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ARTIFICIAL BOUNDARY CONDITIONS FOR INCOMPLETELY
PARABOLIC PERTURBATIONS OF HYPERBOLIC SYSTEMS*

LAURENCE HALPERNY

Abstract. Artificial boundary conditions are devised for small incompletely parabolic perturbations of
hyperbolic systems, which are local, consistent with the hyperbolic equation, well posed, and produce weak
boundary layers. The general strategy is applied to the Navier-Stokes system.

Key words. artificial boundary conditions, Navier-Stokes equations
AMS(MOS) subject classifications. 35B25, 35Q10, 35G10

Introduction. A general model for a fluid motion is the following time-dependent
compressible Navier-Stokes system:

4 .

—£+d1v pv=0,

Jat

apv . .
—;+dlv (pv-v+pl)=pg+div ur7,

de
g;+div (e+p)v=pg-v+div(K grad T+ puv-7),

where p represents the density, p the pressure, T the temperature, and v the velocity
of the fluid. 7 is the momentum flux density tensor due to friction: 7=
—3Idivo+grad v+ (grad v)". u and K are the coefficients of viscosity and heat
conductivity, respectively. An equation of state relating p, p, and T is added to close
the system. Those equations are a special case of a class of equations called incompletely
parabolic equations.

Although the mathematical analysis of these nonlinear equations is not entirely
satisfactory, and due to the increasing complexity of the physical problems involved,
the Navier-Stokes model is more and more widely used in today’s computational fluid
dynamics.

In many problems of interest, the computational domain is infinite, so that an
important task is the design and analysis of reliable numerical boundary conditions.
Very often the Euler equations have replaced the Navier-Stokes system in computations
(i.e., assuming the viscosity and heat conductivity coefficients negligible). In that case
stable boundary conditions are provided by prescribing the entering characteristic
quantities (see, for instance, [OS]). For better accuracy strategies were described in
[EM1], [EM2], and [BT1], [BT2], [BT3], which led to higher-order differential
operators on the boundary.

For the Navier-Stokes system, it is well known that more boundary conditions
are needed to ensure the well posedness. Considering the Navier-Stokes equation as
a perturbation of the Euler system, it has been suggested that extra boundary conditions
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be added to those derived for the Euler system [OS]. The artificial boundary is usually
set in a “smooth” region, where the equations can be linearized about a regular state
(in general, it is supposed to be constant). The derivation and analysis can then be
carried out for the linear equation. In [GS] boundary conditions were built by adding
conditions on the normal derivatives to the “hyperbolic” boundary conditions to
produce dissipation. In [RS1] and [RS2] “hyperbolic”’ boundary conditions were tested
for a flow over a flat plate to force the convergence to the steady state. More recently
in [ABL] Abarbanel, Bayliss, and Lustman worked directly on the Navier-Stokes
equation for the flow past an airplane. They decoupled the domain into the boundary
layer region and the hyperbolic region, and in the former region used a modal expansion
and an approximation of the solution. This approximation is made in the regime of
long wavelength.

We develop here a general strategy for the derivation of artificial boundary
conditions for incompletely parabolic perturbations of hyperbolic systems. Because of
the remark above we shall consider linear systems with constant coefficients. Using
the Fourier transform as an essential tool, we shall write artificial boundary conditions
for a half-space in such a way that the well posedness and the convergence to the
hyperbolic equation are ensured by the well posedness of a reduced hyperbolic problem.
The strategy has been introduced in [H] and [HS] for incompressible flows and consists
of expanding the modes in terms of the small parameter ». For the analysis of these
boundary conditions we shall rely on the results by Strikwerda in [S] on the well
posedness of incompletely parabolic systems, and by Michelson in [M] on the boundary
layer expansion and convergence to the “inviscid” equation. This strategy theoretically
allows for a convergence up to any accuracy, but the well posedness is not guaranteed
(note that in the hyperbolic case, no well-posedness proof is available for general
artificial boundary condition; see [EM1]).

Consider an incomplete singular perturbation of a hyperbolic system, i.e.,

aw N 3 N
(0.1) Yoy a0y, 5y puo LY 4 pix ),
at  j= aJCj jk=1 3X; 0
where the n x n matrices PY% are assumed of the form
. I_)(jk) 0
0.2 PUR — ( )
(0.2) o o

with rank PY® = r, PY% is nonsingular, and PY® = P’ The matrices A"’ are parti-
tioned in the same way:

/BY W
o _
(0.3) A= (D(f) /{(1))-

We require the operator 9, — Y%, A(j)aj to be hyperbolic, the partial operator 9, —
v YL, P99, to be Petrovski parabolic, and the reduced operator 8, —Y L, A9, to
be strictly hyperbolic. These assumptions ensure the well posedness of the Cauchy
problem. In order to consider an initial boundary value problem in a half-space x; >0
or x; <0, we shall assume that the boundary I' = {x, = 0} is noncharacteristic, i.e., that
A" is nonsingular. Its eigenvalues are denoted by A, -+, A, where A, -, A,, are
negativeand A,,,., - - * , A, are positive. The corresponding eigenvectorsare A', - - -, A",
For convenience and simplicity, we shall assume that A" is a diagonal matrix, with
p negative eigenvalues:

_ A0
(0.4) A“’=( 0 A(m)
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where

A1+r Ap+r+1

AV = <0, AW'= > 0.

Ap+r An

We further assume the existence of a symmetrizer S for the full operator

(0.5) Q= § A0y, § puo & ,
=t 9% = 9%; X
which implies in particular that the symbol of Q,
N N
(0.6) QUg)=i ¥ AVg-v T Pk,

is diagonalizable through a transformation analytic in £ S is a symmetric positive-
definite matrix. We shall denote by AY’ and PY% the symmetrized matrices AV’ = SAY,
PUR = §pUR) Both the Navier-Stokes and shallow-water systems fulfill all the condi-
tions above.

In § 1 we shall recall the modal analysis for the Cauchy problem. Most results in
this section are known (see, for instance, [YS] for Navier-Stokes, [S] for the general
case), but we need to set our notation clearly.

In § 2 we derive the local and nonlocal boundary conditions for a half-space. The
transparent boundary condition is first written in terms of generalized eigenvalues and
eigenfunctions for the system. It is then approximated with respect to the small
parameter v we shall call viscosity for obvious reasons. This yields boundary conditions
that are differential of first order in the normal direction, but still integral in time and
the tangential derivatives (like the transparent boundary condition for the pure hyper-
bolic problem). Those boundary conditions are, in turn, approximated by differential
operators which are of order zero in time and one in the tangential direction, using
the strategy in [EM1].

In § 3, necessary and sufficient conditions for the well posedness of the correspond-
ing initial boundary value problem are set. The same conditions ensure the convergence
to the unperturbed hyperbolic problem, with an error estimate. These results are a
direct application of the general analysis in [M].

In § 4 the construction above is carried out explicitly for the two-dimensional
compressible Navier-Stokes system.

Finally in § 5, we indicate how to produce more accurate boundary conditions.
For the sake of clarity, explicit calculations are made in the special case of the
two-dimensional linearized shallow water equation. Nevertheless, the construction
carries over to any incompletely parabolic system provided the diagonalizability
assumption (0.6) is fulfilled.

