ANALYTIC MIXING REPARAMETRIZATIONS
OF TRRATIONAL FLOWS

BASSAM R. FAYAD

ABSTRACT. We give an example of a strictly positive analytic
reparametrization (or time change) of an irrational flow on T® that
is mixing. As an immediate application we obtain perturbations of
completely integrable Hamiltonian systems that display many in-
variant tori with mixing dynamics positively answering a problem
raised by Kolmogorov.

1. DEFINITIONS AND NOTATIONS.

1.1  On the n torus T" = R"/Z", a translation of vector o =
(v, ..., an) € R™ is the transformation

™ — T",
(1, ey ) — (T1+ a1,y Ty + Q).

We denote it by R,. The translation R, is said to be irrational if
the real numbers 1, ay, ..., o, are rationally independent, i.e. if the
relation kioq + ...k,c,, = p, where kq,...,k,, and p are in Z implies
ki = .. =k, = p = 0. In this case R, is strictly ergodic (uniquely
ergodic and minimal).

1.2 The translation flow on T" of vector a« € R" is the flow arising
from the constant vector field X (z) = a. We denote this flow by
{Ri»}. When the numbers «ay, ..., a,, are rationally independent, i.e.
none of them is a rational combination of the others, {R;,} is strictly
ergodic. In this case we say it is an irrational flow. Note that one
of the coordinates of the corresponding vector field might be rational.
More specifically, given an irrational translation R, on T", then the
flow {Ry(1,)} on T"*! is irrational.

1.3 Reparametrization of { Ry, }. If ¢ is a strictly positive smooth real
function on T", we define the reparametrization of { Ry, } with velocity
¢ as the flow given by the vector field ¢(x)a, that is, by the system

dz

— = ¢(x)a.

o = o)
The new flow has the same orbits as {R;,} and preserves a measure
equivalent to the Haar measure given by the density % Moreover, if
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{Rta} is ergodic then so is the reparametrized flow. (For a general
abstract definition of reparametrization of flows, and for the proof of
measure preserving and ergodicity of the resulting flow see [12]).

1.4 Special flows. Given a function f € L'(T"), f > ¢ > 0, the special
flow constructed over R, and under the function f is the quotient flow
of the action

T"xR — T'XR
(l’,S) - (I,S—l—t)

by the relation (x, s+ f(x)) ~ (Ra(x), s). This flow acts on the manifold
Mg, s=T" x R/ ~, and preserves the normalized Lebesgue measure
on Mg, ¢, i.e. the product of the Haar measure on the basis T" with
the Lebesgue measure on the fibers divided by the constant an f(z)dx.
To lighten the notations, when there is no ambiguity, we will call this
measure v, and write simply M for Mg, ;.

- The function f, that measures the time needed by a point on the
basis to return to it, is called the ceiling function. As an example,
one can look at the flow {R; 1)} as a special flow over the translation
R, and under the constant function equal to one. For the natural
correspondence between reparametrization and special flows refer to
section 4.

- In the case of a special flow {T"} over T?, we denote the Haar measure
on the basis by © = Ax A, where )\ designates indifferently the Lebesgue
measure on the line or the Haar measure on T'.

- A subset R of T? is called a rectangle, if it is a product of two intervals
from T'; and for 0 < § < ¢ we call cube on the basis, of height ¢ and
base R, the product R x [0,0] = Uyc;es T"(R).

- If I is an interval on T we agree on the notation |I|:= \(I).

- Let 2 = (z,y) € T% we write, for i € N, R (2) = (z + i,y + i)
the i iterate of z under R,.

- When there is no confusion, we will denote the Birkhoff sums of the
function f over the iterates of the translation R, by:

Fnl2) = 30 (R(2).

1.5 We also recall the definition of mixing for a measure preserving
flow: a flow {T}} preserving a measure v on M is said to be mixing if,
for any measurable subsets A and B of M, one has

lim »(T"(4) (B) = v(A)v(B).

1.6 We introduce finally some arithmetic notations. Let = be a real
number; we denote by:
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—[x] the integer part of x,

—{z} = x — [z] its fractional part,

—|| z ||= min({z}, 1 — {z}) the distance of x to the closest integer.
~When we write % € Q, we assume that ¢ € N, ¢ > 1, p € Z and that
p and ¢ are relatively prime. And we give the following reminder on
continued fractions. Let o be an irrational real number: There exists a
sequence of rationals { %}HEN, called the convergents of «, such that:

(1) | gnra [|<|l ke || VE < gn
and for any n
1 N 1
< (D)a - ——.
qn(qn + Qn-i—l) dn qndn+1

2. INTRODUCTION.

Kocergin, in 1972 [9], gave a very simple proof of the fact that no
measure-preserving flow on the torus T?, of class C' and without pe-
riodic orbits, can be mixing. He proves the more general result that a
special flow constructed over an irrational rotation of the circle with a
ceiling function of bounded variation is never mixing. Kocergin’s proof
is based on the Denjoy-Koksma inequality (for instance, when f is of
class C' and [ f = 1, one can immediately prove that if ¢, are the
denominators of the converegnts of o, then 7% — Id uniformly as n
goes to infinity. This rigidity clearly impedes mixing).

In the case where the rotation numbers are "not too well approx-
imated" by rationals, and the ceiling function is analytic, the result
of Kocergin on special flows is included in what was obtained by Kol-
mogorov |11] in his analysis of aperiodic measure-preserving flows on
the two torus. Kolmogorov actually proves that in "general" (i.e. for a
set, of total measure of rotation numbers), the dynamics of the special
flow under any analytic ceiling function, can be reduced by means of
analytic transformation of coordinates to the dynamics of an irrational
flow (the absence of mixing is a clear consequence). He also made the
remark that the conjugacy to the irrational flow can be proven even
when the ceiling function is less regular (obviously, for a smaller set of
rotation numbers and with less regularity of the conjugating function).'

In fact, in order to show equivalence of a special flow over a rotation of the
circle R, and under a function f with the irrational flow Ry ([ tq, s 5y, it is enough
to solve the cohomological equation

¢oRa—w:f—/deA ()

and the conjugacy will be as regular as v is. The original proof of this classical
result now, is due to Kolmogorv [11]. A simple proof, based on the construction of
a new section for which the return time is constant, can be found in [7], Proposition
2.9.5. A generalization of Kolmogorv’s result to higher dimensions was given by
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The case of the “bad” numbers, i.e. those that are well approxi-
mated by rationals remained open. However, for these numbers, Ka-
tok [6] used his theory of periodic approximations to show that the
corresponding special flows admit fast cyclic approximations (under
a regularity condition on the ceiling function), a property that rules
out mixing. Combining his result with that of Kolmogorov to cover
all numbers «, he has obtained (in 1970) a stro nger result than that
of Kocergin (he proved the simple spectrum property along with the
nonmixing), but less general, since he assumed the ceiling function of
class at least C° (actually, to obtain cyclic approximations when the
number is sufficiently well approximated, Katok does not require that
much regularity on the ceiling function, but he needs it to cover the
remaining numbers using Kolmogorov’s method).

Maybe it is worth noticing here that according to Kolmogorov a new
behavior for measure preserving flows on the torus, different from the
canonical ones (discrete spectrum with a finite number of independent
frequencies, and Lebesgue spectrum with countable multiplicity), was
rather unexpected in the analytic case [10]. Still, Shklover in 1967
[13] (see [1] for an english version) gave examples of special flows over
irrational rotations of the circle with an analytic ceiling function, that
had a continuous singular spectrum (they were weak-mixing but not
mixing), which contradicted Kolmogorov’s intuition. In the case of
measure preserving flows on T? with fixed points, Kocergin in 1975
8], gave explicit examples of mixing flows of class C*>°. The notion
of stretching for the Birkhoff sums of the ceiling function, underlying
the occurrence of mixing for special flows over rigid transformations,
appeared in both these works (although under different aspects and
because of different reasons).

