RANK ONE AND MIXING DIFFERENTIABLE FLOWS

BASSAM R. FAYAD

ABSTRACT. We construct, over some minimal translations of the
two torus, special flows with a differntiable ceiling function that
combine the properties of mixing and rank one.

1. INTRODUCTION

1.1. Rank one and mixing. Rank one and mixing transformations
or flows display the strong ergodic property of having minimal self
joinings of all orders, a property which in turn implies many features
for the transformation or flow such as having a trivial centralizer, no
factors ... [12, 13, 20]. Rank one and mixing transformations or flows
are also mixing of any order |7, 18].
The very few known examples of transformations or flows combining
the rank one property and mixing were all produced in the same ab-
stract frame of pure measure theory with cutting and stacking meth-
ods (see §1.3) inspired by some works of Chacon and Ornstein |2, 16] .
While Chacon’s seminal examples of cutting and stacking constructions
were only weak mixing, Ornstein was the first to prove the existence
of mixing rank one transformations. His existence result is based on
cutting and stacking methods with random spacers. Later, explicit
stacking constructions were proven to be of rank one and mixing [1].
In this paper we give a differentiable realization of rank one and
mixing in the case of flows. More precisely, we will define in Section 3
(following [21]) an uncountable dense subset ¥ C R?, for which we will
prove the following

THEOREM 1.1. For any (o, ') € Y, there exists a strictly positive real
function ¢ defined on T? of class C* such that the special flow built
over R, o with the ceiling function ¢ is of rank one and mizing (with
respect to its unique invariant measure).

The exact definitions of special flows, mixing and rank one for trans-
formations and for flows are given in Section 2. Roughly, a measure
preserving transformation or flow on (X, A, v) is said to be of rank one
if it has a sequence of towers that asymptotically generate the o-algebra

A (see Section 2.2). The property of rank one essentially reflects the
1
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existence of some cyclic approximations for the flow; and clearly, cyclic
approximations do not favor mixing. For instance, studying cyclic ap-
proximations as defined by Katok and Stepin shows that the speed
of approximation required to guarantee a simple spectrum (a weaker
property than rank one) implies the absence of mixing [10].

On the other hand, we know, since the work of Katok, Stepin and
Shklover, that special flows over Liouvillean irrational rotations of the
torus, even with analytic ceiling functions, can combine fast cyclic ap-
proximations (implying rank one) [9] as well as some mixing features,
namely weak mixing [8, 15, 19]. Using Baire category arguments, rank
one and weak mixing can also be derived for most of the time-maps of
these special flows [3|. But these examples of weak mixing special flows
and transformations are nevertheless rigid, in the sense that T — Idr>
for some sequence t, — oo. Rigidity of smooth special flows over ir-
rational rotations of the circle is due to an improved Denjoy-Koksma
inequality involving the Birkhoff sums of the ceiling function over the
rotation.

1.2. Uniform stretch mixing for special flows over translations.
To obtain mixing special flows over translations one can either consider
special flows over circular rotations and under ceiling functions with
singularities [14, 11, 5] or turn to some minimal translations on higher
dimensional tori for which the Denjoy-Koksma inequality does not hold
|21] and over which it is possible to construct mixing special flows with
real analytic ceiling functions [4]. In both cases, the key underlying
mixing is the uniform stretch of the Birkhoff sums of the ceiling func-
tion (see Section 2.3.3 below). Under this stretch, the image of a small
interval on the base becomes as time goes to infinity increasingly and
uniformly expanded along the fibers of the special flow hence tending
to be equally distributed in the space by unique ergodicity of the trans-
lation on the base. Nevertheless, all these examples most likely fail to
be of finite rank. Roughly speaking, the uniform stretch property at
all times precludes the rank one property.

1.3. The cutting and stacking techniques. In the construction of
rank one transformations by the cutting and stacking techniques the
space and the transformation are obtained in the same time by con-
sidering successive towers of intervals as towers for the transformation
(see Section 2.2). Each tower C,; is obtained by cutting the tower
C,, into r, subcolumns of equal width and adding some number [, ; of
spacers above every 1" subcolumn before stacking over it the (i + 1)st
subcolumn for ¢t =1,...,7r, — 1.
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With the latter cutting and stacking, it is possible to avoid the cyclic
approximations and obtain mixing transformations by actually blowing
up the top levels of the successive rank one towers. But in this case, as
long as the levels of the towers are thought of as intervals, it appears
difficult to adapt the constructions into a differentiable frame.

One of the crucial points in our construction is the following ele-
mentary fact: small measure in dimension 2 is not equivalent to small
diameter. More precisely, assume we are stacking in a column n? dis-
joint squares of equal area 1/n?, doing so in an isometric way until we
reach the top ns squares, and then applying uniform stretch of magni-
tude 1 /ng on each of the last n2 levels (clearly this can be done with
small derivatives since 1/n3 = o(1/n)); we will thus reach the top of
the tower with a cumulated stretch amounting to n2~3 which is large
ngﬂe the total measure of the squares where the stretch was applied is
n2=% = o(1).

1.4. Combining uniform stretch and cutting and stacking. The
construction we will present here of a mixing rank one flow combines
the uniform stretch and the cutting and stacking techniques.

Let us first give a brief description of the mixing special flows con-
structed in [4]: They are special flows above a minimal translation Rq
of T? and under a ceiling function given by

- 2 27q’
lag) =1+ 3 olimnt) | cosbreey

n=2
where {g,}, .y and {g;},cy are the sequences of denominators of the
convergents of o and o/. If these sequences are such that ¢, > €3
and guy1 > €3 for all n € N, then due to the term cos(27g,x)/e®
we obtain that Sy, (z,y) is uniformly stretching in the x direction for
m € [e2, e20n] while the term cos(27¢’,y)/e% is responsible for uniform
stretch in the y direction of S,,¢(x,y) for m € [¢%, e2n+1]. Since the
latter intervals cover a neighborhood of infinity [ng, 00) C N we deduce
that the special flow is mixing.

Here, we will use essentially the same translations on the base but ¢
must be modified in order to gain the property of rank one for the spe-
cial flow without losing the mixing property. The modification is done
in the C' topology but can be made smoother on higher dimensional
tori.

First of all, a criterion that guarantees the rank one property for a
special flow over a rank one transformation is given. Starting with a
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rank one sequence of towers of the transformation on the base (see Sec-
tion 2.2), the idea of the criterion is that under a condition of flatness
of the Birkhoff sums of the ceiling function computed over the base of
the successive towers, it is possible to lift these towers into rank one
towers for the special flow. Hence, we first choose for the translation
on the base a particular sequence of rank one towers that we want to
lift into rank one towers for the special flow and construct the ceiling
function subsequently.

Next, starting with the function ¢ as above, when the uniform stretch
of a term like cos(27g,z) /e or cos(2m¢. x)/e% jeopardizes the rank one
property, we have to change it. We do this as follows:

e We can change the cosine by a function that is essentially flat
everywhere except over the top steps of the rank one towers that
we want to lift, confining thus the uniform stretch to the top levels
of the towers. This can be done smoothly as was explained above.

e We can replace the cosine by a staircase-like function constant on
the levels of the rank one towers and smoothened-up with bump
functions.

By the first procedure, rigidity times due to fast cyclic approxima-
tions are precluded and replaced by mixing sequences of time due to
the uniform stretch. However before reaching the top levels of a tower
of a translation there are intermediate rigidity times that will also be
rigidity times for the special flow due to the flatness of the Birkhoff
sums.

By the second procedure, uniform stretch of the Birkhoff sums that
provided mixing via uniform continuous stretch of intervals gives way
to non-uniform stretch, i.e. staircase stretch of intervals similar to the
one obtained on the top of each column in the cutting and stacking con-
structions. Subsequently, the proof of mixing involves arithmetically
spaced Birkhoff averages under the action of the flow. These averages
are shown to converge using the mixing times obtained previously from
uniform stretch.

1.5. Plan of the construction. In the next section we introduce
some definitions and notations and we state a criterion that guarantees
the rank one property for a special flow over a rank one transformation.
We also recall the criterion that yields mixing for the special flow from
uniform stretching of the Birkhoff sums of the ceiling function.

