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Outline

» Outline

® Mathematical Models
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Equations for Dam-break
Problems

Equations for Dam-break Problems
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SWE with Horizontal Variable Density

We consider the one-dimensional shallow water equations
written in conservative as

dt (oh) + dx (phu) = 0,
1
9 (ohu) + 9y (phuz + Epghz) = —9pho Z.
If the density p Is constant, the equations reduce to
doth+dyx (hu) = 0,
¢ (hu) + 0y (mﬂ + % ghz) = —gho,Z.

Both systems can reformulated in a compact form as

W; + E(W), = S(W).
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Advective Formulation of the SWE

The SWE equations
dt (oh) + 9y (ohu) = 0,

1
d¢ (ohu) + dy (phu2 + Epgh2>

—gphoxZ,

can also be reformulated in an advective form as
D; (ph) 4+ phoyu = 0,
Dtu + gax (h + Z) — _ihaxp/

where D; denotes the total derivative defined by

Diw = 0w + uoyw.
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Dam-break Problems

Dam-break problems can be formed either by discontinuous
Initial conditions for the water height or discontinuous density
» Dam-break Problems function within the spatial domain

hl/ if «x < XB, 01, if x < XB,
h ,O — p—
(*,0) {hr, if x> xg. o(%) {pr, if x> xg.

B B
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Combined Characteristics and
Finite Volume Methods

Combined Characteristics and Finite
Volume Methods

Combined Characteristics and Finite Volume Methods for Dam-break Problems — Page 8/19



uversite PAR LS

» Finite Volume Method

Formulation of the Finite Volume Method

th+ At

th+aant

‘ |
Xi—1/2 X Xy a2 Xit+ a2

Integrating the system
W;+F(W), =0,

with respect to time and space over the time-space control domain
[tn, tns1] X [Xi_1/2,Xi11/2], One obtains the following discrete problem

At
W?H — Wzn T Ax (F( ?+1/2) - F( ?—1/2)) ’

where W is the time-space average of the solution W in the domain [x;_1,2, Xi1+1/2] at
time t, and F(WY,, ,,) are the numerical fluxes at x = x;+1,, and time ¢,.

n
Wiil/z?
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Formulation of the Characteristics Method

We reconstruct the numerical fluxes WY, ; ,, using the method of characteristics applied to
the SWE rewritten in physical variables U = (ph, u)’
D; (ph) + phoyu = 0,
D Oy Z) = —=hoyp.

» Characteristics Method

Thus, the associated characteristic curves are solutions of the initial-value problem

dX; T
_Jﬁgij' = w2 (T Xeng2(7)), TE bt + AL,
Xi+1/2(tn + At) = Xit1/2-

Note that X;,1,,(7) is the departure point at time 7 of a particle that will arrive at point
Xiy1,2 In time t,, + At. The solutions X;.1,,(7) can be expressed as

tn+At
Xit1/2(tn) = Xiy1/2 —/t uiy1/2 (Xip1/2(7)) dt. (1)
n
The integral in (1) can be calculated using the simple iteration
1
o = antu (b, xiip =0l ), m=0,1,.... 2)
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» Characteristics Method

Formulation of the Characteristics Method

th+ant

X _1/2 X Xiw a2 Xivasmz

o
s

Once the characteristics curves X; 1,,(t,) are known, the intermediate solutions are
reconstructed as

?4_1/2 =U (tn + aAt, xi—l—l/Z) =U (tnr Xi—|—1/2(tn)) ’

where U (t,, Xi11,2(t,)) is the solution at the characteristic foot computed by interpolation
from the gridpoints of the control volume where the departure point resides i.e.

U (b, Xisa/2(t0)) = P (U (b Xisj2(10))),

where P represents the interpolating polynomial. For instance a Lagrange-based
interpolation polynomials can be formulated as

P (U (t, Xia/2(ta) ) = Zlk Gu)UL with () = [
70
q7k
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» Linear Analysis

A Simple Linear Analysis

Let us consider the linear problem
oiu + coyu =0,

where c is a constant. The proposed characteristic finite volume scheme can be
interpreted as the predictor stage

uz?:—l/Z =u (tn + aAt, Xi+1/2) = P(u (tn/ Xi+1/2(tﬂ))>’ (3)

followed by the corrector stage

A
= U = O (F(UW ) — (UL 2)) @

Using a linear interpolating polynomial ‘P for the linear problem, we have the following
results:

LEMMA 1 Let At satisfy the condition

1 At 1
o Slel g < —=
2w

Ax — /2« .
Then the characteristic finite volume scheme (3) and (4) is stable and TVD.
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» C-property

13

C-property

Applied to the shallow water equations the characteristic finite volume scheme gives

h?“ = hi- i—i (912 — qi1/2)
gt = g - gﬁ—i <( ?+1/2)2 — ?1/2)2) - %A—iﬁ? (Zit1 —Zi1),
where the intermediate solutions are given by
h;ﬁl/z - fl?ﬂ/z - “Atflzn—i—lﬂ (tiv1 — i),
”;ﬁl/z = iy, —abtg (b + Zisa — b + Z;) .

Using a linear interpolating polynomial ‘P for the linear problem, we have the following
results:

LEMMA 2 If the source term is approximated by
n 1 n n n
hit = 1 (hipq + 207 + ki y).
Then the characteristic finite volume scheme stasfies the C-property.
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Numerical Results

Numerical Results
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Verification of the C-property
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Dam-break on a wet bed

Time=25s
1 A T T T T T 3 T
Q Analytical
Q — & - Numerical
95 A B
&
25F
9r i
» Dam-break on a wet bed
85 4
2 -
= 2
O 8r i O
o— ]
GJ —
c O]
_ 75 . z 15
= 2
g 7 I | m
s |
6.5
6 -
55
5 | | | | | | 2 0
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 200

Distance

400

600

800 ) 1(;00 12‘00 1400
Distance

T T

Analytical
— & -Numerical

1600 1800

Combined Characteristics and Finite Volume Methods for Dam-break Problems — Page 16/19

2000



wversite PARISA 13
Dam-break over a step-type bed
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Drain on a non-flat bottom

» Drain on a non-flat bottom
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» Drain on a non-flat bottom
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Drain on a non-flat bottom
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Summary

Summary
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Summary

Combined characteristics and finite volume method
performs well for numerical solution of dam-break problems.

Combined characteristics and finite volume method does not
require Riemann-problem solvers.

Summary

Combined characteristics and finite volume method is
conservative and satisfy the C-property.

® Nonlinear analysis.

Extension to two-dimensional problems.
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Thank You.
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