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Abstract. We construct a non-commutative rational homotopy theory by replacing the
pair (Lie algebras, commutative algebras) by the pair (Leibniz algebras, Leibniz-dual
algebras). Both pairs are Koszul dual in the sense of operads (Ginzburg—Kapranov). We
prove the existence of minimal models and the Hurewicz theorem in this framework. We
define Leibniz spheres and prove that their homotopy is periodic.

Introduction

In rational homotopy theory, Sullivan models ([Su]) deal with differential
graded commutative algebras, whereas Quillen models ([Qul]) deal with
differential graded Lie algebras. The interest of these models lies in the fact
that they both contain all rational homotopy and homology information of the
simply connected space. The aim of this paper is to develop a similar theory
in the non-commutative case. For that, we decide to replace Lie algebras by
a hon-commutative version, which are tbaibniz algebrasMore precisely,

a Leibniz algebrd. is a vector space equipped with a bracket satisfying the
identity

[x, [y, 2l =[x, y], 2] = [[x, 2], ¥], Vx, y,z € L (see [Lol])

If the antisymmetric relation is assumed, this identity is equivalent to the
Jacobi relation. Hence, an antisymmetric Leibniz algebra is a Lie algebra.
This raises the question of what will replace commutative algebras in order
to construct a Sullivan-type model. From the work of Ginzburg and Kapranov
([G-K]), we know that Lie algebras and commutative algebras are algebras
over Koszul operads which are dual to each other. This suggests to replace
commutative algebras Hyeibniz-dual algebrasvhich are algebras over the
dual operad defining the Leibniz algebras. More explicitly, a Leibniz-dual
algebraM is a vector space together with a product satisfying the identity

x-y)z=x-(y-2)+x-(z-y), Vx,y,z € M.
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The main goal of this paper is to show that Leibniz algebras and Leibniz-
dual algebras are suitable for a non-commutative rational homotopy theory.
We define the homotopy and the homology of a differential graded Leibniz
algebra and we prove that a construction of minimal models is valid in this
framework. Moreover, these minimal models contain all the homotopy and
homology information of the Leibniz algebra.

Our second goal is to see whether the classical theorems and constructions
hold. We prove a Leibniz version of the Hurewicz theorem: if a differential
graded Leibniz algebra isconnected, then the Leibniz Hurewicz morphism
is an isomorphism fok < 2n (see theorem 4.3). We deduce immediately a
Leibniz version of the Freudenthal suspension theorem (see theorem 4.6). We
constructz-Leibniz spheres, which are differential graded Leibniz algebras
whose cohomology is trivial except in degreé/Ne prove the uniqueness of
such an object. Moreover, we compute its homotopy which turns out to be
periodic of periodh — 1 (see theorem 5.3). We compare Leibniz spheres to
classical ones and we obtain that the Lie algebra associatedsielLtbibniz
sphere is exactly the Quillen model of the classicaphere (theorem 5.4).
Finally, as the Quillen model of the classical sphere is a Lie algebra, itis a
Leibniz algebra. We prove the periodicity of its Leibniz homology, in theorem
5.5.

Contents. All definitions and properties of Leibniz algebras and Leibniz-
dual algebras used in this article are recalled in the first section. The second
section is devoted to minimal models. In the third section, we define a pair of
adjoint functors between the category of Leibniz algebras and the category
of reduced Leibniz-dual coalgebras which allow us to define the homotopy
and the homology of a Leibniz algebra. We prove two theorems linking
minimal models and the homotopy and homology of a Leibniz algebra (see
theorems 3.10 and 3.11). The Leibniz version of the Hurewicz theorem and
the Freudenthal suspension theorem are the subject of the fourth section.
The fifth section focus on spheres. We define Leibniz spheres and compare
them to classical spheres. Finally, we compute the Leibniz homology of the
classical sphere.

Notation. We work over a fixed fiel& of characteristic 0. Le¥ be a graded
vector space. The suspensionois (sV),, = V,_1 if V islower graded, and
(sV)" = v**+1if v is upper graded. The graded vector spHds said to be
reduced(resp. 2reduced if Vo = 0 (resp.Vp = V;1 = 0) or V° = 0 (resp.
v0 = v = 0). The graded vector spadeis said to beinite dimensional
if its dimension is finite in every degree. The group of permutationa on
elements is denoted ksy,.
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1. Definitions and properties of Leibniz algebras and Leibniz-dual
algebras

Leibniz algebras were introduced by J.-L. Loday (see [Lol] for a survey).
Leibniz algebras are algebras over a certain quadratic operad, denoted by
Leib. We refer to [G-K] concerning the theory of quadratic operads. The
operadLeib admits a Koszul dual denoted Beib', and algebras over this
operad are called Leibniz-dual algebras. In this section we recall the notion
of graded algebras, differential graded algebras and prove that the operads
Leib andLeib' are Koszul operads.

Let V be a graded vector space and denoteTl§y') the graded vec-
tor spaceV @ V2 @ --- @ V® @ --.. A tensor inV®" is written either
(a1, - ,a,) OF u® - - - ®a,. The symmetric grou, acts onV®" on the
leftby o - (1® - ®a,) = €x(0)a,-11)® - - - ®a,-1(,), O ON the right by
(@1®---®ay) - 0 = €g(0)as1)® - - - Qdy(n)- The signek (o) is theKoszul
signassociated te. We say that the action oW®" by the groups, is the
signed actionif it is the same action as before multiplied by the signature of
the permutation.

Definition 1.1. Agraded Leibniz algebraL is a lower graded vector space
together with a bracket of degréesatisfying the identity

[x, [y, 2]l =[x, ¥], 2] = DM, 2], v], ¥x, v,z € L.