Section 3 is reserved to the choice of the translation R, . and to the
description of a special rank one sequence of towers for R, o that we
will want to lift into a rank one sequence of towers for the flow.
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In Sections 4 and 5, we list the properties required on the functions
Xn(z,y) and Y, (z,y) that will substitute the terms cos(2wg,z)/e
and cos(27q),y) in the expression of the ceiling function. The effective
construction of these functions is done in the last sections 8 and 9.

In Sections 6 and 7 respectively, we prove that the special flow built
over R, and under the function ¢ = ) X, +Y, is of rank one
and mixing.

neN

2. PRELIMINARIES

2.1. Special flows. Let (M, T, u) be a dynamical system. Given a real
function ¢ € L'(M, p) such that ¢ > ¢ > 0, we define the special flow
constructed over T" and under the ceiling function ¢ to be the quotient
flow of the action M x R -+ M X R: (z,8) — (z,s+t) by the relation
(z,s + ¢(z)) ~ (T'z,s). This flow acts on the manifold My, obtained
from the subset of M x R: M, = {(2,s) e M xR /0<s < ¢(2)}
by identifying pairs (z, ¢(z)) and (T'z,0). It preserves the normalized
product measure on Mr,, i.e. the product of the measure p on the
base with the Lebesgue measure on the fibers divided by [}, ¢(2)dpu(z).
Moreover, if the transformation 7" is uniquely ergodic then so is the
special flow. We denote by T%,w the special flow above a transformation
T and under the ceiling function ¢. The Birkhoff sums of ¢ over the
iterates by T of a point z € M are denoted by Sp,p(2) = Yoy o(T%2).

DEFINITION 2.1. For (z,s) € Mr,, and t € R" we introduce the nota-
tion m(z, s,t) for the only m € N that satisfies

0<s+t—Snp(z) <e(Tmz).
With this definition of m = m(z, s,t) we get
T (z,8) = (T™z,5 +t — Spip(2)) -

For a point z € M we sometimes use the notation z and m(z,t) for
(2,0) € Mr,, and m(z,0,1).

2.2. The rank one property.

2.2.1. Rank one transformations. Let (M, T, ) be a dynamical sys-
tem. Given a measurable set A C M and an integer A such that
A, T(A),...,T" A are disjoint we say that AUTAU---UTh 1A is a
tower of T' and denote it by T(A, h). The set A is called the base of
the tower and h its height. Every T*(A), k < h — 1, is called a level of
the tower. The measure of the tower is hu(A). Rokhlin Lemma insures
that if the set of periodic points of 1" is of measure zero then for any
e > 0 and any h € N* there exists a tower of 7" with height A and
measure greater than 1 — e.
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Given a measurable partition P of M and an € > 0, we say that a
measurable set A is e—monochromatic with respect to P if all but a
proportion less than e of the set A is included in one atom of P. We
say that a tower of T" with base A and height h is e—monochromatic
with respect to P if all but a proportion less than e of its levels (i.e.
less than he levels) are e—monochromatic with respect to P.

DEFINITION 2.2. We say that a dynamical system (M, T, u) is of rank
one or has the rank one property if for any finite measurable partition
P of M and for any € > 0 there exists a tower for 7" that has measure
greater than 1 — € and is e—monochromatic with respect to P. In other
words, (M, T, i) is of rank one if there exists a sequence of towers for
T that generates the sigma algebra of finite partitions of (M, p).

2.2.2. Rank one flows. Let (M, T, 1) be an ergodic flow. For any pos-
itive real number H and any € > 0, we can represent {7"}, » as a
special flow over a system (X, T, v) with a ceiling function ¢ such that:

(i) ¢(x) < H for every z in M,
(ii) ¢(z) = H on a subset B C M of measure v(B) > 1 —e.

This flow version of Rokhlin’s lemma was first introduced by Ornstein
in [17]. We call U2, T*B a tower of {T"},cx with base B and height
H. Every T"(B), t < H, is a horizontal level of the tower. The measure
of the tower is Hv(B)/ [, ¢(z)dv(z) > v(B) > 1 —e.

Given a finite measurable partition P of (M, ) and an € > 0, we say
that a horizontal level T°B, s < H of the tower is e-monochromatic
with respect to P if a proportion not less than 1 — € of the 7 v-measure
of this horizontal level is included in one of the atoms of P. We say
that a tower above B of height H is e-monochromatic with respect
to P if all but a proportion less than e of its horizontal levels (pro-
portion measured with respect to the Lebesgue measure on [0, H]) are
e-monochromatic with respect to P.

We can generalize in a natural way the definition of rank one to flows.
We give the definition as stated by P. Zeitz in [22]

DEFINITION 2.3. Let (M, T* i) be a dynamical system. We say that
the flow {7"},. is of rank one if for any finite measurable partition
P of M and for every € > 0, there is a tower for {T"},_; of measure
greater than 1 — e that is e—monochromatic with respect to P.

2.2.3. A criterion that guarantees the property of rank one for spe-
cial flows over rank one transformations. The criterion involves the
Birkhoff-sums of the ceiling function and allows us to "lift" rank one
towers of the transformation on the base to rank one towers of the flow.
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Let (M, T, v) be a dynamical system of rank one. We call a sequence
of towers of T', {T(By, hn)},cy, & rank one sequence of towers for T
if given any € > 0 and any finite measurable partition P of M, there
exists ny such that for every n > ng, the tower J(B,, h,) has measure
greater than 1 — € and is e-monochromatic with respect to P.

PROPOSITION 2.4 (Criterion for rank one). Let (M,T,v) be a dy-
namaical system of rank one and T}M be a special flow constructed over
T with a ceiling function satisfying 0 < ¢ < ¢ < C < 0. If there exists

a rank one sequence of towers, {T(By, hn)}, ey of T such that

sup sup |SmS0(Z,) - Sm§0(2)| — Oa (2'1)
n—00

m<hy, z,2’ €By,

then the flow T} , is of rank one.

@

Proof. Since inf,cpr ¢(z) > ¢ > 0, (2.1) implies that for sufficiently
large n there exists H, € R such that sup,.p Sh,1¢(2) < H, <
inf,cp, Sh,p(z). Hence in Definition 2.1 we have for any z € B,
m(z,H,) = h, — 1, therefore |J" T'B, is a tower of the special
flow since T(B,, h,) is a tower of T. Moreover since the measure of
the tower on the base T(By,, h, — 1) is greater than 1 — ¢ — v(B,)
we get that the measure of the flow tower Ui " T'B,, is greater than
1= (v(Bn) + €) sup.en 9(2)/ [y p(2)dv(2).

On the other hand fix an arbitrary measurable set A C M. From
(2.1) we have that as the levels of the towers T(B,, h,) of T become
increasingly monochromatic with respect to the set A then the levels
of the flow towers Ufﬁo T*B,, become increasingly monochromatic with
respect to Ufi;fl A where sp,s; € R. Since any finite measurable
partition of My, can be approximated by sets of the latter form the
proof of rank one for the flow follows. O

2.3. The mixing property.

2.3.1. Mizing sequences of time. We recall that a dynamical system
(M, T*, i) is said to be mixing if for any measurable sets A,B C M
one has
tlim w(T7PAN B) = u(A)u(B). (2.2)
—00
DEFINITION 2.5. We say that a sequence ¢,, — oo is a mixing sequence
for the flow {T"},.r if (2.2) holds along the sequence t, as n goes to
infinity. A sequence of subsets of R, {I,}, . is called a mixing sequence
of sets for the flow {T"},_ if any sequence t,, € I, is a mixing sequence.
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Clearly, if a neighborhood of co can be covered by a finite union of
mixing sequences of sets, e.g. for some a € R, [a,00) C U;O:l Unen L
where each {7}, }, . is a mixing sequence of sets then the flow is mixing.

2.3.2. Good sequences of partial partitions. We denote by a partial par-
tition of (M, i) a finite collection of disjoint measurable sets in M.

DEFINITION 2.6. Let {Q},. (or t € N) be a family of partial parti-
tions of (M, ). We say that Q; tends to the partition into points as
t goes to infinity and write €2, — € if every measurable subset of M
becomes arbitrarily well approximated in measure by unions of sets in
), as t goes to infinity.

