RIGIDITY RESULTS FOR QUASIPERIODIC SL(2,R) COCYCLES

BASSAM FAYAD AND RAPHAEL KRIKORIAN

ABSTRACT. In this paper we introduce a new technique that allows to in-
vestigate reducibility properties of smooth SL(2,R)-cocycles above irrational
rotations of the circle beyond the usual Diophantine conditions on these rota-
tions.

For any given irrational angle on the base, we show that if the cocycle
has bounded fibered products and if its fibered rotation number belongs to a
set of full measure 3(«), then the matrix map can be perturbed in the C'*°
topology yielding a C'*°-reducible cocycle. Moreover the cocycle itself is almost
rotations-reducible in the sense that it can be conjugated arbitrarily close to
a cocycle of rotations. In case the rotation on the circle is of super-Liouville
type, the same result holds if we only assume that the cocycle is L2-conjugated
to a cocycle of rotations.

If the base rotation is Diophantine, we show that if the cocycle is LZ2-
conjugated to a cocycle of rotations and if its fibered rotation number belongs
to a set of full measure, then it is C°°-reducible. This extends a result proven
in [4].

As an application, we obtain that given any smooth SL(2,R) cocycle above
irrational rotations of the circle, it is possible to perturb the matrix map in the
C°° topology so that the upper Lyapunov exponent becomes strictly positive.
The latter result is generalized, based on different techniques, by Avila in [1]
to quasiperiodic SL(2,R)-cocycles over higher dimensional tori.

Also, in the course of the paper we are lead to give a quantitative version
of a theorem by L. H. Eliasson, a proof of which is given in the Appendix.
This motivated the introduction of a quite general K.A.M. scheme allowing to
treat bigger losses of derivatives for which we prove convergence.

1. INTRODUCTION

We will be interested in smooth quasi-periodic cocycles on T x SL(2,R) where T
denotes the circle R/Z (the base) and SL(2,R) the set of 2 by 2 real matrices with
determinant 1 (the fiber). For « € R\ Q and A € C"(T, SL(2,R)), r € NU {oo,w}
we define the cocycle (a, A) as a diffeomorphism on the product T x SL(2,R)

(a0, A) : T x SL(2,R) — T x SL(2,R),
0,y) — (04 o, A(0)y).

We denote by Cf(T,SL(2,R)) the set of maps A € C"(T,SL(2,R)) that are
homotopic identity.

We say that a C"-cocycle (a, A) is C"-reducible if there exists B € C"(R/2Z,PSL(2,R))
and A, € SL(2,R) such that

BO+a) "A@)BO) = A, VIeR/2Z.
1
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Reducibility is an important issue in the study of quasi-periodic cocycles and
its applications (to the spectral theory of Schrodinger operators for example). An
obvious obstruction to reducibility is a non-uniformly hyperbolic behavior of the co-
cycle, that is a non-uniform exponential increase almost everywhere of the fibered
products of matrices above the base rotation. On the other hand, when certain
parametrized families of cocycles are considered, Kotani’s theory asserts essen-
tially that there is an almost sure dichotomy between non-uniform hyperbolicity
and L? rotations-reducibility (conjugacy to a cocycle with values in SO(2,R), see
exact definition below). More precisely, to any cocycle (o, A) one can associate
a fibered Lyapunov exponent LE(a, A) (we refer to section 2.1 for the definitions
and basic results). Now let Q,(-) = R,A(-) where R, € SO(2,R) is the rotation
cos2mp —sin 2w
sin2me  cos2mp
LE(a,A) > 0 or (a, R,A) is L*-rotation reducible (see [4] for references). This
dichotomy also holds for Lebesgue almost every value of £ € R in the setting of

Schrédinger cocycles
S E-V() -1
V.E — 1 0 )

(V € C"(T,R)), which, combined with rigidity results that we now describe gives
information on the spectrum of the corresponding Schrodinger operator.

In [4] the latter dichotomy was pushed further to a global analytic rigidity result
(also true in the smooth category). By analytic (resp. smooth) rigidity we mean the
fact by which weak regularity information (L?) on the conjugating map is enough to
guarantee its analyticity (resp. smoothness) under some additional assumptions.
An important role is played by the fibered rotation number of the cocycle (see
section 2.2 for its definition).

THEOREM A. [4] If « € R\ Q is recurrent-Diophantine and if A € C§ (T, SL(2,R))
satisfies : (i) py(a, A) is Diophantine with respect to o and (ii) (o, A) is L*>— conjugated
to a cocycle of rotations, then (a, A) is C¥-reducible. As a consequence, for Lebesgue
a.e. ¢ €[0,1]) (resp. if Ve C¥(T), for Lebesgue a.e. E € R) either (a, R,A)
(resp. (o, Sy,g)) is C¥-reducible or it is non-uniformly hyperbolic.

matrix ( . Then, for Lebesgue almost every ¢ € [0, 1] either

The set of Recurrent-Diophantine numbers is by definition the full Lebesgue-
measure set of irrationals with the property that the iteration of a by the Gauss map
G :(0,1) — (0,1), G(z) = {z~1}, falls infinitly many times in some Diophantine
set with fixed constant and exponent. Also, for any fixed «, numbers which are
Diophantine w.r.t. « form a set of full Lebesgue measure. See section 2.3 for precise
definitions. One aim of this note is to extend in a smooth setting the result of [4]
to all Diophantine frequencies as follows.

Almost-sure dichotomy for every Diophantine .

THEOREM 1. If o € R\ Q is Diophantine, there exists a set () C T of measure 1
such that if A € Cg°(T, SL(2,R)) satisfies : (i) ps(a, A) is in X(a) and (i) (o, A)
is L?—conjugated to a cocycle of rotations, then (a, A) is C*-reducible.

In the analytic case this theorem is also true, by different techniques, as a con-
sequence of [3], [2], [5] where, in addition, the Diophantine condition on a can be
relaxed to be lim,,_, o logqin"“ = 0 where ¢, denotes the denominator of the n-th
continuous fractions expansion of « (see section 2.3).
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As in [4], Theorem 1 yields a global dichotomy that generalizes to all Diophantine
frequencies Theorem A above (in the C*° category).

COROLLARY 1. Let o € R\ Q be Diophantine and let A € C§°(T,SL(2,R)) (resp.
V e C*(T,R)). Then, for Lebesgue almost every ¢ € [0,1] (resp. E € R),
the cocycle (a, R,A) (resp. (o, Sv,g)) is either non-uniformly hyperbolic or C*>-
reducible.

Almost rigidity

It is clear that the notion of reducibility for cocycles defined above Liouvillean
frequencies is too restrictive since in that case even an S' or R-valued cocycle is in
general not reducible. The good notion in this case is rotations-reducibility. We
say that (a, A) is L2—conjugated, (resp. C"-conjugated), to a cocycle of rotations
(for short we shall say L? (resp. C") rotation-reducible) if there exists a measurable
B :T — SL(2,R) such that ||B(-)| € L*(T,R), (resp. B € C"(T,SL(2,R)), and

B(0+a) 'A(0)B(#) € SO(2,R), VO eT.

The extension of Theorem A or Corollary 1 to any irrational number provided re-
ducibilty is replaced by rotations-reducibility is indeed an interesting and important
problem.

Here, we introduce and study the following notions of almost-reducibility and
almost-rotations reducibility: a cocycle (a, A) is almost reducible (resp. almost
rotations-reducible) if there exist sequences B(,) € C"(R/2Z, SL(2,R)) and A, €
SL(2,R) (resp. A(,) € C7(T, SO(2,R))) such that B, (0 + a)A(0) By (0) — A
goes to 0 in the C"-topology as n goes to co.

We prove the following ”almost rigidity” results

THEOREM 2. Let o« € R\ Q. There exists a set X(a) C T of measure 1 such that
if A(-) € C§°(T,SL(2,R)) satisfies:

(i) pyla, A) € X(a)
(i) (o, A) is CO-rotations-reducible;

then A is C>° almost rotations-reducible and is C*°-accumulated by functions A() e
C§e(T,SL(2,R)) such that (o, A) is C*-reducible.

REMARK 1. Note that from [14], it follows that (ii) is equivalent to the fact that
the fibered products of A(-) be C°-bounded: if we use the notation (o, A(-))" =
(na, An(-)) (n € Z), this means sup,,cz || An(+)||co(ry < oo.

This theorem can be strengthened in two cases, the first one is when the frequency
in the base is Diophantine, in which case as stated in Theorem 1 (i) can be replaced
by L?-rotations-reducible and the conclusion is reducibility. The other case where
we will see that Theorem 2 can be strengthened is when « is very well approximated
by rational numbers: We shall say that o € R\ Q is super Liouwville if

log1
lim sup 228 dnt1 _

n—oo log g»,

where ¢, denotes the denominator of the n-th continuous fractions expansion of «
(see section 2.3).
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THEOREM 3. Let o € R\ Q be super Liouville. There exists a set X(a) C T of
measure 1 such that if A(-) € C3°(T, SL(2,R)) satisfies :

(i) psle, A) € X(a)
(i) (a, A) is L? rotations-reducible.

then A is C> almost rotations-reducible and is C*° -accumulated by functions fl() €
C3(T, SL(2,R)) such that (a, A) is C*°-reducible.