1. The Cauchy problem.

1.1. Normal modes for the Cauchy problem. The following analysis can be partly
found in [S], but we include it here in order to set our notation and to study more
particularly the eigenmodes as functions of the parameter ».

The normal modes are the solutions of (0.1) with F=0, of the type

w=e"tMYG . Res=0,
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where

x=(xl’..'9xN)’ y=(x2’...9xN)'

They satisfy the equation
(1.1 (Q(§ in)—sI)®=0.

Here s and in are the independent variables and ¢ is considered as a function of (s, 7).
The equation in ¢ is of order n+r. By an abuse of notation, but for simplicity, we
shall often refer to £ as a “‘generalized eigenvalue.”

We shall first need a general lemma on matrices.

LeMmwMA 1.1. Let M and S be two matrices of same order n. If M is nonnegative, if
S is symmetric positive definite, and moreover if SM is symmetric, then SM is nonnegative.

Let us recall that a matrix M is nonnegative if for any u, (Mu, u) =0, where (-, *)
denotes the usual scalar product. M is positive definite if there exists a constant a >0
such that for any u, (Mu, u) = | u|.

Proof. For convenience, we choose a basis where S is diagonal: S=
diag (s;,- " -, s,), M =(my;). Using the identity SM = MTS, we can write (Mu, u) =
(Nv, v), where u = Sv, and N is defined by

1 S; R
nij—is,-sj 1+s— my, i=j,
j

n,'j=n

i, i>]j.

On the other hand, we can express SM as
(SMu, u) =2(Cu, u),
where

1
=—R...
Voos s Y

i 0

We know that a matrix defines a nonnegative bilinear form if and only if all the
principal minors are nonnegative. For the matrix 1/(s; + s;), they are equal for k=n to

Hi<j§k (s; _Sj)2
ZkHSi ]_—_[i<j§k (si+sj)2

We now use the following classical result: if A and B are two symmetric nonnegative
matrices, the matrix whose general term is a;b; is also nonnegative. Hence C is
nonnegative and the proof is complete.

LemMMA 1.2. For Re s> 0, there are precisely (r+ p) generalized eigenvalues & with
a negative real part, and n — p with a positive real part.

Proof. We first prove that there are no purely imaginary generalized eigenvalues.
Let us assume that £ = i, where { is a real number. We apply S to (1.1) and multiply
by ®. We now take the real part of the Hermitian product:

v((z f"""’sv,-wk) o, <I>) +Res(S®,®)=0, ¢=(Lm, s M)

By assumption, the matrix P(jk)tllj(/lk is nonnegative, and so is ), ﬁ(jk)tpj(pk by Lemma
1.1. If Re s> 0, since (S®, ®) is positive, we obtain the contradiction.
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Now let N, be the number of eigenvalues ¢ such that Re £ <0, and N_ the number
of eigenvalues ¢ such that Re £>0. We have N, + N_=r+n, from above. N, and N_
are constant functions of 7 and s. Furthermore, they are constant functions of A and
P, as long as, for instance, PV #0.

Let us choose 7 =0 and B = C" = D" =0. Equation (1.1) for £ reads

det [vP'VE+AVE—sI1=0 or
det [¥PV ¢ —sI-det[AVE—sI]=0.

N, (respectively, N_) is then the number of solutions with positive real part (respec-
tively, negative) of the equations

det[vPVE—511=0, det[AV¢—sI1=0.

The first equation is even in & Hence there are r solutions with positive real part and
r with negative real part. Moreover, the second equation reduces to £=s/A;, which
gives p values with a negative real part and n—r—p with a positive real part. So

Nt=r+p, N =r+n—-r—-p=n-p.

We now turn to the behavior of these generalized eigenvalues £ as the parameter
v tends to zero.

THEOREM 1.1. If Re s> 0, as v tends to zero, r values of ¢ tend to infinity as 1/ v,
and n values have a finite limit.

Proof. Let us write ¢ = a+0(v), where « is a solution to

(1.2) det [A(”a + 3y iA(j)nj-sI] =0.
j*1

By assumption this equation has n solutions, denoted by a,(s, 1), - -, a,(s, 7),
and

1=j=m, Re%léo,
(1.3)

m+1=j=n, Re%iO
to any e is associated an eigenvector IF(s, n), and I, - - - , TI" span R"
(1.4) (A“>ak+ Y APy —sI | TT*=0.

Jj#1
If now £€=60/v+ 0O(1), 6 is a solution of

(1.5) det (P'V9+AM) =0,
which is an equation of degree r in 6, and has r roots 6, -+ - 0,, then 6,, -, 0,,,_,
are such that Re 6; <0, and 6,.,_,,+1, * - *, 0, are such that Re 6, > 0. The corresponding
generalized eigenvectors ®' - - - @ are defined by
(1.6) (P™g,+AM)®’ =0.

In summary, every solution (& ®) of (Q(¢, in) —sI)® =0 for Re s >0 is such that
either

£s,mv)=als;n)+0(v),  O(s,m,v)=II(s, n)+ O(»),
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where
[A“>a+ Y in,.A‘f>—sI]n=o
j#1
or
1
f(s,n,V)=;0+0(1), @(s,m, v)=0+0(v),
where

(Po+ A0 =0.

We shall denote by ¢, - - - £, the values of £ of the first form with negative real part,
i.e., corresponding to ‘“‘propagating modes,” and £, - * - &, the values of £ of the
second form with negative real parts. We define {;(s, ) and y;(s, ) as follows:

an 1=j=m,  &(s,n,v)={(s, 1)+ 0(v),

. 1
m+1=j=r+p, §&(s,n,v) =;£,~(s, 1)+ 0(1)

(¢; does not actually depend on s and 7 if j=Zm+1) and
(1.8) 1=j=r+p, @/(s,m,v)=V(s, n)+0(v),
so that
1=sj=m, §(s,m)=as,n), ¥(s,n)=I(s,n),
m+1=j=r+p, {(s,7)=0_p, V(s,1)=0"""

(1.9)

1.2. The transmission conditions. Let us first write a weak formulation of (0.1) in
a domain () with smooth boundary 9). For any v sufficiently smooth, we multiply
(0.1) by S, apply it to v, and integrate on Q. Using the Green formulas

~r s OW - v ~
J (A(’)———, v) +J (A(’)w, —) =J (ADw, v)n;,
Q 3x; Q 9x; 20

2
5 (f,(j,k) yw ’v)+ 5 J (ﬁ(zk)a_w’_‘?l)
jk=1Ja 9X; X jk=1Ja 3X; " 09Xy

where n is the normal exterior to 4(), we get

J (Sa—w,v)+v g J’ (Is(j,k).a_w’_a.”_)

Q ot jik=1Ja 0X;  0X

Ls J [(A(j)a_” w)_(g(j)a_w v)]
2;=1Ja ax;’ ax;’

N fa W 1 N .
=VJ Y (P(’k)—,v)nk+—j y (A(”w,v)nj+J Fo.
T a 2 Jri=
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We define two bilinear forms a and p, by

1 N v O -
a(v, w)=—J' Y, [(A(’)—g,w)—<A(’)a—w,v>] dx,
2 Qj=1 axj 3x;

p(v, W)=J > (ﬁ‘j”‘)a—w ﬂ)

