CONSTRUCTIONS IN ELLIPTIC DYNAMICS.

BASSAM FAYAD, ANATOLE KATOK*

ABSTRACT. We present an overview and some new applications of the
approximation by conjugation method introduced by Anosov and the
second author more than thirty years ago [1]. Michel Herman made
important contributions to the development and applications of this
method beginning from the construction of minimal and uniquely er-
godic diffeomorphisms jointly with Fathi in [5] and continuing with ex-
otic invariant sets of rational maps of the Riemann sphere [19], and the
construction of invariant tori with nonstandard and unexpected behav-
ior in the context of KAM theory [20, 21]. Recently the method has
been experiencing a revival. Some of the new results presented in the
paper illustrate variety of uses for tools available for a long time, others
exploit new methods, in particular possibility of mixing in the context
of Liouvillean dynamics discovered by the first author [6, 7).

1. ELLIPTIC DYNAMICS. DIOPHANTINE AND LIOUVILLEAN BEHAVIOR

In this paper we present and discuss a variety of examples of C'*° volume
preserving diffeomorpisms of compact manifolds which by any reasonable
count should be viewed as exotic if not pathological. The methods which
produce those examples are discussed in the next section and specific con-
structions carried out in the rest of the paper. Before doing that we would
like to present a brief justification for paying attention to these admittedly
very special situations by putting them into a certain general perspective
along the lines of [16, Section 7], where a more detailed discussion and ap-
propriate references can be found.

The term “elliptic dynamics” is often, although not universally, used to
denote the study of recurrent (conservative) behavior in dynamical systems
at the other end of the spectrum from “chaotic”. While in the everyday
usage the opposite of “chaotic” would be “ordered”, in the dynamics con-
text the preferred counterpart is “stable”. The stable asymptotic behavior
in the context of conservative motions is best represented by quasiperiodic
motions (translations and linear flows) on tori, which appear for example in
completely integrable Hamiltonian systems. Such a system splits on most of
its phase space into invariant tori which are determined by the fixed values of
the action integrals in the action-angle coordinates. On each torus the mo-
tion is linear in the angle coordinates with the frequency vector determined
by the action vector (see [26, Section 1.5] for an introductory discussion). It
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is quite remarkable that under a suitable nondegeneracy assumption many
(in fact, most in terms of phase volume) invariant tori survive slightly dis-
torted under any small Hamiltonian perturbation of the system. This is
the principal content of KAM theory to which Michel Herman made ma-
jor contributions [18]. This prevalence of stability which also appears in
other contexts (see e.g. [17]) is of course a major manifestation of elliptic
phenomena.

Stability appears when the linear model, the translation (or rotation if
multiplicative notations are used) of the torus T,

Tox =2+, mod]l
or the linear flow on T,
T'z =z +wt, modl, teR

is of a Diophantine type, i.e. the translation vector « or the frequency
vector w is not too well approximated by rationals. A typical Diophantine
condition in the discrete-time case is

[{@;m) —n| > Clm|~*

for any m € Z*, n € Z and some positive numbers C and s independent of
m and n. Similarly in the continuous-time case one has for some positive
C and s and any m € Z¥,

[{w, m)| > Clim|~*.

The opposite case of exceptionally good rational approximation of « or w
is usually called Liouwillean. The Liouvillean behavior is associated with in-
stability: circle diffeomorphisms with Liouvillean rotation numbers usually
have singular invariant measures and hence are conjugate to the correspond-
ing rotations via nondifferentiable continuous maps, time—changes of linear
flows of tori with Liouvillean frequency vectors often and in fact typically
exhibit unexpected ergodic properties [8], the invariant tori of completely
integrable Hamiltonian systems with Liouvillean frequency vectors usually
do not survive after perturbations (or may survive with greatly distorted
dynamics, see [20]).

This leads to another possible opposite to the chaotic behavior. Since
the latter is associated with exponential growth of orbit complexity with
time (positive entropy, exponential growth of the number of periodic orbits,
etc; see e.g. [16, Section 6]) one may consider slow growth of various char-
acteristics of such complexity as a hallmark of elliptic dynamics. Notice
that translations and linear flows of a torus are isometries, hence there is no
divergence of orbits, and in a certain sense no growth of orbit complexity
with time at all. In the Diophantine case this behavior is often stable under
small perturbations of the system while in the Liouvillean case perturba-
tions of the linear models often produce substantive qualitative effects but
only after long periods of time. To understand what kind of effects may
result form this instability a constructive approach is quite useful. While
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there is no chance to describe all possible effects which appear in nonlinear
perturbations of Liouvillean behavior, the variety of possibilities is aston-
ishing. In a number of cases such perturbations provide the only known
way to exhibit certain types of dynamical behavior, e.g. ergodic behavior
accompanied by only finitely many periodic points on such simple manifolds
as the two—dimensional disc or two—dimensional sphere. See Section 3.1 for
a more detailed discussion of those cases.

We would like to thank A. Fathi for pointing out to the paper [15] where a
construction similar to those of Section 4 is carried out, M. Handel for valu-
able comments and observations which helped us to improve presentation in
that section, A. Windsor and M. Saprykina for useful discussions.

2. AN OVERVIEW OF THE APPROXIMATION BY CONJUGATION METHOD

2.1. General scheme. Let M be a differentiable manifold with a nontrivial
smooth circle action 8§ = {S;}ier, Si+1 = S; preserving a smooth volume.
Every smooth S! action preserves a smooth volume v which can be ob-
tained by taking any volume p and averaging it with respect to the action:
v= fol(St)*udt. Similarly § preserves a smooth Riemannian metric on M
obtained by averaging of a smooth Riemannian metric.

When this does not cause an ambiguity we will often call the elements
S, of the circle action § "rotations”, correspondingly “rational” and ”irra-
tional”, for rational or irrational values of a.

Denote by C,; the subgroup of S1 with ¢ elements, i.e the gth roots of
unity. Assuming without loss of generality that the action is effective (no
element acts as identity) we see that for an open dense subset of M the
stationary subgroup is trivial. Using the standard properties of isometries
one sees the set F' of fixed points of the action is a smooth submanifold of
M. The fixed point set Fj, of the map S:1 (or, equivalently, of the action of

q

C,) is also a smooth submanifold.

Volume preserving maps with various interesting, often surprising, topo-
logical and ergodic properties are obtained as limits of volume preserving
periodic transformations

f= lim f,, where f, = H,Sa,, H;" (2.1)
n—oo
with a,, = z—z € Q and
H, =hyo..ohy, (2.2)

where every h,, is a volume preserving diffeomorphism of M that satisfies
hn o Sa, = Sa, © hn. (2.3)

In certain versions of the method the diffeomorphisms h,, are chosen not
preserving the volume but distorting it in a controllable way; this for example



4 BASSAM FAYAD, ANATOLE KATOK

is the only interesting situation when M is the circle (see e.g. [26, Section
12.6]).

Usually at step n, the diffeomorphism h,, is constructed first, and 41
is chosen afterwards close enough to «, to guarantee convergence of the
construction. For example, it is easy to see that for the limit in (2.1) to
exist in the C'° topology it is sufficient to ask that

1
|41 — o < 2n||Hn||Cn

The power and fruitfulness of the method depend on the fact that the
sequence of diffeomorphisms f, is made to converge while the conjugacies
H,, diverge often “wildly” albeit in a controlled (or prescribed) way. Dy-
namics of the circle actions and of their individual elements is simple and
well-understood. In particular, no element of such an action is ergodic
or topologically transitive, unless the circle action itself is transitive, i.e
M = S'. To provide interesting asymptotic properties of the limit typically
the successive conjugacies spread the orbits of the circle action 8 (and hence
also those of its restriction to the subgroup C, for any sufficiently large q)
across the phase space M making them almost dense, or almost uniformly
distributed, or approximate another type of interesting asymptotic behavior.
Due to the high speed of convergence this remains true for sufficiently long
orbit segments of the limit diffcomorphism. To guarantee an appropriate
speed of approximation extra conditions on convergence of approximations
in addition to (2.4) may be required.

There are many variations of the construction within this general scheme.
In the subsequent sections we describe several representative versions, each
addressing a problem which has not been treated before. Presenting each
version to the last detail and in the greatest generality would be quite te-
dious. Accordingly we often choose to describe routine steps only briefly
and sometimes treat representative special cases indicating generalizations
afterwards.

(2.4)

2.2. Almost all vs. all orbits. In different versions of the approximation
by conjugation method one may control the asymptotic behavior of almost
all orbits with respect to the invariant volume, or of all orbits. Somewhat
imprecisely we will call those versions ergodic and topological.

Ergodic constructions deal with measure-theoretic (ergodic) properties
with respect to a given invariant volume, such as the number of ergodic
components (in particular ergodicity), rigidity, weak mixing, mixing, further
spectral properties. Topological constructions deal with minimality, number
of ergodic invariant measures (e.g. unique ergodicity) and their supports,
presence of particular invariant sets, and so on. The paper [1] dealt only
with ergodic constructions. A topological version was announced in [22] (see
also [3]) and independently developed in [5].

Control over behavior of the orbits of approximating periodic diffeomor-
phisms f,, in (2.1) on the nth step of the construction is typically provided
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by taking an invariant under S,, (and hence under S 1 ) collection of ”ker-

an
nels”, usually smooth balls, and redistributing them in the phase space in
a prescribed fashion (also S invariant). In ergodic constructions one re-

quires the complement to theqnunion of the kernels to have small volume and
hence most orbits of 8 (and consequently of any finite subgroup C; for a
sufficiently large ¢) to spend most of the time inside the kernels. In the
topological versions the kernels need to be chosen in such a way that every
orbit of 8 spends most of the time inside the kernels. This requires more care
and certain attention to the geometry of orbits. See for example Figures 3.1
and 3.2.

A natural way of selecting the kernels, their intended images, and con-
structing a map h,, satisfying (2.3) is by taking a fundamental domain A for
S, (or, equivalently, for S 1 ) choosing kernels and images inside A, con-

an
structing a diffeomrphism of A to itself identical near its boundary which
sends kernels into their intended images, and extending the map to the im-
ages Sx, k=1,...,g, — 1 by commutativity. This method in particular

is usedqgn the construction of a diffeomorphism conjugate to a rotation, see
2.4.2 below, as well as later in this paper in the proofs of Theorems 3.4, 4.1
and 5.1. However in certain cases, for example to achieve weak mixing, it is
necessary to use more general constructions.

2.3. Closure of conjugacies. By controlling initial steps of the construc-
tion one can keep the final diffeomorphism f within any given C'°° neighbor-
hood of a given element S, of the action §. On the other hand, by applying
a fixed diffeomorphism g first the construction can be carried out in a neigh-
borhood of any diffeomorphism conjugate to an element of the action. Thus
the closure A of diffeomorphisms of the form ¢S;g~! in, say, C™ topology
is a natural ambient space for considering what a construction of this type
can produce. This was first noticed in [1, Section 7] in connection with er-
godic properties with respect to the invariant volume and was used in [5] to
control topological properties.

If the action § has fixed points it is natural to consider a smaller space
Ar C A, namely, the closure of gS;g—! where the conjugacy g fixes every
point of the fixed point set F' of the action 8. Obviously for f € Ar every
point of F' is also fixed. There does not seem to be much difference between
dynamical properties which may appear in the whole space A and in Ag. in
Section 3.1 we will discuss the situation for the standard two—dimensional
examples: the disc, the annulus and the sphere with S* action by rotations .
At this point we would like to introduce also restricted spaces of conjugacy
closures, namely for o € R/Z we define the spaces A, and Ap, as the
closure in C® topology of the diffeomorphisms of the form gS,g~! where g
is correspondingly an arbitrary C* diffeomorphism, or a C* diffeomorphism
fixing every point of the set F'. Since for any g € Q and any f € A§ one

has f? = 1d, only spaces A, for irrational a’s are of interest.
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Let us give a classical example showing that the space A may be quite
different from the union of A,

2.3.1. The horocycle flow. Consider the group SL(2,R) and three one-parameter
cos 27t sin 27t

subgroups: the standard rotations Ry = | sin 27t cos 2t

, the diago-

et 0
0 et
The commutation relation

nals G; =

and the upper—triangular unipotents H; = (é i) .

cos 27s €2 sin 27rs
GeRsG_y = (—e‘Qt sin 27s cos 27s )
implies
lim GtRe—Zt G_t = Hl. (25)
t—00 on

Now let T be a cocompact lattice in SL(2,R). Since left translations on any
group commute with right translations we can consider the actions of the
one—parameter subgroups described above on the compact manifold M =
SL(2,R)/T. In the case when I has no elliptic elements, M can be identified
with the unit tangent bundle of a compact surface V' of constant negative
curvature, and the right actions of {G;} and { H,} are called the geodesic flow
and horocycle flow on V correspondingly. [26, Sections 5.4 and 17.5]. We
will denote the actions of R;, G; and H; by right translations on SL(2,R)/T’
by r:, g and h; correspondingly. The first of these is of course a S' action,
while every nontrivial element of the last one is uniquely ergodic, mixing of
all orders and has countable Lebesgue spectrum (see [29, Section 1.4e] and
references thereof). It follows from 2.3.1 that

lim giT e—2t §—t = hl.
t—o0 “or

Thus h; € A. But it is the limit of conjugacies of certain elements of the
circle action which converge to zero.

