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Weighted Sobolev spaces for the Laplace equation
in periodic infinite strips

By Vuk MILISI¢ and Ulrich RAZAFISON

Abstract. This paper establishes isomorphisms for the Laplace op-
erator in weighted Sobolev spaces (WSS). These HZ'-spaces are similar
to standard Sobolev spaces H™(R™), but they are endowed with weights
(1 + |z[?)®/2 prescribing functions’ growth or decay at infinity. Although
well established in R™ [2], these weighted results do not apply in the spe-
cific hypothesis of periodicity. This kind of problem appears when studying
singularly perturbed domains (roughness, sieves, porous media, etc) : when
zooming on a single perturbation pattern, one often ends with a periodic
problem set on an infinite strip. We present a unified framework that en-
ables a systematic treatment of such problems. We provide existence and
uniqueness of solutions in our WSS. This gives a refined description of solu-
tion’s behavior at infinity which is of importance in the mutli-scale context.
We then identify these solutions with the convolution of a Green function
(specific to infinite strips with periodic boundary conditions) and the given
data. These identification and isomorphisms are valid for any real « and
any integer m out of a countable set of critical values. They require polar
conditions on the data which are often not satisfied in the homogenization
context, in this case as well, we construct a solution and provide refined
weighted estimates.

1. Introduction

In this article, we solve the Laplace equation in a 1-periodic infinite strip in two
space dimensions:

(1) Au=f, in Z:=]0,1[xR.

As the domain is infinite in the vertical direction, one introduces weighted Sobolev
spaces describing the behavior at infinity of the solution. This behavior is related to
weighted Sobolev properties of f.

The usual weights, when adapted to our problem, are polynomial functions at
infinity and regular bounded functions in the neighborhood of the origin: they are
powers of p(yz) := (1 +4%)'/? and, in some critical cases, higher order derivatives are
completed by logarithmic functions (p(y2)* log? (1 + p(y2)?)).

The literature on the weighted Sobolev spaces is wide [16, 8], T4, T3], [10] 9} [7, 241 5L [6]
and deals with various types of domains. To our knowledge, this type of weights has not
been applied to problem . The choice of the physical domain comes from periodic
singular problems : in [I8| 22] 21], a zoom around a domain’s periodic e-perturbation
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leads to set an obstacle of size 1 in Z and to consider a microscopic problem defined on a
boundary layer. The behavior at infinity of this microscopic solution is of importance:
it provides an averaged feed-back on the macroscopic scale (see [I1] and references
therein). This paper presents a systematic analysis of such microscopic problems. We
intend to give a standard framework to skip tedious and particular proofs related to
the unboundedness of Z.

We provide isomorphisms of the Laplace operator between our weighted Sobolev
spaces. It is the first step among results in the spirit of [3, 2} 4]. Since error estimates
for boundary layer problems [I8], 21l 22] are mostly performed in the H*® framework
we focus here on weighted Sobolev spaces ;?/}f (Z) with p = 2. There are three
types of tools used : arguments specifically related to weighted Sobolev spaces [2] [15],
variational techniques from the homogenization literature [211 8, [I7] and some potential
theory methods [20]. A general scheme might illustrate how these ideas relate one to
each other :

a Green function G specific to the periodic infinite strip is exhibited for the

Laplace operator. The convolution of f with G provides an explicit solution to
. A particular attention is provided to give the weakest possible meaning to
the latter convolution under minimal requirements on f.

variational inf-sup techniques specially adapted to the weighted spaces provide
existence and uniqueness theorems for a restricted range of weights. This leads
to first series of isomorphisms results in the variational context.

these arguments are then applied to weighted derivatives and give natural regu-
larity shift results in H}}', (Z) for m > 2 (see below).

by duality and appropriate use of generalized Poincaré estimates (leading to in-
teractions - orthogonality or quotient spaces - with various polynomial families),
one ends with generic isomorphism results that read

THEOREM 1.1. For any m € Z, for any « € R such that « ¢ Z+ %, the mapping
. ym—+2 A m /A
A Ha,; (Z)/]P)[m+3/2—a] = Ha,#(Z)J-P[—m—l/2+a]
s an tsomorphism.

The spaces Piﬁfl /2—al] of harmonic polynomials included in HY #(Z ) are defined
in section The previous theorem states that if one looks for a solution u of
that decays fast enough at infinity, then uniqueness is insured but the counter
part is that the datum f must satisfy a polar condition. On the contrary, if the
previous condition on u is released, then uniqueness is obtained up to harmonical
polynomials and the datum f do not have to satisfy any polar condition. These
properties are well-known when studying elliptic equations in weighted Sobolev
spaces (see for instance [2]).