Density of cocycles with positive Lyapunov exponent

As a corollary of Theorems 1, 2 we have the following result:

THEOREM 4. For any fized irrational o € T the set of A € C§°(T,SL(2,R))
such that (a, A) has positive Lyapunov exponent is dense for the C'*°-topology in
C5°(T, SL(2,R))

Proof. The proof relies on Kotani’s theory and follows the lines of [13].

Let € R\ Q and A(:) € C§°(T, SL(2,R)). Then, by a theorem of De Concini
and Johnson [6], either for any § > 0, there exists ¢g € (=9, ) for which the Lya-
punov exponent of (a, A(-)R,,) is positive, or (o, A(-)R) has C%-bounded fibered
products for any € € (=9, §), in which case we also have that the continuous function
€ € (—6,9) = py(a, A(-)R.) is not constant.

As mentioned earlier, we know from [14] that C°-boundedness of the fibered
products is equivalent to the fact that the cocycle is C%-conjugated to rotations.
Since the fibered rotation number of this cocycle is continuous and not constant as
€ varies in (—4,0), we can choose g9 such that, depending on «, hypothesis (i) of
Theorem 2 or of Theorem 1 be satisified. We conclude that the cocycle (a, A(-)R.,)
is accumulated by reducible cocycles.

Theorem 4 then follows if we make the following observation (cf. [13])

LEMMA 1. Any constant Ag in SL(2,R) is C*®°-accumulated by functions A(-) €
C§°(T,SL(2,R)) such that (o, A(+)) is hyperbolic (in the fiber).

O

REMARK 2. In fact, as proven in [1], a stronger result holds: Theorem 4 is true
for SL(2,R)-cocycles above translation on tori of any dimension (and even more
general dynamics).

Let us describe briefly the novelty of this paper. There are usually two tech-
niques to attack the reducibility problem for quasiperiodic systems: K.A.M. theory
and Renormalization. In the case of SL(2,R) cocycles a third approach to tackle
reducibility, based on localization and Aubry duality, proved to be fruitful in the
works of [] and [].

Renormalization is usually used to reduce to a local (perturbative) situation
where K.A.M. techniques are applicable. This naturally requires Diophantine con-
ditions on both the rotation number on the base and on the fibered rotation number
of some renormalized system. The crucial observation in the present paper is that
if the Diophantine condition on the base fails, it is indeed possible to take advan-
tage of this fact and conjugate the cocycle closer to rotations (instead of rotation!)
with an error that will be even smaller as the involved small divisor is small (cf.
Theorem 2 and 3). This remark is also useful to treat the Diophantine case in full
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generality (¢f. Theorem 1). We refer to sections 3.2 and 4.1 for a more detailed
discussion concerning each case.

A quantitative version of Eliasson theorem and a generalized KAM scheme * x ok

Given an analytic cocycle («, A), o Diophantine and A sufficiently close to a
constant (as a function of «), Eliasson proved in [8] a theorem that guarantees
reducibility of (a, A), provided the fibered rotation number satisfies some (weak)
Diophantine condition.

We will prove a precise version of Theorem 1 (see Theorem 8 below) that uses
an extension of Eliasson’s reducibility theorem to the smooth case and also pro-
vides estimates, involving the Diophantine constants, on the required closeness to
constants. This is our Theorem 5.

As pointed to us by the referee (and as will be explained in §4.1) a usual KAM
scheme with estimates would be sufficient for the purpose of proving Theorem 1.
However, proving the quantitative version of Eliasson’s theorem presents its own
interest and allows for a slightly more general result on quasi-reducibility (cf. §4.1)

Thus, we present a proof of Theorem 5 in the Appendix together with a quite
general KAM scheme that we think may be of broader utility especially in problems
where small divisors cause losses of derivatives that are proportional to the order
of differentiability.

2. DEFINITIONS AND PRELIMINARIES.

2.1. The fibered Lyapunov exponent. Given a cocycle («, A), for n € Z, we
denote the iterates of (a, A) by («, A)™ = (na, A, () where for n > 1

{ Ap() = A+ (n—1a)--- A()
A () =A(—na)t- A —a)t

We call fibered products of («, A) the matrices A, (+) for n € N.
The fibered Lyapunov exponent is defined as the limit

L(a, A) := lim 1/0 log | 40(6) 146,
€

n—oo N

which by the subbadditive theorem always exists (similarly the limit when n goes
to —oo exists and is equal to L(a, A)).

2.2. The fibered rotation number. Assume that A(-) : T — SL(2,R) is contin-
uous and homotopic to the identity; then the same is true for the map

F:TxS' = TxS§!

A(O)v
therefore F admits a continuous lift F': T x R — T x R of the form F(6,z) = (0 +
o, - (6,)) such that (8, 5+1) = £(8,2) and w(a-+ (8, ) = AB)m(x)/|A@) ()]
where 7 : R — S', mw(z) = €™ := (cos(2mx),sin(27z)). In order to simplify the
terminology we shall say that F' is a lift for (o, A). The map f is independent of
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the choice of the lift up to the addition of a constant integer p € Z. Following [9]
and [10] we define the limit

. 1
lim —
n—+oo N

S F(EH6,2),
k=0

that is independent of (0, x) and where the convergence is uniform in (6,z). The
class of this number in R/Z, which is independent of the chosen lift, is called the
fibered rotation number of (c, A) and denoted by ps (e, A). Moreover py(a, A) is con-
tinuous as a function of A (with respect to the uniform topology on C§(T, SL(2,R))).

2.3. Continued fraction expansion. Diophantine conditions. Define as usual
for0<a<l,
ag =0, ag = a,
and inductively for k > 1,
1

A1

2

where [ | denotes the integer part and G(-) the fractional part (the gauss map). We
also set,

ap =[], ar=aily —ar = Gloag—1) = {

k
,Bk = H aj.
J=0

For all £ > 0,
B = (—1)*(gre — i), (2.1)
— < < , 2.2
Qk+1 + qk B qk+1 (22)
1
B = (2.3)

Q1+ kG
‘We use the notation

z|| = inf |z — p|.
|l pezl pl

Recall that
V1 <k < qn, lkall = llgn—1e]|- (2.4)

We say that o € R\ Q satisfies a Diophantine condition DC(vy,7), v >0, 7 >0

if for every p € Z,q € N*

-1
~y
|qa 7p| 2 q1+T .

Let o € R and 6 > 0. We say that p € R/Z is 0-Diophantine with respect to « if
there exist C' such that

20 —ka—1)>CA+ k| +I)% (k1) ez

For short we shall say that p is Diophantine w.r.t. o (no mention to 6 is made) when
it is #-Diophantine w.r.t. a with 8 = 2. Note that the set of Diophantine numbers
with given exponent 7 > 0 : Uy50DC(7, 7) is a set of full Lebesgue measure. Note
also that given any a € R, the set of p € T that are Diophantine with respect to
« is a set of full Haar measure on the circle.
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2.4. Eliasson’s local theorem on reducibility. We will need the following quan-
titative extension of a result by Eliasson [8] (where the case of analytic continuous
quasi-periodic Schrodinger cocycles is considered).

THEOREM 5. There exist two constants C1,Co > 0 such that the following holds.
Let A € SL(2,R) and 7 > 0, be fired. Then there exists e(t,A) > 0 such that if a
cocycle (a, A) € R x C>(T, SL(2,R)) satisfies

(1) a € DC(r,7);

(2) pr(a, A) is Diophantine with respect to o;

(3) |4 —Allgo <7 %€ and |A— Al|geg < 1, where dy = Ci(1 + 1), sp =

[CQ(T + 1)]

then (o, A) is C™ reducible.

REMARK 3. Assume that only 7 is fixed and A varies in some compact subset K
of SL(2,R). Then € can be taken uniform with respect to A.

A sketch of proof of Theorem 5, based on Eliasson’s original proof, is given in
Appendix B.

2.5. Z*-actions [13],[4]. Let Q" = RxC"(R, SL(2,R)) be the subgroup of Diff (R x
R?) made of skew-product diffeomorphisms (a, A) : R x R? — R x R?
(o, A)(z,w) = (x + a, A(z)w).

A C" fibered Z?-action is a homomorphism ® : Z2 — €". We denote A" the space
of such actions. Since ®(1,0) and ®(0, 1) determine ® we often write for short & =
((9(1,0),®(0,1)). Let 11 : R x C"(R,SL(2,R)) —» R, m2 : R x C"(R, SL(2,R)) —
C"(R,SL(2,R)) be the coordinate projections. Let also 7,7, = m1 o ®(n,m) and
A:IZ,m =m0 ®(n,m).

We let Aj be the set of ® € A" such that 4, = 1 and 7§, € [0,1].

We say that an action is

— constant if for all (n,m) € Z?, the maps Af;m are constants;

— normalized if ®(1,0) = (1,1d) and in that case if ®(0,1) = («, A) the map
A€ C"(R,SL(2,R)) is clearly Z-periodic.