Let V be a graded vector space. By [Lol], we know tii&l/) has a
unique structure of graded Leibniz algebra which may be described by

[xv (al, ) an)] :(xv (al® o '®an) : /’Ln)a
Vx € VO V(ay, -, ay) € VO

The elemeni,, € K[S,] is defined by induction as
w1 =1d,
Hnt1 = Mn + (_1)n+lﬂn © T,;,.l]_v
wherer, is the cycle(12- - - n) of S,,. Here, the action af,, is the right signed
action. Note thatn® -- - ®Qay = [[---[a1,a2], - ], ax], YV a1Q -+ - Qay €
V®k_With this structure, the vector spa@&V) is the free graded Leibniz
algebra generated By.

By reversing arrows in the definition of a Leibniz algebra we deduce the
definition of a Leibniz coalgebra.

Definition 1.2. A graded Leibniz coalgebraC is an upper graded vector
space together with a comultiplication of degree) satisfying the identity

(d@A)oA=(AQid—(dRT)o(AR®id))oA,
whereT (a @ b) = (—1)"p @ a.
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The vector spacé (V) can be equipped with a comultiplication so
that it becomes the free Leibniz coalgebra generated dyV° = 0. More
explicitly

n—1
Aay, -+, ap) 22(611, s, ar) @ p—i (g, 0 5 Gn),
k=1

Y(ay, - ,a,) € V¥, n > 1,

where the action of), is the left signed action.

Definition 1.3. Agraded Leibniz-dual algebraM is an upper graded vec-
tor space equipped with a multiplication of deg@satisfying the identity

(x-y)-z=x-(y-2+EDWx . (z-y), Vx,y,z€ M.

Proposition 1.4. Let M be a graded Leibniz-dual algebra. Denotesbthe
productx x y = x - y + (=1D)FIMy . x, This product makesf into a graded
associative and commutative algebra.

Let V be a graded vector space. The free graded Leibniz-dual algebra
generated by is T (V) equipped with the following product

(V1 - ®Vp) - (Vp11Q - QVpyg) =
Id® Shp—l,q)(vl® T ®vp+q), Yug, .-, VUptq € v,
where

shyy = Z o ands, acts on the left
o =(p,q)—shuffle
We refer to [Lo2] for the proof. Note that ® - - - Qv = v1- (v2- (- - - (Vg1 -
V) ).
By reversing arrows in the definition of a Leibniz-dual algebra we obtain
the definition of a Leibniz-dual coalgebra.

Definition 1.5. A graded Leibniz-dual coalgebra B is a lower graded
vector space together with a comultiplicatian of degree0 satisfying the
identity
(A®id)oA=(dR@A+id® (T o A))oA.
The vector spac& (V) can be equipped with a comultiplicatianso that
it becomes the free graded Leibniz-dual coalgebr& ohVy = 0 (see [O]):

A(ao, -+ ,ap)
p—1

= ka(ao, (@i, -, ap) - ship-i), Yao, -+ ,a,) € VI p>1
k=0

wheres, acts on the right. The mafy : T(V) — T(V)® T (V) is defined
bka(a03ala"' ’ap) = (a07"' aak)®(ak+l"" 9ap) |f0 Sk S p_l
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Definition 1.6. A differential of graded Leibniz algebragsis a morphism of
degree—1 which is a derivation of graded Leibniz algebras. More explicitly:

¢([a, b)) = [¢(a), D] + (=D)[a, p(b)].

A differential of graded Leibniz coalgebrag is a morphism of degre#&
which is a coderivation of graded Leibniz coalgebras. More explicitly, if one
denotes byC, A) a graded Leibniz coalgebra, then using Sweedler notation

(A(x) =§ x) ® x2))(cf. [Sw]),

AP() =Y p(xa) ®x@ + (—D"Vxq) ® ¢(x).
(x)

A differential graded Leibniz algebra (resp. coalgebra) is a graded Leibniz
algebra (resp. coalgebra) together with a differential. We have obviously the
notion of a differential graded Leibniz-dual algebra and a differential graded
Leibniz-dual coalgebra.

Definition 1.7. Let ¢ be a morphism between differential graded Leibniz
algebras. If¢ induces an isomorphism in homology, thgis said to be a
weak equivalence

Since we have defined a certain type of algebras, we are interested in their
homology. One can find their theoretic description in [G-K], or concerning
the homology of Leibniz algebras in [Lo2], and the homology of Leibniz-
dual algebras in [Bal]. The definition of the homology of a differential graded
Leibniz algebra will be seen in definition 3.1.

Definition 1.8. Let (M, d) be a reduced differential graded Leibniz-dual
algebra. Thenomology of M, denoted by L D(M) is the cohomology of
the total complexCIl(M), 3) = (T (sM), 01 + 92), where

01(5x1® - - - Rsxy) =Z —(=D"1tsx1® - - Q5dX;® - - - ®5X),
i=1
P(sx1® - - - ®5x,) = (=D s (x1 - )@ - - - ®sx,
n—1
+ Y (=D sn® - ®s(xi * xip)® - - ©sx,
=2

andu; = Z |sx;|. The product is defined in proposition 1.4. Note that
j=1
is a differential of degred.
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Theorem 1.9. Let(M, d) = (T (V), d) be areduced differential free graded
Leibniz-dual algebra. Its homology is the cohomology of the suspension of
the indecomposable elements. More precisely,

HLD,(T(V)) = H"N(V,d),
whered is the differential induced by on the indecomposable elements.
Proof. We define the bicomplex, , = (sM)S”F* with the differentials
01:Cpg —> Cpypr1andoy : Cp, — C,_1, defined in 1.8. The homology
of M isthe homology of the total compl&x We will prove that the homology
of theq — th row is concentrated in degree 0 and is exadtiy:. We fix
g and setD, = C,, for0 < p < g andD_; = V4L The differential
on D is 9, in degrees> 0 and the projection ofs 7(V))? on V4*1 in
degree 0. There is a homotopyetween the identity and the zero morphism
given by:h_1 : D_1 — Dg is the embedding ofsV)? into (s T(V))?,
andh,_, : D,_1 — D, isgiven byh,_1(sa;---a; @ sx2® -+ Q@sx,) =
(—Dbulsay @ sas -+ ar @ sx2® - - - ®sx, if k > 1, and is 0 otherwise. It is
easy to check that,_10d +d oh, =idp,, Yn > 0. O

The definition 1.8 is exactly the one given by Ginzburg and Kapranov (in
[G-K]) for the homology of an algebra over a quadratic operad, in the case
of the operadceib'. Hence, we have the following corollary.

