AN INTERPRETATION OF E,-HOMOLOGY AS FUNCTOR HOMOLOGY

MURIEL LIVERNET AND BIRGIT RICHTER

ABSTRACT. We prove that E,-homology of non-unital commutative algebras can be described as functor
homology when one considers functors from a certain category of planar trees with n levels. For different n
these homology theories are connected by natural maps, ranging from Hochschild homology and its higher
order versions to Gamma homology.

1. INTRODUCTION

By neglect of structure, any commutative and associative algebra can be considered as an associative
algebra. More generally, we can view such an algebra as an FE),-algebra, i.e., an algebra over an operad
in chain complexes that is weakly equivalent to the chain complex of the little-n-cubes operad of [4] for
1 < n < oo. Hochschild homology is a classical homology theory for associative algebras and hence it can
be applied to commutative algebras as well. Less classically, Gamma homology [14] is a homology theory
for F-algebras and Gamma homology of commutative algebras plays an important role in the obstruction
theory for Ey structures on ring spectra [I3] [7, [I] and its structural properties are rather well understood
[12].

It is desirable to have a good understanding of the appropriate homology theories in the intermediate
range, i.e., for 1 < n < oo. A definition of E,-homology for augmented commutative algebras is due
to Benoit Fresse [6] and the main topic of this paper is to prove that these homology theories possess an
interpretation in terms of functor homology. We extend the range of F,,-homology to functors from a suitable
category Epi,, to modules in such a way that it coincides with Fresse’s theory when we consider a functor
that belongs to an augmented commutative algebra and show in Theorem that FE,-homology can be
described as functor homology, so that the homology groups are certain Tor-groups.

As a warm-up we show in section [2| that bar homology of a non-unital algebra can be expressed in terms
of functor homology for functors from the category of order-preserving surjections to k-modules. In section
|§| we introduce our categories of epimorphisms, Epi,,, and their relationship to planar trees with n-levels.
We introduce a definition of E,-homology for functors from Epi, to k-modules that coincides with Benoit

Fresse’s definition of E,-homology of a non-unital commutative algebra, A, when we apply our version of
E,,-homology to a suitable functor, £(A). We describe a spectral sequence that has tensor products of bar
homology groups as input and converges to Fa-homology. Section [4is the technical heart of the paper. Here
we prove that E,,-homology has a Tor interpretation. The proof of the acyclicity of a family of suitable
projective generators is an inductive argument that uses poset homology.

For varying n, the derived functors that describe E,-homology are related to each other via a sequence
of homology theories

Hfl —>1[IiE2 —>Hf3 — ...

In a different context it is well known that the stabilization map from Hochschild homology to Gamma
homology can be factored over so called higher order Hochschild homology [9]: for a commutative algebra
A there is a sequence of maps connecting Hochschild homology of A, HH,(A), to Hochschild homology of
order n of A and finally to Gamma homology of A, HT,_1(A). In order to relate these two settings we
prove in the appendix that for augmented commutative algebras over a field, Hochschild homology of order
n coincides with the homology of the n-fold iterated bar construction and this in turn can be related to
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E,,-homology of the augmentation ideal. This result seems to be a well-known folk result, but as we do not
know of any published explicit proof, we supply one.

In the following we fix a commutative ring with unit, k. For a set S we denote by k[S] the free k-module
generated by S.

2. TOR INTERPRETATION OF BAR HOMOLOGY

We interpret the bar homology of a functor from the category of finite sets and order-preserving surjections
to the category of k-modules as a Tor-functor.

For unital k-algebras, the complex for the Hochschild homology of the algebra can be viewed as the chain
complex associated to a simplicial object. In the absense of units, this is no longer possible.

Let A be a non-unital k-algebra. The bar-homology of A, HP®'(A), is defined as the homology of the
complex

Char(A): .. A%t Y qen VoV g9 4 Y

with CP*(A) = A®"1 and ¥ = Y1 /(—1)%d; where d; applied to ag ® ... ® a, € A®"is ap @ ... ®
;i1 D ... Q ap.

The category of non-unital associative k-algebras is equivalent to the category of augmented k-algebras.

If one replaces A by A = A @ k, then CP2*(A) corresponds to the reduced Hochschild complex of A with
coefficients in the trivial module k, shifted by one: HP¥(A) = HH, (A, k), for x > 0.

Definition 2.1. Let A®P! be the category whose objects are the sets [n] = {0,...,n} for n > 0 with the
ordering 0 < 1 < ... < n and whose morphisms are order-preserving surjective functions. We will call
covariant functors F': A°P! — k-mod A°Pi-modules.

We have the basic order-preserving surjections d;: [n] — [n —1],0 < ¢ < n — 1 that are given by
dl(J)—{ j—1 j>i.
Any order-preserving surjection is a composition of these basic ones.

Definition 2.2. We define the bar-homology of a A°*'-module F as the homology of the complex CP2*(F)
with CP2(F) = F[n] and differential &' = 327"\ (—1)'F(d;).

For a non-unital algebra A the functor £(A) that assigns A%+ to [n] and L(d;)(ap ® ... ® a,) =
a4 ® ... ®aiai41 @ ... a, (0<i<n—1)is a A®®-module. In that case, CP3*(L(A)) = CPa*(A).

In the following we use the machinery of functor homology as in [I1]. Note that the category of A°Pi-
modules has enough projectives: the representable functors (A®PH)™: A°Pt — k-mod with (A®PH)"[m] =
k[A®Pi([n], [m])] are easily seen to be projective objects and each A°P-module receives a surjection from a
sum of representables. The analogous statement is true for contravariant functors from A°P! to the category
of k-modules where we can use the functors ASP! with APi[m] = k[A®Pi([m], [n])] as projective objects.