2
Qjk=1 0X; " X

(1.10)

where a is antisymmetric and p is symmetric, nonnegative (Lemma 1.1).
S being symmetric definite positive, defines a scalar product

(1.11) s(w, v)=J (Sw, v) dx
Q

and we can write

ow
(1.12) s(—, v) +vp(v, w)+a(v, w) —J (Séw, v) dy =J Fu,

ot 0 Q
where &w is the normal stress
(1.13) Ew=Y (vz P("")ﬂ+lA(’°)w> .

k=1 7 x; 2

Suppose now that 0=Q"UQ",

o

the orientation of n being from Q™ to Q*. We define a™, a*, p~, p*, s7, s* as we did
for a, p, s, but the integral being taken over {0~ and Q, respectively. Let v be compactly
supported in (). We thus have

J
(1.14) s(—w, v)+vp(v, w)+a(v, w)=J Fu,
at Q
but

p(o, w)=p (v, w)+p (v, w),

a(v,w)=a"(v, w)+a (v, w),

(0= o) (i)
s\—,v)=s{—,v)+s \—,v},
at at at

s 'D) + Vpi(wia u)+ai(wia v)_J

:19)

and we can write

ES

aw
.1 + +
(1.15)" s ( ot

(S€w™, v) dy= J F*y,

Q

where F* = F/Q* and w* = w/Q7, so that adding (1.15)" and (1.15)", and subtracting
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from (1.14) we get

J (Séw, v) dy+j (Séw, v) dy=0.
LTon Elo

Since v is compactly supported in Q, 3Q* reduces to I' and (Ew)™ = (8w")|p if w is
defined in Q7, (8w)" = (&w™)| if w is defined in Q7, and the normal on I is exterior
to O~ (thus interior to Q). The transmission conditions then read

(Bw)™ =(%w)"
(1.16) onT,
wi=w"
or
N oW 1 d ndw" 1
1.17 I e A(")w‘) = (u PO — 4~ A(")w+) ng.
( ) kgl ( ? 33(71 2 k k§1 ? 63(31 2 k

In particular, if Q=R", Q™ ={x,<0}, Q" ={x;>0}, so that I'={x, =0}, then the
transmission conditions are

ow”™ yow™

N —_—
=p Y pY!

- p(i1)
vy PY
jgl axj j=1 ax] onT.

(1.18)
w=w"

Condition (1.18) is equivalent to (1.16). The Green formula with the constraints is

more useful when we want to prove the well posedness through energy estimates, and

it is the reason we include it here. Again, (1.18) can also be written

-1 +I

w™' aw

ox,  ox;

(1.19) w=w"

where (w”, w'") corresponds to the decomposition of the matrices P, i.e.,
(1'20) WI=(W1,‘ . 'awr)’ W"=(W,-+1,' . "Wn)’

but we prefer to use the form (1.18), which seems more fitted to the multidimensional
case.

2. Derivation of the artificial boundary conditions. We shall use the transmission
conditions we wrote above to derive the transparent boundary condition. Let F and
w® be compactly supported in Q~; consider the Cauchy problem:

ow N aw N o dw

Wy a2y, v puo ¥ ),
2.1) at  j=1 9X; jk=1 3X; 9

w(0) = w’.

It is equivalent to the transmission problem

ow™ _ . _
2.2) ot —Qw =F(x,t) inQ,
w(0) =w’,
w” + __ +
(2.3) g Qv =0 nQ
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with the transmission conditions

- +
,,gp(maw _ ,,gp(jl)?l"_
(2.4) 1 3X; 1 dx; onT.
- +
wo=w

2.1. The transparent boundary condition. We introduce the initial boundary value
problem in Q:

(2.52) ( ‘;—‘: _Qw=0 inQ"
(2.5b) 4 w(t=0)=0,
Wi
(2.5¢) - |=g onT.
\ wr+p

THEOREM 2.1. The boundary value problem (2.5) is strongly well posed. The solution
is given in Fourier variables (7, s) by

r+p X
(2‘6) W(xl > M S) = Z /\i eglxlq)l’
i=1

where (&, ') are defined in (1.1) and the coefficients A; are determined by the boundary
conditions.

Proof. According to Strikwerda [S], the problem is strongly well posed if and
only if the two initial boundary value problems

N
ow _ v pU Iw
b
ot jk=1 axj 00Xy
1 1
w =g onl,
and
n N i
ow -y A(j)aw
b
at o1 9X;
Wria &r+1
=| - onT
wr+p gr+p

are strongly well posed. The first problem is a strongly parabolic problem with a
Dirichlet boundary condition, and hence is strongly well posed. As for the second one,
since AV is diagonal, the boundary condition reduces to specifying the entering
characteristics which is, again, a strongly well posed problem.

Let us now consider Fourier-Laplace transform (2.5a) with respect to ¢ and y.
The corresponding variables are (s, ), with Re s>0. We then get a second-order
ordinary differential equation, whose solution is

W = Z A,’ eé‘ixl(pi’

where (&, ®') are given in (1.1), since we supposed that Q(i¢) was diagonalizable. In
order for W to be in L?, the coefficients A; must vanish when Re & =0. We thus are
led to (2.6).

Remark. We have assumed that Q was diagonalizable, so the ((D};)lg,;kgﬂ, is a
nonsingular matrix and thus the boundary condition determines the A;’s.
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THEOREM 2.2. The transparent boundary condition at T" for the half-space Q) is

N iy awl r+p _ - r+p faila PR
(2.7a) vy PWV—=p Yy PV Y tM;'OW+v Y inP VW,
j=1 0x; j=1 i=1 %1
r+p r+p i
(2.7b) We=Y Y Myi'wdi, k=r+p+1,---,n,

i=1j=1
where (M) is the (r+p) x (r+p) matrix defined by
(2.8) M,;=®], and M is the inverse of M.

Proof. w™ is the solution in Q" of the initial boundary problem (2.5) with g, = wg,
1=sk=r +p. Theorem 2.1 then enables us to calculate explicitly wi, r+p+1=k=n
and 3w" /dx;. The transmission conditions then give the result

ow’

N oW o =
vy PW—=yP—+p ¥ PWinp’.
Jj=1 0x; 9%, j*1

From (2.6) we deduce that

aﬁ‘,*’ r+p

= z /\,fiq)i on F,
9x, i=1

so that

N = 1) aw*—] =11) r+p . =1j): r+p i
vy PV =vP"" Y AMED +v Y Pin; Y AP,
= j=1 =1

1 aX; j=1 i
wi=Y \®;, k=r+p+1,---,n

The coefficients A; are determined by

r+p

Y APi=W;,  j=1,---,r+p
i=1

So, if the matrix M is defined by (2.8), we have
r+p
A=Y MG'wy
ji=1
and finally w~ satisfies (2.7a), (2.7b): (2.7a), (2.7b) is actually the transparent boundary
condition.

Remark. If A were not diagonal, the same study could be carried over, by
choosing an admissible boundary condition (2.5c).

Remark. If n=r+p, the transparent boundary condition reduces to (2.7a): the
“hyperbolic” part does not require any boundary conditions. (It is the case for instance
for Navier-Stokes equation when the flow is supersonic and the boundary is on the
outflow.)

