SMOOTH MIXING FLOWS WITH PURELY SINGULAR SPECTRA.

BASSAM FAYAD

ABsTrACT. We give a geometric criterion that implies a singular maximal spectral type
for a dynamical system on a Riemannian manifold. The criterion, that is based on the
existence of fairly rich but localized periodic approximations, is compatible with mixing.
Indeed, we check it for an ad hoc class of smooth mixing flows on T2 obtained from linear
flows by time change, thus providing natural examples of mixing smooth diffeomorphisms
and flows with purely singular spectra.

1. INTRODUCTION

1.1. Mixing is one of the principal characteristics of the stochastic behavior of dynamical
systems. It is a spectral property and in the great majority of studied cases it is a consequence
of much stronger properties of the system, such as the K-property or fast correlation decay,
that imply a Lebesgue spectrum for the associated unitary operator.

The only previously known examples where mixing of the system was accompanied by
singular spectrum of the associated unitary operator were obtained in an abstract measure
theoretical or probabilistic frame, such as Gaussian and related systems which by their
nature do not come from differentiable dynamics, or rank one and mixing constructions
which do not have yet C'°° realizations. In this paper, we solve the problem of smooth
realizations of mixing with singular spectrum by proving the following

THEOREM. There exist on T?, d > 3, volume preserving flows of class C™ that are mizing
and have purely singular spectra.

The paper has two parts. In the first one, we introduce an abstract criterion that implies
the singularity of the spectrum for a discrete time dynamical system on a Riemannian
manifold. The criterion, that is based on the existence of fairly rich families of almost
periodic sets, is still compatible with mixing, albeit at a slow rate. We state the criterion in
§1.2 below and prove it in Section 2.

In the second part of the paper, Section 3, we rely on this criterion, and on the mechanism
of mixing used in [2], to obtain smooth mixing reparametrizations of some Liouvillean linear
flows on T? that display a purely singular spectrum. It is a general fact that in this case
the flow itself must have a purely singular spectrum. Further, as a by-product, we observe
by Host’s theorem [7] that the latter mixing reparametrizations, because they have a purely
singular spectrum, are actually mixing of all orders. Finally, apart from giving a positive
answer to the problem of smooth realizations we have posed, our constructions shed some
new light to the study of reparametrizations of linear flows on tori of which we give a brief
historical account in §1.3.
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1.2. Periodic approximations and singular spectra.

We consider dynamical systems (7', M, 1) that are given by a Lebesgue space (M, 1) and
an automorphism 7" on it, that is, a bi-measurable p-preserving bijection of M. The unitary
operator Ur associated to the system (7', M, i) acts on the Hilbert space H = L?(M, u,C)
by Urf = f o T~!'. Since the operator Ur always has an eigenvalue equal to 1 represented
by the contant functions, we usually mean by the spectral properties of 7' those properties
of Ur when restricted on the subspace Hy = L3(M, i, C) of functions with zero integral.
This applies in particular to the notion of countable Lebesgue spectrum mentionned in the
introduction.

We recall that to every f € H is associated a (spectral) measure oy defined on the circle
S wia the Fourier transform

URf, f) = /S €274, (0).

The maximal spectral type of 1" is the supremum of the types of all the measures o for
all f € H,or all f € Hy if we want to discard the constant functions as explained above.
Regardless to this distinction, 7" is said to have a purely singular spectrum if its maximal
spectral type is singular. Since every type which is absolutely continuous with respect to the
maximal spectral type appears as the type of a measure o for some f € H, T has a purely
singular spectrum if there is no function with an absolutely continuous spectral measure
(with respect to the Lebesgue measure on the circle). Since constant function contribute
only with a Dirac mass at 0, it is enough to consider only f € Hy.

A basic property implying the singularity of the spectrum of (T, M, p) is rigidity, i.e. the
existence of a sequence of times ¢, such that for any measurable set A C M it holds that
w(Tt AANA) — 0 where the notation AAB stands for the symmetric difference between
the sets A and B. For known smooth systems, the latter property is often obtained as a
consequence of a stronger one, namely the existence of good cyclic approximations in the
sense of Katok and Stepin: a system (T, M, p1) is said to have good cyclic approximations if
there exist a sequence &, of partitions of (M, 1) into sets of equal measure C%, i = 1,..., ¢y,
and cyclic permutations S, of these sets such that

dn

S (TG A8, CL) = o(1/g,)-

i=1
If T admits good cyclic approximation then T is ergodic and rigid (see for example the
original paper [11] or [10] for a definitive account of the general concept of periodic approx-
imations and its applications to the study of various ergodic and spectral properties).