We call the cokernel of the map between contravariant representables

(do)«: Aipi — Agpi

b°Pl. Note that Agpi [n] is free of rank one for all n > 0 because there is just one map in A°P! from [n] to [0]
for all n. Furthermore, A"'[0] is the zero module, because [0] cannot surject onto [1]. Therefore

bePi[n] = { 0 forn >0,

1 k forn=0.
Proposition 2.3. For any A®'-module F
bar ~ APl epi
(2.1) H)*(F) = Tor, (b, F) for all p > 0.
For the proof recall that a sequence of A®?'-modules and natural transformations

(2.2) 0—F -5 F %S F 0
2



is short exact if it gives rise to a short exact sequence of k-modules

0= F'n] 2 Fn) M Frn) - o

for every n > 0.

Proof. We have to show that HP* (—) maps short exact sequences of A°Pl-modules to long exact sequences,
that HP®'(—) vanishes on projectives in positive degrees and that HE* (F) and bP! @ e F' agree for all
A°Piomodules F.

A short exact sequence as in is sent to a short exact sequence of chain complexes

C(¢) C2 (¢)

0——CPar(F) Cha (F) Char (F1)——0

and therefore the first claim is true.

In order to show that HP2*(P) is trivial in positive degrees for any projective A°P-module P it suffices to
show that the representables (A°PH)" are acyclic. In order to prove this claim we construct an explicit chain
homotopy.

Let f € (A°PH)"[m] be a generator, i.c., a surjective order-preserving map from [n] to [m]. Note that
f(0) = 0. We can codify such a map by its fibres, i.e., by an (m 4 1)-tuple of pairwise disjoint subsets
(Ao, ..., An) with A; C [n], 0 € Ap and UZZ_Ol A; = [n] such that z < y for z € A, and y € A; with ¢ < j.
With this notation di(Ao, NN 7An) = (Ao, ey Ai—la Az @] Ai+1, ey An)

We define the chain homotopy h: A®Pi([n],[m]) — APi([n], [m + 1]) as
(2.3) h(Ag, ..., Ap) = { (0,A), Ay,..., Ay)  if Ag = {0} U A[, A} # 2.

If AO = {0}, then
(' oh+hob)({0},...,4,)=0+hot/({0},...,A,) = ({0} U Ay,..., A,) = ({0},..., An).
In the other case a direct calculation shows that (b’ o h+ hod')(Ao,...,An) =id(4o, ..., Am).

It remains to show that both homology theories coincide in degree zero. By definition HE*'(P) is the

cokernel of the map

F(do): F[1] — F[0)].
A Yoneda-argument [I5, 17.7.2(a)] shows that the tensor product ASP! @ zepi F' is naturally isomorphic to
F[n] and hence the above cokernel is the cokernel of the map

((do)* & Aepi id): A?pi & Aepi Fr— Agpi & Aepi F.
As tensor products are right-exact [15, 17.7.2 (d)], the cokernel of the above map is isomorphic to
coker((do)«: A" — ASPY) @ pepi F = b @ pepi F = rl‘or(f‘epi(bcm7 F).
O

Remark 2.4. The generating morphisms d; in A°P' correspond to the face maps in the standard simplicial
model of the 1-sphere.
3. EPIMORPHISMS AND TREES

Planar level trees are used in [2], [6] and [3 3.15] as a means to codify E,-structures. An n-level tree is
a planar level tree with n levels. We will use categories of planar level trees in order to gain a description of
E,-homology as functor homology. If C is a small category we denote by NC the nerve of C.

Definition 3.1. Let n > 1 be a natural number. The category Epi, has as objects the elements of
Np—1(A°PY)| j.e., sequences

fn fnfl f2

(3.1) [rn] [rn—1] [r]
with [r;] € A®P and surjective order-preserving maps f;. A morphism in Epi, from the above object to an
oo, f2

[rl,_1]——...———[r!] consists of surjective maps o;: [r;] — [r}] for 1 < i < n such that
3

object [r]]——



o1 € A°PHand for all 2 < i < n the map o; is order-preserving on the fibres f[l(j) for all j € [r;—1] and such
that the diagram

[r] i) [rn_1] f";> .. L> [r1]

comimutes.

As an example, consider the object [2]%[2] in Epi, which can be viewed as the 2-level tree

01 2
[2] = [2 [2] = [2
Possible maps from this object to [Q]L)[l] are idl Jdo and (0,1{ ldo where (0,1)
2] === [1] 2 == [1]

denotes the transposition that permutes 0 and 1. For o1 = d; there is no possible g2 to fill in the diagram.
If n = 1, then Epi; coincides with the category A°P'. Note that there is a functor ¢,,: A°®* = Epi; — Epi,
for all n > 1 with

tn([m]) :== [m)] [0] . [0].

We call trees of the form ¢, ([m]) palm trees with m + 1 leaves. More generally we have functors connecting
the various categories of planar level trees.

Lemma 3.2. For alln >k > 1 there are functors (¥ : Epi, — Epi,,, with
k fr f2 T f2
t([re]—— . ..——[r1]) = [r&] . [r1] [0] [0]
on objects, with the canonical extension to morphisms. ([l

Remark 3.3. The maps (¥ correspond to iterated suspension morphisms in [2, 4.1]. There is a different

way of mapping a planar tree with n levels to one with n + 1 levels, by sending [rn}f—"> - .L[rl] to

id[”n] [’]" ] fn f2

[rn] [r1]. We call such trees fork trees and they will need special attention later when
we prove that representable functors are acyclic.

