Available online at www.sciencedirect.com

SCIENCE DIRECT® JOURNAL OF
@ PURE AND

3 e APPLIED ALGEBRA
ELSEVIER Journal of Pure and Applied Algebra 207 (2006) 1-18

www.elsevier.com/locate/jpaa

A rigidity theorem for pre-Lie algebras

Muriel Livernet

Université Paris 13, Institut Galilée, LAGA, Avenue Jean-Baptiste Clément, 93430 Villetaneuse, France

Received 27 June 2005; received in revised form 27 September 2005
Available online 7 December 2005
Communicated by I. Moerdijk

Abstract

In this paper we prove a “Leray theorem” for pre-Lie algebras. We define a notion of “Hopf”
pre-Lie algebra: it is a pre-Lie algebra together with a non-associative permutative coproduct A
and a compatibility relation between the pre-Lie product and the coproduct A. A non-associative
permutative algebra is a vector space together with a product satisfying the relation (ab)c = (ac)b.
A non-associative permutative coalgebra is the dual notion. We prove that any connected “Hopf”
pre-Lie algebra is a free pre-Lie algebra. It uses the description of pre-Lie algebras in terms of rooted
trees developed by Chapoton and the author. We also interpret this theorem by way of cogroups in
the category of pre-Lie algebras.
© 2005 Elsevier B.V. All rights reserved.

MSC: 17A30; 17A50; 16W30; 18D50

0. Introduction

The classical Leray theorem [13,16] asserts that any graded connected commutative
and cocommutative Hopf algebra is a free commutative algebra and free cocommutative
coalgebra. Loday and Ronco [15] obtain a similar result for unital infinitesimal bialgebras:
any such object (graded connected) is a free associative algebra as well as a free
coassociative coalgebra. The same kind of result is also obtained by Foissy in [6] for
dendriform, codendriform bialgebras. These three results are similar in the operadic
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framework: given the operad P, where P is the commutative operad or associative
operad or dendriform operad, then any graded connected P-algebra which is also a P-
coalgebra equipped with a relation between the coalgebra and algebra structures—also
called “distributive law”—is rigid in the sense that it is free as a P-algebra and as a P-
coalgebra. In this paper we obtain a result of that kind for pre-Lie algebras, although the
originality of our result is that the costructure involved is not pre-Lie, but non-associative
permutative. In fact, such a result can also be interpreted as a “Cartier—Milnor—-Moore”
theorem where the primitive part is a vector space without any additional structure and
the enveloping algebra is the free PP-algebra functor. In that sense, such a result exists for
Zinbiel algebras as a consequence of a theorem by Ronco [19] concerning the primitive
elements of a free dendriform algebra.

Pre-Lie algebras have been of interest since the works of Vinberg [20] and
Gerstenhaber [9]. In [3], using operad theory, pre-Lie algebras are described in terms of
rooted trees, linking this structure to renormalisation theory a la Connes and Kreimer [4].
In this paper we describe another structure based on rooted trees, called non-associative
permutative algebras (see e.g. [S]). A non-associative permutative algebra is a vector
space together with a bilinear product satisfying the relation (ab)c = (ac)b. We state
the following rigidity theorem.

Theorem. Any pre-Lie algebra, together with a non-associative permutative connected
coproduct satisfying the distributive law

A(@aob) = Ala)ob+a®b
is a free pre-Lie algebra and a free non-associative permutative coalgebra.

The proof of the theorem involves an idempotent in the vector space of endomorphism
of L, which annihilates L2, the space of decomposable elements (see the Fundamental
Lemma 3.7).

Although this paper can be read without referring to operads, the ideas coming from
operad theory are always present, especially in the last section where we link our result to
the theory of cogroups in the category of algebras over an operad as developed by Fresse
in [7] and [8].

This paper is organized as follows: the first section is devoted to material concerning
operads, rooted trees and pre-Lie algebras; in the second section we introduce non-
associative permutative algebras and coalgebras; in the third section we state and prove the
main theorem, assuming the fundamental lemma; the latter is proved in the fourth section;
finally, the fifth section concerns cogroups, where we study the special case of associative
algebras and pre-Lie algebras.

Notation. The ground field K is of characteristic 0. The symmetric group on n elements
is denoted by X,. For any vector space V, X, acts on V& on the left by

o - (vl ®®Un) = U(r_](l) ® "'®UG—1(H).

For any subgroup G of X, the subspace of V®" of invariants under G is denoted
(V)G = (x e V¥ |6 . x = x,Yo € G).
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1. Pre-Lie algebras and rooted trees
1.1. Operads

In this section, we review the material needed for this article. For a complement on
algebraic operads we refer to Ginzburg and Kapranov [10] or Loday [14].