Rigidity of (T, M, ) is clearly not compatible with mixing. To get a criterion that
guarantees a singular spectrum without precluding mixing, we relax the concept of periodic
approximations to that of having strongly periodic towers with nice levels (balls) such that
on one hand the total measure of the levels in a given tower might tend to zero, but on
the other one any measurable set can be approximated by unions of levels from possibly
different towers. Such localized (as opposed to exhaustive above) periodic approximations
are not incompatible with mixing.

DEFINITION (Slowly coalescent periodic approximations). Let T be an ergodic transforma-
tion of a Riemannian manifold M preserving a volume p. We say that the dynamical system
(T, M, ) displays slowly coalescent periodic approximations, if there exist a sequence of in-
tegers k,, € N*, and a sequence €, of positive numbers with > €, < +00, such that for every
n € N there exists a sequence

en = U Bmi

€N
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where the B,, ;, i =0,..., are balls of M satisfying
(i) supr(Bn:) — 0,

(11) 1% (Tkan,iABn,i) S en,u(Bn,i)a

(iii) u( n u en> =1

meNn>m
In Section 2 we will prove the following theorem

THEOREM (Criterion for the singularity of the spectrum). A dynamical system (T, M, )
displaying slowly coalescent periodic approximations has a purely singular spectral type.

REMARK 1. In general, (G, ) need not converge to zero. For a rotation of the circle, for
example, it can be chosen so that it tends on the contrary to 1. For a mixing system
(T, M, 1) however, (i) implies that 1(€,,) — 0! and this is what we refer to by coalescent.
The terminology slowly coalescent is then used to refer to property (ii) that is the key
property in guaranteeing a purely singular spectrum. We will abbreviate slowly coalescent
periodic approximations with SCPA.

REMARK 2. The condition €, < 400 can be viewed as a condition on the speed of the
localized periodic approximations. It is crucial in the proof of the theorem, namely in
combining proposition 2.2 and lemma 2.5.

REMARK 3. If the sets C, satisfy adequate independence conditions, (iii) will follow from
the Borel Cantelli Lemma if ) 1(Cr) = +o0.

Acknowledgments. I am grateful to Jean-Paul Thouvenot for several enlightening
discussions and explanations in spectral theory that helped me find Criterion 1.2 for singular
spectrum, and to Anatole Katok and the referee for helping me state it in its actual general
form. T also thank Arthur Avila, Raphaél Krikorian and Francois Ledrappier for useful
conversations. I am indebted to the referee for the many improvements that he suggested.
Part of this work was done during my stay at the Center for Advanced Mathematical Sciences
of the American University of Beirut and I thank this institution for its warm hospitality.

1.3. Spectral type of reparametrized linear flows.

The problem of understanding the ergodic and spectral properties of reparametrizations of
linear flows on tori was raised by A. N. Kolmogorov in his I.C.M. address of 1954 [15]. Since
then and starting with the work of Kolmogorov himself, this problem has been intensively
studied and a surprisingly rich variety of behaviors were discovered to be possible for the
reparametrized flows. We say surprisingly because at the time when Kolmogorov raised
the problem, some strong restrictions on the spectral type of the reparametrized flow were
expected to hold, at least in the case of real analytic reparametrizations, Cf. [15] as well
as the appendix by Fomin to the Russian version of the book of Halmos on ergodic theory,
where absence of mixed spectrum was conjectured for smooth reparametrizations of linear
flows.

11t is not true in general that for a mixing system and a sequence of measurable sets Cj, such that
TknC,AC, — 0, then u(Cn) — 0 or u(Cp) — 1. But in our case G, is a union of balls with radii
converging uniformly to 0, hence if limsupu(Cn) > € > 0 and if we fix p = [%] disjoint open subsets
in M, Mi,..., Mp, of equal measure 1/p there will be at least one (say M;) that must intersect C, for
infinitely many n, in a set of measure greater than ¢/p that is almost a union of balls By, ; so as to force
limsup p(T*» My N M1) > €/p > p(M;)? which contradicts the mixing property.
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We denote by R!, the linear flow on the torus T™ given by
dx

at ~ "

where z € T" and « is a vector of R". Given a continuous function ¢ : T* — R* we define
the reparameterization flow T, , by

dx «

dt— ¢(x)’

If the coordinates of « are rationally independent then the linear flow R?, is uniquely
ergodic and so is Té) » that preserves the measure with density ¢. Other properties of the
linear flow may change under reparameterization. While the linear flow has a pure discrete
spectrum with the group of eigenvalues isomorphic to Z", a continuous time change may yield
a wide variety of spectral properties. This follows from the theory of monotone (Kakutani)
equivalence [9] and the fact that every monotone measurable time change is cohomologous to
a continuous one [16]. However, for sufficiently smooth reparameterizations the possibilities
are more limited and they depend on the arithmetic properties of the vector a.