Corollary 1.10. The operadteib' and the operadeib are Koszul operads.

2. Minimal models of differential graded Leibniz algebras and
Leibniz-dual algebras

The theory of minimal models of differential graded commutative algebras
was first developped by Sullivan in [Su]. We refer to [Ta] or [Gr-M] for a
survey. Later, it was proved that there exists a minimal model of a differential
graded Lie algebra (see for instance [Ba-L] or [Ne]). In this section we prove
that a differential graded Leibniz algebra or Leibniz-dual algebra, satisfying
certain hypotheses, admits a minimal model unique up to isomorphism.

Definition 2.1. A minimal differential graded Leibniz algebra is a differ-
ential free graded Leibniz algebra generated by a reduced vector space
together with a decomposable differential, that is a differentiaghtisfying
d(V)yc T(V)-T(V).

Definition 2.2. A minimal differential graded Leibniz-dual algebra is a
differential free graded Leibniz-dual algebra generated Byraduced vector
spaceV, together with a decomposable differential, that is a differential
satisfyingd (V) c T(V)-T(V).
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Definition 2.3. Let (M, d) be a differential graded Leibniz algebra (resp.
Leibniz-dual algebra). Aminimal model of M is a minimal differential
graded Leibniz algebra (resp. Leibniz-dual algeb(a)’, d’) together with
a weak equivalence : (M',d") — (M, d).

Theorem 2.4. Anyreduced differential graded Leibniz algelffa 9) admits
a minimal model unique up to isomorphism.

Theorem 2.5. Any differential graded Leibniz-dual algebf3/, d) whose
cohomology i2-reduced, admits a minimal model unique up to isomorphism.

The proof ofthe theorem 2.5 is quite similar to the proof of the theorem 2.4.
Let us prove theorem 2.4. The proof of the existence in the case of differential
graded Lie algebras (see [Ne]) remains valid in our case. Uniquenessis proved
using proposition 2.6 and the lifting lemma 2.9.

Proposition 2.6. A weak equivalence between minimal differential graded
Leibniz algebras is an isomorphism.

Proof. Let f : (X = T(V),d) — (Y = T(W), d’) be such a weak equiva-
lence. SeK[n] =T(Vi®--- @ V,),andY[n] =T(W1 & --- ® W,), Vn >
1. The vector spack[n] (resp.Y[n]) is a sub-Leibniz algebra of (resp.Y).
We will prove, by induction om, that f induces an isomorphism between
X[n] andY[n].

Forn = 1, sinceV isreduced and is decomposable, we hadéV,) = 0.
HenceH1(X) = V1, H1(Y) = WpandHy(f) : V1 — Wqisanisomorphism.
We deduce thaf restricted toX[1] = 7(V1) is an isomorphism intd’[1].

Assume thatf induces an isomorphism betweéfjn] and Y[n]. The
short exact sequence associated to the inclugiefh — X, yields the long
exact sequence in cohomology

Hy1(X[n]) = Hp1(X) — Hya(X/ X[n]) — Hy(X[n]) — Ha,(X)
b Hia(f) 0 Haa(f) VHia() Ha(Hd o Hi(h e
Hy1(Y[n]) — Hp1(Y) > Hy2(Y/Y([n]) — Hy(Y[n]) — Ha(Y).
Hence, applying the five lemma, we get that
Hy1(f) @ Hya(X/ X[n])— Hy 2 (Y/ Y [n])

is an isomorphism. BuH,,,1(X/X|[n]) is isomorphic toV, ., thereforef
verifies the induction hypothesis atrange- 1. O

Definition 2.7. Let (Y, d) be a differential graded Leibniz algebra, and
A(t, dr) be the differential free graded commutative algebra generated by
¢t in degree0 and dr in degree—1, satisfyingd(t) = dt, d(dt) = O.
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The vector spac& ® A(t,dt) is a differential graded Leibniz algebra:
the bracket is given by ® a, y’ ® a'] = (—=1)!“[y, y'] ® ad’, and its
differential is given byl(y ® a) = dy ® a + (—-1)"y ® da. We denote
by Y (¢, dt) the differential graded Leibniz algebla ® A(z, dt) in degrees
n>landY(,dt)g = Ker(d : (Y @ A(t,dt))g — (Y & A(t,dr))_1.
Define pg, p1 : Y(t,dt) — Y by po(y ® (a(t) + b(t)dt)) = a(0)y and
p1(y® (a(t)+b(t)dt)) = a(l)y. Two morphismg, g : (X,d) — (Y, d’) of
differential graded Leibniz algebras are said to l@emotopicif there exists
a morphismi : X — Y (¢,dt) suchthatpgoh = fandpioh = g.

Remark 2.8.Sincepg and p; are weak equivalences, ffis homotopic tag,
thenH(f) = H(g).

Lifting lemma 1. Letr : A — B be a weak equivalence between differen-
tial graded Leibniz algebras. Léf be a minimal differential graded Leibniz
algebra andf : X — B be a morphism. Then, there exists a morphism
f : X — A such thatr o f is homotopic tof .

Proof. We setX = (T(V),d) andX[n] = T(V1®--- @ V,), if n > 1.
We will construct, by induction on, some morphismg : X[n] — A and
G : X[n] — B(t, dr) satisfyingppo G =7 o f andp1 0 G = f.

Assumen = 1 and fixv € Vi. Sincedf (v) = f(dv) = 0 € By, there
existsy € Ay suchthatly = 0and [z (y)] = [f(v)]in Hi(B). Hence, there
existsy € A; andb € B, such thatr(y) = f (v) +db. We setf (v) = y and
G) =(f(v)+db)®1—db®t—b®dt,and check that these morphisms
satisfy the hypothesis.

