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ABSTRACT. In this paper, we study the display of weak mixing
by reparametrized linear flows on the torus T d > 2. We show
that if the vector of the translation flow is Liouvillian (i.e. well
approximated by rationals), then for a residual set of time change
functions in the C*° topology, the reparametrized flow is weak
mixing. If this is not the case, i.e. if the vector of the linear flow
is Diophantine, it follows from a result of Kolmogorov on the two
torus and its generalization to any dimension by M. Herman, that
any C*° reparametrization of the flow is C'*° conjugate to a linear
flow. More generally, we give the optimal arithmetical condition on
the vector of the translation flow that guarantees the existence of a
residual set in the C" topology of weak mixing reparametrizations.
In the real analytic case, the optimal arithmetical condition for the
generic display of weak mixing under time change is also given.

As a consequence of our results on reparametrizations of Liou-
villian linear flows, we obtain that an aperiodic smooth flow on
the two dimensional torus is in general weak mixing. We also de-
duce the existence on the torus of analytic diffeomorphisms that
are rank one and weak mixing.

1. INTRODUCTION

1.1. We will denote by T¢ the torus R?/Z¢. Assume R, is a minimal
translation on T¢ and consider on T?*! the irrational translation flow:

dx

dt
This flow is minimal and uniquely ergodic for the Haar measure on
T, Given ¢ € C"(T! R%), r > 1, we define the reparametrization,
or smooth time change, of this translation flow, with speed %, to be
the flow given by

= (1, ).

do o ds 1

dt — ¢(0,s) dt — ¢(0,s)
The reparametrized flow is strictly ergodic (minimal and uniquely er-
godic) and the invariant measure is ¢(x)dx, where dx denotes the Haar
measure on T (see [17]). Considering a Poincaré section, such a flow
can be viewed as a suspension flow constructed from R, on T¢ and a
suspension function with the same regularity C” than ¢. To obtain re-

sults on time change for flows, it is often more convenient to work with
1
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special flows (i.e. suspension flows) that are easier to handle, and then
transfer the properties to reparametrizations. The exact definition of
special flows will be given in Section 2 and the natural correspondence
with reparametrization will be explained in Section 3.

Using reparametrizations of irrational flows on the two torus, Shklover,
in 1967 [18|, proved the existence of analytic flows that are weak mix-
ing but not mixing. He actually shows the following result: For any
real-analytic function on the circle T' = R/Z, f > 0 , which is not
a polynomial, there exists a« € R — Q such that the special flow con-
structed over the rotation R, of the circle with a suspension function
equal to [ is weak mixing. From his proof and the nature of the weak
mixing property, it is easy to see that the same would hold for a dense
Gs of a € R. By the natural correspondence with reparametrizations
this yields the existence of analytic reparametrizations of irrational
flows on T? that are weak mixing. In the work of Shklover the sus-
pension function is explicit, it could be any analytic function that is
not a polynomial. Nevertheless, the rotation number « is obtained by
going to the limit over rational numbers and the result is still a re-
sult of existence. In other words, by his method one can not obtain
the explicit condition on « that implies the existence of an analytic
(resp. C* or C", r € R, ) reparametrization of Ry, that is weak
mixing. One of our aims here is to give these arithmetic conditions. In
fact, given o with some arithmetical condition (Diophantine, Liouvil-
lian,...),we will find the optimal class of differentiability, corresponding
to this condition, in which there exists a weak mixing reparametriza-
tion of Ry 4). We will actually prove the existence, in this class of
differentiability, of a G5 dense subset of reparametrizations of Ry, 1)
that are weak mixing. To obtain such generic dynamics we will use
Baire Category techniques inspired by some works of M. Herman and
A. Fathi ([10], [5]). In their turn, Fathi and Herman in [5] were inspired
by constructions via periodic approximations developped in [1].

Explicit examples of weak mixing analytic special flows over irra-
tional rotations of the circle were constructed by Katok [15]. In these
examples the relation between the regularity of the ceiling function and
the rate of approximation of « clearly appears. Starting from these con-
structions of Katok, Iwanik obtained, when d = 1, equivalent results to
our Theorems 3 and 4 ([13] and [12]), in his study of smooth cocycles
over irrational rotations of the circle.

