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@ Let Z be a random variable on (2, F,R) — (R, B(R))
and F a function F : (x,Z) — F(x,Z) where x € | C R.
We set

f(x) =E[F(x,2Z)], with F(x,Z) € £L*(Q),Vx € I.

@ Our aim is to compute f’(x).



@ Let Z be a random variable on (2, F,R) — (R, B(R))
and F a function F : (x,Z) — F(x,Z) where x € | C R.
We set

f(x) =E[F(x,2Z)], with F(x,Z) € £L*(Q),Vx € I.

@ Our aim is to compute f’(x).

@ Evaluating sensitivities is essential for portfolio hedging and
gives informations on the sensitivity of option prices with respect
to a given parameter.
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Bump method

Forward scheme

@ Assume that we know how to simulate F(x,Z) and no explicit
formula is available to evaluate f(x) ?
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Forward scheme

@ Assume that we know how to simulate F(x,Z) and no explicit
formula is available to evaluate f(x) ?
@ In such a case a Monte Carlo method is recommended

M
1
f(x) =~ W Z F(x, Z;) where (Z;)1<i<m are i.i.d. copies of Z
i=1

@ Hence,
f(x+e)—f(x) e0

fl(x) ~
() )

f(x).

Then,

f,(X)%Al/IZF(XjLs,Z,) F(x, Z)

- £
i=1



Bump method
Centred Scheme

f(x+¢e)—f(x—e¢)
2e
M
Z F(x+e¢e,Z)—F(x—¢,2Z;)
2e

fi(x) “=°

Q
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There are two kinds of errors: the first one due to the derivative
approximation and the second one is due to the Monte Carlo
method.
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There are two kinds of errors: the first one due to the derivative
approximation and the second one is due to the Monte Carlo
method. What is the global error ?

Theorem 1

Let x € R, and f € C? s.t. f" is Lipschitz.

Jdeg > 0, Vx €]x—eg, x+eo],

|F(x,Z) — F(x',Z)H2 < Crz|x—X|

RMSE =

2e

M
1 F(x+e,Z)— F(x—¢,Z)
f/(X)_ii : ’ y
M Pt

Cr 7

)

/A €
= [f]/ip§+m
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@ Recall that RMSE=root mean square error sasfies
MSE = (RMSE)? = (bias)? + Var
LS M F(x+e,2Z)—F(x—¢,2Z)

bias = f’(x)—[E !’V’ >

Var = Var <A1/’ ZAil Flxte 2) = Flx e, Zi)>

2¢
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@ Recall that RMSE=root mean square error sasfies
MSE = (RMSE)? = (bias)? + Var
LS M F(x+e,2Z)—F(x—¢,2Z)

bias = f'(x) — E !M e

Var = Var <A1/’ ZAil Flxte 2) = Flx e, Zi)>

2¢

@ The error for the other schemes (Forward and Backward) is of
order €.
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Optimal choice :

How to choose the sample size M ?

N62 1_54 4
Y T M3 et

2~
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Optimal choice :

How to choose the sample size M ?

1 N62<:> 1_€4<:>M_4
M 2 M 4 T

Implementation advise: Attention :must not ,\/%2 — 00
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o Particular case: Assume that the samples

(F(x+e, Zi))1§i§l\/l L (F(x—e Zi))lﬁigM
Then,

\Var (/\1/1 SV F(x +¢,Z) — F(x 5,2,-))

2¢e

1
= a2 [Var (F(x +¢,Z)) + Var (F(x — ¢, 2))]

e=0 1 N Var(F(x, Z))
~ e 2Var (F(x,Z)) = Va2

In the above Theorem 1,

2
ﬁzl{\il F(x+e,Zi)— F(x—¢,Z)

2e

f'(x) —

2

2 2 ar X
< <[f”]/ip€2> _1_7\/ (2FA/(I€;Z))
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Example : The Black Scholes model

Let Z ~ N (0,1) and h a call or put function, then
2
F(x,Z)=exp(—rT)h (xexp ((r — %)T—i— aﬁZ))

Theorem 1 applies and we have

|F(x,2) - F(X,2)],
e 7 (E Hh (Xexp <(r - 022)T + aﬁZ))

— h (x'exp ((r — 022)T+ aﬁz>>

IN

1

)

2

IN

(- 72 )

ST

IN

[liip [x = x| e



Bump method

function [deltaFT] = deltaBS(S.0, K, T, r, sigma, N.MC,h)
z = rand(N_.MC,1, ’norm’) ;

S=S_0*exp((r-0.5*sigma” 2)*T*ones(N.MC,1)+sigma*sqrt(T)*z);
payoff = max(S-K*ones(N.MC,1), 0);