PROPOSITION 2.1. hy ¢ A, for any a € S*.

Proof. Obviously Ay = {Id}; thus, we need to prove the statement for o # 0;
For any volume preserving diffeomorphism f of a compact manifold homo-
topic to identity one defines the rotation class p(f) as an element of the
first homology group of the direct product M x S'. It is constructed as
the asymptotic cycle of the suspension flow of f [26, Section 14.7b]. The
rotation class is continuous in C° topology and equivariant under the con-
jugacy. Thus p(h1) = 0. On the other hand the projection of p(r,) to the
H;(M,R) has the form apg, where py is the nonzero integer homology class
realized by the embedding of SO(2) to SL(2,R)/T". Since the action of the
diffeomorphism group by conjugacies respects the integer structure in this
projection the rotation classes of elements of conjugates of r, are separated
from zero and hence for any f € Ay, p(f) #0. O

The following question remains open:
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PROBLEM 2.2. Does there exist a circle action 8 on a compact manifold and
a such that the corresponding space A, contains a mixing transformation?

In Section 6 we will give a positive answer for a version of this question
with a T? action instead of an ST action. We will also provide more examples
of circle actions with mixing transformations in the unrestricted space A.

2.4. Generic and nongeneric constructions. The development of the
approximation by conjugation method was motivated by several natural
questions about ergodic properties of volume preserving diffeomorphisms.
Here are two characteristic examples of such questions, both answered pos-
itively in [1]:

2.4.1. Does there exist an ergodic area preserving diffeomorphism of the two—

disc D? ?

2.4.2. Does there exist a diffeomeorphism of a compact manifold M, dim M >
1 preserving a smooth volume and measurably conjugate to an irrational ro-
tation of the circle?

These positive answers looked somewhat surprising at the beginning: in
the former case because usually near an elliptic fixed point there are many
invariant curves making the map highly nonergodic; and in the latter because
the eigenfunctions of any such transformation must be highly discontinuous.
While there are ergodic diffeomorphisms of the disc without genuine elliptic
points which exhibit much stronger stochastic properties than ergodicity
[23], the original examples in [1] do have elliptic points and are in fact small
perturbations of (nonergodic) rotations of the disc.

Constructions answering questions 2.4.1 and 2.4.2 are characteristic for
two different versions of the approximation by conjugation method.

2.4.3. Control at some time scales. In the constructions of the first kind
it is sufficient to control the behavior of approxrimating and hence resulting
diffeomorphisms on a series of growing but unrelated time scales. The ap-
proximate pictures may look quite whimsical (see e.g. the original weak
mixing construction in [1, Section 5] and a modern version in [14]), but as
long as a diffeomorphism f € A is close enough to conjugacies of rotations
appearing in such pictures the property is guaranteed. In fact, for a proof
of genericity in A of a property exhibited by a construction of this sort no
actual inductive construction is needed. Ome just needs to show that an
approximate picture at each scale appears for an open dense subset of con-
jugacies of rotations. If appearance in an approximate picture at infinitely
many growing scales guarantees the property then by the Baire category
theorem the property holds for a dense G subset on A.

Ergodicity is generic in A; in the case of the disc with S' acting by
rotations around the center this in particular implies that invariant circles
which are very hard to avoid from the classical standpoint (twists, frequency
locking, etc) can in fact be destroyed easily if one adopts a less conventional
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point of view. We will discuss the disc diffeomorphisms in detail is Section
3.1 below.

Beyond ergodicity the basic ergodic properties which are generic in A are
arbitrary fast cyclic approximation (which implies ergodicity and also simple
singular spectrum) [1, Theorem 7.1], and weak mixing. Those properties are
among generic properties for measure preserving automorphisms of Lebesgue
space in weak topology [27, 24] which also possess some more refined generic
properties such as mutual singularity of the maximal spectral type and all
its convolutions [24], or existence of roots of all orders [28]. The first of those
as well as many others follows from the genericity of arbitrary fast periodic
approximation of arbitrary type (not just cyclic) [24].

We will later discuss open questions and difficulties related with estab-
lishing genericity of such properties in A (Section 7.2).

In this paper we present a new example of a generic construction in Section
3. A proper extension of this construction from the basic two—dimensional
examples (the disc, the annulus and the sphere) to manifolds (with or with-
out boundaries) with circle actions provides a common generalization of both
genericity of ergodicity in the general case of nontrivial circle actions [1], and
genericity of minimality and unique ergodicity in the case of fixed—point free
actions on closed manifolds [5] (See Section 3.6).

2.4.4. Control at all times. In the constructions of the second kind including
the one answering the question 2.4.2 approximations at different steps of the
construction are linked and hence in principle the asymptotic behavior of the
resulting diffeomorphism is controlled for all times. Such a construction is
never generic in A or any of the other spaces introduced in Section 2.3

Constructions of this kind appear most naturally when the resulting dif-
feomorphism is constructed to be measure-theoretically conjugate to a map
of a particular kind such as a rotation in the question 2.4.2 or a transla-
tion on a torus of higher dimension [1, section 6]. Those constructions also
appear in topological situations, for example in producing minimal diffeo-
morphisms with more than one ergodic measure [38]. Our construction in
Section 4 is nongeneric although quite natural in the sense described at the
end of Section 2.2, and is similar in some respects to the construction of a
diffeomorphism conjugate to a rotation. One may also extend the construc-
tion from [38] to obtain extra invariant measures for the case of actions with
fixed points or on manifolds with boundaries (such as four or more ergodic
measures on the disc; see Section 3.7). The construction in Section 5 is also
nongeneric and is of a similar type.

A new and quite different type of nongeneric constructions are those which
produce mixing diffeomorphisms. Presently we need an action of T3 to carry
out such a construction. This construction is based on the combination of
approximation by conjugation and the methods developed by the first author
for constructing mixing time changes for linear flows on T*, k > 3 [6, 7].
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The latter may be interpreted as a “multiple frequencies” version of the
approximation by conjugation method.

We would like to point out that Michel Herman was a great master in
the use of Baire category theorem with results which were often striking
(it was his ”favorite theorem” according to Albert Fathi), and in particular
he very effectively used generic constructions in the context of the method
of approximation by conjugation. In his published work though he did
not make any direct use of nongeneric constructions in the context of the
approximation by conjugation method. It was however his original insight
which stimulated the first author, his last Ph. D. student, to develop the
nongeneric constructions of mixing diffeomeorphisms.

3. DIFFEOMORPHISMS OF THE DISK, THE ANNULUS, AND THE SPHERE
WITH EXACTLY THREE ERGODIC MEASURES.

3.1. Dynamics and invariant measures of disc diffeomorphisms.
The most basic fact about dynamics of diffeomorphisms of the disc D? is
presence of a fixed point (Brower fixed point theorem). Furthermore, for an
area preserving map there is fixed point inside the disc.

As early as 1930 L.G. Shnirelman [37] in an attempt to prove a ” converse”
to the Brower theorem constructed an example of a topologically transitive
homeomorphism 4 of D? which in polar coordinates (p,8) has the form

h(p,0) = (p+g(0),0 + a). (3.1)

Shnirelman was mistaken in his assertion that every orbit inside the disc
other than the origin was dense. For maps of the form (3.1) existence of
nondense orbits in the interior can be easily shown. (A.S. Besicowitch who
repeated this mistake later corrected it in [2]). It is also not too difficult
to see that for any homeomorphism of the disc fixing the origin there are
nondense semiorbits in the interior. Existence of nondense orbits is much
more difficult and it was proven only recently (forty five years after the
Besicivitch paper) by P. Le Calvez and J.-C. Yoccoz [4].

It is true however that the only ergodic invariant measures in the Shnirelman
example are the J—measure at the origin and Lebesgue measure on the
boundary and that for almost every point with respect to the two—dimensional
Lebesgue measure the asymptotic distribution exists and is exactly the av-
erage of these two measures. A careful study of the Shnirelman—Besicovitch
examples was one of the sources which led Anosov and the second author
to the invention of the approximation by conjugation method ([1, Introduc-
tion]).

Notice that unlike Shnirelman—Besicovitch maps any area preserving difeeo-
morphism of the disc has at least three ergoidic invariant measures: the
d—measure at a fixed point inside the disc, a measure supported at the
bounadry plus any ergodic component of the area. Naturally, the only pos-
sibility to achieve this lower bound of three ergodic invaruiant measures
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appears when there is only one fixed point inside, only one measure sup-
ported by the boundary and the map is ergodic with respect to the area
(this is not sufficient though).

Now consider the closure spaces A and Ar of conjugacies of rotations de-
scribed in Section 2.3. Every diffeomorphism f € Ap preserves the origin,
the boundary and the volume. In this section we will show that the minimal
number of three ergodic invariant measures is achieved and is even generic
in a properly defined sense. Moreover in our examples (albeit not generi-
cally) any point in the interior whose orbit closure is not dense (such points
exist by [4]) has an asymptotic distribution which is either the § measure
at the origin, or Lebesgue measure on the boundary, in contrast with the
Shnirelman-Besikovitch maps of the form (3.1).

Any map f € A preserves the boundary and hence has a rotation number
on the boundary. By continuity for f € A, this rotation number is equal
to a. Our examples belong to spaces A, with a irrational but very well
approximated by rationals (Liouvillean numbers). This is the only possi-
bility for ergodicity with respect to the area in a space A,. For, if o is
rational then every f € A, is periodic. If o is Diophantine the restriction
of every f € A, to the boundary of I? is C™ conjugate to the rotation R,
by the Herman—Yoccoz theorem [17, 39]. Hence as Herman proved in his
unpublished work there are smooth f—invariant circles arbitrary close to the
boundary and hence ergodicity or topological transitivity is not possible.

The only other way ergodicity may appear in the whole space A would
be for a map with a rational rotation number g on the boundary which is a
limit of conjugacies of rotations with variable rotation numbers converging
to . Passing to the gth powers one may assume without loss of generality
that the rotation number on the boundary is zero. Such examples will in
some sense be similar to maps from the horocycle flow, see 2.3.1. A special
case of this situation which may be of importance for various constructions
is to have a map which is the identity on the boundary. Let us summarize
this discussion.

PROBLEM 3.1.

1. Does there exist an area preserving diffeomorphism of the disc preserv-
ing the origin, with zero rotation number on the boundary, and such
that the area is the only invariant ergodic measure not supported at
the origin or at the boundary?

2. Does there exist an area preserving diffeomorphism of the disc preserv-
ing the origin, which fixes every point of the boundary and such that
the area is the only invariant ergodic measure not supported at the
origin or at the boundary?

The following problem is related to both Problems 2.2 and 3.1

PROBLEM 3.2. Does there exist an area preserving mixing diffeomorphism
of the disc D? with zero metric (or topological) entropy?
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REMARK 3.3. Notice that such examples are known on any orientable sur-
face of genus g > 1 with or without holes. They are obtained as time one
maps of mixing flows first constructed by Kocergin [30]. They are not known
on the sphere or the cylinder.

3.2. Statement and description of the construction. Notice that the
pictures of rotations and conjugacies are essentially identical on the disc,
the annulus [0,1] x S* and the sphere S$2. In all three cases one has polar
coordinates (p,#) and the rotations are given by Si(p,0) = (p,0 +t). Here
0 < p <1 and @ is the cyclic coordinate of period 1. All the conjugacies
involved in our costructions will coincide with the identity near r = 0 and
r = 1, hence the difference between the three cases will be insignificant.
Accordingly our drawings will refer to the case of the annulus which is easier
to represent graphically. Let us call the Lebesgue measure on the manifold,
the J—measures at the fixed points of the rotations and Lebesgue measures
on the boundary components the natural measures.

THEOREM 3.4. Let M beD?, [0,1]x S or S?, and S; be the standard action
by rotations. There exists a C*° diffeomorphsim f : M — M that has ezactly
three ergodic invariant measures: the natural measures on M. Furthermore,
diffeomorphisms with this property form a residual set in the space A': the
closure in the C™ topology of the conjugates of rotations with conjugacies
fizing the fizxed points of 8 and every point of the boundary.

