

yeWg (M, N)/Wy zeWg (MY, N)/Wyw

Hence the following map:

ac: (By.gA™MM)) — gr A(G)
(M, X) > i (X)

induces a well-defined magp A%™ (M)),. — gr* K¢ (G) still denoted
by aG.

Conversely, note thatthe morphiarg definedin 2.5 (see also the remark
below 2.6) induces the canonical projectgm A(G) — ) ;4 9r' A(G)
and define N

Bo: gr* AG) = (Bye A ™M),

(W | M d(m)
X > e \WG(I\'\//II,G)\ (rG OTlg (X)>

Then an easy computation shows thato ag = Id, whereas the following
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facts:

o 7 — 1l tisthe canonlcal projectar* A(G) — grd A(G).

o X = Zd(nG —Tl’ “1(X)
e gri A(G) = @d M)—d ker(Ty — Pw) (M in a set of representatives of
association classes) this is a corollary of the proof of 2.5 ii).

show thatvg o B = Id. Now we have to check compatibility with restriction
and induction: for the latter this is quite easy since fbr< N < G and
x € AR(M) we have

ag 0iS(M, X) = ag(M, X) =i%(X) =i o an(M, X)

As for restriction, first note that! o 7a™ = 7™ rM ongr* 4(G), hence

Wi |
Buorh(X) = > ——Z—xi" o r(x)
M<

< Wh(M, N)|
whereas
[W| 1 dM) M
rN o fe(X) = — —————w(my " org (X))
¢ 3gé|M@<M,Gn 1%g%%mm|mm<M NN e

B (W | 1 A M o
Ejlmb(M o | 2 e g orE 0

weWg (M, N)

|Wi | 1 O
= — — 70" orM(X)
3g%|wm<M,Nn 2 We(M,G)" M ¢

yeWs (M,G)

(We get the second line thanks to property ii) of 2.5 and the third one by
resummation.) Hence we get the compatibility required. It remains to prove
compatibility with conjugation, so choodd < N andw € Wg such that
w(N) < N, assume moreover that has minimal length invWy, so that
w(M) < w(N) by 2.12 i), we have for alk € AYM (M):

woan(M, X) = w(igX) = ipuX" = ane(M”, X*)

from axiom iv) in the definition of Hopf systems.

The proof of point i) is parallel to the foregoing one and will be omitted.
As for point iii), note first that i), ii) and the isomorphispt®™ (M) ~
A(M)/Aqm (M) provided by the direct sum decomposition of 2.5 iii)
imply thatgr* 4 =~ gr, », hence it remains only to show that~>~ gr*(+4).

For this we can use the remark below 2.6 which asserts that foraach
the coIIection(nﬂ,)N<G provides an endomorphism noted of the Hopf

systems, hence from the multiplication ruke? o 79 = 790 79 = 79 if
d < d, we get formallyA = @4 im (x9 — 791) ~ gr* 4. a
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2.11 About minimal length representativesAs was already pointed out
and used, the length function on the Weyl grallg enables to have nice
representatives in right, left or double classes modulo a subghégujor
N < G. As an example, recall the definition &%g(M, L) in 2.7 for
M, L < G, and set

Ws(M, L) := {w e Wg(M, L), w has minimal length inoWy },
we record here the following fact:

Fact2.12i) If w e Wg(N, G) andM < N, thenw(M) < w(N).
ii) The multiplication inWg induces a well-defined maw/c(N, L) x
Ws(M, N) — Wg (M, L).

Proof: Just observe that ifv € Wg(N, G), thenw € WEN", hence in
particular for anyM < N, w € W¥N" so that from [2, 2.11 ii)]w(M) N
w(N) = w(M) < w(N), hence i). As for ii), recall thatv has minimal
length inwWy if and only if w(N N Py) € Py ([2, 2.11]), hence taking
(y,2) € We(N, L) x Wg(M, N), we getyz(M N Py) C Y(NN Py) C Py
and by i),M* < N = MY* < NY < L hence we get ii). O

2.13 Quivers: The remark below the definition of Hopf systems claimed
that the latters form an abelian category. Actually we can formalize this
a little more and define a quiver with relatiogssuch that the category of
Hopf systems identifies with the categoryZf:-modules (this has only an
aesthetical interest and this paragraph can be completely omitted). Indeed,
define the set of vertices df as the set of standard Levi subgroups, assign to
eachw € Wg(M, N) an arroww} : M — N and an arrovoy : N — M

and require the relations (using fact 2.12 ii))

) vyowy = (w)y andwy o v} = vw)" foranyM, N, L < G and

(w, v) € Wg(M, N) x Wg(N, L).

w1

i) T, 01l = > pewt wkme* oIy~ foranyL,N < M.
i)y wh, = (wHM, foranyw € Wg(M, G).
In the dictionnary between Hopf systems and modulestom}; corres-
ponds taN , o w andwy] corresponds t o ry™.

Now define a quivel by keeping the same set of vertices as thatof
and deleting each arrod — N such thaiM is not associated tN. Keep
the same relations as above (but note the second one becomes empty): we
get a quiver whose connected components are association classes of Levi
subgroups and whose representations are exactly the fariilies Ay
used in 2.7 to construct “trivial” Hopf systems. Now &, and $q be
the guotient-path algebras associated to these quivers with relations; by

definition we have a morphis@#?y — £,. Then it can be checked that
our recipe to get “trivial” Hopf system is just induction, that is:

f)(M = AM) ~ :/)I ®gp@ (M = AM)
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3 Some harmonical analysis

3.1 A filtration on the set of conjugacy classefecall Q% is the set of
semi-simple regular conjugacy classesinFor any integed we define the
increasing filtration

Qf ={weQ™, VM <G, dM)>d=onNM =@}

Note thatQ2g g, is the set of elliptic conjugacy classes and will also be

denoted by2g).

The following result shows that the filtratio®" and R, are “com-
patible” in a certain sense with the pairirg > and relate them with the
filtration on conjugacy classes above.

Theorem 3.2 Writing E* for the orthogonal ofE w.r.t the pairing <, >,
we have

i) Adjunction property: we can choose orderingsand o’ of Levi sub-
groups ofG in 2.5 such thatdy = Ag(0) and A° = A%(o’) be adjoint
w.r.t the pairing<, >:

V(f,X) € H(G) x Rc(G), < A%f, x>=< f, Agx > .

i) #°(G): = Req(G) and Reg(G)- = #°(G) if (SDP) holds for any
M < G.

iii) ﬁd(e) = {f € #(G),Vow € Q% \ QF, ©(f, w) = 0} if (GDP) holds
foranyM < G.

Proof: For i) choose first an arbitrary ordering = (Mo, My, - -- My,)
of d-deep Levi subgroups and paff = (wo(Mo), wo(My), - - -, wo(Mpy))

wherewy stands for the longest elementWis. Now putTy = i§ orY; we
have

TF He] -1 wo(M)
TM = Iwo(M) oOwpowg ~ O rGO = lwom)

Hence from the adjunction formulas in 1.8 and the fact ifjandif;
coincide onR (M), we see thaly and Ty — henceTy(og) andTg(oy) —are
adjoint w.r.t the pairing<, > hence we get i). As a consequence, ii) follows
from the projector properties of 2.5 i) and ii) which hold true sitRe(G)
and# (G) fulfill the conditions respectively required there.

As for iii) we will need the following well known result: supposec
G N M for M < G. Thenx € M, and writingwpu (X) (resp.wg(X)) for
the conjugacy class ofin M (resp.G), we can normalize suitably the Haar
measures omg andwy to have:

Ve H(G), d(fwsX)=(rgf, om(x)

From this, the inclusiort in iii) is clear. For the other inclusion, suppose
f is in the RHS of the equality of iii) and fiM < G such thad(M) = d.
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It is clear that for anyx € M N G we have from the above formula
oY f, wm(x)) = 0. In order to get¥ f = 0 we have to prove the same
vanishing for ani € M3 and then use (GDP). So choose suatead also
a Cartan subgroup containingx. It is known (cf. [26]) that the function
defined on" N M3 by

y > |DM<y)|%/

(rg f)(mym=dm*
M/T
wheredm* is some invariant measure MyT is locally constant o\ M*s".
But since it is zero o’ N G and since the latter is denselim M%', this
function is actually zero. Hence(r¥ f, wm(x)) = 0 for anyx € M and

rd f =0. O

Note that in the case whefe has compact center ambdl= d(G) = 0,
this result specializes to a well known result of Kazhdan ([23]). Actually in
this case, one has more precise results. We will be mainly interested in the
following one which describes the compodRko EP (recall that as in 2.3,
AR(G) = AYC)/(G) and A (G) = #q(e)(G)):

Theorem 3.3 (Kazhdan-Schneider-Stuhler) Assu@éas compact center
and ChalF) = 0. Then Rk EP induces an isomorphism:

Rko EP: Rc(G)/Re (G) —> FH(G)

We will need in the next section the following generalization of this result;
we also assume the characteristicFofo be zero but it may be of course
replaced by the assumption that (GDP) holds for &hy G.

Theorem 3.4 Assume ChdiF) = 0, and definy_{f(G) to be the subspace

of f € #(G) such thatd( f, w(x)) = 0 for x non compact or non elliptic,
then:

i) ker(RkoEP) = R (G) + ker Re§’ and im(Rko EP) = #.(G)
where Reg0 is the morphismR(G) — R(G°) induced by the re-
striction functor ModG) — Mod(GP).

ii) ker (EP) = R (G) ® C[G/G°] + (Y @ YA — 7 @ A),,, , Where the
last summand is the space generated by all elements as in the brackets
and we let¥(G) act onC[G/G°] by (¥A)(g) := ¥(g)A(g). Moreover

imEP =7 (G).

Proof: Note firstthat sinc®ko EP(r) = EP(7 ® 1), assertion) is a formal
consequence (a particular case) of asseiifipnThe proofs of the image
assertion and the inclusiop in the kernel assertion make use of some
results of Sects. 4 and 5 and so will be given in 5.13. We are thus here only
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interested in the inclusioa of the kernel assertion @if). However we will
need the following simple remark: since the morphism

7 ® C[G/G% — v ® C[G/G"]
VO U VYN

is aG-isomorphism which conjugatese Ends (7 ® C[G/GP]) andy.A
Ends(yr ®C[G/GP]), we have as a matter of fagtwr ® YA — 7 @A),
C ker EP. Now, we introduce some new notations.

3.5 Fixing a central character: Let Z be the group ofF-points of the
connected component of the centerGfWe fix a continuous character
of Z and consider the objects:

e Mod, (G):the full subcategory d¥lod(G) consisting of thos&-modules
V on whichZ acts throughy.

o R,(G) ={m e R(G), x = x} wherey;, is the central quasi-character
of .

e #,(G) the algebra of locally constant functioiswith support compact
modulo the center such thdtzg = x~*(z) f(g) and equipped with the
convolution product associated to the Haar meadtgeon G/ Z induced
by that onG (call it dg) and the Haar measure @assigning volume 1
to the maximal open compact subgrozipof Z.

e X, (G) the Grothendieck group of projective objectdMiod, (G).

There is a canonical epimorphism of algebras:

ry: H(G) — H,(G)
f— g [, x(2f(zgdg

which induces a morphism, : #(G) —> H,(G) 1= H,/[H, H,].
Moreover, the system of idempoterdgs in #(G) for H varying among
compact open subgroups Gfgives rise to a system of idempotenige )
in #, (G) which enables to identify the categdviod, (G) with the category
of #, (G)-modules whose elements are fixed by some idempojegy ). It
was shown in [25] that this category is of finite cohomological dimension,
hence we can defineP, : R,(G) — X ,(G) and also a mafrk, :
K (G) — H,(G).