If ® € A*°, r € Nand I C Ris an interval or I = T we denote by ||®|, the
quantities

I ],r = max(1or AL gllenry, 107 AL leor). @I = max @],

We define
dr.1(®1, ®2) = max([|0" (AT} — ATS) | coqn 107(45}% — 453l eo(n)-
and a distance d,; on A" : if &1, P9 € A" we set
(1, ®g) = Jnax. ds,1(®1, D2).
When I is the interval [0,T] (T' € R) we denote || - ||»,; and d, 7(-,) by || - ||,z and
dr(5)-

DEFINITION 1. Two fibered Z? actions ®, ®' are said to be conjugated if there exists
a smooth map B : R — SL(2,R) such that

Y(n,m) € Z* ®(n,m) = (0, B) o ®(n,m) o (0, B)~*
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that is, if
o D
'Yn,m - ’Ynm

We write ' := Conjz(®) and get from the Hadamard-Kolmogorov convexity esti-
mates (see Appendix A equation 5.4) the following estimates :

1|1 < Ko (D4 [|Bllo.)* (1915271 Bllo.s + 1®l0.|Bll 1) (2.5)
and similarly if <I>;- = Conjgz(®;), j=1,2
dyp 1 (7, ®h) < K (I)(14]Bllo,r)* (d2F(®1, ®2) || Bllo,s +do,1 (1, P2) | Bllr1) (2-6)

where the constant K,.(I) is for any r a decreasing function of the length of I (and
can be chosen equal to C", where C' > 0, when I = T). We shall sometime denote
K,.(I) by Ky 1; when I = [0,T] we write K, 7 in place of K, o7 and when I =T
we simply write K.

A fibered action is said to be reducible if it is conjugated to a constant action.

A fibered Z2-action can always been conjugated to a normalized one :
LEMMA 2. If® € A" with~{( = 1 then there exist a conjugation B € C"(R, SL(2,R))

and a normalized action ® such that & = Conjg(®); one then has the following
estimate: Let s,T € N with 0 < s < r.

1Bllcso,r) < BT (12(1,0)[lo.r) T I|@(1, 0)[|25

If, furthermore P := maxrez ||®(T,0)||cr®) < 0o then there exists K such that
1Bllos (o)) < KsPT*||@(1,0)[[5 1|2 (L, 0)[[ 5.

The same results are true if ® € A"(SO(2,R)).

{ A () = B(t +42,)A2 () B(t)~

We give the proof of Lemma 2 in Appendix A.
Finally, we observe that a normalized action ® = ((1,1d), (o, A)) is reducible if
and only if the cocycle («, A) is reducible (cf. [13],[4]).

2.6. Renormalization of actions. A fundamental tool in this note will be the
results on convergence of renormalizations of bounded cocycles obtained in [13, 4, 5].
We recall here, following [4], the scheme of renormalization of Z? actions introduced
in [13].

Let A # 0. Define My : A" — A" by

My(@)(n,m) = (A7 1 AR (M)
Let 0, € R. Define Ty, : A" — A" by

Ty, (®)(n,m) = (Yt ms Ay (- + 04))-
Let U € GL(2,Z). Define Ny : A" — A" by

Ny (®)(n,m) = &(n’,m’), (”) =U! (”) .

Notice that these three operations commute. Also, Tp, and Uy commute with
Conjp while M) o Conjg = Conjp(y.) o Mx. Also, if @1, Py € A

| MA@, x-17 = A" ||®1 |7, dpx—17(M\®1, M\P2) = X'dy, 7 (D1, P2)  (2.7)

Let
dn Pn
Q <Qn1 pn1> ( )
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and define for n € N and 0, € R the renormalized actions
R™(®) = Mg, ,oNgq,(P) (2.9)
Re (@) = T, ' [R(Ty.(®))]. (2.10)

Renormalization is a powerful tool to study reducibility due to the following
elementary fact:

LEMMA 3. [13, 4] If Rj (®) is C"-reducible for some n and 0. then ® is C"-
reducible.

2.7. Fibered rotation number of non-degenerate Z?-actions. It is possible
to associate to any (non-degenerate) fibered Z2-action ® a notion of fibered degree.
Since our initial quasi-periodic cocycle (a, A) is homotopic to the identity, the
degree of the associate Z2-action ®4 is zero (cf. [13], [4]) and in that case, once a
lift is chosen for the corresponding quasi-periodic projective cocycle, we can define
a fibered rotation number rot(®) for the Z2-action ®4. A change in the choice of
the lift results in adding to the fibered rotation number an element of the frequency
module {kv{o+1v$, : (k,1) € Z*}. We refer the reader to [13], [4] for the definition
of this rotation number and its behavior under renormalization. It is proven in the
aforementioned references that

rot(R"®) = (—1)"rot(P®)/Lr-1. (2.11)
2.8. Convergence of the renormalized actions [13, 4, 5]. Let ® be the action
((1,1d), (e, A)). Denote by ((1,C5"), (an, CF)) = Ry (®). By definition
O = Ayt (Bo-1), O = Aiyng, (Bo-1). (2.12)
In [5], it was proved that

THEOREM 6 ([5]). If (o, A) is of degree 0 and is L?-conjugated to a cocycle of
rotations, then for almost every 0, € T, there is a constant matrix B and a sub-
sequence of n such that if Conjg(®) denotes the conjugate action of ® by B, then

Ry (Conjp(®)) = ((1,C), (an, CF)) with
cW = eUV(lj)Rp("p, J=12

such that for any r € N, HU?Sj)HCT([O,1],51(2,]R)) — 0, and pglj) cR.

3. THE WELL APPROXIMATED CASE

3.1. Statement of the result.

DEFINITION 2. A number o € R\ Q is said to be of Roth type if for every ¢ > 0
there exist finitely many integers ¢ such that ||gaf < ql—lﬁ.

We will say that a number o € R\ Q is well approzimated if it is not of Roth
type. In this case, there exist ¢ > 0 and an infinite set N(e) C N such that for any
n € N(e) we have

1
|||(Jn0‘|” < F

n
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Notice that if « is well-approximated there exists M € N such that for any
n € N(e) sufficiently large

1
oM< —. (3.1)
an
We say that o € T — Q is super-Liouvillle if limsup,,_, % = co. Equiv-
log gn 1

alently, this means that for any A > 0 limsup,,_, ., = 0o. In that case we

i
denote by £ C N an infinite set for which lim,c g 5— o0 %
In this section, we prove the following theorem that encompasses both Theorem

2 and Theorem 3.

THEOREM 7. If a € R\ Q is well aprozimated and if A(-) € C§°(T,SL(2,R))
satisfies one of the two following sets of assumptions

(Case (I))
(e 222l

= Q.

X Il > po >0, for some sequence n; — oo, n; € N(e);
ni;—

(H2) (a, A) is C°-conjugated to a cocycle of rotations (or equivalently has uni-
formly bounded products);

(Case (I1))
(SL) « is super-Liouville;
2pf(a, A
CONECEE
(H2’) (a, A) is L*-conjugated to a cocycle of rotations;
then A(-) is C*-accumulated by functions A(-) € C3°(T,SL(2,R)) such that (a, A)

is C*-reducible. Moreover (a, A) is almost rotation-reducible.

Il > po >0, for some sequence n; — oo, n; € L;

REMARK 4. Given any sequence of numbers 3,, — 0, the set of numbers p for which
there exist pg > 0 and an infinite sequence n; € N(e) (resp. n; € L) such that for
all 4 we have ||p/Bn,;|l > po, is of full Lebesgue measure.

3.2. Plan of the proof of Theorem 7. We concentrate on the description of
Case (I). The basic observation for the proof of Theorem 7 is the following: let
(a, A) be a cocycle (homotopic to the identity) where A(+) is close to some cocycle
of rotations R,(-) € C*°(T,SO(2,R)) and assume that ¢ is close to ¢(0) that
satisfies minjez |p(0) — (1/2)|| > 6 where ¢ is not too small. On the other hand,
let us assume that « is very well approximated by rational numbers and consider
the even worse case where « is very small. The assumptions on A allows to find a
conjugation B € C*°(T,SL(2,R)) that ”diagonalizes” A(-) in the usual algebraic
sense: B(-)"'A()B(-) = R,y € C>(T,SO(2,R)), the C*-norms of B being
under control. Though this conjugation relation is only algebraic it can be put in
a ”dynamical” form by writing

B(- 4 a) ' AO)B() = (B(- n a>-1B<~>)R%<->-

But, B(- + a)"!B(:) = I + O(a||0B]|) and since we have assumed that « is very
small this quantity will also be very small (as we said before, we have good estimates
on the norms of B). The virtue of this remark is to reduce by conjugation the
situation to a perturbative case where the size of the perturbation is now related
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to the "badness” of a. This is the content of Lemma 4 below. Notice that this step
can be iterated a finite number of times and this will allow us to prove Proposition
2, which is the main ingredient of the paper.