For any X,-cofibrant operad P there exists a homology theory for P-algebras which is denoted by H”
and is called P-homology. Fresse studies the particular case of P = E,, a differential graded operad quasi-
isomorphic to the chain operad of the little n-disks operad. He proves that for any commutative algebra
the E,-homology coincides with the homology of its n-fold bar construction. In fact, his result is more
general since he defines an analogous n-fold bar construction for F,-algebras and proves the result for any
E,-algebra in [6, theorem 7.26].

We consider the n-fold bar construction of a non-unital commutative k-algebra A, B™(A), as an n-complex
indexed over the objects in Epi,,, such that

B"(A) ) = @ A®(rnt1)

f .
[Tn]f—>"...—2>[r1]EEp1n

The differential in B™(A) is the total differential associated to n-differentials 01, . . - Oy, such that 0,, is built
out of the multiplication in A, 9,1 corresponds to the shuffle multiplication on B(A) and so on. We describe
the precise setting in a slightly more general context.
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In order to extend the Tor-interpretation of bar homology of A®Pi-modules to functors from Epi, to
modules (alias Epi,,-modules) we describe the n kinds of face maps for Epi,, in detail by considering diagrams
of the form

fn fn— fi fi+1
(3.2) [Fn] = [rn1] == - =5[] = [1}]

2
i l Tl},’jll TE’LJ’ dzi idl idl
. .

n Gn—1 gj+2 gi+1 93 fi—1 fo
[rn] = [ra—1] = - —5 ] —— [ry = 1] —— [rj 1] = - — [r1].

Given the object in the first row, it is not always possible to extend (d;: [r;] — [r] 1] idp, )y 5idp)
to a morphism in Epi,: we have to find order-preserving surjective maps g for j < k < n and leeCthnS
77 [ry] — [ri] that are order-preserving on the fibres of fi for j +1 < k < n such that the diagram
commutes.

Lemma 3.4.

(a) There is a unique order-preserving surjection g;: [r; — 1] — [rj_1] with g; o d; = f; if and only if
fi(@) = f;(i +1). When it exists, g; is denoted by fjli=it1-

(b) If f;(2) = f;(¢ + 1) then we can extend the diagram to one of the form (3.2) so that Ti’j is a shuffle
of the fibres f 1(3) and f; H(z +1). Each choice of a 7}, uniquely determines the maps Tk’J for all
J+1<k<n.

(c) If f;(i) = f;(i+1) then the maps gi are uniquely determined by the maps fi, for k > j. The diagram
takes the following form

(3.3) ra] =2 o] 2 I ) I ) P e P )
r};j’l TZ;JIJ r}fﬁll dll idl idJ{

fn fn-1 fite2

]fll it+1 fi-1 f2
[rn] — [rn ] —— - ——= [rj] ——= [ = [ —— [rj_1] —— -~

C— [Tl].
Proof. If there is such a map g;, then f;(i+1) = gjod;(1 +1) = g; 0d;(i) = f;(i). As f; is order-preserving,
it is determined by the cardinalities of its fibres. The decomposition of morphisms in the simplicial category
then ensures that we can factor f; in the desired way.

For the third claim, assume that g; exists with the properties mentioned in (a). As g;4+1 and d; o f; 41 are
both order-preserving maps from [TJH] to [r; — 1], they are determined by the cardinalities of the fibres and

thus they have to agree. Then 7. +1 = id},, ] extends the diagram up to layer j + 1. For the higher layers
we then have to Choose gr = [r and 7',; = id[,)-
In general, 7; +1 has to satlsfy the conditions that it is order-preserving on the fibres of f; 1. If A; = f] +1( i)
then this implies that Tj i}y is an (Ao, ..., A,,)-shuffle. Furthermore we have that
Ay if k<1,
(d2 o fj+1)_1(k) = Az U Ai+1 lf k = i,
Ak+1 if k> 1.

Therefore T] +1

If we fix a shuffle Tj +1’ then the next permutation 7;12 has to be order-preserving on the fibres of f;o,
thus it is at most a shuffle of the fibres. In addition, it has to satisfy

has to map Ag, ...y Ai—1,Aiye, ..., Ay, identically and is hence an (4;, A;1)-shuffle.

(3.4) gi+2 0T le =71 0 fite.
Agaln as g;42 is order-preserving we have no choice but to take gi+2 = fjt+2. From we know that
7775 has to send f; +2( ) to fj+2( I (k)) and this determines 7j9. A proof by 1nduct10n shows the general

Jj+1
claim in (b). O

In the following we will extend the notion of E,-homology for commutative non-unital k-algebras to Epi,,-
modules. Again thanks to Fresse’s theorem [0, theorem 7.26], the F,-homology and the homology of the
n-fold bar construction of a commutative algebra coincide.
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Definition 3.5. Let F' be an Epi,,-module.
For a fixed j and an object as in with the condition that f;(i) = f;(i 4+ 1) we define
& F(fra] 5 1 B B ) — P L - P B )
as
(3.5) d! = > sgn(rid VF(rid .. il diid, L Lid).
717, €Sh(A;, Aiyr)
The next proposition is a straightforward computation:

Proposition-Definition 3.6.

e If F' is an Epi,,-module, then the E,-chain complex of F' is the n-fold chain complex whose (1, ...,71)
spot is
n fWr f
(3.6) cﬁnmrl)(m = &y F([ra] ... 3 [r1)).