2.2. Nonlocal approximate boundary condition. Since we are seeking boundary
conditions that are consistent with the hyperbolic problem (i.e., »=0), we shall
approximate the transparent boundary condition (2.7) with respect to the parameter
v. We thus shall obtain boundary condition relating w and aw’/dx,, whose kernel is
a nonrational function of s and 7, and thus integral in the time variable and the
boundary variables. This boundary condition will eventually be approximated by local



1266 LAURENCE HALPERN

boundary conditions in § 2.3, using the techniques in [EM1] for hyperbolic problems.

Let us consider the limits as v tends to zero of the various terms in the right-hand
side of (2.7). By (1.8) the vectors ®' tend to the corresponding ¥’, and hence the
matrix M tends to N, where

(2.9) N; =¥/, 1=i,j=<r+p.

As for the coefficients v¢;, by (1.9) if 1=i=m, v{ tends to zero, and if m+1=i=n,
v€; tends to a finite limit ¢;(s, ) (which actually does not depend on s, n). Taking the
limits in the right-hand side of (2.7) as described, we are led to the boundary condition

N _ aAI r+p r+p T
(2.10a) v ¥ PONSEZ Y PO Y NG,
Jj=1 ax] i=m+1 j=1
r+p r+p .
(2.10b) We=3Y ¥ Ny'W¥i, r+p+isk=n

i=1j=1

We shall see in the next section how this boundary condition leads to a well-posed
problem in the left half-space {)~, whose solution converges as v tends to zero toward
the restriction to )~ of the solution of the full hyperbolic problem in R". The latter
will be done using a boundary layer expansion and the criterion in [M]. Before carrying
over the analysis we shall write local boundary conditions. In order to make the
mechanisms clear, and since we shall need it later, we shall first recall the derivation
of transparent and approximate boundary conditions for the hyperbolic problem.

2.3. Absorbing boundary conditions for the hyperbolic problem. Here we will follow
the lines drawn in [EM1]. We keep the notation and assumptions set in the first section.
The hyperbolic system is

(2.11) —=.§ AY —ﬂ-E

By Laplace-Fourier transform in ¢t and y, the solutions of this equation in the full
space when F =0 are given by

N
(2.12) W= Y A e* Il
i=1
where (a;, IT') are the eigenvalues and eigenvectors defined in § 1
(2.13) (A(”ak+ ¥ iAU)n,.—sI) nk=0.
Jj#1

If (Re s Re ;) =0 (respectively, (Re s Re a;) =0), the corresponding mode in (2.12)
propagates in the (x,> 0)-direction (respectively, x, <0).

The transparent boundary condition at x, =0 for the half-space {1~ expresses that
no wave can propagate from the boundary toward the interior of 7, i.e.,

(2.14) i=m+1,---,n, A =0.
Let us define T as the matrix of the eigenvectors:

(2.15) T;(s, n) =IT(s, n).

By (2.15), (2.14) can be rewritten as

(2.16) Vi=m+1,---,n (T 'W),=0.

This is the transparent boundary condition at x; =0 for the half-space 7, i.e., the
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equivalent of (2.7) for »=0. We shall see in the next section that (2.7) (or (2.10))
actually reduces to (2.16) when v tends to zero, so that the solution of (0.1) coupled
with (2.7) (or (2.10)) tends to the solution of (2.11) with the boundary condition (2.16).
This boundary condition is nonlocal in time and space. Following [EM1], we shall
make an approximation with respect to the angle of incidence of the wave on the
boundary. This is easily achieved by letting » =0 in (2.13), so that «, is nothing but
s/ A, where A, is an eigenvalue of A, and IT* = AX,
Thus, the first absorbing boundary condition for (2.11) in Q7 is

(2.17) Vi=m+1,---,n (T7'w);=0,
where
T,=A,, 1=i, j=n,
which is simply writing that the entering characteristics of the system are prescribed

the value zero on the boundary.

2.4. Local boundary conditions for the full problem. We thus want to make the
same kind of approximation in (2.10), and it is now clearer: for m+1=j = r+ p, neither
{; nor _‘I” depends on (s, n) and therefore both remain unchanged. For 1=j=m, {;
and ¥’ are approximated by s/ A; and A’ respectively.

We then define the vector ¥/, 1=j=r+p by

V=N, 1=j=m,
(2.18) .

V=9, m+isjsr+p
and the matrix N by
(2.19) N,=W¥, 1=i j=r+p

The approximate boundary condition takes the form

N awl r+p _ r+p ~ .
p(1,j — 11 —1aypi!
vy PO —= 'y POV Y NG T w,
j=1 X  i=m+1 j=1

(2.20)

r+p r+p ~
we=Y Y N;'VWiw, r+p+1=k=n.

i=1j=1
This is our local boundary condition. It is of first order in x, and zero order in time.
For (2.7) and (2.16), we shall see that it converges to (2.17) when » tends to zero, so
that the solution of (0.1) coupled with (2.20) tends to the solution of (2.11) coupled
with the first absorbing boundary condition (2.17).

We shall discuss in § 5 further approximations to these boundary conditions, with

respect to either parameters » or the angle of incidence on the boundary. These
boundary conditions will involve higher derivatives in time and the tangential variables.

3. Analysis of the approximate boundary conditions. We shall use here the analysis
by Michelson [M] of the well posedness and boundary layer for initial boundary value
problems related to parabolic perturbations of hyperbolic equations.

3.1. Well posedness of the boundary value problems. As already pointed out by
Strikwerda [S], the well posedness of the initial boundary value problem for (0.1) is
equivalent to the well posedness of the purely parabolic problem for P and purely
hyperbolic problem for A, provided the boundary conditions satisfy certain decoupling
conditions, which are automatically satisfied for boundary conditions of the form (2.7).
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Furthermore, if the problem satisfies a uniform Lopatinski condition stated by Michel-
son in [M], then we can get estimates uniform in ». Let us define in ()~ the weighted
norms:

(31) "“"ml mzﬂ Z "(VD’ V"I)a(XDan Dta ”I)B e"”'u”iz’

e +|E|r—n$-2m1
where y = x(x,) is a fixed smooth nondecreasing function of x, such that y(x;)=x,
for |x,| <3, and x(x,) =1 for |x,|> 1. Denote by |u(x,, - |2, m, . the obvious restriction
of the above norm to the hyperplane x; = const. Let o be the pseudodifferential operator
with symbol Re (1+ vs+|vn[’)/*(s =iw+n). If w is partitioned in the natural way
mentioned before w = (,,7), we define v by

I -1 I
D,
(3.2) v=( v,,), v =w o= (U Y lew )
v ow

We start by writing the decoupled problems.
The parabolic problem is

aw! N _ o @*w!
(3.3a) —= Yy PV ——+F]
at k=1 axj axk

N o_ ow!
Y P(“)—a—=0 onT,

= X;
(3.3b) = ’
wi(t=0)=0,
and the hyperbolic problem is
ow™
34 +F",
(3.42) at & v
r+p r+p 3
=Y Y Ny'w¥,, k=r+p+1,---,n onT,
i=1j=r+1
(3.4b) -
w (t=0)=0,

for the boundary conditions (2.10). For the boundary conditions (2.20) N and ¥ must
be replaced by N and ¥, respectively.

Then we have Theorem 3.1.

