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11. Non->-operad
K is a field.

Notation. A non-X-operad P satisfies P(0) =
0, P(1) = K. Compositions

o; : P(n) @ P(m) - P(n+m—1)
satisfy

(nojv)ojriin = po;(vojn),
(Lojv)ojym_1n = (uo;n)o;v,
nwo; 1 =pu and lojpu=u

Example. P(n) = S,. Write ¢ = (o1,...,0n)
with o; = O'(Z)

T

Bi(O',T) L= (917"'7ai—1/7b17'“7bmagi—|—1a"‘7a’f£)
o lod
where
a; = 0 it 0; < 0;
o;+m—1 if 0; > oy

b, ‘=1 +o0; — 1.



12. Example

oc=(2,3,1,4), T = (2,3,1), and i = 2 then
32(0-7 T) — (2747 5737 176)

In terms of matrices

0010 00 1
1 000
o= , T7=11 0 O
0100 010
0 0 0 1] : i
00001 0
1 00000
_looo0o100
Ba(o,7) =101 0 0 0 0
001000
0 00O0O0 1




13. >-operads

Definition. A > -operad P is a non-2-operad
together with a right Sp-action on P(n) such
that

(- 0) 0 (v ) = (1o, v) - By, 7)

There is a pair of adjoint functors

S : non-X-operad <« >-operads : F

where F is the forgetful functor and SP(n) =
P(n) @ KSh.



14. The asociative operad

(Fr)oes, is a basis of the vector space As(n) =
KSn.

As is the unique X-operad such that

n+m—1
FO’ :F]-TL e

Then
Fooi b = Fpi(om)

In the sequel As is considered as a non-2-
operad and “operads’ mean non->_-operad.



21. The left weak Bruhat order on S,

Definition. The inversion set of o is

Inv(o) = {(4,5) € [n]x[n] |i < j and o; > 0;}.

The left weak Bruhat order on S, is given by

o <71 <= Inv(o) Clnv(7r).

Example.
321
/ \
3%2 2?1
213 132



22. The monomial basis

Definition. (Fy),cg, is the fundamental ba-
sis of KSn,.

FO' — Z M’T
o<T
defines the monomial basis (Mr),cgs, Of KSh.
By MODbius inversion

My =) (o, 7)Fr

o<T

Example.

M2y =Fa2) — F2,1)
M21) =¥ (2,1)



31. Main theorem

Compare
Fooj Fr = Fp,(5.r)
with
T heorem.
MO' Oi MT — Z Mp

Bi(o,7)<p<T;(o,7)



32. Fondamental lemma

The relation

MO' O'Z: M'T m— Z Mp
BZ'(O',T)SpSTi(O',T)
can be written

MO' O; MT — Z Mp
Pi(p)=(o,7)

Lemma. The maps

T;

P

satisfy the following properties :
(i) P, and B; are order-preserving.
(i) P,oB; =1Id = P; 0T,

(iii) B;o P, < Id <T,o0 P,.

The fiber of P, is precisely the interval [B;, T;]



33. Construction of 7; and P,

Example. 0 = (6,2,3,4,1,5), 7= (2,1,3)

B4(07 7_> :(87 27 37 5, 47 67 17 7)
T4(0-7 T> :(87 ai,an, bla 27 77 17 a3)
T4<07 T) :(87 5, 6747 27 7, 17 3)

Example. Let n=6,m=3,: =4 and

P = (877747276737 175>

m=3

P,(p) =P,(8,7,4,2,6,3,1,5)
m=3
=(8,7,2,3,5,4,1,6)
m=3

P, (p) =B4(st(8,7,2,3,1,6),st(3,5,4))
Ps(p) =((6,5,2,3,1,4),(1,3,2))



34. Picture

The fibers of Py : S4 — S3 X 57

4321
|

4312 4231 3421

SN

4213 4132 3412 3241 2431

INN

4123 3214 3142 2413 2341 1432

\ X ]

3124 2314 /2143\ 1423 1342
2134 1324 1243

I
1234



35. Proof of the theorem

Write
P;(p)=(0o,7)
Since
FO’ — Z MO'/
o<o’
one gets
Fud;Fr = > Md;M.
(o,7)<(o’,7")
= > M,
(o,7)<P;(p)
— Z Mp
B;i(o,7)<p

= IBior) = Fooitr



41. Application : the coradical filtration

H = 3®KS,, is endowed with a coproduct

n—1

A(FO') — Z FSt(O'l,...,O'i) ® FSt(O'H_l,...,O'n)

1=

Definition. HF = ker(AFT1 . g — H®k+2),
HO is the space of primitive elements.