In fact, our proofs show how to construct explicit examples (Cf Re-
mark 2); and from the nature of weak mixing (Cf. Proposition 2) and
the fact that adding a trigonometrical polynomial to the time change
function does not alter weak mixing, the existence of one weak mixing
time change is enough to prove the existence of a residual set of them.
Still, we prefered to present a categorical argument that fits perfectly
with the nature of weak mixing.
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For explicit examples and a direct and geometrical approach to prove
mixing features of reparametrizations, one can also refer to [6] where
examples of mixing analytic reparametrizations of linear flows are pro-
duced on the torus T3.

Finally, in our proof, we will insist on having the results in any di-
mension. Indeed, in a paper on invariant tori by symplectic diffeomor-
phisms [9], M. Herman proves the remarkable fact that, for a generic
C> exact symplectic perturbation of a completely integrable symplec-
tic diffeomorphism, the dynamics on the generic invariant tori! of the
perturbation is very different from what one usually expects, meaning
different from the C'*° diffeomorphisms C'* conjugate to translations
of T™ that we have on the tori given by KAM (Kolmogorov Arnold
Moser). (See also [20] for a summary of this article). An example of
such generic behavior that he finds is weak mixing, and he uses in his
proof the result of Shklover for invariant tori of dimension n = 2, and
the examples of Anosov-Katok [1] for n > 3. As remarked by Herman,
rather than to use Anosov-Katok constructions it is easier to general-
ize Shklover’s result to any dimension and obtain by the same token
analytic examples, which is not yet possible by the methods in [1].

1.2, We recall first the definition of weak mixing and we introduce
some notations.

-A measure preserving flow {7} on (L, i) is said to be weak mixing if
for all f,g € L*(L, 1) we have

éﬂwwwwm—éﬂméwu

An equivalent definition is that for all measurable sets A and B

(2) (T A()B) — u(A)u(B),

when |t| goes to infinity on a set of density one over R.

One can also prove that a flow {T"} is weak mixing if and only if it does
not have an eigenfunction, i.e. a measurable function h, not constant,
such that h (T'x) = ¢'h (x), for some eigenvalue \ € R.

For the equivalence between the definitions, we refer to the book of
Parry [17].

1 t
(1)  lim -

t—>oot 0

du = 0.

-For r € RTJ{+oc}, we denote by C"(T¢ R) the set of real func-
tions on R? of class C" and Z?periodic. The set C"(T¢ R) is hence
a Baire space for the C" topology. If there is no ambiguity we might

!The generic invariant tori of the perturbation is not a KAM tori but is a C°
limit of KAM tori. The restriction on the dynamics of such a tori is that they should
be in the closure of the C* diffeomorphisms C*° conjugate to translations. That
is the reason why Herman investigates in [9] for generic properties in the closure
of diffeomorphisms C*° conjugate to translations. Reparametrized irrational flows
are an excellent tool to this end.
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just denote these spaces by C" and we will denote their norms by ||.|],..
Furthermore, if we denote by C"(T? R?) the set of strictly positive
functions in C”(T9, R), it is an open set for the C° norm, and in par-
ticular for the C" norm, therefore it is a Baire space.

-For k = (ky,....k;) € Z% and a = (o, ...,aq) € R? we will use the
following notations

d
< k‘,OZ >= Zk:iai,
=1
||K[| = sup |k,
(2

||| < k,a>|||=inf | < k,a > +p|.
pEZ

-Given a vector o € R?, we say it is 8 Diophantine if there exists a
constant C' > 0 such that for every k € Z¢ — {0} we have :

< ko> 2 s
In this case we say that « is Diophantine or satisfies a Diophantine
condition. If there is a constant C' > 0 such that « verifies the above
condition with # = 0 we say that « is of constant type. For commodity
in stating the results we will allow the notation "0 Diophantine" for
such vectors.

-We recall the arithmetic decomposition of R? = C'D U L LI Q, where
Q designates the vectors with rationally dependent coordinates, C'D
the Diophantine vectors, and L the Liouvillian vectors (vectors that
do not satisfy any Diophantine condition and are not in @Q)). Again for
commodity we will use the notation a "is not +oo Diophantine" for
Liouvillian vectors.

Let d € N, d > 1. With the above notations, we show the following:

Theorem 1. Let § € R |J{+oc0}. Assume the irrational vector o in
R? is not 8 Diophantine. Then, for a dense Gs of ¢ in CFT4(T RY),
the reparametrization of the translation flow Ryq..), with speed % 18
weak mizing (for the unique invariant measure).