We now illustrate how this argument coupled with Renormalization gives the
proof of Theorem 7. Consider now the case where « is a Liouville number. If we
assume that (o, A) is CY-rotations-reducible, Renormalization will converge to con-
stants. This means (after normalizing the renormalized action) that there exists a
cocycle (ay,, A™), with a,, = G"() (G is the Gauss map G(z) = {1/z}) and with
A close to a constant rotation in C*-topology for some fixed k, from which one
can retrieve many of the dynamical properties of (a, A). If we make some assump-
tion on the fibered rotation number of (a, A) we can expect that A (0) will be
not too close to I. Also, if « is a Liouville number, there are renormalization times
ny where ay,, goes to zero much faster than any power of qg:. If we apply the
basic observation we have described in the previous paragraph, we can conjugate
(v, , A)) to a cocycle (ap, , A)) that will be all the more close to an SO(2, R)-
valued cocycles (ank,R%k) with o, small. Now invert the renormalization both
for (cun,,, A and (o, , Ry, ): this basically means that we iterate each of these
cocycles about ¢, times. But these two cocycles are much closer that q;klz this
has as a consequence that the two cocycles obtained after applying inverse Renor-
malization will remain close. Since conjugation and renormalization commute (up
to dilation that is of the order of g,, at the k' step) this will give the desired re-
sult. Some technicalities about actions complicate a little bit the argument which
essentially remains the same for Case (1I).

The same set of ideas and Proposition 2, coupled with the quantitative version
of Eliasson’s reducibility theorem will also be useful in the proof of Theorem 1 (cf.
Subsection 4.1).

3.3. The renormalized actions. Theorem 6 (about the convergence of Renor-
malization) and Lemma 2 (about normalization) imply the following Proposition

PROPOSITION 1. Let ® be the action ((1,1d), (o, A)) and assume it is L?-reducible. Then
there exist a subsequence n; and a sequence of matrices B; such that for any r € N,
TeR
| Billr, 7 < wi(r,T), (3.2)
where
w(r,T) = K17 Alg V4, (3.3)
and the action Conjg, (Ry'(®)) is of the form ((1,1d), (an,, Gi)) and satisfies
Gi(-) = eUi(')Rpi
with for any r € N
Ui € CT(T7 Sl(QvR))a ||Ul||CT(T) —0
and (cf. 2.11))
n; Pf (Oé, A)
;= 1)
pi =(—1) B

Furthermore, if the fibered products A, (-) are uniformly C°-bounded, namely if
maxnez || Anl|lco(Ty < 00, one can take u;(r,T) to be equal to u(r,T)

u(r,T) = K, (A)T" (3.4)



12 BASSAM FAYAD AND RAPHAEL KRIKORIAN

where K,(A) depends on A.

Proof. From §2.8, consider a subsequence of n; (that we still call n; to simplify
notations) such that Ry*(Conjgz(®)) = ((1, é’i(l)), (ozni,CN’-(Q))) with

C’i(j) = eUi(j)Rp(j), J=12
and for any r € N, € 1= IMAX;j=12 HUi(j)”CT([O 1) — 0 as ¢ goes to infinity, and
pl(-j) eR.
Since CN'i(l) = Adp - A(_yyni-1q, _,(Bn,—1°), from Lemma 8 of the Appendix A
and (2.12) we deduce that for any T' € R

r A~ (1 r r n;—
187C M r < KB, Al Al (3.5)
< KAl A5 (3.6)

Using Lemma 2 this provides us with a normalizing conjugation B; such that B; :=
B; B satisfies the required bound (3.2) and the conclusion of the Theorem.

If we now assume that sup,,cy, [[An|lo < oo, then the fibered products of C'Z-(l) are
C%bounded and we have

~(1 T r
11, N e oy < Bh_1dhy,—1 K| Allorry,s

Using Lemma 2 concludes the proof.
O

3.4. Further reduction. We now come to the crucial basic observation that allows
us to conjugate the renormalized system which is close to a constant system to a
cocycle which is a perturbation of a cocycle of rotations, the size of the perturbation
being now explicit in terms of the new rotation number on the base (a,,).

We use the notations of Proposition 1.

PROPOSITION 2. There exists a bounded (in C"(T,SL(2,R))-norms, for each r €
N) sequence of conjugacies D; € C*°(T,SL(2,R)) such that the sequence CTDED =

Conjp, ((1,1d), (an,, Gy)) = ((1,1d), (an,, G3)) satisfies

Gi(-) =" OR; (3.7)
with for any [,I' € N
Ui
LS ! alUC’ =0 (3.8)
A 19i() = pill e = 0. (3.9)

Moreover, there exists constants ps(po) depending only on s and py such that
I Dillcs(ry < ps(po)-

Combining this Proposition with Proposition 1 we immediately get the following
Corollary

COROLLARY 2. If we define Z; = D; B; we have ®; = Conjz, (R (®)) = ((1,1d), (an,, Gi))
and Z; satisfies the following estimate for n; € N(g) (Case (1)) orn; € L (Case(Il))

I Zillcro,m7) < pr(po)ui(r, T). (3.10)
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Proposition 2 follows inductively from the following

LEMMA 4. Let po € (0,1/2) and M > 0. There exists €9 > 0 and for any s € N
constants Cs > 0 such that for any U € C"(T,sl(2,R)), p € C"(T,R) satisfying
[Ullcory < &, infiezper 20(z) — 1| > 2po and ||pllcs < M there exists Y,U €
C"(T,sl(2,R)) and p € C"(T,R) such that

(0,e¥ D)o (a, VO R,)) 0 (0,e¥O) 1 = (@, O Ry

with
1Tl ceer < Calpo)ed| Ul (3.11
16 = pllcs < Cspo)||U]lcs, (3.12)

with a conjugacy ¥ ) satisfying

Y|

cs Cs(po)||U|

Proof. By simple algebra, there exists ey > 0 such that for any u € sl(2,R), p € R
satisfying ||u|| < eo, p € (po,1/2 — po)M there exist y € sl(2,R) and g € R such
that

. (3.13)

Up Y P_LY
e“R, = e YRzeY.

Also, y = Hy(u, p), p = Ha(u, p) for some real analytic functions Hy, Hs defined on
E.y po,m = {u € sl(2,R) : ||lu|| < eo}x(po,1/2—po) and we clearly have Hy (0, p) =
0 and H(0, p) = p for any p € (po,1/2 — po). We define Y () = H (U(-), p(+)) and
5() = Ho(U(), p(-)) s0 that

VOR,(0) = e_Y(e)Rﬁ(e)eY(a).

It is then a standard fact that ||Y]
Next we write

cs < C|[U]

ce < C|lU]

CS?HZ)*M Cs-

VOR,(6) = e—Y(9+a)eU(a)Rﬁ(9)€Y<9)

where eU(9) ;= ¢Y(0+0) =Y () Now it can be proven (cf [12], Prop. A.2.3) that if
o, f,u are smooth functions, for any s € N there exists a constant C, such that

[¢o(f+u)—doulls < Csllglls(1+[[£1l0)* (X + [[flls)llwlls-

If we choose ¢ = exp, f =Y (), u =Y (-+a)—=Y(:), (3.11) then follows from (3.13)
if g > 0 is chosen sufficiently small.
O

3.5. End of proof of Theorem 7. We introduce the notation ¥ := IRy (V') if
U’ =Ry (V). Tt is easy to check that

Jﬂ%’* ((I)) = T9:1 o Nle (¢} Mﬁ711 o Tg* ((I)) (314)

The derivation of Theorem 7 from Corollary 2 will be a consequence of the
following Lemma the proof of which is given in the Appendix :

LEMMA 5. Let ®1,®5 € A". Then, provided do1(®1,P2) < (1/¢2) we have
dpge_ r (IR (@), IR (02)) < Krg, 7 | 02)1§77 | R2lr 7 dr (1, @2).
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We can now conclude the derivation of Theorem 7 from Corollary 2 We use the
notations of Section 3.4. We define ®; = & := ((1,1d), (o, A)), &}’ = Ry*(P1),

&) = Conj, (1) = ((1,1d), (an,,G:)) and B = ((1, Id), (am,R 1)). We then
set <I>é) = COnJZfl(@é )) and ®g; = JR™ (@é )). From Proposition 2 we know that
there exists K, (r = 1) such that
drr(8)),85)) < Kol

for any r,T,1’. If we set éu = Coanfl(ﬁfl_l_)(él), (I~>2J = Conjzfl(ﬁ—.l_l_)((ﬁzi)
we have ®;; = JfR”i(éy)) (j = 1,2). By Lemma 5, the fact that i)gl) is in
A (SO(2,R)) and since for n; big enough dnT(@gi), &)g)) < (1/q2,) (see equation
(3.1)) we can write

drgz (1, P2)) < Krprp, v |9 | rad, (3.15)

Since ®;; = Conj,, 51 )(éj,i), using inequalities (2.6) and (3.10) we then get

n;—1

drgz (P2, @2) < Kpr g, _or(ulpo)ua(r, B 1 T)) @ [ 85 [, (3.16)
From Lemma 8 of the Appendix
D57 < Krg?! (3.17)
and thus,
drgz  1(Pr, ®24) < Krpr g,y (ppo)ui(r, B T)) s ol .
Denote by €, ,, the quantity on the right hand side of the previous equation with
T= B;f_l, that is (notice that Kr,l',ﬁilﬂ = K, since ﬂ;il >1)
Erny = Koy (1(po)ui(r, m_l))4q75£+1 fh (3.18)
In Case (I), it is enough to assume that « is well-approximated to ensure that

€rm; gOes to 0 as n; — 00, n; € N(g), since in that case a,, < q;ﬁ for some
subsequence; In Case (II), the assumption limpeg n—oo(log g,) "t loglog g1 = o0
is a sufficient condition to ensure this convergence to 0.