DEFINITION 2.7. Let (M, T*, 1) be a dynamical system. Let {t,}, .y
be a sequence of real numbers. We say that a family of partial partitions
{Qn}, ey is good for the sequence {t,}, .y if for any measurable set
A C M and any € > 0 there exists ng € N such that for any integer
n > ny, for any atom & € €,

|ENT " A) — u(E)u(A)| < ep(€). (2-3)

If in addition we have that Q, — € then {t,}, . is a mixing sequence
for {T"}, x-

Consequently we have that if there exists a family of partial par-
titions {€},.r such that €, — ¢ and that {€ }, . is good for any
sequence {t,}, y such that ¢, — oo then the system (M, T", ;1) is mix-
ing.

In the case we are studying of a special flow of the type sza o
we generalize the notion of partial partition to collections of the t’ype
Q x{y,s}, (y,s) € T xR or Q x {s}, s € R where Q is respectively
a partial partition of the circle or a partial partition of T?. In these
cases we will also say that a sequence of partial partitions of T (or T?)
is good for {t,},cy if there exists a sequence {E,}, . of subsets of
Mg, ., such that p(E,) — 0 and if for any measurable set A C M
and any € > 0 there exists ng € N such that for any integer n > nyg, for
any atom & € Q, x{y, s} (or £ € Q, x {s}) lying in the complementary
of E,, we have

AO(EN T A) = AO()u(4)] < eAD(e), (2.4)

where A() = X is the Lebesgue measure on the line and A® = X\ x A
and ¢ = 1,2 depending on the dimension of £&. A Fubini argument
then gives the same conclusions related to mixing as above, namely if
Q, — € on the circle or on T? then {t,}, .y is a mixing sequence.
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2.3.3. Uniform stretch. One of the tools we will use to derive mixing
is uniform stretch. We recall the definition for a real function on a
segment [a,b] C R (see [14, 4])

DEFINITION 2.8. Let € > 0 and K > 0. We say that a real function g
defined on an interval [a, b] is (¢, K)-uniformly stretching on |a, b] if

supg — infg > K,
[a,b] [a,b]

and if for any infj,p g < u < v < supy,, g, the set
Ly = f{o € [0,8] / u < g(a) < v},

has Lebesgue measure
U =gy~ = A S Uy

We assume now that ¢ is at least two times differentiable and we re-
call the following straightforward but useful criterion on the derivatives
of g insuring its uniform stretch on the segment |[a, b]:

(b—a).

LEMMA 2.9 (A Criterion for uniform stretch). If
inf |g/(2)1b— af > K
z€[a,b]

and  sup |g"(z)||b—al <e inf |g'(z)]
z€[a,b] z€[a,b]

then g is (e, K)-uniformly stretching on [a, b].

The following proposition derives mixing from uniform stretch for a
special flow above a minimal translation of the two torus T? = R? /Z2.
Its proof can be found in [4].

PROPOSITION 2.10 (Criterion for a mixing sequence). Let T}}a e
be the special flow constructed over some minimal translation Ra,ar, of
T? and under a strictly positive continuous function ¢ two times differ-
entiable in the x direction. Let {t,}, .y be a sequence of real numbers.
If {Qn},.en s a sequence of partial partitions of the circle in intervals
and if there exist sequences K, — oo and v, — 0 such that

e For any interval I € Q,, for any y € T, for m = m(x,y,t,) for

somez € I, Spo(.,y) is (Kp, vy)-uniformly stretching on I x {y},

then {Q, },,cn 8 a good sequence of partial partitions for {t,}, . There-

fore, if in addition {Q,}, . — € then {t,}, .y i a miring sequence for
the special flow.

2.4. Notations.
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2.4.1. For d € N* let T? = R?/Z?. For k € NU {+00} we denote by
C*(T?,R) the set of real functions on R? of class C* and Z%periodic.
By C*(T?,R% ) we will denote the subset of C*(T% R) of strictly pos-
itive functions. We will use the notation ||¢|| := sup,cra |¢(2)]. For
r € N, the notation Dl is used for the derivative of order r of ¢

T

with respect to z and the norm on C*(T% R) we consider is [[¢|| o :=
Zr+p:k ||D;‘D5SD||

2.4.2. Let = be a real number; we denote by:

e [x] the integer part of x,

e {r} =z — [z] its fractional part,

e |||z|| = min({z},1 — {z}) the distance of z to the closest integer.

2.4.3. We recall some facts about the best approximations of an irra-
tional number by rational ones. When we write g € Q we assume that
qg €N, g>1,p € Z and that p and g are relatively prime. To each
a € R\ Q, there exists a sequence of rationals {p,/q,},cy called the
convergents of «, such that:

llgn-rcelll < lllgal]| for every 0 < g < gn, ¢ # gn—1 (2.5)

and for any n € N

1 1
< (1)@= ) < . (26)
an (Qn + QH—H) an Inqn+1
Let o/ € R\ Q and assume that o/ — z:":i > 0 then we have
. 1 1
of = Pnt < (2.7)

q;rl %—1% %q;zﬂ .

REMARK 2.11. In all the paper we will always assume a fixed parity
for n, say n odd, so that o — z,"‘l > (0. The constructions we would

n—1

have to make at step n if n is even being similar to the ones we will
make assuming n is odd.

3. THE TRANSLATION ON THE BASE T?

3.1. The choice of the translation R, .. Following [21] we intro-
duce

DEFINITION 3.1. Let Y be the set of couples (o, o/) € R\ Q° such
that the sequences of denominators of the convergents of o and o,
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{@n},en and {q,},cn respectively, satisfy the following: there exists
ng € N such that, for any n > ny

gy, > e, (3.1)
1 > €30,
wmANg,_; =1, and ¢, Aq,=1.

Here p A ¢ = 1 stands for p and ¢ relatively prime.

The importance of (3.1) and (3.2) in the choice of (a, ') was men-
tioned in the introduction: it is the mechanism of alternation between
the ¢, and ¢, that is behind uniform stretch for all m € N of the
Birkhoff sums S,,¢ of an adequately chosen ceiling function ¢. In ad-
dition to the first two, the third condition is useful to obtain rank one
towers for the translation R, .. It is easy to prove the existence of an
uncountable and dense set of couples in R? satisfying (3.1)-(3.3) (see
[21] and [6]).

3.2. A special tower for R, . Let (a,a') € Y and consider on T?
the translation R, o of vector (c, o).

DEFINITION 3.2. For 0 < j < ¢,¢, ; — 1, define on T? the rectangles

Dn . 1 Dot D 1
Rn,j = <]&7]@+_) X (]p? la]p? 1+ ; )
qn Qn qn Ap—1  Gp-1 dn—1

LEMMA 3.3. The rectangles R, ;, 0 < j < qnq,,_1 — 1, are disjoint and
their union is of full Haar measure on T2.

Proof. Suppose j and j' are such that

iz ez,
n n
2 P,
ol il e 7,
qn—l qn—l

Because ¢, and p, are relatively prime ¢, divides 7 — j’, and we have
the same for ¢,_, but since we assumed that ¢, and ¢],_, are relatively
prime g,q,_, has to divide j — j' and j — j' > ¢.q,,_,;. Hence, up to
@nq,_1 — 1 the R, ; are indeed disjoint. O

The rational translation R( approximates the trans-

Pn/qn, pln_1/qfn_1)
lation R, o (equation (2.6)), and the tower of the rational translation,
Rio, -y Rog.q,_,—1, 1s almost a tower for the irrational one. To
this difference that the rectangle R, is periodic under the action of

R , , while its first return on itself under the action of
(pn/tJn, pn_l/qn_l)

R, o is shifted to the right on the y-axis by |||gng,_1 ||| ~ ¢n/q, (from
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(2.7)). In the z direction, the shift of the first return is far smaller
since |||gng),_1c||| ~ ¢,_1/@n+1. This will allow us to select a special
tower for R, o with base essentially the rectangle [0,1/g,] x [0, ¢,/q.,]-
The stacking of the levels of the corresponding tower, from left to right
in each R, ;, 0 < j < ¢nq,_; — 1, displays a clear analogy with what
happens for an irrational rotation on the circle as well as in the cut-
ting and stacking constructions and will be behind the cumulation of
staircase stretch by the Birkhoff sums of the ceiling function that we
will later consider over R, o (see Property (X.3) in Section 4).