From the result of Kocergin in [9] , it comes that any reparametriza-
tion of an irrational flow on T2 by a smooth strictly positive function
fails to be mixing. Our aim in this paper is to prove that this is not
anymore the case on the torus T? (or on any T", n > 3). We will give
examples of irrational flows on T? that display the mixing property
when reparametrized by adequately chosen strictly positive real ana-
lytic functions. Since it is more convenient to work with special flows,
we will start by giving an example of an irrational vector (o, a’) € R?
and a strictly positive real analytic function ¢ on T2, such that the

Herman [4], who also gives a more direct proof of conjugacy using the vector fields,
when the conjugacy one seeks should be of class C'. As for the cohomological
equation, one sees using Fourier expansions that for a set of full measure of a € R,
if f € C'7¢(T), equation (*) has a continuous solution (In the annex of [3], the
cohomological equation is thoroughly studied). See also our footnote in page 34.
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special flow over R(, /) and under ¢ is mixing. The crucial fact is that
the Denjoy-Koksma inequality for functions defined on the circle disap-
pears in dimension higher than 1, as was proved by J-C. Yoccoz in an
appendix to his thesis [14]. More precisely, he constructs an irrational
translation on T?, and a real analytic function 1), having complex val-
ues and mean value zero, such that there exists a borelian subset of T?,
), with full Lebesgue measure having the following property: For any
couple (z,x") € Q0 , the Birkhoff sums of ¢, ¢,,(z,2") corresponding to
the translation R, ., tend to infinity in modulus when m tends to in-
finity. The main ingredient in Yoccoz’s proof is that the denominators,
{@n}nen and {q;,},,cp Of the convergents of o and o' are alternated, and
more precisely, they are such that the sequence ...q,, q,,, ¢n+1, @1 iD-
creases exponentially. We will see later, how this is used to create
mixing.

Let Y be the set of couples (a,a’) € R — Q?, whose sequences of

best approximations ¢, and ¢/, satisfy the following, for any n >
/
no(Oé, o )
¢, > &
n+1 Z e3q;‘

And let ¢ be the following strictly positive real analytic function on

2.
0 6i27rk:x > 6i27rk:y
w(af,y)=1+Re<Z = +y i
k=2 k=2
Our main theorem is the following

Theorem 1 (Special flows). For any (o, o) € Y, the special flow
constructed over the translation R, . on T?, with the ceiling function
© 1S MITING.

Remarks. a) In his construction, J-C Yoccoz points out the elementary
fact that the set Y as defined above is uncountable and dense.

b) From the proof of the main theorem, it will be easy to see that we
can take for the ceiling function, instead of p(z,y), a function ¢(z,y)+
P(z,y), where P(x,y) is any trigonometric polynomial on T? such that
@+ P > 0. More generally, it appears that we can take any strictly
positive function

> 6i27rk:x > 6i27rk:y
e =148 (3 )

a
=1 K

such that a; and by satisfy for large k

o[

k
e2 Sakge%, ez < by < e,

From Theorem 1 and the foregoing remark we will be able to derive
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Corollary 1.1 (Reparametrized flows). There exists a strictly posi-
tive analytic function on T3, ¢, such that, for any (o,a’) € Y, the
reparametrization of the irrational flow (o, o/, 1) by é 1S MITING.

The convenience of using % instead of ¢ in the statement of the corol-
lary will appear clearly when we will study the natural correspondence
between special flows over translations and reparametrizations of irra-
tional flows.

Still, for a “general” vector (a, o’) € R?, it is rather rare to be able to
construct mixing special flows over R, ./, even with less regular ceiling
functions. More precisely we have

Theorem 2. There exists a set G C R? that contains a set of full
measure (when intersected with any compact set) and a dense Gy of
R? such that any special flow over Ry, (a, ) € G, with a ceiling
function p € C*(T?) is not mizing.

The proof of this theorem will be based on the fact that for a generic
vector (a,a’) € R? (in both meanings of measure and topology) the
Denjoy-Koksma property still appears in dimension 2 and prevents the
special flow from being mixing. Most likely, the differentiability class
C* is not optimal in this result.

Plan of the work. What follows is an outline of the different parts
of this paper. In Section 3, we are interested in special flows and we
prove the main theorem, Theorem 1. The section will be divided in
three parts: We start by giving a general lemma based on a Fubini
integration that guarantees mixing for a special flow over T2. We then
give the definition of uniform stretch for a function on an interval
and we prove, using the general lemma mentioned above, that uniform
stretch of the Birkhoff sums of the ceiling function implies mixing for
special flows constructed over irrational translations of the torus. In
the same subsection we give a simple criterion , involving only the
derivatives of the Birkhoff sums, that implies uniform stretch, hence
mixing. Finally, in 3.3 we check this last criterion for ¢ and for any
(ar, o) € Y, which achieves the proof of the main theorem. In Section 4
we derive the results on reparametrizations, and we prove Corollary 1.1.
The following section is devoted to the proof of Theorem 2 on absence of
mixing in the general case. In Section 6 we give a generalization of our
main result, relevant in particular for the higher dimension case. We
finish the section with an application to the three dimensional cubic
billiard. Finally in the last section we ask what might happen with
less regular ceiling functions if the translation vector on the basis is
Diophantine, and we give an example of a mixing special flow over a
(2 + ¢)—Diophantine translation of T2 with a ceiling function of class
C?. We finish this introduction by giving an
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Idea of the proof of the main theorem. Because of the disposition
of the best approximations of o and ' the Birkhoff sums ¢,, of the
function ¢, for any m sufficiently large, will be always stretching (i.e.
have big derivatives), in one or in the other of the two directions, x
or y, depending on whether m is far from ¢, or far from ¢/,. And this
stretch will increase when m goes to infinity. So when time goes from
0 to t, t large, the image of a small typical interval I from the basis T?
(depending on ¢ the intervals should be taken along the x or the y axis)
will be more and more distorted and stretched in the fibers’ direction.
Until the image of I at time ¢ will consist of a lot of almost vertical
curves whose projection on the basis lies along a part of the trajectory
under the translation R, .. By unique ergodicity these projections
become more and more uniformly distributed, and so will T*(I). For
each ¢, and except for increasingly small subsets of it (as function of ?),
we will be able to cover the basis with such “typical” intervals. Besides
what is true for I on the basis is true for 7°(/) at any height s on
the fibers. So applying Fubini in two directions, first along the other
direction on the basis (for a time ¢ all typical intervals are in the same
direction), and second along the fibers, we will obtain the asymptotic
uniform distribution of any measurable subset, which is, by definition,
the mixing property. (See Fig. 1)

Fig. 1. An interval J and its image.

3. MIXING FOR SPECIAL FLOWS OVER TRANSLATIONS ON T2.

3.1. A general lemma. Let {T"} be a special flow constructed over
an ergodic transformation 7" of T2 and under a ceiling function f, that
we suppose bounded from below by a constant ¢ > 0. Let M be the
space where this flow acts (see section 1). Recall that we denote by
v the invariant probability measure ﬁ,u X A\, where 1 = A x A\ is the

Haar measure on T? and ) is the Lebesgue measure on the line. For an
interval I on T, and points y € T, I x {y, 0} designates the set of M
situated on the basis T? in the x direction, call it a horizontal interval.
We use similar notations for the direction y, the vertical direction. We
will denote I x {y,z} := T*(I x {y,0}). When z < ¢ < inf f, with a
slight abuse, we will use the notation A\(I x {y, z}) = A\(I) = |I|. When
R is a rectangle on the basis and ¢ is a strictly positive number § < c,
we defined a ‘cube’ on the basis, of base R and hight §, to be the set
Q=R x[0,0] = Uyeses T(R). Obviously v(Q) = pu(R)d. We have the
following lemma based on Fubini’s theorem.
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Lemma 3.1. If for any cube QQ on the basis, of base R and height
0 < ¢, and for any € > 0, there is a ty such that for any t > t, there is

a partial partition of the circle, n, = {C’i(t)} satisfying the following

M€ ( partition into points ),
—00

and, depending on t > to at least one of the two conditions is true
(i) for ally € T*, and all C\",

M fy, 01 NT7'Q| = (1 = ou(RIACY);
(i) for all x € T, and all Ci(t),
A (fe % €2 x40} N T7Q) = (1= ou(mrC);

then the flow {T"} is mizing.

A partial partition of a set X consists of disjoint subset of X and we
say that a sequence of partial partition tends to the partition into points
if every finite partition of X has its atoms arbitrarily well approximated
by unions of sets in the successive partial partitions.

