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Introduction



What is “optimized” Schwarz method

Lu: =—Au+c?u=FfinR?

I. Take a Schwarz method, overlap 6.
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Il. Replace Dirichlet transmission condition by Robin or Ventcell
transmission condition

Lu: =—-Au+cPu=FfinQ
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Il. Replace Dirichlet transmission condition by Robin or Ventcell
transmission condition

Lu: =—-Au+cPu=FfinQ

I

“A+ )i =f inQy

Overlap 0

(
N 0, (Ony + PL)UF = (O, + P)ub ", on Ty

(—A+cA)uf =f, inQ

(

O, + Po)ull = (Op, + P2)uf on I,




1. Fourier transform in the transverse direction (y +> k)

Lu:

=-Au+Pu=FfinQ
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Algorithm for the error

n n nn
uf —u — uj = g




[Il. Fourier transform in the transverse direction (y +> k)

Lu: =—Au+cu=FfinQ

Ty
Overlap ¢

Algorithm for the error
o Qs
uf —u — uf — 7

(—0ux + (K> + )27 =0 in (—00,0) x R
(8 + Pl(lk)) = ((()x + Pl(lk))ﬁg 17 on Fl
(—0xx + (k> +¢?))d5 = 0in (0,+00) x R

(

—0y + Po(ik)) 5 = (—0x + Pa(ik))ay on Iy



[1l. Define the convergence factor
ay = af(k)e\/mx in (—o00,0) xR
(Ox + P1(ik))ap = (0, + P1(ik))a5 ", on Ty
0§ = aj(k)e= V)% in (0, +00) x R
(=0« + Pa(ik)) 05 = (—0x + Pa(ik))d7 on I

Concentrate on Py = P, = P, if = pﬁf’l

3 2
P(ik) — \/(k* + ¢) o2/t
P(ik) + \/(k? + c?)

p(k, P,6) = (

Exact operator : P(9,) = /(—02 + c?)



I1l. Define the convergence factor

a”(k): Pl(lk)f (k2+C2) P2(Ik)* (k2+C2) efzméanfl(k)
? PL(ik) + /(K2 £ @) Pa(ik) + /(K2 + &) 2

A An—1
Concentrate on Py = P, = P, if = pi

p(k, P.8) = (P(ik)_ Y (kzﬂz)) 2V

P(ik) + \/(k% + c?)

Exact operator : P(9,) = /(—02 + c?)



IV. Optimization

(PR~ VRED\ oo
plk. P.0) = (P(ik)+ m)

Exact operator: P(9y) = ,/(—02 + c?)
Approximate operator: P polynomial of degree < k

[u5 — ulliz(,) = llo(k, P, 0)(85 — @)lli2((0,+00)xR)

P(ik) — V(R T &)
P(ik) + /(K2 + c2)

— 212
e 24/ (k?+c?)6

inf sup
PEP, keK

Transmission operator

Ox + ag Robin WP
Oy + P(dy) = q Ox + ao + 2202 Ventcel WP
etc. IP



And here comes Tchebytcheff

P(K?) — /(K2 + c?)
P() + /(2 + )

Chebyshev approximation

—24/(k?+c?)6

inf sup
PeEP,, keK

inf sup [P(k?) — /(k2 + C2)‘
PEP,, keK



Commun behavior

n=0, f(k)=Vk +c2

: . — f(k)

inf sup |p — f(k)| f sup |P—\%)

PER kek pek ek | p+ F(K)
. —f * (k)
p— lp—flloer k= p —F(K) %HLH kPR
Pl Fl P+ f(K)

 F(kmin) + F(Kmax
p — mn) 2 ( ma. ) p* — f(kmin)f(kmax)



Equioscillation

f(k) = VK + 2, O

inf sup |p+ qk® — f(k)|
pPER kEK

p= 2.1402 = 0.087227 R=0.81317

inf sup quz—f(k)'
peR keK | P+ qk? + f(k)

p= 1.6363 g= 0.10757 R=0.1044

p* + q*k* — f(k)
p* + q*k? + f(k)




History and fundamentals




Precursors

See Steffens, and Anastassiou, History of Approximation Theory From
Euler to Bernstein

Euler approximates the proportion of longitudes and latitudes of the
conical projection (Delisle) to the real proportion of the terrestrial globe
De proiectione geographica De Lisliana in mappa generali imperii Russici
usitata, 1777

i -6
min max Ip(x) — & cos(x)|

0 is the length of one degree of latitude of the globe.
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Precursors

Laplace in Celestial mechanics around 1830, wants to approximate the
earth with an ellipsoid by minimizing the error between the meridians of

the ellipsoid and the measured meridians of the earth.
International Date Line

opposite Prime North Pole
Meridian \m. s /.n- L Arctic Circle
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Precursors

Tchebycheff gets interested through the theory of mechanisms in 1854,
with no proof yet, using alternations.