The action @ ; is conjugated to an action in AEO(Z,R) and is €, p,-close to ®; in
the C"-topology but it is not necessarily normalized. Since

[1d — ®2:(1,0)||cr(jo,1) = |@1(1,0) — P2:(1,0)|[cr(j0,1] < Erns

we can construct from Lemma 2 a conjugation B; € C"(R,SL(2,R)) such that
B;(-+1)®2,(1,0)B;(-) ' = Id and satisfying

1B; — Id||cro.1)) < Kr&rm,- (3.19)
As a consequence, from (2.6),
dr1 (92,1, ®24) < Kpern, (14 £rn,)? @241

and from (3.17)

dr1 (P2, P2) < 2K e, 4o
The normalized action @5 ; := Conj g, @2 ; is conjugated to an action in A"(SO(2,R))
and satisfies B

dy1 (P1,P2,) < 3KZer a2 (3.20)
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With the preceding notations observe that ®;; = ConjBiCoani(ﬁqil,)(‘fg,i) and
that <i>2’l- is in ATSO(2,R)' This can be rephrased by saying that for any i there exist
f:li € C"(T,SL(2,R)), ¢; € C"(T,R) and B; € C"(T,SL(2,R)) where B;(-) =
B,»(-)Zi(ﬁ;,l_l-) satisfies (¢f. Corollary 2 and (3.19))

[Biller(ry < Krah, s (po)ui(r, B 1), (3:21)
such that
IAC) = Ai()ler(ry < 3KZern,day (3:22)
and
(o, A;) = (0, B;) o (o, Ry,) 0 (0, B;) L. (3.23)

Proof of the fact that (o, A) is accumulated by reducible cocycles. Since in both case
(I) and (II) e,.n,¢2" goes to zero as n; goes to infinity (n; being in N(e) in case (I)
and n; being in L in case (IT)) equation (3.22) shows that (a, A) is C"-accumulated
by cocycles which are C"-conjugated to the C"-cocycles («, Ry, (.)) with values in
SO(2,R). But such cocycles can be accumulated by reducible one : just truncate
the Fourier series of p; far enough to get a trigonometric polynomial @;(+) and solve
the usual cohomological equation (- 4+ a) — ¢(-) = @;(-) — [ @i(z)dz.

Proof of the fact that (o, A) is almost rotations-reducible. From (3.23), (3.22), (3.21)
and the convexity inequalities we have

10, B;) ™" o (@, A) 0 (0, Bi) = Ry, llommy < 3K ay! (1 (po)ui(r, B 1)) €, - (3.24)
But from (3.3) and (3.18) the quantity in the right hand side of the previous in-
equality goes to zero as n; goes to infinity (n; being in N(¢) in case (I) and n; being
in L in case (II)). This proves the almost rotations-reducibility and completes the
proof of Theorem 7.

3.6. Proofs of Theorems 2, 3. Theorems 2, 3 now clearly follow from Theorem
7.

4. THE DIOPHANTINE CASE.

In this section, we prove Theorem 1.

4.1. Plan of the proof of Theorem 1. We show in this subsection how the
arguments given in section 3.2 can be used to prove Theorem 1; we now assume that
(a, A) is a smooth cocycle homotopic to the identity and that « is a Diophantine
number. We observed in section 3.2 that after renormalization and conjugation, we
could associate to (a, A) cocycles (ar,, At where o, = G" () and A™ is oS close
in C"-topology (k-fixed) to some SO(2,R)-valued cocycle (a,, R, ) where C' > 0
is an arbitrarily large constant. Since « is Diophantine, «,, is also Diophantine
with the same exponent but its Diophantine constant can be very small. The
relevant observation is that there exist infinitely many times nj such that the
Diophantine constant of a,, is not less than cst - av,, . This allows us, first to find a
further conjugation that conjugates (v, , A)), ozg;-close (C" > 0) in C"-topology
to a constant cocycle (o, , Ry, ) and second, to apply a quantitative version of
Eliasson’s Theorem (Theorem 5, the proof of which can be found in the Appendix)
that guarantees reducibility of (o, , Ry, ), provided the fibered rotation number

* * x
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satisfies some (weak) Diophantine condition. Since reducibility is preserved by
renormalization, this proves that («, A) is reducible.

In fact, it was pointed to us by the referee, that a KAM local theorem on
reducibility with estimates would suffice to prove Theorem 1. Indeed, in Theorem
1 it is supposed that the fibered rotation number should belong to a set X(a) of full
measure, while in Theorem 8, that is a precise version implying Theorem 1, the set
Y(«) is partly described by the fact that the fibered rotation number ps(c, A) is
supposed to be Diophantine w.r.t «, a condition that is evidently of full measure.
With this condition, a quantitative version of Eliasson’s result is needed to obtain
reducibility.

However, one can further restrict the set X(«) and remain with a set of full
measure ensuring nonetheless that, along a subsequence, the renormalized cocycle
(o, , A")) has the vector (aum, , pn,) (where p,, is the fibered rotation number of
(tp, , A(™))) satisfying a Diophantine condition with constant cst-c,,. From there
a usual KAM theorem with estimates would allow to conclude since, again, Alne)

is ag’; close to a constant, where C” > 0 is arbitrarily large.

4.2. Diophantine constants. We will first explicit the condition on the fibered
roation number that will be used in the proof of Theorem 1. We need the following

LEMMA 6. Let o € R\ Q be a Diophantine number. Then there exists v > 0 and
C > 0 that depend on «, and an infinite set M C N such that, for n € M we have

Cay,
k1+y

VE>1,  [kan] > (4.1)
that is, a,, € DC(Cap,v).

Proof. Define for n > 1, v, > 0 such that ¢,41 = ¢."». Since « is Diophantine,
there exists vy > 0 such that for all n > 1 we have v,, < vy. We define

v = 101 + 10. (4.2)
Let M be the subset of n € N such that
Vi > n, v < 2uy,. (4.3)

The set M is infinite because v, is bounded and we will show that the assertion of
the Lemma holds for every n € M, with C' = w%'

Recall that o, = Br/Br_1 and that By = (—1)*(qra — pi.), hence for k,1 € N we
have

1
|kan _” = Hl(an+ZQn71)a_k7pn_lpn71|
> qnl(kgn + lgn—1)o = kpn — Ipp_1].
Since
qin S Qp S 2 in
2Gn+1 Qn+1
we have
kel = ko — ()|, for some I(k) < 3k—2n—.
gn+1

If1§k<%wehave

Ikanll = kan = an.
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If Tt < k < 42 we have kqy, + 1(k)gn—1 < gn+2 hence (2.2) and (2.4) imply

lkanll = [kan — 1K) = qul(kgn + lgn—1)a — kpp — Ipn—1]
> I
2qn42

while we have

an 1
2nia gt OHvne) =1

Since k > % we have
”

1 41/+1
[ —

v+l — v,(v+1
k qn (1)

hence the fact that v, (v +1) > v,v > (1 +v,)(1 + V1) implies that

lkanll > AL

More generally, for % <k< %, i > 1, we have kqn, + 1(k)gn-1 < qntit1
hence (2.2) and (2.4) imply

dn
ka,|| > ————
kcnll = 2qn+i+1
or equivalently
1
Ikl >

2q,EL1+Vn)-~(1+Vn+i+l)_1

to be compared with

1 [ 4g,\"" 1
24v+1 qn+i o 2q£LV+1)[(1+Vnr)~~(1+”n+i)_1]

and our choice of v in (4.2) then implies

C
Ikonll = -
Lemma 6 is proved. [l

We can now state a precise version of Theorem 1
THEOREM 8. Let o € R\ Q be a Diophantine number and let M = M(«) be the set
of integers given by Lemma 6. Then if A € C§°(T,SL(2,R)) satisfies
(D1) ps(a, A) is Diophantine w.r.t o;

2 A
(D2) |\|M|\| > po > 0, for some sequence n; — 0o, n; € M;

n; —

(D3) («, A) is L?-conjugated to a cocycle of rotations;
then (o, A) is C*-reducible.

This theorem implies Theorem 1 since the arithmetic conditions imposed on
pr(a, A) are both clearly of full measure.
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4.3. Proof of Theorem 8. We will need the following elementary fact.

LEMMA 7. If p is Diophantine w.r.t. «, then, for any n € N, ﬁ is Diophantine
W.T.1. Q.

Proof. As in the proof of Lemma 6 we have

|2 —kay, — l| = |2p (an + ZQn—l)Oé + kpn + lpn—1|
ﬁn 1 ﬁn 1
1 C
Br—1 (1 + |kgn + lgn—1| + [kpp + lpn_1])®
I SR
(1+ K|+ |1])®

O

Let M be the set given by Lemma 6 and consider a sequence n; — oo, n; € M,
such that (D2) holds for this sequence.

Since reducibility is invariant under renormalization and conjugation, it is enough
to show that the action ®; = ((1,1d), (an,, G;)) of Section 2.8 is reducible.