If a is Diophantine and the function ¢ is C'°°, then the reparameterized flow is smoothly
isomorphic to a linear flow. This was first noticed by A. N. Kolmogorov [15]. Herman found
in [6] sharp results of that kind for the finite regularity case. Kolmogorov also showed that for
a Liouville vector o a smooth reparametrization could be weak mixing, or equivalently the
associated unitary operator to the reparametrized flow could have a continuous spectrum.

M. D. Sklover proved in [17] the existence of real-analytic weak mixing reparametrizations
of some Liouvillean linear flows on T?; his result being optimal in that he showed that for
any real-analytic reparametrization ¢ other than a trigonometric polynomial there is « such
that T, ; is weak mixing. In [1], it was shown that for any Liouvillean translation flow R,
on the torus T™, n > 2, the generic C*° reparametrization of RY, is weak mixing.

Continuous and discrete spectra are not the only possibilities. In [3] it was proved that
for every a € R? with a Liouvillean slope there exists a strictly positive C* function ¢
such that the flow T; o Oon T? has a mixed spectrum since it has a discrete part generated
by only one eigenvalue. They also construct real-analytic examples for a more restricted
class of Liouvillean a. Recently, M. Guenais and F. Parreau [5] achieved real-analytic
reparametrizations of linear flows on T? that have an arbitrary number of eigenvalues. They
also construct an example of a reparametrization of a linear flow on T? that is isomorphic to
a linear flow on T? with "exotic" eigenvalues, i.e. not in the span of the eigenvalues of the
original linear flow. Finally, there exist real-analytic functions ¢ that are not trigonometric
polynomials, and for which a mixed spectrum is precluded for the flow To’i, » for any choice
of a. Indeed, it was proven in [4] that for a class of functions satisfying some regularity
conditions on their Fourier coefficients the following dichotomy holds: Té) » €ither has a
continuous spectrum or is L? isomorphic to a constant time suspension.

Reparametrizations and mixing. In [8], Katok showed that any reparametrization of an
irrational flow on the two torus with a function of class C® has a simple spectrum, a singular
maximal spectral type, and thus cannot be mixing. Absence of mixing was extended by
A. V. Kocergin to Lipschitz reparametrizations [12]. The argument relies on a Denjoy—
Koksma type estimate which was proven to fail in higher dimension by Yoccoz [19]. Based
on the latter fact, we showed in [2] that there exist o € R? and a real-analytic strictly
positive function ¢ defined on T3, such that the reparametrized flow To’i, » 18 mixing. The
construction easily extends to higher dimensional tori (cf. [2, Theorem 3]).
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The mixing examples obtained by reparametrizations of linear flows belong to a variety
of fairly slow mixing systems, also including the mixing flows with singularities constructed
on surfaces by Kogergin in the seventies [13], for which the type and the multiplicity of the
spectrum remain undetermined.

Modifying the reparametrizations of [2, Theorem 1, Theorem 3], it is possible to maintain
mixing while the time one map of the reparametrized flow is forced to satisfy the SCPA
criterion stated above. But the singularity of the maximal spectral type of any time map
implies that of the flow, thus yielding

THEOREM. For d > 3, there exist o« € R? and a strictly positive function ¢ over T¢ of class
C®° such that the reparametrized flow T(; o 18 mizing and has a singular mazimal spectral
type with respect to the Lebesgue measure.

A dynamical system (T, M, ) (or flow (T, M, ;1)) is said to be mixing of order [ > 2 if, for

any sequence (ug), e ,ug_l)){neN}, where for:=1,--- ,1—1 the (uff)){neN} are sequences
of integers (or real numbers) such that lim u!? = oo, and for any l-uple (Ay,- -, 4;) of

measurable subsets of M, we have

lim p (T*“S)*“'*”g_DAl N--NT~ 4,0 Al) = u(Ai_1) - p(Ay).

n—oo

The general definition of mixing corresponds to mixing of order 2. A system is said to be
mixing of all orders if it is mixing of order [ for any | > 2. Host’s theorem [7] asserts that a
mixing system with singular spectrum is mixing of all orders, hence we get

COROLLARY. For d > 3, there exist o € R? and a strictly positive function ¢ over T? of
class C* such that the reparametrized flow Té,«b is mizing of all orders.

Acknowledgments. I am grateful to Jean-Paul Thouvenot for several enlightening
discussions and explanations in spectral theory that helped me find the criterion of Theorem
1.2, and to Anatole Katok and the referee for helping me state it in its actual general form. I
also thank Arthur Avila, Raphaél Krikorian and Francgois Ledrappier for useful conversations.
I am indebted to the referee for many improvements that he suggested.