THEOREM 3.1. The boundary value problem (0.1) coupled with either boundary
condition (2.10) or (2.20) is well posed if and only if the reduced hyperbolic problem (3.4)
is well posed. Furthermore, if (3.4) is well posed in the sense of Kreiss, let integers
m,=m,=0 be such that m,— m,=1. Then there exist positive constants k, vy, 1o such
that for all n > ny and 0= v <, the following a priori estimate holds:

nllw"ml my, "7+V”D wI"ml my, n+|v(0 )|m1 my, "l+|0.1/2 I(O )lml msy,m
(3.5) +SUP (IW(xl 5" )lm,—x,mz—l,n"'ll’DxW (%1, + )l%nl—-l,mz—l,n)

<k77_1”F"m1 my,m .

Proof. The first assertion is a mere consequence of the result by Strikwerda in [S].
As for the second a priori estimate, it follows directly from the general theory on
parabolic perturbations for hyperbolic systems by Michelson in [M].

The a priori estimate justifies the boundary layer expansion and proves the
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convergence of the initial boundary value problems (0.1) coupled with either of the
boundary conditions (2.10) or (2.11) as described in § 3.2.

3.2. Boundary layer; Convergence results. A physical phenomenon related to
incompletely parabolic approximations of hyperbolic equations with a small parameter
v is the formation of a boundary layer. It is mathematically represented by a formal
expansion

(3.6) wix, t,v)=Y v ( M(x, t)+w(2)< It ))

i=0
The functions w{" represent the smooth part of the solution, while the functions w{®
represent the boundary layer: they are exponentially decreasing in x,/v. Michelson
proved in [M] that under the same hypothesis as in Theorem 3.1, the expansion (3.6)
was actually valid. We shall apply this result to our particular case.

THEOREM 3.2. Let w(x, t, v) be the solution of (0.1), (2.10) (respectively, (2.20))
with a sufficiently smooth F. Suppose, as in Theorem 3.2, that the reduced hyperbolic
problem (3.4) is well posed. Then, as v tends to zero, w converges to the solution u of the
hyperbolic problem (2.11), (2.16) (respectively, (2.17)). More precisely, if m; = m,=Z m; =0
and m,—m,=1, we have

(3.7) Iw(x, t, ¥) = (X, )|l my gy = (v + /D7),

where the norm above is defined by

3.8) (L A Z 1D% e s —sma i -

Remarks. (1) This result tells even more about the boundary layer: it says that
in expansion (3.6) the first term w{" is indeed the solution of the associated hyperbolic
problem, and the first term w{” vanishes: the boundary layer is “weak.”

(2) Boundary condition (2.16) is actually the transparent boundary condition for
the hyperbolic problem, so that the solution of (0.1), (2.10) converges to the solution
of the Cauchy problem for (2.1).

Proof of Theorem 3.2. According to Michelson [M], the following estimate holds:

(3.9) [w(x, t, v) = w(x, £) = WP (x1/ ¥, ¥, )|l my .y = (¥ + ¥/ P773).

We merely need to check that wi” is u and w(? is zero. These terms are obtained
by substituting the expansion (3.6) into the equation and the boundary condition,
separating the scales x; and x;/v, and equating to zero the successive coefficients of
the resulting series:

From the equation we deduce that wi’ and w{? are solutions of the following
equations:

(2

(3.10) AV P 4+ pav _a&___.
a(x,/v)
aw(l) N aw(l)
j=1 axj

and w'" and w'® are solutions of

(1) (1)
(3.12) _8W_ g 14(])a + g (_)k) (9 Wl 1

ot j=1 (9x1~ jk=1 ax 3xk
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2 2)
) aw$ ) an 8 w;
(3.13) 3(3‘1/”) a(xy/ V)2
: @ 2.(2)
_awih - A0 3 pan _EW () I Wiza
at =1 9x; =1 (x,/ v)ox; i 3%; 3

with the convention that w{?, =0 if i = 1. We shall assume here the boundary conditions
(2.10) are imposed. The calculations are the same for (2.20). For x, =0 we have

3 A(2)1 r+p r+p

3.14 — = N (D0 + %),

( ) a(xl/v) i §+1121§ ij ( 01 )
r+p

(3.15) Wi+ WwE =Y N'Wi(w+ws), r+p+1=k=n
i,j=1

For I=1,

r+p r+p

—an | 9w ; .
P(“’[———— LY GNP+ “))]

3(3(71/1/) i=m+1 j=1

(3.16)
(1) A (1)
+3 P (a_w_,__1+aw, 1)+p(11)%=0’
j*1 axj ax, 3x1
r+p
(3.17) WRHWR= Y N;'U(WH+w3), r+p+isk=n
iL,j=1

Let us start with (3.10). From this form, we deduce that w{® is a linear combination
of the “exponential modes” defined in (1.6). Here w{? is supposed to be exponentially
decreasing in 7, so that
wP= ¥  AN@eM, x=0.
j=r+p—m+1
We substitute into (3.14), remembering that for i=m+1,- - -, r+p, (£, ¥') is actually
(6;_n, ®'7™). We thus get
r 0 r+p—m r+p
Z oj/\j®] = Z Z 0 ]+m ,(WBII'F (2))61
j=r+p—m+1
This amounts to stating that there exist coefficients a, such that Z;c=1 ak®"' =0. It
implies that 3, _, ;0% =0, for equation (1.6) can be written
P60 + BVO* +CVO " =0
DYO¥ + AV =0
And if ¥ ;0" =0, then ¥ o, DO =0, so that ¥ o, AP0 =0, and since AV is
nonsingular, the result follows. From the assumptions (0.5) on the operator Q, the
®"s are independent, and hence the a,’s vanish for any k.

Then A;=0 for r+p—m+1=j=r, and thus w¢? vanishes identically in Q™. We
substitute into (3.14) and (3.15), which indicates that w{" is a solution of the following
problem in Q:

u

n
M_s A0 p xeq
at  j=1 0Xx;

with the boundary conditions

r+p
(3.18a) Y N;'4;=0, i=m+1,---,r+p,

j=1
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r+p .
(3.18b) =Y N3V, k=r+p+1,---,n

i,j=1

We will now prove that (3.18) implies the transparent boundary condition (2.16)
(T7'4),=0, m+1=i=n:

(T7'4); = Z T;'%; Z T;'4;+ Z T;'4;.

j=r+p+1

In the second term of the right-hand side we substitute (3.18b):

n L r+p r+p 1
—1 A
Y Taiy= Z Ty ¥ X Nlj\I'
k=r+p+1 k=r+p+1 I=1 j=1
n r+pr+p L ) r+p r+p r+p 1 1
Z Tid=Y ¥ ¥ Nj'TVild— Y ¥ ¥ Ny'TiVid
k=r+p+1 k=1 1=1 j=1 k=11=1 j=1
but
r+p L r+p r+p r+p 1
z Nl] ‘I’k—ﬁkj and Z Z Z NI] \I’ T,ku] Z T,] i s
k=1 1=1 j=1
so that
! n r+pr+p 1 Tare ]
p— A —_— — A
(T7a)i= Y ¥ X Ny TV
k=1 1=1 j=1

On account of (3.18), the latter reduces to

m r+p n
(T7'4)i= Y ¥ Ny'd Z T3 V.
I=1j=1 k=1
For 1 =1=m, ¥' corresponds to the hyperbolic part of Q, so that Yo TV =28, and