[rn]?%... 23 [r1]€Epi,
The differential in the j-th coordinate is
0, Clr (F) — P (F)

PrseeesTreeyT1)
with
0= Y. (FV)'F@).
il f5()=1;(i+1)
e The E,-homology of F, HE»(F) is defined to be the homology of the total complex associated to
B9).

Remark 3.7. In Definition the chain module Cﬁ: ) is trivial for n-tuples (r,,...,r1) that do not
satisfy r, > ... > ry.
Remark 3.8. For a non-unital commutative k-algebra A we define £L"(A): Epi,, — k-mod as
LA [ra] 7 B ) = AZED,
A morphism

(] EEELIN ] fo P2 1]

induces a map A®r=+1) — A +1) yig
W@ ... @a, = (0n)(a0®...®a.,) =by®... R by
with b; = Han (j)=i %+ The E,-homology of the functor £*(A) coincides with the homology of the n-fold bar

construction of A, hence with the E,-homology of A. The total complex has been described in [6, Appendix]
and coincide with ours.

As an example, we will determine the zeroth E,-homology of an Epi,-functor F. In total degree zero
id id
there is just one summand, namely F([0] —= ... —= [0]). The modules C’(]g"l 0,00 F)s - C(]?)n... 0.1y (F) are

all trivial, so the only boundary term that can occur is caused by the unique map

Cliro. o) (F) — CGr o (F).

1)

(1,0,...,0) O))
Therefore

=2 fo])fimage(F([1] <>

6

(3.7) H{™(F) = F([0]



_ - id id <
If we consider the case F = £"(A), then £™(A)([1] —= ... =2 [0]) = A®2 and hence for all n > 1

HE"(A)=~ A/A - A.
We can view an Epi,-module F' as an Epi,-module for all k¥ < n via the functors (£.
Proposition 3.9. For every Epi,-module F there is a map of chain complezes Tot(CEx(F o k)) —
Tot(CE»(F)) and therefore a map of graded k-modules

HE:(F oty — HF(F).
Proof. There is a natural identification of the module C(Pii,..,,m)(F o ®) with the module C(L;Z,,..,m,o,...,o)(F)
and this includes Tot(CE*(F o (k)) as a subcomplex into Tot(CF=(F)). O
In particular, for a non-unital commutative k-algebra, A, we obtain a sequence of maps
(3.8) HH.i1(Ask) = HY (A) = HP (A) — HP(A) — HE(A) - ...
and the map from HF'(A) to the higher FE,-homology groups is given on chain level by the inclusion of

Char(A) into 0&70’”.70)(14). This observation leads to the following result.
Proposition 3.10. If A and H**(A) are k-flat, then there is a spectral sequence

Ea= D HITA)e.. e HM(A) = H2(A)
Lo+...+Lg=p—q
where the dy -differential is induced by the shuffle differential.

Proof. The double complex for Es-homology looks as follows:

A®3 — ...
A®2 ¢ o3
A A®2 A®3

The horizontal maps are induced by the b'-differential whereas the vertical maps are induced by the shuffle
maps. The horizontal homology of the bottom row is precisely H*(A). We can interpret the second row
as the total complex associated to the following double complex:

ideb’ ideb’ id®bd’
A®A®3&A®2ég®3<@g®3®g®3m...
ideb’ ideb’ ideb’
A®A®2&A®2®A®2<@A®3®A®2M

idb’ ideb’ idb’

Y Veid - - beid - - b'®id
AQA+——— A2 Q A—— A @ A— -
Therefore the horizontal homology groups of the second row are the homology of the tensor product of the

CP¥ (A)-complex with itself. Our flatness assumptions guarantee that we obtain HP*(A4)®?2 as homology.
An induction then finishes the proof. |



4. TOR INTERPRETATION OF FE,-HOMOLOGY

The following notation will be helpful for the sequel: for an object ¢ in Epi,, let Epi; denote the rep-
resentable functor k[Epi,(f,—)] and similarly, let Epi,, denote the contravariant representable functor
k[Epi, (—,t)]. The E,-homology of an Epi,-module F' can be computed in different ways, since it is the ho-
mology of the total complex associated to an n-complex. The notation H,(F,d;) stands for the homology of
the complex CFr(F) with respect to the differential ;. The complex (CE»(F), d;) splits into subcomplexes

E’Vl)i J—
(4'1> C(S'rusnfl;<~'7Si+17*75i717~-;31)(F) - @ F(t>’
t=lsn] 2. [si41]) 5 (1] Do [si 1] o ]
whose homology is denoted by H(Smsnfl,_H’siJrl7*7&,717“_731)(F7 0;).

Theorem 4.1. For any Epi,,-module F'
E, ~ Epi,, (7epi
Hy(F) = Tor, P (bi”', F'), for allp >0

where
id id

pevi(p o ) B fort=10] = ... == (0],

(1) = idg) idjg]
0 fort#[0] —...— 0]

Proof. Similar to the proof of proposition [2.3] we have to show that H~(—) maps short exact sequences
of Epi,,-modules to long exact sequences, that HE»(—) vanishes on projectives in positive degrees and that
HE"(F) and beP! ®gpi, F agree for all Epi,-modules F. The homology HF(—) is the homology of a total
complex CF»(—) sending short exact sequences as in (2.2)) to short exact sequences of chain complexes and
therefore the first claim is true. Note that the left Epi,-module b is the cokernel of the map between

contravariant representables
(do)+: Epip, (1) [0)—...— 0] = EPin 0)—[0]...—[0]-

This remark together with the computation of Hf” (F) in relation (3.7) implies the last claim, similar to the
proof of proposition 2.3

In order to show that HE»(P) is trivial in positive degrees for any projective Epi,-module P it suffices to

show that the representables Epi!, are acyclic for any planar tree t = [r,] L [r1]. The case n =1 has

been proved in proposition For n = 2 we study the bicomplex C’(Ef’*)(F ). In proposition we give the
k-module structure of the homology with respect to the differential 0y and give its generators in propositions
and Corollaries and [4.6] state the result for n = 2. For the general case, one uses induction on n
and proposition As a consequence H,(Epi’) = 0 for all * > 0 if ¢t # [0] — [0]... — [0] and in that
case

H, (Epil?—10-—[0)) —

0 forx>0
k for x =0.