A Y-module M = {M(n)},>0 is a collection of (right) X,-modules. Any X,-module
M gives rise to a X'-module M by setting M(g) =0if g # n and M(n) = M.

An operad is a right Y-module {O(n)},~o0 such that O(1) = K, together with
composition products: for 1 <i <n

oj: On) ® Om — Om+m-—1)
P ® q = poiq.

These compositions are subject to associativity conditions, unitary conditions and
equivariance conditions with respect to the action of the symmetric group.
Any vector space A yields an operad End4 with End(n) = Hom(A®", A), where

(f O g)(a1, ceey an+in—1)
= f(ar,...,ai-1,8@, ..., Gixm—1), Gitm, - - Antm—1)-

An algebra over an operad O, or O-algebra, is a vector space A together with an operad
morphism from O to End4. This is equivalent to some data

ev, : O(n) ®3x, A®" 5 A

satisfying associativity conditions with respect to the compositions.
One of the most important points in the theory of algebraic operads is the following:
The free O-algebra generated by V is the space

ov)=Homes, ve" (1.1

n>1

where the maps ev, are described in terms of the o) s.

The following objects are defined as usual: given a Y-module M, the free operad
generated by M, denoted by Free(M), exists and satisfies the usual universal property.
The notion of an ideal of an operad exists: when modding out an operad by an ideal, one
gets an operad. The operads with which we are concerned are quadratic binary operads,
that is, they are of the form Free(M)/(R), where M is a X>-module, R is a sub-Xjs-
module of Free(M)(3), and (R) is the ideal of Free(M) generated by R. The space M =
Free(M)(2) is the space of “operations”, whereas the space R is the space of “relations”.
For instance, the operad that defines associative algebras is Free(K[2>])/(Ras) where
K[25] is the regular representation of > and Ry is the free 23-module generated by
Qwoyr i — oo i, where w is a generator of K[JX5].

1.2. Rooted trees

A rooted tree is a nonempty connected graph without loop together with a distinguished
vertex called the root. This root gives an orientation of the graph: edges are oriented
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towards the root. The set of vertices of a tree T is denoted by Vert(7'). The orientation
induces a partial order on Vert(7T'), the root being the minimal element. The degree of a
tree is the number of vertices. An n-labeled rooted tree is a rooted tree together with a
bijection between Vert(7') and the set {1, ..., n}. An n-heap-ordered tree is an n-labeled
rooted tree where the bijection respects the partial order on Vert(7'). The space R7 (n) is
the vector space spanned by the n-labeled rooted trees, and the space HO(n) is the one
spanned by the n-heap-ordered trees. The right action of X, on R7 (n) is the action on the
labeling. For a vector space V, denote by R7 (V) the space ), R7 (n) @z, ver it v
is equipped with a basis {ey}o then the space R7 (V) is the vector space spanned by the
rooted trees labeled by the set {ey }4.
Following the notation of Connes and Kreimer [4], any tree T writes

T =B(rT,...,T)

where r is the root (or the labeling of the root) and 71, ..., T} are trees. The arity of T
is k, the number of incoming edges of its root. Note that the list of the trees 77, ..., Tj is
unordered.

1.3. Pre-Lie algebras

A (right) pre-Lie-algebra is a vector space L together with a product o satisfying the
relation

(xoy)oz—xo(yoz)=(xoz)oy—xo0(zoy). (1.2)

These algebras also appeared under the name right-symmetric algebras or Vinberg
algebras (if we deal with the left relation). The terminology of pre-Lie algebra is that of
Gerstenhaber [9]. A pre-Lie algebra L yields a Lie algebra structure on L with the bracket
[a,b] = a ob — b oa, whichis denoted by Lyje.

A theorem by Chapoton and the author links pre-Lie algebras to rooted trees as follows:

Theorem 1.4 (/3]). The vector space RT (V) endowed with the product

SoT = Z So, T,
vevert(s)

where S o, T is the tree obtained by grafting the root of T on the vertex v of S, is the free
pre-Lie algebra generated by V.

The proof of this fact uses the description of pre-Lie algebras in terms of algebras
over an operad as well as the relation (1.1). One can find some different proofs in
Dzhumadil’daev and Lofwall [5] or in Guin and Oudom [11].

Remark 1.5. Using the pre-Lie product in R7 (V), one has:
B(U, Tl’ AR Tn—lv Tn) = B(U’ Tl’ AR Tn—l) o Tn

~ > BT, . Tro T, Tuop), (1.3)
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Hence a proposition concerned with the pre-Lie product in R7 (V) can be proved by a
double induction, on the degree and on the arity of a tree T'.

2. Non-associative permutative algebras and coalgebras

Definition 2.1. A non-associative permutative algebra is a vector space L equipped with
a bilinear product satisfying the relation

(ab)c = (ac)b, Va,b,c € L.