The result is the best one can have as shown by the following propo-
sition due to Kolmogorov (in dimension 2, i.e. d = 1, [16]) and gener-
alized to any dimension by M. Herman in [11] :

Proposition 1. If o € T? is 3 Diophantine and the function ¢ is C"
for somer > B+d, the reparametrization of the flow Ry ., with speed

% is C° conjugate to a translation flow on T+

In the case of C'*° reparametrizations (f = +o0) the dichotomy is
therefore complete between weak mixing and conjugation to translation
flows and we have the following:
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Corollary 1. Let R, be a minimal translation on T¢. Then either
one of two possibilities hold:

(1) The vector o is Diophantine and for any ¢ € C°(T ! R2), the
reparametrization of the flow Ry o), with speed é is C'™° conjugate to
a translation flow on T+,

(i¢) The vector o is Liouvillian and for a dense G5 of ¢ € C*°(To! R*),
the reparametrization of the flow Ry ), with speed é is weak mizing
(for the unique invariant measure).

For analytic reparametrizations, we have analogous results. First
define for h > 0 the set C}"(T% R?) of strictly positive real functions
on R?, Z%periodic and that can be extended to holomorphic functions
on By, = {z € C?% sup|Imz| < h}. With the topology of the uniform

convergence on compact sets, C{’(T?% R ) is a Baire space and we have

Theorem 2. Given an irrational vector o € RY, if there exist 6 > 0
and a sequence of k,, € Z¢ such that

] < kay > ]| < eIl

then, for a dense G subset of functions ¢ in the set of C'§ strictly

27
positive functions, the reparametrization of the translation flow Ry q),
with speed é is weak mizing (for the unique invariant measure).

Here again the result is optimal and we have a perfect dichotomy,
because if o satisfies

(3)

—Logl[| <k a> Il _,
[kl]—00 ||| ’

then, for any real analytic function ¢ > 0, the reparametrization of Ry,
by ¢ is analytically conjugate to a translation flow failing therefore to
be weak mixing (the proof is based on the linearized equation and is
analogous to the proof of Proposition 1, Cf. §2).

Remark: The condition that implies conjugacy to a translation flow is
weaker than the Brjuno condition.

This paper contains four sections. Sections 2 and 3 are dedicated to
the proof of the theorems 1 and 2. The essential results are obtained
in Section 2 where we prove analogous theorems for special flows.

As we said before, it is possible to obtain weak mixing as defined
in (2), with a direct and a geometrical method, but it appears easier
to prove the equivalent spectral characterization of weak mixing, i.e.
the non-existence of eigenfunctions. In Lemma 2, we state a central
criterion on the ceiling-function Birkhoff-sums that guarantees the non-
existence of eigenfunctions for the special flow. Then we will use Baire
category arguments and the stationary phase method to study when
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this criterion is fulfilled in relation with the arithmetics of o and the
regularity of the ceiling function ¢. In Section 3 we derive the results
for reparametrizations.

In the last section we show that the general aperiodic flow of class
C* on the two-torus is weak mixing.

Finally, we have also added an appendix due to Michael Herman
on the possibility of using time ¢, maps of the flows considered above
to obtain analytic diffeomorphisms on the torus, combining the weak
mixing property with the rank one property.

2. WEAK MIXING FOR SPECIAL FLOWS.

We recall the definition of a special flow: Given a Lebesgue space L,
a measure preserving transformation 7" on L and an integrable strictly
positive real function defined on L we define the special flow over T’
and under the ceiling function ¢ by inducing on L x R/ ~, where ~ is
the identification (z,s + ¢(x)) ~ (T'(z), s),the action of

LxR — LxR
(x,s) — (z,s+1).

If T preserves a unique probability measure p then the special flow will
preserve a unique probability measure that is the normalized product
measure of 1 on the base and the Lebesgue measure on the fibers.

In this section « is an irrational vector in R?, d > 1, and we consider
special flows constructed over the translation R, of the torus T¢. We
will prove the following:

Theorem 3. If the vector o € R? is not 3 Diophantine then there ex-
ists a dense G for the CP* topology, of functions ¢ € CPH(T? R?),
such that the special flow constructed over R, with the ceiling function
© 1is weak mixing.

