TWO REMARKS ON THE SHRINKING TARGET
PROPERTY

BASSAM FAYAD

ABSTRACT. We show that a translation T}, of the torus T¢ has the
monotone shrinking target property if and only if the vector « is of
constant type.

Then, using reparametrizations of linear flows, we show that
there exist area preserving real analytic maps of the three torus
that are mixing of all orders and do not enjoy the monotone shrink-
ing target property.

1. INTRODUCTION

Let (T, M, 1) be an ergodic dynamical system. For any measurable
set A C M, such that u(A) > 0, there exist for almost every z € M
infinitely many integers n such that 7"(z) € A. If A is called the
target, we can say that the trajectory of almost every point x hits the
target infinitely often. In an attempt to refine this recurrence property
due to ergodicity, we can consider instead of a fixed set A a sequence
of sets A, such that pu(A4,) — 0 and investigate whether the events
T"(z) € A, occur infinitly many times for a.e. = € M. Of course,
1(A,) cannot converge to zero too fast, since the trivial implication
of the Borel-Cantelli Lemma asserts that if ) u(A,) < oo, then for
almost every x € A, T"(x) € A, occurs only finitly many times.

A general abstract definition exists:

DEFINITION 1.1. A sequence of measurable sets A = {A,}, -y such
that

S lAn) = oo, (1.1)

n=0
is called a Borel-Cantelli (BC) sequence for T if the sets
H(z,T,A)={neN/T"(z) € Ay}
are infinite for almost every point x in M. In other words, A is BC if
and only if
7 (lim sup T_"An) =1,
where limsup T " An, = (N, en Upsp, T " An-
1
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The points z € limsup7~"A,, are said to hit the shrinking target
infinitely often.

This definition was motivated by the classical theory of Diophan-
tine approximations. The formalism of BC sequences was used by
Kleinbock and Margulis in [6] to study geodesic flows on homogeneous
spaces. Using the exponential decay of correlations for the flow, they
showed that the divergence condition (1.1) is necessary and sufficient
for a sequence of shrinking cusp neighborhoods of infinity to be BC.
This allowed them to derive logarithmic laws for the geodesic flow and
number theoretical applications to Diophantine approximations.

From the point of view of dynamics, we see by versions of the Borel-
Cantelli Lemma that if the sets T "A,, satisfy some independence con-
ditions then A is BC under the assumption (1.1). So that checking
the above Borel-Cantelli property is actually a measurement of the
stochasticity of the system (7, M, i) (see §3.1 below).

Condition (1.1) by itself is not enough however to guarantee that
H(z,T,A) is infinite for a.e. € M since for any measure preserving
system (T, M, u), there exists a sequence A satisfying (1.1) that is
not a BC sequence (the sequence can even be taken nested, that is
Api1 C Ay, for alln > 0).

So in order to characterize dynamical systems using BC sequences
we need to be more specific and put some restrictions on the nature of
the subsets that form the target. In the context of ergodic continuous
maps 7" on a metric space M, it is natural to consider the following
definition:

DEFINITION 1.2 (STP). We say that (7, M, u) has the Shrinking Target
Property (STP) if for any z, € M, any sequence of balls centered at x
that satisfies (1.1) is BC for T'.

We can restrict even more the choice of the target to sequences of
decreasing centered balls, B = {B(zo,7)},cy With 0 < 7y < 7, for
n € N, and this would yield a second definition of the STP, called the
monotone shrinking target property or MSTP:

DEeFINITION 1.3 (MSTP). We say that T has the Monotone Shrinking
Target Property if for any xy € M, any sequence of decreasing centered
balls around z, that satisifes (1.1) is BC for 7.

