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Introduction

Parallelism and PDE: distribute the computation

How to solve in parallel 5’tu — Au= f

‘ Time discretization \ | Space-discretization
'
n n—1
At At
Elliptic problem: Domain
Decomposition in space (Cai) , Parallelism Parallelism Parallelism across
it across the across the the steps
method: system: (Domain
2 Multistep Waveform Decomposition
. . methods. relaxation in time)
(H size ofthe_ subdomains) (Domain
convergence independent of the Decomposition
mesh in space )
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Time discretization for the heat equation. 0-D

diu+au=0, ul0)=uw, te(0,T) <+ u(t)=e "up.
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Time discretization for the heat equation. d-D

n_ ,,n—1
4 ku —Au"=0, u®=u
Li—A ot Lyp
1 1
;TZIX EIX*A 0 U2 B
0
L AL-A uN 0
N N
M L F

Resolution by multigrid, or iterative, or direct methods.

u=e Py
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Time-space discretization for the heat equation.

Discretization in space, M degrees of freedom.

Myup = Fn,  upe ®)".

S — ¥
1 1
0

1 1
7EIX mleAh
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Time-space discretization for the heat equation.

Discretization in space, M degrees of freedom.

Mpup, = Fp, (VJS (RM)N

kil/XI—A,, 1
v —Ll L — Ay, 0
0
— Ll Ll = Ay,
TRt 0
My=B& L+ ®(—Ay), B= okZ e
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Introduction

Direct method (Maday-Ronquist, CRAS 2007)

(B@Ix+lt®(_Ah))uh:Fha B = .
Mh . ,i 1
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Introduction

Direct method (Maday-Ronquist, CRAS 2007)

1
g
=5 i3 0

(B@Ix+lt®(_Ah))uh:Fh7 B = .
Mh . _i 1

B=SDS™!
(SRUL)DR L+ 1@ (—A)S @ L)uy = Fy

N equations in space can thus be solved independently on the processors.
(2) is better conditioned than Ay, easily parallelized with OSM.
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Introduction

Direct method (Maday-Ronquist, CRAS 2007)

The method we have just proposed is first order in time, and since it
requires that all the time steps are different, the accuracy will be related
to the largest time step.
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Introduction

Direct method (Maday-Ronquist, CRAS 2007)

The method we have just proposed is first order in time, and since it
requires that all the time steps are different, the accuracy will be related

to the largest time step.

In order to make the method more efficient, we propose to use a higher
order scheme in time with time steps k, = p"1ki, with
p larger but close to 1, e.g. p = 1.2.

Note that, as can be expected, choosing p much closer to 1 may lead to
instabilities due to numerical errors.
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Error analysis (1)

We look for an exact solution of the form U, = sin (5 x) sin (Ty) sin (wrt)

(a) space solution on a 30 x 20 x 1 mesh (b) time solution

we use a known solution to compare

1) the p = 1 sequential newmark scheme error

)
2) the p < 1 sequential newmark scheme error
3) the p < 1 parallel newmark scheme error

)

4) the introduced parallelism error (i.e (3) - (2) )
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Error analysis (2)

Ny =8,p=0.80 — too much discretization error

central node vertical displacement
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Error analysis (2)

Ni=38,p

displacement (mm)

absolutes errors

=0.95 — too much roundoff error

central node vertical displacement
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Error analysis (2)
Ni=8,p=090 — OK

central node vertical displacement

sur innnvation<P(
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Introduction
Specifications

Choice of the timesteps k, = p"kq, 25:1 k=T
(B + 1@ (—Ap))up=Fp, B=SDS™', D =diag(ki,..., k).

(1) (S®k)G = F,,
(2) (i ApV"'=G", 1<n<N,
®3) =(S®h)V

@ The timesteps have to be all different for B to be diagonalizable.
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The timesteps have to be all different for B to be diagonalizable.