We will call the boundary components and fixed points of the rotations
singularities. At step n — 1, h,_1 is constructed and then «, is chosen.
We assume that after step n — 1 there are two neighborhoods of the sin-
gularities B! | and B"_, on which H,_; = Id. At step n we define
three collections of closed sets 0, = {d' ..i = 1,...,1,}, 651,1- c B!

n,.? n—1»
o = {651 = 1,...,In}, 6, C By and & = {&niyi = 1,...,In}, the
collection of kernels. These collections will have the property that the union
of their atoms capture an increasingly large proportion of any rotation or-
bit. The map A, is then chosen so that the images of the kernels H,, (&)
have small diameters, and such that H, = Id on two smaller neighborhoods
of the singularities B! and B that still contain all elements of ¢!, and &7,
correspondingly. At the end of step n, an+1 is chosen to insure convergence
of the construction. We will use polar coordinates (p,6) in our calculations.

.Define
[[Hn-1]¢a-(3.1)
considered B%_l C [1,1-1/(n—1)]x T.Thefollowingpropositiongivesadescriptiono fthecon f igurati

describing precision of the configuration can be made arbitrarily small since
we are free to take [, arbitrarily large.

3.3. Properties of the collections ¢,, J; and ¢;. 0

PROPOSITION 3.5. Assuming that neighborhoods Bé,l and B; | of the bound-
ary components are given and given any 1, > 0, there exists an integer I,
multiple of q, and three collections of disjoint closed sets on M, &, 67 and
&n each one containing [, elements and satisfying
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. 0L, 6T and &, are invariant by Sl and &,1 C (0,1) x (0, i) e

[0,1/n] x (0, 7-) and d, C[l—l/n 1] x (0, 15),

p(én,1) < 1 and p(UJ £n,z) >1—1p.
(55%1- C sz—l and (52,1- C BT

n—1

. Any circle V, = {p} x S! intersects the three collections in the following

way: there ezists a constant c,(p) € [0,1] with c,(1/2) =1, ¢,(0) =
cn(1) =0 and such that for any 1 < i <, V,(&n, is an empty set,
a point or a segment and so are V), ﬂém and V, ﬂém; moreover we
require that

Cn (P)

ln

(1 - nn) < |me§n,i| < (1 + 77n)

and if p € [0,1/2], V,N 6y, = 0 while

Cn (P)
l

(1) B2 <y (g < (1 2D

and if p € [1/2, 1], V, N & =0 while

(1 —cnlp)

(1 =) = < VNl < (0 4y L= lP)

Fig. 3.1. The collections &,, &' n, and 4y .

3.4. Properties of the successive conjugating diffeomorphisms H,.
Using the collections of sets introduced in §3.3, we will state and prove some
sufficient conditions on the sequences a, and H,, that guarantee the con-
vergence in (2.1) to a diffeomorphism having exactly three invariant ergodic
measures as in Theorem 3.2. We require that the collections in Proposition
3.5 be constructed with 7, — 0 and we will extract later more information
on how fast 7, should converge to 0.
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LEmMA 3.6. If o, = Z—: is a sequence of rationals and H, is a sequence

of diffeomorphisms of M satisfying (2.2) and (2.3), and if there exists a
sequence €, — 0 such that for every n large enough we have

1. H, =1d on two open neighborhoods B, of {0} x S* and B, of {1} x S*
xTand satisfying

B,CBICBl_y, j=rl i=1..,l

2. Foranyi=1,...,l,,
diam(Hy (&r,4)) < €n,

1 1
3. |lopt1 — ap| < max(2"||Hn||Cn’ pTrmImip ), and qpi1 > nly,

then Hy oSy, © H_ 1 converges in the C™ topology to a diffeomorphism f
having exactly three invariant ergodic measures: the Lebesgue measure j on
M and the measures ' and 6" supported on the singularities corresponding
to Lebesgue measures on {0} x St and {1} x S respectively.

REMARK 3.7. In §3.5 we will have to construct h, so that H, fulfills condi-
tions (1) and (2) above. Condition (1) is consistent with (3) in Proposition
3.5 and condition (2) above will be consistent with (2) in Proposition 3.5 if
at step n we choose 7, < (en/||Hn-1]|c1)"

3.4.1. Convergence. Condition (3) of Lemma 3.6 insures convergence of f, =
HyoS,,,,0H, ! to a volume preserving diffeomorphism f and the choice
of ay41 is made only after h,, is constructed. It also insures the closeness
between f™ and f}" as m < ¢u41 (Cf. §3.4.3). The last condition, g,41 >
nl,, guarantees that for any point in M a (1 — nin)—proportion of its gny1

(vertical) orbit under S,,,,, is captured by the atoms of &, 6t and 67 which
is crucial in the estimations of ergodic averages (Cf. (3.12) and (3.13)).

& : én

Fig. 3.2. B, ¢ B!_,.

PROOF OF LEMMA 3.6. For ¢ € C*°(M,C) we use the notations
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S
I

/(p(u,v)dudv,

M

o = [ w00,
Sl

of = /(p(l,'u)dv.
Sl

3.4.2. Criterion for the existence of exactly three ergodic invariant measures.
Fix ¢ € C*(M,C) and z € M and denote by Sy ,,¢(2) the Birkhoff sums

Srmp(2) = 9(2) + 9(f(2) + .. + o(f™71(2)).

Lemma 3.6 clearly follows if we prove that there exists a sequence of func-
tions &, — 0, a sequence m,, — oo and a sequence c,(z) € [0,1] such that
for either 7 =1 or 7 = r we have

Stm,(2)

cn(2)@ + (1 - cn(z))gﬁ] —€en < L "o <cen(2)p+ (1 - cn(z))gﬁj +€n(3.2)

61

© 6"

Fig. 3.3. The simplex of invariant measures and possible averages for a large my.

3.4.3. The diffeomorphisms f and f, = H, o SanHH;l. It follows from
condition (3) of Lemma 3.6 that

LEMMA 3.8. For any m < qp+1 we have

1

1™ = Ftllen < o

PROOF. Since hj41 commutes with Sy, ., we have that f, = Hp1 o
,S’OJ,LJFIH_1 hence

n+1
1fass = ' llen

IN

[[Hny1l|crmloamye — apy|
1

mi
2t lg,

which yields the conclusion of the lemma. O

<
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As a consequence (3.2) will follow (with some e/, — 0) if we pick m,, =
gn+1 and prove that for a sequence €, — 0 we have

Sfm‘]n+1 (P( )

<cpp+ (1 - Cn)‘ﬁj + en- (3'3)
dn+1

cn®+ (1—cn)@’ — e

3.4.4. Control of a large proportion of any orbit. The point z € M being
fixed we write it as Hy(pg,0p) so that

fn'(2) = Hpo S, . (po,00).
For a set A C M we define
an+1( ) = {O <m < gpy1—1 / San+1 (p0,90) € A}.

The following lemma is a straightforward consequence of (4) of Proposi-
tion 3.5

LEMMA 3.9. We have for every 1 <i <lI,,

C C
(1) ) ) pp ) < () B Ly (g
n n

and

1—
(1 _nn)qn+1( Cp

l (pO)) -1 < #an+1( )

(3.5)

)Q'n—f—l(l - Cn(pO))
In
where 5 =1 if pg < 1/2 and j =1 if pp > 1/2.
In particular, the number of points among the first g, 11 iterates of (po, o)
under Sq, ., that are not considered in the lemma is less than 2n,qn 1 +4l,.

3.4.5. Estimating ¢ on Hy,(&,). Proposition 3.5 and the fact that S; and
H, preserve the area p imply that 1 —n, < l,u(Hp(én:)) < 1 for any
i < l,. Hence, as a consequence of condition (2) in Lemma 3.6 there exists
a sequence €1, — 0 such that for any (p,0) € Hy,(&,,;) we have

< (149, +1,

(1—erm) / o, v)dudv < > (p, )

<1+ 61,n)/ o(u,v)dudv. (3.6)

On the other hand property (2) in Proposition 3.5 and the fact that H,
preserves 4 also implies that there exists ez, — 0 such that

1—62n<p<2/( ) o(u,v)dudv < (1+ e2,)9, (3.7
ngnl

where we recall that ¢ = [, ¢(u, v)dudv.
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3.4.6. Estimating ¢ on H, (%) and H,(d7). As a consequence of (1) in
Proposition 3.5 , there exists a sequence €3, such that for any (p, ) € (52,2-
we have that

(1 - e3.0)0(0, l—) < 0(p,0) < (1+ €5,)50(0, r) (3.8)

On the other hand there exists a sequence €, — 0 such that

In
(1—€an) Z 1+ ean) @, (3.9)

where as before ¢' = [, ¢(0,v)dv. Similar equations as (3.8) and (3.9) hold
for (p,0) € 6, ; and @" = [1 0(1,v)dv.

3.4.7. Proof of (3.3). We will assume for definiteness that z = H,(pg, 6o)
with pg < 1/2 the case pyp > 1/2 being similar. q,1 points of the first g,
iterates by Sa,., of (po,60). In light of Lemma 3.9 and (3.6)-(3.9) we get
the following estimations of

1
Un = an,qn-q-l(p(pOa 00)
qn+1
VIt V2+VE<U, <UL+ U2+ U (3.10)
where U2 is a bound on the contribution of the non-controlled points

21

Up < 2(en + —)lloll, (3.11)
n+1

and U} is relative to the points that fall in H,(,) for which we use (3.4)
of Lemma 3.9 and (3.6) and (3.7) to obtain the following upper bound on
their contribution

In

1 n n
vi= S [ =Bt ) e [ oty
dn+1 P I, H(€ns)

. l
< (L 7)1+ en)(L+ €2n)en(po)p + 11 llell,  (312)
n

and U2 is a bound on the contribution of the points in &, for which (3.5) of
Lemma 3.9 and (3.8) and (3.9) lead to

l .
1 & 1 —cn(po))g !

U2 = p E [(1 + nn)( "g 0))dn+1 + 1] (1 + e3.0)9(0, Z_)
ntl i " "

. In
< (1 + nn)(l + 63,n)(1 + 64,n)(1 - Cn(pO))‘Pl + q—_HH(PH (3'13)

Recall that a1 is chosen such that [,,/¢n+1 < 1/n, hence (3.11)—(3.13)
with similar lower bounds for V,}, V;2 and V;? yield (3.3). This finishes the
proof of Lemma, 3.6. O
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3.5. Construction of h,, and choice of «,, ;. In this section we construct
hn and choose ay41 so that the conditions of Lemma 3.6 hold for H, =
hio...oh,.

We fix a sequence ¢, — 0. We assume that the conditions of Lemma
3.6 hold up to step n — 1 and consider a configuration of collections as in
Proposition 3.5 with

M = (en/ || Hn=1llcn)’. (3.14)
Then we have

PROPOSITION 3.10. There exists a diffeomorphism hy of class C*° on M
and two neighborhoods B!, and BT, of the singularities with 6}, C Bj, C B |,
7 =1r, such that

1. hy, is volume preserving,

2. hpoS,, = Sa, ©hn,

8. h, =1d on B, U B,

4. For every &, ; € &,, diam(h,(&,;)) <

€n
[[Hn-1llo1 "

Proof. As explained in Remark 3.7, (3) above is possible due to (3) in Propo-
sition 3.5 and the fact that the unions of the sets in the collections 5%, j=1r
are closed while BJ_,, j = I,r are open. Condition (2) can be realized in
particular with h, = Id on the singularities of the fundamental domain
[0,1] x [0,1/g,] due to (1) in Proposition 3.5 and to the fact that [, is a

multiple of ¢,,. Condition (4) can be realized since p(&,,;) < 1, and that we
chose in (3.14) 1 = (en/| Hntl|1)* = of(en/ |1 Homrtl|1)?): .

Checking the conditions of Lemma 3.6. Clearly, Conditions (1) and (2) on
H, in Lemma 3.6 follow respectively from (3) and (4) of Proposition 3.10.
Finally the choice of a;,41 is done so that condition (3) of Lemma 3.6 holds.
The construction is thus completed. O

Proof of genericity of diffeomorphisms with three ergodic measures in A'.
Fix a function ¢ and € > 0, and define for an integer m and a function ¢ the
set S(p,€,m,c) of maps f € A’ such that the averages at time m are close
to cpp + (1 — ¢)d. This set is open by definition. We actually proved that
the union over ¢ and over m is dense hence the intersection over a countable
base ¢; and a sequence €; — 0 is a dense Gj. O

3.6. Minimal number of invariant measures in the closure of con-
jugacies. Consider a general setting for approximation by conjugation con-
struction, namely a smooth action 8 of the circle on a compact manifold M,
possibly with boundary. For the special case of fixed point free actions on
closed manifolds Fathi and Herman showed [5] that there is a residual subset
of A which consists of uniquely ergodic diffeomorphisms.