Moreover, the alternative description of 1.3 is still valid fdod, (G):
this is for example implied by the fact that the results of [7] are true for
a central extension of pradic group by a finite group (see [7, p. 16]). Hence
we can give an alternative expressioniforlet C, be the one-dimensional
module of#(Z) corresponding tg, then if P is a f.g. projective module
of Mod(G), the moduleP, = P ®4z C, is a f.g. projective object of
Mod, (G) on which anyu € Ends (P) induces an endomorphism, €
EndMOdX(G)(PX). Thenr, is just induced by the ma@P, u) — (P, u,).

We need two lemmas.
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Lemma 3.6 Letw € Irr (G) and lety,, be the character oZ afforded by,
then for any continuous charactgrof Z, we have

|) If X|Zo = Xn‘zo, then

EPT@M)= > YRRk EP,(ym)

Yiz=x-xx"t

i) If 20 # X0 thenr, (EP(x ® 1)) = 0.

Proof: We begin with a review ofhe resolution of Schneider and Stuhler
Recall we have mentioned the fact that in [25] the catedod, (G) was
shown to be of finite cohomological dimension. Actually a more precise
fact is proven there: there exists a projective resolutiodaa, (G):

0O— Py — - —P—7—0

wheresg is the semi-simple rank @& and eachP, is a sum

di
P =Pind} @
k=1

where thekvi,k’s are open subgroups containing the certeand compact
modulo this~center, and thg’s are smooth finite dimensional representa-
tions of theK; \’s such that(7 x),z is a multiple ofx,.

Mackey formulasWe fix a pair(}z, 7) as above and caK the maximal
open compact subgroup Kf, 7 the restriction of to K andr the restriction
of T to KZ. Now putng = [G : G°K], then sinceV ® C[G/G°Z] =
indS,, o Re$§’2V we deduce from the Mackey formulas ([29, 1.5.5]):

ind? (7) ® C[G/G] =~ indg (1)

In particular,ind$ () ® C[G/G"] is a projective object iMod(G) hence
the sequence oEtained with the notations of the last paragraph above

0— PSG®(C[G/G0] —
— Py® C[G/G"] — 7 ® C[G/G°] — 0O
is a projective resolution ofr ® C[G/G°] in Mod(G) which provides
a formula forEP(7w ® 1):

EP(r ® 1) = » (—D"PR® C[G/G°], A]
k

Now we turn to the proof itself: IeV be any finitely generated object
of Mod,., (G) thenV ® C[G/G"] is a finitely generate@-module and it is
elementary to see that for any continuous charagtefr Z, we have:
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o (V®CIG/G®) ®uz) Cy =V @indSo, (X xr ™) if %120 = X 20-
e (V®CI[G/G) ®ziz) Cy = 01if 20 # X | Z0-

In the first point, x x, ! is viewed as a character @&°Z thanks to the
projectionG°Z — 7/Z°.

Now using the Schneider-Stuhler resolutionrofnd the resolution of
7 ® C[G/GP] deduced from it as above, and given the equalifP, u] =
[Py, u,], we see that:

ryEP(r ® 1) =Y (—D¥R®INAS ; (x-3= 1. Al € H,(G)
k

where acts on the right side of the tensor products. Now from standard
representation theory of commutative groups, we have a direct sum decom-
position

Reindg,(xx="= & v.R

w|GOZ:X~X7T71

wherei acts on the summanid P by the scalaty(A). Hence the Lemma 3.6.
O

Let G®' be the set of elliptic elements i@, then we can associate to
f € #,(G) the locally constant function 0B defined by:

fY(x) = / f(gxtghHd*g.
G/Z

Since #,(G) is also theG-coinvariant quotient of#¢, (G) (G acting by
conjugation),f" actually doesn’t depend on the classfoh #,(G).

Let ®, be the character function associated to an admissible represen-
tation. Then we have:

Lemma 3.7 Letr € R,(G), then RK o EP, ()" = O gel.

Proof: This “lemma” is actually a very deep result which was conjectured
by Kazhdan and first showed by Schneider-Stuhler in [25]. Another inde-
pendent proof is given in [8]. Unfortunately both proofs are given in the
particular context of a reductive group with compact center. What we need
here is a slight generalization to the context of a fixed central character,
or equivalently to the case of a central extension of a reductive group by
a finite subgroup. It is not clear whether the arguments in [8] extend to this
case. But the proof of [25] makes use of a particular resolution which

is defined in general. Actually, all the objects of [25, IlI-4.9-111-4.16] can
be directly adapted to the central character situation, so that all arguments
shall apply. Anyway, we won’t check here the details since it would be
a considerable digression to enter the world of [25]. Note however that the
only “extra” result needed in [25] is prop. I1.4-15 which is still true in the
fixed character context, thanks to the existencRlgf, already mentioned
above. o
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Now we can give the proof of the inclusian supposeX = ) ; xi®2; €

ker (EP). First assume that the’s afford the same continuous character
of Z% Hence, adding something ir @ YA — 7 ® A) sy WE May as-
sume thak; € R,,(G) for some charactey, of Z. Now using Lemma 3.6
for some fixed charactey of Z and Lemma 3.7, we see that the (trace)-
character of the elemeit; Z¢\z=xxo‘l ¥ (X)) (¥.X) of R(G) is zero on the

elliptic set. Hence by Theorem 3.2 ii) and iii), this actually means that
Y3 vaD@x) € Rei (G) .
i Yiz=xxo~?
Sincey € Rc (G) = .y € Rc, (G) for anyy € ¥(G), we get varying
the x:
EP(X) =0= VY1 € W(G), Y Y ((ad)()W.x) € R (G) .
i Yz=1

Now fix v, then we can write

[G:G%Z]X =Y > y.x ® ¥ modulo (Y @ YA — 7 @A),

Yiz=1 i
= ( > Zwlw)(xi)(w.xi)) ®1
Yiz=1 i
+)0 ) UX ® (i — W) (h).1)
i Yz=1

€ R (G) @ C[G/G’ + R(G) @ ker yy .

Note that from assertion) of Lemma 3.6 this is still true when we no
longer assum to afford a unique continuous characterZ Hence we
get for anyyr, € ¥(G):

ker EP = (yr @ YA — 7 @A), ,+R1 (G)®C[G/G1+R(G)®kKer v .

Thus the kernel assertion of 3.4 follows from an application of Nakayama’s
lemma. O

4 Topological filtration on KX (G)

4.1 The central algebra: We freely use some standard facts of the theory
of complex representations @fadic groups. The main references are [7]
and [6]. We write®(G) for the variety of infinitesimal characters Gfand
&(G) for the set of inertia classes of cuspidal pairs. So we have

G = |J @.and3G) = [] 3.

5€G(G) 5€6(G)
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where 3; = O(0,). This leads to a decomposition of the category
Mod(G) = [],.s Mod(s) and of course to the corresponding decomposi-
tions.X (G) = P, X (G, ©,) andthe same far (G) and# (G). Moreover,
we have a decomposition:

R(G, ©5) = P R (G, 05, 6)

00,

with evident notations. Bernstein gives also in [3, Thm 31] a nice interpre-
tation ofMod(s): let (M, p) € s and put

P, =i§ (p ® C[M/M°)) and #°(G) := Ends (P;)

Thentheisomorphism classBf doesn’t depend on the choice(®, p) € s
([3, Thm 37]) and#° is a 3;-algebra, finitely generated as3a-module
such that the functor

Mod(s) — #° — Mod
V +— Hong (P;, V)

is an equivalence of categories.

4.2 An other filtration onX (G): LetV be a finitely generate@-module

and consider it as a(G)-module. Define&Supp(V) to be the support of the
associated quasi-coherent sheaf. Note it is actually the support of a coherent
sheaf, namely that associated\té' whereH is a sufficiently small open
compact subgroup, hence it is closed and has finitely many irreducible
components. LeMod (G) be the abelian category generated by thdse
satisfying:dim Supp V) < i. We then put:

FLX(G) := im (X (Mod (G)) — X(G))

This defines an increasing filtration ¢f (G), whose associated graded
structure we not&' X (G) := F' X (G)/F' 1 X (G).

We get more into details: let be ad(Y)-dimensional irreducible sub-
variety of ®(G) and letMod(G, Y) be the full abelian subcategory of f.g.
G-modulesV such that3(G) acts onV via its quotientC[Y] (note it is
a stronger requirement th&uppV c Y). Mod(G, Y) is Morita-equivalent
to the category of modules over @Y]-algebra of finite type, namely
H*(G) ®3) CIY] wheres is the unique inertia class such thatC ©,.
Let X (G, Y) be the Grothendieck group bfod(G, Y) : it is equipped with
a filtration in the same way a% (G) and the natural inclusion induces

iy .
a filtered morphismk (G, Y) — X (G). Moreover we classically have:

Lemma 4.3 GYK(G) = Y yy,_qiy (G K (G.Y)) .
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Proof: It is a standard fact tha9.X (G) is generated by thgV]'s for V

of irreducible supporl of dimensiond (see [10, lemme 17] for example
or [14, 5.9.2] in an equivariant setting). So the only thing to show is that
such g V] is in the image of. This is also standard; lgt be the defining
ideal ofY, then,V being finitely generated, there is an integesuch that
I"V = 0. So looking at the filtration @&= I"V C --- C IV C V, we
see that ink (G) we havelV] = Y, [1'V/1'1V]. Now 1'V/1'*1V, being
annihilated byZ is an object oMod(G, Y), hence[I'V/I'+1V] is in the
image ofiJ. |

4.4 Specialization to the generic pointin this paragraph we specify the
field of coefficients, e.gMod(G, Y) becomedMod(G, C, Y). We have the
following “generic fiber” morphism:

Mod(G, C,Y) — Mod(G, C(Y), 6y)
V=V ®s3c) C(Y)

where the symbols have the following meanings:

e C(Y) is the quotient field ofC[Y]. The tensor product is taken w.r.t the
canonical morphisnt, : 3(G) — C[Y] — C(Y). Hence the functor
is actually exact.

e Mod(G, C(Y), 6y) is the category of those finitely generat&d(Y)-
modules such tha3(G) acts via the morphisn¥;, above.fy is thus a
C(Y)-infinitesimal character defined ovEI(Y) in the sense of 6.1 ii).

In this context, we have the following fundamental result:
Proposition 4.5 The functor above induces an isomorphism:

G K (G,Y) = R(G, C(Y), 6y) .

Proof: This is a consequence of the standard “localization exact sequence”
of [1, IX.(6.1)]: the only finiteness result required is the noetheriannity of
J£(G) which has been known since [7] and we can recover the situation of
an algebra with unit, finitely generated aSfr']-module by working within
Mod(s) wheres is the unique inertia class such thatc ®, and by using

the equivalence of 4.1. O

Remark:Look at the cas&’ = ©, for some inertia class = [M, p]g. The
previous discussion enables to describe the “top” quotient of the topological
graduation:

K (G, 0;) — G ™MK (G, ©,) ~ R(H; ®3, C(Oy)) .

As a matter of fact, [7, 3.14] implies th&t, ®3, C(0,) is a finite dimen-
sional central simple algebra ov€(®,), hence its Grothendieck group is
justZ. The mapX (G, ®,) —> Z thus obtained is the same as that in [17]
which was the starting point of these investigations.
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4.6 Moving parabolically: We can define similar filtrations oK (M) and
it can be checked thaf;, andr are filtered morphisms. This is a direct
consequence of [6, prop 2.4] as well as the following lemma:

Lemma 4.7 The functorTy = i$; o r¥ commutes with the action 3{(G)
on Mod G).