A similar lemma was used by Kocergin in [8] to this difference that we
have to use twice the Fubini integration because our lemma takes into
account the occurrence of mixing for intervals on the basis in one or the
other direction x and y depending on ¢. The property implied by this
lemma is stronger than that of mixing for measurable sets of the three
dimensional space of the special flow. Indeed even sets of codimension
two, like intervals, get uniformly distributed in all the space under the
action of the flow.

Proof. To prove mixing for the flow {7"}, it is enough to show that
given two measurable subsets A and A’ of M, then for any € > 0, when
t is big enough

2) v <A’ N T—tA) > (1 — (A4,
indeed, if we apply this to A° and A’ we get
v <A ﬂT‘%’) < (14 (AW (A) + ev(A).

Since finite unions of cubes on the basis and of their images under
the flow generate the Borel o-algebra on M it is enough to prove (2)
for any couple @ and Q' of cubes on the basis.

Also, we will place ourselves in situation (i), the other case being
similar. By definition of a cube on the base, there exists an interval in
T!, J, such that

zZ1 Y2

Q,:U U JX{y,Z}.

2=0y=y1
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From the hypothesis 77, — ¢, there exists for ¢ large enough, a sub-
set S of N and a union of atoms from 7, J = | " such that

€S 1
A <JAJ> < eA(J)v(Q). Hence the set

22 Y2

= UUac” x{y.=},
z=0y=y1 i€S
satisfies
v (QAQ) < er(@(Q),
and

v <Q’ﬂT‘tQ> = //Z)\ [(C’i(t) X {y,z}) ﬂT‘tQ} dydz

Recall that CZ-(t) x {y, z} = TZ(C’Z@ x {y,0}), z < 2z, and that we as-
sumed 2; < ¢, so we can consider that (7) holds also for A [(C’i(t) x {y, z}) N T‘tQ} ,
hence,

v (ANTQ) > / / S su(RACO)(1 - )dyd:

i€S

> Su(R)v(A)(1 —e).

Finally, we have

v (AﬂT—tQ) > (16w (AﬂT—tQ) > (1— €)*5u(R)v(A).
The lemma is proved. O

3.2. A mixing criterion on the ceiling-function Birkhoff sums.
Until section 4, we will be exclusively interested in special flows over
ergodic translations of the two torus T2. First, we will use the gen-
eral lemma for mixing stated above for general special flows over the
torus and derive from it, in the particular case of a special flow with a
translation on the basis, a criterion on the Birkhoff sums of the ceiling
function that implies mixing for the flow. Then we check this criterion
for the special flow {R, ./, ¢}, where (a,a’) € Y and ¢ is the function
introduced in Section 2.

Henceforth, {T"} will be a special flow over an ergodic translation
Re.o of T? with a smooth ceiling function f that we suppose bounded
from below by ¢ > 0. To simplify the exposition of our proofs we will
assume that [, f =1 and that

1 3
— << < —
2 —_ f —_ 2 )
which does not cause any loss of generality in the propositions we will

state. (Besides, this condition is effectively satisfied by ¢ if we drop
the first non constant terms from its Fourier series.)
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The following definition, relative to one variable real functions, will
be essential in the sequel. It is similar to the definition of uniform
distribution in [8].

Definition 3.1 (Uniform stretch). Givene > 0 and K > 0; we say that
a real function g, on an interval [a, b] is (e, K)-uniformly stretching on
[a, 0] of

supg — inf g > K,

[a,b] [a,b]

and if for any u and v such that

infg <u<wv<supg,
[a,b] [a,b]

the set
Lyw =A{x € [a,b]/u < g(z) < v},
has Lebesque measure
v—u v—u

Q- €>m(b —a) < MI,,) < (1 +5)m

Agree on the notation Agy,y) for sup,c(, 4 [9(2)| —infecpp [g(z)]. We
assume now ¢ of class at least C? and we give a straightforward but
useful criterion on the derivatives of ¢ insuring its uniform stretch on
the segment |[a, b]:

(b—a).

Lemma 3.2 (A Criterion for uniform stretch). If
inf [¢'(z)|[b—a] = K
z€[a,b]
and  sup |¢"(2)|[b—a] < e inf |¢'(x)]

:ce[a,b] IEG[a,b]
then g is (e, K)-uniformly stretching on [a, b].
Proof. The first condition implies that g is monotone on [a, b], we
will suppose it increasing. It also implies Agp, 5 = g(b) — g(a) > K. To

check the condition on uniformity take u = g(c) and v = g(d), where
a < ¢ <d<b. By Rolle’s theorem there exist &;, & € [a, b] such that

vou  gE)d—c
g(b) —gla) g(&)b—a’
from the condition on the second derivative we have that

9/(51)
— 1] < e,
q'(&2) -
hence p J
—c v—u —c
1-— < < (1
e U AR T
and the proof is over. O

Now, we will show how uniform stretch of the Birkhoff sums of f
implies mixing.
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Proposition 3.1 (Fundamental proposition). If there exist partial par-
titions of T*, n; = {Cz-(t)}, where the C’i(t) are intervals such that

sSup |Oz(t)‘ — Oa

CFt)Ent t—o0
t
> lef — 1,
t—o0
Ci(t)em

and positive functions £(t) and k(t) such that
et) — 0,

t—o0
k(t) —
and if the function f is such that, for any t at least one of the following
two conditions is true:

i) for any m € [L,24], for any yo € T and any C7,
2

)

fm (s v0) is (e(t), k(t)) — uniformly stretching on C’-(t);

)

(ii) for any m € [§,2t], for any xo € T' and any C(t),

fm(zo,.) is (e(t), k(t)) — uniformly stretching on C’i(t);
then the flow {T"} is mizing.

Proof of Proposition 3.1. First we prove that the conditions on 7,
implies that 7, — ¢ (partition into points on T'): As any measurable
set can be approximated by intervals, it is enough to show that any
interval I on the circle can be approximated for ¢ large enough by a
union of atoms of 7;. Indeed, fix o > 0 and assume that sup |Ci(t)\ <o
and > |C’Z-(t)\ > 1—0. Let I be the union of all the atoms CZ-(t) of n; that
intersect I, obviously A(I A I) < 30. Now, to prove the proposition,
we will show that the intervals of this partition satisfy the condition of
the general lemma on mixing, Lemma 3.1. In fact we will show that
if we fix ¢ and we take ¢ big enough; according to whether the first or
second pair of conditions of Proposition 3.1 hold we will get the first
or second inequality of Lemma 3.1.

Fix e’ > 0 and a cube Q of base R and height § < 1 (Q = Uf:o T'(R)
where R is a rectangle on T?). In the proof we will determine a ¢, that
will depend only on ) and &' > 0.

Let t > ty be fixed, and assume that for this ¢ it is the first condition
of Proposition 3.1 that holds. Take an arbitrary interval of 7;, C! and
an arbitrary yo € T' and let I be the interval C{ x {yo,0}. In light of
Lemma 3.1, we will finish if we prove

A [JﬂT—tQ} > (1 - e)ou(R)N).
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In the proof we will write I := [z, z5] while x € I will be a simplified
notation of (z,y0,0) € I. Recall from the sketch of the proof the
following definitions, for any m € N,

L, = {JIEI; Oét—fm(l’,yo)Sf(RZ’:a/(l’,yo))}
= {x €I, N(z,t) =m},

]m,6 = {flfelm, Ogt_fm(x7y0)§5}7

where N(x,t) is the biggest integer m such that t — ¢,,(x) > 0, that is
the number of fibers covered by x during its motion under the action
of the flow until time ¢. By definition

T'(@) = (RIS (2),t = (@) )

So T'(z) € @ if and only if Rgg;m) () € R and t — oy (z) < 0.
The set T*(I,,) lies in M in the band over R, (I). It will in general
intersect @ when R, (I) C R and the intersection would be T*(I,, ).
Consequently, the set (7 'Q will essentially be the union of those
I;m,s with m such that R ,(I) C R. We say essentially because there
are border effects: the interval Ry}, (I,,) might intersect R but not fall
completely inside of it. But I can be thought of being so small with
regard to R that whenever it hits R, it falls completely inside. This
will be more precise in the following lemma.