A proper fairly straightforward generalization of the construction de-
scribed above produces in the case of a general S* action on a closed manifold



18 BASSAM FAYAD, ANATOLE KATOK

a residual subset of Ar which consists of diffeomorphisms with only one in-
variant measure (the smooth volume) not supported on the set F. In other
words, ergodic invariant measures for such a diffeomorphism are § measures
at the points of F' and the smooth volume.

The only essential extra observation concerns the structure of orbits of
a circle action near the set F'. In ordered to obtain a proper counterpart
of the picture presented on Figure 3.2 one needs to take an & invariant
neighborhood of a connected component of F' in place of a thin vertical
strip and perturb it in a S1 invariant way to make it mostly transversal to

the orbits. ’

The general case of a manifold with boundary in dimension greater than
2 is slightly more complicated. Unlike the disc and the annulus where the
action 8§ on the boundary components is transitive and hence has ergodic
elements, in this case in order to minimize the number of ergodic measures.
one needs to carry out the construction to the boundary. This can be done
with a certain care, the result being a diffeomorphism in Ar whose only
nonatomic ergodic measures are the smooth volume and smooth measures
on connected components of the boundary. A good test case to understand
this picture is the three-dimensional closed ball D? with the circle action by
rotations around a fixed axis. A perturbation we are referring to is ergodic
volume preserving, ergodic area preserving on the boundary, fixes every
point of the rotation axis, and has no other ergodic invariant measures.

3.7. More measures. It is natural to ask how the number of ergodic in-
variant measures can be increased in a controlled way. We will briefly discuss
the standard cases of area preserving diffeomorphisms of the annulus, the
disc, and the sphere. Higher dimensional cases are actually easier to handle.

An obvious way to produce an example with any odd number 2m+1,m >
2 of invariant measures is by pasting m annuli, or m — 1 annuli capped
on one side by a disc, or m — 2 annuli capped on each side by a disc,
with diffeomorphisms described earlier in this section. One picks the same
rotation number in each copy and since our examples are C'° tangent to
the corresponding rotation on the boundary the resulting diffeomorphisms
will be C°°. Naturally these examples are neither ergodic nor topologically
transitive.

A modification of our method allows to produce in the spaces A’ topo-
logically transitive diffeomorphisms with exactly m > 4 ergodic invariant
measures all but two of which are absolutely continuous. These diffeomor-
phisms are naturally not ergodic with respect to the area measure. Con-
struction remains the same near the singularities while inside instead of a
single parallelogram &, ;1 and its shifts one takes m — 2 next to each other
in such a way that their union still intersects every vertical line by a set
of large conditional measure to guarantee a counterpart of condition (4) of
Proposition 3.5. The images of those parallelograms have small diameters
(Cf. Lemma 3.6, (3)). At this step however there is a new element in the
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construction which makes it nongeneric. There are m — 2 invariant cylinders
whose images will represent distributions which we intent to have as ap-
proximating ergodic absolutely continuous invariant measures for the limit
diffeomorphism. These distributions must converge at least weakly. We may
in fact make their densities converge in L1 by keeping most of each cylinder
inside itself. However extra steps are needed to provide topological transi-
tivity. This is done by sending a small number of parallelograms in each of
m — 2 collection to other cylinders. A construction of this kind in a more
general and considerably more complicated setting is described in detail in
[38].

Finally, it is possible to increase the number of ergodic invariant measures
in a controlled way keeping the volume ergodic; furthermore, the additional
singular ergodic measure may be made supported by the whole manifold.
To demonstrate how this works in the leading special case we as before will
briefly describe a construction on any of the three standard two— dimensional
manifolds (the disc, the annulus and the sphere) of an area preserving ergodic
C* diffeomorphism with a given number any n > 4 of ergodic invariant
measures of which n — 3 are singular measures supported on the whole
manifold. Since this construction combines ideas from the constructions of
Theorems 3.4 and 4.1, it will be natural to describe it in the next section
after the proof of the latter theorem.

4. MINIMAL SETS WITH ARBITRARY MEASURE.

4.1. Preliminaries. In this section we describe an answer to a question
posed in 1977 in the paper by Fathi and Herman [5, Problem 1.6]. We do
not claim any particular novelty or originality; rather our goal is to put
the question into the general context of the approximation by conjugation
method and indicate a variety of possible topological and ergodic properties
for exotic minimal sets. A similar construction for the disc case can be found
in Handel’s paper [15]. Handel shows that his minimal set is nowhere locally
connected (in fact a pseudo-circle) although he does not address the question
about its Lebesgue measure. Herman himself produced similar examples for
rational maps of the Riemann sphere [19].

THEOREM 4.1. Let M be an m-dimensional differentiable manifold m > 2,
p a normalized smooth volume on M. Given any number s € [0,1) there
exists a compactly supported C* diffeomorphism f of M preserving u and
a compact invariant minimal set C of f such that
1. u(C)=s
2. the set C is connected, has dimension m — 1 and is not homeomorphic
locally to a product of R™™ with a Cantor set.

Furthermore, f can be chosen arbitrary close to identity in the C'*° topology.
As in the previous section we use an appropriately adjusted version of

the approximation by conjugation method of Section 2.1. By specifying
the parameters of the construction extra information can be provided both
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about topology of the set C and about topological and measure—theoretic
(ergodic) properties of f restricted to that set. We will discuss this after the
proof of the theorem in its basic form.

REMARK 4.2. If the manifold M admits a nontrivial smooth action of the
circle a proper modification of our construction allows to construct a diffeo-
morphism with a minimal set with desired properties in any C*° neighbor-
hood of any element of the circle action.

4.2. Reduction to ™! x S!. Consider the product P = B™~! x S! of
the m — 1-dimensional open unit ball with the circle. Let A be the product of
normalized Lebesgue measures. We will call the m — 1-dimensional direction
“horizontal” and draw it accordingly, and the S* direction “ vertical”. The
action of the circle on P by vertical translations will be denoted § = {S;}
as usual. In the natural system of coordinates (p,6) one obviously has
S4(p,0) = (p,0 +1).

Topology of M is essentially eliminated form our subsequent considera-
tions due to the following fact.

PROPOSITION 4.3. Given any € > 0 there exists a C*™ diffeomorphic embed-
ding E : P — M such that p(E(P)) > 1 — € and E.()\) is a scalar multiple

of 1.

Proof. Let Ey : P — M be an arbitrary C'*° diffeomorphic embedding. Then
(Eo)«(A) = pu, where p is a positive C* function defined on the manifold
with boundary Ey(P) C M and by definition |, o) PA = 1. Extend p to
a positive C'*® function on the whole manifold M which we will still denote
by p in such a way that [,, pdu > (1 —€)~'. By the Moser Theorem [32]
there exists a diffeomorphism h : M — M such that h.(op) = ([,, pdp)p-
Now take E = h o Ej. O

Thus, it is enough to prove the theorem for the particular case of the open
manifold P with the measure A. A compactly supported diffeomorphism of
P is translated to E(P) C M via the embedding E and is extended by
identity to the rest of M.

In fact we will deal with the product D™~ ! x S! of the closed ball with
the circle and will construct a diffeomorhism with the desired minimal set
which on the boundary §™ 2 x S! coincides with a certain element S, of the
action 8. By slightly shrinking the horizontal direction by a homothety and
extending the diffeomorphism to P by vertical rotations with the angle de-
pending smoothly on the radius and decreasing from « to identical zero near

the boundary we produce the desired compactly supported diffeomorphism
of P.

4.3. Statement and description of the construction.

PROPOSITION 4.4. Given any s € [0, 1), there ezists a sequence oy, of ratio-

nals and a sequence Hy, of diffeomorphisms preserving \ and constructed as
in (2.2) and (2.3), such that the sequence of diffeomorphisms H,S,, H,*

n+1 n
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converges in the C™ topology to a diffeomorphism of D™ 1 x St preserving
A and a compact invariant minimal set of measure s.
Moreover, f can be made arbitrary close to identity in the C'*° topology.

4.3.1. Criterion of minimality.

DEFINITION 4.5. Let f be a map on a complete separable metric space M.
Given € > 0 and a subset A C M, we say that f is e-minimal on A if
given any two points z,y € A, there exists n = n(z,y) € N such that
a(f"(z),y) <e.

If m is such that n as above can be chosen less than m for any pair
z,y € A we say that f is (¢, m)-minimal on A.

LEMMA 4.6. If A, C M is a sequence of closed sets such that

1. For every n € N, f(Ap) = Ay,
2. There exists a sequence €, — 0 such that f is e,-minimal on Ay,

then (),en An s a minimal set for f.

Proof. We have that A = [ A, is a closed set and that f(A4) C A. On the
other hand, given any two points x,y € A, there exists a sequence k, such
that d(f*»(x),y) < €,, hence A is a minimal set for f. O

REMARK 4.7. In our construction, we will have A,, decreasing and u(A,) —
s, where s is arbitrarily chosen in (0, 1).

4.3.2. Properties of the successive conjugating diffeomorphisms H,. In ad-
dition to the condition (2.4) that yields convergence in (2.1) we will now list
certain extra conditions on the sequences o, and H,, under which the limit-
ing map will possess a minimal invariant set of the given measure s € [0, 1).
In the next subsection we will show how at step n h,, is constructed such
that the required conditions on H, hold, then choose ;41 to satisfy the
remaining requirements.

Denote by B(r) the ball in R™~! of radius r around the origin and let
be such that A(B(rs)) = s. For n large enough we consider in M the set
Cn=B(rs+ 1) x S..

LEMMA 4.8. If oy, is a sequence of rationals and H, is a sequence of dif-
feomorphisms of M satisfying (2.2) and (2.3), and if for some sequence
€n — 0, one can find a sequence m,, such that

1. H, = H,_1 outside the interior of Cp,_1,

2. HnSanHH;l is (€, my)-minimal on H,(Cy),

3. |apt1 — ap| < max(

1 1 )
2*[[Hnllgn > 2"ma—1[[Hnl[c1 /7
then the sequence I—In,S'O%LIHn_1 converges in the C*° topology to a diffeo-
morphism f that preserves A and is minimal on the set (\H,(Cy,) whose
measure is equal to s.

Proof. Condition (3) implies convergence to a volume preserving C*° diffeo-
morphism f (Cf. (2.4) in §2.1). We claim that (1) implies that f(H,(Cy)) =
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H,(C,): Indeed since H,, ;1 and H,, coincide on the boundaries of C;, we have
that Hyp4+1(Cp) = H,(Cp) and by induction H;(Cy,) = H,(Cy,) for any [ > n.
Hence HlSal+1Hl_1Hn(Cn) = HSq,,,Cn = HC, = Hy(Cy) and the claim
follows as I — oo. The sets Hy,(C,) are nested, and A\(H,(C,)) = A(Cy,) — s,
hence A(( Hn(Cr)) = s.

Condition (3) implies as in Lemma 3.8 of §3 that ||f™ — Hy o S} ,; o
HY| < g7+ hence (2) implies that f itself is (€, +1/2", my)-minimal on
Hy,(Cr). The fact that the set [ H,(Cy) is a minimal set for f then follows
from Lemma 4.6. O

In the next lemma we will show how to deduce conditions (2) and (3) of
the previous lemma from certain conditions on H,, and «,, that, unlike (2),
do not involve explicit iterations.

DEFINITION 4.9. We will say that a collection ¢ of subsets of the set C =
B(r) x S is an (€, v)-collection of horizontal strips if

1. The elements &; of £ are disjoint and have the form & = B(r) x J;,
where J; is a segment of S! of length |J;| > v.

2. AMU; &) > AMC) —e

REMARK 4.10. Let an4+1 = pn+1/4qn+1 with pp41 and g4 relatively prime.
Then given any (p,0) € C,, and any horizontal strip ¢ in C,, of width larger
than 1/g,11 there exists m < g,41 such that

Sa. (P, 9) = (pae + maon41 mOd(l)) €&

Qn+1

The following lemma implies Lemma, 4.8 with m, = gn+1.

LEMMA 4.11. If ay, = pp/qn is a sequence of rationals and H,, is a sequence
of diffeomorphisms of M satisfying (2.2) and (2.3), and if we have for some
sequence €, — 0 a sequence &, = {&,} of (%, ﬁ)—collections of horizontal
strips in C,, such that

1. H, = H,_1 outside the interior of Cp_1,

2. For any element &,; € &, diam(H, (&) < €n,

1 1
3. ‘an-}-l - Oln| < ma‘x(anHn”Cm ) Q"Qn”H’ﬂ”cl )7

then the conclusions of Lemma 4.8 hold.