Assume that these morphisms are builtfot n. Fix (x4).c; @ basis of
V,.1. We want to extend to X[n, x,] = T(V1 ® - - - & V,, & Kx,). Denote
by ¢, the elementix, of X[n]. Sinced f(c,) = 0, applying remark 2.8,
we have the identityd o f](ce) = [f](ce) = 0 in H(B). By hypothesis
7 induces an isomorphism in homology, thus there exjsts A,1 such
that f (cy) = d(17). We setf (x,) = n and aim to extend;. ExtendingG is
equivalent to the existence of a morphigin X[n, x,] — B(t, dt) making
the following diagram commute

X[n] % B, dn
2 4 pi=(po.r1)

X[n, x4] r=el ) B ox B

Claim 1. The obstruction to extend to G lies in H, (K erp).

Proof. As p is surjective in degrees 1, we may choose € B(t, dt) such
that p(a) = r(x,), and we defin® = d(a) — G(c,). It is easy to check
thatd € Z,(Kerp), and that its class i#l,, (K erp), denoted by{], does not
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depend on the choice af ThenG extends toG if and only if there exists
v € B(t,dt), satisfyingo(v) = r(x,) andd(v) = G(cy), so if and only if
[]=0. O

The element: = 7w (n) + (f(x,) — ()t satisfiesp(a) = r(x,). We
defined = d(a) — G(c,) € Z,(Kerp). The next claim computes].

Claim 2. If & € Z,(Kerp), then there exists € Z,,1B such thatld] =
[udt].

Proof. Consider the following short exact sequence
0— Ker,o—i>B(t,dt)—p>B x B — 0.

We haveH (B(t,dt)) = H(B), H(B x B) = H(B) x H(B) andH (p) is

the diagonal map which is injective. Therefore, in the long exact sequence in
homology associated to the previous sequence, we oBtéin= 0. Thus,

the connecting morphisi, : H, 1(B x B) — H,(Kerp) is surjective and

is given bys, ([, ]) = [(=1)""(B —a)d1], V(«, B) € Z,11(B x B). O

We are now able to finish the proof of the lifting lemma. We must modify
f(xa) so that there is no more obstruction to ext€ndAccording to claim
2 and the hypothesis, there existss Z,,1B andi € Z,,.1(A) such that
[7(@@)] = [u] and P] = [ (2)d1]. We definef (x4) = n + (—1)"t1i. There
existsa’ such thaip(a’) = (w(n) + (—1)" 17 (%), f(xs)); for instance, we
takea’ = a + (=1 (@)(1 — ). Sinced’ = d(a') — G(cy) = da —
m(i)dt — G(cy) = 60 — m(i)dt, we obtain §’] = 0. Then, we conclude with
clami. o

Proof of uniqueness in theorem 2ldet¢ : X — Mandy : Y - M
be minimal models of M, d). Since¢ is a weak equivalence, by the lifting
lemma 2.9, there exists a morphigim ¥ — X such tha o v is homotopic
to v. Applying remark 2.8, we gell (¢) o H(¥) = H(¥), henceH (V) is
an isomorphism. Proposition 2.6 allows us to conclude.

3. Relations between Leibniz algebras and Leibniz-dual algebras

In classical rational homotopy theory ([Qul], [Ta]), differential graded Lie
algebras are related to reduced differential graded cocommutative coalgebras
through functor€ and.£. We define adjoint functorg' and.£ between the
categories of differential graded Leibniz algebras and reduced differential
graded Leibniz-dual coalgebras. We prove that these functors as well as the
unitand the counit of the adjunction preserve weak equivalences. We then de-
fine the homotopy and the homology of a differential graded Leibniz algebra
and prove that minimal models contain all the homotopy and the homology
information of the Leibniz algebra.
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Definition 3.1. The functor.t' : {differential graded Leibniz algebras—
{reduced differential graded Leibniz-dual coalgehrasdefined as follows:
let (L, 3) be a differential graded Leibniz algebra, then

LUL,3) = (T(sL),d = dr+ dp),
whereT (sL) is the free graded Leibniz-dual coalgebra.oh (see definition
1.5),

d1(sx1Q - - - ®sx,) = Z —(—Dsx1® - QsOX; R - - - RS Xy,
i—1

d(sx1® - @sx) = Y (~D"sxi®- - @slxi, x;]©- - @sxa,

1<i<j<n
i j—1 i—1
with i j = O | sxi D+ [sx; [ (Y [sx ) ande = > |sx; .
k=1 k=i+1 j=1

It is easy to check thad; andd, are differentials of graded Leibniz-
dual coalgebra, and the structure of a Leibniz algebra onplies the same
statement forl. The definition 3.1 is exactly the one given by Ginzburg and
Kapranov (in [G-K]) for the homology of an algebra over a quadratic operad,
in the case of the operadeib. Since this operad is a Koszul operad (see
corollary 1.10), we are able to compute the homology of a free object.

Theorem 3.2. Let (L, 3) = (T (V), 9) be a differential free graded Leibniz
algebra. The homology of'(L, 9) is the homology of the suspension of the
indecomposable elements. More precisely,

H,(£(L,8)) = H,-1(V, ),
wherej is the differential induced by on the indecomposable elements.

Definition 3.3. The functorL : {reduced differential graded Leibniz-dual
coalgebra$ — {differential graded Leibniz algebrass defined as follows:
for any reduced differential graded Leibniz-dual coalgebBa d),

L(B,d) := (T(s7'B),d = 81+ d),
whereT (s~1B) is the free graded Leibniz algebra generatedsbyB (see
definition 1.1), wher@; is induced byl and d, Is given by
da(s 1@ - @5 hx,) = Z(—l)“‘flxla)s_ln(l) ® s rR® - ®s
(*1)

\xflx_,-l 1
DDl T e @ T ® s T ® - ®s i,

i—

n Z
+3 v
i=2 (x;)

1 1 =1 _ _ _
—Z(—l)ls Nl @ @5 T ® s T ® - @5 .
(xi)
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Theorem 3.4. The functor.£ is left adjoint to.£'.