Let R, be what is left from the rectangle 12 after we have taken off
from its border a narrow strip of thickness 1. The rectangle R and &’
being fixed, we can choose > 0 and a continuous function on T?, Ry»
such that:

- Xg, is identically zero outside R,;

-0<xg, <1

- Jpe Xr, = (1 =&)pu(R).
In the definition of tq we will ask that for any t > t, Supc:
Hence, |I| < 7, and from the definition of x, we have

Em|0ﬂ S 1.

lemma 3.1.1. Let x, be an arbitrary point in I, we have

MINT Q| = 3 X, (Rt (21)M I

meN

Proof. If m is such that
XRW (R;rl:a/(x1>) > O,

because || < n we will have
no(l) CR,

a,a’

which in its turn implies
Tt (Imﬁ) C Q
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O
Notice that only finitely many sets [,, will not be empty.

Unique Ergodicity. Because R, is uniquely ergodic and xg, and
f are continuous, there exist /Ny such that
VN > Ny, V(z,y) € T?, ¥Ymg € N,

N oxr, (RIH (x, )
®) Zazoxes Ros @) (1

N mo—+j T
(4) Zj:0f<R]€;,o/ ( 7y)) —1 < <!

In the definition of t, we ask that ty > 4Ny; and that t > t, implies
on the stretch that k(t) > max (4No, %) and £(t) < &’. On one hand,
the fact that k(¢) is large will allow us to make sure that [ breaks
down into sufficiently many intervals I,,,. Consequently, with (4) we
will obtain an asymptotic estimation of the number of nonempty I,,
(Lemma 3.1.3) and using (3) we will estimate the proportion of the I,
that fall into R and show it is close to u(R). On the other hand, the
condition (t) < ¢’ will allow us to give a precise estimation of A(Z,,, )
(Lemma 3.1.4). We will need the following fact:

lemma 3.1.2. Fort large enough, for any (z,y) € T2,

t
N(ZL’,y,t) € [572t]

Proof. By definition of N(x,y,t)

0<t— fyan(@.y) < FRIG" (2,).
So, f being bounded by %,

(5) 0<t— fn@yn(®,y) <

and

N W

3 3
t— 5 < fN(x,y,t)(x7y) < QN(Q:?y?t)?

therefore, when t > ty > 4N,,
N((L’,y,t) Z NO'
By ergodicity, (4), this implies

fN(r,y,t)(x>y) 1 < 5/'
N(z,y,t)

This last inequality with (5) and the fact that N(z,y,t) > Ny imply

1| < 3¢

t
'N (z,y.t)
and if ¢/ < 55 this would imply the bounds of the lemma. O
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For the interval I, the above lemma gives in particular that
Ny := N(xy,t) € [5,2t]. From the hypothesis of Proposition 3.1 and
our choice of ¢y, (and because we assumed that we are in situation (7)
for the time ¢):

(6) Iy is (€',4Ny) — uniformly stretching on 1.

Hereafter, we will suppose fn,(z1) > fn,(x2), the other case being
similar.
Define

K(I) = {jeN/ ilgfj(RiV;/(fﬁ)) < Afwy =6},
M(I) = maxK({).

To understand the meaning of these definitions and the lemmas that
will just follow, imagine that the Birkhoff sums f,, are monotone de-
creasing on I = [z1,25]. Consequently when we go from left to right
on [ the points in their trajectory under the flow up to time ¢ will have
passed through more and more fibers. That’s how T*%(I) splits into
the T"(1,,) that we have already mentioned in the introduction when
we said T%(I) breaks into many vertical strips whose projection on the
basis lie on the trajectory of the translation. With this assumption on
monotonicity, fn, (1) — fw, (z2) = Afw,|; is the “delay” between z; and
To: after N; translations, while the point x; reaches its last fiber, x,
still has a distance A fy,; to cover on the fibers. The number of fibers
covered by x5 by this means is M (I). By ergodicity we can assume the
size of a fiber to the mean value of f, that is 1. Consequently M (I) is
equivalent to A f, r- More precisely

lemma 3.1.3. We have
M(I)
Ale\I

Using the hypothesis on uniform stretch, we give in the lemma here-
under, for j < M([I), a uniform estimation on the measure of Iy, ;.

lemma 3.1.4. For any j such that 1 < j < M(I),

< 5¢’.

1

A(Inyssa) > (1= 5e') o] I,

Ale|I

Proof of the lemma 3.1.3. For any (z,y) € T?
3

From the maximality of M (I) € K(I) we have for some x € I,

3
(8) Ale\I —0— 5 < fM(I)(RiV:la’(x)) < Ale\I -0
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otherwise by (7) M(I) 4 1 would be in K(I). But, from the stretch in
(6)
Ale\I > 4Ny

so, using (7) again, we have for any = € I, 3M(I) > fM(I)(Ri\fla,(m)),
we deduce

(9) M(I) = 2N
which, by unique ergodicity (4) implies for any x € [

Faary (R ()
M(I)

-1 <<

Since Ny > %, (9) implies when we divide (8) by M(I)

fM(I)(RiV,la' (2)) Ale\I /
— < 2¢,
M(I) M(I)
hence,
A
le‘I — 1| < 4¢€.
M(I)
The proof of the lemma is complete. O

Proof of the lemma 3.1.4. Whenever 5 € N is such that
(10)  inf (t = fy (@) < 08 < sup (¢ = fiyas(a)
z x€

then by the intermediate value theorem there is an # € [ such that
N(z,t) = Ny + j and Lemma 3.1.2 implies N; + j € [%,2¢]. Further,
we can apply the uniform stretch hypothesis to fx,+;, we have

o
AfN1+]'|I
Before we derive the conclusion of the lemma from (11), we will show
that whenever 1 < j < M(I) equation ( 10 ) is satisfied. From the
definition of Ny = N(xy,1)

0<t— fn(z1) < f (R (21))
the right hand of this equation implies for j > 1

t = frxg(2n) <0,
hence the left hand side of the equation (10) is valid. For the other
side, because by definition ¢t — fx, (x1) > 0, obviously

Slé}[) (t_le(x)) >t— le(xl) +AfN1|I > AfN1|I‘

(11) AIni4js) 2 (1= &(t)) 1]

Since

t— fxei(@) =t = fa () — f; (REL (2))
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immediately
sup (¢ — fay+5(2)) = sup (t — fi, (2)) = sup f; (Ro (2))
zel xzel xzel

but by definition of j € K(I), sup,¢; f; (Ro’y (2)) < Afw, ) — 6 so,
sup (t = fyvii(®) = Afwyr — (Afwy = 0) =6,

and the left hand side of (10) is also satisfied. For any 1 < j < M(I),
equation (10) is established, thus (11) holds. Yet, to have a uniform
estimation we need to compare AfN1+J'|1 with AleII’ when 5 < M(I).
For all j e N

Afj| < 3l < Gl e,

where 7 is the maxnnal size of an interval in 7,. If ¢ is large enough we
will have n < Hfll . So, whenever j < M(I), we have

< M(I)¢

)Afju

hence, for any j < M ([I)

Ale-i-]'|I
Ale|I

this, with (11) ends the proof of Lemma 3.1.4. a

We can conclude now using successively Lemma 3.1.1, Lemma 3.1.4,
the ergodic estimation (3) and then Lemma 3.1.3:

MINT Q| = 3 xn, (Ritar(@1) Alns)
M(I)

> (B2 @) M)

M(I)

(1 -5 AfN”man( R 1)

7j=1

< 2

-1

vV

A%

> (1-5¢) 11(1 = &) M(I)u(R)

Ale\I
> (1-5¢)°(1 =)’ ou(R)|1].
If we took &’ such that (1 — 5¢')*(1 — &’)® > 1 — ¢ this would exactly
be the inequality of lemma 3.1. Proposition 3.1 is thus proved. O

In the light of Lemma 3.2 on uniform stretch for smooth functions,
we give a restatement of the fundamental proposition using the first and
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second derivatives of the Birkhoff sums f,,(z,y). Here f is considered
to be of class at least C2.