Proposition 4.2. Let t = [rs] <, [r1] be a 2-level tree.

H(..5)(Epiy, 02) = 0, if 7y # 1

0 f
H(*7S)(Epit2,82) =~ { or * # 1o Cifra =1

KOSl D for 5 < % = .

Proof. From now on F denotes the covariant functor Epib.

Assume s = 0. We first prove that the chain complex Js: C’g f(ﬁ(F) — C’g 20§(F) is the chain complex
associated to a poset. Recall from Wachs [I7] and Vallette [16] that a chain complex IL,(P) can be associated
to a graded poset P with minimal element xzy and maximal element x,;. The k-module IL,(P) is the free
k-module generated by chains of the form zg < 1 < ... < z, < ), with the differential given by

d =31 ,(—1)'d; where d; forgets w;.



The chain complex (C(L;Z(’)? (F), 02) has the following form:

Y o(=1)"(di)«
K[Epiy([ra] > [r1]; [u] — [0])] k[Epiy([ro] L )i fu— 1] — [0)], 0 < u < 7.

The chain complex (C(Ef(ﬁ (F), 02) has only one summand in formula |D because [0] is the terminal object
in A°Pi, Let (Ag,..., A, ) be the sequence of preimages of f, and a; the number of elements in A;. Any
map in Epis([ra] N [r1]; [u] — [0]) is uniquely determined by a surjective map o: [ro] — [u] which is
order-preserving on A;, that is, which is an (ag, a1, . .., a,, )-shuffle. Equivalently, o can be described by the
sequence of its preimages (Sp,...,S,) with the condition (Cs): if a < b € A; then i, < i, where i, is the
unique index for which a € S;,. Let us consider the poset Py whose objects are elements (zo, ..., Zr,) of
{0,1}72F! satisfying the condition

TOZT1 2 ... 2 Tag—1,
(4.2) Tag 2 Tag+1 2 - - 2 Tag+ar—1,
Lagt.dar, 1 Z -+ 2 Lrye

The order is the lexicographic order, the minimal element is Xg = (0,...,0) and the maximal element

is Xpr = (1,...,1). An eclement in II,(Py) is a family of (ry 4+ 1)-tuples X; = (zf,..., %)) of Py with
Xo < X4 <...< Xy < Xut1 = Xp. Such a chain is encoded by a sequence of sets (S, ...,S,) where
S =H j|:c;.+1 > z%}. This sequence is an ordered partition of [r] by non-empty subsets, and the condition
1) amounts to the condition (Cs). As a consequence the two complexes (Cfg (F'),02) and IL,(Py) coincide.
The poset Py is the product of the posets Lg,,0 < i < r; where L, is the linear poset

0,...,0) < (1,0,...,0) < (1,1,...,0) < ... < (1,1,...,1).

—_——

a; times
The complex II,(L,,) has trivial homology but for a; = 1 where it is free of rank one. The Kiinneth formula
[17, 5.1.2] implies that IL.(Py) is acyclic but for f = idy,,] where it is concentrated in top degree and is free of

id
rank 1. This implies the result for s = 0. The computation of the generator of H,, o) (Epi[zm]_’[r?], O2) =k
is the subject of proposition [£.4]
Assume s > 0. The complex C(}j: 25(F ) splits into subcomplexes

clA = P CunFr= P B Fd-50)

oeAePi([r1],[s]) o€AePi([r1],[s]) geAP([+],[s])

where F,([u] < [s]) € Epil([u] =% [s]) is the free k-module generated by morphisms of the form

(4.3) [ra] —L ]

Let (Ao, ..., As) denote the sequence of preimages of o f and (By, ..., Bs) the one of g. The latter has to
satisfy the condition |B;| < |4;],0 < i < s. Note that g € APi([u], [s]) is also uniquely determined by the
sequence (bo, ...,bs) of the cardinalities of its preimages. The differential 92: C(y 5)(Fy) — Cy—1,s)(Fo)
has the following form:

[ra] —L— [r4] [ra] —L— [r4] [ra] — L 1]

” JT JU :i|g<z‘>§<i+1>(_1)i Jd” k:;zi:o 2 Jd” JU

gli—it1 i€Bj|g(i)=g(i+1)
[u] —— [s] [u—1]——[s] -

1]‘1\1=i+1 [S]

9



The differential 9y is the sum of s +1 commuting differentials, 9o = Do + ...+ Dy, making C, ) (F,) into an
(s+1)-complex. The differential D; is obtained by restricting the sum over indices 4 such that g(i) = g(i+1)
to the sum over indices i € B; such that g(i) = g(i + 1). One has

Dj: Cry)(Fy) = @ Cl(boseisbyrribs)ys) Fo) — @ Cl(bossbj—1be) ) (For)-
bot-. be=u+1 bot-. Abs=u-+1
For instance, the complex (C, ) (F,), Ds) splits into subcomplexes (C(s,.....b,_,),) (Fo), Ds) for fixed b; <
a; = |4;|,i < s. With the notation of ,
- let f be the map obtained from f by restriction f: (o o f)~'({s}) 1, o1 ({s}), and let £ be the
corresponding 2-level tree;
- let fs_1 (resp. 0s_1) be the map obtained from f (resp. o) by restriction fs_1: (oo f)~1([s—1]) -z,
o ([s —1]) (resp. o5_1: 07 ([s — 1]) -Z= [s — 1]); let t,_1 be the 2-level tree associated to fs_1;
- let Us = (Zi<5 bz) — 1.
The subcomplex (C,,....b,_1),)(Fos), Ds) writes

D (CF23 (Epib), 2).