Note that it is indeed the definition of a “right” non-associative permutative algebra,
and we can define what is a “left” non-associative permutative algebra. Note also that a
Novikov algebra is precisely a (left) pre-Lie algebra whose product satisfies the (right)
non-associative permutative relation—see [17] for instance. An associative algebra that
is a non-associative permutative algebra is a permutative algebra in the terminology of
Chapoton in [2].

Definition 2.2. Let 7 be the following operad: 7 (n) is the X,,-module of n-rooted trees
RT (n); for trees T € R7 (n) and S € R7 (m), the composition T o; S is the rooted tree
obtained by substituting the tree S for the vertex i in 7. The outgoing edge of i, if it exists,
becomes the outgoing edge of the root of §; incoming edges of i are grafted onto the root
of S. Then, it is easy to check that these compositions endow 7 with a structure of an
operad. Example:

OB ONE OO

LN\

If we compare with the operad PL based on rooted trees defining pre-Lie algebras in [3],
this composition is a summand of the composition in PL.

Note that the operad 7 can also be defined on the set of n-labeled rooted trees: it is in
fact an operad in the category of sets.

Proposition 2.3. The previous operad T is the operad defining non-associative
permutative algebras.

Proof. Following the notation of Section 1.1, the operad defining non-associative
permutative algebras is the operad NAP = Free(K[2])/ (Rnap), where Rp,p is the sub-
23-module of Free(K[2»])(3) generated by the element (w oy u) - (Id — 123) with 123
being the transposition (132). There is a morphism of operads from A/AP to 7 sending

to the tree % This morphism is well defined, since the tree % o1 % = @

invariant under the permutation 3.

is
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The inverse morphism is defined by induction on the number of vertices of T.
Any tree can be written T = B(i,T1,...,T,) where i is the root of T, thus T =
B(i, T1)o; B(i, T», ..., T,) (up to an appropriate permutation). It is easy to check that
this decomposition does not depend on the choice of 77. Hence, by induction, it follows
that we define a morphism of operads inverse to the previous one. [

Corollary 2.4. Let V be a vector space. The free non-associative permutative algebra
generated by V is the vector space of rooted trees RT (V), endowed with the following
product: let T = B(@i,Ty,...,T,) and S be two trees in RT(V), then T - S =
B, Ty,..., Ty, S).

Proof. From relation (1.1) and Proposition 2.3, the free non-associative permutative
algebra on V is

NAP(V) = P RT (n) @5, V"
n>1

where the product is given by the composition of the operad, i.e.

T-S= %OQS 01T=%OlT,

which is the tree obtained by grafting S onto the root of 7. O

Remark 2.5. As pointed out before, since the operad 7 can be defined in the category of
sets, the corollary is also true when replacing non-associative permutative algebras with
“right-commutative magma” in the terminology of Dzhumadil’daev and Lofwall [5]: these
two results were proved in their paper, using different methods.

Definition 2.6. Let (C, A) be a vector space C together with a coproduct A : C — CQC.
The following defines a filtration on C:

Prim C=C;={x e C| Ax) =0}
n—1
C, = xeClA(x)eZCi@)C,H

i=1
The vector space (C, A) is said to be connected if C = Unz 1 Cn. Note that any graded
(C, A), such that Cy = 0, is connected.
Define AF : € — C®Kk+D py
A =14
A=A
A — (A @ 1d®9) AF = (A% @ 1d) A.

We use Sweedler notation for A*:

Ak (x) = ZX(U ®: - ®@xk+n, VYVxeCl.
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Lemma 2.7. Let (C, A) be a vector space together with a coproduct; let P, be the vector
space of cooperations from C to C®"+D built on A. More explicitly: Py = Span{ld);
Py = Span{A}; O € P, if and only if there exists 0 < m <n — 1and O; € Py, Oy €
P,_u_1 such that O = (01 ® Oy)A.

If x € C,then O(x) =0, VYO € P,.
Proof. The lemma is trivial forn = 1. Let x be in C,, and O = (O] ® 0,)A in P,, with
01 € Py,. Since A(x) = > x; @ yp—i, with x; € C; and y,_; € C,,_;, we get by induction:

O01(x;)) =0ifm > iand Ox(yp—j) = 0ifn —m —1 > n —i,ie ifm <i — 1; thus
(01® 02)(A(x)) =0. O

Definition 2.8. A non-associative permutative coalgebra is a vector space together with a
coproduct A : C — C ® C satisfying (1 — 123)(A ® Id) A = 0. This is the dual notion of
a non-associative permutative algebra.

The following lemma is an immediate consequence of the definition of non-associative
permutative coalgebras.