REMARK 1.4. Notice that if the radii of the balls in B are decreasing,
then the set of points © € M such that H(x, T, B) is infinite is invariant
by T (since Tz € B(wy,ry) implies 7" (Tx) € B(wo,rn_1)). Hence,
for an ergodic 7', the set of points that hit infinitly often a monotone
shrinking target is either of measure 0 or is of measure 1. In view of
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definition 1.1, to check the MSTP fo a system (7, M, i), it is enough
to porve that for any x, there exists n > 0 such that for any decreasing
sequence 7, such that B = {B(xo, )}, cy satisfies (1.1) we have that

1 (U T"B(xo,rn)> > .

n>0

2. TORAL TRANSLATIONS

2.1. Definitions and Notations.

e For d > 1, we consider the d-dimensional torus T¢ = R?/Z?. For
a € R?Y we denote by T, the translation of vector oo on T¢. Any
translation preserves the Haar measure on T¢ that we denote by p(?,
or simply i when there is no possible ambiguity.

e We denote the sup norm on R? by

|af = sup(joul, -, |ad]).
e For o € R, we denote its closest distance to the integers by
= inf |a — p|.
lof| = inf |ov — p|

e For a € R?, define
llarll, = sup [|es]l.
(2

e For o € R? and k € Z¢ denote by (k, «) the scalar Z?Zl k;a;. For
Q € Z7 let QOé = (Qala U 7Qa/d)'

We recall the defintion of Diophantine vectors in R¢

DEFINITION 2.1. For d > 1 and ¢ > 0, we denote by Q4(0) the set of
Diophantine vectors in R? of exponent o, that is

Q4o) = {a € R? / 3C > 0 such that Vk € Z¢ |k|*"||(k, )| > C}.
The set 4(0) is said to be the set of constant type vectors of R?.
There is a similar definition for simultaneous approximations
DEFINITION 2.2. For d > 1 and o > 0 define
Qo) = {a € R? / 3C > 0 such that VQ € Z  |Q|7*7||Qall, > C}.
The Khinchine transfer theorems, Cf. for example [11], assert that  Cassel?
Qa() € Q%) < Q).
In the particular case of constant type vectors we get the identity
04(0) = Q4(0).
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In this note, we will only use the latter definition of constant type
vectors, because simultaneous approximations are naturally involved
in studying the Shrinking target properties.

2.2. STP vs MSTP. Since an additional restriction on the target
is imposed in the definition of the MSTP we have that if a system
(T, M, 1) has the STP, then it necessarily has the MSTP but the con-
verse is false as illustrated by the following:

THEOREM 2.3. Let oo € R, Consider the translation T, of vector o
on T¢, and let u be the Haar measure on T¢. Then we have

o (T, T¢ 1) has the MSTP if and only if the vector « is of con-
stant type.

o Va € R, (T,,T% p) does not have the STP.

Moreover, if € R? is not a rational vector, there exists a sequence
T, > 0 satisfying Y ré = oo such that, for any xy € T¢, the sequence
B = {B(x0,7n) },en Sotsfies limsup T, " B(xo, ) = 0, that is, the set
of points that hit the target infinitly often is empty.

REMARK 2.4. In R¢ (or T¢), a sequence of balls B(z,,,,) satisfies (1.1)
for the Lebesgue (or Haar) measure if and only if

d_
E Ty, = OC.

n=0

REMARK 2.5. If @ € R? is rational, the set of points that do not hit the
target infinitly often cannot be empty. It is easy to see however that
for any z; € T and for any nonempty subset x of the finite orbit of
xg by T,, we can find a sequence of centered balls around z, satisfying
(1.1) such that the set of points that hit the target infinitly often is
reduced to x.

2.3. We will start with the proof of the second assertion which is more
elementary. Let o € R? and assume that one of the coordinates of «,
say « is not rational.
Let k, € N, p > 1, be an increasing sequence of integers such that
the intervals [—k,0q — 477, —k,0q + 477] are disjoint.
Let ¢,, n > 1, be a sequence of integers such that
lgnaa |l < e
and define for p > 1
‘/;J = (xdp + kp.
Define then the sequence {7y}, s
1], p=1,---, in the following way

successively on the intervals [V}, V41—
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o If n € [V,,V,41 —1] for some p > 1 and is such that n = ¢, +k,,
for some [ € [5%, 5%P+1)] then take 7, = [~1/¢,
e 7, = 0, otherwise.