Proposition 3.2. Letn, = {C’(t }, e(t) and k(t) be as in the statement
of Proposition 3.1. If, depending on t, at least one of the following
conditions holds

t

(i) for any m € [£,21], for any Yo € T' and all C’Z.( ),

i‘;fm M |O ‘ > k(t)

zel;

sup 32fm ,yo |C ‘<€(t) inf 8fmcr§z,yo)
zECi(t) meCi(t)

(ii) for any m € [§,2t], for any xo € T' and all Ci(t),

3 f 0 fm (y,r0) C(t) > k(t

o |00 |G| = Kk(2)

sup | L) ||00| < o(f) inf | Yl
yec® o T yec®

then the flow {T"} is mizing.

As we said in the introduction, the way to obtain mixing with the
mechanism introduced by J-C Yoccoz was the alternation in the occur-
rence of uniform stretch for the Birkhoff sums ¢,,: in the = direction
when t is far from ¢,, and in the y direction when ¢ is far from ¢/,. So the
alternation between the validity of the conditions in the latter propo-
sitions is known. We state now, a sufficient criterion for mixing, that
takes into account this particular game of rotation, and that involves
only the Birkhoff sums of the ceiling function f (time does not appear
anymore explicitly in the conditions).

Proposition 3.3 (Mixing Criterion ). Let {T"} be a special flow over
an ergodic translation of the torus T? with a ceiling function f > 0 of

class at least C%. If there exist sequences of real numbers T,, k,, €,
such that

Tn — 00,

€n — 0,

k, — oo,
and a sequence of partial partitions n, = {C’Z-(")} where the C’Z-(")
intervals such that

sup [C™M| — 0,
Cz(n)erln

>l — 1
Cz(n)erln

satisfying
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(i) for any m € [, 279,44, for all yo € T' and all C’Z@") € Non,

inf 9 fm(z,y0) ‘0(2n)| > ky
zeotm | %% LT
2
sup 9 frgig,yo) ‘Ci@")‘ < ey, in 3fm(§;0,yo)
cc® zec®™

and

(ii) for any m € [B52 279,45], for all zo € T' and all C’Z@"H) €

Mon+1;
. O fm(y,x 2n+1
: inf % |Cz( )‘ 2 k2n+17
yEC-(2n+l)
02 fn(y,x (2n+1) . O fm (y,x
sup % C; | < éegny1 inf # )
yeo®nth Y yeci(2n+1)

then {T"} is mizing.

Proof. For every t € [ro,, Tont1] take for n, the partial partition 7y,
and for k(t) and £(t) take ko, and egy,.

For t € [Ton41, Tonyo] take for n, the partial partition 7,,,1 and for
k)(t) and €(t> take k2n+1 and Eont1-

The partition 7; and the functions k(t) and e(t) satisfy clearly the
conditions of Proposition 3.2. O

3.3. The Birkhoff Sums of ¢. In this subsection, we will consider
a special flow constructed over a translation of the two torus of vector
(a, ) € Y and under the ceiling function ¢ (the set Y and the ceiling
function ¢ are those defined in the introduction). To prove Theorem
1, we will check that the Birkhoff sums of ¢ related to R, . satisfy the
hypothesis of Proposition 3.3.

For any m € N, we have

= X(m, k) jone = Y(m, k) jon
gom(a:,y):m+Re<ZTe +ZTe v,
k=1 k=1
where
1 — ei27rmka
X(m’ k) = 1— 67L27rka ’
1 — 6i27rmka’
Ymo k) = T g

We will need the following inequalities :
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Lemma 3.3.

(12) Forall ke N* , meN, |X(m,k)|<m;

(13) forallneN , k<gq,, meN, | X(m k)| <qn;
(14) foralln € N , k€lgn,2g,[, me N, |X(m, k)| < 2gy;

and for any m < 5L
(15) XOm,40)| 2 2
(16) jarg(X (m. g,))] < ="
dn+1
Proof. We have,
X(m, k)= "f ei2mike
=0

so the first inequality is trivial. For the other inequalities remember
that by definition of the best approximations, g, is such that

(17) | gn—aca |[<]| ke ||, VE < gy,
and we also have
1 1 1

(18) < < lgnal| < :

20041 Qn + Qn+1 Gn+1
For inequality (13) write

X (m, k)| < ——
m, — |1 _ 6i27rka|’

then using the inequality sin(7wu) > 2u, when 0 < u < %, we have

2 1 1
|1 — ei2mka| — sinn|lkal| = 2||kal|’

since k < ¢, we have from (17) and the left hand side in (18), that
this last term is bounded by ¢,, and (13) is proved.

When k €]q,, 2q,[, writing k under the form ¢, + ¢, with 0 < ¢ < gy,
we obtain

1 1
[kal] > ———
2qn gn+1
1
> —.
— gy

(Obviously ¢,1 > 4q, since q,,1 > €>*" by definition of the set Y".)
With this, (14) follows in a similar way as (13).
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Assume now m < 25 and write

X(m, gn) = ei"”(m—l)llqwuw,
sinm||g, |

from the right hand side in (18) one has 7m||g,af| < 7, so

2 n 2
sin(7||gnal]) — m
Finally, with the same hypothesis on m, one has clearly
(m—1)

n+1

0 < Jarg(X (m, gn))| = 7(m = D|gna|| <7

O
Remark. There are of course analogous inequalities for Y (m, k).
We can state now the central estimation on the ¢,, that will imply
uniform stretch in the x direction.
First define, for n € N, the set

11 1 1 1 1
I, = ! n — === -+ —,1——]}
{fret /{oa} el - JUG+ 21— -1}
Then for any integer n we have the following

Proposition 3.4. For any y € T?, for any x € I, for any

m € [625",262‘141], the following holds

(19) 0m,, >' ™ o,

ox y T ein n

The proposition has clearly a counterpart in the y direction.
Proof. We have

OPm o, X(m k) o
a—x(l',y) = Re (ZZ27T]€T6
k=1
k

edn

(&

X(m,q,)| L X(m,k)
— Re <Z27an| (m,q )‘6z2qum) + Re (leﬂ'l{} (m7 )6227rkz

k=1

(&

2qn—1 e )
X . X .
T Re( ) i27rk7(n2’ k)elzﬂk”C) T Re< ) ik E) ok

X(m> qn) B ‘X(ma QH)‘ €i27rqnm)

€Qn

+ Re <i27rqn

As we said in the introduction, it is the first term of this expression
that will prevail as long as m lies between ¢, and ¢,.1, far from both
of them as it is the case here. To prove the proposition we will thus
bound the absolute value of the first term from below, and bound the
absolute values of the others from above.

ek

)

)
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First we have

X .
‘Re (i27rqn 7| (m, n)| 6127“1"9”)

edn

X (m,n)]

edn

27qy | sin(27q,x)|;

since m € [62%, 2¢%n], one has m < 221 (by definition of the set V),
so equation (15) is valid, while the fact that « € I,,, implies
4

n(2rg.z)| > =
| sin(27g,2)] = —

Hence,

X ) n
‘Re (mqnweaw)‘ > 16 G
edn en n

Next, and for any m, using (13) we have

gn—1 gn—1
X | X (m, k
Re <§ i ) k>ez2”’“>‘ < or 3 A
k=1

ek

[\
N}
=)
_Q
3
NGk
o~
)
Q3
2[5

k=1
< 2mg,’
Similarly,
2qn—1
X(m, k) ,
Re( Z iQWki(ZZ’ )622”“) < Arg,?
k=qn+1
Furthermore, from (12), one has
— . X(m, k) jonre = [ X (m, k)|
Re ( Z Z27T/<:Te < 2m Z k pr—
k=2qn k=2qn
< 2mm i E
— 6k7
k=2qn
2
< — .
e2dn

Finally, from (16) and (12), we easily obtain
X (m, qn) = [ X (m, gn)l| < 21X (m, gn)[arg(X (m, ga),
(m—1)

Gn+1

< 27

m;

. ’ / .. .
since m < €%, and ¢, > 3%, this implies

X(m, qn)| — X (m, qn) |
Re (’L27an‘ (m> q )| (m q )6227rqnx)

€Qn

/ m
< Ar’e Mg,

€Qn ’
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Combining all the bounds above, with the fact that m > e, it
follows that

Opm m q m ,m
= > 16— — 27q,” — 47q,” — 27 — 4rie g, —
Ox oz y)' - e n ¢ ¢ estn I can
> 1524
ein n
O

For the second derivatives a straightforward bound is enough here:

Proposition 3.5. There is a constant C such that for any integer m
and any (x,y) € T?, one has

The proof is direct because ¢ is C2. O

Proof of Theorem 1. We are going to prove for ¢ the validity of the
mixing criterion given by Proposition 3.3. Take for {7,} the sequence

Ton = 62(1”7

Ton+1 — 62(1;‘
For ny, take a partition of the set I,, defined above with intervals C )
of lengths bounded between e~ and 2e~ 9. Because \([,) > 1 — 4
1o, satisfies the conditions of Proposition 3.3.