Lemma 2.9. If C is a non-associative permutative coalgebra then

Im(Ak) C (C®(k+l))21XZ‘k'
Theorem 2.10. Let V be a vector space. Then RT (V), together with the coproduct
n —~~
ABE,Ti,....T,) =Y B, Ti,....T;,....,T) T
i=1

is the free non-associative permutative connected coalgebra.

Proof. It is the dual statement of Corollary 2.4, since R7 (V) with the coproduct is the
graded dual of R7 (V) considered as the free non-associative permutative algebra on V. It
is graded by the number of vertices, and hence connected. [

3. The space of rooted trees and the main theorem

Definition 3.1. Let L be a pre-Lie algebra and M be a vector space. M is a right L-module
if there exists amap o : M ® L — M such that

(moly)oly—(moly)oly =molly, ]

Equivalently: M is a right L-module if and only if M is a L j.-module in the terminology
of Lie algebras.

Examples: L is an L-module; L®" is an L-module via derivation, as pointed out by
Guin and Oudom in [11]:

n
K@ ®x)oy=) x® - ®xo0y®: &
i=1
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Proposition 3.2. Consider the vector space RT (V) endowed with its pre-Lie product
o and its non-associative permutative coalgebra product A. The following relation is
satisfied

Axoy) = xQy+ Ax)oy

3.1)
=xQ@y+xmoy®xp2 +x1)®x@2) 0.

Proof. For S = B(v, Sy, ..., S,) and T in R7 (V), one has

A(SoT) = A(B(v, S1,...,Sn,T))+ZA(B(v,Sl,...,SioT,...,Sn))

i=1

n
=S®T+) B Si....5....5nT)®S:

i=1
+> B@.....S.....8;0T.....8) ®S;
i%
+ )BS85 ®S0T
i

Corollary 3.3. Let H be a pre-Lie algebra, V a vector space, and ¢ : PL(V) — H a
morphism of pre-Lie algebras. There exists a unique application L : PL(V) - H® H
such that

Lv)=0 YveV,

3.2
L@ob)=¢(a) @p(b)+ L(a) op(b) Va,b e PLIV). ©-2)
Proof. The existence is given by L = (¢ ® ¢) A and the relation (3.1). To prove unicity it is
sufficient to prove the following: if L : PL(V) — H ® H satisfies L(aob) = L(a) o (b)
and L(v) = 0, then L = 0. This is proved by induction on the number of vertices of a tree
T and the arity of T, thanks to the relation (1.3). O

Main Theorem 3.4. Let (H,oy, Ay) be a vector space together with a pre-Lie
product and a non-associative permutative connected coproduct satisfying the relation
Ag(aogb) = a ® b+ Ag(a) oy b. There is an isomorphism of pre-Lie algebras and
of non-associative permutative coalgebras between H and (R7 (Prim H), o, A).

The proof of this theorem is similar to the proof of the rigidity of unital infinitesimal
bialgebras of Loday—Ronco [15] and that of dendriform Hopf algebras of Foissy [6]. It
relies mainly on the Fundamental Lemma 3.7. To state this lemma we need the following
definition.

Definition—Notation 3.5. Let (H, i) be a pre-Lie algebra. We define linear operators
Ay : H®F — H by induction on k:

Al =1d,
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Ay =p,

k
k—1
Agt1 = Z <l _ ) H(A; ® Akt1-1).

=1

Remark 3.6. The operators A; can be viewed as elements of R7 (k) as follows. Define
the scalar product on the basis of rooted trees by

1 ifS=T
(S, T)Z{O if not.

Let HO(k) be the space of k-heap-ordered trees. Then

Ap = X:dWU
UeHO((k)

where ¢(U) is defined by induction:

dwzz:l—l

k
k—1 ) )
(T)e(T')(T o T', U).
=1 TeHO),T'eHO(k+1-1)

Fundamental Lemma 3.7. Let (H, o, A) be a pre-Lie algebra, non-associative permuta-
tive connected coalgebra satisfying the relation (3.1). The linear morphism

e.:H—> H
(= D)k 3.3
X x+; 0 Ak+1Ak(x) (3:3)

satisfies the following properties:

(1) e is a projector onto Prim (H).
2) e(xoy)=0, Vx,y € H.

Corollary 3.8. Let (H, i) be a pre-Lie algebra together with a non-associative
permutative connected coproduct satisfying relation (3.1). Then

H =Prim H & H?,
where H = Im(w).