3.2.1. Description of the tower. We give now a precise description of
the tower we want to consider.

DEFINITION 3.4. Denote by [.] the integer part and let

!
Tn 1= [ q7 } -1,
annfl

2
=|1-= .
hn [( ’I’L)Tn:| q”qn—l

and

Define the rectangle
1 1.1 1 1
By |- | [ - k|,
ngn n Gn ngy n q,

and denote by B! its image under h iterations of Rg o

One of the goals of this section is to prove the following

PROPOSITION 3.5. The translation R, o is rank one by rectangles: the
sequence of towers {T(BY, hn)} ey is a rank one sequence for R o .

REMARK 3.6. A more exhaustive tower over Bg for Ry o would be the
one with 7,¢nq,_; ~ ¢, levels. The term (1 — 2) in the expression
of h, is used to put aside the top levels over BY that will not lift to
monochromatic levels for the flow but will rather carry uniform stretch
(Compare Properties (Y.2) and (Y.3) in Section 5).

DEFINITION 3.7. (The rational rotation) For every 0 < i < r,, define
the disjoint subsets of R,

11 1.1 On qn )
(1= )= x | 1) dny
ann’( n2)qn} [Z%Jrn?q (i )qg n? ¢,

For every 1 < j < ¢,¢,,_; — 1 define the disjoint subsets of R,

s =
n,2qnq,,_1 * !
n

L = RJ .
D"J-l—wnq;z_l T RM p{nfl (DTL,Zan;L_I)'

s 7
an a4, 1
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U

. 7 : 7
i J+anan 1 J+radndy, 1
D], D D

= [

7 I
Andy 1 Tndnly, 1
Dyrin=t D, y

Fig. 1. The rational rotation.

In all the paper we will try to reserve the superscripts to indicate
iterations under the minimal translation R, « .

DEFINITION 3.8. Let
—0 1 1.1 1. 1
=|—,(1—--=)— 0,(1 ——)— R,
R | a-Hl] x oa-Ht] c R

and for every 0 < j < ¢,q,_, — 1 let
RZL = fo,a’ (Rn)

The following Lemma encloses the facts that we will need about the
combinatorics of R, o at step n. Recall that we have assumed that n

is odd so that o' — z,"—‘l > 0.

n—1

LEMMA 3.9. For any 0 < j < gnq,_, — 1, we have

F],'L C Rn’j. (34)

Furthermore, for each 0 < j < qnq,_, — 1, there is a real number
0 < Bn,j < qn/q,, such that for any 0 <i < r, —1, one has

j ] n ’_ .+. n ! —_
R () i o3

where Ty g is the translation of vector (0, 3).

An immediate corollary of the above lemma is that the sets B" are
disjoint for 0 < h < h,. Since in addition s, A\ (B2) ~ (1 — 2)° the
Proposition 3.5 follows. The above lemma also shows how to construct
a function that is constant on the levels of the tower over BY.
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COROLLARY 3.10. If a real function k defined on the torus is constant

j+iqng), _ . )

on Dp "7t for some i < r, —1 and some 0 < j < q,ql,_; — 1, then

. . jtigng. _ . . .
the function ko Ty g, . is constant on By "t In particular, if K 18
iqnq;,
n "' C Ryyg, then for any
j‘H.(Inqzz_l
" )

(1/gn,1/¢,,_,) periodic and constant on D
0<j < qug,  — 1 we have that ko Ty 4, ; is constant on B

rrrrrrrrrrrr

pi pgiten -

Fig. 2. The special tower of R, .

Proof of Lemma 3.9. We will only prove (3.5) that actually implies
(3.4) if we take i = 0. We will proceed separately for the x and the y
direction. Take a couple (7, j) of integers such that 0 < j < gnq, ; —1

and 0 < i <r,. Take (z,y) € B,];Hq"q"*l, hence
1 ) ) 1.1
e <{z —ja—ig.q,_ja} < (1- ﬁ)q_

From (2.6) we have

. ! Y qln—l q7l7, ]'
191 — 1y _1Pn| <1 < =0 )
0 n-1Pn| Int1 ~ Gnlnt (nqn)
and /
] 1
ja -l < LIl g~
qn In+1 In+1 ngn
therefore
<o-jly< - (3.6)
<{z—-j="}< —— ) )
n2qy R
For the coordinate y we have that (z,y) € Bt implies
1gn G lgn

<{y—jd —ignq,_a'} < = — —=.
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From (2.7) we have

,[; !/
(it 10f —i%} < T = o),

@ T Gnst ng,,
again from (2.7) we have
: .pln_1 J J q
]a, - ] ! - 12 ! ! 0 = O( n[ )'
qn—l qn—lqn qnqn—l—l nqn

It follows that if we take 3, ; to be j/¢,_1¢, < ¢./q;,, we will have

1 gn Doy Gn & 1w
wig, VTGS g T g Ty O
The Lemma follows from (3.6) and (3.7). O

4. THE PROPERTIES OF THE FUNCTION X,

The function X, will be essentially a staircase function over every
R, ; almost constant on each level of the tower T(BY, h,) (see Section
3.2). It will also be a trigonometric polynomial so that the derivatives
of its Birkhoff sums over R, o must be uniformly bounded (in m). We
will list here the properties required of X, and postpone its effective
construction to Section 8. Set

€n 1= M (4.1)

I
PROPOSITION 4.1. There exists a sequence of functions X, € C*®(T?,R)
with the following properties,
(X.1) For any r > 1, there exists a constant c(r) such that || DL X, || <
c(r)n?2q" e,,.
(X.2) There ezists a constant ¢ such that || X,|| + || DyXn|| < cn4g—’:6n.
(X.3) Let BY and r, be as in Definition 3.4. For every j < ¢, g, — 1

and every i < (1 — 2)r,, we have for (z,y) € pltint-s

|Xn($, y) - Z'€n| S

At
(X.4) Forr > 1, for n large enough we have for every m € N

dn+1

I<n
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(X.5) Forp>1, for n large enough we have for every m € N

1D5Sm > Xall < g, .

I<n

REMARK 4.2 (Choice of ¢,). Due to (3.1) and (3.2) and our choice of
€, in (4.1) we have that (X.1) yields |D.X,|| < 1/4/¢, and (X.2)
yields || X, || + || DyXy|| < 1/\/@n. On the other hand, with this choice
of €,, (X.3) insures that already from g,/n? the Birkhoff sums of X,
are stretching in the y direction above intervals of length 1/(¢,_,)°
(see (7.7)) while (X.5) implies that the lower order terms are almost
constant above such intervals.

5. THE PROPERTIES OF THE FUNCTION Y™"

The function Y;, is obtained from cos(27g,r)/e? multiplied by a

bump function essentially equal to 0 over the rectangles FZZ C R, ; of
Definition 3.8 (i.e. over the first h, levels of the tower T(B?, h,) and
equal to 1 on the last 1/n proportion of the rectangles R, ; (to produce
uniform stretch when this end part of R, ; is visited). In addition
Y, is taken to be a trigonometric polynomial in order for its Birkhoff
sums over R, to be uniformly bounded (in m). We will list here
the properties required of Y,, and postpone its effective construction to
Section 9.

PROPOSITION 5.1. There exists a sequence of functions Y, € C*°(T? R)
with the following properties,
(Y.1) Forr,p € N, there exists a constant ¢ (r,p) such that we have

q
| D DYY, || < (r, p)n‘q’p(q;fl)pe;-

(Y.2) For h,, and BY as in Section 3.2 we have

1
sup sup [SpYn(2)] < —.
m<hy z€BY n

(Y.3) For n sufficiently large, for x such that {g,xz} € [+, — Z]U[5 +

n? 2 n
1

n %] and for m € (g, 2qn11/(n + 1)2], we have

T 4q
‘DwSmYn(xay)‘ Z Q—nQQTT:Lm’

2
| D25, Y| < 5%2572771.
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(Y.4) Forr > 1, for n large enough we have for any m € N
, q
1D;Sm > Vil < 1.

n

1

34n
I<n €2

(Y.5) Forp > 1, for n large enough we have for any m € N

a0,
ID2S, Y Y| < e

qn
<n

Define now

o(z,y) = o+ Y Xnlz,y) + Ya(z,y),
n>no
where ¢y € R and ny are chosen such that ¢ is strictly positive and has
mean value one. From (X.1), (X.2) and (Y.1) we get that ¢ is of class
C' on T? and is C™ in the z variable. With (o, ') € Y and with the
above properties on X,, and Y,, we will prove in the next two sections
the following

THEOREM 5.2. The special flow sza e S of rank one and mixing.