In the analytic case we have:

Theorem 4. If the vector o € R? is such that there exist 6 > 0 and
a sequence of k, € Z¢ satisfying

1] < knya > ||| < el

then, for a dense Gs of functions ¢ in C’“’ (T?,R%), the special flow

constructed over R, with the ceiling functzon  is weak mizing.

Optimality. Like the theorems on reparametrization, Theorems 3 and
4 are optimal, and this is easy to check. Indeed, if the cohomological
equation

() e0) = [ o= x®) - x+a)
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has a continuous solution x, the special flow {R,, ¢} is C° conjugate to
a special flow over R, with a constant ceiling function, i.e. a translation
flow on T4 (Cf. [16] or [14] for a simple proof). Next, the study of
the linearized equation (4) with Fourier techniques (see [10|, Annexe
§8, p. 229) confirms? the existence of a continuous solution x when
a € T?is 8 Diophantine and the function ¢ is C" with r > 3+ d. The
condition on the vector « that implies apriori the existence of solutions
in the analytic case is the one stated in (3). O

We start, the proof of Theorem 3 with a very general fact about weak
mixing.

Proposition 2. Given o € RY, in every space C"(T4, R%), C=(T R%)
or C*(T% RY), the set of strictly positive functions ¢ for which the
special flow { Ry, ¢} is weak mizing is a Gs set.

We can find a proof of this result in the introductory book to ergodic
theory of P. Halmos [7], in his proof of the second category theorem. 0O

Considering Proposition 2, to prove Theorem 3, it is enough to show
that the set of strictly positive functions ¢ for which the flow is weak
mixing is dense in the set C°T¢(T¢ R ).

Still, the way we prove density, we obtain that the set contains a G
dense subset. We then use Proposition 2 to conclude that it is a G
dense.

First we state a classical general lemma on weak mixing for ergodic
special flows, the proof of which can be found in [2] for example. In
this lemma {7"} will be the special flow constructed from an ergodic
automorphisim 7" of a Lebesgue space L and from a function f > 0.

Lemma 1. The flow {T"'} is weak mizing if and only if, for any X in
R* the equation

() T (2)) = e h(z)

does not have a non zero measurable solution h.

Now we return to the special flow constructed over the rotation auto-
morphism R, of the torus T¢ with the ceiling function ¢ and from the
Lemma we just stated we obtain a criterion, on the Birkhoff sums of
¢, which guarantees weak mixing for the special flow. We will always
denote the Birkhoff sums by

>The exact result as stated in [10] is the following: Assume « is 3 Diophantine
and let § = d + 3 (when 3 = 0 take § = d + ¢). Then if r > 6, and ¢ € C"(T?),
there exists ¢ € C"~%(T?) satisfying the equation (4) if r — 6 is not integer; if r — 0
is integer then the solution v is C"~%~! and "smooth in the sense of Zygmund". In
both cases it is continuous.
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3
L

om(0) = ) o0+ ka).

e
Il

Lemma 2 (Criterion for weak mixing). If for every g in L?(T¢, C),
and for every A in R*, we have

/ d e?em @) g(0)dg
T

then the flow over R, with the ceiling function ¢ is weak mizing.

inf
meN

=0,

Proof of Lemma 2. Since R, is ergodic any measurable solution of
(5) has constant modulus and is therefore in L2. Suppose h is a solution
of (5), we have

h(0 + ma) = e*mOp(p)
and for any k € Z¢

€—i27rm<k7a>/ h(9)6i2ﬂ<k70>d9 — / h(e + ma)ei2”<k’€>d9,
Td Td

_ / 6i)\<pm(€)h(8)ei27r<k,€>d6.
Td

Should the condition of the Lemma be satisfied we would have

inf / ei’\“om(e)h(ﬁ)ei%d’bd@‘ =0.

meN Td
Which implies that [, h(0)e*™<**>df = 0 for any k € Z¢, hence h is
Z€ro. O

Remark: 1t is enough to check the condition of the lemma for the
characters x;(6) = ¢?™<%> that form a basis of L?.

Given the irrational vector & € T? and a positive number 3, that
can be zero or infinite define

Ala) =
{¢ € CHH(TY, R)|VA € R*,Vj € N, infen | [pa €@ x;(6)db| = 0} .
In light of Lemma 2 density in Theorem 3 will follow from

Proposition 3. If o is not  Diophantine then A(«) is a G5 dense
subset of C°T4(T R).