Proof. By Fundamental Lemma 3.7: property (1) implies that, for all x € H, one has
x =e(x)+x —e(x), where e(x) e PimH and x —e(x) = —) ,_, %AH]A"()C) =
w(y, z). Property (2) implies that Prim H N H?>=0. O

Corollary 3.9. Let (H,n) be a pre-Lie algebra together with a non-associative
permutative connected coproduct satisfying relation (3.1). Then H is generated as a pre-
Lie algebra by Prim (H).
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Proof. Following Definition 2.6, since H is connected, it decomposes as H = |,,~| Hp;
any x € H, satisfies Ak(x) € Z(il,--»,ilm—l) H;, ®---®H;_,,whereij <n,Vj. Thf;proof
is performed by induction on n: for n = 1, it is true since H; = Prim H. If x € H),, then
x=e(X)=Y -0 %AH 1A% (x). Bute(x) € Prim H and, by induction, each component
in A (x) is generated by elements of Prim (H), as is A1 A¥(x). O

3.10. Proof of the main theorem
Set V := Prim (H). Denote by i : V — H and:: V — R7 (V) the natural injections.

Since (R7(V), o) is the free pre-Lie algebra on V, there is a morphism of pre-Lie
algebras ¢ : R7 (V) — H, such that the diagram

Vv

\L 7
7
L 7
e
PR

RT(V

H

commutes. The pre-Lie algebra H is generated by V by Corollary 3.9, then ¢ is surjective.

Consider the two linear maps Ay ¢ and (¢ ® ¢)A from R7T (V) to H ® H. An easy
computation proves that these two maps satisfy conditions (3.2) of Corollary 3.3. Then,
by unicity, these two maps coincide, thus ¢ is a morphism of non-associative permutative
coalgebras.

Assume Ker¢ # 0 and let a € Ker¢ of minimal degree n. Since (¢ ® ¢p)A(a) =
Ao (a) = 0, the element a lies in Ker (¢p) ® R7 (V) + R7 (V) ® Ker (¢). Since a is of
minimal degree, it implies that a = 0, thus a contradiction. Hence ¢ is injective. O

4. Proof of the Fundamental Lemma 3.7

Assume that (H, u, A) satisfies the hypothesis of Fundamental Lemma 3.7. We define
linear maps U1 : H®*tD — H®2 fork > 0by Up = Y1, (Il(:ll ) Al ® Akgi-1,
where the A;s were defined in 3.5. Hence Ay = uUy fork > 1.

Proposition 4.1. Assume k > 1. On the vector space
Zig1 = (H®(k+1))21><2k Nix e H®(k+]) | (A ®Id®k)(x) c (H®(k+2))21><2k+1}
one has the following:

AArs1 = kUiy1 + Upga (A ® 1d®5). (4.1)

Proof. The proof is by induction on k. The relation (3.1) reads:
Ap=1dQIld+ (Id® n)(AQId) + (1 ® Id)123(A ® Id).
Since A = Id, Ay = u and the domain is Z;, one has:

AAy=Us+ (A1 ® Ay + A ® A)(A R Id) on Z5,
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hence the relation (4.1) is satisfied for k = 1. For k > 0 one has

AAgy1 = ApUit
=Upn +Ud @ pu+ (u ®1d)123) (A Q Id)Ug 4 1.

By induction, one has

k
k—1
(AR Uiy = Z (l 1 ) AA; ® Akt1-1
=1
ko rk—1
11 (—=DU ® Agg1-1
=2 -

k
k—1 _
+121: (l _1 > U1 (A @ 1d®™D) @ Apr.

(Id ® u + (1 ® Id)1y3) applied to the first summand gives (kK — 1)Uj+1. Indeed:

k
k—1

Id [ — 1)U, Api1—

( ®,u)l§:2<l_1>( Wi @ Agq1-1
k -1

k—1 -2

=(1d®u)§ <1_1>(1—1)E <j_1)Aj®Al—j®Ak+l—l

=2 j=1

_3 k= (*T2) () 4 A_i®A
=y > (_)(j—l)<l—j—l) j O u(A—j ® Agt1-1)

J=l s <k
k

(k 1)21("_2)/4 ®A
=(k— . j k+1—j
=R

and

k
k—1

(1 ® Id) 123 E (l _1 > (—DU ® Aks1-

=

k k=1 -2
=(M®Id)fz3z 1 (1—1)2 i1 Aj @A ® Akyi1-1
=

=2
onZist ®1d)2k: k=1 1)% P22 A ® A ® A
= 211 Z -1 j k-1 ® Aj—j
k a—1 .
(I=k+14j—a) k—1 . k+j—a—1
= k —

k

k—2
XA; @ A ) ® Akpia =D (k=D  ° ) Ae® Aryia.

a=2

11
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Adding the two results, one gets (k — 1)Uk, thus
AAjy1 = kUrq1 + (ld @ p+ (u ® Id)723)

X Z (l 3 1) U1 (A @ 1d®"D) @ Appiy.