1P
6. PROOF OF THE RANK ONE PROPERTY

We want to check Criterion 2.4 for T} o

h, and BY as in Definition 3.4 and having Proposition 3.5, we want to
show that

More precisely, given

lim sup sup |Snp(z') — Smp(z)| =0. (6.1)

n—roo mshn Z,Z’ EBQL

Due to to the properties (3.1) and (3.2) of the sequences {gy },cy and
{@,},,en We have for n large enough:

e (X.2) (Remark 4.2) implies that

1 1 q
sup [|Sy, X)) < h, — <, <2——"2
p [Sm( D X))l < Z\@ q Z\/@ Vi

m<han I>n+1 I>n+1 I>n+1

e (Y.1) implies that

1
sup [|Sm( D W) < €(0,0)g, > - <2(0,0)- 2,

m<hn I>ntl I>nt1
e (X.4) and (X.5) imply that

1 n
sup sup |Sp Z Xi(z'") = S, Z Xi(2)] < + (q;71)5q_l,

0
m<hn z,2'€By I<n—1 1<n—1
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e (Y.4) and (Y.5) imply that

1 ! n
sup sup |Sp Z Yi(2') — Sm Z Yi(2)| < — + I
e

0 54n—-1 lQn 19"’
, — —
m<hy z,2/€BY I<n—1 I<n-1 2 €2 q,

e (X.3) implies that

2
sup sup |[SpXn(2') — SnX,(2)| < —.
m<hn z,2/€BY qn
Together with (Y.2) the above estimations yield the required (6.1).
O

7. PROOF OF MIXING

We will prove mixing in three steps depending on the range of t € R.
In step 1, mixing is obtained for some range of time due to uniform
stretch of the Birkhoff sums of V;, (Property (Y.3)). In step 2 mixing
is obtained for another range of time due to staircase stretch of the
Birkhoff sums of X,, (Property (X.3)). For the remaining times mixing
is established in step 3 due to a combination of uniform stretch and
staircase stretch mechanisms. The proof of mixing in steps 2 and 3
uses the existence of mixing intervals of time established in step 1.

7.1. Step 1. Uniform stretch. We will prove in this step that the
sequence of intervals [2¢’,, ¢n41/(n + 1)?] is mixing for the special flow
Tk ,» a8 in Definition 2.5.

DEFINITION 7.1. Let €2, be a partition of the set
11 1 1 1 1
Jpi=<qz €T z}€|l— z——|U|z+—-,1—-—
v={re T/ mad e lhg - UG+ 1= 1)
in intervals of length between %e_q" and e~ 9. Clearly €2, converges to
the partition into points of T as n — 0.

We want to apply Criterion 2.10 to the sequence {€2,}, .y and show
that any sequence t, € [2q), gn+1/(n + 1)2] is mixing. Since ¢ is con-
tinuous and has mean value 1 we have by unique ergodicity of R,
that for sufficiently large n, for any ¢t € [2¢., ¢ni1/(n+ 1)7], for any
(z,y) € T?

m(z,y,t) € [d,, 2qni1/(n 4+ 1)7]
where m(z,y,t) is as in Definition 2.1. Hence Step 1 will follow from
Criterion 2.10 if we prove that for any interval I € €2, and any y € T
we have for m € [¢), 2¢ns1/(n + 1)7]

Sme(-,y) is (Ky, vp) — uniformly stretching on I x {y},  (7.1)
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for some sequences K,, — oo and v, — 0.
To get this we deduce from the properties of X,, and Y,, the following
estimates for ¢ = 1,2 and for n large enough:

e (X.4) and (Y.4) imply that
sup [| DS Y (Xi+ V)| < 2qae72%,
meN I<n—1
e (X.1) implies that || DSy (3, Xi)|| < mﬁ,
17L

e%qn+l.

e (Y.1) implies that || D%S,,( Z V)| <m
>n+1
The above quantities being negligible with respect to mg, /n’e% if
m € [q,2¢ns1/(n+ 1)%], we deduce from (Y.3) that for this range of
m and for n large enough we have for x € J,,, y € T

In

eldn ’

T
D, Smp(@,y)| > ——
| ple,y)l 2 25
2 2 0n
1Dz Sme|| < 6m°——m.
edn

Hence (3.1) implies that for any interval I € Q,, (Definition 7.1) we
have for m as above and any y € T

) Tqn ™M
>
iIéfI‘ |D;cSm§0($a y)||]‘ = 677,2 qun
X "
2 o

and since |I| < e % we get

18mngq, .

| D2Sll|1] < inf | DySimp (2, )],

eln

and the desired (7.1) follows from Lemma 2.9 with K,, = TZe% and

6n2
187n2qy, ) O

Vn - ein

7.2. Step 2. Staircase stretch. We will prove in this step that the
sequence of intervals [g,/n?, ¢, /n®] is mixing for the special flow Tf, |
as in Definition 2.5. ’

7.2.1. Consequence of Step 1. We begin with a preliminary Lemma
that is due to the existence of mixing intervals obtained in Step 1 and
that will be useful in establishing mixing in this Step 2.

LEMMA 7.2. There exists a sequence of positive numbers €1; — 0 such
that if § > 0 and H € N satisfy 6H € [3(1 + 1)q!, qis1/(1 +1)°] and
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H > 1? then there ewists a set W(H,0) C Mg, ., with p(U) > 1 — ey
such that for any z € U we have

H-1

1 .

i D xalT™2) — p(A)| < C(A)er,
=0

where A is any measurable set in Mg__, , and C(A) is a constant
depending only on A.

Proof. Given f,g € L*(Mg_ ,, R), we define the scalar product

< fla>= [ 1G)auz)

The lemma clearly follows if we prove that there exists a sequence ¢, —
0 such that for any f € L*(Mg, , o, R) with [, . f(2)du(z) = 0

we have

< C(f)er (7.2)

1 H-1
> e
H 1=0

It follows from Step 1 that there exists §; — 0 such that for any
T € [2q;, @ /(1 + 1)%] we have

L2

| <foT7/f>[<C(f)or

o= |
I+1|’

T=H'S,

Hence we define

and we see that since 7 € [2¢)/(l + 1), q+1/(I + 1)*], we have for any
1<j <1 |<foT™7/f>| < C(f), then

< U+ DIfNF + @+ DO(f)b,

l
S gt
§=0

L2

which gives

!
1 . 1 11
—— > foT || < ——|Ifll-+C(f)?6F,
l+1j:0 L2 Vi+1
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and since the measure p is invariant by the flow we have

1 H'(1+1)-1 1 H -1 1
T—zci — T—j’r—p&
H(+1) Z U HH’(H—I)ZZfo
I p=0 j=0 L2
< | Fll + C ()0
BV St :
We conclude observing that
H-1 H'(141)—
1 —1id 1 i l+1
72T Slmrey 2 ot + ==l fl.
=0 L2 12
and using the hypothesis H > [2. O

7.2.2. Good partial partitions at time t. Recall from Section 2.3.2 that
to prove that [g,/n?, ¢/, /n?] is an interval of mixing it is enough to show
that for any ¢ € [q,/n?, ¢/, /n?] there exists a family of partial partitions
of T? Q, such that €, converges to the partition into points of T? as n
goes to 0o, and such that for any measurable set A € M Ry v and any

e > 0 we have: for n large enough, for any ¢ € [g,/n?, ¢/,/n?] and any
set £ € 0 x {s} such that £N E; = () where u(E;) — 0, (2.4) holds, i.e.