Proof. For any differential graded Leibniz algebfa, d) and any reduced
differential graded Leibniz-dual coalgebr&B,d), we denote by
€:LL(L,d) — (L,d)thecounitand by : (B, d) — L£'L(B,d) the unit
of the adjunction. Sinc&.£' (L, 8) = T (s~*.L'(L, 9)) is a free graded Leib-
niz algebra, it is sufficient to makeexplicit ons—1.L' (L, 8) = s 1 T(sL).
We sete = 0 ons~ T(sL)~ ande(sLsx) = x ons~LsL. Similarly, apply-
ing the universal property for free Leibniz-dual coalgebrats the unique
morphism fromB to £'.L(B, d) extending the mag : B — s T (s 1B)
defined byij(x) = ss~tx. O

Theorem 3.5. The functor.t' preserves weak equivalences.

Proof. Lety : (L, d) — (L, 3") be aweak equivalencei)etween differential
graded Leibniz algebras. By definition 3.\(L, d) = (T(sL),d = d1 +

_ )4
do). There is a natural filtration o' given by F? = (T(sL))=" =@

k=1

(sL)® and F'? = (T(sL))<", Vp > 0. Note thatF® = F° = 0, F! =
sL, F'* = sL’ the pair(F?, d) (resp(F'?,d"))isasub-complexaf' (L, 9)
(resp.L' (L', 3")), andL' (¥) mapsF? to F'?. Thus, we have the following
commutative diagram with exact rows

0— FPrl - FP — FP/FP~L 0
L £

0— FP1 S FP F"”/F”’_l — 0.

Since the complexr?/FP~1 is isomorphic to((sL)®?, dy) andd, coin-
cides, up to sign, wit® on sL, then H(F?/FP~1) ~ (sH(L))®” and

H (L'(y)) is an isomorphism. Applying the long exact sequence in homol-
ogy as well as the five lemma in the previous diagram, we deduce that, if
the mapHL' (V) : H(FP™Y) — H(F'" Y is an isomorphism, then the
mapHL' (y) : H(FP) — H(F'?) is also an isomorphism. Because it is an
isomorphism forp = 0 andp = 1 and becausél, (L' (L, d)) = Hy(F*),

we getH £ (y) is an isomorphism. 0O

Theorem 3.6. The functor.L preserves weak equivalences betw2eadu-
ced differential graded Leibniz-dual coalgebras.

Proof. This proof is similar to the previous one. L¢t: (B,d) — (B, d’)
be a weak equivalence between 2-reduced differential graded Leibniz-dual
coalgebras. Recall definition 3.&(B,d) = (T(s"1B),d = 31 + 9»). The
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filtration on £, given by F? = T(s*lB)Zp, provides the following commu-
tative diagram with exact rows

0— FPtl — FP — FP/FPTl 5 0
L@ | LW

0— FP* 5 pP F”’/F”*7+1 — 0.

This implies that, if the magH (L(¥)) : H(FP*Y — H(F'P*Y is an
isomorphism, then the mal (L (y)) : H(F?) — H(F'") is also an iso-
morphism. By hypothesis is 2-reduced, sd,(FP™) = Hy(F'"™) =

0, Yk < p and we can conclude.o

Theorem 3.7. For any reduced differential graded Leibniz-dual coalgebra
(B, d), the unit of the adjunction : (B, d) — £'L(B, d) is a weak equiva-
lence. For any reduced differential graded Leibniz algetitad), the counit

of the adjunctiore : LL£'(L, d) — (L, d) is a weak equivalence.

Proof. The first part of the theorem is straightforward using theorem 3.2. We
will prove the second part of the theorem in two steps. The first step consists
in proving the weak equivalence for a minimal differential graded Leibniz
algebra. The second step is the conclusion. IndeedLlel) be a reduced
differential graded Leibniz algebra. By theorem 24, 3) admits a minimal
model(L, 3). We have the following diagram

LLY(L, D) S L
L££4@) 1 Te
17 = EL ~

LL(L,0) = L
Since¢ ande; are weak equivalences as well &' (¢) by theorems 3.5
and 3.6, we deduce thaf is a weak equivalence. Let’s prove the first step.
Let (L,d) = (T(V), d) be a minimal differential graded Leibniz algebra.
We recall thatVy = 0 andd is decomposable. There is a natural filtration
on L given by FP(L) = T(V)z”. Since the differential is decomposable,
a(FP(L)) C F”“(L_). In the spectral sequence associated to this filtration,
theEgtermisL’ = (T'(V), 0). Since the filtration is bounded, the spectral se-

quence converges. We introduce a filtration@us' (L, 3) = T (s 1 T (sL)).
Fix an elementary elemenpt= y1® - - - ®y, of LL' (L, 3) where eachy; is

of the forms sx{® - - - ®sx;, and each’ e Ve We define the degree of

qi p
yi by Degy;) = ) I and the degree ofby Degy) = » " Deg(y). LetA,
j=1 i=1
be the sub-vector space #f.L' (L, ) generated by the elements of degree
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p and we denote by'?(LL (L, 3)) the filtration P Ay. The filtration is
k>p

a filtration of complex and; preserves the filtration. Using the definitions

of the differential on.' (L, 3) (see definition 3.1) and o L' (L, 3) (see

definition 3.3), we check that

FPLL (L, d)/FPriLL! (L, 9) ~ FPLL (L)) FPTieLt (L.

But we have the following isomorphism of complexes

EB FPLL (LY FPleL (L) ~ ££(L).
k>1

Hence theEo-term associated to the filtratidnis £.£' (L), and the spectral
sequence converges. Moreovefcan be writtent (C) whereC is a trivial
Leibniz-dual coalgebra with the zero differential. The first part of the theorem
gives that) : C — L£'.L(C) is a weak equivalence, and sin€és 2-reduced
andJ.L preserves weak equivalence, we deducedhgts a weak equivalence.
But the composite

€£(C)

LOZ L' L)L)

is the identity, hence, ) is a weak equivalence. By Zeeman'’s theorem of
comparison of spectral sequences, we deducethiata weak equivalence.
O

Definition 3.8. The homotopy of a differential graded Leibniz algebra
(L, d), denoted byrA(L), is the graded vector spaeer,.(L) = H.(sL, 9).
Thehomologyof L, denoted by A.(L), is the graded Leibniz-dual coalgebra
HA (L) = H. (L' (L, 3)). Thecohomologyof L is

HM (L) = H*Hom (L' (L, 3), K).