(T7'4);=0 form+1=i=n O

4. Application to Navier-Stokes equations. We consider here the two-dimensional
compressible Navier-Stokes equations:

d ; i 2 .
(4.1a) au__op Z—-[ (@—+a—u’-——8ijd1vu>], i=1,2,

Pas 9X; j—10Xx ax; dx; 3
d 2 (9 J 2 ou; 2 9
(4.1b) ol ( IR . 8; div u) Ty ——(k———)
dt ij=1\0x; 9x; 3 9x; j=10X; \ 9x
dp
4.1 —=—pdivu
(4.1¢) ar pdivu

Here p is the density, u; is the velocity component, p is the pressure, T is the temperature,
p and k are the coefficients of viscosity and heat conductivity, respectively, and c, is
the specific heat at constant volume. The pressure p is related to p and T by p = pRT,
where R is the gas constant. We shall introduce vy as the ratio of specific heats, i.e.,
v = ¢,/ ¢, (recall that R = ¢, —c,), and the Prandtl number of the gas P,=uc,/k. P, is
supposed to be constant here. As usual d/dt=49/dt+ u,(3/3x,) + u,(9/9x,). We shall
assume that the artificial boundary is sufficiently far from any turbulent regime, so
that we can consider (u, p, T, p) as a small perturbation of a smooth regime (u, p, T, p).
Since in our analysis the lower-order derivatives are not of much importance, and the
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results of Michelson carry over to variable coefficients as well by freezing the coefficients,
we shall concentrate here on the case where the reference regime is constant as a
function of time and space. Let us call (4, p, T, p) the perturbation. It is a solution of
the following problem:

dil, ap oT [4 o, o, 1 &%, ]
42 AL RTLP 4 pRO= = | 2 222 e
(4.22) Pt ox, P ax, M3 ax2  axZ | 3 ox, 0%

dii, ap oT [a%iz 494, 1 &4, ]
4.2b 2 RT2 4 pRE = = =L
(4.2b) Pt 9%, P ox, M ox 3 ax2 3 9x,9x%,)

dT . o
(4.2¢) pEt~+(y—1)pTd1vu=‘yP, wAT,

dp ~

(4.2d) 7’t’+ p div i =0.

We shall normalize these equations by redefining p as p/p and introducing the
undisturbed kinematic viscosity » = u/p. So that the equations can be written in the
form (0.1)

U 2 o 0
(4.3) W_q02Y g0, 5 puw T4 4 gy,
at 90X, X, Jk=1 3.75] 90X
where U = (il,, il,, T, §)
—u 0 —-R -RT
A= 0 -u, 0 0
_(’)"I)T 0 —Uy 0 ’
-1 0 0 -—u
_u2 0 0 0
A(z)— 0 “uz —R _RT
0 —(y-1)T -u, 0 |’
0 -1 0 —u,
320 0 0
pan_[0 1 0 0
0 0 yP;' 0)
00 0 O
10 0 O
pen_| 0 $ 0 o0
0 0 yP,' 0O)
00 0 0
0 ¢t 00
P2 _ ¢ 000
000 0f
0 0 00

They satisfy all the assumptions we made in the Introduction. We shall write here the
precise formulation for the local boundary conditions (2.20). We shall start by studying
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the eigenvalues of A", and recalling the corresponding boundary conditions for the

Euler equations (cf., for instance, [EM1]).

4.1. The Euler system. It is well known that the eigenvalues of A" are

(4.4) /\1=—u1—c, A2=)\3='—u1, A4=—u1+c.
The corresponding eigenvectors are
c 0
l= 0 A2= 1
(y=1)T/J oy
(4.5) 1 0
' 0 c
0 0
A3 = 4= .
T/ A —(y—-1)T
-1 -1
So that A" is diagonalizable and the matrix T in (2.17) is
c 0 0 c
~ 0 1 0 0
4.6 T=
(49 (=T 0 T —~(y-DT
1 0 -1 -1
and
Ay 0
) _ F Az -1
AVY=T T .
A3

The number of boundary conditions required by the system at x; =0 in 1~ depends
on whether the flow is super or subsonic and the boundary is inflow or outflow, as
summarized below.

The subsonic case: |u,|<c.

® inflow: u, <0.

A <0,A5,A3,A,>0, m=1: 3 boundary conditions.
(T 'u),=0, i=2,3,4.

® outflow: u,>0.
A, A2, A3<0, A,>0, m=3: 1 boundary condition.
(T 'u),=0.

The supersonic case:
® inflow: u; <O0.

u|>ec

A, A2, A3,A,>0, m=0: 4 boundary conditions.
u; =0, i=1,2,3,4.
e outflow: u, >0.

A, A, A5,A,>0, m=4: 0 boundary conditions.
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The matrix T ! is given by

1, 11

2¢ 2yT 2y

0 1 0 0

4.7 T—lz 1 —_
(4.7) o o L _xo1
yT Y

1 1 1

—_ 0 — —_—

2¢c 2yT 2y

so that the boundary conditions are as follows.
® Subsonic inflow:

i 1T 15
——— ===,
¢c vyT yp
(4.82) u,=0,
1T y-15_,
yT v p
® Subsonic outflow:
o 1T 15
(4.8b) Ao 2P
c yT vyp
® Supersonic inflow:
(4.8¢) i =i,=T=p=0.

® Supersonic outflow:
no boundary condition.

We reintroduced here the density p for the sake of consistency. These boundary
conditions are stable in the sense of Kreiss (see [EM1]).

4.2. The Navier—Stokes system. Here the number of boundary conditions is n —p,
where p is the number of negative eigenvalues of AV, A® reduces to —u,, so that we
must distinguish only between the inflow and the outflow cases:

¢ Inflow boundary: u, <O.

p=0: 4 boundary conditions.
® Outflow boundary: u,>0
p=1: 3 boundary conditions.

We must determine the other part of the family (¥), i.e., the 6, and @, solutions
of

[P*Po+AV]0=0.
The cubic equation for # has an immediate root we shall call 6;:

(4.9) 03=u,.
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The two other roots are solutions of the quadratic equation

(4.10) —u;(30 —u,) (a8 —u;) — RT(ab — yu,) =0,
where, for simplicity, we set
a=1yP;.
We have
00, 0va= [a(ui- ZZly) +4u3]
with ¢= yRT.

Recalling that y > 1, we can determine the signs of the roots. We order 6, and 6,
so that 6, < 6, (6, cannot be equal to 6,).

Subsonic case: 6, <0< 6,.

® Inflow case: 6;<0;

® Outflow case: 6;>0.

Supersonic case.

® Inflow case: 6,<0,<0, 6;<0;

® Qutflow case: 0<<0,<6,, 6;>0.
The corresponding generalized eigenvalues are

u, 0
; 0 1
(4.11) 0= , i=1,2, 0=
(y—=1)Tu,/(ab;—u,) 0
-1 0

We now have all the elements to (2.20).
® Subsonic inflow: m=1, p=0, r+p=3.