IAB(ENT T A) = XD (Eu(A)| < ex?(9),

In all this section we will assume ¢ € [q,/n?, ¢/, /n?] is fixed.
In relation with Lemma 7.2 we give the following

DEFINITION 7.3. Given €, as in (4.1) let

M = [t]
0 := Me,

ql 8
2] it M < e

! 8
[—(q“gl) ] if M > et
REMARK 7.4. It is easy to see that in both cases we have H > n?
and hence that we can apply Lemma 7.2 to the couple (§, H) with
l=n—-21M<eand!l =n—-—1if M > e?. It is also clear

that H < p (q‘f;’ - The latter will be crucial when we will want to
n\4n—1

prove that, for m comparable to ¢t and above the sets of "length" H
(Definition 7.5), only the Birkhoff sums of S,,X,, are responsible for
the variations of S, (see Lemma 7.7).
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DEFINITION 7.5. With the notations of Definitions 3.4 and 7.3, we will
call a set & x {s} C Mg__,, (£ € T? and 0 < s < infgy)ee @(2,))
good if

j+40qn ), _ j+(i0+1)gn g, _ j+(io+H—1)qnq,,_
¢ 1= Bt pgitiot ity prtlot iy g g)

where 0 < j < ¢,q,_; — 1 and iy € N satisfies

4
io+ H < (1= —)r, (7.4)
and if there exists a point zy € B#ioq"q;"”l x {s} such that
20 € T (75)

where U = U(d, H) is the set obtained in Lemma 7.2 (with | = n — 2 if
M<etandl=n—-1if M > e™).

From the fact that for n large H is negligible with respect to r, (see
Remark 7.4) and the fact that the measure of U can be made arbitrarily
close to 0, from what was said in §7.2.2 we will finish if we prove (2.4)
for any good set & x {s}.

A set £ x {s} being given we denote it for simplicity by £ and denote

the sets Bf(mﬂ)qnq;“l by B(i) for 0 <i < H — 1. We can also assume
that s = 0 since this does not alter the proof.

Fix hereafter ¢ > 0 and a set A C Mg__, ,. Since any measurable
set can be approximated by balls, it does not constitute a restriction
to assume that A is a ball. Fix also two balls in MRa,a, o AT and A~

such that A C int(A") and A C int(A~) and such that
(1 —e*)u(A") < p(A) < (1+e*)p(A7). (7.6)

The following Proposition encloses the essential consequence of the
staircase stretch displayed by the Birkhoff sums of ¢ due to our defini-
tion of X,, and Y,.

PROPOSITION 7.6. There exists ng € N such that given any time t €
[qn/7?, ¢\, /n?] and any good set & (see Definition 7.5), we have for any
0<i<H-—1and any zy € B(0)

o IfT"""(z) € A™ then T*(B(i)) C A.

o IfTH(B(i)) NA#D then TV % (z) € A*.

Before proving this Proposition we show how to derive (2.4) from it.
For n > ng and 2z, € B(0) we have
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H-1

D xa- (T2 (2)) AP (B(0)) < A® (6T A)

=0

T

< 37 xa (T P (2))AO(B(0)).

i

Il
)

Lemma 7.2 is applicable due to Remark 7.4, hence considering the
latter equation for zy € B(0) NT*U (see (7.5)) we obtain if &1, o and
€1,n—1 are sufficiently small that

(1—e®)Hu(A)AD(B(0)) <A@ (¢nT7PA) < (1+€%)Hu(AM)A? (B(0)).

Since HA@(B(0)) = A2 (¢) this last inequality and (7.6) lead to (2.4)

ife < i. O
In our proof of Proposition 7.6 we will need the following Lemma

LEMMA 7.7. There exists a sequence €9, — 0 such that if 0 < ¢ <
i < (1= %), and iy — iy < a. /(g (d,_))°) and m < 2.(];/712 then
for any 0 < j < qnq,,_; — 1 we have for any z € Bituandn-1 gnd
2y € Biti2and, 1

1Smp(22) — Smp(21) — (12 — i1)mey| < €2,n (7.7)

Proof. For j, 1,19, and m as above we have for every [ < m that
J+ i, 1 +1 < 5+ 02.q, 1 +1 < (1= 2)ragng,—; hence (X.3)
implies that

|Xn(R£y,a’Z2) — Xn(fo’a,zl) — (22 — 7;1)6”‘ S p q,

hence

| S Xn(22) — SmXn(21) — (ig — i1)me,| <

7.8
nqn (78)

We still have to bound |S,,(¢ — X,)(22) — Sm(¢ — X,)(#1)|- The
condition i —i1 < ¢! /(gn(q’,_;)°) implies that the distance between the
y coordinates of z, and z is less than 1/(¢),_;)° (see Definition 3.4).
Therefore (X.5) implies that |Sy, >, Xi(22) = Sm D jcpy Xi(21)] <
1/qy_1. } B

The control of the other terms in S, is similar to the one obtained
in the proof of the rank one property in Section 6. U
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7.2.3. Proof of Proposition 7.6. We will prove the first point in the
proposition, the second one being obtained similarly. Let 0 <7 < H—1
and denote by z; some arbitrarily fixed point in B(i). Define V € R by

We will need in the sequel an upper bound on |V|:

LEMMA 7.8. For n sufficiently large, we have for any m € N and any

z € T?
Adn

1
§qn—

m
Sno(z) —m| <6 +2
Sup(z) —m| < 67 -2

n

) + 2(‘];1—1)5-

In particular since M = [t] we have
o If &5 < M < e%™ then V< -2,

eqn—z
o Ifetn <M < % then |V| < M
n ein—1

We will prove this Lemma at the end of the section.
Define now

U:=t—1id — Sup(2)- (7.10)
By definition of a special flow we have from (7.10) and (7.9)
T (z) =TY (R) v 20) ,
T'z)=T" (R)yz) -
But from Lemma 7.7 and Remark 7.4 it follows that as n goes to co
\U—-V]|—0,

hence if we consider a cube A~ strictly included in A and strictly
including A~ (i.e. A~ C intA, A~ C intA~") we have for sufficiently
large n that if as in the statement of the Proposition TU(R(J)‘fa,zO) =

T'=%(2) € A~ then
TV (RM, %) € A7 (7.11)

To finish we must prove that for sufficiently large n the latter implies
that

TV (R, 2) € A. (7.12)
For this it is enough to show that as n goes to infinity
sup [Smp(Rayzi) — Smep(R i 20)| — 0. (7.13)

m<2|V|

Since 2|V| + M < 2¢!,/n? we have by Lemma 7.7 again that for any
m < 2|V

‘Smgo(Rg{a,zi) — Smcp(Rg/fa,zo) - imen‘ < €3p,
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hence to get (7.13) and finish we just have to check that
\V|He, — 0.

In light of the Definition 7.3 of H and Lemma 7.8 we have two cases: If
M < e, then |V|He, = |V|¢, ,*/M < ¢, ,*/e%—2; If M > e% then
VIHen = [V(g,1)°/M < (g,-1)° /e,

It only remains to give the
Proof of Lemma 7.8. As in the proof of the rank one property in Section
6, it follows from Propositions 4.1 and 5.1 that for n sufficiently large
we have for any m € N

Sn Y (X +Y)| <3-=,
I>n dn
while
DuSm 3 (X +Y)| <24,
lsn_l 62qn71
and
DySm Y (Xi+Y)|| < 2(g1)’,
I<n—1
which yields for any 2,2’ € T
m n
Smiz) = Smpl)| < 6+ 250+ 2(a )"
integrating along 2’ we get
m qn
[Smiple) = ml <67 +2 7 + 2(¢-1)",

from which Lemma 7.8 easily follows due to the inequalities (3.1) and
(3.2) between the denominators of the best approximations of a and
o O

7.3. Step 3. Combining staircase stretch and uniform stretch.
In this step we want to complete the proof of mixing by showing that
the intervals [¢},/n?, 2¢)] form a sequence of mixing intervals of time
for the special flow. In this range of time, both mechanisms of mixing
displayed in Step 1 and Step 2 enter into play and imply mixing for
sets lying in different parts of M Ry ot 0" In all this section we assume
t € [¢,,/n?,2q]] is fixed and introduce

9:—t

=, 7.14
ar, (7.14)
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With the definition of m(z,t) given in Section 2.1, observe that by
unique ergodicity of R, and continuity of ¢ and since we chose
Jp2 (2, y)dedy =1 then for n > 0 arbitrarily small there exists ¢ty > 0
such that for any ¢ > ¢y and any z € M R, 0 W€ have

(1 =1t < m(z,t) < (1+ )t (7.15)

Introduce the subsets of Mg__, , corresponding to uniform stretch and
staircase stretch respectively

M*(0,n) := {(x,y,é‘) €Mp, .o/ 1-0+n<{g, 1y} <1- 77}

Ms(gan) = {(l‘,y,S) € MRa,al,Lp / {q;z—ly} S 1-—- 0 - 7)},

where for instance if # > 1 — n we have M* = ().