The matrix S must be easy and cheap to invert (closed form is a
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Therefore it is better to keep the time steps close to equidistant.
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Introduction

Definitions

u(t,:) = S(t)uo

(B® b+ I ® (—Ap)u]= Fp

— T (/(17 000 k[\/)
@ — T =(k...,k),
(1) (S ® lx) = Fha
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Introduction

Total error

|S(T)uo — dn| |S(T)uo — Tp|
|uol |uol

TRUNCATION ERROR WITH EQUAL TIME STEPS

. [uy — up|
|uo|
ERROR DUE TO HETEROGENEOUS TIME STEPS
.
. luy — un|
o]

ERROR DUE TO DIAGONALIZATION

12/41



The wave equation

Outline

© The wave equation
@ An algorithm for the ODE
@ Error analysis
@ Diagonalization of B
@ Optimization of the algorithm
@ Application to an industrial case

13/41



The wave equation
Program for the wave equation

e The PDE i — Au = 0.
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The wave equation

Program for the wave equation

e The PDE ii — Au=0.

e Work on the O.D.E. ii + a®u = 0 (Fourier in space, a = ||£]|) with
Crank-Nicolson scheme.

@ Evaluate the loss of precision produced by a set of k, = p"~1k; for
p=t+e]

@ write (B+ a*/)U =F, and B = SDS™*

@ Find explicit forms for S and S~

© For given a and T, estimate the round-off error for the resolution of
the diagonalized system.
@ For given a and T, equilibrate 1 and 4.

e Apply to the P.D.E.

Perturbation analysis in €
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The wave equation
e0

The Crank-Nicolson method

deu = i (0 =ty = 3 4 i),
drir = ii (0" — a7ty = 3(a" + dnY),
i+a*u=0 i"+ a*u" =0
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The wave equation
e0

The Crank-Nicolson method

dru =0 (U =) =5 (an + 0,
dit = U L — o=ty = L(a"+ i t),
i+a*u=0 i" + a’u" = 0.

N
kn(p) = pnilkla 77) = (kl e 7k/V) = k1(17 e apNil)v kn =T
Sl

n

THEOREM Given a, T and N, for € small,

1UN(Ti4e) = Un(TO)Il = | 6(35, N) € | Uoll + O(%),

2 3
where ¢(y, N) := w (14{y2)2'
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The wave equation
(o] J

Matrix formulation (J. Rannou, T. Tran's Thesis)

diu =1 kln(u” —un ) = 3(a" + 0" Y)
deli = ii F(am =" = 5"+ dm )
i—a’u=0 i"—a*u" =0
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The wave equation
(o] J

Matrix formulation (J. Rannou, T. Tran's Thesis)

diu =1 %ﬂ(u” —u" ) =L+ ot
dpi = ii F(am —om) = 3@+ dm )
i—a’u=0 i"—a%u" =0

1 1 —1//(/\/ l/k/\/
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The wave equation
(o] J

Matrix formulation (J. Rannou, T. Tran's Thesis)

diu =0 Fm—uy = 3(a" + 0t
deit = i L(an — 1) = 1@ + i)
i—a%u=20 0" — a2u" =0

B=(C'B)?
1 1
1 1
1| 11 1] % »
C== B — —
2 - Tk ST
1 1 - A};»l A}—l
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The wave equation
®0000000

Computation of the eigenvectors

Special family : triangular unipotent Toeplitz matrices

1
X1 0
7_()<i7 000y )<A4471) = )(é T 1
Xn-1 Xo Xp 1
THEOREM k, = p"k; = B = VDV~! with
. L 1l+p
V. = T(P,...,Py_1), with P, ::Em,
@ .
_ ) _ 1+p—J+2
1 0y n
74 = T(Ql,...,QNfl), with  Qp =p Jlj[l 1—p_j
4 4
D:dlag(m,"',rlvz)

18/41



The wave equation
O®000000

Sketch of proof

THEOREM
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The wave equation
O®000000

Sketch of proof

THEOREM
(1) V = T(P]_,...,PN_]_) Pn: ’Izll]_—ipj easy
n .
_ 1+p It
1_ — B
(2) v T(Q1,-..,Qn-1) @ ,|:|1 T,
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The wave equation
O®000000