Note that since the linear dual of a differential graded Leibniz-dual coal-
gebra is a differential graded Leibniz-dual algebra, the cohomology of a
differential graded Leibniz algebra has the structure of a graded Leibniz-dual
algebra.

Definition 3.9. A differential graded Leibniz algebrd is said to ben-
connectedif 7A; (L) =0, Vk < n.

In the next theorems, we show that the theory of minimal models devel-
opped in section 2, is strongly related to the homotopy and the homology of
a differential graded Leibniz algebra.
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Theorem 3.10. Let (L, 9) be a reduced differential graded Leibniz algebra
and(T (V), 8') be its minimal model. The homotopylofs the homology of

the suspension of its minimal model, and the homolodyisthe suspension

of the indecomposable elements of its minimal model. More precisely, we
have

The(L) ~ Ho (s T(V), d)
H)o (L) = Vg '

Proof. The first part of the theorem comes from the definition of a minimal
model. We have a weak equivalenge (T(V), d") — (L, d), and by the-
orem 3.5, the functoi' preserves weak equivalences. Hende(.L' (¢)) :

H. (L' T(V),d) — Hx.(L) is an isomorphism. Hence the theorem 3.2
combined with the fact that the differentialis decomposable allows us to
conclude. O

Theorem 3.11. Let(L, 3) be areduced finite dimensional differential graded
Leibniz algebra. Let(7(V), d) be the minimal model of the differential
graded Leibniz-dual algebr& om (L' (L, d), K). The cohomology of. is
the cohomology of the compléX (V), d), and the homotopy of is the
linear dual of the indecomposable element§ 6V). More precisely

H) (L) ~ H*(T(V),d)
7h (L) ~ Hom(V*, K)

Proof. The first part of the theorem comes from the definition of a minimal
model. To prove the second part of the theorem, we use the fubttizfined

in definition 1.8. In fact, for any finite dimensional 2-reduced differential
graded Leibniz-dual algebsa/, d), we have

L(Hom(M, K),'d) ~ Hom((CI(M, d)," 3), K).

SinceL is finite dimensional, we have a weak equivalegice L' (L, 3) —
Hom (T (V), K). But the functor.L preserves weak equivalences between
2-reduced differential graded Leibniz-dual coalgebras, hence

L) T LL(L, D) — LHom(T(V), K)

is a weak equivalence. Applying theorem 3.7, we deduce that the homology
of the left member is 17 A.(L). Using the previous remark, we deduce
that the homology of the right memberfgom (H*(CI(T (V)), K), which is
equal toHom(sV, K) by theorem 1.9. O
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4. Hurewicz and Freudenthal theorems for Leibniz algebras

In the previous section, we have constructed the homology and the homotopy
of a differential graded Leibniz algebra. We prove a theorem analogous to the
classical Hurewicz theorem for Leibniz algebras. We give a definition of the
suspension of a Leibniz algebra and prove a Freudenthal suspension theorem
similar to the classical one.

Let (L, 9) be a differential graded Leibniz algebra. We want to give an
other description of the homotopy and the homologyLoin terms of a
bicomplex, denoted byC. ., d). Explicitly C,, , = (sL®"*1),.,, ¥p,q >
0, andd = di + d> whered, : C,, — C, ,—1andd, : C,, — C,_1, are
defined in definition 3.1.

Lemma 4.1. With this new notation we have
(@A) (L) = H,(Cox, d1),
(HA), (L) = H,((TotCp 4)+, d=dy+dy).0

Definition 4.2. The embedding of complex@% .., d1) — ((TotCp 4)«, d)
induces a morphism in homology... : 71, —> H A, called theHurewicz
morphism.

Theorem 4.3. Let (L, 3) be a differential graded Leibniz algebra. if is
n-connected, then the Hurewicz morphism is an isomorphism faralPn
and an epimorphism fot = 2n + 1. If L is 1-connected andd A, (L) =
0, Vk < n, then the Hurewicz morphism is an isomorphism forkalt 2n
and an epimorphism for = 2n + 1.

Proof. The Kuinneth formula for chain complexes gives
H(sL®) = (H(sL)®, Vk > 1,

where the differential onL is d;.

Assume thatr A, = 0, Yk < n + 1. By lemma 4.1, we havH, (Co ) =
0, Vk < n + 1. By the Kinneth formula we see théi, (sL®") = 0, Vs <
(n + Lyr. This gives us information about the homology of the columns of
the bicomplex. Sincé,(C,..) = H,., (sL®*1), we getH,(C,,) = O if
u+r <m+1)(r+21.Forr >1,ifu < 2n,thenH,(C,,) = 0. Asaresult,
the E, term of the spectral sequence associated to the biconipigxX for
p > 1andg < 2n. We can conclude.

To prove the second statement, we use the previous result by induction.
If n = 1, we apply the first part of the theorem. Assume that the result is true
atrangen — 1 and thatd A, = 0, Vk < n. Then by the induction hypothesis,
i = 0, Vk < n — 1 and, applying the first part of the proof, we obtain
H,(C,,) =0, Vr =1, u <2@n—1). Thuswti, = Hr, = 0 and we go
back to the first part. O
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Remark 4.4.This theorem implies a Leibniz version of the Hurewicz theo-
rem: if L is (n — 1)-connected, thell A (L) = 0, Yk < n — 1 and¢Ar,, is
an isomorphism.

In classical rational homotopy theory, the suspension of a topological
spacesS, denoted byx S, has for Quillen modetk,.(2XS) ® Q which is a
free graded Lie algebra dd equipped with the trivial differential. Moreover
H,(S) is isomorphic toH,,1(XS). The Freudenthal suspension theorem
states that if§ is n-connected, then the suspension morphism 7, (S) —
m,4+1(XS) is an isomorphism for 1< r < 2n and an epimorphism for
r = 2n+ 1. We prove that we can define the suspension of a Leibniz algebra
such that an analogous theorem holds.