It is easy to observe the following two facts related to (7.14) and
(7.15) and to the arithmetic properties of «':
e For any z € M™(6,n), there exists at least % integers £ < m(z,t) such
that {¢, ;(y+ka’)} € [1—++ 2, 1—-]. Hence, repeating exactly the
arguments of Step 1 we define in M*(6,7) a collection Q%(¢) consisting
of intervals as in Definition 7.1 covering all but an arbitrarily small
proportion (as n — oo) of M™(#,n) for which due to uniform stretch
(2.4) holds at time ¢ (for an arbitrary set A and an arbitrary precision
e provided n is large enough).

e For any z € M*(0,7), for any u <t we have T"(z) € M*(0, ) hence
all the calculations of Step 2 are still valid at this time ¢ and for points
in M*(#,n). Hence we can consider a collection Q°(¢) consisting of good
sets as in Definition 7.5 covering all but an arbitrarily small measure of
M?(0,n) for which (2.4) holds (for an arbitrary set A and an arbitrary
precision ¢ provided n is large enough).

Since the measure of the set of M Ry o0 that is not included in
M*(0,n)UM™(6,n) converges to 0 as n — 0 the partial partition Q*(¢)U
Q°(t) converges to the partition into points of Mg__, , as n — 0 and
n — oo thus Step 3 is completed. ’ O

8. CONSTRUCTION OF X,

8.1. Construction of a first function X,. Let  be a C™ increasing
function on R such that,
f(s)=0 for s<0,
f(s)=1 for s>1.
With r,, as in Section 3.2 and €, as in (4.1) consider on [0, q,n%l] the

following function
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kn(y) = (Z end (nQ%(y - lq—"))) (1—0(ng,_yy —n+2)) (81)

!
— I o,

extended to a C* function on T? independent of the variable z and of
period 1/¢,,_; in the variable y. This is possible because the left hand
side in the above expression is identically zero when y < ¢,/q/,, while
the right hand side is identically zero for y > (1 — 2)1/¢, ;.

In relation with (X.1), (X.2) and (X.3) we will need the following
Lemmas on k,

LEMMA 8.1. With r, and szq"qzz‘l as in Definitions 3.4 and 3.7 we

have for every i < (1 — %)rn that K, 1S constant on D:Lq"q"_l. More
precisely

Kn ignd,_, = l€p.

|Dn n—1

Proof. When i < (1 — 2)r,, (z,y) € Dy ™=1 implies that 0 < y <
(1-2)+ -, in this case the right hand side in the expression of s, is
equal to 1 and

)= 3ot (L0 - 1)),

— Gn n

but for every I, 8 (n?q,/q.(y — lg,/q,)) is constant equal to 0 when
y < lq,/q,, and constant equal to 1 when y > lg,/q], + #qn/q;. Hence
every term in the sum above is constant on D:lq"q"_l, equal to ¢, ifl <73
and to 0 if [ > 7 and the proposition follows. O

Since for every y at most one of the functions 0 (nq., /q.(y — iq./q.,))
is not locally constant we obtain the following straightforward estimates
for k,:

LEMMA 8.2. For any p > 1, we have

”’fn” < Tnén

q/ p
Iialler < ||e||cpn2p(q—")

n

To complete our construction of the function X,, we still have to
adjust £, in order to have a function that satisfies (X.3) not only on

iqng),

the sets B, C Dnjignq._, C Rnp, but on all the levels B! of the
tower T (B2, h,) (see the definitions in Section 3.2). Define on the real



28 BASSAM R. FAYAD

line the functions

va(@) = 0 (n2quz) — 0 (n2qn(a} 1,2 )) , (8.2)

O N

, , 1 3
vn(y) =0 (n’q,_1y+2) — 0 (ngqnl(y -+ 55 )) . (83)
qn—l n qn—l

We then have

1 1
Up(z) =0 forxz <0, and z > — — ,
O N%qy

1 2
<z ———
negn an negn

vp(z) =1 for )

and

2
Gy MPGn
<y< — 5 .
gy T T Gpor MPGpy
Hence we can consider the restriction of the function v, (z)v,(y) on
the rectangle [0, 1/¢,] X [-2/n?¢,_1,1/q,,_; —2/n?q,,_,] and extend it to
a C* function on the two torus that is (1/g,,1/¢,_;) periodic. With
R?l as in Definition 3.8 we have that the latter function is constant
equal to 1 on Rﬂ and to 0 on all the other R., 1 < j < gng,_y — 1. It
is also easy to see that the functions v, (z — Ip,/gn)vn(y — 0}, _1/d—1)

are equal to 1 on R; and to 0 on all the other _R:L, 0<j7<qnq,_,—1
Having Corollary 3.10 in mind and the definition of 3, ; in Lemma
3.9, we set

2
Un(y)zo fOI'yS —W, andy2

! 7
n—1

vp(y) =1 for —

nle 1) = Fnl0) (8.4)
T D T N A LB jz;;j)

where k,, v, and v, are defined in (8.1), (8.2) and (8.3). The latter

function is of class C* on T? and is equal to £, (y — 3, ;) on EZL. Hence,
Corollary 3.10 and Lemma 8.1 imply that

PROPOSITION 8.3. With hy, and B} as in Definition 3.4, the function
X, s constant on every B, for all p < h,. More precisely, for every
0<j<gng,,—1, for every i < (1 — 2)r,, we have

( n)|B;'+z‘qnq;l,1 = i€y. (8.5)
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The following estimates hold

PROPOSITION 8.4. We have for n large enough

1Xall < 2rnen, (8.6)
and for (r,p) # (0,0) we have for some constant c(r,p)
! p
IDEDE < el s (2 ) e, (8.7

Proof. Since sup;q. o |Bn,il < Gn/qy, we have from Lemma 8.2 that
1D5 (5 (y) = n(y = Bl < 101l oan?P (4, /gn)Pen. Our claim then
follows from (8.2) and (8.3) and the fact that in the expression of X,

in (8.4) we have that for any (z,y) € T? at most 4 terms are not locally
equal to 0. O

8.2. The function X,,.

Propositions 8.3 and 8.4 enclose the properties (X.1), (X.2) and (X.3)
required for X,,. Nevertheless the function X,, may fail to satisfy the
uniform bounds required in (X.4) and (X.5). The presence of high
frequencies in the Fourier expansion of X,, may indeed put in jeopardy
such control. To overcome this problem we turn to truncations. The
function X, defined in (8.4) being of class C* we consider its Fourier
coefficients X/"; and define

Xn(may) = Z Xﬁle,j, (88)
12+52<qp*
(l;j)g(anaZ*q%)

where for (I, j) € Z?

1@, y) o= e,

It is for the function X,, that we want to check the properties of Propo-
sition 4.1.