The computation of the second summand is similar to the previous one, thus on Zj
one has

k—1 _
Id @ u+ (1 ® Id)t23) Z (l 1 ) U1 (A®1d%7D) @ Apiy

= U (A 1d®%). O

4.2. Proof of property (1) of the fundamental lemma

For x € H, since A* (x) € Zi41 the formula (4.1) can be applied:

Ale(x) = Ax) + Y —AAk—HAk(x)
k>1 !

by (4.1)
=Am+Y] —kUk+1Ak( ) + Z —U 2 A ()
k>1 ! k>1
=Ax) — U A(x) =0.
Hence Im(e) C Prim (H). Furthermore, if y € Prim (H) then e(y) = y, so e is an
idempotent.

Lemma 4.3. Let H be a pre-Lie algebra and a non-associative permutative coalgebra
satisfying relation (3.1). We denote by o the product on H as well as the action of H on
H®* defined in 3.1. For y € H, we define amap 8, : H®* — H®*+D py

By ® @)=Y 1@ ®X @YDy ® - ® X 4.2)

The following equation holds
Afx o y) = A (x) oy +8,(A (x)), Vhk>1. (4.3)

Proof. The proof is by induction on k. For k = 1 it is the relation (3.1). For k > 1 one has
Al (x 0 y) = (A® Id®)(A* (x 0 y))
= (A @ 1d®) (A (x) 0 y +8,(A " (x))
=AM ) oy —x1) 0y ®x2) ® @ X(42) — X(1) ®X(2) O Y
® - @ xt2) + Alxy oY) @ x2) @ -+ @ X(kt1)
+8,(A5 () —x1) ® Y ®x2) @ -+ Xt
= A x) oy +8,(A ). O
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Proposition 4.4. Let H be a pre-Lie algebra and a non-associative permutative coalgebra
satisfying relation (3.1). The following equality holds for k > 0, x € (H®*+D)21 <2k g
yeH:

(k+ DArp1(x 0y) = Agqady(x). 4.4

Proof. The proof is by induction on k. For k = 0, the equality reads Aj(x o y) =x o0y =
pdy(x) = A28y(x). Denote by my : H® — H®* the map that associates x o y to
x € H® . We sometimes denote my and 8, by m’}‘ and 8% if k is not fixed. For instance,
we have the formulas, for¥ = x; ® - - - Q@ xpy1 € H®**tD ye Hand 1 <l <k +1:
@ =@ @I ®) 4 x @ ®X ® Y ® X1 ® - ® s
mi @) = (ml, @ 3®* D) @) + 1d® @ my T (). 4.5)

Hence the formula (4.4) reduces to (k + l)AkJrlml)‘,Jrl = Ak+28’y‘+1 on the invariant
space (H®K+D)21x 2.

k+1

_ k _
Ak+251;+1(X) = (Z (l _ 1) Al ® Ak+2—l) 5§+1(X)

=1

k+1
by (4.4) k -1
= H(E (l—l)Alay ® Agt2-1

=2

k
k 1\ -
+ ) (1 - 1) Al ® A8yt l) (x)

=1
k+1

k
TH (l_1>(Al®Ak+2l)(xl...xl®y®xl+l_”xk+l)
=1

by induction el k
= W [Z <l - 1) (= DA m' ® Ay
=2
ko
+ Z <1 - 1) k+1-DA;® Ak+1_1ml;+1_l:| )
=1

k+1
k
+MZ (Al ®@ Apo—)(X1 ... X1 ® Y ® X141 .+ - Xkt1)-
=1 [ =1

But the first two terms on the right-hand side, after a change of variables and thanks to
the equality / (1;) =k+1-1D (lfl> =k ('[‘:11 ), can be written as:

k—1 A -
wy k ( L ) (Aimly ® Asi—1 + A1 ® Agpr—m T (@) = kAgpimy ().
=1
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Again, by induction on k, we prove the following formula:

k+1

k _
Z (l _ 1> Ap(xy...xp) 0 Appo (Y @ X1+ - Xpa1) = Agg1my (X). (4.6)
=1

If k = 0, this equation reads xjoy = my(x1). If k = 1, itreads xjo(yox2)+(x10x2)oy =
x10 (x20y) + (x1 0y) ox2, which is exactly the pre-Lie relation. For k > 1 one has

k

- k—1 -
Appimy (%) = Z L) Ay ® A+ AL ® Aggiimy) | (@)

k1
by induction k—1 -1
= - E <1_1><]_1 (Aj(xl...xj)

=1 j=
0AI+1-j (Y ® Xjt1---X1)) © App1—1(Xi41 - - - Xkt1)