Proof. Fix an arbitrary z € H,(C,). It follows from Remark 4.10 that for
any element &,; € &, there exists m < gu4+1 such that HnngzHHn_l(z) €
H,(&n:). We claim that for some 7, — 0 the collection Hj(&,) is 7y,-
dense in H,(C,) in the sense that for any 2z’ € H,(C,) there exists z; €
Hy,(én,i) where &,; € &, such that d(z;,2) < n,: Indeed let r, be such
that A(B(r,)) = 1/n then the fact that A(|J Hy(&n,:)) > 1/n implies that
any ball of radius r, intersects an element of the collection H,(&,). Our
claim then follows from condition (2) of the lemma with 7, = max(r,,€,)
and H,S,, . H," is (n, gns1)-minimal on H,(C,). Finally, with this choice

Qn41-"n
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of my, Condition (3) matches with the corresponding condition in Lemma
4.8. U

4.4. Construction of h, and choice of «a,;. We fix a sequence ¢, — 0
as n — 00. Now we assume that the sequence H; = hjo...oh; and oq41 are
constructed up to I = n — 1 and satisfy the conditions of Lemma 4.11 and
we want to construct h, and choose a1 such that the conditions of the
lemma hold for [ = n.

4.4.1. Choice of the collection of strips &,. Define

' €n
€

1 JLL 4.1
"= THilen (1)

We pick v, sufficiently small and consider a (1/n, vy, )-collection of horizontal
strips &, of Cy, such that Sy, (£,) = &, and such that the measure of any strip
in &, is smaller than the measure of a ball with radius €, /2, i.e. A(&,;) <

A(B(el,/2). This requirement will be necessary in order to satisfy condition
(4) in the next Proposition 4.12.

4.4.2. Construction of hy. Define

— 1 1
Cn:=DB(rs + — + —) x St
non

Clearly, C, C C,, C C,,_1,and both inclusions are strict. Cf. Fig 4.1.

PROPOSITION 4.12. There ezists a diffeomorphism hy, of class C® on D™ x
St such that

1. h, is volume preserving,

2. hyo San = San o_hn;

3. h, =1d outside Cy,

4. For any strip én,i € &n, dlam(hn(fn,z)) < E'In'

Condition (2) can be satisfied since the collection &, is invariant by

Sa, and (1) and (4) are compatible since we have imposed that A(&,;) <
A(B(€n/2)-
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hn (&

Fig. 4.1

4.4.3. Checking the conditions of Lemma 4.11 and choice of ap41. By (1)
and (2) we can define the conjugating diffeomorphisms H,, = hi o...o hy as
in (2.2) and (2.3). By definition of C,,, (3) implies (1) of Lemma 4.11 while
due to our choice of €, in (4.1) Condition (4) implies (2) of Lemma 4.11.

Next, we choose ap4+1 = Pnt1/gqn+1 such that (3) in Lemma 4.11 is sat-
isfied and such that ¢,411 > 1/v, in order for the (1/n,vy)-collection &,
considered in §4.4.1 to be a (1/n,1/gp+1)-collection as required in Lemma
4.11.

All the conditions of Lemma 4.11 being satisfied by the sequences «,, and
H, thus constructed, the diffeomorphisms H,,S,, ., H. ' converge in the C®

n+17""N
topology to a diffeomorphism with a minimal set of measure s. O

4.4.4. Special choice of hy, and ap+1. As was mentioned in Section 2.2 the
most natural way to ensure commutativity relation (2) in Proposition 4.12
is to take the fundamental domain A,, = D™~! x [0, qin], construct a volume
preserving diffeomorphism g of A onto itself, identical near its boundary
and satisfying conditions (3) and 4) and extend g by periodicity. It is also
natural to choose ¢,1 to be a multiple of ¢,,.

With these special choices one produces a nested sequence of partitions
invariant under H,S,, ,, H, 1. and hence by continuity under the limit dif-
feomorphism f. Those partitions are H,((,) where (, is simply the partition
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into the “layers” D™~1 x qin’ %], k =0,...,9, — 1. This layers are sim-
ply images of the fundamental domain A,, under iterates of the rotation
Sa,- Restricted to the minimal set C this sequence of partitions become
exhaustive in the measurable sense (converges to € in the more customary
terminology of ergodic theory) due to Lemma 4.11 and 4.12, (4). Notice also
that on the boundaries of the partition elements the conjugacies H,, stabilze:
For the boundary of (, all h,, with m > n are identities. This implies in
particular that the set C' contains a dense set of smooth m — 1-dimensional
discs H,(B(rs)) x {qﬁn}, n=1,2,...:k=0,1,...q,—1. For the purposes of
the further discussion we will call the choice of h,’s described above simply
special.

4.5. Topological properties of the minimal set. Certain properties of
the minimal set C' constructed above are obvious. First, it is connected
being the intersection of the nested sequence of connected sets H,(Ch).
Furthermore, in the two—dimensional case m = 2 the complement to each
set H,(C,) to D x S* consists of two open connected components and this
remains true for C. Each connected component of the complement is dense
in C. For m > 2 the set D™~! x S\ C is connected.

It follows immediately from our construction that the diffeomorphism f
is C*° rigid, namely F'?9 — Id as n — oo in the C*° topology. This allows
us to address statement (2) of Theorem 4.1. We begin with dimension 2
where the statement follows directly from our construction without extra
assumptions.

PROPOSITION 4.13. If m = 2 the minimal set C' has topological dimension
one and for any x € C and any sufficiently small open neighborhood V of
x, the intersection C NV has topological dimension one and is not homeo-
morphic to he product of an interval with a Cantor set.

Proof. Since the complement D x S\ C has two connected components
no neighborhood in C' can be totally disconnected and hence C NV has
topological dimension one.

Now assume C NV is homeomorphic to R X K where K is a Cantor
set. By the Jordan Curve Theorem every copy of R divides a certain small
neighborhood of z in D x S! (not necessarily V itself) into two connected
components. Hence every other copy of R belongs to one of the components
and hence the homeomorphism between Rx K and CNV introduces an order
in the Cantor set K. This implies that in CNV there are intervals which are
limits of other intervals from one side only; in fact only from a given side.
Take such an interval I which corresponds to the point zg € K. By rigidity
fI are intervals which for large n lie in C NV (after possibly a slight
truncation) and approach I. These intervals are connected components of
C' NV hence they correspond to elements in K approaching zy. The order
of the intervals f%1 for every I in a given small neighborhood is the same,
thus they approach I either from both sides or from the same side (call it
"left”) with respect to the order. But there are intervals I which are limits
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of others only from the other ("right”) side. This contradiction rules out
the product structure. O

Thus we completed the proof of Theorem 4.1 for the two—dimensional
case.

REMARK 4.14. Since a pseudo-circle does not contain any embedded topo-
logical arcs any set C obtained with a special choice of parameters as in
Section 4.4.4 is different from those obtained by Handel [15] which are pseu-
docircles.

In the general case we do not see how to obtain a similar statement
directly. It follows however with an extra assumption, namely by the special
choice of the parameters of our construction described in Section 4.4.4.

PROPOSITION 4.15. If the minimal set C' contains a homeomorphic image
of the disc D™~ (and hence has topological dimension m — 1) then for any
z € C and any sufficiently small open neighborhood V' of x, the intersection
C NV has topological dimension m — 1 and is not homeomorphic to the
product of a disc with a Cantor set.

Proof. After a few preliminary comments the proof becomes almost identical
to the previous one. By minimality if there is a single homeomorphic image
of R™~1, I C C then there is a dense set of points belonging to such images.
Hence any neighborhood of any point has topological dimension m — 1 and
it cannot be homeomorphic to the product of a Cantor set with a disc of
dimension less than m — 1. Assuming C' NV is homeomorphic to R™~! x K
we argue as before. By the Jordan Theorem in dimension m there is an
order among the copies of R~ and hence there are some copies which are
limits of others from a given side only. This contradicts rigidity of f. O

4.6. Ergodic properties of the minimal set. The restriction of the dif-
feomorphism f to the minimal set C' preserves the Lebesgue measure, or,
more precisely, the absolutely continuous probability measure A¢c obtained
by normalizing the restriction of the measure A to C. Our construction
guarantees unique ergodicity of f restricted to the set. C. Furthermore, the
special choice of parameters described in Section 4.4.4 makes (f, A\¢) metri-
cally isomorphic to the rotation of the circle by the angle o = lim,_, ap
as in the construction of [1, Section 4]. On the other hand, one can choose
parameters in a different way to make f weakly mixing with respect to A¢.
Other modifications are also possible, see [1].

On the other hand, by modifying our construction along the lines de-
scribed in [38] one may violate unique ergodicity; for example make A¢ de-
compose into any given finite or countable number of ergodic components.
Furthermore, one may modify our construction by making the transforma-
tions h, not volume preserving in such a way that the minimal set will still
have positive (and prescribed) Lebesgue measure but invariant measure(s)
of f supported by the set C' will be all singular or some of them will be
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absolutely continuous and some singular. Presenting all these variations in
detail will take too much space and will look rather tedious.

4.7. Further properties and open problems. While we have been able
to exclude the Euclidean cross Cantor product structure in two—dimensional
case as well as for any standard choice of parameters and thus demonstrate
that our minimal sets are somewhat exotic some natural questions remain
open. As with measure-theoretic properties it is possible that the answers
may vary depending on the choice of parameters in the construction. For
example we do not know whether any choice of parameters leads to a locally
connected set or a path—connected set.

Notice that in Handel’s construction [15] for the two—dimensional case
the minimal set is a pseudo-circle and in particular is not locally connected.
Handel’s construction may be put into our framework to make the set of
positive (and, in fact, given) measure. The main mechanism that makes
the resulting set nontrivial in that construction is a twist of the standard
fundamental domains along the orbits of the rotation rather than spreading
the orbits within those domains as for special choices of parameters. Even
with a special choice of parameters there is big freedom for relative position
of cores which the image of an orbit of the circle action intersects. If one
chooses those cores in a sufficiently “wild” way so that the images of suc-
cessive parallelograms are far away one can guarantee that the minimal set
C is not locally connected. It is not clear whether it is possible to achieve
local connectedness of C' by making more “tame” choices where images of
successive parallelograms are usually close to each other so that the image
of a vertical segment looks as an approximation of a Peano curve. Such a
possibility looks fairly plausible. On the other hand, it looks unlikely that
the minimal set C' is ever path—connected.

More generally, there are still certain natural open questions about topo-
logical and ergodic properties of exotic minimal sets. It seems that in di-
mension > 3 there is more freedom so we restrict ourselves to the two—
dimensional case.

PROBLEM 4.16. Let C be a minimal set for a diffeomorphism f of a two—
dimensional manifold M.

1. Can C be nowhere dense and path—connected?

2. Can C be locally homeomorphic to the product of the line and the
Cantor set?

3. Can C carry a mixing invariant measure?

Notice that the last question is open both for nowhere dense invariant
minimals sets and for minimal diffeomorphisms of T?.

5. TRANSITIVE NON ERGODIC DIFFEOMORPHISMS.

Let f be a map on a complete separable metric space M. Denote by
¢y C M the set of points with dense orbit, i.e. z € ¢; if and only if
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{f™(z)}nez = M. Recall that a map f is said to be topologically transitive
(or simply transitive) if ¢ is not empty and in this case it is easy to see
that ¢; is a G° dense set in M. When M is a Riemannian manifold it
is natural to ask how small can the measure of ¢; be for a topologically
transitive map f, especially in the case of a volume preserving map f. If
such a map is ergodic then the set 1y has full measure. The same may be
true for nonergodic maps [13]. We show in this section that the opposite can
also be true. To build examples, we use an appropriately adjusted version
of the approximation by conjugation method of Section 2.1.

THEOREM 5.1. Let M be an m-dimensional differentiable manifold with a
nontrivial circle action 8§ = {Si},cr, St41 = S; preserving a smooth volume
. There exists a C* diffemorphism f of M preserving u such that f is
transitive and p(¢py) = 0. Furthermore, f can be chosen arbitrary close to
identity in the C'™ topology.

5.1. Reduction to the case of [0,1] x T™L.

5.2. Construction of the diffeomorphism h,. In this section we con-
sider that the diffeomorphisms h; were constructed up to ! = n —1 and that
the rational a,, = p,, /¢, has been chosen.