Proof of Proposition 3. For j,p, k € N3, define

. 1
iAem(0), —
in /de x;(0)do| < k‘}

1
Agipiy(@) = {p € CHHT R)|VA € 552 inf
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We have

Al@) =) ) Avaw(@).

jEN peN keN
The set A(jp () is obviously open (we took A € [}D,p] for this pur-
pose), and we just have to prove that it is dense, which will be the
concern of the rest of the section.

First we write the fact that « is not $ Diophantine:

There exist a sequence k, € Z¢ with lim,_ . ||k,|| = +oo and a se-

quence d,, of positive real numbers with lim,,_, d,, = +00, such that
1 1

6 <kpa>|l|<———.

() I < kv > 11l < - s

(If B = 4o0,i.e. «is a Liouvillian vector, we put ||k,||" in (6) instead
of [[ka|"*.)

We introduce now a sequence of real functions on T¢

H(9) = cos(2m < ky, 6 >)
V][]0

(If 8 = 400, we take n instead of d + [3.)

Finally let m,, be the integer part of d,1 ||£,]|*? (in the sequel, the es-

sential fact about m,, will be that v/d,| |k, ||*? < my, < ||| < kn, o > |||71).

We will need the following lemmas (the first one is direct from the
definition of ¥™)

Lemma 3. If||.||4,, denotes the C°** norm, then we have
(Rl —
( If B = +o0, we take n instead of d+ [3.)
From our choice of m,,,
Lemma 4. We have
;bﬁ,’;g(e) = X, cos (21 < ky,, 0 > +¢,,),

where X,, is a real positive number satisfying X,, > %dn%.

Proof of Lemma 4. We have

1 _ ei27rmn<kn,oz> 6i27r<kn,6>
Y (@) = Re ( S ) 7
n 1 — et T<kn,0> /dn”angH_ﬁ

Re [ eimmn—1<kn,a> sin (i <k, o0 >) ek
= e ’

S (T < Ky >) \/dy| [k |8 )
= X, cos(2m < kp,0 > +¢y),
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if we let
sin (mmy, < kp, @ >) 1

Sin (1 < kn, 0 >)  V/dy| |k, ||445°

X, =

Since my||| < kn,a > ||| < d,” 7, we have

sin (mmy, < kp,a >) _ 2
N Z =My,
sin (7 < ky, o >) T

hence
2 My, 1 1
e — — 4
o 2 i =
O
Comment: The functions 1) we introduced are "a" periodic (in the
sense that ¢ (™ (x 4 ja) ~ 1™ (z)) as long as the number of iteration
of R,, is such that j||| < k., > ||| = o(1). Consequently, the Birkhoff
sums of Y™ up to m, will look like mnw(”). If m,, is moreover such
that ’B—Z — 00, where D,, is the denominator in the expression of 1™,

then wﬁffz will have great oscillations. This essential phenomenon will
allow us to check the criterion of Lemma 2 by means of the stationnary
phase method. The idea next, is to perturb a given function by adding
to it a function (™ that will "produce mixing" at time m,. Here
we see that the less a is Diophantine, the larger we can take m, and
D,,, and the smaller (i.e. more differentiable) will be the perturbation
1™ that we have to add to the given ceiling function to produce some
mixing.

From the estimation in Lemma 4 and a basic fact on stationnary phase,
we have the following fundamental result :

Lemma 5. For every g € C*(T,R), and for every A\ > 0, we have
as n goes to infinity

/d ei/\wm(é’)g(g)dg = O( 1
T

VX, )

Proof of Lemma 5. From a lemma on stationnary phase® that can

3The exact statement of Dieudonné is the following: Assume g and h are two
functions in C*°([a,b],R), such that A’ has only one zero ¢ €|a,b] with g(c) # 0
and h”(¢) # 0 ). Then for any ¢ large enough, if h”(¢) > 0

b 2 .
ith(z) 7, _ T ith(c)+-F 1
[ st s = (57 ) 0O o).