[us]

3 |
$€(Epis™ VYo, _, (lus] 25 [s—1)

If f # id, then there exists j € [s] such that the restriction of f on (oo f)~1(j) — o~1(4) is different from the
identity. With no loss of generality we can assume that j = s, hence ¢ is a non-fork tree and the ‘homology
of the complex is 0. If f = id, then we deduce from the case s = 0 that the complex (C(Pj:z(’)? (Epib), 02) has
only top homology of rank one; consequently when ¢: [ry] — [rs] is the fork tree

(Hu, (Clu,s)(Epi5)o), Ds), D1 + .. 4 Dy 1) = (Cpu, oy (Epiy o, ), D).

We have then an inductive process to compute the homology of the total complex (C, & (F,),d2). Conse-
quently, for a fixed o: [ra] — [s]

H(*’S)(Fg, 82) = 0, if T2 75 1

0 for «#r
H(*,s)(Fa’aaQ)N{ # ?

s if?"QZT'l.
k for s <x=rmro

Since each o € AC®Pi([ry],[s]) contributes to one summand in H,, s(F,d2), this proves the claim. The
computation of the generators for s > 0 is given in proposition
(]
Corollary 4.3. For any non-fork tree t = [rs] N [r1], 79 # 71, Epib is acyclic.
Proof. This corollary is a direct consequence of the first equation of proposition O
Proposition 4.4. Let t: [r] A, [r] be a fork tree. The top homology Hy, o) (Epiy, 02) is freely generated by
cp = Zaezrﬂ sgn(o)o.
Proof. The computation of the top homology amounts to determining the kernel of the map
. id . id
92+ k[Epiy([r] — [r]; [r] — [0])] — k[Epiy([r] — [r]; [r — 1] — [0])],
or equivalently to determine the kernel of the map
B k[Sia] — K[Epi(r], [r — 1)

For o € X, written by its sequence of preimages (ag, . - ., a,) one has
r—1
0a(0) = (~1)'(ao, -, {ai, ais1}, ..., ar).
i=0
From this description, if z = Zo—ezrﬂ Ao0 is in the kernel of 0, then for all transpositions (7,7 + 1) and all
o one has A\(; i11)s = —As . Since the transpositions generate the symmetric group one has A\, = sgn(o)Aia

and r = A\iq¢;. O
10



For s > 0, the computation of the top homology amounts to calculating the kernel of the map

& P kEpL(] S LS ) — @ kEp(r] S Pl -1 - [s)].

geAi([r],[s]) heasri(fr=1L[s)

We know from proposition that it is free of rank equal to the cardinality of A°Pi([r],[s]). An element

g of the latter set is uniquely determined by the sequence (x, ..., xs) of the cardinalities of its preimages.

Furthermore, any map in Epiy([r] 2, [r];[r] =& [s])] is given by ¢': [r] — [s] in A" and 7: [r] —

[r] in ¥,41 such that ¢’ = gr. This implies that ¢’ = g and 7 € £, x ... X X;_. In the sequel, we
denote such a map by 7 € X, x ... x ¥;_, suppressing the g'. Let c,,, . .) be the element c(5, . ..y =
(ZUOEZzU sgn(c®)a?, ..., ZJSEZ“ sgn(o®)o®) of Xyy X ... X X,

Proposition 4.5. Let t: [r] i, [r] be a fork tree. The top homology H, (Epib, 02) is freely generated by

the elements ¢y, . 2.) = (ZUOGEIO sgn(0%)a®, ..., Y secx, sgn(o®)o®), for (xo,...,xs) € A%®([r],[s]).

Proof. Similar to the proof of proposition [£.4] we compute the kernel of d which decomposes into the
sum of commuting differentials 93 = Dy + ... + Dy, as in the proof of proposition [£.2] As a consequence
ker(92) = N; ker(D;) which gives the result. O

Corollary 4.6. For any fork tree t = [r| i, [r], Epib is acyclic.

Proof. It remains to compute the homology of the complex ((H(, . (CF>2(Epi}), 02),8:) and prove that it
vanishes for all * if 7 > 0. Propositions [£.4] and [£.5] give its k-module structure:

H(r,s) (CEQQ(Epié)aa?) = @ kc(zo,...,ws)-
(0,55 ) €API([r],[s])

To compute 91 (¢(z,...,z.)) it is enough to compute 9 (idg,x...xx,) in Cg?sil)(Epitz). We apply relations (3.5))

and :

] —s ] (e ] — s ]
ol i woveas) | =D (D" i (30,0sws) — | (irit1 (30,0015
;fiﬂf%]( )= [lf?L féldl; | [%ZL ;’h; |

Consequently 01(c(z,,....z,)) = Zf;&(—l)ic(xo _____ witzis1,z,) and the complex ((H(Ty*)(CEzg(Epié),82),81)
agrees with the complex CP ((A®P1)") of definition Proposition states that it is acyclic, and that

0 ifr>0

Ho(Ch (A7) = {k .