Due to (D2) we can apply Proposition 2 and further conjugate ®; to ((1,1d), (an, éz))

such that G; = e ()Rp (), with for any [,1" € N

U
lim ” ”Cz =0 (4.4)
lim i — Pi||cz =0 (4.5)
whete p; = (1) (s A)/uy 1.
From (4.5) we have that hm lpi — /p1|| =0. Since in addition, a,, €

DC(Cay,,v), there exists h; € C°°(']I‘ R) such that pi(-) = [ pi = hi(-+an,) —hi(")
and lim ap, [|hil| o0 = 0.

Hence, due to (4.4), conjugating (1,1d), (o, , G;)) by Ry, () we get ((1,1d), (a,, Gy))

where

=o(ah) (4.6)

i

IG: —

RJT pill o
for any [,I’ € N as 1 — oo.

Finally, we have that py(an,,Gi) = prlan,Gi) = (=1)"ps(a, A)/Bp,—1 is
Diophantine with respect to o, as is asserted by Lemma 7. So, the fact that
oy, € DC(Cay,,v) and (4.6) allow to use Eliasson’s local theorem on reducibility,
Theorem 5 (cf. Remark 3) to conclude that for i sufficiently large (1,1d), (o, , G;))

is reducible, and so is the case for ®; and the original action ®.
O

5. APPENDIX A

5.1. Proof of Lemma 2. Indeed, one just have to prove that given C € C*°(R, SL(2,

one can always find B € C*°(R, SL(2,R)) such that C(t) = B(t + 1)B(t)~!, which
is not difficult in the C'*°-category (it is more difficult in the analytic category;
see lemma 4.1 of [4]) : indeed, one can find a B € C*°([0, 1], SL(2,R)) such that
B(0) = Id, B(1) = C(0) and such that for any k > 1 8*B(0) = 0 and 0*B(1) =

R))
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*(CB)(0), IBlls,10.1) < Ks[IClls 0,17 Setting B(t) = C(t —1)---C(t—m)B(t —m)
for t € [m,m + 1] completes the definition of B. One then has for any 7' € N

1B

cs (0, IClcoqo,1)) + ICellco o, 1€ e (j0,1))
(5.1)

where (I, C;(-)) = (1,C(-))". Lemma 2 will follow from Lemma 8 and 3 below

c+(o.r) < Ky max, ((IICzI

LEMMA 8. Let (ug)1<k<n @ sequence of functions in C*°(T, SL(2,R)) and let U,, =
U1 ... Un. Denote by My = maxi<p<n(||uxl|s). Then

[Unllr < (nC)" Mg~ M,.

If the functions are defined on [0,1] one can replace C™ by some constant K, de-
pending only on r (and on the interval [0,1]).

Proof.
0
8rUn(x):6T< 11 uk) (z) (5.2)
k=n—1

which by Leibniz formula is a sum of n" terms of the form (

i1+l 22+1
Liisy(2) = ( 11 w(%)) 0™y, () - ( ) (5.3)
l=n—1 l=i;—1
Z3+1
3m2u¢2 (I) . ( )

l=is—1
o {1 o)
l=is—1

where i* runs through J = {0, ..., n—1}{t"}F and where {iy,...,i,} = i*({1,...,7})
satisfy n—1 > iy > iy > ---iy > 0and m; = #(i*)~1(4;) (notice that mq+...+m, =

).

From this and the convexity (Hadamard-Kolmogorov) inequalities [11]
[0 ullco < Cllullg™ ™ |07 ull b, 0<m <, (5.4)
we deduce (using Y7, m, =)
S
—s -, TP
1oy @)l < Mg = ] (CMO L ) (5.5)

p=1

<C MJ'M,
so that

Ul <D iy ()] (5.6)

i*eJ
<n"C"My M,

Lemma 8 has an immediate corollary on the growth of the products A,

J’ai mis U,, dans la for-
mule (5.6) et j’ai rajoute
la phrase qui dit que 'ex
lemme 9 est un corollaire

de lemme 8. A verifier
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COROLLARY 3. Let J C R be some interval and define J, = 7:_01(J +la). If
My (z) > 1 is an upper bound of || Ax(x)|| for x € J then for any x € J

10" An(@)| < K7 | An(@)llco sy Mo(a)? (MZ () + -+ MZ_, (2))"]|0" A() o ).

Observe that when the fibered products C;(t) are uniformly bounded for ¢t € R
(P := supe [|Cll|cor) < 00) we have [|Ci|csry < Ks(MU)*[|Clos o, ICllco o,y
for some constants Ky, s € N and using (5.1) we get the estimate for B.

In the general case,

ICllc=(o,17) < KL NCIG M IC .-
This and (5.1) conclude the proof of Lemma 2. O

5.2. Proof of Lemma 5.
Proof. We use the following lemma :

LEMMA 9. Let (v, A) and (v,A) € Q" and define for k € Z (v,A)* = (kv, Ap),
(v, A)F = (kv, Ax). Then, if we define I, = U (I +1), M, = || A
1A~ Al

cs(1,), Hs =

cs(1,) one has,
||85An - 651‘~1n”00([) < KSTLSJrl(MO + H())n72 <(Ms + HS)HO + (M() + Ho)Hs).

Proof. Define H = A — A and set A(v,t) = H?:nq(A(t +1v) +vH(t + lv)). By
the mean value theorem we clearly have

10° A, — 8SfinHCO(I) < omax 10, (0°A(v, )lco(ry-

But 0, (0°A(v,-)) is a sum of n terms of the form (0 <m <n —1)

85(< nﬁl (A(t—l—lw)+1/H(t+lv))>H(t+m7)< ﬁ (A(t—i—l’y)—f—uH(t—&-lw)))).

l=n—1 l=m-—1

By the convexity inequalities and Lemma 3, the C*-norm of this expression is less
than

Con® T (Mo + Hop)" 2 ((Ms + Hy)Ho + (Mo + HO)HS>
O
Denote ¥, = M -1 0 Ty, (®;),i=1,2and T, = T(;*l o NQ;L We clearly have
dr g, 7(V1,V2) = B, 1 dr7(P1, P2),

and
94

From formula (3.14), the previous lemma and the definition of Ng, we then get

i1 = B 1 1@ |7

dp gz r(Ca(01),Dn(¥2)) < Ko, yran V55,2 o

(n\h |T,@L1Tdo,gm<%,%>) (5.7)

which in view of the previous formulae is the conclusion of lemma 5. g

0,6, 17dr g, 7 (¥1, W2) + || ¥y
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6. APPENDIX B
AN ABRIDGED PROOF OF THEOREM 5

The proof relies on a K.A.M. scheme (named after Kolmogorov, Arnold and
Moser). Assume that o € DC(v, 1), that is
-1
B
llgall > a
and that A(-) = ef0() Ay where Fy € C"(T, sl(2,R)) where s/(2, R) is the Lie algebra
of SL(2,R) which elements are traceless 2 x 2 real matrices.

DEeFINITION 3. For N, K > 0, we define the set

DS(N,K):={BeR| zezoiilfkmv |8 —ka—1> K1}

It is easy to check the following

LeMMA 10. Let o € DC(y,7), N > 0 and K > ~v2N)*"T . Then: 1) If B ¢
DS(N, K), there exists a unique ko € Z—{0}, |ko| < N such that |3 —koa| < 1/K
and we have 3 — koo € DS(N3,K). 2) The following inclusion holds: {|3] <
K1} € DS(N3, K).

This lemma will be used with sequences N,, and K, given by N, = L(+o)"
K, = 7(2Nn)3(7+1), where o > 0 and L > 1 some constants that will be fixed later.
The lemma shows that if § is almost resonant at step n, that is 5 ¢ DS(N,, K,),
then it is possible, by replacing G by B = B — koo, to get a number § that is
non-resonant for a much longer period. The importance of the exponent in the
Diophantine condition on ﬂ~ will be explained later.

If g in SL(2,R) is elliptic (that is conjugated to a rotation matrix or equivalently
if the absolute value of its trace is less than 2) it can be written e where M €
sl(2,R) is elliptic (conjugated to an infinitesimal rotation). In that case det M
is positive and we denote by 3(g) = 7~ !'vdet M. The eigenvalues of Ad(g) :
s1(2,R) — sl(2,R) (which is defined by Ad(g) - X = gXg~!) are 1 and +e?>8(9),
Notice that if (cr, A) is a cocycle with A constant and elliptic then its fibered rotation
number p equals 5(A)/2.