2. SLOWLY COALESCENT PERIODIC APPROXIMATIONS

In this section we prove Theorem 1.2.

2.1. We will state now a general criterion that guarantees a singular spectrum for (T, M, u).
Although this will not be the criterion that we will use to prove that systems having SCPA
have a singular spectrum it is of interest by itself and is similar, yet more general, to the ad
hoc one that we will use and that will be stated in the next paragraph.

PROPOSITION. Let (T, M, ) be a dynamical system. If for any complex nonzero function
f e LM, p), ie [, f(x)du(z) =0, there exists a measurable set E C M with u(E) > 0,
and o strictly increasing sequence l,, such that for every x € E we have

n—1

> (T

=0

lim sup —
n

n—oo

>0 (2.1)

then the mazimal spectral type of the unitary operator associated to (T, M, 1) is singular.

Proof. Assume that T" has an absolutely continuous component in its spectrum. Then there
exists f € LZ(M, u1) such that the spectral measure corresponding to f on the circle S can
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be written as of(dz) = g(x)dx where g € L' (S,R,dz) is bounded. With the notation

n—1

Suf(x) =3 F(T" ()

i=0
we write spectrally

2

B

n—1 2
2

< supzeggz/

Sup.esg(2)
0 .

L2

<

From this we deduce that S,2f/n? converges to zero for almost every x € M. Further-
more, a similar computation as above gives for n2 <1< (n+1)° — 1 that

1 2 l—n?
[=(Stf = Sn2 )|l . < supg(2)—75—,
l L2 z€S l
hence
(n+1)2-1
> H— Sif - Sn2f)|| | < +oo.
n>0 1=n?2

By Fatou’s Lemma we conclude that for almost every x € M we have S, f(z)/n — 0, in
n—oo

contradiction with (2.1).2 O

2.2. Even simpler than Proposition 2.1 and yet more adapted to our purpouse is the fol-
lowing

PROPOSITION. Let (T, M, ) be a dynamical system. If for any complex nonzero function
f € LE(M, i), there exist a measurable set E C M with u(E) > 0, a sequence k,, € N* and
a sequence T, € N* with > (1/7,) < 400, such that for every x € E we have

Tn—1

Zszk

then the mazimal spectral type of the unitary operator associated to (T, M, 1) is singular.

>0, (2.2)

lim sup —
n—oo Tn

Proof. Tf o has a bounded density, then || 37" " OT“C"H; < O7, and the fact that
>(1/7,) < 400 then gives a contradiciton with (2.2). O

REMARK. Clearly, it is enough to prove the above proposition for all real-valued functions
fe LM, p).

2The proof of this proposition is similar to the proof of the strong law of large numbers in the case of
independent random variables with bounded L? norms.
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2.3. In the sequel we will assume that (T, M, u) satisfies (i) — (éi%) of Definition 1.2. We fix
hereafter a sequence 7, of integers such that ¢, 7, — 0 while > (1/7,,) < 400 (this is possible
since Y €, < +00). We fix an arbitrary nonzero real-valued function f € L2(M,u). For
e > 0 we define the set

D.={xeM|f(zx)>2}.
Since f € L3(M, p) is not null, there exists 9 > 0 such that p(D.,) > 0. From Proposition
2.2, Theorem 1.2 will hold proved if we show that:

PROPOSITION. For p a.e. point x € D, there exists infinitely many integers n such that

Tn—1
1

— Y f(T*na) > e (2.3)
=0

2.4. The following proposition states that for every N > 0, the set of z € D., for which

(2.3) fails for all n > N has zero measure, which implies Proposition 2.3.

PROPOSITION. For every N > 0 and every measurable set D C D., with u(D) > 0 there
exist n > N and x € D such that (2.3) holds.

2.5. To prove the proposition, we will need the following Lemma where we let f, =
min(f, 2ep):

LEMMA. There exists Ny such that if n > Ny and B,, is a set satisfying (ii) of Theorem 1.2
and

fo(z)du(x) > seop(Bn)
B,

3
> 2
-2
then there exists a set B, C B, with u(B,) > p(B,)/5 such that (2.3) holds with n for
every r En.