Then, given any x, € T¢, take B to be the sequence of balls centered
at xo with radii r,,. Clearely .7 > 31/l = oo, so B satisfies (1.1).

But it follows from our definition of the sequence ¢; that the indices
n € [V,, Vpi1 — 1] of the nonempty balls of B, that is n = ¢, + k, for
some [ € [5%, 5%P+1)]  satisfy

| = nen + kpau || < €757,

togehter with 7, = [71/¢ < 577, so that for every n € [V}, V,11 — 1] we
have

T, "B(wo,mn) C [0 — kyay — 477, g — kyay + 47P] x T4,

Since the right hand sets are disjoint for p > 1 we conclude that
limsup T, ™" B(zg, 1) is empty. O

2.4. We now prove that a translation 7, that is not of constant type
does not have the MSTP: Let @, be a sequence of integers such that
for every n € N, Q11 > 2Q,, and

[@nell, < (2.1)

n2d+3Qé '
_1
Let U, = n?'Q,, and R, = n"2Q, ¢ and define
rp=R,, forany!le€ [U,_1,U,—1].

Clearly r; is decreasing, while 3" rf > 1/2U,R¢ = 1/2, which
implies implies > 7 = +oo0.
Next, consider the set

Up—1 Up—1
U 7.'Be,m) = |J T.'B(zo, Rn)
I=Un-1 1=Un—1

Up—1

c | T;'B(xo, Ry).
=0

From (2.1) we have for any kQ,, such that kQ,, < n?'Q,

[EQnall; <

T
n*Qsx
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consequently, for any n > 1,
Un—1 Qn—1
U 7'B(xo, Ry) € | To'Bl(zo, 2Ry).

1=0 =0

Qn—1 C
M ( U TalB(x072Rn)) S W

1=0
for some constant C(d).
Finally, we deduce that for any p >n > 1

But

Up_l p C
)2t ( U Ta_lB(.l?(), Tl)) S Z ﬁ
I=Un—1 k=n
Cl
n2d—1 ’

for some constant C' > 0, hence the sequence B = { B(z¢,7;) },cy is not
BC and the second assertion of theorem 2.3 follows.

2.5.  We assume now that o € R? is a vector of constant type. Then
there exists £(c) such that for any xq € T%, we have for all Q € N:

The balls T'B(zo, e(c)/Q1), | < 2Q — 1 are disjoint  (2.2)

Let 7y € T and adopt the notation z; = T, 'z for [ € N. From
remark 1.4, we just have to show that there exists a constant n(«) > 0,
such that for any decreasing sequence r; > 0, satisfying Y ;5,7 = +o0,
we have

I (U B(%ﬁ)) > 1. (2.3)
1>0

The following elementary lemma will be helpful in showing that
under the condition (2.2) we gain some measure when we consider
p(Ui<eg—1B(x1, 7)) as compared to the measure of Uj<oB(x, 1), at
least if the latter is not already far from zero. We denote by V'(d) the
volume of the unit ball in R?.

LEMMA 2.6. For any € > 0, for any Q > 4, for any numbers ro >

- > Tr9g_1, and for any 2Q-upple of points (Yo, .. .,Y20-1) € Te??
such that the balls B(yo,e/QY?), ..., B(yag_1,€¢/QY?%) are disjoint, we
have at least one of the following alternatives:

(i) p (QL_jB(yl,Tl)) > V(d)(l_eo)d-
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201 Q-1 Q
(i) p ( U B(@Jlﬂ”l)) > (U B(@Jlﬂ”l)) + 5#(3(90,7”2@71))-