If h”(c) < 0 the same is true if we change & to —Z and h”(c) to —h”(c) in the
above expression. If g(c) = 0 the same equality holds.
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be found in [4] (Chapter IV, paragraph (4.8)) we know that for every
g in C*(T,R) we have for large |X,,|
Clg)

iAXp, cos 2mx
/Tl ‘ ol < 75X,

where the constant C'(g) only depends (as n goes to infinity) on the
C° norm of g, ||g]|,- Now k, is a vector different from zero in Z¢, and
we can suppose the first coordinate k! different from zero. From the
inequality above we have when n is large enough

/ ei)\Xn cos(27rl~c,1161-‘,—un)g(el7 e)del < O(g) 7
T X,

where 0 = (0y, ...,04) and u,, = 27(< k,,0 > —k'6,) + ¢,,. Integrating
along the other variables we obtain the result. O
Remark: If g is a C'*™° function, and g, is a sequence converging to g in
norm L', then we have from the above lemma

lim ¢ ©) gn(6)d8 — 0.

n—0o0 [ma n—00

Now, we are ready to prove that A;, 1 (a) is dense in C7T4(T¢ R).

Fix a function ¢ € C?T4(T? R) and take ¢ > 0 arbitrarily small. We
can assume the integral of ¢ is zero and arbitrarily close to it find a
C* coboundary, i.e. a function of the type ¢ = no R, — 1, where 7 is
of class C'*° such that

o — @llass <€
Indeed, any trigonometric polynomial with zero integral is a cobound-
ary. Then for n € N we define

™ =G4,
Now, if we take n large enough, we will have, from Lemma 3:

(7) I = & lars < 2e.

On the other hand, considering a subsequence if necessary, we can
assume that @, converges to a fixed cocycle no Rz — 1,
then, applying Lemma 5 and the remark that follows we have

/ PO (0)dh = / U0 NP O)y(9) 9 — 0.
Td Td o
(We used Lemma 5 for g(f) = e*°Bs(@-n).(9), and the fact that
e @)y (0) — MR O)=n®) . (9) uniformly when n goes to infin-
ity.)

So when n is large enough 3™ is in A(;,x) (). The real number €
being arbitrarily small this completes the proof of density of A, r) ().
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Remark 1. For the C* case, i.e. ( is infinite, we take ¢ € C*> and
for an arbitrary [ € N, with the same arguments used above, we find
a function C' close to ¢ and in Aj, ().

Proposition 3 is proved. ]

Proof of Theorem 3. In light of Lemma Proposition implies that the
set of strictly positive functions ¢ for which the flow is weak mixing
contains a G5 dense subset. Together with Proposition 2, this proves
Theorem 3. U

Remark 2. In Lemma 5, we could establish a more precise and uni-
form bound on the integral that only depends on the C' norm of g.
This would enable us to check the validity of Lemma 2 to the function
¢ = > ™ and obtain thus an explicit ceiling function under which
the special flow is weak mixing. Moreover, if we add to this function
polynomials, the criterion in Lemma 2 remains valid and density hence
follows .

Before we close this section, we want to show how the proof applies to
the analytic case.
Proof of Theorem 4. Take for ¢/ the functions

() 6i27r<kn,9>
We have

1] — 0,

for the norm on C'% of uniform convergence on compact sets in the
2

open band BQL.

Now, for m, we take the integer part of n='e’ll*»Il which obviously
satisfies
m||| < Ky, > ||| — 0,
n—oo
while
my

_—

- 2edllFnll oo
This leads to the proof, as in Theorem 3. O

3. REPARAMETRIZATION OF TRANSLATION FLOWS.

In this section we consider reparametrizations of irrational flows,
with speed %:
do Q ds 1

dt  ¢(0,s)  dt  ¢(0,s)
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where ¢ > 0 is of class at least C', R, is a minimal translation on T¢
6 € T? and s € R.

Considering a Poincaré section, this flow can be viewed as a special
flow constructed from R, on T? and from the ceiling function given by

(8) R(6)(6) = (6) = / 6(0 + o, €)de.

Remark: If we consider the section (6,0), this formula just translates
the fact that the return time to that section is the integral of one over
the speed along the fibres.

From this correspondence between reparametrizations and special flow,
we can give a proof to our main theorems using the results of Section
2.