Sketch of proof

THEOREM

1+p
(1) V=T(P,....,Pn21) Po=]]7— easy

—j+2
(20 VI=T(Q,....,Qn-1) Qn= HHL [

Equivalent to proving that
Pn+Pnlel+'--+Planl+QnZOfor]-SnSN_]-

Convention: Py = @y = 1.
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The wave equation
[e]e] lele]elele]

Sketch of proof

-
o

|

|
=
=

I
s
= =
| ¥
=
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The wave equation
[e]e] lele]elele]

Sketch of proof

iPan_kZO, Pn:ﬁﬂ
k=0 /:11_p1

Gauss' hypergeometric series (1812)

oy N [a] @],
2F1(a1, a2; b; x) '_nz:% [lb]"r12! o
M(a+ n)

[a]" := a(a+1)---(a+n—-1) =

r(a)
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The wave equation
[e]e] lele]elele]

Sketch of proof

Z Pi Qu—k =0,
k=0

n 1+p]
P":Hil—

Gauss’ hypergeometric series (1812)

[21]"[22]"

2F1 (a1, a2 b;x) =

R DL
al” := a(a - (a+n— :F(a+n)
" = a(a+ 1) (a4n-1) = L2

Heine's g-hypergeometric series (1847)

2¢1(a1, az; b; p; x) = Z%X",

(a;p)n = (1—a)(1—pa)--- (1—p""'a)
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The wave equation
[e]e] lele]elele]

Sketch of proof

T
.
I

R,

Gauss’ hypergeometric series (1812)

2F1(a1, az; b; x) := g %x",
[a]" := a(a+1)- - (atn—1) = %

Summation formula
r(b)r(b— a1 — a)

P B = e a2)

Heine's g-hypergeometric series (1847)

ai; p)n az'P)an

2¢1(a1, a2; bi p; x) = Z (

= (b p)n(pi p)n
(a:p)n = (1—a)(1—pa)--- (1—p""'a)
Summation formula
b . (Zip)ool(ip)eo

2p1(a1, az2; by pi —) =
213" (b p)oo(55iP)oo
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The wave equation
[e]e] lele]elele]

Sketch of proof

Gauss’ hypergeometric series (1812)

o [a1]"[22]" ,

2F1(a1, a2; b; x) :=n§ [b]" n! o
al” .= a(a e (at+n— :r(a+n)
[o]" := a(a+1) - (atn=1) = =2

Summation formula
r(b)r(b— a1 — an)

F; ya b)) = ———M———==
RSN e )

Heine's g-hypergeometric series (1847)

201(a1, a2; b; p; x) _wan

(b; p)n(pi p)n
(aip)n = (1=a)(1—pa)--- (1—p""'a)
Summation formula
b 2 p)oo(2ip)so
2¢1(a1, a; b; p; E) = m
_ (=pip)n
(pi p)n

20/41



The wave equation
[e]o]e] le]elele]

Sketch of proof, continue

z Z 1+ j —pP:P)n
ZPanszoy P, = J:M

i i O “_ GiP(gin)
A E B LER S ZO k(P Pk (3132) T (i) (5Ei0)eo
k—1 ]
(@)= [[(1-r'a)
i=0
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The wave equation
[e]o]e] le]elele]

Sketch of proof, continue

- Y1t (=pip)n
Pi Qu_x =0, P,= =
kz ok gl—pf (05 P)n

2001(a1, az; by p; —

i an; p)k(n P (L)k, (i P (555 P)oo

PP — (bip)k(pip)k \ara (bi P)oc (5557 P)oo
k—1 ,
(ap) = [[(1=p'a)
i=0

g-Zhu-Vandermonde formula
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The wave equation
[e]o]e] le]elele]

Sketch of proof, continue

> Qs =0, P=][1E2 - itk
k =

2¢1(a1, az; b; p;

i ol G ol

a 82 = k(pip)k \a1a2 (b p)°°(21baz Joo
k—1
(aip)i= ]t -r'a)
i=0

g-Zhu-Vandermonde formula

ar = p_ka a = —p, b= _p_k+2a Z ( R
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The wave equation
[e]o]e]e] lelele]

Matrix S, properties

Normalize the eigenvectors with respect to the 2 norm: S= VD,
di = 1/|VQ|,.
B=VDV~!=5DS!.
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The wave equation
[e]o]e]e]e] lele]

Roundoff estimate

PN

(1) (B+alju=F, (2)5(D+al)Sla=F

Backward error analysis (Higham, Golub):u denotes the machine precision

(2) <= (B+dB)a=F, |[oB| < (2N+1)ull |S[ST*|[ID+al|+O(u?).