- for all values of & € R and m € Z such that o ¢ Z + %, we identify explicit
solutions obtained via convolution with solutions given in Theorem [1.1} This
gives our second main result:

THEOREM 1.2. Let m € Z and a € R such that « ¢ Z + %, and f €

27
Hgf#(Z)LIP’/A Then G x f € H;n?f(Z) is the unique solution of the

[-m—1/24a]"
Laplace equation up to a polynomial of P/[ﬁ%/%a]. Moreover, we have the
estimate
G m / < C m .
G * fHHa;"’(z)/[P[ﬁHM_Q] = ||fHHQY#(Z)

- For @ > m+1/2, « ¢ Z + 3, when the datum f € H[',(Z) does not satisty

the polar condition fJ_IP"[fm_l /2+a) Ve set up an appropriate decomposition of
f, and construct the solution using previous results. A singular behavior of this
solution at infinity is identified : it behaves like a linear combination of sgn(ys)
and |y2|. As for corner domains [I9], when the singular part is removed, one
recovers the weighted regularity estimates. This provides Theorem (7.1} This

result is of particular interest in the context of homogenization.

The paper is organized as follows. In section [2, we define the basic functional
framework and some preliminary results. In section [3] we adapt weighted Poincaré
estimates to our setting. Then (section 7 we introduce a mixed Fourier transform
(MFT) : it is a discrete Fourier transform in the horizontal direction and a continuous
transform in the vertical direction. At this stage, we prove a series of isomorphisms in
the non-critical case (section [5]) by variational techniques. The MFT operator allows
an explicit computation of a Green function (section @ We show, as well, weighted
and standard estimates of the convolution with the latter fundamental solution. Then
we identify any of the solutions above with the convolution between G and the data
f, this proves Theorem [[.2] Finally, when the polar conditions is not satisfied by
the data, we construct a solution in section [} In the appendices, we provide either
technical proofs of some of the claims of the paper (see Appendices D] and [E)),
or results that we did not find in the literature but that are of interest in this context

(Appendix .

2. Notation, preliminary results and functional framework

2.1. Notation and preliminaries

We denote by Z the two-dimensional infinite strip defined by Z =]0, 1[xR. We use
bold characters for vector or matrix fields. A point in R? is denoted by y = (y1,¥2)
and its distance to the origin by r = |y| = (y% + y%)l/Q. Let N denotes the set of
non-negative integers, N* = N\ {0}, Z the set of all integers and Z* = Z \ {0}. We
denote by [k] the integer part of k. For any j € Z, ]P’} stands for the polynomial space
of degree less than or equal to j that only depends on yo. If j is a negative integer,
we set by convention P}, = {0}. We define IP’;A the subspace of harmonic polynomials

of P%. The support of a function ¢ is denoted by supp(y). We recall that D(R) and
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D(R?) are spaces of C> functions with compact support in R and R? respectively,
D'(R) and D’(R?) their dual spaces, namely the spaces of distributions. We denote
by S(R) the Schwartz space of functions in C*°(R) with rapid decrease at infinity, and
by &'(R) its dual, i.e. the space of tempered distributions. We recall that, for m € N,
H™ is the classical Sobolev space and we denote by H. ;”(Z ) the space of functions that
belong to H™(Z) and that are 1-periodic in the y; direction. Given a Banach space
B with its dual B’ and a closed subspace X of B, we denote by B’ L X the subspace
of B’ orthogonal to X, i.e.:

B1X ={feB, WweX,(fv)=0}=(B/X).

We introduce 7 the operator of translation of A € Z in the y; direction. If ® : R? — R
is a function, then we have

(Ta®)(y) = (Y1 — A, y2).

For any ® € D(R?), we set w® := >, ., 2P, which is the y;-periodical transform of
®. The mapping y1 — w®(y) belongs to C°(R) and is 1-periodic. Observe that there
exists a function 6 satisfying

0 € D(R) and wh = 1.

More precisely, consider a function ¢ € D(R) such that ¢ > 0 on the interior of

4 The function 6 is called a periodical

its support. Then we simply set 6 := =5

D(R)-partition of unity.
If T € D'(R?), then for all ¢ € D(R?), we set
(AT, @) = (T, 7-xp), A€ L.
Similarly, if T € D’(R?) has a compact support in the y; direction, then the ;-
periodical transform of T', denoted by wT, is defined by
(@T,¢) = (T,0p), Vp € D(R?).
These definitions are well-known, we refer for instance to [28] and [27].

REMARK 2.1. Let ® be in D(R?). Then we have

(2) ™20;® = 0;(\®), VA€Z,
(3) 0(0;®) = 9;(wd)
and

(4) 2@ 22(z) < |®]|L2(®2)-
4



As a consequence of equality (3)), if u € D’'(R?), we also have

(5) w(0u) = 0;(wu).