Proof of Theorem 1. Fix the vector o not -Diophantine and con-
sider the irrational flow Ry ). It is a classical fact, as in Proposition
2 of Section 2, that the set of ¢ > 0 for which the reparametrization
of Ry, with speed é is weak mixing is a (G4, in particular for the
topology CP*¢. We want to prove density. We introduce

B(a) = {¢ € CTT(T™" RY) | R(¢) € A(a)},
and
Bjpwy (@) = {o € CTH(TT RY) | R(¢) € A ()}

The function R(¢) being the ceiling function obtained from ¢ by (8).
As in the proof of Theorem 3, we need only to proof that By, i) ()

is C7™ dense in CPT4(TT R7). We fix ¢ and we take ¢ a trigono-

~

metrical polynomial close to ¢. Obviously, § = R(¢) (given by (8))
will be a trigonometrical polynomial and, by the proof of Theorem 2,
for n sufficiently large, &+ ¢™ € A (a)

Remember that

6i27r<kn,9> )

(n) _ -
” <e>_Re<@“kn||d+ﬂ

And define
U™ (9. ) = P21 (< ko > +1y,) i2m<kn 0> i27lns
(0,s) = ei2m(<kn,a>+ln) _ | e \/@Hkn||d+ﬁ :

where [,, is chosen to be the closest integer to — < k,,,a >. A straight-
forward computation implies

R (\Ij(n)> _ ¢(n)'

We still have to check one lemma;
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Lemma 6. If ||.||a:s designates the CP*? norm, one has

||W(n)“d+ﬁq§>o0'

Proof of Lemma 6. The choice of [, such that | < k,,a > +1,| < %
implies
21 (< kp,a > +1,)| o«

ei2m(<kn,a>+ln) _ 92"
Since |1, < ||kal|(3 |oy]) +1, T just like (™), goes to 0 in the C4+F
topology when n goes to infinity. O

Now, because the correspondence in (8), ¢ — R(¢), is linear we will
have R(¢ + ¥™) = @ + ™ € A(;,x)(), or equivalently ¢ + U™ €

B(jpk)(a). By Lemma 6 and the choice of ¢ this last function is close to
¢ which proves density of B; ,x)(«). Theorem 1 on reparametrization
is thus proved (/3 finite). For the C* and analytic case we make the

same modifications as in the precedent section in our choice of the
Y, U

4. APERIODIC FLOWS ON THE TWO TORUS

In this section we consider smooth flows on the two torus given by
the system of differential equations

du dv
(9) E = A(u>v)7 E - B(uﬂ])a
where A and B are of class C'°.
When the flow in (9) has no singularities and no closed orbits we
will say it is aperiodic (although this is not the standard definition of
apriodic flows). We can define the corresponding set of smooth vector

fields:
€ ={(A, B) € C*(T? R)xC*>(T? R) such that the flow in (9) is aperiodic.}

It follows from standard arguments that the set € is a G5 in C*°(T? R) x
C>(T? R), therefore it is a Baire space (for the C* topology, and it
makes sense to state a "general" or more precisely generic property on
it with regard to the Baire category. The theorem we want to prove is
the following:

Theorem 5. For a dense Gs of (A, B) in &, the flow given by (9) is
weak mizing for its unique tnvariant measure.

Proof of Theorem 5. Unique ergodicity: For aperiodic flows, a
result of Kneser and Siegel (see the paper of Siegel [19]) states that
there exists on the torus, a closed non-self-intersecting curve I' of class
C*° transversal to the flow such that any point of I' comes back to I in
a finite time and all trajectories of the flow intersect I'. Therefore the
flow can be viewed as a special flow over I'. It follows from smoothness
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of I' and of the flow that the return map 7" on the basis and the return
time function f (the ceiling function) associated to this special flow
are of class C°. We call « the rotation number of 7" on I'. By our
assumption on the flow, o has to be irrational, therefore 7" is uniquely
ergodic and so is the flow.

Weak mixing: Reasoning as in the previous sections we only need to
prove that the couples (A, B) for which the flow (9) is weak mixing are
dense in &; the G property being obtained from standard remarks on
weak mixing. Pick (Ag, By) € &, and let I'y be a Siegel curve for the
corresponding flow that we view as a special flow over I'y, denoted by
{Tb, fo}. To this end, we will need to consider special flows above I'y
built with a diffeomorphism 7" and a ceiling function f that are C'*°
perturbations of 7T, and f;. These special flows are clearly flows on
the torus that are C™ close to the special flow {7y, fo}, i-e. to the
flow given by (Ag, By). Therefore the flows {7, f} correspond to vector
fields (A, B) that are C'* perturbations of (Ao, By).