LEMMA 8.5. For any r > 1, we have for n sufficiently large

X~ Kall < (8.9)
anq
~ 1

D)X, = )l < . (8.10)

I1D5(X — Xl < g7 "en- (8.11)
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Proof. By definition

Xo=Xo= > Xt Y Xlxut Y Xy Xopa

12452>¢,4 2+j52<q,* 0<|p|<dg,
(lzj)e(Z*qnaZ*q{n)

we will denote in this proof by A, B, C the first, second and third term
in the latter expression of )gn - X,. .
Since (12 + 72)%X7;| < [ Xullos and (pg})? [ Xopeg | < [| Kull we have

: L W Raller 2
[A+CI< 1%l > e+ ™ X
12452>¢., J n 0<|p|<qj,
1Xallge 1Kl
1
=0
(qnqh)

from Proposition 8.4 and our choice of €, in (4.1). Lickewise

IBl< )]

C -
< 5—IDIDX, ||
nin
1
Gnq),

| D2DI X
l2j2

)

:0(

again from Proposition 8.4 and our choice of €, in (4.1). We have
proved (8.9).
In the same way as above we have
X D2D3X X
” 7Iz|4|c5 +c4|| w2 y "H —I—c5|| 7&03

1).

Q2

”Dy(Xn - Xn)” <c3

= o

Finally, for any » > 1 we have
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from Proposition 8.4 and our choice of ¢, in (4.1), while we also have
+2n2y
1Dz Dy Xa|
2
G,

= o(q} "en).

1D (Bl < co

0

8.3. Checking the properties of Proposition 4.1 for X,,. In light
of Lemma 8.5, the Propositions 8.3 and 8.4 yield (X.3), (X.1) and (X.2).
It remains to give the

Proof of (X.4) and (X.5). We will need the following Lemma

LEMMA 8.6. We have for any m € N

1
S, x|l <inf (m,——— 8.12
ISl < it () (512
where |||.||| denotes the distance to the closest integer.

Proof. We have
Sle,j ("1;7 y) = Ul,j,le,j (37, y)7

where
1— ei27rm(la—|—ja’)
Ul’jam = ] Tof *
1 — ei2r(latja’)
Clearly
sin(rm(la + jo'))
|Ul7j7m = 3 > 1
sin(m(la + ja'))
1
< o . ]
~ |sin(r(la + jo!))|
but |sin(7(la + jo')| = |sin(7(|[[la+ j/|||)| > 2[|la+ jo'|]|. O
We have
San(.T, y) = Z Xlr,LjSle:j
1+j2<q)*

(L9 (Zan,2*q3,)

= Z X7Smx15 + Z SmXign,0

l.2+j25(1'n4 ‘”Sqq’ni
(L,3)¢(Zqn,2q;,) "

From (2.7) in Section 2.4 and Properties (3.1)—(3.3) in our choice of
a, o/ in Section 3.1 we deduce that
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e For |I| < ¢/ and |j| < ¢.? such that |j| ¢ N¢, or |I| ¢ Ng, we

have
o+ el > - (8.13)
e For || < gni1
1
ol > (8.14)
n+1
Using Lemma 8.6 we hence get for r > 1
1D SmXn (@, 9)ll < gugy Y (271X
2+52<q},*
+ Gnt1 Z (2 [2])" | X
0<i[<qp?
5 v r " 1
< cud 1D Kall + D250l YD )
0<t[<qp?
which yields (X.4) of Proposition 4.1 due to Proposition 8.4.
Similarly, to get (X.5) we write for p > 1
D5 S X (@, )| < gy, D (27|37 IXTY|
P+52<q,"
< 4u0,” | DY |
which implies (X.5) due to Proposition 8.4. O

9. CONSTRUCTION OF Y,
9.1. Construction of a first function Y. Define, for y € [0, ]
the following function
an(y) =0 ("3%,13/ —n®+ 712) -0 (n3q;b,1y —nd+ n) .
Since 6 is increasing and 6(s) = 0 for s <0, and 6(s) =1 for s > 1, it
is easy to check that

0<¢uly) <1, (9.1)
and that
- 1.1 1 1 1
0 (=0 0|0 @] 62
while
~ 1 1 1 1
W(y) =1, if 1— =+ = J(1— = .
bul) =1, it ye [0 p e o] 03)
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Due to (9.2) it is possible to extend ¢, to the circle as a C* periodic
function with period 1/¢! _; with the following estimate for any p € N

126l = 110]lcon® (g1 )"- (9-4)
Define now on the two torus the function
~ —cos(2mq,x) ~

The function Y, is of class C™, and satisfies

PROPOSITION 9.1. Forr,p € N, we have

e r qn,
I1DLDPY | = (0]l o (27) 0 (g, ) =2

eldn

In preparation for (Y.3) we have

PROPOSITION 9.2. For z such that {g,z} € [+, — LJU[3+ 11— 1],
and m € [¢,, 2qn11/(n 4+ 1)%], we have
~ T q
‘DmSmYn(ac,y)‘ > ﬁeTZm’

¢
< Ap? .
eldn

Hpgsmifn

Proof. We have
sin(2mwg,x) ~
SIn2man) .
Assume that {goz} € [+,1 — L], the other case being similar. For
k < m < 2¢ui1/(n+1)" (2.6) implies that
11 1
n k s T oh

{gule+ ko)) € [ 1~ L]
hence, sin(27q, (z 4+ ka)) > sin(r/n) > 2/n and because ¢, is positive
this implies

Dmffn (z,y) = 2mq,

edn

3 B Arq,
D,Y,(z + ka,y + ka') > én(y + ka')% > 0.

In light of (9.3), we will finish if we prove that for every y and for
every m > ¢, there is more than m/4n integers k¥ < m such that
{d,_1(y+ka')} € [1 =L+ 5,1 — %]. The latter follows if for every
y, there is at least % integers k < ¢/, satisfying the desired property.
This in turn follows from the good approximation of R, by Ry /4 .

To obtain the inequality involving the second derivative we just bound
the cosine by 1 and use ||¢,|| < 1. O
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In preparation for (Y.2) we have

PROPOSITION 9.3. With h,, and B? as in Definition 3.4 we have for
any m < h, that S,,Y" is identically zero on Bg.

Proof. Given h <m < hy, let i < (1—-2/n)r, and 0 < j < gq,q, ;—1
be such that h = j + ig,q/,_;. From (3.5) in Section 3.2 we have that
for (z,y) € Rg,a, (BY)

/ /
y e [jpn 1’];0%1 +(i+2)qn}

e ¢,
oo pl 1. 1
C |:.7p7 lajp;n 1+(]‘__) ! :|:
n—1 qn—l n q'ﬂ_l
hence ¢y (z,%) = 0 from (9.2). O

9.2. The function Y,. The function Y, has all the required properties
by Proposition 5.1 except for the uniform bounds on the Birkhoff sums
of the derivatives. As we did in the last section we replace ¢, by

an—1

Saly) = D ol

Jj=—q+1
where the ¢} are the Fourier coefficient of ¢n. We then let

Yo(z,y) :== —M%(y)-

The truncation here is less delicate than in the definition of X,, due to
the fact that the sequence Y,, converges to zero in the C'*° norm.

edn

9.3. Checking the properties of Proposition 5.1 for Y,. From
(9.4) it is easy to see that for any p € N, we have for n large enough

16n = Pullew < D (2alj1) |67

lilzan
~ 1
<NBllewra Y, =
lil=a5
1
)

Combined with Propositions 9.1, 9.2 and 9.3 the above yields (Y.1),
(Y.2) and (Y.3) for Y,,. It remains to give the
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Proof of (Y.4) and (Y.5). The proof is similar yet easier than that for
X,: For any m € N we have

n

qﬁ.
SmYn(‘ray) = Z %ﬁsm(XQn,j +X—‘Imj)'

lil<ay,

Since |||gne||| < 1/gns1 while |||7e/||| > 1/2¢), for any 0 < |j| < ¢/, then
for such j we have ||| £ gha + jo'||| > 1/4¢],, hence Lemma 8.6 implies

an v
1Dy SmYa (2, y) || < 220 > (@rli)Ple)]
0<|j|<aqy,
I 7
< Cez||¢n||cp+z
which yields (Y.5) due to (9.4).

For » € N we have

. or
D;cSmYn(xay) = y (227an) Sm(an,j + X*anj)
2

eln
0<ljl<q},

T

b .

As in our proof of (Y.5) the first term is uniformly bounded away
from ¢/; while the second term is bounded by ¢,+1(27g,)"/e™ since
0 < @5 < [lgn]l < 1 and |Smxsqoll < 1/(2fllgne{ll) < gns1- Hence
(Y.4) is proved.

d
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