Proof. Let B,, and k, be as in (ii) of Theorem 1.2. For x € M, we use in this proof the

notation
Tn—1

Snf(x) := Z f(T*ng).
i=0

Define
Tn—1 Tn—1
B, = |J 7% B,, B,= () T7*"B,.
=0 =0

Clearly B, C B, C B,. Notice that, if z € B, \ By, then 2 € (I~ B,)A(T~(*+Dkn B )
for some i, 0 < i < 7,,. From (i) we get

W(BoABy) < Theni(By) (2.4)

but 7€, — 0 so that wW(BuABy,)/1(By) — 0.
Define fo = fo on B,, and equal to zero otherwise. We then have

| 2 ) < [ 2P ) < [ owaute) = [ poduto),

By, Tn M Tn M B,

hence from our hypothesis
S ) > S, (2.5)
B, Tn

On the other hand, since fo < 2gg we get
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w(z) < pu(Bn)eo + 21 <{x € B,

B Tn

SanO(ir) > EO}) €0
Tn B

which in light of (2.4) (with n sufficiently large so that 7,6, < 1/100) and (2.5) leads to
_ S, f
, ({ B, |S2h@

Tn
which using (2.4) again yields

u({xeén

which is the desired inequality since S, fo and S, fo coincide on Bn C B,. O

> 50}> > (1/4 —1/200) u(B,,),

Sy fo(x) > 80}> > lﬂ(Bn)a

Tn -5

2.6. Proof of Proposition 2.4. Fix a measurable set D C D,., such that u(D) > 0. Fix
N € N and let N = sup(Ng, N) where Ny is as in Lemma 2.5.

By Vitali’s Lemma and properties (i) and (i¢i), there exists a constant 0 < ¥ < 1 such
that, given any ball B in M, we can find a family of balls B,,, C B such that

(P1) The B,, are disjoint;

(P2) Every B, belongs to some €, with n > N;

(P3) 1 (UBy,) > du(B).

For x € D C D.,, we have f, = 2¢¢. Considering a Lebesgue density point we obtain, for
any € > 0, a ball B C M such that

(B1) (BN D)= (1—e)u(B);
(B2) /B fol@)dp(z) > (2 — eon(B).

We can now choose € > 0 arbitrarily small in (B1), (B2) and then apply (P1)-(P3) to the
above ball B. Indeed, as € is made closer to 0, (B1) implies that most of the balls given
by (P1)-(P3) must satisfy p(B, N D) > (1 —1/10)pu(B,,). Similarly, (B2) and the fact that
fo < 2¢9 imply that most of the balls given by (P1)-(P3) must satisfy [, fo(z)du(z) >
(3/2)eopu(By,). We can hence obtain a ball B,, € C,, with n > N satisfying both u(B,ND) >
(1 = 1/10)u(By) and [ fo(z)du(x) > (3/2)eou(Bn). We then conclude the proof using
Lemma 2.5. (]

3. APPLICATION: SLOW MIXING AND SINGULAR SPECTRUM

This section is devoted to the proof of Theorem 1.3.

3.1. Reduction to special flows.

DEFINITION. (Special flows) Given a Lebesgue space L, a measure preserving transformation
T on L and an integrable strictly positive real function defined on L we define the special
flow over T and under the ceiling function ¢ by inducing on M(L,T,p) = L x R/ ~, where
~ is the identification (z, s + ¢(x)) ~ (T(x), s),the action of

LxR — LxR
(z,s) — (x,s4+1).
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If T preserves a unique probability measure A, then the special flow will preserve a unique
probability measure p that is the normalized product measure of A on the base and the
Lebesgue measure on the fibers.

We will be interested in special flows above minimal translations R, o of the two torus
and under smooth functions ¢(z,y) € C*(T? R%) that we will denote by TY o o For
r € NJ{+oo}, we denote by C"(T? R) the set of real functions on R? of class C" and
Z?*-periodic. We denote by C"(T? R% ) the set of strictly positive functions in C"(T?,R).

In all the sequel we will use the following notation: for m € N,

m—1

Smep(x,y) = > pla+la,y +1d). (3.1)
=0

With this notation, given ¢t € R, we have for z € T?
T'(2,0) = (RY$7(2),t = Swie0(2))

where N (t, z) is the largest integer m such that ¢t — S,,(z) > 0, that is the number of fibers
covered by z during its motion under the action of the flow until time ¢.

By the equivalence between special flows and reparametrizations Theorem 1.3, in the case
of the three torus, follows if we prove

THEOREM. There ezist a vector (a,o/) € R? and ¢ € C>(T? R%) such that the special flow
Té)a,#, is mizing and satisfies (1) — (iii) of Theorem 1.2, which implies that the spectral type
of the flow is purely singular.

The equivalence between the above theorem and Theorem 1.3 is standard and can be
found in [2], Section 4. The generalization to any dimension d > 3 of the construction that
will be described on the three torus is straightforward.

In the construction of the special flow T} ,, , we will first choose a special translation
vector on T?, then we will give two criteria on the Birkhoff sums of the special function ¢
above R, o that will guarantee mixing and SCPA. Finally, we will build a smooth function
© satisfying these criteria.