As a consequence the spectral sequence associated to the bicomplex (C’E2 ) 01 +02) collapses at the E2-stage

(%%
and one gets H2(Epi}) = 0 for all p > 0. O
Proposition 4.7. Lett = [ry] ELR [rn—1] i SR [r1] be an n-level tree and let t be its (n—1)-truncation
fnfl f2
[rn_1] =— ... == [r1], then
H(*,snfl,.-.,m)(Epiiu an) =0, if r, 7£ Tn—1,
for * # ry,
H. ., <« (Epit, 9,) = : , ifr, =ra_q.
(sssnsse) (DI, ) C(]ij;:,...,sl)(Epifz—l) for s,—1 <*x=my '

Furthermore the (n—1)-complex structure induced on H,., 5. . . ) (Epil,, 8,) by the n-complex C'(l::k"___ *)(Epifl)

coincides with the one on C(ESZ:’MSI)(Epiifl).

11



Proof. Recall from definition [3.6] that

fn fnfl f2 fn fnfl f2
) 25 i) 2 L ] ) =2 o) 2 Ly
an lan l0n1 J{m = Z (*1)1- den lgnl lm
9n In—1 g2 i,gn(i):gn(i-‘rl) nli= z+1 In—1
[$n] — 2 [sp_1] 250 o — Ly 5] sm— 1/ sy s o s 5],

The same proof as in proposition provides the computation of the homology of the complex with respect
to the differential 0,,: if ¢ is not a fork tree, then the homology of the complex vanishes, and if ¢ is the
fork tree f, =id|.,_,), then its homology groups are concentrated in top degree r,. Let us describe all the
bijections 7 of [r,_1] such that the following diagram commutes

id frn— f
[rna] —— [raa] = - —= 1] .
TJ/ lﬂn—1 lol
n In—
1] = [sna] T - =2 [s1]
Let (zo,...,xs,_,) be the sequence of cardinalities of the preimages of 0,1, which determines also g,,. There

exists a bijection of [r,_1] such that o,_1 = g,&. If £, & are bijections of [r,,_;] both satisfying the previous
equality then £(&')71 € B, x ... x Yy, - Any element 7 that makes the diagram commute is of the form
ag for a € ¥y x ... x ¥, . As in proposition the element sgn(f)c(zo’wxsnil)ﬁ does not depend

on the choice of £ and it is a generator of H(Tmsn . ,Sl)(Epifl,an). This gives the desired isomorphism
(Epi!,_,). Tt is clear from lemma that the
induced differential 0; coincides with the one on C’ n—1

e sl)(Epln ) for1<i<n—1. Fori=mn—1the
computation has been done in corollary [4.6] O

of k-modules between this homology group and C not

L 1s- 51)

5. APPENDIX: HIGHER HOCHSCHILD HOMOLOGY AND THE HOMOLOGY OF THE ITERATED BAR
CONSTRUCTION

In the following, let k& be a field and let A be an augmented commutative k-algebra with augmentation
€: A — k. The aim of this part is the comparison of E,-homology, HF», with higher order Hochschild
homology, H HI™ in the sense of Pirashvili [9]. Our comparison works via the bar construction of augmented
commutative algebras, using Eilenberg-MacLane’s treatment of bar constructions. This results seems to be
well-known to experts: among others, a related identification is contained in [3 corollary 3.17], and Benoit
Fresse was aware of this fact as well.

There are many variants of a bar construction for differential graded augmented commutative k-algebras.
As a reference we follow [5, chapter II] adapted to the case of differential graded augmented commutative
algebras over a field, so B(—) is a bar construction that satisfies the following properties:

o If p: Al — A2 is a morphism of differential graded augmented commutative k-algebras that induces
an isomorphism on homology, then

H,(p): H.(B(A,)) 2 H.(B(A2)).

e If 7 is an abelian group, then H,(B(k[r])) & H.(K(m, 1);k). Here, k[r] is the group algebra of 7
over k viewed as a differential graded augmented commutative algebra concentrated in degree zero,
and K(m,1) is the Eilenberg-MacLane space of type (7, 1).

e For every differential graded augmented commutative algebra A, B(A.) is again a differential graded
augmented commutative algebra.

The complex B(A,) has Hochschild homology of A, with coefficients in k as its homology. One can
iterate the bar construction and the homology of the n-fold iteration of the bar construction applied to k[n],
H,.(B™(k[r])), is isomorphic to the k-homology of K (m,n).

Let I' denote the skeleton of the category of finite pointed sets and basepoint preserving maps. The
pointed sets [n] = {0,...,n} are the objects of ' for n > 0. For a given augmented commutative k-algebra
A we denote by L(A;k) the functor from the category T" to the category of k-vector spaces that sends [n]
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to A®" = k ®;, A®™ where we view k as an A-bimodule via the augmentation. A map of finite pointed set
fin] = [m] sends apa; ® ... ®a, X ag®a1 @ ... a, t0 by @by ® ... ® by, with b; = Hf(j):iaj and
by = ag Hf(j):() e(a;). We call this functor the Loday functor of A. One can evaluate any functor from I'
to vector spaces on a pointed simplicial set [, 2.1], hence to any I'-module, F, and any pointed simplicial
set, X, there is an associated simplicial k-vector space, F(X). Pirashvili defines the n-th order Hochschild
homology of A with coefficients in &k as the homotopy groups of the simplicial k-vector space L(A4;k)(S™)

HH™(A;k) = n.L(A; k)(S™)

for an arbitrary simplicial model of the n-sphere, S™.
We can now state our comparison result.