Ju — af
[luf

0B _ _
< cond(B) Il < (2N -+ 1) 1811112110+
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The wave equation
[e]o]e]e]e] lele]

Roundoff estimate

(1) (B+alju=F, (2)S(D+al)Sla=F

Backward error analysis (Higham, Golub):u denotes the machine precision

(2) <= (B+6B)a=F, [dB] < (@N+1)ul|S|[S™[I[|D+al]+O(u?).

u—1u 5B B )
” ull ! SC"”‘*(B)||B||” < (@N+D)u B SIS 11D+ a]
THEOREM. A
llu =l M= (V=D
S|yt (2N7 )e 5
lulloo

22(N+1)
where 11 (y, N) := W(l +2N(N —1))(1 + y?).

). 2N2N1

Sharper estimate: ¥3(y, N (N=1)T Y241
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The wave equation
00000080

Figure: Comparison of the logarithm of the functions ¢, j = 1,2,3
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Total error

The wave equation
0000000

|u(tn) — un|

| ol

TOTAL ERROR

S

lu(tn) — dn|
| ol

ERROR 1: APPROXIMATION WITH EQUAL TIME STEPS

[Un — un|

+ —0— ¢y, N)e?

|uol

ERROR 2: DUE TO HETEROGENEOUS TIME STEPS

luy — Un|

+ —— U3y, N)ue= (V=1

|uol

ERROR 3: DUE TO DIAGONALIZATION
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The wave equation
0000000

Total error

TOTAL ERROR < ERROR 1: approximation with equal time steps
+ ERROR 2: due to heterogeneous time steps
-+ ERROR 3: due to diagonalization

10° 1020

-—-error 1

-—-error 1
|-+ -error 2

l—gpe?
10 ~—error 3
10 gy (V1)

{ opt

100y e
10710
1071® 10720
102 107" 10° 1072 107" 10°
c c
T=5 a=1 N=10 T=10,a=1, N=20
b b b )
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Optimization of ¢

THEOREM For e = &*(aT, N) with

3 02N 14y2 \ 7 aT
4 2N

e*(aT,N) = <(N21)(N1)! 3 , withy = —,

the error due to time parallelization is asymptotically comparable to the
one produced by the geometric time partition.
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Optimization of ¢

THEOREM For € = ¢*(aT, N) with

30N 142 >N+ aT

5*(3T’N)_<(N2—1)(N—1)! % , Withy:ﬁ,

the error due to time parallelization is asymptotically comparable to the
one produced by the geometric time partition.

oy, N)e2 = P3(y, N)ue (V=D
—_———

Discretization error  Parallelization error
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Limiting value ¢*(aT, N)

error 2/error 1(blue), and error 1
e*(aT,N) (red).
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The wave equation
00e0

One dimensional wave equation

Figure: Approximate solutions obtained by the time parallel algorithm using
diagonalization. Left: ¢ = 0.015. Middle: e = ¢* = 0.05. Right: ¢ =0.3.
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Two dimensional wave equation

10° i 1020

---error 1

-—-error 1

H 10 L
J1 10

10'10 4 10—10,

10'15 1 10—20 1
102 107 100 102 10°

Figure: Discretization and parallelization errors in 1d, together with our
theoretical bounds for the PDE. Left: T =1, N =10. Right: T =2, N = 20.

29/41



The wave equation

Description

Response of a carbon/epoxy laminated composite panel (used in
aeronautical industry) to an impact-like loading (transverse isotropic
Hooke law).

applied A
pressure

200 MPa

ressure loading .
pressure loading 2 ms

clamping (back and front faces)
Figure: Mesh configuration and loading for the elasticity problem.