KRS e N /K .
22 (0) 0
R

j=1 u=1 J -1

o(Au(xjg1 - Xjru) 0 Agt2—j—u(Y ® Xjqut1 . Xpt1)).

a N

A change of variables in the first summand ((j, ) — (j, u) with{+1—j = k42— j—u)
gives a coefficient (::;) (1;:‘1‘) = (1;:11) (k J ) which is the same as the coefficient in

the second summand. Furthermore, since x € (H ®(k+1))2 1% 2 , one has
X[ oo Xj QXjgl oo Xjpht1—j—u) @ -+ & Xg+1
=X X QX oyl - Xkl Xl e Xy

The right-hand side of the equality has the form (R o §) o T + R o (T o S), hence by the
pre-Lie relation it can also be written Ro (SoT)+ (RoT)o S+, which gives the following:

kR e N (k— i
Appimy@ =Y > < )(u_i)[Aj(xl...xj)

i SRS

0 (Akt2—j—u(Y @ Xjrut1 - Xkt1) © Au(Xjp1 - Xju))
F(Aj(xr...xj) 0 Ap(X i1 ... Xj4u))

0AR 12— j—u(Y ® Xjqutt - Xpy1)]

mvananceofok:kJ’i:j k_j [A;(x xj)o
]_1 _1 jxXr...x;

j=1 u=1
(Apg2—j—u(Y @ Xjy1 - Xpr1-u) 0 Ay (Xpg2—y - - - Xk11))
+(Aj(x1 ...xj)oAu(XjH ...XJ+M))
oAk+2*j*lt(y Q Xjtu+l - - CXk1)]-
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Since (;‘j) (ﬁ:{) = (k+11‘:§_u) (3‘:}), the first summand gives

k
k—1
> (J. ~ 1) Aj(xr...xj) 0 Apya j(y ® Xj41 ... Xeq1).
j=I1

. k=1\ (k=j\ _ (j+tu—2 k—1 .
Since (,/—1) (u—l) = ( j—1 ) <j+u—2)’ the second summand gives

e
Z( >Aa(xl v Xg) 0 Ao (Y ® Xgt1 -+ Xt 1)-
= \a -2

Adding the two results, one gets the relation (4.6). O
4.5. Proof of property (2) of the fundamental lemma

Let x, y be in H. Since A¥(x) € (H®K+DyZ1x2k one can apply formula (4.4):

e(xoy) = xoy+z(_ ) Ak+1Ak(x°)’)
k>0
_1\k
@3 +Z D A 3y (A1) + 25 0 )
k>0
@“HZ%"A (Ak= l(x)oy)+z Ak+1(Ak(x)oy)
k>0 k=0

= xo0y—A1(A%x)oy)=0. O

5. Using cogroups

In [7] and [8] Fresse proves that a cogroup in the category of connected graded P-
algebras, where P is an operad is a free P-algebra. In [18] Oudom generalises this theorem
to comagma in this category. This is a generalisation of a theorem of Leray [13] for
commutative algebras and of Berstein [1] for associative algebras. This technique was
also studied by Holtkamp, for instance in the context of P-Hopf operads (see e.g. his
habilitationsschrift [12]). The purpose of this section is to present the theorems of rigidity
for associative algebras and for pre-Lie algebras by the way of abelian cogroups in some
categories.

5.1. Coproduct for algebras over an operad

We recall the notation of Fresse. Let O be an operad. The category of graded algebras
over O is endowed with a coproduct Vv: let A and B be two O-algebras then A vV B =
O(A @ B)/rel, where rel is generated by relations of the form

R X ® - ®xp) — pulxy, ..., xn)
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forallu € Om) and x1 @ --- @ x,, € A®" U B®" In particular, A and B are summands
of A Vv B. There is a natural morphism 7 : AV B — B Vv A. A cogroup in this category
is a connected graded (-algebra together with a map ¢ : A — A Vv A such that ¢ is
coassociative and the identity on each copy of A. A cogroup is abelian or cocommutative
if T = ¢. The theorem of Fresse that we use is the following.

Theorem (/8]). Fix a ground field of characteristic 0. Let P be a unital operad. If R is
a connected graded P-algebra equipped with a cogroup structure, then R is a free graded
P-algebra.

5.2. Theorems of Berstein [1] and Loday—Ronco [15] revisited

Since we work in the context of operads, we are concerned with non-unital associative
algebras. In this context, a non-unital infinitesimal bialgebra is a non-unital associative
algebra together with a non-counital coassociative coproduct A satisfying the relation

AX - ) =xQy+x1)®x02) -y +x-y1) ® Y- (5.1

Theorem. Let H be an object in the category of graded connected non-unital associative
algebras. The following are equivalent:

(a) H is a non-unital infinitesimal bialgebra,

(b) H is free,

(c) H is an abelian cogroup.