Corollary 4.8 Let Y be an irreducible subvariety a®(G). The system
of functors(Ty)m<c induce onX (G, Y) as well as onR (G, C(Y), 6y)
a system of (combinatoric) filtration-preserving endomorphi$mg v-c
which commute with! and the isomorphism of 4.5.

Proof: Thisis straightforward from the definitions and the previous lemma.
o

Now we state the starting point of the theory i G):
Theorem 4.9 The filtrationsKX % (G) and F* K¢ (G) coincide.

Proof: We begin with the inclusiof* X (G) C K °*(G), it follows from the
next lemma.

We write Z for the set ofF-points of a maximaF-split torus lying in
the (algebraic) center @. There is a canonical morphism

H(Z) — 3

which provides, thanks to the inclusidi{Z/Z° c #(Z), a morphism
®(G) — Y(Z) and we noteSupp, V the image ofSuppV for a finitely
generateds-moduleV (it need not be closed in general).

Lemma4.10 Let V € Mod(s) be a finitely generateds-module. If
dim Supp, V < d(G) then[V] = 0in X (G).

Proof: The hypothesis in the lemma imply that we can find a one-parameter
subgroupC* —— W(Z) such thatim(@im «NSupp, V) = 0. Nowa comes

from a morphism of groupsz/ Z° ', 7. PutZ' := ker o*. Recall thatv
is finitely generated oveB®. Z sinceG/GPZ is finite. Moreover the choice
of o implies that only a finite number of characters&fZ’ appear in the
actionofZ/Z' onVviaC[Z/Z'] C #(Z), and thisimplies tha¥ is finitely
generated ove®°.Z'.

We haveG/G°.Z’' ~ Z & finite groupand we define G’ to be the kernel
of the projection on the factdf. V is finitely generated ove®’ so that
V® CIG/G] = indg, (V) is G-finitely generated. Now writ€[G/G’] =
C[X, X~1], we have the following exact sequence

x(X—1) X1

0— V®C[G/G] X3 VeCIG/G1 1SV — 0
which showgV] = [V ® C[G/G']] — [V ® C[G/G']] = 0in X (G). O
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Remark: The latter result could be seen in the following intuitive way:
there is an action of¥(G) on each object of interest for us
(R(G), #(G), O(G), ---) and in particular onX (G), but the latter is

a discrete set whereaB(G) is continuous hence this action has to be
trivial. In other words: for any finitely generate@d-moduleV, we have
Vi € W(G), [vV]=I[V]in K (G). Now sinceSupp(y.V) = ¢ SuppV,

it can be deduced that for not to be 0 inK (G), SuppV must be stable
under¥(G) hence of dimension at lead(G).

Corollary 4.11 F*X(G) C K*(G) .

Proof: LetV be a f.g.G-module such thadim SuppV = d andM a stan-
dard Levi subgroup such thd¢M) > d, thendim Supp g'(V) < d(M), so
that[r¥ (V)] = 0 in X (M) by the lemma above. O

Before dealing with the reversal inclusion, we have to investigate a little
more the geometry ad(G).

4.12 Afiltration on®(G) : Here we want to precise 4.3, using the notion
of discrete infinitesimal characters. The definition of “discrete” we will use
slightly differs from that in [6]: a discrete infinitesimal character is here an
element of:

OY(G) := {0 € O(G), Rc(G,0) # R (G, 0))
and we will call “quasi-discrete” any element of
OUISYG) := {0 € O(G), R(G,0) # R, (G, 0)}.
Note that we have:
(6 non-discretg if and only if (Ayc) = 00nR(G, 6))

and forGL(N) the two notions are actually equivalent, but they may differ
in general. Now recall that the sed®® = @uisqG) N ®, was shown
in [6] to be a finite union of(G)-orbits, hence is a closed subvariety of
dimensiond(G). The same result holds of course @g'SC.

Now we define for any:

Yq:= U iS (@9sc(M))
d(M)=d

This is a closed subvariety &(G) of pure dimensior (note thatyy N ®,
is either empty ifd > d(©®;) or has finitely many irreducible components).
We have the following characterization of these subvarieties:

O(G)\ Yae) U---UYy) ={0 € ©(G), Rc(G,0) = Rca(G, 0)}

This follows from the definition. Now, the fundamental tool is the following
result:
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Proposition 4.13 Let Y be an irreducible algebraic subvariety @i(G)
such thatAy = 0 on Rc(G, C, 0) for 6 in an open subset of. Then
Ad = 00nRc(G, C(Y), by).

Proof: There are two ways to prove this statement. Here we explain what is

suggested in [18]. In part 6, we give a proof using direct image in algebraic

K-theory, which is more natural but also longer than the following argument.
Firstwe can choose a subfiéibf C, finitely generated ovep satisfying

the two conditions:

e The morphismY — ©, is defined ovei (i.e.comes from a morphism
Y — 0, of reduced geometrically irreducible schemes definedKyer

e The3.-algebra#, comes from &X-algebra (wher®, = Speq3X)),
e Hs = Hy D3 35

Since the field of function&(Y) at the generic point oY is also finitely
generated ovef), we can choose &-embeddingd : K(Y) — C. It
provides thus a complex closed point¥f(still noted?). It is known that
the set of complex closed points¥fvhich can be obtained in this fashion is
Zarisky-dense ity = Y(C) (indeed, call this set(Y) C Y(C); by Noether’s
normalization lemma one can find afinite epimorph1_$m¢—> A4 (the affine
space of dimensiod = d(Y)), then one easily sees thgt!(c(Aq)) C c(Y)
andc(Ay) is dense inCY since it contains the set of those points whose
coordinates are transcendant olerHence the closure af(Y) is at least
d-dimensional and thus equa¥sC) sinceY is irreducible). In particular,
by the hypothesis we can choassuch thatAq vanishes oR¢ (G, C, 6).
Now from the fact tha€ is algebraically closed of infinite transcendence
degree ove®, we can extend to aK-embedding of fields? : C(Y) — C.
As a matter of fact, choose a transcendence l§asis, of C overd(K(Y))
(resp.(yj)jes of C(Y) overK(Y)). Sincel andJ have the same cardinality
we can embe&(Y)((y;)jes) into C and extend to such@as above since
C(Y) is algebraic oveK(Y)((Y;j)jes). Hence from the isomorphism

(Hy ®3x C(Y)) ®cpyy 5 C = Hs ®3,0C
we can form the following diagram

R(C(G, C(Y), QY) ................... > R(C(G, C, 9)

®c(y)

Re(Hy @35 C(Y)) —> Re(Hs @3, C)
where the bottom map is given by base extensiomvi&le thus get a mor-
phism (the dotted one):
6. : Rc(G, C(Y), by) — Rc(G,C,0)

which is injective by general theory of finite-dimensional algebras (see
Appendix B) and obviously commutes with thg’s. o
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Corollary 4.14 For anyd, we have

G'Xc(@G) = P i(GC'Kc(G,Y)).
YCYq,d(Y)=d

Proof: The meaning of this assertion is essentially that in order for an
irreducible subvarietyr to provide a non-zero contribution in the formula
of 4.3, it is necessary thatbe contained ityy. Taking this for granted, the
sum of 4.3 becomes a direct sum because for eachS(G) the variety

Yq N O, has finitely many irreducible components which are in fact its
connected components.

Now fix d and letY be ad-dimensional closed irreducible subvariety
of ®(G) which is not contained ifYy. The characterization ofy together
with the previous proposition show th& is zero onR¢ (G, C(Y), by).
Hence, from the expansion formula 8§ (see 2.5) and the Corollary 4.8,
the operator

Pal— ) ca(M)Tw)

d(M)>d

vanishes o GY.X (G, Y). As a consequence we get

PeiYGYK(G,Y) C Z iSGIK (M) =0
d(M)>d

sinceGYX (M) = 0 for d(M) > d by Corollary 4.11. Hence, killing the
torsion by tensorizing wittC (or Q), we see thaG®.X (G, Y) provides
a non-zero contribution in 4.3 only ¥f is ad-dimensional subvariety ofy.

O

4.15 End of the proof of 4.9: Going on with the above discussion, we see
that for any irreducibley:

Adevy—1 is zero onRc (G, C(Y), by)

SoletV be afinitely generate@-module inMod(G, Y) whose contribution
isnonzeroin4.3,e.if[V] # 0in GYY) X (G). We know from Lemma 4.10

thatiY[V] € X9 (G). Suppose that there exists sothe d(Y) such that
iY[V] e X 9(G) then from the expansion formula

Adyy—1 = Paeyy-1(1 — Z Cacy)-1(M)Tw)
d(M)>d(Y)—1

and the commutatiodyy,_1iY = i) Agry)_1, we see thaBgy,_1iY[V] =
Pacv)—1i YTV (sinced(Y) > d), hencePyy,_1iY[V]is zero inGYY) X (G).
At this point we loose again the torsion tensorizing wWitlor Q to deduce
i[V]=0in GYY X (G). This completes the proof of 4.9. i
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4.16 Leveld(G): Once we have the equality of the combinatorial and
topological filtrations onKX ¢(G), we can use induction on the depth of
Levi subgroups to investigate the propertieskf (G). But one has first to
explicit the leveld(G). Write X¢(G)y =i K¢ (G, Y), then from 4.14 and
the fact thatF4® K (G) = G¥® K (G), we get:

(4.17) FIOXcG)~ P  Xc©G)y
YeQdise(G)/w(G)

From now on we fix al(G)-orbit Y in ®%¢(G) and an elemerit € Y. We
write Ny for the normalizer ob in W(G) (since it doesn’t depend on the
choice of6 € Y). Note that the action o¥(G) on R(G) induces an action
of My ON R (G, 6). Then we claim

Proposition 4.18 There exists an isomorphisin: Rc(G, C(Y), y) —
R (G, H)M such that the following diagram is commutative:

R (G, OM EP Kc(G)y

¢T i:T

Re(G, C(Y), by) <— Kc(G,Y)

Proof: First we observe the following general fact: assufe>> Y is an
étale morphism such that the extensign: C(Y) — C(Y’) is Galois of
automorphism group'(Y’/Y) and splits (see Appendix B) the finit&x(Y)-

dimensional algebré#, ®3, o, C(Y). Then tensorizing vig* we get an
isomorphism

Re(G, CY), by) —> Re(G, CY'), 6y)F YY)

(wheredy: = ¢*6y). Thisis easily deduced from the point iv) of Appendix B.
Now letY’ = ¥(G). We define the “universal” unramified characieg,

of G with values inC(G/G°) by y¥un(9) = § := Lyco. If = € Irrc(G), let

T ® Yun be the simpleC(G/GP)-representation o6 obtained by letting

G act on both terms of the tensor product. Thenrihas infinitesimal

charactes, it is clear thaf3(G) acts onr ® ¥, via a morphisnB(G) —

C(G/GP) characterized by the properties

e imw C C[G/GY]
e For anyy € W(G) = Home_a4 (C[G/GP], C), we have the equality
¥ o w = .60 where the dot stands for the action®{G) on ©(G).

Put in other words, lep, be defined by

do: Y =UG) —>Y
v .0
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then the mapr — 7 ® ¥yn induces a morphism
(4.19) R(G,C, 0 — R(G,CY), 6y)

whereéy: = ¢;6y. This map is obviously an isomorphism, being the com-
position of the standard base extension fi@rto C(G/G°) and the torsion
by the universal unramified characigg,.