=0 =0

Proof. 1frg_y > ¢/10Q"4 we have that U2 B(y;, ¢/10Q'/%) C UL B(yi, 1),
but the first is a disjoint union and we obtain (i). If to the contrary
To-1 < €/10QY4, we have that if B(y;, ;)N B(yw,ry) # 0 for some pair
0 <1< Q—1<1 then a proportion larger than 1/5 of B(yy,e/Q'?)
has to be included in B(y;, ;) (this is due to the fact that ry < €/10Q"'/?
and B(y;, ¢/QY4)NB(yy,e/Q'?%) = 0). So, if there are nonempty inter-
sections between B(yy,ry) and U2 " B(y;, ;) for more than [Q/2] — 1
indices @ < I' < 2Q — 1, (i) will follow again from disjointness of the
sequence B(yy,e/QY),I' = @, ...,2Q — 1. If this is not the case we
get (ii) by disjointness of the more than [@)/2] + 1 balls B(yy, ) that
do not intersect UlQ:_OlB (y1, 1), and by the fact that r; is decreasing. O
Going back to the proof of the MSTP, take a decreasing sequence
rn > 0 satistying 3,5, 7 = +0o and let 1 := V(d)(e()/10)". Assume
by contradiciton that (2.3) does not hold. Let n € N and apply, in view

of (2.2), the above lemma to the 2" —upple of points zy, ..., Ton+1_1.
Our assumption that alternative (i) fails forces that

,u( U_ B(xl,rl)) > i ( Lj B(:Cl,n)> + 2" (B(zg, Tont1 1))

=0

which implies by recurrence for n > 2

antl_1 n
“( U B@«%”)) > 3 2 (Bl rarer-1)
=0 p=2

but the divergence of > u(B(xo, 1)) < > 2Pu(B(xg, T2p—1)) yields then
to a contradiction. O

3. MIxXiNG vs STP

3.1. Many ergodic properties of a dynamical system can be charac-
terized in terms of Borel Cantelli sequences. We restate some of the
results that were surveyed in [2] and refer to the bibliography therein:

PROPOSITION 3.1. Let (T, M, i) be a dynamical system. Then
(i) (T, M, u) is ergodic iff every constant sequence A, = A, p(A) >
0, s BC;
(i) (T, M, u) is weak mizing iff every sequence A that only contains
finitely many distinct sets, none of them of measure zero, is BC;
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(iii) (T, M, p) is lightly mizing iff every sequence A that only con-
tains finitely many distinct sets, possibly of measure zero, and
satisfies (1.1) is BC.

If topological restrictions on the target are added (for example cen-
tered balls for the STP or decreasing centered balls for the MSTP) it is
possible to let the measure of the target 1(A,) go to zero. It was proved
for example that expanding maps of the circle [10] and Anosov diffeo-
morphisms on topological spaces [3] had the shrinking target property.
In [8], the MSTP was obtained for geodesic flows on hyperbolic man-
ifolds of finite volume. Except for the latter, proving the STP often
relies more or less essentially on the exponential decay of correlations of
the corresponding transformations (Cf. comments after the definition
1.1 above).

It is then natural to show by an example that mixing on its own does
not force a system to have the STP, or even the MSTP, which can then
be put in contrast with the first part of theorem 2.3. A yet stronger
property than mixing is given by the following

DEFINITION 3.2 (Mixing of all orders). A dynamical system (T, M, )
(or flow (T*, M, p)) is said to be mizing of order p > 2 if, for any

sequence {(ull, - -+, ulf™Y)} _, wherefori=1,---,p—1the {ul) Fren
are sequences of integers (or real numbers) such that lim ug) = 00, and
n—oo

for any p-upple (Ay, -, A,_1) of measurable subsets of M, we have

. ORI (2R e
hm,u(T " oAy NN A1ﬂA0> = p(Ap—1) - - - p(Ao).

n—0Q

The general definition of mixing corresponds to mixing of order 2.
A system is said to be mizing of all orders if it is mixing of order [ for
any | > 2.

3.2. We now introduce the setting in which our examples will be pro-
duced.

DEFINITION 3.3. Given o € R? and ¢ € C'(T*"", R’ ) we define the
reparametrization of Ry,1) by ¢ to be the flow given by the differential

system on T?+!
dx

— = ¢(z)(, 1),

= 6@, )
and that we denote by T(ta,1), ’ If T,, is a minimal translation of T¢, i.e.
if the coordinates of « are independent over Q then T(ta’l), » breserves a

unique probability measure ji4 that is equivalent to the Haar measure
on the torus and is precisely given by the density 1/¢.
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For k € R, we denote by (T, (’;,1)7 # lg) the system corresponding
to the time k& map of the reparametrized flow.