3.2. Choice of the translation on T?. Given a real number u, we will use the following
notations: [u] to indicate the integer part of u, {u} its fractional part and ||ul|| its closest
distance to integers. Let « be an irrational real number, then there exists a sequence of
rationals {’q’—z}neN, called the best rational approximations of «, that satisfy

llgn—1all < llkall, Yk <gn (3.2)
and for any n € N
1 n n 1
< (D)(a-Py< . (3.3)
Gn(Gn + qnt1) an Anqn+1

The numbers ¢, are called the approximation denominators of a. We recall also that any
irrational number & € R — Q can be written as a continued fraction where {a;},., is a
sequence of integers > 1, ap = [a]. Conversely, any sequence {a;},cy corresponds to a
unique number a. The best approximations of « are given by the a; in the following way:

Dn = GnPp—1 + Ppn—2 for n > 2, po = ag, p1 = apai +1,
Qn = GpQn—1 + gn—2 for n > 27 qo0 = 17 q1 = az.
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Following [19] and as in [2], we take a and o/ with there approximation denominators g,
and ¢, satisfying for all n > 1

vV

q, edin (3.4)
Gn+1 = qu;' (3.5)

Vectors (o, ') € R? satisfying (3.4) and (3.5) are obtained by a suitable inductive choice
of the sequences a,, and a/, in their continued fraction expansions respectively. Moreover, it
is easy to see that the set of vectors (o, ') € R? satisfying (3.4) and (3.5) is a continuum
(Cf. [19], Appendix 1).

3.3. Mixing criterion. We will consider special flows Té,a/7 above R, and use the
same criterion implying mixing that we used in [2]. It is based on the uniform stretch of
the Birkhoff sums S, (given by (3.1) of the ceiling function above the x or the y direction
alternatively depending on whether m is far from ¢, or from ¢/,. In [2, Proposition 3], the
key property underlying mixing, namely the alternated uniform stretch of S,, ¢, is expressed
in terms of properties of the first two derivatives of S,,, properties that are in their turn
derived from simpler ones on the first derivatives [2, Proposition 4] and on the second
derivatives [2, Proposition 5]. The property required in the latter is simply a linear bound
|DyzSme(z,y)] < Cm (as well as |DyySme(x,y)] < Cm) which trivially follows from the
fact that ¢ is of class C2. It remains to state Proposition 4 of [2] and later check it for the
ceiling function that we will consider:

PROPOSITION (Mixing Criterion ). Let (o, ) be as in (3.4) and (3.5) and ¢ € C*(T?,R%).
If for every n € N sufficiently large, we have two sets I,, and I],, each one being equal to the
circle minus two intervals whose lengths converge to zero, and if

e For any y € T and any = such that {g,a} € I,, for any m € [qu"/ZQqu;}, we

have m

e For any x € T and any = such that {¢,y} € I, for any m € [ezq;/27262q"+1}, we

have ,
m 4y
IDySmipl )] = 2 22
then the special flow Té,a,’@ 1S MiTing.

REMARK 4. In the proof of mixing given in [2], the factor ¢,/n appears in the lower bound
of | DS | due to the specific form of the function ¢ considered there (see §3.5 below),
but is not used in the proof of mixing. The same is true for its counterpart in the y
direction. However, we keep them here since this will not require any additional difficulty
in the construction of .

3.4. Criterion for the existence of slowly coalescent periodic approximations. We
give now a condition on the Birkhoff sums of ¢ above R,  that is sufficient to ensure SCPA
for the time one map of the flow T on M = M(T?, Ro.ar, ).

a,a’ ¢
PROPOSITION. If for n sufficiently large, we have for any x such that 1/2—1/(2n)+1/n? <
{gnz} <1/2+1/(2n) — 1/n? and for any y € T

1

‘S‘an;z(p(xvy) - an;z‘ < cdn

then the time one map of the special flow T«ia’,w has slowly coalescent periodic approxima-
tions as in Definition 1.2.
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Proof. Let C,, be the set of points (z,y,s) € M satisfying 1/2 — 1/(2n) + 2/n? < {gnz} <
1/2 + 1/(2n) — 2/n? It follows from the definition of special flows and (3.6) that for
(z,y,s) € M such that 1/2 —1/(2n) + 1/n? < {g,x} <1/2+1/(2n) — 1/n? we have

anq; (xv Y, S) = (33 + Qn(];zaa Y+ angzalv s+ ‘S’qnq;1 <p(x, y) - angz)

but from (3.3) we have that ||¢.q), || < ¢),/dn+1 = o(e™ %) as well as [|gnq, || < @n /@11 =
o(e~9"). Therefore (3.6) implies that d(T%% (z,vy,s), (z,y,s)) < 2e~%. It is therefore
possible to cover C,, with a collection of balls C,, such that each ball B € C,, has radius less

than 1/(ng,) and satisfies p (Tq"q;BAB) < e "u(B) which yields conditions (i) and (47)
of Definition 1.2.
The key fact in the statement of the criterion is that the sets C,, are not too small, indeed