The mapp, is a Galoistale covering with Galois groufy = Ny (0).
The action ofyr € My on C(G/GP) is given byg” := /(7)0. Hence it is
clearthalym) ®@Yun = (T®vun)¥, orin other words, the isomorphism 4.19
is My-equivariant for the Galois action oR(G, C(Y’), 6y:) and the usual
action onR (G, C, 6). The existence of the isomorphism of the proposition
thus follows.

We defineX (G, Y') by K (G, Y') = K (H° ®3(6).4; CIY']) wheres is
the unique inertia class such thatc ©,, and the morphisnir, by

R, : K(G,Y) — R(G,C(Y), by) - R(G, 0)

whereTy is the inverse isomorphism of 4.19. Now consider the following

diagram where)" is induced by’ > Y < ©(G)

K(G.Y) 2> x(G.Y)

wl £

K(G) ~Ep R(G,0) .

It is clear that the lower triangle is commutative (from the definitions). The
upper one is also commutative siri¢e=iY o ¢, andgg, o ¢»* is just the
multiplication by|.My| because we hav@[G/G°] ~ C[Y][Ny] as aC[Y]-
module. Now the commutative square thus obtained induces the following

one wherg) = ‘le‘(— Rqry) C(G/G):

.Y/
Iy

']{C(G9 Y) - R(C(G, (C(Y/)’ GY’)

N

Kc(G) ep Rc(G.0)

Now the commutative diagram announced in the proposition follows from
the facts thaim iy = Rc(G, C(Y), 6y) and thatT, induces an isomorph-
ism Rc (G, C(Y), 6y) ~ Rc (G, C, )M, as checked above. o

From now until the end of this section we will assume that Ghat 0
in order to use the piece of 3.4 we have already shown.

Corollary 4.20 Rk is injective.
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Proof. We first prove thaRKgde x (g, iS injective: so lety andé as in
Proposition 4.18 anK € Kc(G)y. By this proposition, we can write
X = EP(x) for somex € Rc (G, ). Now RKX) = 0 implies thatx e
ker(Rko EP) and by Theorem 3.4 we g&te Rc,(G), i.e Ag)(X) = 0,
becauseRrc (G, )M N ker Reg0 = 0. Hence we have & Ay)(X) =
Pa) X (sincer is zero onF4© x ¢ (G) for any properM < G) and thus
X=0

We. treat the general case: lte GY.X¢(G) andM < G with depth
d(M) = d such that ¥ (X) # 0 (Theorem 4.9 gives the existence of such

aM) thenr o Rk X) = RKr¥ (X)) # 0 because of the discussion above
applied toM, soRk(X) # 0. O

Corollary421 Let M < G andw € Wg such thatw(M) < G then
word =rf™in Xc(G).

Proof: This comes from the same property #1G). This should remain
true onX (G). O

Corollary 4.22 K (G) is generated by compactly induced representations
of open compact subgroups.

Proof: Use the discussion of the proof of Theorem 1.6. Note that one can
deduce thatk (G) ®7 Q is generated by such induced representations but
it is not precise enough to get the result $61(G). O

Corollary423 Let M < G andw € Wg such thatw(M) < G then
IS 0w =iy onKc(M).

Proof: (i) We call “M-pair” any couple(J, ) with J an open compact
subgroup ofM andt an irreducible smooth representationband write
V, = Homy (7, V) for anyV € Mod(M). Then from Corollary 4.22 and
Theorem 4.20 we see it is sufficient to show:

For any finite lengthG-moduler and anyM-pair (J, ) we have

dimg (r€n), = dimc( ortMy ) :

(i) Now we claim:It is enough to treat the cadel maximal inG. As
a matter of fact one can decompaseas a product of elementary maps in
the sense of [2, 2.17]. In this way we are reduced to the Bhssaximal.

(ili ) We assumévl maximal. We wri'[er_(";’I for induction with respect to
the opposite parabolig, . By (i) we are reduced to show that for any finite
lengthG-module and any-pair (J, t) we have:

dim(r¥), = dim (r¥r)

We write p* the Hermitian contragredient of a representajoft is a con-
sequence of [13, 4.2.5] that if is admissible them¥ (z*) = (r¥m)*.
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(It was generalized to any representation by Bernstein). Hence we have
dim (@n) =dim(rgx*)_,, but sincer is unitarizable hence isomorphic
tort, we arre reduced to prove

dim(rdx), =dim(rdz").

Now, we fix a standard Levi subgrouy of G and an irreducible tempered
representatiorp of N. We write B = C[N/N°] and consider the smooth
B, M-representatioV = rg oiﬁ(p@ B). Itis B-admissible. Moreover one
can see that, is projective finitely generated asBamodule. (For example
chooseH an open subgroup of the conductorrcindHg a G-cover ofH.
Then from the Stabilization theorem of Bernstein ([4, 5.3]), we see that
VH, henceV,, is a direct factor of (p ® B)™e which by standard Mackey
formulas (see [29, 1.5.6]) is free ové&.)

HenceV, has aB-rankr and for any unramified character of N,
identified with a character d8, we have

dimerg (5 (0. 0)e =T .
Now p is unitary, being tempered, thus is isomorphic to its Hermitian
contragredient, so that¥! (i (p.x)* = r¥ (i (p.x*)). Hence we are done

with the caser = i§ (p.x). By Langlands’ theoryR(G) is generated by
such representations and this completes the proof. O

4.24 Description of Xc(G): Now we give what seems to be the most
explicit way of describingK ¢ (G); viewed as a Hopf system, it turns out
to be isomorphic to some “trivial” Hopf system as in Lemma 2.8. Eet
be anyC-vector space with an algebraic action of a complex tdrusve
note Et the space of coinvariant®. Er := E/< te — e >¢«. In particular
for a standard Levi subgroup! of G, the action of¥’(M) on Rc(M) is
algebraic and induces an action ®r(M) = Rc(M)/Rc, (M). Now if

w € Wg is such thatw(M) < G, then conjugation by induces a well-
defined isomorphisniRc(M) — Rc(M™) which sendsRc, (M) onto
Re) (MY). Sincew(yr) = w).w(r), the isomorphismw induces an
isomorphismRc(M)ymy —> Rc(M¥)yuwy as well as an isomorphism
Rc(M)ymy —> Rc(M?)ymwy.

Theorem 4.25 There exists an isomorphism of Hopf systems
(O3 J{(C l) .6 (M [ %(M)\IJ(M)) .
In particular we get the isomorphism

O Kc(G) — (@ %(MMM))
/~c

M<G

where(M, xX) ~g (M’, x) if and only if3w € Wg, M = w(M’) andx =
w(X).
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Proof: Since the abstract work has been done in part 2, we only have to use
2.10 iii) together with the next lemma. O

Lemma 4.26 EP induces an isomorphisiRc(G) y (g, 5 FIO K (G).

Proof: Fix 6 € ®95¢(G) and recall the morphism

R(G, 0N = Ko (G)y
from Proposition 4.18 and with the same notations. From this proposi-
tion it is surjective. On another hand it is clear that induced elements
are in its kernel and actually 4.20 shows thatr EP = R¢, (G, ).
Now defineRc (G, Y) as the subspace &t (G) generated by those irre-
ducibler € Irr (G) such that(r) € Y. We clearly have an isomorphism
Re(G, )M ~ R (G, Y)w(c) SO thatEP turns out to induce an isomorph-

ism Rc(G, Yy, AN F4© % (G, Y) which is more precise than what
we had claimed. O

4.27 Remark on the “integrality” of the properties ok: The properties

of K (G) have been set up here for the complexifi&d: (G). Of course
they all remain valid if we consider onlk (G) ® Q, since we only had

to kill some torsion problems. It may be interesting to have a “bound” on
these torsion problemsg. find someNg such that these properties carry
onfor X(G) ® Z[N—t]. For that, we list up the points which required to kill

the torsion:

i) Each time we had to use projector property of 2.5 and thus to invert
the Py’s. For this, it is sufficient to requirNg| to be invertible. More
precisely Proposition 2.5 may be rephrased for the grounoﬁiﬂﬁe—‘]
in the same words as f@E. In particular the variouR¢(G) ® Z[|w_16\]

are direct factors ilR(G) ® Z[\w_lm] so that quasi-discrete characters
are killed just as in the “complexified” case and don’t contribute to
K(G) ® Ll -

ii) Inthe proofof 3.4 (see below Lemma 3.7). Itonly requires tEnG° Z|
be invertible.

i) In the first displayed isomorphism of the proof of 4.18. The problem is
the Schur indicesn; of Appendix B point iv), but they must divide the
order of the Galois group, hence in our case it is sufficient| BaG°Z|
be invertible.

Now putNg = |Wg|[G : G°Z]: we see that 4.9 is valid witB replaced by
Z[\w_lm]' while 4.18 remains true oﬁ[ﬁ]. HenceRkis an embedding of

K(G) ®Z[%] into #(G), and 4.21 carries on. Remark tloatthe contrary
our arguments do not insure the validity of 4.22.&1(G) ® Z[%]. We can
only say that the quotient ok (G) ® Z[%] by the submodule generated by
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compactly induced projectives is a torsion abelian group and this is enough
to get 4.23. Now replacindlg by the lowest common multiple of théy's
for M < G, we see that the structure result is vaIidZ[rlez].

5 Topological filtration on #(G)

This filtration has already been described in [18] (it is hamed there
“dévissage”). Our treatment here will follow that of the previous section.

5.1 Categorical cocenter: (see [18]) LetA be an abelian, locally nothe-
rian (in the sense of [19, p.356]) category such that the subcategbry

of notherian objects be a small category. The coceftén) is defined
analogously to 1.3 as the quotient of the free abelian group on the symbols
(V, u) whereV is a noetherian object ok andu € End, (V) modulo the
relations

e (V,u) = (V, up) + (V,, Up) for any short exact sequence

0—V, V-5V, 0

such thatfu; = u f andgu = u,g.
e (V,u)+ (V,v) =M u+v)
o (V, fg)=(V,ghHif f:V — Vandg:V — V’

Itis a covariant object: it —> A’ is an exact noetherian functorg, map-
ping notherian objects on noetherian objects), then it induces a morphism
H(A) — H(A). o

If 3(A) isthe categorical center &, we letitact on?t (4) by z(V, u) :=
(V, zu) and get a structure @(+4)-module. In particular, if4 is R-linear
for some commutative ring, # (+4) is a R-module. If A’ is a full abelian
subcategory of4 then the morphisn# (A') — #(4) associated to the
inclusion functor is3(+4A)-equivariant.

If A is the category of modules of some ridg we shall abbreviate
H(A) := H(A— Mod).

5.2 Examples:

e For A = Mod(G) this definition coincides with that of 1.3 since the
categoryMod(G) is of finite cohomological dimension.

e AssumeA is a splif finite dimensionalk-algebra. Then it is easy to see
that #(A) = R(A) ®z K. Note it is clear wherA is semi-simple since
one is reduced to the cadé,(K). In the general case, one has to express
any (V, u) as a sum ofr;, A;) with 7; irreducible and,; € K. To do this
we may proceed by induction on the lengthvafnoting that the socle of
V must be stable by so that(V, u) = (SoclgV), u) + (V/SoclgV), u),
and using the desired property for the semisimple modules.

2 Thatis,Enda(V) = K for any simpleA-moduleV
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e In the case wheré\ is no more assumed to be split, we may choose
a finite Galois extensioK'’ splitting A and letGal(K’'/K) act diagonally

onHAQRK) = Re(A®K') @ K. Then we have
F(A) = (Re(AQ K) @ K) G/

as we can easily see by reducing first to the semi-simple case. This is
also isomorphic as K-vector space t¢p,, Z(Enda (;r)) where ther’s
are the isomorphism classes of sim@lenodules.