Theorem 5.1. The n-th iterated Hochschild homology of A with coefficients in a field k is isomorphic to
the homology of the n-fold iterated bar construction of A.

We need an auxiliary result in order to prove the theorem.
Lemma 5.2. If0 ¢ S C A is a multiplicative subset, then
H.(B"(A)) = H.(B"(A[S™])).

Proof. As the bar construction is invariant unter quasi-isomorphisms of differential graded augmented com-
mutative algebras, we can use that Hochschild homology with coefficients in k is invariant under localizations
[8, 1.1.17]. Therefore H,(B(A)) = H,(B(A[S™!])). The n-fold iterated case then follows by induction. [J

Proof of Theorem[5.1, We first show the claim for polynomial algebras.

From Lemma we know that the polynomial algebra on one generator k[x] and the Laurent polynomial
algebra k[z*!] have isomorphic homology groups when plugged into the n-th iterated bar construction. As
k[z*'] = k[Z], we obtain that

H.(B"(k[z*"))) = H.(K(Z,n); k).
Here, we view k[z] and k[zT!] as augmented commutative k-algebras via the augmentation ; that sends
to 1 for all ¢ € Z.

The Loday functor for a polynomial algebra with coefficients in k evaluated on a simplicial model of the

n-sphere is the symmetric algebra functor evaluated on the n-sphere and thus we obtain

HH" (k[2]; k) = H, (C(k[z]; k)(S™)) = H,(Sym o L(S"™)) = H,(SP(S"): k).

Here, SP stands for the infinite symmetric product and L is the I'-module that sends [n] to the free k-module
generated by the set {1,...,n}. Note that in this case k[z] is augmented over k via the augmentation &
that sends x to zero. The augmentation affects the k[z]-module structure of k, but in [12, 4.1] it is shown
that the resulting homotopy groups are independent of the module structure.

Evaluated on an n-sphere, the functor SP yields an Eilenberg-MacLane space of type (Z,n) and hence
the above is isomorphic to H,.(K(Z,n); k). Thus the two homology theories agree for A = k[z].

We now deduce that the two theories are isomorphic on a polynomial algebra on two variables. Con-
sider the T-module L(k[z,y];k)). To a finite pointed set [n] = {0,1,...,n} with basepoint 0 it associates
k@k[z,y]®™ = k[x]®"@k[y]|®" = L(k[z]; k))[n]@L(k[y]; k))[n]. A morphism of finite pointed sets f: [n] — [m)]
sends A ® a1 ® ... ® a, (with A € k and a; in k[z,y]) to p ® by ® ... ® by, where b; = Hf(j):iaj
and g1 = A [[;;y—0,206(a;). Therefore the above isomorphism of L(k[z];k))[n] ® L(k[yl;k))[n] and
L(k[z,y]; k))[n] induces an isomorphism of I-modules between L(k[z,y]; k))(S™) and the pointwise tensor
product L(k[z]; k))(S™) ® L(k[y]; k))(S™). Furthermore, we get

7« (Sym o L(S™) ® Sym o L(S™)) = 7, (Sym o (L(S") & L(S"))
> 7, (Symo (L(S" VS™)) 2 H.(SP(S" VS"); k)
>~ H,(K(Z X Z,n); k).
For the iterated bar construction we obtain that

H.(B"(k[z,y])) 2 H.(B" (k[ y*"])) = H.(B"(K[Z x Z])) 2 H(K(Z x Z,n); k).
13



This shows the claim for k[z,y] and using induction and colimit arguments we obtain that n-th order
Hochschild homology is isomorphic to the homology of the n-fold iterated bar construction for arbitrary
polynomial algebras A = k[z;;i € I].

If A is an arbitrary augmented commutative k-algebra we take a simplicial resolution of A by polynomial
algebras, P, — A. A hyperhomology spectral sequence argument then finishes the proof: we get that the
E'-terms are isomorphic and the differential on E' commutes with the isomorphism and so do all the higher
differentials. Hence we obtain isomorphic E*°-terms and as we work over a field this suffices to obtain an
isomorphism of the corresponding homology groups. (]

There is a correspondence between augmented commutative k-algebras and non-unital k-algebras that
sends an augmented k-algebra A to its augmentation ideal A. Under this correspondence, the (m + n)-th
homology group of the n-fold bar construction B™(A) is isomorphic to the m-th homology group of the n-fold
iterated reduced bar construction of A, B"(A). Therefore we obtain the following consequence of Theorem

b1

Corollary 5.3. Hochschild homology of order n of a augmented commutative k-algebra A is isomorphic to
the n-fold shift of the E,-homology of A

HH" (A;k) = HP(A).
Suspension induces maps

HHi(A; k) = mL(A; k) (SY) —— HHZ (A k) = mp1 L(A; k)(S2) — - -

£+1

HTy 1 (A k) =7 (L(A;k)).

For the last isomorphism see [10]. Fresse proves a comparison [6, 8.6] between Gamma homology of A and

E.-homology of A. Using the isomorphisms above this sequence gives rise to a sequence of maps involving

graded vector spaces that are isomorphic to the ones in (3.8). We conjecture that we actually have an
n]

(A; k) — HH"T (4; k) are related to the

isomorphism of sequences, i.e., that the suspension maps H H, bl

l4+n
natural maps H f” (A) — H f "*1(A) via the isomorphisms from corollary
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