If f is a periodic C" function we define its Fourier coefficients f(k) = [, f(8)e~2""*?dp),
its truncation up to order N, T f = Z\kISN f(k)ez’rike and it remainder at order
N, Ryf=f—Tnf. We have for any s,s’ € N, s’ > s, the following estimates,

‘f|s/
Ns'—s—1°

Also, if Q is quadratic in (f,g) (Q being C? and Q(0,0) = 0, DQ(0,0) = 0) we
have

Tnfle < Co NS5 fl,  |Rnfls < Cso (6.1)

1Q(f,9)ls < Cs(L+Flo+ lglo)* (| flo + lglo) (15 + lgls), (6.2)
which simplifies to

QU 9)ls < Cs(Iflo +1glo)([f]s + lgls),

if |flo + |glo is a priori bounded (by 1 for example).
The main procedure operated at every step of the KAM scheme is given by the
following proposition.
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PROPOSITION 3. If |A| < 1 and N and K are such that K = 2N and
N6+ g is small enough, then:
(1) if B(A) € DS(N,K) there exist Y € C>(T,sl(2,R)), A" € sl(2,R), F' €
C>(T,sl(2,R)) such that
eV (F) (P () A)e=Y () = () 4/ (6.3)
A =04

F|y
|F/‘s < 0872N6(7+1)|F|S|F|0+Cs,s’N‘ ‘s

§'—s—1"

)

Y]s <4CNSTH|F,
pla, e O A) = p(a, ") A)
(ii) if there exists m € Z, 0 < |m| < N such that ||3(A) — ma| < K1 then there
exist B € C*°(R/2Z,SL(2,R)), A" € sl(2,R), F’ € C*>(T, sl(2,R))such that
B(A")] < K~
B(- 4 a)(eFOA)B() =0 A
N3(s'—s—1) :

pla, e DAY = p(a, e A) — may2.

F/], < Cy gy V204D (NSF% L \FLLIF) +

Proof. Case (i) Since « is Diophantine and (A) € DS(N, K), where K = 7(2N)3(T+1),
it is easy to see going through Fourier coefficients that the so-called linearized equa-
tion

Y(+a) = Ad(A)Y () = ~(InF — F(0))
has a unique solution Y € C*(T, sI(2,R)) such that ¥ (0) = 0, and for k € Z — {0}
one has Y (k) =0 if |k| > N and

Y (k) = <62”k°‘1d — Ad(A)) _1F(k)

—1
if |k| < N. The eigenvalues of (ezmkafd - Ad(A)) are (e?mika )71 (e2rika
e2miB(A)) =1 and (e2mika — ¢=2miB(A)) =1 and from this it is not difficult to get

[Y|s < CA2NSTH| R, (6.4)

If we define A’ = e#(© A and F’ by (6.3) one can see that F’ is the sum of an
expression which is at least quadratic in (TyF,Y, F'), and of a remainder of size
comparable to RyF = F — Ty F. The required estimates then follow from the
application of formulas (6.1), (6.2) and (6.4). The equality on the fibered rotation
numbers is due to the fact that this fibered rotation number is invariant under
conjugations which are homotopic to the identity.

Case (ii) In that case the constant matrix A is elliptic and can be conjugated
0 -1
1 0
of size bounded by C/B(A)? < Cy?>N?"+1 (because for some 0 < |ko| < N,
19— koall < 1/K < (yN3+D)~1 swhile [koa]l > (yN™+) 1),

Applying this conjugation to e’ A results in a new cocycle e’ exp(73(A) H) where
|F|s < Cy2N2tD|F|,. To keep the notations simple we will still write A in place

to a rotation exp(8(A)wrH), where H = , the constant conjugation being
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of exp(nB(A)H) and F in place of F. We now perform a conjugation D(-) =
exp(—mHm-) € C*(R/2Z,SL(2,R)) : writing

D(-+a)(eFOA)D() L =eFOA
we see that A = A — maH so that 3(A) = 3(A) — ma and
|Fls < Co(N®|Flo + |F[).

Notice that although D is only 2Z-periodic, Fis Z-periodic. But then we have seen
that, 3(A) € DS(N?, K), so that Case (i) applies to e () A with N3 in place of N:
there exists a conjugation Y € C*°(T, sl(2,R)) such that if we set B(-) = e?(')D(-),
one has the desired estimates

N¢|F Fly
IF'|, < CS7S,V2N2(T+1) (72N6(T+1)(Ns|F|§ + |F|s|Fo) + M)

The relation on the fibered rotation number is due to the fact if B : R/2Z —
SL(2,R) has topological degree —m

pla, B(-+ a)e" O AB()™) = p(a, "D A) — may/2.
O

In view of the estimates of Proposition 3 we now apply Corollary 4 of Appendix
Cwith a =20(tr+1), 00 =1, M =1, m =0, (pp, fip) € {(1,0),(3,1)}. This
provides us with 0 < o < 09, 0 < g, 5o € N (of the form sg = O(7)) and L = y*Cy,,
Cs, = MmaxXs<s,s'<s, Cs,s for which the conclusions of Corollary 4 are satisfied.
Assuming that

|F0‘So < ’77d0€

where dy = 4s¢/g, € = (Cs,)~%/9, setting N,, = L1+9)" and applying inductively
Proposition 3 (with at step n, N,, A,, F, in place of N, A, F) this enables us
to construct inductively sequences A, € sl(2,R), F,, € C>=(T,sl(2,R)), Z, €
C>(R/2Z,SL(2,R)), m, € Z such that

Zn(. + a)an(')AnZn(.)—l _ an+1(')An+1

2p(cr, e 1O A, ) = 2p(a, e AL) — i
and which satisfy the following estimates: setting €, s = |Fy|s, Kp = 7(2Nn)3(7+1)
then for all s >0
€n,s = O(N,; ).
Also,
e if 3(A,) € DS(N,,K,) then m, = 0 and Z, is of the form e¥" with
Y, € C°°(T, sl(2,R)) satisfying |Y,|s < VCSNS(TH)&LS
o if 3(A,) ¢ DS(N,, K,,) then 0 # |m,| < N, and |3(A,41] < K, L.
Notice that Z, can be, depending on whether at step n we are in Case (i) or Case
(i) of Proposition 3, ”small” or ”big” according to C'*°-topology.
We have thus proven almost reducibility without any condition on the fibered
rotation number :
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THEOREM 9. If o € DC(v, ) is Diophantine and A € SL(2,R) there exists €
(depending only on 7 and A) and sy € N such that for any F € C*(T,sl(2,R))
satisfying |F|s, < v~ %¢ there evists a sequence W, € C*(R/2Z,SL(2,R)) (W, =
Zp_1 -+ Zyn) for which Wy,(- + a)(eFO AW, (1)~ is Z-periodic and converges to a
constant in the C°°-topology.

Now to prove Theorem 5 under the assumption |Fls, < v~ %e we just have
to prove that if p(a,ef()A) is Diophantine with respect to a then for all n large
enough B(A,) € DS(N,, K,,). We make the following remarks: at the n-th step of
the iteration scheme the fibered rotation number of (o, ef™ A,,) satisfies:

2p(a, e A) = 2p(ar, eF”(')An) + (Mo + ...+ Mp_1)a,
and using the smallness of F;, we get
12p(a, e A) — B(A,) = (g + ... + n_1)a| < np.

Now assume that there is an infinite sequence nj such that m,,_1 # 0; then
18(An,)| < K} and we have

2p(a, "D A) — (g + ... + p—1)al < K +eny 00

But since p(«, eF(')A) is Diophantine with respect to a we get

C
<K l'4e, o
(NO + "'Nnkfl)2 = Sinyg +e€ 1,0
This is clearly impossible for k large enough since K,, = (2Nn)3(7+1) and €,,0 =

O(N;>).

We conclude that for n big enough B(A,) € DS(N,,K,) and consequently,
the conjugation Z,(-) is of the form eY»() with Y, € C°(T,sl(2,R)) satisfy-
ing |Y,|s < VC’SNS(T+1)5,L7S (Case (i) of the iteration scheme). The product
Zn(+) -+ Zp(+) clearly converges in the C'*°-topology: this is the required conju-

gation that transforms (o, e”() A) to a constant cocycle.

7. APPENDIX C
CONVERGENCE OF A GENERALIZED KAM SCHEME

In this section we present a proof of the convergence of a generalized KAM
scheme. We insist on the fact that non constant losses of derivatives are allowed
when solving the linearized equations; typically, a loss of ms derivatives is possible
(m < 1) if we are dealing with C*-norms. Also, a loss in the truncated part is
allowed (in the sequel of the text, this is governed by the constant u, ). We
have essentially followed the presentation of [12], chap. 5 and [7], sec. 6 with some
simplifications and generalizations (and corrections of some minor errors).

Let a > 0,0 <09 <1, M,m,pu, x> 0 such that

M m _
— < 1+ o, — <1, 0<2p<p
2 H
Then there exists g such that
1 o< ,(1—|-00 1 1)
— g min sy Ty T
=R M “mp

and 0 < o < g such that
1+o<(u—n)g.
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that is

l+o 1409 11
<g<mln( vy
W= p M “mp

) (7.1)

For s,5, let Cs 5 : [0,00) — [1,00] be a family of continuous functions on [0, 2]
such that C, 5(t) = oo if ¢ > 2, increasing with respect to 5,5 > 0 and let C =
max;<a Cs 5(t).

THEOREM 10. There exist so > 0 such that if €, s is a double sequence satisfying
for any s,5,p e N

a a+Ms 1409 a+ms a—(5—s)pu ns
Ep+l,s = 057§(1+)\p51770) X ()‘p €p,0 +A, Ep,s€p,0t A, (=2) (€P7§+>\p €p,0

)
’ (7.2)
where N, = LA [ = C and if

_ 350

€0,0 < (Cso) 9, €0 =1

then, for any s € N g, s = O(X\,;°). Also, sg does not depend on the sequence (Cs)s
and can be taken of the form (a + 1)£(oo, M, m, u, t).