Precursors

Tchebycheff gets interested through the theory of mechanisms in 1854,
with no proof yet, using alternations. Then gives the first analysis of a
general problem.

Théoréme 2.

.

Les quantités p,, Dyy. - - .P,_,, Dy, tant choisies de maniere & ce que
la fonction

F@)=pa" " +pa" "

+....4p, x+p —Y
s’écarte le moins possible de zéro depuis x= —h Jusqw’'d x=—+h, les
équations

F(2)— L*=0, @—) F (2)=0

ont au moins n—+ 1 solutions communes, différentes entre elles et comprises
entre x= —h et x = —+h. La quantité L désigne la limite des écarts
de F(x) de zéro entre x = —h et =+ h.
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Optimized Schwarz Waveform relaxation

Decomposition in time windows.
8tU_AU:F in [ﬂ7ﬂ+1]
Decomposition in subdomains €;, without or with overlap.

t

TNy

Tn

To

Decomposition in space Space-time decomposition

Iteration process + optimized transmission conditions.



The Schwarz waveform relaxation algorithm

Lu:=0w+(a-V)u—vAu+cuinQx(0,T)

Luf™ = f in Q1 x (0, 7)
Uiﬂ—l('7 0) = Ug in Q1
Bttt = Biuk onTlyx (0, 7)
1
Luk™ = f in Q0 x (0, 7)
ust(-,0) = w in Q
Bouk™ = Bkt onTLx (0, T
2 1

Bju:=(vVu—a) -nj+pu+q(0:+a-Vu—vAsu+ cu)



Convergence factor

The case of half-spaces and constant coefficients: Fourier transform in
time and transverse space

#(2) = @& +dvc+4vz, z = i(w + as - k) + v|k|?,
Convergence factor

P — ¢1/2

2
P+¢/> e LY p(z) = p+qz.

ek, P = (



The homographic best approximation problem

Hypothesis: K compact in C, Re f(K) > 0, f continuous.

8, = inf sup|F(z,P)|, F(z,P)=

P(z)—f
—————, h(P)=|F(z, P)||L(k)-
PeP, zeK P(z)—f ( ) ” ( )HL (K)

(2)
(2)°

l. 6, <1,



The homographic best approximation problem

Hypothesis: K compact in C, Re f(K) > 0, f continuous.
P(z) — f(2)
— f(z

8, = inf sup|F(z,P)|, F(z,P)= )

h(P) = ||F(z, P)||1= (k-
PP, 2k P(Z) ( ) || ( )”L (K)
l. 6, <1,

Il. Existence: minimizing sequence P¥ is bounded
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The homographic best approximation problem
Hypothesis: K compact in C, Re f(K) > 0, f continuous.
0p = inf sup|F(z,P)|, F(z,P)= P(z)

- f(2) -
nf sup POy PP = IFG Pl

z

(2)
l. 6, <1,

Il. Existence: minimizing sequence PX is bounded

[1l. Py solution = alternation in at least n 4 2 points

IV. Alternation = uniqueness.

V. P} local strict minimum of h = P} global minimum.

Real case K = [a, b], (x — a)(x — b)d,F(z,P) =0, F*(z,P) — 6> =0.



The homographic best approximation problem

Hypothesis: K compact in C, Re f(K) > 0, f continuous.

P(z) — f(2)

0, = inf sup|F(z,P)|, F(z,P)= fz)’ h(P) = [|F(z, P)l|Lo(k)-

PeP, zeK P(z) —

l. 6, <1,

Il. Existence: minimizing sequence P¥ is bounded
[1l. Py solution = alternation in at least n 4 2 points
[V. Alternation = uniqueness.

V. P} local strict minimum of h = P} global minimum.
Real case K = [a, b], (x — a)(x — b)d,F(z,P) =0, F*(z,P) — &2 =0.

e The case n = 0 is the simplest, but carries surprising behavior (see
B. Delourme’s talk, MS 11)

e This general theorem applies to many various problems.
e How to compute the best solution?
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Existence

Linear Chebychev in R
(P¥)« minimizing sequence ||Px — |1 (k) 0 = (P¥)x bounded
Homographic Chebychev in C

Pk —f

n
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n

(PX)x minimizing sequence

N 0n = (P¥)« bounded
Lo (K) !