DEFINITION 5.2. For every integer n > 1 and every integer k < ¢, — 1 we
define

1 k1 k+1 1
T
= — = 0 i
1 11 1
Bil.k = __k+ ’__i X Oa_ ;

1
2t © G0

3
ES
I
—~—
o |
—

1 [k 1 k 3
X
q

N N +3]C{1}X[1 2
@ @ 4¢) ¢k @ 4g) 27 gt g2

L = {§}><

ll[lkllk )

For every integer n > 1 and for any py € [0, 1] define

DZO = {(p,e)EM/pQSPS]_,HET},
D, = {(p,0) e M /0<p<po, 0€T}

2

Finally for any n > 1 define

M, =[0,1] x [

§m|m| =
2
S
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PROPOSITION 5.3 (Properties of hy,). For every integer n > 1, there ezists
a diffeomorphism hy, with the following properties

hy, preserves u,

hnSL = SLhn;

hn Eand onq;he set My, in particular h,(1/2,0) = (1/2,0),
For any k < qp, — 1, hn(If; p) C Bf;k, j=rl,

For any py > 1/n we have ,

Srds fo o=

T T
P (D) € Dl g

ha, (D%fpo) c D4

27p0+2in ’

Fig 5.1. hy ({%} x [0, qin]) and i (DY ).

PO

5.3. Choice of a4 and convergence. As in the other sections we choose
an+1 to insure convergence of f, = H,Sq, ,, H; ! to a diffeomorphism f and
have in addition that for any m < g4+

I =< (51)

5.4. Transitivity. In this paragraph we will prove that the limit diffeomor-
phism f is transitive. Specifically, we will prove that the orbit of the point
(1/2,0) is dense.

DEFINITION 5.4. A map f of a separable metric space M is said to be e-
transitive if there exists £ € M such that for any y € M there exists [ € N
such that d(f'(z),y) < e. If the above integer can be chosen less than some
integer m independent of y we say that f is (e, m)-transitive.

Clearly, a map f is transitive if and only if given any ¢ > 0, f is e-
transitive. Hence from (5.1) to prove transitivity of f it is enough to prove
that f, = HySa, , H, ' is (1/n,qny1)-transitive on M.

An41-"n
DEFINITION 5.5. Given a point (p,8) € M we define O, (p,0) = {(p,0), ..., " (p,0)}.

A set O C M is said to be e-dense in M if given any y € M there exists
z € O such that d(z,y) <e.
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5.4.1. The orbit of (1/2,0) under f,. With our definitions transitivity will
follow if we prove that the set Oy, 4,,,(1/2,0) is 1/n-dense.

The following is evident if in our choice of a1 1 we require that g, 1 > i
Forany 0 < p<¢q,—landany 0 <k <g,—1land for j=1and j =r
there exists an integer m(p, k,j) < gpt1 such that

{ma, 1} € Sﬁ (If;’k).

Since Hy(1/2,0) = (1/2,0) we have that

[eR(1/2,0) € HuS» (I} ),
qan ’

= anlhnsﬁ (Ifl k)

I

m

= H, 1S»hy(I},) from (2) of Lemma 5.3,
an )

C H, 1S»(B’,)  from (4) of Lemma 5.3.
an )

In conclusion, we proved that for any 0 < p < ¢, —1 and any 0 < k <
gn — 1, for 5 = [ and j = r there exists an integer m(p, k,j) < ¢p41 such
that

Fmekd) (172, 0) € Hn_lSq%(Bi,k).

Assuming that ||H,_1||c1 < 2 we have that diam(Hn_lsp/qn (Bg,k)) <

n
1/n hence the partition {Hn,lsp/qn(BfL’k)}, 0<p<q,—1,0<k<q,—1,
j =1l,r,is a 1/n grid of M. Therefore the set Oy, 4..,(1/2,0) is indeed
(1/n)-dense in M and the proof of transitivity is complete. O

5.5. Non ergodicity: u(¢y) = 0.

5.5.1. Preliminary. As a consequence of Property (5) of Lemma 5.3 we get
the following properties on the diffeomorphism H, = hjo...oh,

COROLLARY 5.6. For any po > 0 there exists n(pg) such that for any n >
n(pg) we have

Hn(D%+p0) C Hn(PO)(D%+ﬂ2Z)7
Hn(D%_pO) C Hn(po)(Dl%_%o).

Proof. Fix py > 0 and let n(pg) > 4 be such that py > 2/n(po).

For n > n(py) we have that 1/n < pp hence by Property (5) of Lemma
9.3

T T
fin (D%+PO) - D%+Po—z%’

and if n — 1 > n(pg) we have 1/(n — 1) < 1/n(po) < po — 1/2™ hence

T T
hihn (DY) € Dy g

on—1
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Since for any I > n(py) we have pg — 1/2" — ... — 1/2} > py — 1/27(po) =1 >
po/2 > 1/n(py) we can continue inductively and obtain that

Pugpoys1© w0 (D3, ) € DY oy

which implies the conclusion of the corollary, the case of Dll o being similar.
2
O

5.5.2. Proof of u(¢y) = 0. We introduce the following set

E ={(p,0) e M/p # % and for any n > 1+ 1, h,(z) = z}.

From Property (3) in Lemma 5.3 we have that

wE) > 1— — - —— — .
VAai+1 VAai+2
2

> 1-

\/QI+1'

Since H; is measure preserving we also have u(H;(E;)) > 1 —2/,/q71. We
will hence finish if we show that for any point z € Hj(E;) the orbit of z
under f is not dense in M. From the convergence condition (5.1) in §5.3 it
suffices to prove that there exists a fixed closed set D(z) strictly included in
M such that for any n, Oy, 4...(2) € D(z).

Fix z € H)(E;) and write z = H(2'). We can assume that for some
po >0, 2 € E ﬂD{/Hpo, the other case 2’ € E;) Dll/Q_p0 being similar.

For any n > [ and any m < gn4+1 we have that f'(z) = H,ST (2').

Qn+1
Since Sg! . (2') € D] Corollary 5.6 implies that for any n > n(py) we

1/2+po’

have f7"(z) € Hy(p) D] /24po/2- Lhe latter being a fixed closed set strictly

included in M the proof is complete. O

6. MIXING FLOWS ON MANIFOLDS ADMITTING A NONTRIVIAL T® ACTION.

All the constructions we have presented up to now share the property of
being C*° rigid, namely that the limit diffeomorphism F' satisfies F'9» — Id
as n — oo in the C* topology for some sequence of integers q,. This is also
the case for all the available constructions following the approximation by
conjugation method introduced in [1]. It is an open problem whether there
exist a circle action 8§ on a compact manifold and « such that the correspond-
ing space A, contains a nonrigid transformation. This would be a first step
towards proving the existence of mixing maps in A, (Cf. Problem 2.2). The
situation is different if we consider higher dimensional actions. Indeed, it was
proved in [6] that there exist on T® linear flows that can be made mixing via
smooth (real analytic) reparametrization, and reparametrizations of linear
flows are by nature in the closure of conjugacies of periodic linear flows on
T3. The latter is an immediate consequence of the density of Diophantine
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frequencies and of the fact that any smooth reparametrization of a Dio-
phantine linear flow is smoothly conjugated to a linear flow. In this section,
given a manifold M admitting a nontrivial smooth T? action preserving a
smooth volume u we construct y-mixing diffeomorphisms in the closure of
conjugacies of elements of the action. To this end we combine the techniques
of reparametrization of linear flows on T? with the explicit approximation
by conjugation methods. Besides working with higher dimensional actions
and requiring a control for all iterates of the limit diffeomorphism, the main
difference with the former sections is that we need to work in restricted
spaces A, with special Liouvillean vectors o € R3 chosen a priori such that
the linear flow R, admits smooth mixing reparametrizations. Conditions of
the type 2.4 become more restrictive since we do not have complete freedom
in the choice of the periodic approximations of « and explicit bounds on the
conjugations used are required. This corresponds to quantitative versions of
the approximation by conjugation method similar to the approach of [11].

6.1. Formulation of results.

THEOREM 6.1. Assume M is a differentiable manifold admitting a nontriv-
ial smooth T3 action § = {Sv}tyerss Svir = Sv if k € Z3 and let p be
a smooth volume preserved by 8. Then there exists a sequence v, € Q3
and a sequence Hy,, of diffeomorphisms preserving u such that the sequence
HnSwnH;l converges in the C'* topology to a flow preserving p and mizing
for this measure.

REMARK 6.2. This is the optimal result for flows, and on manifold with a
T? nontrivial action one expects that considering successive conjugations of
some sequence of rational elements of the action it should be possible to
obtain a mixing diffeomorphisms in the limit. Not even on T? we are able
to provide a construction.

6.2. Reduction to T3 x D™.

Theorem 6.1 will follow if we can prove it in the particular case of a direct
product T? x D™ with successive conjugacies H, having compact support
in the interior of T3 x D™.

6.3. Plan of the construction. We will use the natural T3 action on
T3 x D™ S,(0,7) = (6+wv,r). We will not directly construct the mixing flow
as a limit of conjugacies of periodic flows H,, S, H,!. Instead we will use
successive conjugacies of a flow T? x Idp» where T is the mixing flow on
T? obtained in [6] via reparametrization of a Liouvillean linear flow on T3.
Theorem 6.1 then follows since reparametrizations of linear flows are in the
closure of conjugacies of periodic linear flows on T3.

6.4. Mixing reparametrizations of linear flows. Since some specific
features of the mixing reparametrized flow constructed in [6] will be needed
in the proof of Theorem 6.1 we will summarize in this section the construc-
tion and mention the properties that will be useful for the sequel.
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6.4.1. Notations and definitions. For @ € R®, we denote by R, the linear
flow on the torus T® given by df/dt = «, where § € T3. For a continuous
function ¢ : T3 — R we denote by R; @ the reparameterized flow given by
df/dt = $(0)a. If the coordinates of a are rationally independent then the
linear flow R, is uniquely ergodic and so is the reparametrized flow that
preserves the measure with density 1/¢. In contrast, other properties of
the linear flow such as mixing may be very sensitive to reparameterizations.
The reparametrized flow fo, ¢ can be viewed as a special flow Té,(p over R,

and under ¢ where « this time is an R? vector and ¢ is a strictly positive
function over T?. We denote by M, , the space where the special flow
acts which is obtained as a quotient of T? x R by the equivalence relation
(z,5+¢(z)) ~ (z+ @, s) and that can be identified with T®. Conversely any
smooth special flow T,, 4 can be viewed as a reparametrization of some linear
flow on T?. Henceforth, we will only work with special flows that are easier
to manipulate than reparametrizations. The unique probability measure
preserved by the special flow is given by the product of the Haar measure
on the base T? and the Lebesgue measure on the fibers normalized by the

mean value of ¢. The k-dimensional Lebesgue measures will be denoted by
AW,

6.4.2. Mizing special flows over a translation of T?. Our choice of the trans-
lation R, o and the ceiling function ¢ follows [40] . We take (o, o) €

R? — QQ, such that their sequences of best approximations g, and ¢/, satisfy
for any n > ng(a, o)

!

q, elin (6.1)
i1 > €M (6.2)

Y

The ceiling function we will consider is the following strictly positive real
analytic function on T?:

(6.3)

0o 4 0o
6127rk:$ 6127rk:y
ek

o(z,y) =1+Re (Z pra
k=2 k=2

In [6] it was proved that

THEOREM 6.3. Under conditions (6.1)-(6.3), the special flow Té,a,m is miz-
ing for its unique invariant probability measure.

Since «, o’ and ¢ are fixed, to alleviate the notations we will denote by
T* the special flow Té,a,’w and by M the space M, ,. We will need the
following properties of T, the first one of which is an obvious approximation
of the flow by special flows over periodic translations and the other being
a refinement of the mixing property that can be derived from the proof of
mixing given in [6].

We will denote by «, and o, the n—th convergents of a and o, i.e.
Qn = Pn/qn, @l = ph/d,,- By T% we denote the special flow over the periodic
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translation R,,, o and under the function ¢. Since [ —ay| < 1/¢ygn 41 and
o/ —ap,| < 1/qpq),,., we deduce
t
IT* ~ Tyl = O(~——). (6.4)
dnqn+1

The specialized mixing property of T*. Let &, = 1/¢,. Consider a collection
Cn ={Ch,j} <, of disjoint sets in M of the form

. 1o
Cn,j:[i,z—i_l]x[z— vt ]x[s,s+6n]

dn Qn !

¢’ ¢,

for some i = i; < ¢, — 1 and i’ =} < ¢, — 1 and s = s; satisfying

s+ 6, < min o(z,z").
(z,x" )€1/ qn, (1 +1)/ @n] X (87 / 43,,(75+1) / 47,

We take the collection €, such that u(lJCp ;) > 1 — €, with €, = O(1/qy).