Definition 4.5. Let(L, 9) be a differential graded Leibniz algebra. Thes-
pensionof L, denoted by (L, 9), is the differential graded Leibniz algebra
(T(HA(L,d)),0). Of course we have

Hhyi2(2(L, 0)) = Hyy1(L(2(L, 0)), d = dy)

vl/hich is equal to(H1),(L, d) by theorem 3.2. Note thati, 1(XL) =
T (HA.(L, 9)),. TheFreudenthal suspension morphismdenoted by,
is the composite

S (D)2 HAL (L) T(HA(L)), = 7hi1(SL).

Theorem 4.6. Let(L, 9) be an-connected differential graded Leibniz alge-
bra. The Freudenthal suspension morphism is an isomorphisih for2n
and an epimorphism for = 2n + 1.

Proof. Theorem 4.3 asserts that the Hurewicz morphisip is an isomor-
phismfork < 2n and an epimorphism fér= 2n+1. MoreoverH A, (L) = 0
fork < n, SOT(HA(L,d)), = H (L, d), Yk < 2n + 1. Hencei, is an
isomorphismfok <2n+1. O

5. Leibniz spheres and classical spheres

In rational homotopy theory, it is well known that a rational space, which has
the cohomology of a sphere, has in fact the same homotopy type. The aim of
this section is to constructraLeibniz sphere: a differential graded Leibniz
algebraL such thatHA"(L) = K and is zero elsewhere. We prove that such
an object is unique up to homotopy type. We compute its homotopy, which
turns out to be periodic.

Definition 5.1. Two reduced differential graded Leibniz algebras are said to
have thesame homotopy typef their minimal model are isomorphic.
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Definition 5.2. Letn > 2. Then-Leibniz sphere denoted bysA", is the
differential free graded Leibniz algebra generated by one generator in degree
n — 1, equipped with the zero differential.

Theorem 5.3. For n > 2, the cohomology of the-Leibniz sphere i« in
degree: and isO elsewhere. Its homotopy is periodic of periodl. Explicitly
TAj(SA") = K if j =k(n —1)+ 1, k > 1and isO otherwise. Besides, any
differential graded Leibniz algebra which has the same cohomology as the
n-Leibniz sphere has the same homotopy type.

Proof. The homotopy calculation is immediate. Since the Leibniz sphere
SA™ is a minimal Leibniz algebra, its homology & in degreen and is 0
elsewhere (see theorem 3.10). Hence, the cohomology is the samg, bgt

be a reduced differential graded Leibniz algebra whose cohomology is the
same as the cohomology 84". Let (T(V), 8’) be its minimal model. By
theorem 3.10, we deduce thiatis necessarily concentrated in degree 1

and thatV,_; >~ K. Letz be a generator of,,_,. Sinced’ is decomposable

of degree -1, we deduce immediatly thi&atz) = 0. Thus, the minimal model

of (L, d) is (T (K,—_1), 0) which is isomorphic t&r". O

We would like now to compare Leibniz spheres and classical spheres.
The Quillen model of the classicalsphere will be denoted b§". It is
the free graded Lie algebra generated by one generator in degreg
together with the zero differential. To any graded Leibniz algebrave
can associate a graded Lie algebra, taking the quotiehtyf the relations
[x, ] + (=D)*M[y, x], Vx, y € L (see [Lol]). Theorem 5.4 asserts tBat
is the Lie algebra associatedSa”.

Since a Lie algebra is obviously a Leibniz algebra, the Leibniz homotopy
and Leibniz homology of" can be computed. Clearly we hawve.(S") =
7 (S"). Theorem 5.5 computes the homologyséf

Theorem 5.4. The graded Lie algebra associated to thé¢eibniz sphere is
the Quillen model of the classicatsphere.

Theorem 5.5. For n > 2, the Leibniz homology of the classiocalsphere
is periodic of periodn if n is odd and of periodn — 1if n is even. More
precisely

a) IfnisoddHX;(S") ~ K, ifi = kn, k > 1, and HA;(S") = 0 otherwise.
b) If nis evenHA;(S") ~ K fori = n+k@Bn —1),k > 0, orfori =
k(3n — 1),k > 1, andHA;(S") = 0 otherwise.

Proof. Recall thatS" is the free graded Lie algebra generated by one gener-
atory, in degreer — 1 together with the zero differential. Hence the Leibniz
homology ofS” is the homology of £' (L(K y,)), d2) = (T (sL.(K y,)), do),
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whered; is given by
da(sx1® - - - ®sx)) = Z (=D"isx1® - - - Qs[xi, x;]® - - - Qsx;.

1<i<j<l

a) Sincen is odd, [, y,] = 0 ; thusd, = 0 and the result follows.

b) In casen is even,L(Ky,) is a graded vector space generatedypyn
degreer—1 and by ,,, y,]in degree 2n —1). Hence(T (sL.(K y,), d2) =
(T(Ky ® Kz),d), where|y| = n, |z| = 2n — 1. We callelementary
elementan elementt = x;® - - - ®x; such thaty; is eithery or z. The
differentiald is given on elementary elements by

dx)= Y (-D"x® @ 1®1@X1® - ®F® - ®x,
@i, ))sxi=y,xj=y
1<i<j<n
wherey; ; denotes the number ofin the decomposition of lying before
Xi.

Let x = x1®---Qx; be an elementary element 8% Ky @ Kz). De-
fine a(x) (resp.b(x)) to be the number of occurences pfresp. ofz) in
x. The sub-vector space df(Ky @ Kz) generated by the set af such
that a(x) + 2b(x) = k is denoted byA,. Since A, is stable unde,
it is in fact a subcomplex ofT(Ky & Kz),d) and we have the identity
(T(Ky ® Kz),d) = ®=1(Ax, d). Thus, it is sufficient to compute the ho-
mology ofA;, k> 1. O

Lemma 5.6. The homology of the complexas;, A1 and Az, 2 is peri-
odic of period3n — 1. More precisely,

Hi(Ag) ~K fori=k@Bn—1), k=1, andis O otherwise,
Hi(Ags1) ~ K fori =n+k@3n—1), k>0, and is 0 otherwise,
H;(Azy2) =0, Vi, Vk.