Proof. In view of (7.1) we choose k such that

1
1rote (7.3)
p— i

The proof consists of several lemmas. We assume that (g, ) is a sequence sat-
isfying (7.2) where \, = LI+9)" for some L > 1.

LEMMA 11. Letyo > 0, so = g0, b = 70. Then, there exists veet(a, oo, M, m, i, fi, g, 0, K)
such that if vo > 5 and \, = LU+ L = Oy, then

Ep0 S A (7.4)
Epso < A (7.5)

for any p € N provided these inequalities hold for p = 0. Also, there exists
Ot (a9, M, m, 1, i, g, 0, k) > 0 such that one can choose V' = (a + 1) x Qf.

Proof. In view of (7.2) where we make s = 0, § = sp and s = s0,5 = o we just
have to check that

)\ZEP70 < 1
and

3 x C‘SO)\;)\;(l"FUO)’Yo < )\;’YU(H‘U)) 3 % C‘SOAZ-‘!-MSU)\;(L"‘UU)’YO < )\2(14‘0)’

(7.6)
3 x CogAgA, 270 < A 0(He), 3% Co Ao N 00 < AD(1He),

(7.7)
PRI L) S0k G 4

7.8

These inequalities are satisfied if

a < Yo (79)
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and
a < y(og—0) Msy—(14+00)v% <b(l+0)—a  (7.10)
a<y(l—o) msg — Yo < bo —a (7.11)
{ a+b<uso—y(l+o0) { a < bo (7.12)
a < (u—fi)so — o0 fiso — v <b(l+0)—a

provided L is larger than some L™ (a, 00, M, m, i, fi, g, 0, k,70,Cs,) where in the
limit of large o it is possible to take L**f = Cs,. Also in the limit of large 7o, the
previous conditions (7.9), (7.10)—(7.12) will be satisfied if
k< pg—(1+0), Mg—(140¢) < k(1+0), mg—1< ko, o<g(p—p), pg—1< (1+o0)x
or equivalently if
(1+o—+n o ) ) ((1+J)ﬁ+(1+00) 1+ ko 1+(1+a)n>
max , — ] < g <min , ; —
J H—f M m Iz
which follows from (7.1) and (7.3). For further records (see (7.15)), we impose in
addition that - is big enough so that

(7.13)

. —rk—(a/v) (u—pm)g—(a/)
1<mm(ug i 0) Mlg«m 70)

and

2 <. (7.14)
ok
It is clear that in order for (7.9), (7.10)-(7.12) and (7.13) to be satisfied it is enough
to choose 7y larger than some (a + 1) x Q™ (og, M, m, p1, g, 0, k) > 0.
O

LEMMA 12. Leta > 0, 0 < 0 < o9 and vy >
up = O(N,7°) satisfies

If vo < v < == and if

op—o° 140

Upr1 < C()\;u;f”o +2A,9)
for some constant C > 0, then u, = O(\,”)
Proof. We can assume 0 < u, < 1. Observe that
ay—(1+o —v(1+o —c —y(1+o
QC)\p/\pv( o)g)\pv( )’ QC’)\p S)\pv( )

if p is big enough (since v > a/(0¢g — o) and ¢/ > 1+ o). Now

i) either for any p the inequality u, > A, 7 1s true and then
A, ¢ < u;’/ 7.
We have
Upyq < 2C’)\gugﬁ“((‘3/7)’(1+”0)).
If we define v, by u, = A\, " we see that

min((¢/7), (L +00)) | a log(2C)

140 P 140 (14o)ptllogL’

Up+1 =
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We now introduce o < p < 09 and § > 0 such that 7 > v > Z_ig; it is
plain that for p > py big enough (remember that by assumption inf, v, > 0 and
1+ p <min((¢/v), (1 + 09))) one has

1+p a+d

>
yPH_l—i—UVp 1+0

a+5> 1+p P—Po( a—|—5)
Vpi1 — —— Vpy — .
p+1 p_o,— 1+0_ Po p_o_

Since by assumption liminf v}, > 7o, this implies u, = O(), ).

)

and thus

ii) or there exists p, — oo such that u,, < AJ7 and then the induction can be
initiated. O

The next lemma is similar to but easier than Lemma 12 so we leave the proof to
the reader.

LEMMA 13. Let the sequence u, > 0 satisfy
Uupr1 < C(A, Muy + A7)
for some C >0, v2 >0, 1 € R.
(a)If y1 <0 then u, = O(XY) for any b > |y|/o.
(b) If 11 > 0 then up, = O(X,®) for any b < min(|y1|/0,72/(1 4 0)).

The next lemma shows that in fact we can improve the estimates on ¢, sig-
nificantly without altering the one on ¢, 5, but rather extending it to ¢, s for any
5.

LEMMA 14. In view of (7.1) let us choose

1 1 1

+ 90 1,1,1)
Mg fg mg

and define for k > 1 sequences vy, sy, such that

O<w<min(

S
sk = [(1+w)sp_1], = ;’“.

Then, for any p € N
(Pr) epo= O()‘;%)7 Ep,se = O()‘fz)~

Proof. We prove by induction on k that (Pj) holds for & assuming it is true for
k—12> 0 (the case k = 0 is the content of Lemma 11). Observe that the sequences
Yk, Sk are increasing. By making s = § = sy in (7.2)
Ept+l,sp S CSk(/\Z—FMSkE;l),JBUO + /\Z+msk5p,05p,sk + A;(EP:Sk + Af’“%p))
and since (Py_1) holds Ag*Mskszligoo = O()\ZJFMS’F(HUO)%*) with
a+Msp— (14 00)m-1=a+ (Mg(l+w)—(1+00))1-1 <0,
since v > 70, Mg(1 + w) < 1+ 09 and 4y was chosen big enough. We have
furthermore
fse — Ye—1 = (bg(1 + w) = 1)yp—1 <0
since jig(1+w) < 1. The inductive hypothesis (Py—1) also yields that Ag ™™ ¢, oe,, o, =

O™t ) and it follows from mg(1 4+ w) < 1 that a + msg — ye_1 =
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a+(mg(14+w)—1)yk-1 < a. Finally, Lemma 13(a) applies and gives &, 5, = O(A})
with b > a/o, hence for b = k7 due to (7.14).
Also making s = 0,5 = sy, in (7.2)
ept1,0 < Cs, (/\; ;1;600 + /\a ; po Tt /\a ok (ep,sx + Auskep,O))

hence
_ a 1+00 a+b—psy RSk —Yk—1t+a—psg
Ep+1,0 = O()‘p p,0 + )\p + )\p ! )

In order to be able to apply Lemma 12 we have to check that
psi — (b+a) (b —1)sk+-1—a

< < — < <
Y < Yk 1to y 0 < Vk 1to

or equivalently

gV — K0 — @ (p— [@)g7k + Ye—1 —a>' (7.15)

1+o ’ 1+o
But the condition (7.13) ensures that this is the case. Lemma 12 then applies. O

Yo <Yk < min(

We now conclude the proof of Theorem 10. Fix s > 0. Making § = s, in (7.2)
we get

M g1t + —p(sk— fi
Ept1,s < Cs ()‘a skg °+ )‘a " Ep,0€p,s /\Z Hisw S)(Epvsk + )‘gskfp,o))

From Lemma 14 we know that for any I' > 0, £, 0 = O(A, 1), hence

s—I 2 Msp—T(1 — (s —s)+b),a—pu(sk—:¢ asp—I
Eptis :O()\;+ms €p78+)\;nm><(a+ sk—L(1+00),a—p(sk—8)+b),a—p(sk—s)+iisk )

Now, we can choose T'j, such that (remember limy_, o Sx = 00)
irlif max <a—,u(sk—s)—i—b7 a+Ms—T(14+0¢), a+ms—T, a—(u—u)sk+us—f‘k> = —00

Lemma 13(b) then implies that ¢, s = O(A, ) for any s € N.
O

We now assume that a > 0, 0 < g9 < 1, M,m > 0 are fixed and we assume
that we are given sequences (f,), (fip) with 0 < 2, < p, taking a finite number of
values (to simplify) and such that for any p

1 1 1 1
_ cmin(=F% 21 (7.16)
Hp — Hp M m
Let now ¢g,0 0 < 0 < gg such that
., 14+09 1 1 _
— <g<min(——— —,—), 140 <(up— g
Hp — Hp M m i v

As before, for any s, 3, let Cs 5 : [0, 00) — [1, 00] be a family of continuous functions
on [0, 2] such that C 5(¢) = oo if t > 2, increasing with respect to s,5 > 0 and let
Cs = maxy<o Cs 4(1).

The following extension of Theorem 10 is clear from the previous proof.

COROLLARY 4. There exist so > 0 such that if €, 5 is a double sequence satisfying

for any s,5,p e N

ep+1,s < Css(1+A5ep0) ¥ (X”MS ;‘EUOJr)\“JFisp s€p,0 A, (5= 5)“1’(5 s+/\“‘" €p,0))
(7.17)
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where N, = LA’ [ = C, and if

_ 20
€00 < (Csy) 9, €050 <1

then, for any s € N ey s = O(A;>). Also, sy does not depend on the sequence (Cs)s
and can be taken of the form (a + 1)&(oo, M, m, 1, i).

(1

(10]

(11]

(12]
(13]

(14]
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