Existence

Linear Chebychev in R
(P¥)« minimizing sequence ||Px — |1 (k) 0 = (P¥)x bounded
Homographic Chebychev in C

Pk f
Pk+f

n

(PX)x minimizing sequence

N 0n = (P¥)« bounded
Lo (K) !

Ve, Vz, n> N, Z—

<bpte=0<1
23 e EURIELE



Existence

Linear Chebychev in R
(P¥)« minimizing sequence || Py — f|i(k) \ 0n => (PF)x bounded

Homographic Chebychev in C

Pk —f
(PX), minimizing sequence Pl f N On = (P¥)« bounded
o (K) -
Ve, Vz, n> N, Z— ‘Z+1H<6 +e=0<1
| 6>1

/’QV(Zo, 6)
§<1 o N rd

e T <
\_" 70 - T—6~0
S /
7 i /
- — - A
7 1=2, o 145 e A ‘
1+6 Tre~




Existence
Linear Chebychev in R

(P¥)« minimizing sequence || Py — f|| o (k) \ 0

» = (PX), bounded
Homographic Chebychev in C
K L Pk —f K
(P;)x minimizing sequence N dn = (P;)« bounded
P+l ooy ?
Pa(2)
> n =
Ve, Vz, n> N, Z = Fz) Z+1H ont+e=0<1
0= 05, 20 = 1

é




Equioscillation

By contradiction: suppose zi,- - , z, points with m < n+ 1.
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By contradiction: suppose zi,- - , z, points with m < n+ 1.

Linear Chebychev in R F(z,P) = P(z) — f(2)
F(zi, P*(z;) + toP(z)) = F(z, P*(z)) + toP(z)

ISP € P,, 0P(z) = —F(z;, P*(z))



Equioscillation

By contradiction: suppose zi,- - , z, points with m < n+ 1.

Linear Chebychev in R F(z,P) = P(z) — f(2)
F(zi, P*(z;) + toP(z)) = F(z, P*(z)) + toP(z)
6P € P,, 6P(z)=—F(z,P*(z))
Homographic Chebychev in C F(z, P) = %

F(z;, P*(z;) + toP(z)) = F(z;, P*(z;)) + 002F (z;, P*(z)) - 0P(z)

6P € P,, 0P(z) = —F(z:, P*(z))



Uniqueness: convexity

The set of best approximations is convex.

Linear Chebychev in R
R=QA-t)P,+tQ;, [[R=flloc = [[(1=1)(P; =)+ t(Qr—F)llc < 0n
1
R = E(P: + @), (xi)1<i<n+2 alternation points.

b0 = [R(x) — FO)| < 1P30e) — FOx)| + 51Q509) — Flx))] < 6,
Py )~ FO)| = [Q0a) () =60 = Pil) = Qslx) = Py =0Q;



Uniqueness: convexity

The set of best approximations is convex.

Linear Chebychev in R

R=(1-t)P+tQy, [[R=flloc = [I(1=)(Py =)+ t(Q —F)llcc <n
1
R = E(P: + @), (xi)1<i<n+2 alternation points.

1 1
0n = [R(xi) = FOa)| = 51Py(xi) = Fxi)l + 51Qn (xi) = F(xi))] < dn
|Pr(xi)=f(xi)| = [@,(x))—f(xi))| = 0n = Pr(x) = Q,(xi) = P,=Q;
Homographic Chebychev in C

vz € K, (f (2), ‘i*( )) € D(1,5,) = tE(zH—(l t)?:( ) € D(1,6,)

R P Q - P . Q. . R,
7 (2) € C(L,0,) (@), =+ (2) € D(L,6,) = —(z) = —*(2) = ~(2).




Local Minimum

Linear Chebychev in R: De la Vallée Poussin's theorem.

30 La propriété 1° caractérise le polynome P d’approximna-
Hon mininvum. Fn effet, soit Q un polynome de degré=Zn; si
Pécart [ — Q atteint son marimnm absolu 3" avec alternance
le signes en n o points conséculifs de l’/'nlcl'\'ullel (a, b),

tlors o' =z et, en vertu de »°, () est identique a P.

Homographic Chebychev in C
P—f
A strict local minimum for P — HM” is THE global minimum.



Formulas for the coefficients in relation with DD.
Casen=0o0r1l




Real case.