DEFINITION 6.4. An e-grid of a set (A, ) is any partition of A into disjoint
measurable sets of diameter less than e. An e-grid of a collection of disjoint
similar sets {C;} <M is given by some e-grid of C identically repeated inside
each Cj, j < M.

DEFINITION 6.5. For a pair of strictly positive numbers (€,7), a set B C A
is said to be (e, n)-uniformly-distributed inside A if there exists an e-grid of
A such that for each atom Ay of the grid we have

pBNA) _ pAn)]| o #(Ar)

=7 .
u(B) p(A) p(4)
must replace p by its conditional on B in p(B) and p(B () Ax) and by its
conditional on .

DEFINITION 6.6. For a pair of strictly positive numbers (u,v), a set B is
said to be (u, v)-identically-distributed in a collection of disjoint similar sets
{Cj};<pr if there exists a u-grid of the collection {Cj}, ), such that for
every pair j, 7' < M and for any k < K (K referring to the number of atoms
inside each C}), we have

(B C) = (B Cir)| < 0B Cip)-

REMARK 6.7. In the above definition, the measurable sets B, A, Ay, Cj
might be of different dimensions and p should be replaced when necessary
by its appropriate conditionals.

REMARK 6.8. A set B that is (u, v)-identically-distributed inside the collec-
tion €y = {Cn};<p, 15 (2/n, v)-uniformly-distributed in M (this is due
to the fact that the diameter of the sets C, ; is less than 2/¢,). Moreover,
because each set Cp,_; ; is almost a union of sets of G, then B((Cy_1; is
(2/qn, 2v)-uniformly distributed inside Cy,_1 ;.
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The specific mixing property of T¢ that will be crucial in the sequel is the
following

PROPOSITION 6.9. Let &, be a set in My, of the form I x J x {s} where I
and J are intervals of size 1/64'". Then for any t > 30 we have that T,
is (1/e%n,1/n?)-identically-distributed in the collection C, = {Cn,j}j<Mn'

6.5. The successive conjugations scheme. We will use the same nota-
tion T* and T to indicate the special flows over Té’a,,cp and Tén, ol p 38 well
as the flows T* x Idp» and T x Idpm . For 7 € (0, 1], we denote by D(0,r)
the closed disc of radius r inside ™. The general scheme of the construc-
tion is the following: We construct volume preserving diffeomorphisms A,

compactly supported on My, o , x D' of the form

hn(w,w',s,T) = (-’Eaxlasagn,z,z’ (T)) (6'5)

where for each (z,z') € T? 9n,z,e' 18 @ compactly supported volume preserv-
ing diffeomorphism of D™ satisfying

9n,x,z' (7') = 9n,z+an,r’ +a, ('r) (66)

for all (z,x',7). This implies that h, commutes with 7.. We can choose
Oz, increasingly sensitive with respect to « and 2’ but in a controlled as
follows

PROPOSITION 6.10. It is possible to construct the diffeomorphism h, as in
(6.5)-(6.6) such that the following holds

1. h,, is volume preserving and compactly supported,
2. hnTE = Tthy,
3. For any | € N, for n large enough ||hy||o < eV,
4. For any r € D(0,1 —e™™) C D™, for any j < M,, we have that
hp (Crj x {r}) is (€=, L)-uniformly-distributed inside Cp, j x D'™.
diameter less than e~%—1 such that for any atom D of the partition

we have ((Cn,j x D) = A(3)(Cny)A™ (D) < 328 (Cr 5)A™ (D).

We now consider the flows T, T} and the diffeomorphisms h,, as flows
and diffeomorphisms on M x D™ and define H,, = hj o ... o hy, and consider
the sequence H,T'H, .

From the above proposition we can easily deduce the following properties
of H,

PROPOSITION 6.11. The diffeomorphisms H,, are compactly supported in the
interior of M x D™ and satisfy

1. H,, is volume preserving,

2. For any |l €N, for n large enough ||Hpy||q < e\/‘z,

3. For any z € D(0,1 —e™™) C D™, for any j < M,, we have that
H, (Cp; x {z}) is (e_%q%—l, 1/n)-uniformly-distributed inside Cp ; X
nm.
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PRrROOF. Property (2) follows from (3) of Proposition 6.10. Property (3)
then follows from (4) of Proposition 6.10 applied to A, and from (1) and (2)
of Proposition 6.11 applied to H,,—;. O

6.6. Convergence and approximation.

PROPOSITION 6.12. The sequence of flows H,T'H; ' converges in the C*®
topology to a wvolume preserving flow T of M x ™. Moreover, for t €
[63‘1;1, e34n+1] and | € N we have for n large enough

1 =t 1
LT H =T <
PRrOOF. From (2) of Proposition 6.10 we have that

t -1 _ i —1
Hn+1Tn+1Hn+1 - HnTn+1Hn ’

hence
||H,T"H,, " — Hn-l—thHn_ilHCz < Pn + Y
where
Y = ||HnTtH7;1 - HnTﬁ—i—lH;l“Cla
¢§z = ||H7L+1T'I€+1Hn_+11 - Hn+1TtH;+11\|C“

hence from (6.4) and (2) of Proposition 6.11 we conclude that

||HnTtH771 - Hn+1TtHn_i1HCl =0 <ﬂ> .
dn+19n+2
Since gpy2 > e*@nt1 the proposition follows. O
6.7. Proof of mixing. It remains to prove the following
PROPOSITION 6.13. The volume preserving flow of M x D™
T' = lim H,T'H;"
n—00
is mizing.
The following is an almost straightforward Fubini argument

LEMMA 6.14. and R are open balls in D™ and T? and § < c,
If there is a sequence of measurable collections of subsets of M xID™ | {P,}
satisfying the following

{P:} o€ ( partition into points ),

and such that for any open set A C M X D™ and any € > 0, there exists t
such that for t >ty we have for every atom P, € {P.}

| (P NT () = w(Pu(A)| < eu(P), (6.7)

then the flow T' is MITINg.
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REMARK 6.15. The atoms of the collection {P;} might have positive codi-
mension and the Lemma remains valid if appropriate conditional measures
are used in (6.7).

Choice of the collection P;. Let t € R, and take n such that t € [3¢n, ¢3%n+1],
We first consider a collection U, converging to the point partition in My , X
D? consisting of sets of the form ¢ x {s,r} where ¢ is a square on T? with
side 1/ efn. Since the diffeomorphism k,T" is volume preserving we remain
with a collection converging to the point partition if we discard the elements
€ x {s,r} that do not satisfy

A [(€ x {5,7} () TR (Mayp x D(0,1 = e=7D))] > (1 - %)/\(2) (£)(6.8)

Finally, we consider the collection P, whose atoms are the sets H, (¢ X

{s,r}) where £ x {s, 2} is as above. Due to the fact that ||H,||1 < eV we
have that P; converges to the partition into points of M, , x D™ as t goes
to infinity.

Fix an open set A C M x D™ and ¢ > 0. We finish if we check (6.7) of
Lemma, 6.14 for the elements of P, as t € [e3qk,e3q;+1] goes to infinity or
equivalently as n — oco. To have (6.7) for this range of ¢, we are reduced in
light of Proposition 6.12 to proving that for n large enough

‘)\(2) (g X {s,r}nT—tHn—l(A)) _ >\(2)(§),U(A) < 5)\(2)(5) (6.9)

where ¢ is a square in T2 of side 1/e% and & x {s,r} satisfies (6.8).

Since the collection €,,_1; = {Cn_l,j}j <M,_, converges to the point parti-

tion , (6.9) will follow if for an arbitrary measurable set D C D™ we prove
that for n large enough we have for any j < M,,_;

<eAXP(OA (Cp1 ). (6.10)
Having fixed ¢ and the atom £ x {s,7} € P; we set
U:=h, (Tt(§ X {8,1"}))

and denote by lambda ) the measure (hnT?),(A2.
The equation we have to establish (6.10) becomes

‘la’rﬁbda(z) (VN H (Gt g x D)) = X @A Gy )N (D)
<A (Cy 1), (6.11)
;From Proposition 6.9 we recall that since ¢ > €3 then
The set T'¢ x {s} is (1/e,1/n?) — identically-distributed inC,. (6.12)

We can carry this fact to U in the following way
Claim. There exists a partition of D™ in open sets of diameter less than
1 7
1/e2% D™ = UlL:"1 Dy, such that for each I < I, the set U, := U (M x Dy)

(2
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is (1/ 29, 1 /n)-identically-distributed in the collection {C,, ; x D;}
M x D™,

It is easy to see that the claim follows from (6.12) and two properties
in the construction of hy: The first is that according to (6.5) and (6.6) we
have that for any 7,5’ < M, bnic, ;xmm = hn\Cn,j,x]DJm; the second is that

[|hnllcr < eV by Proposition 6.10.

than l/e%q;, D" = Ule"l D; such that U is (l/e%qz,2/n)-identically-
distributed in the collection {Cp; x Di}; .

;From Remark 6.8 the above claim implies that the set U; is (2/qy,1/n)-
uniformly-distributed in M x D; and more specifically that for any j <
M, the set U;(\(Cpn-1,; % Dy) is (2/qn,2/n)-uniformly-distributed in the
set Cnfl,j X Dl-

The claim also implies that for any 7 < M,

3 (0 (Cnmrg x D)) = XA UIAD (1)

< %:\(2)(U1)/\(3)(Cn_1,j) (6.13)

j<m, ©

iFrom (6.8) we have that
U ~ U U (6.14)
D;CD(0,1—e—(n—1))

in the sense that the ratio between the measures of the left hand side set and
the right hand side set converges to 1 as n goes to co. So we assume [ is such
that D; C D(0,1 — e~(™=1). Property (3) in Proposition 6.11 and the fact

that ||[Hp—1||c1 < eV %n-1, together with is (2/gn, 2/n)-uniform distribution
of the set U;(\(Cn—1,; x D;) in the set Cp_1; X D; and (6.13) then imply
that given the measurable set D € D' and € > 0 we have for n large enough

3 [(U(\(Cn1,5 % D)) [V Hyy(Cacry x D)]

~ 3O (O (\(Caorg x D)) A (D), ~ XD (O)AD (G 5)A™ (D) (6.15)
;From (6.5) we have that
Hy AU (\(Cn 15 % D) = Hy 1 (U()(Ca 1 x D)) (\(Ca1 % D)
hence having (6.14) in mind we can sum in (6.15) over [ such that D; C
D(0,1 — e~(=1) and get

This gives equation (6.11) and the proof of mixing is hence accomplished.
O



CONSTRUCTIONS IN ELLIPTIC DYNAMICS. 39

7. OTHER DIRECTIONS AND MORE OPEN PROBLEMS

We discuss two areas where some of the most interesting and challeng-
ing problems related to the approximation by conjugation method appear:
analytic constructions and the problem of smooth realization.

7.1. Real-analytic constructions. The approximation by conjugation
method is a major source of constructing examples of smooth dynamical
systems with prescribed ergodic or topological properties; other methods
are skew products and time—changes. In the latter two cases, and except for
some special exotic constructions [10], there is usually not much difference
between the cases of sufficiently high finite differentiability and real analyt-
icity. Constructions in [13], [24, Sections 12.3, 12.4, 13.3,13.4], [6, 7, 8, 9]
provide typical examples. In a somewhat crude way this can be explained
by essential linearity of the time change and skew product constructions.
The conjugation by approximation construction is essentially nonlinear and
it is based on convergence of maps obtained from certain standard maps by
wildly diverging conjugacies.

Here a great difference between the differentiable and real analytic maps
becomes apparent. In the former case as long as the conjugating diffeomor-
phisms are sufficiently smooth albeit with huge derivatives fast convergence
of the approximations is achieved by conditions like (2.4). Since no control
over C" norms is required it is usually easy to construct C'*° diffeomorphisms
creating an approximate picture required. Of course usually smooth maps
can be approximated by real analytic ones. Such maps if they have very
large derivatives in the real domain will usually have singularities in a fairly
small complex neighborhood of it. But if either a map h or its inverse has
complex singularities close to the real domain and S, 0 <t <tgy, So =1dis
an analytic family then the family ko S; o h™! is expected to have singular-
ities close to the real domain for any t > 0. Thus the domain of analyticity
for maps fy, in (2.1) will shrink considerably at any step of the constructions
and the limit map f will not be analytic.

There are two possible strategies for overcoming this problem in order to
make a version of the approximation by conjugation method work in the
real-analytic category.

1. Find conjugacies h,, which are analytic with their inverses in a uniform
complex neighborhood of the real domain

2. Compensate singularities of the conjugacies h, and their inverses in
such a way that the maps f,, have a much larger domain of analyticity
than the conjugacies.