Complete proofs of the latter facts are given in A.5 for finite categories.

5.3 The filtration on #(G): As in 4.2 we define F' . #(G) :=

im (#(Mod (G)) — #(G)) and noteG* #(G) the graded(G)-module
associated to thi$(G)-filtration. We will use the notations# (G, Y),
H(G, C(Y), by), #(G, C, 9) for the cocenters of the respective (and al-
ready defined) categoriddod(G, Y), etc... The first trick is the following
analogue of 4.3:

Lemma5.4 GYH(G) = ) yy,_qiy (G H(G,Y)) .
Proof. The arguments are the same as for 4.3. O

_As in 4.4, we have a “generic fiber” morphiss¥(G,Y) —
FH (G, C(Y), 8y). Note that the left hand side is@Y]-module whereas
the right hand side i€ (Y)-vector space. The analogue of 4.5 is:

Proposition 5.5 The “generic fiber” morphism induces a monomorphism
GH(G,Y) = H(G, C(Y), by)

and an isomorphism:
GINFH(G,Y) ®qy C(Y) — F(G, C(Y), by)

Proof: We need an analogue to [1, IX.(6.1)] with respec#oHere is the
result we will prove & is again a locally notherian abelian category)

Proposition 5.6 Let 8 be a localizing subcategory (in the sense of [19]) of
A such that the quotient/§ is locally finite (i.e is inductively generated by
finite length objects, see [19, p.356]), and assutand A /4 are 3-finite
andQ-linear (see appendix), then the sequence

H(8) — H(A) —> H(A/S)
is exact.

Proof: See appendix. O
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Now we may apply this to our situation4 is the category of all left
modules ove#; ®3, C[Y], 4 is the category of alC[Y]-torsion modules
in A. Then 4 is a localizing subcategory ([19, 111.5] for example) so that
A /4 is equivalent (see [1, 1X.6]) to the category of all left modules over
the finite dimensionaC(Y)-algebra#; ®3_  C(Y), hence is locally finite.
Moreover the quotient functor is just tensorization@gy).

Thus we get the monomorphism and the injectivity of the isomorphim
of 5.5. As for the surjectivity, it is quite clear since for any finitely generated
object of A we have:

EndA/g (V ® (C(Y)) ~ C(Y) ®(C[Y] EndA (V)
O

Now we shall apply the same discussion as for the topological filtration
of X, after noting that Corollary 4.8 applies word for word to the cas# of

Theorem 5.7 The filtrations#° (G) and F*#(G) coincide.

Proof: As a matter of fact, Lemma 4.10 is still valid as well as its proof,
hence we get as in Corollay 4.18°*#(G) C F(G).

Now we can use the fact that (G, C, 6) ~ Rc (G, C, ) insured by 5.2
to get the following equality:

O(G)\ (Y U---UYy) =10 € OG), Ag=00nH(G,C,0)}.

As a consequence we can repeat the proofs of 4.13, 4.14, etc..Rwigémd
K¢ replaced by (note that we don't have any more torsion problems) to
get the theorem as well as the following decomposition

(5.8) GYH(G) = @ iY(GYH(G,Y)) .
YCVYy,d(Y)=d

5.9 Level d(G): Asinthe case of{¢(G) we begin with the bottom of the
filtration. Again we write# (G)y := iy #(G, Y) and from 5.8 we get:

(5.10) FIOF(G) ~ b Ho)y.
Ye®dise(G) /W (G)

Hence we fix al(G)-orbit Y in ©95¢(G) and an elemertt € Y and, as in
the case of 4.18, we writéy for the normalizer of in ¥(G). The analogue
of4.18 is
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Proposition 5.11 There exists an isomorphisgh : GY#(G,Y) =
(Rc(G, 6) ® C[G/G)M such that the following diagram is commuta-
tive:

(Re(G, 6) & C[G/GN* —EP~ F5(G)y
¢T iIT
GIH(G,Y) H(G,Y)

Proof: The proof will follow that of 4.18 but we have a little work to
do. AssumeY’ —%> Y is a Galoisétale covering (and not only agtale
morphism) with Galois group’(Y’/Y) then we claim that the morphism
induced by tensorization
T H(G,Y) = H(G,Y)
[V,u]l = [V ®qy) C[Y'],u® 1]

provides an isomorphism

GIVF(G,Y) — GUH(G, Y) VM),

(Recall that# (G, Y’) by definition is # (#° ®3(6).¢+ CLY']). First we
have to precise the action &f on #(G, Y’): this Galois group acts by
automorphisms df[Y]-algebra orC[Y’], hence by automorphismszily of
algebra on#s ®3, C[Y'] == Hcv) @cpy; CLY']. Hence this action extends to
an action by automorphisms on the categelgd(G, Y’) and then induces
an action on# (G, Y’) by y[W, v] := [W”, v]. Recall #(G, Y’) carries
a natural structure of[Y’]-module; it turns out that the action &f is
I'-semilinear i(e. y(zX) = 2" y(X), Vze C[Y'], X € #(G,Y’)).

SinceC[Y’] is a finitely generated[Y]-module, the forgetful functor
Mod(G, Y) — Mod(G, Y) is well defined i.e. carries f.g. modules on
f.g. modules) and induces the map

k: H(G,Y)— H(G,Y)
(W, v] = [W, v] )

Now from the fact thaC[Y'] is free overC[Y] of rank |I"| we get
kot =|Id .

And from the isomorphisnW ®cv; C[Y'] ~ D
Mod(G, Y’) (follows from Galois theory) we get

W for any W €

yell

Tok =TIT .
WhereTrr[W, v] := Zyer y[W, v]. The two last displayed formulas imply

thatz induces an isomorphis# (G, Y) —s #(G, Y))' and the claim fol-
lows from the fact that andx obviously preserve the respective topological
filtrations.



On theK of a p-adic group 207

Now we shall apply this to the cad® = ¥ (G) sy already defined
in the proof of 4.18. First we have to compu@' ™ # (G, Y’); we will
use the Proposition A.6 in the case whete = Mod(G, Y’), 4§ is the
category ofC[Y']-torsion modules, so that4/4)¢ is equivalent to the
categoryMod(G, C(Y"), 6y/) (see the proof of 4.18 for definition &f).
Proposition A.6 says that

GHG.Y)~ P EW)
Velrr (G,C(Y'),0yr)

where

Ev)y= )  imEnd.qgy(V) — Ends oy, (V) .

VeMod(G,Y/)
VRC(Y )~V

In our present case we know from 4.18 thbid (G, C(Y’), 6y/) is equivalent
to a split finite dimensional algebra over(Y’) henceEnds vy (V) =
C(Y’) andE("V) is integral overC[Y']. Since the latter is integrally closed
in C(Y’), we get:

G MH(G,Y) = R(G,C(Y),6y) ®CLY] .
Now using the discussion around 4.19, we can state that the map

(5.12) R(G,0) ® C[G/G’] - GV H# (G, Y
' T @A [ ®C[G/G], A]

where we letG act diagonally onr ® C[G/G°] and A act on the right
term of the tensor product, is an isomorphism. Moreover, if weAet

act diagonally onR (G, 6) ® C[G/G°] and by Galois action ot (G, Y’),

this isomorphism turns out as in 4.18 to bé-equivariant. Hence the
isomorphism announced in the proposition. The rest of the proof is exactly
as for 4.18. O

5.13 Proof of Theorem 3.4:First we deal with the kernel assertion. Recall
it remains only to prover, (G) ® C[G/G°] c ker EPbutif 7 =i (o) in
Rc(G) thenEP(r ® A) = i ([0 ® C[G/G)m, A]) and by 5.7 must be
zero.

Now we turn to the image assertion of 3.4. But from 5.7 again, we have
77(G) = FY®7(G) hence it is clear tham EP c 7 (G) and the sur-
jectivity follows from the previous proposition. O

Now we give a way to explici# (G) similar to that of Theorem 4.25:
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Theorem 5.14 There exists an isomorphism of Hopf systems:

G*H —> H (M (R(M) ® CIM/MD)ym))) -

In particular, letd be an integed(G) < d < d(Myp), then:

GIH(G) ~ ( &b (c(R(C(M)®(C[M/MO])\IJ(M))
d(M)=d /~

where(M, x) ~ (M, X) if and only if3w € Wg, M = w(M’). Moreover
the rank mapG? Rk: GY.X ¢ (G) — GY#(G) is just induced by the map
T 7@ 1

Proof: Once again, we use the formalisation of part 2, more specifically
2.10 ii) together with the fact th&P induces an isomorphisiiR (G) ®

CIG/G)y ) , FY© 7 (G) which is proven as Lemma 4.26. o

Remark:This property enables to get an expression similar to that of 4.25
for the whole #(G) as a vector space. Anyway, we won't write it down
since this expression won't be compatible with induction and restriction
in the sense that the Hopf systefA(.) is not isomorphic to the “trivial”

Hopf system obtained from the familyR(M) ® C[M/M°)ym), M < G

as in Lemma 2.8. The reason for this is the dependence of induction on the
parabolic subgroup (property ii) of 2.5). Understanding the behaviour of
induction in the dictionnary of the right hand side above may be an inter-
esting question, somewhat mysterious —to the author- since it is connected
to the upper filtration oR(G), itself being connected to a good knowledge

of the character-trace of a Jacquet module. It is likely that, whereas the
lower filtration of R (G) has turned out to be linked with “Harish-Chandra’s
filtration w.r.t ellipticity” (see 3.2), the upper one be linked to “Deligne-
Casselman-Clozel’s filtration w.r.t compactness” (as in [15]).

6 Representations ofG over an arbitrary extension of C

6.1 The isomorphism 4.5, the proof of 4.9 and 4.25 were motivations
to investigate some aspects of the representation theoy o a field

extensionK of C. We fix an algebraic closur& of K and putl'x =
Gal(K/K). The first easy remarks are:

i)  Defining 3(G, K) as the center oMod(G, K), it is clear from the
property 3(G, K) = Iim Z(#(G, H) ® K) (see [7, 1.5 ii)]) where

the limit is taken over a system di’s satisfying the condition(x)
of the introduction and from the isomorphis#(# (G, H) ® K) ~
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ii)

Z(#H (G, H)) ® K (see [16, (2.38)] with the notheriannity of [7, 3.12])
that

3G, K) = [[3: @Kk

In other words, Bernstein’s decomposition of the cateddogl(G, K)
into blocs remains parameterized by the same set of inertia classes,
(M, p) = (M, p ®c K) yields a bijection between inertia classes of
cuspidal pairs and the equivalences of categories of 4. 1:anchrry

on overK. In particular every simpl&-module isK-admissible.
K-infinitesimal characters:Consider ®(G) as a reduced scheme
over C. Let ®(G, K) be the set of alK-points of ®(G). As usual,
such a point is said to bdefined overK’ if it is actually a K'-
point of ®(G). Since®(G) is a union of algebraic schemes, each
K-point is defined over a finite extensidf of K. Define now the
set of K-infinitesimal character® (G, K) to be the set of'kx-orbits

in ®©(G, K) (in other words, the set of closed points in the topo-
logical space®(G) xspee. SpedkK)). We justify such a terminol-
ogy: suppose first tha = K then by direct analogy with the com-
plex case, we can attach to each simBlgk-module an “infinites-
imal character'd(r) € ©(G, K) and we have the decomposition
R(G,K) = @969«3,@ R(G, K, 6). Now for anyK, letr € Irr g (G).
Then by admissibilityr ® K is a finite lengthG, K-module, hence
affords afinite subseét(r) C ©(G, K) of infinitesimal characters. Ex-
plicitly, the centralizefEnds (r) = D is a finite dimensional division
algebra oveiK so that the action of the cent8(G, K) on = gives

a morphism : 3(G, K) — Z(ID) andé(x) is the set of various em-
beddingsm (x) — K. This setis d&'k-orbitin ®(G, K) so that we get

a well defined “infinitesimal character mapt g (G) — ©(G, K)
and a decomposition

R(G,K) = @ R(G, K, 6)
0€0(G,K)

which justifies our definition.