BS_Price = exp(-r*T)*mean(payoff);

II1171177777710777777777777777777777777777777777777777777
S_h_up=(S_0+h) *exp ((r-0.5*sigma” 2)*Tx*

ones (N_MC, 1) +sigma*sqrt (T)*z) ;

payoff_h up = max(S_h_up-K*ones(N.MC,1), 0);

BS Price h up = exp(-r*T)*mean(payoff_h_up) ;

[17711777777777777777/7777777/7777777/77777777/7777/77/7/777
S_h_down=(S_0-h)*exp((r-0.5*sigma” 2)*T*

ones (N_MC, 1) +sigma*sqrt (T)*z) ;

payoff_h down = max(S_h_down-K*ones(N.MC,1), 0);

BS Price h down = exp(-r*T)*mean(payoff_h down);
deltaFT=(BS_Price_h_up-BS_Price)/h;

endfunction
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Pathwise method
Pathwise method

Let x € R, Z be ar.v. on (Q,F,R)

f(x) =E[F(x, 2)], F(x,Z) € £*(Q)
0 0
gf(x):aE[F(XaZ)]

Question : Under which assumption could we switch [E et % ?
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Let | C R an open subset , ) : | x @ — R
A. Local version : Let xq € I, if 1 satisfies:
i Vx el Y(x,-) € L2(Q)
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i Vx el Y(x,-) € L2(Q)

i. P(dw) p.s., g—f (x0,w)
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Let | C R an open subset , ) : | x @ — R

A. Local version : Let xq € I, if 1 satisfies:
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Vx € I P(dw)p.s., |9 (x,w) = (x0,w)| < Y(w)|x — xo
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Then : ¢(x) = E [ (x,)] is defined for all x € |
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differentiable at xo with ¢' (xo) = E[ % (xo, )}
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Let | C R an open subset , ) : | x @ — R
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Pathwise method
Example 1 : Black-Scholes Delta

(Call under risk neutral probability P*)

F(x,Z)=e"T (ST —K),
e (xo (=) T ovTZ) k)

f(x) =E[F(x, 2Z)], (Global version case).

() " B |52 = B | (57— K),

Ox Ox



Pathwise method
Example 1 : Black-Scholes Delta

(Call under risk neutral probability P*)

F(x,Z)=e"T (ST —K),
—e T <Xexp(<r—2)T+U\/>Z) )+

f(x) =E[F(x, 2Z)], (Global version case).

0 " B[ 2| =B | (5T k)]

oS
_ —rT v . vorT
= E[aST(ST )+X8X:|

S
— ¢ TE [15t>K X );F] = ¢ (d1)



Pathwise method

function [delta PT] = deltaBS(S.0, K, T, r, sigma, N.MC,h)

z = rand(N_MC, 1, ’norm’);

S_PT=(S_0) *exp((r-0.5*sigma” 2)*T*ones(N_MC,1)+sigma*sqrt(T)*z) ;
payoff PT = S_PT.*(S_PT> K)/S.0;

delta PT = exp(-r*T)*mean(payoff _PT);

endfunction



Pathwise method

Example 2 : Black-Scholes Vega

(Call under P*)
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Example 2 : Black-Scholes Vega

(Call under P*)

f(o,Z) =E[F (0,2)]

f(o) =e B |53 (St~ K), x %7

— R [152,( (ﬁz _ UT> ST}



Pathwise method
Exemple 3: Asian Delta

No explicit formula in the path dependent case for Asian options in
the Black-Scholes model under P*. ForO <t < ... <t,, < T
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Exemple 3: Asian Delta

No explicit formula in the path dependent case for Asian options in
the Black-Scholes model under P*. ForO <t < ... <t,, < T

_ 1
S = m;st,
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But,

3
A4
X | L

S 0 [1 1< 9 1 .
ax—ax<mzst">_m.zax5“‘m. x

Therefore :
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But,

05 9 [1C Lmg Lms s

. X
=1
Therefore :



Pathwise method

function [deltaPT] = deltaAsiat(S_0, K, T, N_time, r,
sigma, N_MC)

z = rand(N_MC,N_time, ’norm’);

dt = T/N_time;

LogPaths= cumsum([log(S_0)*ones(N.MC,1), (r-0.5*sigma”™ 2)x*dt
+ sigmax*sqrt(dt)*z],’c’);

S = exp(LogPaths) ;

payoff = max(mean(S, ’c’)-K, 0);

indic = mean(S, ’c’) > K;

g = indic.*mean(S, ’c’)/S.0;

deltaPT = exp(-r*T)*mean(g) ;

endfunction