We are ready now to prove density of the weak mixing flows. First
of all we perturb 7j in the C'*° topology into a diffeomorphism 7" on
[y that has a Diophantine rotation number . By Herman’s theorem
[10], the map Ty is C*°-conjugated to R,. After conjugacy, we obtain
a special flow over R, with a smooth ceiling function. We can then
perturb R, into a Liouvillian rotation, and finally use Theorem 3 to
obtain a weak mixing flow after smooth perturbation of the ceiling
function. O

APPENDIX: A REMARK ON THE EXISTENCE OF RANK ONE AND
WEAK MIXING ANALYTIC DIFFEOMORPHISMS OF THE TORUS.

Let (X, T, ) be a dynamical system. We say that T is of rank one
if there is a sequence of Rokhlin towers whose levels generate the o-
algebra of all measurable sets.

For instance, any minimal translation on the torus is of rank one [3].
Later on, we will be using this fact.

It is known from [1] that weak mixing rank one transformations are
abundant in the neighbourhood of translations in the C'*° topology.
What about the analytic case ?

We state here the following fact communicated to us by M. Herman

8]:

Theorem 6. Assume @ is a given real analytic strictly positive func-
tion on the circle, that is not a polynomial. Fir to € R such that
to/ Jpe(x)dr € R — Q. Then, there exists a G5 dense susbet of R,
W, such that: for any o € W, the time map T™ of the special flow
constructed over R, with the ceiling function o, is of rank one and
weak mizring.
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Proof of Theorem 6. The function ¢ is fixed. Let W, C R be the
set of numbers « for which the time T of the special flow constructed
over R, and under the ceiling function ¢ is weak mixing. We claim
that W, is a dense G5 of R. Like in the previous sections, we only need
to prove that W, is dense. By the result of Shklover [18], we know that
sinec ¢ is not a polynomial, as close as we want from any « there is
a real number ' such that the special flow constructed over R, with
the ceiling function ¢ is weak mixing. But then, any time ¢, map of
this flow is weak mixing (we use for this the spectral characterization
of weak mixing and the fact that the maximal spectral measure of a
time ¢y map of a flow is continuous if and only if the maximal spectral
measure of the flow is continuous). Density of W, is thus proved.

On the other hand we denote by V., the set of numbers a for which
the time T% of the special flow constructed over R, and under the
ceiling function ¢ is of rank one. We claim that V,, is a dense G5 of R.
Here again, it is easy to see that V,, is a G5 in R. For this, one uses the
definition of the rank one property for a dynamical system (X, T, p):
Let {P;},.n be a generating sequence of finite measurable partitions.
The transformation 7T is of rank one if and only if for any i € N, and
for every n € N, there exists a Rokhlin tower for 7" that refines P; up

to %, that is, if any atom of P; is up to a precision % a union of levels

of the tower (when we say up to % we mean that the measure of the

symetrical difference is smaller than %) For a fixed partition P; and
a fixed precision %, the property of %—reﬁning P; is celarly an open
condition on 7. So if we denote by V,,;, the set of o such that the
time 7" of the special flow constructed over R, and under the ceiling
function ¢ satisfies the above condition for the integers ¢ and n; V,,;

will be open in R. Hence, V,, = ([ V,,in is a G5. We still need to show

it is dense. But by the result of Kolmogorov, we know in particular
that if « is Diophantine, then the special flow over R, with the ceiling
function ¢ is analytically conjugate to the minimal translation flow

on the torus of vector <a/ f; o(x)dx, 1/ f; @(a:)dm). From now on we

assume « is Diophantine so that this conjugacy holds. Because the
rank one property is invariant by conjugacy, the time ¢, map of the
special flow will be of rank one if the time ¢; map of the translation
flow, Rij(a/ [ o1/ [)s 18 of rank one. As we mentionned above, this will
be true when the latter translation is minimal. With the assumption on
to made in the hypothesis of the theorem, we will just have to discard

the countable set of o consisting of fT@tigm)sz + Q. Of course, we will
still remain with a dense set of Diophantine numbers «. Hence, we
proved that V,, is a G5 dense in R.

The subset of R, W, intersection of V,, and W, both G; dense, is
a (G5 dense. O
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