Moreover, from Propsitions 3.4 and 3.5, for any m € [, 279,,41],

for all C’i( € 1y, and all yy € T, one has

a m b) n 1 n
v Ox 2n
and
62 m n
sup | LEml@H0) | em) o e
O fm(a,
< o0 iut |[YmTw0))

dn :cECi(Qn) 8x

Hence, condition (i) of Proposition 3.3 is satisfied once we take ko, =
%% and &5, = 2C q%' These sequences obviously go to infinity and to
zero respectively when n goes to infinity as required in the criterion.
The checking of the criterion in the y direction (condition (7)), when
m € [25, 27on 0], is exactly similar.

The proof of Theorem 1 is over. O
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4. MIXING REPARAMETRIZATIONS OF IRRATIONAL FLOWS ON T3.

In this section we consider irrational flows on T* of vector (o, ’, 1)
in R?, where (a,a’) € R? is such that R, . is a minimal translation

on T2:
@ =@
Y /
=Y
&2 -1

It is not hard to see that the reparametrization of such a flow by a
strictly positive smooth function i can be interpreted as a special flow

over R, . on T? with the ceiling function defined by

1
oo (T,y) = / o(x + sa,y + sa, s)ds.
0

And conversely, given a special flow {R, o/, ¢a.o' }, if there is a smooth
and strictly positive function ¢ on T satisfying the linear equation
above, the flow can be viewed as a reparametrization of {7, ., )} with
velocity i

Before we prove Corollary 1.1 we will derive from Theorem 1 the
following weaker result:

Proposition 4.1. For any irrational vector (o, ) € R?*/Q?, there
exists a strictly positive real analytic function on T?, @o.o Such that

1
QO(ZL’,y) :/ ¢a,a’($+3a,y+ Sa/,S)dS,
0

where @ is the real analytic function we used in the main proposition.
In particular, if (o, ') € Y, the reparametrization of the irrational flow

Ri(a,0r 1) by the function 3 1 - 1S MITIng.

Remark. Eventually, to make sure that the solution ¢, is positive,
we will need to take away from ¢ the first terms of its Fourier series.
Proof. The easiest way to find a solution ¢, for the above equation
is to look for it under the special form

¢o¢,o/ (.CE, Y, Z) — 1+Re (Z d]f’lkeiQﬂkxeiQﬂlkz) +Re (Z bk’l;€i27rky€i27rl;€z> :

k=1 k=1

where [;, and [}, will be chosen later in Z, following the lines of [13]. We
have,

2w (ka+lg) _ 1 .
6. 6127rkx
i2m(ka + lg)

1
/ oo (T + sa,y+sa’;s)ds=1 + Re (Z A1,
0 k>1

R ; 6i27r(ko/+l§€) -1 2y
+ohe Z Pl i2m(ka’ + 1) ‘ ’

k>1
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and ¢, o is formally a solution of the linear equation if we take
7;271'(]{306 + lk) —k
eizn(katly) — 1

2r(ka+1,) 4
by = —— ¢
"k ez27r(ka’+lk) -1 ’

diy, =

which is possible to do because « and ' are irrational. In this case,

|d ‘ 7T|/€Oé + lk| e_k
Pl |sin(m (ko + 1))

by | = ko' + 1},| -
BT Tsin(r(kal + 1))

So, if we choose [, to be the closest relative integer to —ka, we will
have

1
|k?Oé + lk| S 5,
hence,
|k‘0z + lk| < 1
|sin(m(ka+ 1)) — 2
moreover, with this choice of Iy, |lx| < |a|k + 1, therefore
™ _
i, | < 5¢ g
B )

We make a similar choice of [}, and the function $o we obtain will thus
be analytic and strictly positive. The proposition is proved. O

Proof of Corollary 1.1. Let (a,a’) € Y be fixed for the moment.
Consider the special flow over R, . with a ceiling function

Yoo (z,y) =1+ Re (Z dpe?™e 4 Z bk€i27rky> '

k=1 k=1
We see from the proof of the main theorem that a sufficient condition
for the flow to be mixing is that the coefficients d; and by satisfy the
following

(c1) For any k € N large enough,

‘dk’| < e_k> ‘bk" < e_k>
C or an TLEN arge enou y
(c2) For any larg gh
|dQ'n| > 6_2%7 |bq;| > e~ %,

Define now on T*

o0 —k
(20)z,y,2) := 1+ Re Z Z 67 (6i27rkx6i27rlz i €i27rky€i27rlz>

k=1 |I|<k
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Corollary 1.1 will then follow from the above remark and

Proposition 4.2. For any vector (o, /) € Y (\[=1,1]% it is true that
the analytic function

1
oo (T,Y) = / o(x + sa,y + s, s)ds,
0
satisfies both (c1) and (c2).

Proof. As in the proof of Proposition 4.1, a direct computation gives

Yoo (,y) =1+ Re (Z dpe®™e 4 Z bk€i27rky>

k=1 k=1
with

—k .
e sin(m(ka + 1))
w o= fr(kaﬂ)
1<k
and a similar expression for by. Clearly |d;| < e™* and (c1) is satisfied.
Now, since || < 1, if we consider the closest integer [,, to —g,a, it
satisfies |l;,| < ¢,. Next, notice that

sinr(an + )] 2
g +1,,| T
while for any [ € Z —{l,,}
|sin(m(goae +1))| _ 2, . 1
< —|sin(mg,a)| = O ,
Tlgna + 1| B 7T| (mgn2)| (Qn+1)
and (c2) now follows. O

5. ABSENCE OF MIXING IN THE "GENERAL'" CASE.

This section is devoted to the
Proof of Theorem 2. We will designate by G the set of vectors
(o, ') € R? for which there is a sequence of integers r, such that for
any ¢ € C*(T?) with [, ¢du = 1, the following holds

(G1) ¢, — r, converges uniformly to 0 when n tends to infinity

(G2) R (o, o) — Idype.

This fact obviously implies that 7" — Idy;, when n — oo, where
{T"} is the special flow over R, . and under . In this case, we say the
flow is rigid, and we call the r, rigidity times. Clearly, rigidity impedes
mixing.

First we remark that the set G contains the set of vectors such that
given any function ¢ € C*(T?) of integral 1, the linearized equation
¢ —1 =10 R, — 1, has a continuous solution (measurable would
be enough). But we can prove using Fourier analysis that the latter
set, consisting of somehow '"badly approximated" vectors is of total
Lebesgue measure ([3], in the annex).
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Next, we will prove that GG contains a dense G5. For this we will prove
the following lemmas

Lemma 5.1. There exists a G5 dense set G € R? such that for any
(o, ) € G there exist infinitly many triplets (p,p’,q) € ZXZ XN
such that

(a) o — 2 < 2,

(@) o/~ Zol < &, FAG@+1) =1

pAg=1;

Here p A ¢ = 1 stands for p and ¢ relatively prime.
Lemma 5.2. The set G is included in G.