§1=/\19 {i,1=A19 (;2:019 \i’,2___®1’ £3=03, \i,3=®3

and
C ul 0 1 _Ul 0 ul
N= 0 1 N'l=——=|(y-DT 0 -
0 , qet (vy—1) ey
(y-1)T U, 0 0 det N 0

where U; = (y—1)Tu,/ (a8, —u,), det N= (y—1)Tu,— U,c

o, 1 ai, 0, (zz ¢ 1'“)
v—toyv—= - T
ax, 8 ox, l—c/(yP;'0—u)\ ' y—1T

ot, 1 ou, -
v—t+-v—=uU,,
%, 6 0x,

T  (y-1Te, (ﬁ c T)
axl 'yPr—lol_ul_c ! ‘y_]. T ’

(4.12a)

p_ -1 [ yP;'6, ﬁ_u,+c_7~"]
p u(1—c/(yP;'0,—u)LyP;'0—u, = y-1TJ

This system reduces to (4.8a) when v =0.
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® Subsonic outflow: m=3,p=1,r+p=4.
{i=Aia \i’,i=Aia l=1’ 29 3, £4=01’ ‘lil4=®1’
c 0 0 wu
o 0 1 0 O
N= s
(y-1)T 0 T U,
1 0 -1 -1
T_ U1 0 231 ulT
N’"‘=L 0 7 0 0
TZ\T-U,—yT 0 u+c T(u+c)—ZTY)
+yT 0 -c —cT

where Z = yu, — ¢(U,/ T —1). Condition (2.20) reduces to
_ o owl _ 4
pan¥ _ P<11)01< 5 N;jle) o
j=1

2
14
j; 9%
or
a’;l 1 6112 Colul ('y ~ T ﬁ)
v—+-—v—=—7"-—|"-u——=-—1,
ax; 8 9x, Z \c T p
o, 1 ou,
4.12b 24c
( ) Vaxl 6yax2 ’
oT 001U1<'y~ T ﬁ)
v—=—-—-—|"u——=—].
90X, Z \c T p
Again, these equations reduce to (4.8b) when » =0.
® Supersonic inflow: m=0, p=0, r+p=3.
£i=0i’ iﬂ:ﬁ)i; i=1’. .’3’
and
ul ul 0 1 _Uz 0
N=[{0 o0 1|N'=—|+U, 0
U,—-U.
u, (U, 2) 0 u (U, — Uy)

U U, 0

The boundary conditions are

o, 1 ou, 3 c\ .
Ly— —2=———(u%——-) i +— =,
4v T

V— 14
ax; 8 dx, 4u,

o, 1 a4, .
= U Uy,

v—+—v
ax; 6 0x,
(4.12¢) . .
aT -1 i 1 T
v—=(y ) Tu1<ﬂ+—— —),
6x1 (¢4 ul 'y_ T
p__h
p Uy

U

_ul .
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If »=0, the system reduces to i, = ,=T =5 =0.
® Supersonic outflow: m=4,p=1, r+p=A4.
§i=Ai’ i:l’...,4

so that the boundary condition is

oihy 1 diy _

ax, 8ax,

ot, 194
(4.12d) —24-—=y,

0x; 6 9x,

of _

X,

The results in § 3 apply to these equations as follows.

THEOREM 4.1. The initial boundary value problem for (4.2) and the zero-order
boundary conditions (4.12) is well posed in Q™. As the viscosity v tends to zero, the
solution converges to the solution of the Euler equation with the corresponding boundary
conditions (4.8), the L* norm of the error decreases linearly in v.

Proof. We merely need to check that the reduced hyperbolic problem is well
posed, which is extremely simple here since A’ = —u,. The boundary condition then
reduces to p =0 (when there is a boundary condition for g) and the following problem:

ob__, 0, %

u
ot Yox,  Caxy

p=0, x,=0
for u, <0 is obviously well posed.

Remark. In [GS] the authors introduced for the Navier-Stokes compressible
equation artificial boundary conditions by requiring them to be dissipative. Further-
more, these boundary conditions produce a weak boundary layer. Therefore Theorem
4.1 also holds in that case. We have not been able to decide whether our boundary
conditions are dissipative or not. However for more general systems or higher
dimensions, it seems difficult to extend their techniques which consist of studying the
boundary form (€w, w) and matching coefficients of the boundary condition to get
the right sign. It does not allow for higher-order boundary conditions either.

5. Higher-order boundary conditions. We discussed earlier the goals of our work:
provide boundary conditions which would be (1) local and (2) consistent with the
Euler equation. A first step was made in § 3 by an approximation of order zero of the
right-hand side in (2.10). We now want to increase the accuracy of our boundary
conditions. This means, from our point of view, expand first the transparent boundary
condition (2.10) up to higher order in ». By doing this, we shall keep terms like a;(s, 1),
for 1=i=m, where «; is the traveling mode defined in (1.3). These will correspond
to pseudodifferential operators of order 1 on the boundary, which are, of course, far
from being local. We thus shall in turn approximate these modes with the techniques
described in [EM]. The first realistic approximation is similar to (2.17): we shall set
7n =0, and approximate the quantities in (2.7) to first order in ».

We shall restrict ourselves here to the particular case of the viscous linearized
shallow-water system, though the procedure carries over without modification to more
general systems, provided they possess a symmetrizer. This property ensures that the
eigenvalues ¢ for the system have an expansion &(s, 9, v) = &(s, n) + vxi(s, n) + O(¥?),
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1=i=m, and &(s,m, v)=(&+ vy + O(v?)/v, m+1=i=r+p, with a corresponding
expansion for the eigenvectors ¥;.

Let us consider the shallow-water equations, linearized about the steady-state
(U, 0):

2 2
(5.1) a_sz(,)a_w_‘_A(z)a_w+D(P(ma_w+P(22) a_“’)
at 9%, 9%, ax; ax3)’

where w=(uy, u,, ¢).

-U 0 -1
(5.2) A= 0 -U o0 |,

- 0 -U

0 0 0
(5.3) A®=l0 o0 -1},

0 —c* 0

1 00
(5.4) PMW=pP=10 1 0
0 0 0
with ¢>0. _ _
In our notation of § 0, r=2, P’ =§,I,, and AV’ = — U. The eigenvalues of A" are
(5.53) Al_—'_U_C, )\2=_U, )\3=_U+C
and the corresponding eigenvectors are
1 0 1
(S.Sb) Al =0 ’ A2 =|1 N A3 = 0
c 0 —c

The solutions of (P*V9+AM)O =0 are

U*-¢?
(5.62) 6, = U 6=,
and the corresponding generalized eigenvectors are
U 0
(5.6b) 0,=( 0 |, 0,=|1].
—c? 0

The signs of the A’s and 6’s depend on whether the flow is sub or supersonic, and
ingoing or outgoing, as in the case of the full Navier-Stokes equations.

We shall approximate the generalized eigenvalues and eigenvectors & (s, 0, ») and
®'(s, 0, ») up to first order in ».

Forl1=i=m:

(5.7a) &(s, v) = Li(s) +vxis™+ O(v7),

N
gi(s) "'Ia

di(s, v) =V +vEs+0(?),

5.7b . ;
(5.7b) .
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For m+1=i=r+p:

£s,¥) = L+ X ms + O(0),
(5.8a)

§i=0im,
di(s, v) =V +vE""s+ 0(»?),
(5.8b) ¥ = gi-m

(in the formulas above, the variable 7, being zero, has been omitted).
The yx;’s and E;’s are obtained by substitution of the expressions above in formula
(11) for n =0:

(EAV+ 2P — 5D = 0.
To Ay, A,, A5 are associated three values of ¢ and vectors ®:

. s wvs?