Algebra attached to an infinitesimal charactéret 6 be aK-infini-
tesimal charactery € 6 a point in ©(G, K) viewed as a map
3(G, K) — K ands the unique inertia class such thaj, # 0. De-
fine ¥y := #°(G, K)/(ker k). This is a finite dimensiond-algebra
whose isomorphism class depends onlyyand by the equivalences
of 4.1, R(G, K, 6) identifies with the Grothendieck group(#¢y) of
finite length #¢5-modules. This enables to define gitting field of
an infinitesimal characteas such a one for this algebra. Note that
even if@ is single point in®(G, K) (and consequently is defined
overK), it need not be split ovekK.
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iv) Base changdet 6x € O(G, K) andK’' C K a finite extension oK.
Then writing 6x = U;6}, as a finite union ofl'x -orbits, the base
change fromK to K’ gives a morphism

R(G.K,0) = P RG. K, 6)
i

which, thanks to the algebra interpretation in the preceding paragraph
and Appendix B, turns out to be a monomorphism. For example,
when@ is a single point orbit we get a monomorphis®iG, K, 6) —

R (G, K, 6) which is an isomorphism i is split overK. As a (almost)
particular case, supposéds a point of® (G, K) defined overC, then

the tensorizatiomr — 7 ®¢ K gives an isomorphisnR (G, C, 6) ~

R(G, K, 6). This is a consequence of the absolute irreducibility of
elements ifrr (G, C). .

v) Restriction of scalarsLet K' ¢ K be a finite extension ok, then
any finite lengthG, K’ module may be viewed as a finite lengsh K-
module. LeBx be aK’-infinitesimal character ank be thel'k-orbit
containingdx, we get in this fashion a morphism of “restriction of
scalars™

Rk : R(G, K, 6r) — R(G, K, k) .

Thanks to the algebra interpretation and Appendix B, this morphism
turns out to be of finite cokernel. More precisely for ang Irr g (G)
there exists ar € Irr (G) and an integen,, such thatRg x[7] =
n,lo].

vi) Properties: It is rather clear that induction and restriction commute
with base change and restriction of scalars. In particularMedbe
a standard Levi subgroup &, Lemma 4.7 shows that,, stabilizes
R(G, K, ok) for any 6x, and we haveRx ,xTw = TuRx,x and
— Q@ KoTy=Tuo—xK.

vii) Discrete K-infinitesimal charactersLanglands’ parametrization of
irreducible representations no longer makes sense here, since square-
integrable, unitary, tempered are not defined. However, the word “dis-
crete” can be given a sense following [23] and [8]e R(G, K) is
discrete if and only if it is not induced.e x ¢ R, (G, K). Turning to
K-infinitesimal characters, we will distinguish betwéé&sdiscreteand
K-quasi-discretecharacters, the definition being the same as in 4.12.
Note however that we cannot yet use the criterion of vanishing of the
operatorAq, since 2.6 i) is not known foK-representations. One
of our aims here is to determine the $¥°G, K) of K-discrete
infinitesimal characters.

viii) Linear independence of characteiSuppose is a single-pointl'k-
orbit (i.e. a K-point) of ®(G,K) and that 6 is split over
K (see iii)). Identify R(G, K, ) with the Grothendieck group of
Hy = H°(G)®3c).0K viathe equivalence of category of 4.1. We may
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attach to each irreducible, and hence to each elemeft((®, 6, K)
a trace function o#,. Then by [16, 3.41], we have

Vx € R(G, K, 0), 3f € Hy, Try(f) #0

ix) Varieties attached t&-infintesimal characterstet 6x € O(G, K),
k € 6k, ands the unigue inertia class such thdB,) # 0. The kernel
of x in 3, is a prime ideal which depends only ér (and not on
the choice ofc € 6k), hence is the defining ideal of an irreducible
C-subvarietyY = Y(6k) of ©s.

Many problems arise when we quit the ground fi€ld=specially for all the
statements whose published proofs make heavy use of Langlands’ theory
or unitary arguments, etc.... Hence the following result, which may appear
rather obvious actually requires some attention.

Theorem 6.2 With all the foregoing notations:

) LetM < Gandw € Wg such thatw(M) < G then £, o w = i§ on
R(M, K).

i) For a K-point6 of ®(G), the following properties are equivalent:
(@) 0 is K-discrete.
(b) 0 isK'-discrete ifK' is a splitting field ford.
(€) Y(O) C OUYG). (see ix)
(d) 0 is aK-point of @9s¢(G).
Moreover, ifdx is a discreteK-infinitesimal character, then evekye 6k
enjoys these properties.

Remark:ii) is generally false if we replace “discrete” by quasi-discrete,
even ifox is supposed to bE-split.

Proof: (Begining): i) will be shown in 6.14. In ii) standard arguments give
the equivalence of (a) and (b). The implicaties) = (d) is a tautology.
The implicationgb) = (¢) and(d) = (@) will be shownin 6.11. As for the
last point, it is a consequence of the surjectivity (after killing the torsion) of
restriction of scalars (see v)) and the commutation of this restriction with
induction. O

6.3 Aim: Let 0k be aK-infinitesimal character, we would like to relate
R(G, K, 6r) with the R(G, C, 0)’s for 6 describing the associated variety
Y = Y(6x) as inix). Roughly speaking, we would like to have an imbedding

R(G, K, 0g) — ]_[,R(G,C,e)
feY

in order to move known properties @-modules toK-modules. As is

suggested by the injectivity of base change, we will assumeahas
a singleK-point in ®(G).
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Lemma 6.4 There exists aatale morphisny’ 5 Yof algebraic varieties
such that:

i) The extensionC(Y) AN C(Y’) splits the finite dimensionalC(Y)-
algebra# (G) ®3(c).0x C(Y).

i) Y’"is a smooth variety.

i) The algebraity := #°(G) ®3(c).4+0x C[Y'] is locally free as &C[Y']-
module.

Note that the only difficult thing to get is iii). We postpone the proof and
derive some consequences. We fix sucktafe morphism and writg, for

the C(Y")-infinitesimal charactep(G) —% C[Y] - C(Y'). We call K’
the compositunK.C(Y’), then we have the following properties where all
morphisms are given by tensorization (see 6.1 iv)):

e R(G, K, bg) — R(G, K, ) isa monomorphism.

o R(G.C(Y). ) — R(G. K. ) .

Concerning thimabove, it is thus sufficient to deal witk = C(Y’) and
O = Oyr.

6.5 Definition ofr: Lety € Y’, we want to define a kind of “reduction
moduloy”:

R(G, C(Y'), by) = R(G, C, p(y)) .

To do that we use classical restriction morphisms in algeliaibeory; we
put X (G, Y’) := K (Hy) so that we have the analogue of 4.5

GV K(G,Y) ~ R(G, CY), by) .
RecallY’ is regular, thus for any € Y’, there exists a finit€[Y']-locally

free resolution ofC,. Hence, ifV € Mod(#y-), for any integek > 0, the

k™" Tor spaceTor, Y| (V, C,) inherits a structure of¢y: ® Cy-module (that
doesn’t depend on the locally free resolution), henc&ahodule and lies
in Mod(G, C, ¢(y)). We thus define:

K(G,Y) = R(G,C,¢(¥)
V] Y (—D¥[Tor Y (v, Cy)]

Now, from iii) in the Lemma 6.4, we can give a more convenient way of
calculatingry. LetV be any#¢y.-module, we can form an exact sequence:

(6.6) v

Ngcy) Pd(Y) Nd(y)—1 ng Po
JfY,()—>J€Y/() —>---—>]€Y9—>V—>O.

But then Hilbert’s syzygy theorem on the smooth varigtyimplies that
ker pq(y) is a locally freeC[Y’]-module so that we get@[Y’]-locally free
Jty: resolution:

0— Lgyy— -+ —>Lo—V —0.
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Hence we get the formula:

(6.7) RIVI=) (=D'ryLil =) (-D'[Li ® Cy] .

Now we can state:
Lemma 6.8 In the context above:

i) The above morphismy annihilates F4Y)~1x (G, Y’) so that we get
a morphism:

R(G, CY), by) = R(G, C, (y)) .

i) The product morphismr = [, ry : R(G,C(Y).6y) —>
[lyev R(G, C, #(y)) is injective.

Proof: For a#y--moduleV, we fix a resolution(L ) as above. Fixyy € Y’

and choose an open neighborhddglof y in Y’ such thaﬂ_iUy = Li ®qyv;
C[U,] is free overC[Uy] for eachi. Then one can speak of the trace of a

Cl[Uy]-operator ori_iUy and define:

fio S (=D Tr(FILDY)

On one hand we get, tensorizing with(Y"),
tv(f) = Trveco ) (f) .
On the other hand, 6.7 implies
VX e Uy, X(ty(f)) = Tr v x(f).

Now, suppose thauppV & Y’, thenV ® C(Y’) = 0, hencety = 0. But
the the map7{$)’ = #v ® Cy is surjective henc@r, ;y; = 0 and 6.1 viii)
implies thatr«[V] = 0. This proves i).

Now, supposeX = >, n[Vk] € K (G, Y’) and choose &, as above
such that each given resolution of tigs be free and defing by linearity.
Then ifr(X) = 0, in particular for anyf € ,}(’37, X(tx(f)) = 0 for any
X € Uy hencetx(f) = 0. ButJf$)’ generategty @ C(Y’) as aC(Y’)-space,
henceTrxgcy) = 0 andX @ C(Y’)=0. This shows ii). O

6.9 Proof of Lemma 6.4: Stef: Recalls is the inertia class such that
Y C ©, and chooséM, p) € s. The algebra#” of 4.1 has a structure of
C[M/M°]-module and is easily seen to be free for this structure. Indeed
H°(G) = Ends (i (p ® C[M/M®]))
~ Homy (rg (i (p ® CIM/M°])), p ® C[M/M®))
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hence by the Geometric Lemma in [2}¢° admits aC[M/M?] filtration
with quotients isomorphic télomy (w(p ® C[M/M°]), p ® CIM/M°])
hence free a§€[M/M°]-modules, so that the whole is free o&iv/M°].

Step2: Now recall tha®, is the algebraic quotient o (M) by a certain
finite groupWi: let w be the projection andy, for the inverse image ~1(Y):
it is a closed subset of (M) of pure dimensiord(Y). Consider the subset
of Yy

Um = {x e ¥(M), misflatatx}.
It enjoys the following properties:

e Uy isopen (by [21, Il ex 9.4.]).

e Uy is non empty. It is a consequence of (the much deeper fact) [21,
[11.10.5] applied to one of the irreducible componentsygf.

e Uy is W;-invariant. In particular, the séf := 7(Uy) is open and we
haveUy = 7~ 1(V).

Step3: Now we can choose atale morphisny’ 2y satisfying i)
and ii) in Lemma 6.4 and such thatY’) C U. We then puty}, := Yy xy Y’
andr’ : Yy, — Y’ the extension ofr. By Step 1,#y' has a structure of
free C[Y},]-module. But Step 2 implies that:

7 Yy=UuxpyY —Y

is flat and finitej.e. C[Yy,] is locally free overC[Y’] (it is a consequence of
[21, 111.9.2.(e)]). This completes the proof. O

Lemma 6.10 The morphisnmy of 6.6 commutes with the respective endo-
morphismsTy, N < G on R(G, C(Y’), Oy)) and R(G, C, ¢(y)).