*) Case n=20
Formulas for n=1
F(Kmins P) = F(kmax, P) = —F(k,P), 0kF(k,P) =
Linear Tchebycheff

gt = [Wmsr) = Umn) _ 1y, e = 2 (R + (ko) — £ (R)E — i)

kmax - kmin

—

Homographic Tchebycheff

P* — kmax f(kmin) - kminf(kmax)
\/z(krznax - kr2nin) (f(kmaX) — f(kmin)) (f(kmaX)f(kmin))%
- /F(msx) — (ki)

2(kr2nax - kr2nin) (f(kmaX)f(kmin))%
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What if | cannot find formulas in closed form 7

f(z) = a° + dvc + dviw.

| n=0, pe R, and closed form p*.
I n=1
peRY, geRy,
for kmax large, there is a polynomial with three alternations
(perturbation analysis)
It is indeed a strict local minimum.
Only asymptotic formulas can be obtained.
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It is worth the enormous work. OPTIMISM (Loic Gouarin)

T=1v=1la=(1,1)and c=0.

Implicit scheme, h = 0.01 and At = %.
Number of iterations to reach residual 10~°.
No overlap



It is worth the enormous work. OPTIMISM (Loic Gouarin)

T=1v=1a=(1,1)and c=0.

Implicit scheme, h = 0.01 and At = g.
Number of iterations to reach residual 10~°.
No overlap

Comparison Taylor/Optimized

Iterative GMRES

Domains| TO 00 T2 O2||TO O0 T2 02
2x1 8538 156 840 17| 41 43 71 13
4x1 AN 154 871 251|127 51 381 Qi




It is worth the enormous work. OPTIMISM (Loic Gouarin)

T=1,v=1a=(1,1)and c=0.

Implicit scheme, h = 0.01 and At = %.
Number of iterations to reach residual 107°.
No overlap
Comparison Robin/Ventcel

Iterative GMRES

h 0.04 0.02 0.01 0.005 0.0025]0.04 0.02 0.01 0.005 0.0025

2x1[ 49 71 97 144 198 [23 29 36 45 55
Robin [2x2| 53 74 101 145 202 |30 38 48 59 73
4x1| 52 72 101 140 204 |30 40 50 63 78

1/Vh |4x4| 81 116 160 219 303 | 47 64 84 107 133
2x1/ 13 15 18 21 24 |10 12 14 16 18
Ventcel|[2x2| 23 29 39 48 63 |16 19 22 25 29
4x1| 18 21 25 29 35 |14 17 20 24 27
1/Vh |4x4| 30 37 44 54 65 |22 28 34 40 46




Numerical results, continue

Algorithms with overlap 2h

h 0.04 0.02 0.01 0.005 0.0025{0.04 0.02 0.01 0.005 0.0025

2x1[ 54 106 189 360 733 |27 40 58 83 117
Dirichlet|2x2| 84 159 303 570 1058 | 37 56 82 118 166
4x1| 73 145 282 553 969 |38 60 89 127 179
1/h |4x4|127 258 487 912 54 94 143 209 -
21|12 14 16 19 23 |8 10 12 14

Robin [2x2| 14 17 21 27 33 |11 14 17 20 24
41|14 15 18 23 29 |11 13 16 20 24
1/Vh |4x4| 19 24 32 41 14 20 26 32
19 10 11 12 13 |6 7 8 9 10
Ventcel [2x2| 12 14 17 20 23 [ 8 10 11 13 16
41/12 11 11 14 16 [10 9 9 11 13
1/Vh |4x4| 16 17 19 24 13 13 14 18




Asymptotic behavior

Dirichlet transmission conditions

1k
o 1/\/5

GMRES

o lterative

Overlapping algorithms

Robin transmission conditions with overlap

Ventcel

ion conditions with overlap

:

lterative

s, GMRES

- terative
~~. GMRES

Nonoverlapping algorithms

Robin

Ventcel

ion conditions without overlap

conditions without overlap

~1/¥H o
- 1/vh)

Iterative

"

~~3 GmRes

lterative

v GMRES




What else ?

system of reaction-diffusion equations can be analysed as well.
Complex Helmholtz A+ z%: p is not real anymore and equioscillation
is not the end of the story. See Bérangere Delourme’s talk in MS11.

System of equations like discrete duality finite volumes: there might
be no uniqueness.

. p= 2.1885 q= 0.084359 R= 064217

P(z) - fi(2)

) | 6, = inf E )
1) inf sup max P(2) + F(2)

PeP, zeK 1<i<!
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