In [4] mixing real analytic reparametrizations of linear flows Ry 1)
on T? were studied and in [5] it was proven that the reparametrizations
could be chosen so as to insure that the flows we obtain are mixing of all
order. The vectors o € R? involved had both coordinates Liouvillean
baring arbitrarilly fast power-like simultaneous approximations (i.e. for
any j € N, |Qall, < Q77 has infinitly many solutions). Mixing for
these flows is very slow and we have

THEOREM 3.4. Let ¢ € CHT*,R). If o € R? satisfies o ¢ Qq(2/d)
then (T(1a71),¢,Td+1,u¢) does not have the monotone shrinking target
property as stated in definition 1.3.

Because it preserves a measure with smooth strictly positive density,
the map T(la’l)’ » can be conjugated to a map on the torus that preserves
the Haar measure and the conjugacy can be taken as regular as ¢ is [9].
Furthermore, it is not hard to see that the conjugated flow will continue

to lack the MSTP. By the constructions in [4, 5] we thus obtain

COROLLARY 3.5. There exist on T® real analytic maps that presevre the
Haar measure, are miring of all orders, and do not have the monotone
shrinking target property.

3.3. Proof of theorem 3.4. Let © = (z1,+,Tqy1) € T and denote by
2@ the point (x1,-++ ,74) € T% The d-dimensional torus T x {z4;1}
is a global section of the flow T(ta’l), 4 on which the Poincaré return
map is the translation 7T, and the return time of any point is bounded
between two strictly positive constants ¢ and C.!. Therefore we have
for any ball B(z,r) C T¢*! and for any 7 > 0

0 c (7]
U Tn B r) c U T, UTa' B, 7). (3.1)
t=—17 s=0 =0

Since o ¢ Q4(2/d), let @, be a sequence of integers such that Q1 >
2@, and

1

- 3.2
n2d+5Q7d: ( )

1@nellz <

IThese constants are the suprema of the return time function given by
(@) = [111/9(x + sa, s)ds.

check
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Denote for n > 1

1
R, = -
n2Qs
U, = n2d+2[Q:L+é]

and define a sequence of radii as follows
r,=R,, forany!le€ [U,_1,U,—1].

Clearly r; is decreasing, while lU:”Ul rétt > 1/2, which implies
Y ri*!t = 400. The latter implies that the sequence Bj(z,r;) satisfies
(1.1) for py that is equivalent to the Haar measure on T¢*!.

But (3.2) implies, as in §2.4, that

c Qn
= |JT,'B(, Ry) c | JT'B(2'9, 2Ry). (3.3)
= =0

Denoting by p(¥ the Haar measure on T¢ we have from (3.3)
pD(An) < =5
for some constant C; > 0. Hence

C
(d+1 2
U Ta ,1), ¢ — n2d

which also implies by equlvalence of the measures u

UT A)< oL

(@+1) and L

In view of (3.1) we have
*Un—l

0

U T(la71)9¢B(x’ Rn) C U T(lﬂé;].)7¢B($’ Rn)

I=—Un+1 t=—Un
(&

CU<a1

_Un—l C
! 3
¢ ( U T(a,l),d)B(xarl)) < 2’

I=—Up+1

and conclude that

which implies that lim sup T(;ﬁ), +B (x,r,) has zero measure. O
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REMARK 3.6. The same arguments made here on absence of the MSTP
could be carried out for the mixing flows on T? introduced in [7] under
a suitable restriction of their rotation vector. Mixing for all orders
however, is not yet established for these flows.

Finally, it is worth noticing while we compare the positive result re-
lated to constasnt type translations in theorem 2.3 and the counterex-
amples of corollary 3.5, that the monotone shrinking target property
and the mixing property, that can both be interpreted as a qualitative
strengthening of ergodicity, are actually independent.
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