7.1.1. Uniquely ergodic diffeomorphisms of spheres. The first method has
a good chance of working when there is sufficiently large supply of maps
commuting with the action 8 which can be modified in a controlled way
maintaining analyticity in the large domain. This happens for skew products
where the S! acts in the fibers and in the time-changes of linear flows on the
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torus. A less obvious case of this situation was found by the second author
[25]. We describe one of the results of that work in a special case.

Consider the standard embedding of the sphere $?"~! into R?” and the
standard complexification R?® C C?". The vector-field defined in Euclidean
coordinates as vo(z1,...,Z) = 27(T2, —Z1,...,Ton, —Ton—1) defines a lin-
ear action ® = {¢?, t € R, ¢! = Id} of the circle S! In Euclidean coordi-
nates

o (x1, ..., xom) =(cos 2mtx; + sin 2mtxy, — sin 27tz + cos 2tws, . . .,

co82mtTon 1 + Sin 2wtxey,, — Sin 2mtre, 1 + COS 27txay, ).

We will use the same notations vy and ¢ for extensions to C?* or its subsets.

We will call a function on S?"~! entire if it extends to a holomorphic
function in C?*. A map f: %" ! — S§?" 1 is called entire if its coordinate
functions are entire. A diffeormorphism f : S?"~! — §?"~1 is entire if
both f and f~! are entire maps. Invertible linear maps are obviously entire
differomorphisms. Notice that product of entire diffeomorphisms is an entire
diffeomorphism.

THEOREM 7.1. For any ty, 0 < typ < 1, € > 0 and any compact set K €
C™ there exists an entire diffeormorphism f : S?"~1 — 82"~1 preserving
Lebesgue measure and uniquely ergodic whose extension to C?" satisfies

max{max |f(z) — plo (2)], max If7H2) =7 (2)]} < e (7.1)

REMARK 7.2. Notice that while in the C'® category the approximation by
conjugation method as outlined in Section 2.1 allows to produce a great
variety of perturbations of a rotation (; with interesting ergodic and topo-
logical properties, even minimal real analytic diffeomorphisms of S3 were
not known before.

This result extends to compact Lie groups and some of their homogeneous
spaces with an action of S by left translations.

Let us sketch some of the ideas of the proof of Theorem 7.1 in the case of
S3. There is a natural identification of $* with the group SU(2) which iden-
tifies @ with an action by left translations. The space of orbits is naturally
identified with S (the Hopf fibration). Right translations on SU(2) act on
the factor space as rotations with respect to a natural metric which comes
from a bi-invariant metric on SU(2). Neither an individual translation nor
a one—parameter group is transitive but of course the whole right action is
transitive. Moreover, every right translation also extends to a linear map of
C* and is hence entire.

At nth iterative step of the construction one produces an entire diffeo-
morphism h,, of §> = SU(2) which commutes with ¢1/,,. To imitate the
uniform distribution in the factor space one uses twisted right translations.
First, one fixes a one-parameter subgroup r; of right translations of SU(2),
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or equivalently, an axis of rotation on S?. On each orbit O of this one-
parameter group the map hy, is a certain translation r(9) where the “twist-
ing function ” f is entire and is invariant under the left translation ¢, /4, . By
making this function sufficiently uniformly distributed mod 1 one achieves
a distribution of orbits of the conjugate of ® (and hence of any of its suffi-
ciently large finite subgroups) which projects to S? into a distribution close
to the distribution uniform on orbits of ;. This distribution however is far
from uniform. Further approximation is achieved by taking another one—
parameter subgroup and averaging the distribution along its orbits. In order
to implement this one takes a number q;L >> g, depending on the geometry
of the twisting function and constructs another twisting function along the
orbits of the new subgroup and invariant with respect to ¢, E taking the
conjugacy as the product of two twisted right translations. This product
is still entire and it takes the distribution of orbits of ® and hence any of
its sufficiently large finite subgroups closer to uniform. In fact, in order to
achieve almost uniform distribution of every orbit one need to either take
more than two steps within the inductive step, or choose one—parameters
subgroups of right translations at different inductive steps carefully.

REMARK 7.3. This construction produces conjugacies which are far from
preserving natural fundamental domains of ¢, /4, . In other words, the choice
of hy, is not special in the sense of Section 4.4.4 (See also Section 2.2). This
makes controlling subtle ergodic properties of the resulting uniquely ergodic
diffeormorphism problematic.

Here is a typical open problem related with this difficulty.

PROBLEM 7.4. Does there exist a real analytic volume preserving diffeo-
morphism of §?"~!, n > 2 which is measurably conjugate to an irrational
rotation of the circle?

7.1.2. Ezotic holomorphic maps in one complex variable. The second method
requires good understanding of the geometry of special holomorphic maps in
the complex domain since just approximating the conjugacies by some stan-
dard regular objects even if successful usually produces singularities close to
the real domain for inverse maps. In one complex variable there is a suffi-
cient understanding of such special geometry. This allowed R.Perez-Marco
and J.-C. Yoccoz [33, 34, 35, 41], developing ideas which originally appeared
in Yoccoz’ thesis) to apply approximation by conjugation method and con-
struct analytic circle diffeomorophisms with Liouvillean rotation numbers
and exotic properties (e.g. C* but not analytic conjugacy to a rotation).

7.1.3. Other situations. Beyond the two cases described above the problem
of applicability of of the approximation by conjugation scheme of Section 2.1
remains open. This is the case already in the setting of volume preserving
diffeomorphisms in dimension two where the majority of examples described
in this paper appear. Certain characteristic open problems which appeared
already at the time of writing [1] can be summarized as follows.
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PrROBLEM 7.5. Does there exist an area preserving topologically transitive
real analytic diffeomorphism f of the disc D? with either of the following
properties:

1. the restriction of f to the boundary is an irrational rotation;

2. f has zero topological entropy;

3. f is C? close to the identity?

We finish our discussion of analytic constructions with several comments
concerning the above problem.

In the case (1) the rotation number must be Liouvillean; otherwise there
are invariant circles as was explained in Section 3.1.

Applicability of the approximation by conjugation method in the analytic
setting in the case of manifolds with boundary such as I? depends on our
ability to construct real analytic diffeomorphisms of such manifolds with
very large derivatives which can be extended together with their inverses to
fixed complex neighborhoods. Here is a characteristic question of this kind.

PROBLEM 7.6. Does there exist an r > 0 such that for any point p = (z,y) €
IntD? there exists a real analytic area preserving diffeomorphism Ip: D? —
D? which extends together with its inverse to r-neighborhood of D? in the
complex domain and such that f,(0,0) = (z,y)?

Notice that for p close to the boundary such a diffeomorphism f,, must
have very large derivatives.

Known examples of real analytic area preserving ergodic (or just topo-
logically transitive) diffeomorphisms of D? are based on modifications on
the C'*° construction first introduced in [23]; see [12] and [31]. Dynamically
these examples are non-uniformly hyperbolic, they have positive topologi-
cal entropy, and with respect to the smooth measure they are Bernoulli (or
direct products of Bernoulli with finite permutations). On the boundary
these diffeomorphisms are either identity or have rational rotation number
with finitely many periodic orbits. Such examples can be made C! close
to identity (first observed by Michel Herman; private communication) but
constructions of this kind are not compatible with C? closeness to identity.

7.2. The problem of smooth realization. In its most basic and at the
same time general form the smooth realization problem may be formulated
as follows;

PROBLEM 7.7 (Smooth realization). Given a measure preserving transfor-
mation 7T of a Lebesgue space (X, 1) does there exist a (C*°) diffeomorphism
f of a compact manifold M preserving a smooth volume v such that (f,v)
is measurably isomorphic to (T, u)?

There are numerous variations and specializations of the problem of which
the following is among the most interesting.

PROBLEM 7.8 (Nonstandard smooth realization). Given a diffeomorphism
g of a compact manifold N preserving a smooth volume p and ergodic with
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respect to it, does there exist a diffeomorphism f of a compact manifold M
preserving a smooth volume v such that (f,r) is measurably isomorphic to
(g, 1) but not smoothly conjugate to it?

The only known unconditional restriction to smooth realization is finite-
ness of entropy (see [26, Corollary 3.2.10, Theopem 4.5.3]). In other words,
no measure preserving transformation with finite entropy is known not to
be realizable on any manifold. There are restrictions in low dimension, e.g.
any weakly mixing surface diffeomorphism is Bernoulli.

The approximation by conjugation method provides instances of both
nonstandard smooth realization of certain diffeomorphisms and smooth re-
alization of maps whose original description is not smooth. This included
nonstandard smooth realization of rotations with some Liouvillean rota-
tion numbers discussed above in 2.4.2 (See [1, Section 4]; this was recently
improved to any Liouvillean rotation number [36]). Very likely these meth-
ods should allow nonstandard realization of some Diophantine rotations by
diffeomorphisms of finite differentiability. It looks though that the follow-
ing problem tests the limits of power of the approximation by conjugation
method and most likely requires new ideas.

PROBLEM 7.9. Does there exist a nonstandard smooth realization of a Dio-
phantine rotation of the circle by a C*° diffeomorphism?

Such a diffeomorphism must act on a manifold of dimension at least two.

In [1, Section 6] nonstandard smooth realizations of certain translations
on tori were constructed, as well as smooth realizations of certain rotations
on the infinite dimensional torus. The latter was the earliest example of
smooth realization of a transformation whose natural “habitat” is not a
finite dimensional manifold. In [24, Section 8] a general setting is described
which allows (with further specification of parameters) smooth realization of
transformations belonging to measurable combinatorial constructions. Let
us list several characteristic problems which in our view can be approached
by a version of the approximation by conjugation method or its modification
with decreasing chances of success.

PROBLEM 7.10. Find a smooth realization of:

1. a Gaussian dynamical system with simple (Kronecker) spectrum;

2. a dense Gy set of minimal interval exchange transformations;

3. an adding machine;

4. the time-one map of the horocycle flow 2.3.1 on the modular surface
SO(2)\SL(2,R)/SL(2,Z) (which is not compact, so the standard re-
alization cannot be used).

A version of the smooth realization problem addresses possibility of ob-
taining certain properties invariant under measurable conjugacy for volume
preserving diffeomorphisms of compact manifolds. In particular one may
ask about properties which are generic for measure preserving transforma-
tions in weak topology (which are also then generic for volume preserving
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homeomorphisms in C° topology). While such properties cannot be generic
in C" smooth topology by reasons quite different for r = 1 and r > 2, one
can consider spaces of closures of conjugacies as in Section 2.3 and try to de-
termine whether generic properties of measure preserving diffeomorphisms
can be realized there or are generic in those spaces which we denote by A
with various indexes. It seems that the notion of periodic approximation of
a given type in the sense of [24, Definition 1.9] is quite useful in this respect.
Since approximation of any type with any (arbitrary fast) speed is generic in
weak topology [24, Theorem 2.1] any property which follows from any finite
or countable combination of approximation type properties is generic too.
Cyclic approximation where approximating periodic processes have a single
tower is generic in the space A and certain types of homogeneous approxi-
mation where there may be many towers but their heights are all equal [24,
Section 5] can be shown to be generic too. However periodic processes with
towers of unequal height such as type (n,n + 1) approximations with two
towers whose heights differ by one do not naturally appear in the conjugacies
of elements of S' actions. Those approximations and their generalizations
are useful is establishing genericity of various properties (see e.g. [24, Sec-
tion 3.3]). It looks likely that in the case of actions of T*, k > 2 it may be
easier to produce these types of approximation in the closure of conjugacies.

PROBLEM 7.11. Given a circle action 8 and the corresponding space A is
there a diffeomorphism f € A with either of the following properties:

1. good approximation of type (n,n + 1);
2. maximal spectral type disjoint with its convolutions;
3. homogeneous spectrum of multiplicity two for the Carthesian square

fxf?
See [24, Sections 3,4] for relevant definitions and results.

PROBLEM 7.12. Is existence of a measurable square root (or roots of all
orders) generic in A? (Cf. [28]).

REMARK 7.13. Notice that unlike the previous problem existence is known
here because for example any rotation of the circle has roots of all orders and
there are diffecomorphisms measurably isomorphic to rotations [1, section 4].

Given an action T of T? denote the closure of conjugacies of elements of
this action in the C* topology by B.

PROBLEM 7.14. Is there a diffeomorphism f € B with either of the following
properties:
1. good approximation of type (n,n + 1);
2. maximal spectral type disjoint with its convolutions;
3. homogeneous spectrum of multiplicity two for the Carthesian square
fxf

4. mixing?



CONSTRUCTIONS IN ELLIPTIC DYNAMICS. 45

Positive answer to the last question will be of course a discrete time version
of Theorem 6.1. It looks very likely to be true.
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