Proof: The “respective” endomorphisms are those provided by Lemma 4.7.
More precisely,s being as above, the equivalence of categories of 4.1
provides functordy on #° — Mod which commute with the action &%,
hence which induce functors oy, — Mod. Now to get the lemma (and
since Ty is exact) it is sufficient to show that @ Y']-locally free #y:-
module is mapped on@[Y']-locally free #y.-module undeiTy. In fact it
is even sufficient to show the latter f@fy. itself since applyingly to the
resolution below 6.6 and using again Hilbert's syzygy theorem, we could
conclude. Now recall the pro-generatey of Mod(s) from 4.1. From the
Geometric Lemma of [2], we see that (Ps) has a filtration indexed by
thosew € WMNe sych thatw(M) C N and whose quotients are of the form
iS(M) (w(p ® C[M/M?P])) hence isomorphic t®, by 4.1.

As a consequence, going back#,, by the equivalence of 4.1 and the

mapY’ BN 0., we see thally (Hy/) has a filtration whose quotients are
isomorphic to#fy:, hence it is locally free. O
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6.11 Proof of 6.2i): We begin proving the following thing: #x is a dis-
creteK-infinitesimal character, the¥(9x) c ®%%G). From the lemma
above, we see thatcommutes with theAy’s defined in 2.4. Now suppose
thatY is not contained i®9s¢(G): from the fact thatAqg) is zero on the
open subseY \ ©9S(G) and the injectivity ofr, we see that\yg, anni-
hilates R (G, K, 6x) hencedx is not discrete. Hence in order fé¢ to be
discrete, we must havg6x) c OIs¢(G).

Now the implications(a) = (b) = (c) = (d) are clear and it remains
to get(d) = (a). But as was already mentioned, the &t5°(G) was
shown in [6] to be a finite union o¥(G)-orbit. This implies, since& is
algebraically closed that the s&ts¢(G, K) of K-points of @9s¢(G) is
in turn a finite union of¥(G, K)-orbits. In particular, evenK-point of
®9s%(G) is conjugate unde¥ (G, K) to aC-discrete infinitesimal character
hence must be discrete aXainfinitesimal character. O

6.12 Discrete orbits: Here are discussed the consequences of the fact that
adiscrete infinitesimak-character is conjugate undé(G, K) to a discrete
infinitesimalC-character. Maybe it should be stressed tiétgoint of @disc

need not be conjugate undg(G, K) (i.e.unramified characters with values

in K) to such aC-point. Actually, assumég is aK-point of ©95¢(G) and
choosey € ¥(G, K) such thaty6k is aC-point. Write K, for the field

generated b and the image o in K. Then the following diagram shows
thatK,, is a splitting field foréx and thatR (G, K, 6x) may be embedded
in R(G, C, ybk) :

R(G, K, ) —2> R(G, Ky, 0x)
|
|
Y

R(G, C, ybr) =——= R(G, Ky, ¥bx) .

QY

The bottom equality comes from 6.1 iv). The following lemma is used in
the proof of 4.18 and is a consequence of Appendix B:

Lemma 6.13 Let[F be a Galois extension @ which splits the infinitesi-
mal K-character6. Then GallF/K) acts onR (G, IF, 6) (and permutes the
irreducible) and the tensorization ®x I gives an isomorphism (ové&))

Re(G, K, 0) — Rc(G, T, 6)CAEFK)

6.14 Proof of 6.2 i): We only give a sketch of the proof since this result is
not fundamental for our purposes. Actually it requires minor refinements of
Lemma6.4. LeM < G andw € Wg such thatw(M) < G. Fix a cuspidal
pair (N, p) with N < M and writesy, resp.s, for the N-(respG-)inertia
class of (N, p). In the sequel the double arrow symbol means that we
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use either the morphisig, or the morphismg(M) o w; thus we get two
morphisms

K (HM(M)) —Z K(H#°(G)) -

Remark: The above morphisms come from corresponding functors car-
ried fromMod(M), Mod(G) to #°™ — Modand#° — Mod via the equiva-
lence of 4.1. Actually these functors come from morphisms of
algebra g¢°M —Z 3¢° . More precisely, recall the notations of 4.1: there
exist projective generatoi,,,, (resp.P;) in Mod(su), (resp.Mod(s)) such

that

o J°M = Endy (Ps,,) and#° = Ends (Ps)
e Yw € W such thatw(M) < G, there is an isomorphisdﬁ(M) Py, =~ P,
unique up to composition with an invertible element7éf.

i w

This provides a collection of morphism&*™ — #° (defined only up
to composition with an inner automorphism &) and it can be checked
using the two adjunction theorems that for affy"-moduleV,

(IS(M) o U))V ~ H*° ®J€5M»iw V.

Stepl: Let A4 be any3s,, (M) algebra, then the remark above (or alter-
natively and more simply [6, prop 2.4]) insures tHaiandiS, , o w induce
well defined morphisms:

K(HM ®3,, A) T_Z K(H°(G) ®3, )

where the RHS tensor product is taken w.r.t the morphizm —
3sw — . (Note thatthe two morphisni§, i5, ow :0(M) —Z ©(G)
by definition coincide.)

Step2: Assumer € R(M, K, 6k ) for someK-infinitesimal character
Ox.m of M and calldx g = i§(0x m): this is aK-infinitesimal character
of G. We also writeYy = Y(0x.m) C O, (M) for the associated variety as
in 6.1 ix) andY =i (Ym) = iSy, o w(Ym). Then we claim

i) We can choose a morphisivy, BN Yum satisfying conditions i) ii)
and iii) of Lemma 6.4 for the pai¢M, 6k v ), such that the composite

iG
Y} M Yu —Y Y also satisfies these conditions for the & )
and such that moreover the t@Y;,]-modules

H* ®3,,, ClYy]

i1
obtained by tensorizing w.r.t the two morphisn3s,, —— #° (see
iw

theremarkabove) be locally free.
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i) In order to see thai§, andi® »(wy © W coincide onR(M, K, Ok w), it is
enough to check it for the pailk = C(Y},), km = bv;,) whereéy/
is the(C(Y )-infinitesimal character given by the composﬁ(d\/l) —

ClYm] —> ClYyl
Step3: We shall apply Step 1 to the algebta= C[Y},]. Definesty, =

HM(M) ®3m) ClYy] and #Hy = #H*(G) @3y C[Yy] and calloy =
',(E,leyf :thisis the(C(Y/ )-infinitesimal character d& given by the composite

3(G) — 3(M) M C(Yy). Then applying (a variant of) 4.5 we get
a diagram

K (Fy;) K (3y)

: |

RM, C(Yy), by;,) —= R(G, C(Yy), bv)

which is obviously commutative.
Step4: Now fix y € Yy, applying the construction af, (see 6.6), we
get a diagram:

K (Fy;) K (3y)

'fR(Mv (C’ ¢M (Y)) — R(G’ (Cv I(lal o ¢M (Y)) .

To get the commutativity of this diagram we proceed as in the proof of 6.10:
it is enough to show thaf (#y, ) (resp.iy, o w(Hy;,)) is locally free
as aC[Y},]-module; but this is exactly what is required in condition i) of
Step 2.

Step5: We have thus obtained the following commutative diagram:

Iy
RM, C(Yy), Oy;,) ———Z R(G, C(Yy), bv)
ic

w(M)ow
Iry [Try
|G
[Tyev, RIM. C. pm(y) —= —— ; [Tyevy, R(G, C,i§ o pm(¥)
Iu(M)ow

which finishes the proof of 6.2 ii) since we know thigt andi$ ) o w
coincide onR (M, C).
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A A short exact sequence for#

Our sources will be [19] and [1]. We begin with giving an equivalent
definition of #¢(4). To an abelian categops we may associate the abelian
categoryA" defined by

AN = category with objects the pait¥, u) with V € 4 and
u € End, (V)and morphisms are:
Hom,w ((V, u), (V/,U)) ;= {f € Hom,(V, V'), uf = fu}
= FonaN, 4A) whereN is the single object category with

Endg(e) = N.
Now assumet is locally noetherian and let ¢ be the abelian subcategory of
noetherian objects. Note that we have a canonical full embedding’ —
(AM) s which is not “surjective” at all in general (for exammﬁ[%], 1yis
noetherian irlb"...). We will notes ;" := (A )" from now on. We define
F (A) to be the free abelian group with basis the set of isomorphism classes
of objects inA . There is a canonical epimorphisf(A) — K (A¢Y).
Now put

EA) = P EndiV)

VeOb(At)/~

whereEnd, (V) = End,(V)/[End.(V), End,(V)] (note that the definition

is licit since End, (V) and End, (V') are canonically isomorphic when

V andV’ are isomorphic). Once again there is a canonical epimorphism
F(A) — &(A). Then we can exprest (A) as a fiber coproduct:

Lemma A.1 We have (4) ~ &(A) [ [ 4, K (4+") as a3(+)-module
(letting the latter act on the left hand term of the coproduct).

Proof: Consider the grouB(+) defined as the quotient of the free group
on the symbolgV, u) modulo the relations

e (V,u) = (V1, uy) + (Mo, Up) for any short exact sequence
0 —> (V1. Up) —> (V,U) =5 (Va, Up) —> Oin A
e (V,u)+(V,v)=(V,u+v).
Then we have to show that B(4), the subgroup generated by commutators
((V, fg) — (V. gf)with f : V' — Vandg:V — V')
coincides with the subgroup
((Vou) — (v, u) with (V, u) = (V/, u') in A)

The inclusion of the second one in the first one is obvious, so fix a pair of
mapsV —% V' — V. We have inB(+4):
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e (V, fg) = (kerg,0) + (V/kerg, fg) = (V/kerg, fg) whereg :
V/kerg — V' and f : im g — V/ker g are canonically obtained
fromgandf.

e (V,gf)=(img,gf)+ (V'/img,0) =(img,gf).

But g realizes an isomorphisitV/ ker g, fg) ~ (im g, gf) hence we are
done. -

Now assumes is a localizing subcategory of, letT : A — A/4$ be
the quotient functor and choose a left adjdgnErom [19, Ill.prop.10] 4+ is
athick subcategory oh ; and the canonical functot¢ /8 —> (A/8)¢ IS

an equivalence. On another hasd' is easily seen to be thick insidé"

and we have a canonical exact funcior™ /8: — (4/8):" so that we
get the following diagram

K (8:) —= K (AY) —= K (A /8:) —=0

|

K((A/8)¢")

where the line is exact by [1, VIII.(5.5)]. Note that there is again a canonical
map¥ (4) — K (A" /8:Y) so that we can consider the fiber coproduct
map:

eA) [ [ K(AN) — &) [ ] x(A/84Y)
F(A) F(A)

From standard properties of coproducts, this map is surjective and its kernel
is the image of the map

K(8:") — &) [ K (AN) = FH(A)

F(A)

which factors through the magf(8) — #(4). On another hand, there
is canonical map

EA) [ ] K ((A/8)i") — eA/8) [ K((A/8)¢") = H(A/$)

F(A) F(A/8)

given by the commutative diagram

F(A) ——= F(A/3S)

L

E(A) ——=E(A/S) .
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Summing this up, we have obtained the following diagram

H(8) —= H(A) — EA) [T 54 K (A" /8:) —=0

l"’
H(A/)S)

where the line is still exact. Now our goal is to show thas injective.

Lemma A.2 The canonical functos ;" /8: — (A/4);" is a full em-
bedding of the first category onto a thick subcategory of the second one.