The next lemma is used to prove the density result of Proposition

LEMMA 2.1. Let K be a compact of R?. Let u be in H™(R?) and have a compact
support included in K. Then we have

[@ull gm(zy < NE) |l mw2),
where N (K) is an integer only depending on K.

PROOF. Let us first notice that, since K is compact, there is a finite number of A € Z
such that supp(myu) N[0,1] x R is not an empty set. This number is bounded by a
finite integer N(K) that only depends on K. It follows that ww is a finite sum and

[@ullL2(z) < N(K)|ul| 2 @2)-
The end of the proof then follows from . O

We now define the following spaces

C;S(Z) ={ p:Z—=R,y1— p(y) €C>([0,1]) 1-periodic, y2 — ¢(y) € C*(R)},
Dy(Z)={ ¢:Z—= R, y1—¢(y) € C™([0,1]) I-periodic, yo — ¢(y) € D(R)},
Sp(Z)={ ¢:Z—=R y1 = p(y) € C>([0,1]) L-periodic, y> = ¢(y) € S(R)}.

The dual spaces of Dy (Z) and Sx(Z) are denoted by D (Z) and Sy (Z) respectively.
2.2. Weighted Sobolev spaces in an infinite strip

We introduce the weight p = p(y2) := (1 +y )1/ . Observe that, for A € N and for
v € R, as |ya| tends to infinity, we have

5

<Cp N
oy

(6)

For o € R, we define the weighted space
L3(Z) = Hy 4(Z) ={u € D'(2), p*u € L*(Z)},
which is a Banach space equipped with the norm
||U||L§(z) = ||PQUHL2(Z)-
PROPOSITION 2.1. The space D(Z) is dense in L(Z).

PROOF. Let u be in L2(Z). Then, by definition of the space L2(Z), it follows that
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p“u € L*(Z). Therefore there exists a sequence (v,)nen C D(Z) such that v, con-
verges to p®u in L?(Z) as n — oco. Thus, setting u,, = p~%v,,, we see that u,, converges
touin L2(Z) as n — oo. O

REMARK 2.2. Observe that we have the algebraic inclusion D(Z) C Dy(Z). It
follows that the space D4 (Z) is dense in L2(Z).

For a non-negative integer m and a real number «, we set

R ! if a¢{1/2,..,m—1/2}
- (m,a){m—l/Q—a if ae{l1/2,...,m—1/2}

and we introduce the weighted Sobolev space

Tu(Z) ={u € DY(Z2);VA e N> 0 < A| <k, p~ ™M (In(1+ p%)) "0 u € L2(2),
k+1<|A <m, p™RXor e L2(2)},

which is a Banach space when endowed with the norm

(7) lull g, (2) = >l M (1 + p*)) " P32 )
0<|AI<k
1/2
+ Z ||me+|)‘|3}‘u|\%g(2)
k+1<|A|<m

We define the semi-norm

1/2

|U\Hg5#(z)= Z ||3AU||2Lg(Z)
|A|l=m

Let us give an example of such weighted space. Consider the case m = 1, then if
a # 1/2, we have

H) 4 (Z) ={ueDy(Z);ue L _(Z), Vue L2(Z)}

a—1
and
(8)  Hlyu(2)={ueDy(Z)m(l+p%)  ue I2_,(2), Vue LA(Z)}.

Observe that the logarithmic weight function only appears for the so-called critical
cases @ € {1/2,...,m — 1/2}. Local properties of the spaces H[',(Z) coincide with
those of the classical Sobolev space H}(Z). When o ¢ {1/2,...,m —1/2} we have the
following algebraic and topological inclusions :

(9) Nw(Z) CHI ' W(Z) C o C L2, (2).
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When « € {1/2,...,m—1/2}, the logarithmic weight functions appear, so that we only
have the inclusions

m m—a+1/2
(10) my(Z) .. H G (2),

Observe that the mapping

(11) u€ HP',(Z) = Pue HL' ™ (2)

is continuous for A € N2. Using (6]), for o,y € R such that a ¢ {1/2,...,m —1/2} and
a—v¢{1/2,...,m—1/2}, the mapping
(12) we Hy'y(Z)— plue Hy' | 4(Z)

is an isomorphism.

PROPOSITION 2.2. Let q be the greatest mon-negative integer such that yi €
H}',(Z). Then q reads :

o ifme N*

(13) qzq(m,a):z{m_S/Q—a, ifa+1/2€ {i€Zi<0},

[m—1/2 —al, otherwise.
e ifm =0 one has :

-3/2—q, ifa+1/2€Z,
14 = =
(14) ¢=4q(0,a) {[—1/2 —al, otherwise.
In the table below, we give some of polynomials belonging to Py, o) for different
values of m and for a in the range [—32, 3].