2000 time steps over the 10ms simulation range. 152607 degrees of

freedom, 2000 time steps over the 10ms simulation range, (time windows).
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Results, MPI

LU factorization
S
operations |
bloc initialization
pre-processing

=
2
5

MPI gathering
MPI scattering

234

152
187 f—

== “0
93 f—

RS

sequential parallel parallel parallel parallel
(N=1e=1) (N=2,6=025) (N=4,c=025) (N=8¢c=025) (N=16¢=0.25)

Figure: Computing times for the industrial elasticity problem.
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The wave equation

Results

|

o

o

b=

[alan SN

S
S

.
S

anl -

displacement (mm)

w

005 \ f\./

(

—0.06,

== sequential solution (¢ =0)
l — N=16 parallel solution (¢ =0.25)

0 2

Figure: Deflection of the central node on the back face of the plate for the

4

time (ms)

6

sequential and the parallel solution with N = 16.

8

N 2 4 8 16
. Time(1proc)
Eff == rmedsol 110,96 | 0.86 | 0.66 |-0.45

10
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Improving the efficiency: asynchronous computations

Numwin Time Error Eff
128 0.497E+01 | 5.77E-007
64 0.254E+01 | 6.13E-007 | 97.83 %
32 0.132E+01 | 7.71E-007 | 94.13 %
16 0.709E+00 | 1.71E-006 | 88.75 %

8 0.407E+00 | 5.15E-005 | 77.65 %

i
S o &=
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Improving the efficiency: asynchronous computations

The wave equation

{eJele] ]

N | Numwin Time Error Eff
1 128 0.497E+01 | 5.77E-007
2 64 0.254E+01 | 6.13E-007 | 97.83 %
4 32 0.132E+4-01 | 7.71E-007 | 94.13 %
8 16 0.709E+00 | 1.71E-006 | 88.75 %
16 8 0.407E+00 | 5.15E-005 | 77.65 %
N 2 4 8 16
CG | 0.243E+01 | 0.125E+01 | 0.636E+400 | 0.319E+00
Total | 0.254E+01 | 0.132E+01 | 0.709E+00 | 0.407E+00
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Outline

© Conclusion and Perspectives
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Conclusion

@ Robust strategy for parallelization in time. Independent of the
space-discretization.
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solve the problem using 30 processors, and would obtain an error
which is within a factor two of the sequential computation.
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Conclusion and Perspectives

Conclusion

@ Robust strategy for parallelization in time. Independent of the
space-discretization.

@ The gain in optimal number of processors is significative: one could
solve the problem using 30 processors, and would obtain an error
which is within a factor two of the sequential computation.

@ Extension to nonlinear problems, coupled with Newton (DD23).

35/41



Conclusion and Perspectives

Perspectives

© Parallelization in space in combination with the time-parallel method
to solve the PDE thus adding another dimension to the
parallelization process through a completely parallel time-space

subdomains.
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Conclusion and Perspectives

Perspectives

@ Parallelization in space in combination with the time-parallel method
to solve the PDE thus adding another dimension to the
parallelization process through a completely parallel time-space
subdomains.

@ Application to control problems.
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Nonlinear problems

M = f(Un)a F(U) = Bu— f(u) =0

uy = f(u), p

Newton's method, D(u) := diag(f'(u1), f'(v2), ..., f'(un))

(B—Du™H)u™ = f(u™ ) - D™ Hu" 1,

1 n
Quasi-Newton ~ D(u) =~ = Z f'(u;) 1.
=1
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Nonlinear problems

Bibliography

4
10
Newton Ex 1
0pe. - C ——Newton Ex 1
107 ﬁg@fgr’:lgvxvtgn Ex1 -=-Quasi-Newton Ex 1
- Newton Ex 2
~#-Quasi-Newton Ex 2 100 -=-Quasi-Newton Ex 2
S S
5 \\\\\\ T )
. \ 10"
10~ \\ \\\
\ N
\ N
\ AN
- = 102 3 2 1 0
0 1 2 3 4 5 10 10 10 10
iteration epsilon

Figure: Left: linear convergence of the time parallel Quasi-Newton method for
two model problems(—u? and v/u) . Right: accuracy for different choices of

the time grid stretching €.
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