1
) > — inf ).
wCn) 2 5~ (%Lr)leTQ@(w y)

Next, due to the difference of scale between the successive terms of the sequence ¢,, it is
easy to see that for any k € N, we have for n sufficiently large

n—1 n—1

p(Cnn () C5) = %,U(Cn),u(ﬂ Cy)
j=k

j=k
which implies due to a variant of the Borel-Cantelli lemma (see [18], Prop. IV-4.4) that
p(limsup Cp,) = 1 and condition (i4i) holds thus satisfied. O

3.5. Choice of the ceiling function ¢. Let (o, ') € R? be as in §3.2 and define
fley) =1+ ZXn(x) + Ya(y)

n>2
where
1
Xn(z) = eTcos(Zﬂqnx) (3.7)
1
Yaly) = - cos(2mgy). (38)

Relying on the Proposition-Criterion 3.3 stated above, it is possible to prove as in [2] that
the flow Té)a/7 7 is mixing. The fact that f satisfies the Proposition-Criterion 3.3 is explained
in the beginning of the proof of Theorem 3.1 in §3.6 below. In order to keep the mixing
criterion valid but have in addition the conditions of the SCPA Criterion 3.4 satisfied we
modify the ceiling function in the following way:

e We keep Y, (y) unchanged.

e We replace X, (z) by a trigonometric polynomial X,, with integral zero, that is es-
sentially equal to 0 for {¢,z} € [1/2 —1/(2n),1/2 + 1/(2n)] and whose derivative has its
absolute value bounded from below by e~ for {¢,z} € [0,1/2—1/n]U[1/2+ 2/n,1]. The
first listed properties of X,, will yield Criterion 3.4 while the lower bound on the absolute
value of its derivative will ensure Criterion 3.3.

More precisely, the following Proposition enumerates some properties that we will require
on X,, and its Birkhoff sums that will be sufficient for our purposes, and that we will realize
with a specific construction at the end of the section.

PROPOSITION. Let (o, ') be as in Section 3.2. There erists a sequence of trigonometric
polynomials X,,(x) satisfying

(1) /T)N(n(x)dac =0;
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. 1
(2) For anyr € N, there exists N (r) € N such that for everyn > N(r), || Xy [|or < —5
e 2
. 1
(3) For {gnz} € [1/2-1/(2n),1/2+1/(2n)], |Xn(2)] < —5;

(4) For {qnz} € [0,1/2—2/n] U[1/2+2/n, 1], X}(x) > 2,

- eldn

(5) For n € N sufficiently large, ||S, Z X <

< —;
1<n-—1 n

(6) For n € N sufficiently large, we have for any m € N, ||Sp, Z X/|| < gn.
I<n-—1

Before we prove this proposition, let us show how it allows us to produce the example of
Theorem 3.1.

3.6. Proof of Theorem 3.1. Define for some ng € N

plz,y) =1+ Y Xn(x)+ Ya(y) (3.9)

n=no

where Y, is as in (3.8) and X, is as in the proposition above. From (3.8) and Property (2)
of X,,, we have that ¢ € C*°(T,R). Also from (3.8) and (2), we can choose ng sufficiently
large so that ¢ be strictly positive. We then have

THEOREM. Let (a,a’) € R? be as in Section 3.2 and o be given by (3.9). Then the special
flow Tia’,«o satisfies the conditions of Propositions 3.3 and 3.4 and is therefore mizing with

a singular mazximal spectral type.

Proof. The second part of Proposition 3.3 is valid exactly as in [2] since Y;, has not been
modified. Briefly, the reason is that due to (3.3) and (3.4)-(3.5) we have Y, (y +1a/) ~ Y, (y)
for every | < m < ¢, so that |S,,Y, | is large as required for m € [€2n /2, 2¢9m+1] and
{a,y} € 1/n,1/2 - 1/n]U[1/2 4 1/n,1 — 1/n]. Meanwhile, S,,, >, _,, Y}, is much smaller
because these lower frequencies behave as controlled coboundaries for this range of m (we
can write Yi(y) = hi(y + ') — hi(y) with || by, [|or = 0(gj1q))- As for Sy, >0, o, VY, it is
still very small since m < e +1, These phenomena will be further explicated as similar ones
are used in the sequel.