Clearly, with these lemmas and the definition of the set G the proof
of the proof of the theorem will follow.
Proof of lemma 5.1. Denote by O, the set of vectors of R? for which
(a) and (a’) are realizable with ¢. It is an open set and for any integer

/

ny Uysn Oq is open and dense because it contains the points (£, £5),

q’ q+1
g > n. Hence, G = Mnen Uygsn Oq is a residual subset (dense G;), and
the lemma is proved. O
Proof of lemma 5.2. Take (o, /) € G. Choose a sequence (Pns DLy Q)
satisfying (a) and (a’). Clearly (G2) is satisfied for the sequence r,, =

¢n(¢n + 1). On the other hand we can write the Fourier series of ¢
o(x,y) =1+ Z dy &R 2,
(k,1)€z2—{0,0}

since ¢ is of class C* we have

1
digl =0 —— | -
= ()

_ i2rm(ka+la’)

1—e
Spm(xa y) =m+ Z dk,l 1 — ei2r(katla’) €
(k,1)EN2—{0,0}

For any m € N, write

i27rk:xei27rlz‘

We will check that ¢, — r, converges uniformly to zero, with r, =
¢n(qn +1). For any k,1, |k|,|l| < ¢, we have

/

ka+ 1o/ = k22 41— Pn oy,
¢ nt1 et

since ¢, A (g, + 1)pn, = 1, this implies

1
ka+ ||| > ——,
m ||| QQn(Qn+1)
where |[||.||| is the distance to the closest integer. Meanwhile, (a) and

(a’) imply
2
) a
[|7n (ko +1a")[|] = O(=%).

€Qn
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Hence, for k,1, |kl|,|l| < g., one has

- O(q_n)

eqn

' 1 — ez’27rrn(ka+la/)

1 — ei2n(katia’)

and

1 — ei27rn (ka+la’)
1

> ldwl

|&],|1]<gn,ki#0

On the other hand

= o(1).

— ei2m(katlal)

277y (katla’)

1—e
Z |dk,l| 1_ei27r(ka+la’) S Tn Z ‘dk,l‘a
|k 41| >gn |E| 4+l >gn
1
_— (7 )
g, MDA

= o(1).

We showed that (G2) holds for the sequence r, and the lemma is
proved. O

6. GENERALIZATION AND APPLICATION.

Let {T, M, p} be a dynamical system and consider the product trans-
formation 7' x R, o on T? x M, with (o, ') € Y. This transformation
preserves the product measure of p with the Haar measure on T?, j.
Now consider special flows over T' x R, o with a ceiling function that
depends only on the variables of T? and that we take equal to ¢ of
the main theorem. We will denote this special flow by {1 x R, o/, ¢}
Reasoning exactly as in the proof of the main theorem we obtain

Theorem 3. If T' x R, o is uniquely ergodic then {T" X R, ., @} is
mizing (for the invariant measure p X ).

This theorem permits to generalize Theorem 1 to higher dimensional
tori

Corollary 3.1 (Higher dimension). If 8 € R” is such that the trans-
lation R o g on T is irrational, then {R(q o gy, ¢} is mizing. This
special flow can also be viewed as a mixing analytic reparametrization
of the irrational flow {T{, ., 51y} on T*>.

Corollary 1.1 on mixing reparametrizations can be stated in a slightly
more general way

Theorem 4. There is a dense and uncountable subset B C R® and
a dense subset F C C% (T3 R™), such that, any reparametrization
27

of an irrational translation on T° with vector 3 € B by é, ¢ eF, s
mizing.



28 BASSAM R. FAYAD

We will apply this corollary to the cubic billiard. A cubic billiard is
the dynamical system obtained when we consider the uniform motion of
a point mass inside a cube C' in the Euclidian space R?, with the usual
laws of reflection when the point hits a side. For the moment, velocity is
taken to be constant equal to unity. The phase space of this dynamical
system, that we call M is obtained from the direct product C' x S?,
where S? is the sphere of unit velocities, by identifying pairs of the form
(&,v), (§,0") for £ € OC, v and v' € S? and v —v' = 2(n(€), v)n(&); n(§)
being the unit exterior normal to OC' at the point £. We denote by {7}
the corresponding phase flow. It preserves the measure induced on M
by the volume measure on C' x S?, dédv. Actually, in this description
we neglected the elements (£, v) € M that might ever meet the vertices
of the cube, this exceptional set being of volume zero. Given a direction
v=(a,0,7), @+ 3* +~v* = 1, afy # 0, where the coordinate axes
are given by the vertices of C, we denote by C(v) the “cube” C' x v
in the phase space. The trajectory of a point (c,v) € M will be a
straight line in C'(v) until it hits one side of the cube. After reflection
the point goes into C'(v") where v’ is obtained from v by just changing
the sign of one of the coordinates «, 3,7 of v, depending on the side
the point hits. So, the union of those eight cubes, that we call M, is an
invariant subset of the phase space under the flow action. To visualise
the motion on M, we put the cubes C(v) and C(v') side by side in
R? (along the incidence side) and we can view the trajectory of the
point before and after the reflection not as a broken line but rather
as a straight one that crosses from C(v) to C(v'). By gluing in this
fashion the eight components of M, we obtain a cube in R? on which
the flow is the translation with direction v. So as for the general planar
polygon billiard with rational angles (see [15]), we have density of the
trajectories in the configuration space for almost every initial direction.

Assume now as above that the motion in the cube is rectilinear with
elastic reflection on the boundary, but suppose that the modulus of
the velocity depends on the position £ in an analytic way, the point
going faster or slower than unity speed but never stopping or changing
direction unless it hits a side of the cube. If the velocity distribution is
given by a function 1 Where ¢ is in the dense space F' C C’“’ (T3, RT)

of Theorem 4, then there is an uncountable dense set of initial directions
(v € B) for which the corresponding flow on the configuration space is
mixing. This turns out to be impossible to do in the case of a polygonal
billiard with rationally related angles since by a result of Katok [5],
any special flow over an interval exchange transformation built under
a function of bounded variation is not mixing.
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7. A MIXING SPECIAL FLOW OVER A DIOPHANTINE IRRATIONAL
TRANSLATION ON T?2.

We say that & € R” satisfies a diophantine condition with exponent
B, if there exist a positive constant C' such that for any vector k €
Z" — {0} we have :

(21) |||<k,@>IIIZW;
where < .,. > is the canonical scalar product on R" and |.| its associ-
ated norm, while |||.||| is the distance to the closest integer.

In the previous section we constructed a mixing special flow built over
an irrational translation of the two torus and under an analytic ceiling
function. But the vector of the translation we used had perforce very
good rational approximations, i.e. infinitely many vectors k € Z" —{0}
such that

1
Il <ka>|ll < =
Indeed, if the vector of the translation on the basis is Diophantine, and
the ceiling function is regular enough the flow will be conjugate to an
irrational flow.2 So, one might look, for a Diophantine vector, what
happens with less regular ceiling functions.

Here we give an example of a mixing special flow over an irrational
translation of T? with a C? ceiling function; the vector of the transla-
tion, &, being (2 + €)-diophantine for any € > 0.

From what what was said about the cohomological equation in the
footnotes, note that under this Diophantine condition on &, any special
flow over R4 with a ceiling function of class C", r > 4, is conjugate
to an irrational flow on T®. However, for a 3-Diophantine translation
vector on the torus T" (and for this one in particular), we do not know
if it is possible to realize the best one can expect, that is a C"8—¢
ceiling function for which the flow is mixing. (In the case of weak
mixing the question is fully answered in [2]).

We will first choose properly the vector & € R?, then we will give
the expression of the ceiling function ¢ under which the special flow
over R is mixing. We prove mixing using the same criterion given by
the fundamental proposition in the analytic case.

7.1. Construction of a.

2See our footnote 1. The precise result in [3], is the following: Assume « is
diophantine and let 6 = d + 3 (when 8 = 0 take § = d + ¢). Then if r > 0, and
@ € CT(T?), there exists 1 € C"~9(T?) satisfying the cohomological equation (*)
if » — 0 is not integer; if r — 6 is integer then the solution v is C"~?~! and "smooth
in the sense of Zygmund".
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First recall that any irrational number o € R — Q has a writing in
continued fraction

o = [a07a1,a2, ] =ag + 1/((11 + 1/((12 + ))v

where {a;}, is a sequence of integers > 1, agp = [a]. Conversely any
sequence {a;},; . corresponds to a unique number o. The convergents
of « are given by the a; in the following way:

Pn = QnPn—-1 + Pn—2 for n > 2,py = ap,p1 = apa; + 1,
Qn = AnGn-1 + Gn—2 for n > 27 qo = 17 q1 = ax.