Proof. Thislemmais proved by induction @ The lemmais true fod; and
Az: Aq is concentrated in degreeand its differential is zero; the complex
(A2,d)is0— K(y®y) > Kz — Owithd(y ® y) = z, thenA; is acyclic.
Assume that the lemma is true fdg;_1)+1 and Azx—_1)+2 and prove it for
Az, AgqrandAzo.

We have the following natural short exact sequence

0— Ak_2i>Akl>Ak_1 — 0,
where

Px1® - Qx) =z2Qx1Q - Qx;, Y(YyR®x1® -+ Qx) = x1Q - - - QX
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andy(z ® x1®9 ---®x;) = 0. It is easy to check that o ¢ = —¢ o d,
d oy = v od, ¢ is injective,y is surjective and Inp = Ker . It yields a
long exact sequence in homology

o v
oo Hy(Ar2)~> Hppon 1(A) > Hyn_1(Ag_1) > Hy_1(Ag_) — -+ -

wherey is the connecting morphism. Actually, the connecting morphism is
induced by the morphism

Y Ay — A1
X=x1Q - Qx; — Z xl®"'®fi®"'®xl-

i|xj=y

Letus prove that 3, satisfies the lemma. The resultis obtained by combin-
ing the induction hypothesis f043(k_1)+1 = Ag_o andAg(k_1)+2 = Az_1
with the long exact sequence in homology. Moreagenduces an isomor-
phism .

Hy oy (k—1)@n—1) (A3k—1)+1) = Hr@n—1) (Aze)-

Let t34—1)+1 be a cycle whose homology class generatgs (x—1)3n—1
(A3k-1)+1)- Then, the homology class ¢f(f3x—1)+1) = 2 ® f3—1)+1 =: t3k
generatesHk(g,,_l)(Agk).

We prove, as above, that; ;1 satisfies the lemma. Moreoverinduces
the following isomorphism

2
Hy 1 k@n—-1)(Asky1) —> Hi@a—1)(Azt).

Let 13.+1 be a cycle whose homology class generaigs(z,—1)(Azi+1),
and such thaty(r3,.1) = 3. Necessarilyrzi,1 = y ® 3 + 7 ® B and
d(t3i11) = 2 ® y(t3) — z ® d(B) = 0. For instancep = y ® f3-1)4+1 IS
suitable.

Remark.We have constructed, step by step, generatof@f_1)(As), 1 <
i <k (resp.Huyi@zn—1)(Asiy1), 0 <i < k), with one representative iA3;
(resp. inAz;11) denoted bys; (resp.t341) satisfying

=Y,

I3 = 2 @ 13(i-1)+1>

RB1=YyRki+2QY® Bi-1+1.

Finally, let us prove thati3;. » satisfies the lemma. Applying last results
and the long exact sequence in homology, we deduceHhats..2) = 0
fori # k(3n — 1) 4+ 2n andi # k(3n — 1) + 2n — 1. The following exact
sequence remains (det k(3n — 1))

¥ ]
0 — Hyion(Asiy2)—> Hyyn(Azii1)—> Hi(Az) —> Hyy o 1(Agiy2) — O.
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It suffices to prove thay is an isomorphism. Buy (t3x11) = ta3x + ¥y ®
y(t3) + 2 ® y(B). Observing thati(y ® B) = z® y(B) + y ® d(B) =
2@y (B)+y®y(tx), we deducey (f3+1)] = [t]. Hencey maps generator
to generator, s¢ is an isomorphism. O

Corollary 5.7. a) Ifn > 1is odd, then the Leibniz cohomology of the clas-
sical n-sphere is the free graded Leibniz-dual algebra generated by one
generator in degree.

b) If n is even, then the Leibniz cohomology of the classicaphere is
the graded Leibniz-dual algebra generated by two elements, denoted by
a and b, such thatja|] = 3n — 1, |b| = n, and satisfying the relations
b-b=a-b=0.Leta" bethe product - a*~*, witha® = a. Theng* is a
generator ofH A=Y (S™) andb - a* is a generator off AFE—D+7(S7),

Proof. The case: is even is immediate. We know that the homology of a
graded Leibniz algebra is a graded Leibniz-dual coalgebra, so its cohomol-
ogy is a graded Leibniz-dual algebra. Letbe the comultiplication defining

the structure of graded Leibniz-dual coalgebra.0iiS”). From an induc-

tion equality forA (see [O]) and the definition 1.5 of graded Leibniz-dual
coalgebra we deduce the graded Leibniz-dual coalgebra strustorethe
homology of the:-sphere. More explicitlyA is defined on the generatats
andry1 by A(r1) = 0, A(r3) =0, and

k-1

Altziy1) = Zyikt3i+1 ® 130c—iy, Yk = 1,
=0
k-1

Az) = Zyik__llt&‘ ® 13(c—iy, Yk = 2,
i=1

wherey/ is given by induction:
Yo =1, Vk > 1,
vi =yt + Dy Y=L Vi<i <k
Denote bya, (resp.b;) the linear dual ofrz, (resp.ts1). Henceqy is a

generator o@D (S") for k > 1 andby is a generator o= (Sm)
for kK > 0. Then, we have the relations

b, -ai_; = ]/ikbk, VOSifk—l,ak_,'-b,'=0,V0§ifk—l,
ai i =y la,V1<i<k—-1 b -bj= 0 Vi, j.

By settinga = a1 andb = by, it is easy to check that these conditions are
equivalent to the conditions-b =a-b=0. O

Acknowledgementd. am grateful to the referee for pointing out some remarks which
improved some theorems, especially the theorem 3.7.
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