The equivalence (a) and (b) is a theorem by Loday and Ronco [15] on the structure of
unital infinitesimal bialgebras adapted to the non-unital case. The equivalence (b) and (c)
is a consequence of a theorem by Berstein [1]. Indeed, the equivalence (a) and (c) can be
proved independently. Here is the proof:

Recall that the coproduct in the category of associative algebras is given by Hy x Hy =
HoeH oD, HOH Q- - CHOH ®--- , hence

~————~————"alternative tensor n times =~ ~"——————~————"n times

HxH= @(1, H®") + (2, H®"),

n>1
where the label 1 or 2 indicates the beginning of the alternative tensor. The product of two
elements (i, a") and (j, b™) with a” € H®" and b™ € H®" lies in the copy i of H and is
the concatenation of a and b if the last term of a" lies in the copy # j of H,andisa]®---®
a,_,®ay,-b\'®---®b); otherwise. If H is an abelian cogroup in the category of associative
algebras, then there is amap ¢ : H — H » H which is coassociative and is the identity on
H:¢h) =0, h)+Q2,hH+(,h®h)+2,hi ®hy)+---.Define A: H— HQ® H by
A(h) = hy ® h» the projection 1 of ¢ onto the vector space (1, H®?). The coassociativity
of ¢ implies that of A. Since ¢ is a morphism of associative algebras, one has

A(a-b) = w¢p(a-b)
=al((l,a)+Q,a1 Qa)+--)-(1,b)+2,b) +(1,b; @ b2) +---)]
=a@®b+a-b1®by+a; ®ay-b,

which is relation (5.1).
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To prove the converse, it is easy to check that the map ¢ : H — H x H defined
by ¢(a) = Y_,- (1, A" (@) + (2, A" (a)) is well defined (the algebra is graded con-
nected), is coassociative, cocommutative and a morphism of algebras, thanks to the relation

k
Aa-b)y= an® - ®aw ®bu) ® @ bus1-i)
i=1

k+1
+Y aq) ®---@ag by ® -+ @ bgra—iy. O

i=1
5.3. Cogroups in the category of pre-Lie algebras

Let T be arooted tree. A leaf of T is a vertex with no incoming edges. For v € Vert(T)
and for some rooted trees Si,...S,, the tree T o, {S7, ..., S,} is the tree obtained by
grafting the trees S; onto the vertex v of T'.

Denote by PL the operad defining pre-Lie algebras. Recall that PL(V) denotes the free
pre-Lie algebra generated by V. Let L1 and L; be two pre-Lie algebras. The coproduct of
Liand Lyis Ly v Ly = PL(L1 ® Ly)/rel, where the equivalence relation is that defined
in 5.1. It is not difficult to prove the following lemma.

Lemma 5.3.1. Let L be a pre-Lie algebra, and (ey)q a basis of its underlying vector space.
Then a basis of L v L is given by rooted trees labeled by the set (i, ey)ic(1,2},a Satisfying
the “leaf condition”: the labeling i of any leaf is different from that of its adjacent vertex.

Furthermore, its pre-Lie structure is given by the following: let 7', S be two trees. If
deg(S) > I, then T o § = ZveVert(T) T o,{S}. If deg(S) = 1, then assume S is a
single vertex labeled by (1, ey) for instance. If v € Vert(T) is labeled by 2, then set
T6,S = T 0,{S}. If v is labeled by 1, then T 0,{S} does not respect the “leaf condition”.
Denote by T)", ..., T} the incoming subtrees of T at the vertex v; denote by T, <, the tree
obtained by replacing v by w. If v = (1, eg), then we define

T6y(1, €a) = Toe(l.egoes) — »_, T ou{T1. (I, €a) 0 Ty},
1,J

where the sum is over all partition / U J of {1, ..., k} such that J # . Then, for
deg(S) =1,To S = ZveVen(T) To,S.

Lemma 5.3.2. If L is a pre-Lie algebra together with a cogroup structure ¢ : L — LV L,
then L is endowed with a non-associative permutative coproduct A satisfying the relation
3.1).

Proof. The relation (/d—123)(A®Id) A is a consequence of the associativity of ¢. Relation
(3.1) is a consequence of ¢ being a morphism of pre-Lie algebras. O

Theorem 5.3.3. Let L be an object in the category of graded connected pre-Lie algebras.
The following are equivalent:

(a) L is a non-associative permutative coalgebra satisfying relation (3.1).
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(b) L is free.
(c) L is an abelian cogroup.

Proof. The equivalence (a) and (b) is the purpose of our paper. The equivalence (b) and
(c) is the theorem of Fresse applied to the operad pre-Lie. (c) implies (a) from the previous
lemma. O
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