In our construction of & = («, '), we will keep in mind the mech-
anism that allowed us to obtain mixing in the analytic case, namely
the alternation between the denominators of the convergents of o and
those of /. Although here we can not space them too much because if
we want the vector (a, ') to be Diophantine, o and o' should at least
be so individually. To avoid good approximations also, we will ask that
the convergents of o and o’ should be relatively prime. The arithmetic
properties we need are summarized and proven to be realizable in the
following proposition:

Proposition 7.1. One can choose two real numbers o and o/ rationally
independent in [0, 1| such that for any n:

(22) n4q/i_l < g < 2n4q’i_1,
(23) n'q, < g, < 2n'q;
and

(24) In N Gy =1,

(25) a Naq, =1

Here, g, A q,_; = 1 stands for ¢, and ¢/, _, are relatively prime.
Proof. We will construct by induction the sequences {a,}, -, and
{al,}, -, corresponding to « and o/. Assume the a; and a}, i < n — 1,
are chosen such that (22)-(25) hold until step n — 1. Because g, ; and
q/,_, are relatively prime there exists an integer 7,, < ¢/,_, such that

Tndn—1 = _qn—Q[q;—lL
meaning that ¢/, , divides 7,¢,-1 + ¢,—2. Now, choose a, = 7, + p,
where p,, is such that

2 3 42
pmnAg, =1 and n'¢, | < pugu1 < §n4q'n_1.

In this case

Qn = ApnGn-1 + Qn—2 = Prln—-1 + TnQn—1 + Gn-2,

since 7, < ¢,_, we have clearly n'¢?_| < ¢, < 2n'¢?_,, and (22) is
verified at step n. On the other hand, from the recurrence hypothesis
Gn-1/q,_; = 1 and from our choice of p,, it follows that p,q,—1A¢,_; =
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1, while by definition 7,,¢,,—1 + gn—2 is a multiple of ¢/, ;. Consequently

qn N q,_, =1 and (24) is true at step n.

We follow the same lines in the construction of a, in order to implement

(23) and (25): Take a], = 7/, + pl, such that ¢, divides 7/q/, | + ¢,,_o,

while p/,Ag, = 1 and (23) holds. Then we use (24) that we implemented

above to prove (25) at step n. O
This proposition will allow us to prove the following on & = («, &'):

Proposition 7.2. The vector & is 2 + e-diophantine for any ¢ > 0
Proof. Fix ¢ > 0. We have to show that for any (k,1) € Z2,
(k,1) # (0,0), |k| + |{| sufficiently large

1
(26) l[ka +la'[[| 2 ———=-
(k[ + 1™
We will first treat of the case when kl = 0. Assume [ = 0, and take n
such that ¢,—1 < k < ¢,. First note that (22) and (23) imply
(27) a,
(28) Gn

since flﬁ, n € N are the best approximations of «, one has for k£ < ¢,

IA A

Hkell] = 5—,

16n12q, ;"

since k > q,_1 when n is sufficiently large this leads to

kall| > —.
kol > 7o

Using (28) we can obtain the same result when it is k& that vanishes.
Now suppose that both k£ and [ are unequal to 0. There exists n € N
such that

Gy < K[+ (1] < gp.
We will separate two cases:

(1) gpy < K[+ [I] < g,
(i) gn < [k + 1] < g,

Case (i). Recall that

n 1
o= Pn _ + h.o.t.
dn AnGn+1
/
1
o = Pno1 -+ h.o.t.

1 Gn-19n
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where in h.o.t. we have rests that are less than q/l As |k| < gn, and

n+2 )
|l| < ¢, one has using (22) and (23)

/
n n— 1 n
ka+ 1l — jln P < + ¢ + h.o.t.,
/ / /
qn qn—1 Gn+1 qn—19,
1 1
< — + 7 + h.O.t.,
Qn n ann—l
1

).

= O(
@ 1Gn

On the other hand, because g, A\¢q,,_, =1 and ¢, Ap, =1, k < ¢, imply

Pn Do
1= — 1] >
qTL qn—l qn— 1 Qn

With the estimation above this implies

||k + 1a/|| > ,
2¢,_19n

and if we use (22) one more time

1
ka+1d|| > ,
ot il 2 5o
1
> =7
n—1
1
(k[ +[2)*
Case (ii). This time, we write
a="br_ + h.o.t.
n  Qndn+1
/
a’:p—f‘— —— +h.ot.
an qnqn+l
and the same computations give
1
ko + 1a/]| > :
2440
1
2n4q,3’
1
Z 4
dn
1

= T+ "
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O
Define now
X i2wqix X i2wqr'y
e e
p(x,y) =1+Re > ——+> — |
k=1 k2 = K

then, clearly ¢ is C?, and we have

Theorem 5. The special flow over Rs with the ceiling function ¢ is
mizing.

The proof of this theorem is similar to the one given in the analytic
case. Indeed, we can easily check the criterion of Proposition 3.3 in
Section 3.2:

-when t is in [n3¢2, n3q¢,?], uniform stretch is proved in the x direction,
~when ¢ is in [n®¢'2, n3¢2, ] uniform stretch is proved in the y direction.
O

ACKNOWLEDGMENTS. I wish to thank Patrice Le Calvez for his con-
tinuous interest in this work, ever since its first version of January
1997. His advice and comments were very helpful, particularly in the
statement of the fundamental proposition on mixing, Proposition 3.1.
I also wish to thank the referee for the ameliorations he suggested.
The final version of this work was carried on during my stay at IMPA
(Rio De Janeiro, Brazil) in the spring of 1999. I wish to thank the
members of this institution for their warm hospitality and for many
thought-provoking conversations.

I am especially indebted to Michael Herman for much advice, encour-
agement and inspiration.

REFERENCES

[1] I. P. Cornfeld, S. V. Fomin, and Ya. G. Sinai. Ergodic theory, chapter 16.
Springer-Verlag, New York Berlin Heidelberg, (1982).

[2] N. A. Friedman. Partial mizing, partial rigidity, and factors. Amer. Math.
Soc., Providence, RI, (1989), p. 141-145.

[3] M. R. Herman. Sur la conjugaison différentiable des difféomorphismes du cercle
a des rotations. Inst. Hautes Etudes Sci. Publ. Math., 49, (1979), p. 5-233.

[4] M. R. Herman. Exemples de flots hamiltoniens dont aucune perturbation en
topologie C'*>° n’a d’orbites périodiques sur un ouvert de surfaces d’énergies.
C. R. Acad. Sci. Paris, 312, (1991), p. 989-994.

[5] A.B. Katok. Interval exchange transformations and some special flows are not
mixing. Israel J. Math., 35, (1980), p. 301-310.

[6] A.B. Katok. Spectral properties of dynamical systems with an integral invari-
ant on the torus. Funkcional. Anal. PriloZen., 1, (1967), p. 46-56.

[7] Anatole Katok and Boris Hasselblatt. Introduction to the modern theory of
dynamical systems, chapter 4. Cambridge University Press, Cambridge, 1995.



34 BASSAM R. FAYAD

[8] A. V. Kocergin. Mixing in special flows over a rearrangement of segments and
in smooth flows on surfaces. Mat. USSR Sbornik, 25, (1975), p. 471-502.

[9] A. V. Kogergin. The absence of mixing in special flows over a rotation of the
circle and in flows on a two-dimensional torus. Dokl. Akad. Nauk SSSR, 205,
(1972), p. 515-518.

[10] A. N. Kolmogorov. Théorie générale des systémes dynamiques et mécanique
classique. In Proceedings of the International Congress of Mathematicians, Am-
sterdam 1954, 1.

[11] A. N. Kolmogorov. On dynamical systems with an integral invariant on the
torus. Doklady Akad. Nauk SSSR, 93, (1953), p. 763-766.

[12] William Parry. Topics in ergodic theory. Cambridge University Press, Cam-
bridge, (1981).

[13] M. D. Shklover. On dynamical systems on the torus with continuous spectrum.
Izv. Vuzov, 10, (1967), p. 113-124.

[14] J-C. Yoccoz. Petits diviseurs en dimension 1. Astérisque (1982), Appendix 1.

[15] A. N. Zemljakov and A. B. Katok. Topological transitivity of billiards in poly-
gons. Mat. Zametki, 18, (1975), p. 291-300.

Centre de Mathématiques, UMR 7640 du CNRS,
Ecole Polytechnique, 91128 Palaiseau Cedex, France
fayadb@math.polytechnique.fr