& =t o),
2
(5.92) £2=Aiz—%+ o),
s s vs )
§3=)\_3—2_A—§+ o(v°),
—1/2A;¢ 1—ws/2X;c
d'=A'+ws 0 +0(»?) = 0 +0(»?),
0 c
0
(5.9b) &,=A*+0(*)=(1]|+0(?,
0
—1/2A;5¢ 1—ws/2A5¢
&, = A3+ s 0 +0(r?) = 0 +0(v?),
0 —c
and to 0,, 0, are associated two values of ¢ and ®:
o 22 2, 2
;- UVUc ny U:JU;F_C&)+ o(»),
0
(5.10a) ' =0'+us 0 +0(»?)
C2/( U2_ c2)
U
= 0 +0(v?),

—c*(1—-ws/(U?*~c?))
r U s
=—+—+
2 v U O(V),
(5.10b) . 0
P’=0’+0(rH)=|1|+0(.
0
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We cannot go any further without dividing the analysis into four cases: subsonic or
supersonic, inflow or outflow.
—Subsonic inflow case: —c<U <0, p=0.

A<0, Ay, A3>0: m=1,
0,>0, 0,<0.
p is equal to zero. We have three boundary conditions
&= 51 s o' = &’1,
L=8, o=

By a zero-order approximation of the &’s and ®"’s, we get the first set of approximated
boundary conditions:

d
V&=0,
0x,
5.11 ]
(5-11)o v 22 Uu, =0,
X1
¢ —cu;=0.

By a first-order approximation in », we obtain a new set of boundary conditions, which
contains differentiation in time:

( Gul 14 8u1
yv—=———
90X, U+c at
auz v 8u2
5.11 { v22= Uu,+— 2,
(5-11), ax, T U at
14 8u1
=cuU——"—".
\e= MU+ o) ar

—Subsonic outflow case: 0<U<c, p=1.
Al,A2<O, A3>0: m=2,
6,<0, 6,>0.

The generalized eigenvalues and eigenvectors with negative real parts (when Re s > 0)
are

flzgla §2=§2, §3=51,
o'=d, =8 =&

The analogue to (5.11), becomes

d -U d
(5.12), v U2 (ceutg), v,
3%, c 9%,
and the first-order boundary condition is
ou, ¢— U 14 0 2
—= -t o)t—7— (- + Up),
Y ox, c (zan+e) 2¢*(c—U) ot (=t Up)
(5.12),
v o,

14 .
3x; U at
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In the supersonic case, the calculations are much easier.
—Supersonic inflow case: U <-—c, p=0.

Al,Az,)\3>0: m=0,
01 . 02 < 0-
We have three boundary conditions:

(,om _U=¢
ox, U s
(5.13)0 { vz—:—f= Uu,,
C2
t€0="6“1,
and
(om _U=¢ U+ ou
ax, U ' uUWwr-¢d) et
(5.13), 4 ng—lz=Uu2+z]’i%,
2 vc? ou,
LT TTw =

—Supersonic outflow case: U>c, p=1.
A, A, A3<0: m=3,
6,,0,>0.
Here we have two boundary conditions:

ou,y ou,

5.14 v—=0, v—=0,
(5:14)0 9%, 3%,

ou, v d

—=—7—(—Uy +

Yox, U=¢ at( i),
(5.14)1 6u2 14 8u2

py—=——"—.

ax; U at

We shall not repeat here the calculations for the inviscid case, i.e., » =0. They are
identical to those for the full Euler equations. The local boundary condition (2.17) is
in this case:

Subsonic inflow case:

(5.15) u,=0, ¢ —cu;=0;
Subsonic outflow case:

(5.16) @ —cu,=0;
Supersonic inflow case:

(5.17) U =u,=¢ =0,

Supersonic outflow case:

(5.18) no boundary conditions.
The analogue of Theorem 4.1 holds.
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THEOREM 5.1. The initial boundary value problem for (5.1) and any of the boundary
conditions (5.11+1i),, i=0,---,3 is well posed in Q)™. As the viscosity v tends to zero,
the solution converges to the solution of the inviscid equation with the corresponding
boundary condition (5.14+ i), and the L*-norm of the error decreases as O(v).

The proof is exactly the same as for Theorem 4.1.

Remark. In this case, the well posedness in the classical sense can be expressed
by energy estimates, using the variational formula (1.14). Let us denote by E(t) the
quantity defined by

(5.19) E(t)=%Jj _[cz(u%+u§)+go2] dx
Q
and the analogue on I':
1
(5.20) E[‘(t)ziJ' [Cz(u%"' u§)+¢2] de.
r

The energy equality then reads

dE
— 4 JJ (Vui+Vud) dx
o

dt
2 u
=—-UE(t)+c vu-——u@ | dx,+ Fu dx.
r 9x, o

It can be easily checked in each case that the quantity integrated on I' is negative.

Unfortunately, the decoupling conditions prescribed in [M] to obtain the well
posedness and the error estimates do not apply to our higher-order boundary conditions
(5.11+1i),. We have not been able to establish a priori estimates in this case either.
However, the formal expansion (3.6) is still available. It is an easy matter to check
that for the higher-order boundary conditions (5.11 + i), , the next term in the expansion
vanishes. For instance, in the subsonic inflow case, it is due to the fact that (9/9x,+
1/(U+¢) 8/at)(wi”) =0. So the boundary layer is weaker than in the former case, and
the solution of the corresponding initial boundary value problem converges formally to the
solution of the inviscid equation with boundary condition (5.14+ i), the error being O(v?).

Remark. Consider the boundary conditions derived from (5.11+i), in the four
cases by neglecting certain terms:

(5.21)

du, v du
yv—=— —,
(5.22) 94X, U+c at
' 8u2 14 6u2
—=Uu,+— —, cuy,
9%, 2T U ot $=ah
ou; ¢—U ou, v du,
5.23 yv—= —cu,+ o), py—=——
( ) X%, c ( 1) 09X, U ot
ou; U?=c? N U+ ouy
v—= u,+v —,
(5:24) 3%, U ' UW*-¢d) et
) 8“2 14 aU2 02
T Tu T =—T7 U,
ax, > U at =T
u ou u
(5.25) —Ll=y, o, __ ¥ 2
X%, 94X, U ot
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These boundary conditions are well posed in the classical sense: we have neglected
the terms which could prevent the energy from decreasing in time. Furthermore, they
still give an approximation to the inviscid problem with boundary conditions (5.14+ i)
in O(v?%): the relevant equations are unchanged. However, the last statement remains
formal, since the decoupling conditions still do not hold.

So far we have considered approximations to the inviscid equations with the
“zero-order” boundary conditions (2.17), which are those used in practice. It is tempting
to try to approximate the Euler problem better. This adds new important difficulties:
as pointed out in [EM] the choice of the “good” boundary condition in the hyperbolic
case is not canonical, and furthermore, it is not clear whether or not it is well posed
in the sense of Kreiss. An analysis of such boundary conditions, together with numerical
experiments, will be presented in a forthcoming paper.
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