Proof: Keeping the notations above, there is a natural transformatien
S — Id,,s which is an isomorphism of functors (see [19, 111.2]). Now
consider the functorg™ : AN — (A/$)N and S : (A/8)Y — A,
ThenT" is exact and right adjoint tg", and the natural transformation
above induces an isomorphism of funct@f$o S' — 1d,,5,v. Moreover
itis clear that the subcategoker T identifies withs". Now we can apply
Proposition 5 of [19, 111.2] to deduce tha&t' is a localizing subcategory of
AN such thaff induces an equivalence

AN /SN ~ (AN,

We may, as is easily checked from the definitions, identfy’'/$;" as

a full and thick subcategory oft" /8N and the canonical functor of the
lemma with the restriction of N, which concludes the proof. O

From now on we assume that/4$) is a locally finite category, so that
(A/48)+ is the subcategory of finite length object.ity $. Let T be the set
of isomorphism classes of simple objects4ri$. The categoriegA/4) ;"

and 4" /8" are finite and we have the following description of simple
objects:

Lemma A.3 The simple objects c(fA//S)fN are of the form('V", u) with

V simple inA/48 andu € End, (V") = Mn(End, ('V)) leaving no sub-
object of V" stable. The subcategorg "' /8:" identifies with the category
of finite length objects ifi4/4):" whose simple subquotients are of the
form (W™, u) with (V", u) ~ (TV, Tv) for some(V, v) € Ob(A V).

Proof: The assertion about ;" /8" follows readily from the first assertion
and the previous lemma, so we only deal with the first assertionX betan
object in(4A/4); andSod X) be the maximal semi-simple subobjectXf
(its socle). Then it is clear that amye End, s (X) leavesSoq X) stable so
that (Soq X), Ujsoex)) IS a subobject of X, u) in (4/8):". Now suppose
X = Soq X) and letXy be theV-isotypic part ofX for any simple object
Vv of A/48, then obviouslyXy is stable undeu and isomorphic to some
powerV". This implies the first assertion. o
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Going on with this discussion, we see that for any finite length objeict
/4 there are morphisms

(Psoax)> P*°%) : Endys(X) —>
Endy, s (Soq X)) @ Endy, s (X/ Soq X))

and for any semi-simple finite length object

(Pv)ver : Endus(X) — EDENdy/s(Xy) .
Vel
We will use the same symboldoex), etc...) for the morphisms induced
on theEndy, s (e).
Let 'V be any object of(4/8):. Define E('V) as the subgroup of
End, s (V) generated by all the images1 (End, (V) — Endy,s(V))
whereTV ~ V:

Ev):= Y im (EndA (V) — Endys (V))
TV~V

This only depends, as well &nd,,s(V), on the isomorphism class of.

Lemma A.4 There exists a unique system of morphisnds, :
Endy, s (X) — @+, Endy s (V) for X any finite length object imt /8
satisfying:

o Oy = Dgoex) © Psoax) + Px/soex) o PPN for any X.
o Oy =), ; Dx, o py forany semi-simple object.
e dyn is the usual trace map
Dy : EndA/g(X) ~ Mn(EndA/g (V) — Ende,\,/g (V)
Ut Tr(u)

Moreover, for anyX we havedx (E(X)) C @y.; E(V).

Proof: The existence of this system is obvious by induction on the length
of X. As for the last assertion, fix a noetherian objé¢tof A and define
S(W) := W x sotow) (S0 TW)) where the morphistdV — So T(W) is the
adjunction morphism (see proof of lemma A.2). TH&NV) is stable under
anyw € Endy (W) sinceSodTW) is stable undeffw. This implies that for
any X as in the lemmapsoqx, (E(X)) C E(Soa X)) and pS°*® (E(X)) C
E(X/ Soq X)). Now returning tow, and assumin@W to be semi-simple,
we may define for eacl e I the subobjecWy, := W x s;tow) S((TW)).
Again eachWy is stable undeEnd, (W) and this implies that for an)x
as in the lemmapy (E(X)) c E(Xy). Now return tow and assume there
exists (and fix) a decompositiochW >~ V" = B, Vi whereV; is a copy
of V. Then definéM := W xsmw) S(Vi); we haveT(W) >~ V. Now fix
w € End, (W) and let(Tw);; € End,, 5 (Vi) be the(, i) matrix coefficient
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of Tw in the previously fixed decomposition dW, thenw x S((Tw);;)
defines an endomorphism @ and(Tw); = T(w x S((Tw)j)) so that we

get: dyn (E(V")) C E(V). O

The following result has nothing to do with localization and is true for
any finite category, but we express it fay/ §:

Proposition A.5 There is an isomorphism# (4/8) ~ Dy Endyys (V).

Proof: We first define a morphism : #(A/8) — Py, Endy/s (V)
thanks to the universal property of coproducts and the following diagram:

F(A)8) — K ((A/8)V)

| |

E(A/) F(A/5)

.';

@VEI EndA/J V)

where ® = @, &x and ¥([V",u]) = Pyn(u) for any simple object
(V",u) in (A/8):". By definition this map is surjective. We could show
“by hand” that it is injective (see next proof) but here the morphism
Y @yer ENdyys (V) — H(A/48) induced by the canonical inclusion
Py Endys(V) — E(A/38) is clearly inverse té. ]

We shall say that a locally noetherian categ6rys 3-finite if for any
noetherian objecK in G, Ende (X) is finitely generated as & C)-module
(3(€) being the center ab). Itis said to beQ-linear if 3(C) is aQ-algebra.

Proposition A.6 There is a commutative diagram

E(A) gy Kc(Ar"/8:) FH(A/8)

; ia

EBVeI EWV——— EBVez End,, s (V)

wheres is an isomorphism and’ is an isomorphism if4 and 4A/4$ are
assumed to bg-finite andQ-linear.
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Proof: To construct’ we use similar diagram and universal property as in
the previous proof:

F(A)

I (AN /8

|

E(A) === E(A) [y Ke(A"/5:")

q>/

I

Dyer EV)

where V' is the restriction of thed of the previous proof andd’ =
EBWeOb(Af) ®1y o T. Note that from Lemma A.4 the image d@f and

@’ are equal taP,,.; E(V) so thats’ is surjective. To see that it is also
injective, we have to show that any element in the kernel/ofives zero
iN &(A) [ {54 KAt /8:™). Note thatker W' is generated by elements
of the form

(A7) [ana ul] - ["Vn27 u2] - ['VnS, u3]a
with ®yn; (Ug) = Pynz (Uz) + Pyns(U3) .

Here we use oup-finiteness assumption: it implies thahd, s (V) is
a division algebraD of finite dimension over its centéf (its degree will
be notechp). In particular, for(V", u) to be simple inA/4, it is necessary
that K[u] ¢ M,(D) be a field. LetZ C K be the image of the canonical
morphism3(4A) — D, we have the following criterion

Lemma A.8 Letu e Endy s (V"), then('V", u) is an object of /8"
if and only ifu is an integral element oM, (D) over Z.

Proof: That the condition is necessary is obvious from Biéniteness
hypothesis on4. For the sufficicency, take any noetherian subobj#af
SV" such thafTW >~ V", SinceZ[Su] C End, (SV") is finitely generated
over 3(4), the subobjecZ[Sul(W) of SV" is noetherian and stable under
Suso that(V", u) >~ (TW, TSu. ]

We go back to the situation of A.7 and we identify tifs with elements

of My, (D). Note that there is an isomorphiskh~ D >~ End,, s (V) such
that the mapsbyn coincide with the corresponding reduced trace maps
My, (D) — K. Now we use the following fact from the theory of central
simple algebras: there exists a Galois extengtoof K with degreeN.np
such that each; dividesN and:
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i) Foreach there is a commutative diagram:

K[Ui ](—> Mni (]D)

EC—— Mn(D)

i) LetI’ = Gal(E/K), there exists &-base(e,),r of My (D) such that
the multiplication law is given by:

O xe)) ye) = Zkya Xy V(Y5) €y

for some family(k, ) € E*. (See [22, 2.6])

iii) Foreach(y, §) € I'%, k, s is a root of unity. (See [22, 2.13.14]: here we
use theQ-linearity which implies that ChakK = 0)

The diagram of) above enables to identify thg’s with elements ofE
(notedy;...) which are integral oveZ by the previous lemma. L&, be the
sub-Z-algebra ofE generated by the;’s, thek, ;'s and all their conjugates
underI". By properties of integral elements, it is finitely generated as a
Z-module. Moreover, from the multiplication law @f), the submodule
A; = @yer Eze, is asubring ofMy (D) which is finitely generated asz
module. Note that for each € I', the inverse o€, ! is y—l(k;i,lk;é)e;,_l,
hence lies inAz.

Now consider the element = njv; — novo — N3vy € Ez € Az C
My (D), the assumption on the traces in A.7 implies that the traceasfan
elementofM (D) (or as an element &) is zero, that iszyer y(v) = 0.As
a consequence of the multiplication lawibf, we haveeyv(e},)*1 = y(v),
thus we get (recalQ c 2)

=5 Z(v —eu(e) ™).

yel

thatis:v € [Az, Az]

Now we view thev;’s as endomorphisms PN and fix a noetherian
subobjectW of SYN stable undeS(Ag). SinceSv = 0 in End, (W), and
(TW, TSii) = (VN, vi), we gema[VN, vi] = na[ VN, vp] —n3[ VN, v3] = 0
in &(A) [ [, Kc(Ar"/8:") and, as we havgv™, vi] = L[V, u;]in

K (A" /8:), we have proven:

[V™, ug] — [V™, Ug] — [V, us]l = 0in€(A) [ | Ke(Ai"/8").
F(A) O
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Now we have completed the proof of Proposition 5.6:

Corollary A.9 With the foregoing assumptions, the sequesites) —>
H(A) —> H(A/3S) is exact.

B A little review of finite dimensional algebras

This is intended to collect the numerous references on the subject that
are needed in the text. The reference book will be [16].Kdie a field,

K’ a separable finite extension aida finite dimensionaK-algebra. Put

A =Ar K andM = Mg K = M ®a A for any A-module M.

Also Rad(A) for the Jacobson radical @ and A := A/Rad(A). Then we
recall the following facts:

) RadA)=RadA) andA = A. See [16, 7.9].

i) M is A-semi-simple if and only iM’ is A’ semisimple. See [16, 7.8].

iii) Let {Mq, ---, Mg} be a set of representatives of isomorphism classes of
irreducibleA-modules and writé/| = P; N;; the decomposition d¥i;
into simpleA’-modules. Then every simpk-module is isomorphic to
someN; and if Nj = Ni/j theni =1i’. See [16, 7.9]

iv) We can precise the latter point in the case whHérés Galois extension
of K and splits the algebrA. In this case we can write

M/ = @ No™
k

where theN;, are non-isomorphic simpl&’-modules which are per-
muted by the action oGal(K’'/K) on the classes of isomorphism of
A-modules.

Consider now the restriction of scalars; foAamoduleM the composition
A~ A® 1l A®g K —> Endg (M) — Endk (M)

provides a structure oA-module onM which is notedR(M).

Lemma B.1 LetM be a simpleA’-module, therR(M) is a multiple of some
simple A-module. Moreover any simpl&-module occurs in the restriction
of some simplé&\-module.

Proof: Note first that from point i) above&Rad(A) C Rad(A’) acts as zero
on R(M), so that the latter is semi-simple. NowNfis a simpleA-module
occurring inR(M) then

0 # Homa (N, R(M)) = Homu (N’, M)

so thatM occurs inN’. Now from point iii), this fixes the isomorphism class
of N. O
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