Let m € [€29 /2, 2¢2%] and define I, := [1/n,1/2—3/n]U[1/2+3/n,1—1/n]. It follows
from (3.3) that for = such that {g,z} € [1/n,1/2—3/n]and for any I < m, 0 < {g,(z+la)} <

1/2 — 2/n. Hence, by Property (4) of X,

S X! () > —2=
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On the other hand, Properties (2) and (6) imply that

Sm Y X]

I<n

IN

+

Sm Y X]

I>n

HDrSm<P - S7nX7/~L

IN
)
3
+
Q

3
=

for the current range of m. With an exactly similar computation for the other part of I,
the criterion of Proposition 3.3 holds proved.

Let now z be as in Proposition 3.4, that is 1/2—1/(2n)+1/n? < {g,2} < 1/2+1/(2n) —
1/n?. From (3.2) we have for any | < g,q/, that 1/2—1/(2n) < {g.(z+1a)} < 1/2+1/(2n),
hence Property (3) implies

v dn
|Sgnay, Xn(z)] < 7 (3.10)
the latter being very small compared to 1/e?" since ¢/, > e3?». From Properties (5) and (2)
we get for n sufficiently large

Stnd, ZXl + ndy Z qu

1

— N
I#n n I>nt1 €

2

IN

< (3.11)

@
On the other hand, it follows from (3.2) and (3.3) that for any y € T, for any || < ¢/,, we
have

, 27ly _ Sin(ﬂ'lq;.LO/)
|5q; € | sin(mla)
wlq),
. (3.12)
qn+1
which yields for Y; as in (3.8)
1
S, D Y ’ = O(E) (3.13)
I<n
while clearly
1
Se, Y _Yi| = o( ) (3.14)
I>n €2

In conclusion, (3.6) follows from the definition (3.9) of ¢ and (3.10), (3.11), (3.13), (3.14).
U

It remains to construct X,, satisfying (1)-(6).

3.7. Proof of Proposition 3.5.
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3.7.1. For n € N, we define for z € R the function &, equal to 2¢ e~ %z on (—i +
11 1

e Tan m) and identically zero outside this interval.

Consider on R a C™ positive even function K equal to zero outside the interval (—1,1)
and such that [; K(z)dz = 1. Define K, (z) = n®¢, K (n*q,z).
We then consider the (odd) function én = &, * K, that satisfies:

. /]R & (x)dz = 0;

o 1
e For any r € N, we have for n sufficiently large [|§, o < =
[ e 1
s 1 1 1 1
n =0f € (=00, —5— U — R ;
" onle) or € (o 2 2nqn) 2qn  2n4gn o)
) 242 1 2 1 2
n(x) = =" f eEl-r—+——-—I
* &(@) can 0T [ 2q, + ngn’ 2¢n  ngn

Clearly, we can restrict &, to the interval (—%, %

periodic function with period 1/¢,, and finally consider the resulting function as a function
X, defined on the torus. As a consequence of the properties proved for &,, X, satisfies the
properties (1) to (4) required in proposition 3.5. To obtain the other two properties we need

to replace X,, by a trigonometric polynomial.

3.7.2.  We consider the Fourier series of X,,(z) = > kez X, k€2 and let

) and then extend it to R as a smooth

Gn4+1—1
X, = Z Xn,kem”kz.
k=—gqn41+1
The Fourier coefficients fi of a function f € C°°(T,R) satisty for any k € Z
@) R k) < D fller < sup (2 [k])"2| il (3.15)
€
Hence, we have for any » € N
X, - X, < omk) | X
H IS DR C. O > o
|k|>gqn+1
1, 5 1
< lXallore D0 33
[k|>qn 41
1
= O(F)

which allows to check (1), (2), (3) and (4) for X,, from the properties of X,,.
Proof of Properties (5) and (6). We have due to our truncation

X,L(x) =Yz + a) — Pp(x) (3.16)
where
Gni1—1 ‘
djn(x) — Z d]mkez%rk:v
k=—qny1+1
with .
Xn,k

’l,/)n,() =0 and for k 7é 0, ¢n,k =
Since |k| < ¢n+1, it follows from (3.2) that

|’lr/)n,k| S dn+1 |Xn,k|

ei27rka -1 '
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which with (3.15) implies

||1/)TL||CT < 27an+1||X’n||C7‘+2
< ot
e 4

for sufficiently large n. Hence, from (3.16) and (3.3) we get

S X < /3 Juilles

I<n—1 Int1 07
< 1 Qi1
n+1 1<n—1 e 4
< qn
dn+1

so that property (5) of Proposition 3.5 follows. Similarly, property (6) holds true since we
have for sufficiently large n
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