Theorem. The sequence (HE) is a filtration
of the operad As :

k-+h
Hf oy HY, C HIT

Corollary. The space of primitives HO is a
sub (non-X) operad of As.



42. Idea of the proof

Definition. A global descent p of o € Sy, is
an integer such that

Vi <p,Vj>p, o;>0;

For instance (3,5,4,1,2) has for global des-
cent set {3}.

Proposition. [A-S] HF is generated by the
Ms's such that o has at most k£ global des-
cents.

If o (resp. 7) has at most k (resp. h) global
descents then the permutations in Pi_l(a,r)
have at most k£ + h global descents.



43. Application : Dynkin’s idempotents

The sub->-operad Lie of As is generated by
M1,2) = F(1,2) = F(2,1)-

Fact. LCie is a sub (non-X)-operad of HO.

Definition. 0,-(vy,...,vn) = [[...[v1,v2],...],vn]
Dynkin's idempotent : %”.

T heorem.

9n — Z Mo‘
o€Sn,0(1)=1

Introduce the twisted Lie bracket on KS,, :

R N B

and prove 6, = {0,-1,01}. A closed formula for { M,, M}

yields the result.



51. Link with hypercubes

Operad structure. The surjective map

Des: KS, — KQpn=K{-1,1}n"1
e +— FDes(a)

defined by

Des(o) =(e1,...,€,-1)

1 if ¢ € Des(o)
€ —
’ —1 if not

induces a non->-operad structure on Q =
(KQn)n given by

FE Oi F5 — F(Ela"'76i—17517"'75m—17€i"‘7€n—1)

Algebra structure. Algebras over SO are 2-
associative algebras (A, -, *) such that

(a-b)xc=a-(bx*c)
(axb)-c=ax*x(b-c)

compare with Richter, Pirashvili, Chapoton.



52. Order structure on hypercubes

Order structure. The surjective map Des
induces a weak order on @Qn given by

e<nN<= VWi, ¢ <1

Monomial basis.

FE — Z Mn
e<n

Theorem. The map

Q — 9
Fe — Me

IS an operad automorphism.



53. Link with planar binary trees

The surjective map Des : K5, — K@ factors
through KYj,

Sp—2—Y, —L—Qn,

where
A(1lp) =1,
A1) = 7,
Mai,...a;_1,n,a4,...,ap) =
A(st(aq,...,a;-1)) VA(st(a;,...,an))
Example.

A (342651) =



54. Operad structure on planar binary
trees

The surjective map M : KS,, — KY, induces
a non->-operad structure on Y = (KYn)n

Example.
(1,3,2) oo (1,2,3) = (1,3,4,5,2)

Algebra structure. Algebras over S)Y are 2-
associative algebras (A, -, *) such that

(a-b)*xc=a-(bx*c)

compare with Pirashvili.



55. Monomial basis and planar binary
trees

Order structure. The surjective map X in-
duces a weak order on Y;, generated by

NN

Monomial basis.

t<u

T heorem.

Mt O’I: Mu — Z MS
B;(t,u)<s<T;(t,u)

— Z M

Pi(s)=(tu)



61. Questions

— The algebras over SY and SO are well de-
fined.
= What about SAs?

— One has a morphism of >-operads

SAs — 2 As — SY — SO

In SAs there are more operations : for ins-
tance (2,4,1,3) is not of the form B;(o, 7).
= Question : count the number of permu-
tations ¢ such that o does not contain a
subsequence of integers describing an in-
terval.



62. Questions

— Work of Chapoton : there are operad struc-
tures on the faces of Stasheff polytopes
and hypercubes.

— Can we describe one on the faces of the
permutohedron ? Compatible with the one
of Chapoton?

— There's an order structure (Palacios-Ronco)
on the faces of the permutohedron, indu-
cing order structure on Stasheff polytopes
and hypercubes.
= Is it compatible with the operadic struc-
ture?



