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About finite elements and Dirichlet boundary condition

1 Settings

Consider the Poisson equation in € with source f, Dirichlet condition on I'p equal to
g, and Neumann condition on I'y equal to h. Let w be a H! extension of ¢ , then the
variational formulation is, with a(u,v) = (Vu, Vv), H5(Q) = {v € H(Q), v, = 0}.

D

u € w+ Hll)(Q)7 Vv € Hll)(Q)v CL(’LL,U) = (f7 U)O + (hu U)LQ(FN)-

Now T is a triangulation of 2 with nodes (NN;);ez. Z is partitioned into Zy for the interior
nodes, Zy for the nodes on I'y, and Zp for the nodes on I'p. The discrete space V =

Py (75), and V& = Vhn HL(Q). The discrete formulation is (with f, ~ f and hy ~ h)
Uup € W+ V[};, Yu € Vg, a(uh, U) = (fh, U)o + (hhyv)LQ(FN)-

A basis of V}, is the set of ¢; for ¢ € Z. Define the discrete approximate extension of g in
V" to be
wp, = Z gi¢i, then wy = Zui(bh
1€Lp €L

with the understanding that u; = g; whenever ¢ € Z,. Choose v = ¢; for j € Z\ Ip in the
variational formulation to get

VjeZ\Ip, Zuia(¢i,¢j) = (fn, ®5)0 + (hn, dj)L2(0y)- (1)
1€

Lets expand fj, on the basis of the ¢;, f, = > ;.7 fi¢%, and omit the Neumann term for
the moment.Then we write

Vi €I\Ip, Y waldi, ) =Y fildi 5o

1€ 1€

Attention, the sum in the RHS is over the full Z'!



2 Matrix form

Introduce the stiffness and mass matrices K = (a(¢;, ¢;))ijez) and M = ((¢4, ¢5)0)ijez)-
Suppose now that the nodes are ordered such that the interior nodes come first, then the
Neumann nodes, and then the Dirichlet nodes. Split the matrices and vectors in two
blocks, one with interior+Neumann, the second with Dirichlet

Kl KID Ml MlD Ul Fl
K:l(KlD)T KD:|7 M:|:(M1D)T MD:|7 U:[ ]7 F:[ 1
Then the system has the matrix form
1 1 -
[ K' KD ]{ 52)} — [ M MW { F } -y
or equivalently . 3
K'U'=F - K'PG, Fi=M'F'+ M'PFP (2)
In order, not to care with the boundary conditions in a first step, and not to reorder,

most of the fibite element codes proceed as follows : write the complete system as if no
Dirichlet boundary conditions were involved

KU=F
which in our numbering is
K1 KD Ul F*l
|:(K1D)T KD } |:UD:|:|:FD:| (3)
Then replace the second equation by UP = G, that is solve the system
1 1D 1 il
K K UD _ | F (@)
0 I U G

which can be solved by the backslash of matlab, but is not symmetric. The first block-
equation is the one we were looking for.

3 matlab script FEPoisson of Gander/Kwok

The script FEPoisson does
— Replace F' by F'= MF.

— In X . ) -
Lo ko oo ][

replace (KP)T by 0 and KP by 1.

— replace Fip by G.
which leads to ~
K! K'WP vtl [ R
0 I ub | | G
Then solve the full system with the matlab “backslash” \. It could be solved alternatively
by your favorite non symmetric method.
K'U'=F, - K'Pq@ (5)
Remark The first block system is (2).



4 Symmetrization by Penalization :
FEPoissonPenalized

Instead of (3), introduce a large number %, and solve
K1 KD Ut I
(K'P)T KD+11}{UD}:[FD+1G} (©)

5 Symmetrization by Reduction to the interior nodes :
FEPoissonreduced

In order to have a symmetric system on the interior nodes, one reduces the system to
the interior nodes. For that matlab has a very convenient way of doing. Suppose int is a
logical vector composed of 1 (true) and zero (false). Extract from a vector b a vector be
according to int is to write b(7) in be whenever int(i)=1.

Exemple

>> lint=logical([1 1 1 0 0])
>> b=[1 2 3 4 5]
>> b(lint)