272
m\o | [=5-3[ | [=5:—3[| [=3:3] [ ]33] | ]5:3]
Powl P P, 0 0 0
P P, P P 0 0
Pool P P, P P 0

Table 1. Polynomial spaces included in H}',(Z) for various values
of @ and m

We state now a density result whose proof is given in Appendix [A]
PROPOSITION 2.3. The space Dy(Z) is dense in H]' ,(Z).
The above proposition implies that the dual space of H]',(Z) denoted by H_[" #(Z )

is a subspace of D, (Z).
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3. Weighted Poincaré estimates

Let R be a positive real number. For 8 # —1, one uses the standard Hardy estimates:

(15) /OO £ () 2rPdr < (2>2/°° ()22
R “\p+1 R ’

while for the specific case when § = —1, one switches to

o0 2 2 o0
/ £ ()] dr < 4 / | ()| rdr.
r (Inr)?r 3 R
We now introduce the truncated domain Zg :=]0,1[x(] — oo, —R[U] R, +0).

Using the above Hardy inequalities in the yo direction, we can easily prove the following
lemma.

LEMMA 3.1. Let o, R > 1 be real numbers and let m > 1 be an integer. Then there
exists a constant CJ' such that

(16) Vo € Du(Za)s 1@l za < OOl (2,
As a consequence, we also have
(a7) Vo € Dp(ZR), el (zn) < Colieling, (za-

For the particular case when o € {1/2,...,m — 1/2}, cannot hold without intro-
ducing logarithmic weights in the definition of the space H}}',(Z).
Proceeding as in [2] (Theorem 8.3), we have the Poincaré-type inequalities :

THEOREM 3.1. Let a be a real number and m > 1 an integer. Let j :=
min(g(m, a),m — 1) where q(m,«) is defined by Proposition . Then there exists
a constant C' > 0, such that for any v € H',(Z), we have

(18) Alg]PE ||U+)\||Hgg#(2) < C|U|Hgg#(2)~

In other words, the semi-norm |.|H$#(Z) defines on H['y(Z)/P}; a norm which is
equivalent to the quotient norm.

In order to present the last results of the section, we introduce the space:

(19) Vo(Z) ={v € L2(2), dive =0}.

Then, as a consequence of Theorem we have the following isomorphism results on
the gradient and divergence operators, whose proof is similar to the proof of Proposi-
tion 4.1 in [2].

PROPOSITION 3.1. Assume that o € R.

1. If a>1/2, then



e the gradient operator is an isomorphism:
Vi H) ,(Z)— L3(Z)LV_o(2),
e the divergence operator is an isomorphism:

div : L2 (Z)/V_o(Z) — H~} H#

(Z).
2. If a <1/2, then
e the gradient operator is an isomorphism:
Vo HLL(2)/R s L(Z) LV o(2),

e the divergence operator is an isomorphism:

div : L? (2)/V_u(Z) — H_!

1 L(2)LR.

4. The mixed Fourier transform (MFT)

The purpose of this section is to define the MFT. We shall use this tool in the next
section in order to state a general result of uniqueness of and in section |§| in order
to compute the fundamental solution.

4.1. Rapidly decreasing functions

Let set I' := Z x R and let us write the locally convex linear topological spaces :

S(T) = {w ZxR =R VkeZ &k,-)€SR)

and sup }ko‘lﬁamgo( )‘ < o0, Y(a, B,7) € N?’}.
keZ,leR

The space S(T') is endowed with the semi-norms

@ = sup
[Plasn kEZ,IER

K9 p(k1)|, Vol <a, B < B,y <.

We define also

l2(Z;L2(R))::{ueS’ ) st > fulk, )7 <oo}.
kEZ

PROPOSITION 4.1. S(T) is dense in 12(Z; L*(R)).

PROOF. Since u € [?(Z; L*(R)), then

We>0 3ko > 0such that Y JJu(k,)|]am < %
[k|>ko



We set

5 w’(k,-) if k| < ko,
u =
0 otherwise ,

where 1’ (k, -) is a standard smooth approximation of u(k, -) in D(R). Then, we choose
0(ko) such that

Vi such that k] < ko [Ju(k,) = ()| [} ey < 5o
0

which finally gives

Ju— “6”122(2;9(1&)) S Z [[uk, ) = u’ (K, ')H;(R) * Z uC, ')HQLQ(R) =€
[k|<ko |k|>ko

which proves the claim, since u® trivially belongs to S(T"). O

DEFINITION 4.1. We define the MFT operator F : S(Z) — S(T') as

Flo) (k1) = /Z o(y)e Bt gy (k1) €T,

where k = 27k, and the same holds for l.

We list below some basic tools concerning the MFT needed in the remaining of the
paper. They can be proved following classical arguments ([29], [26], [25]).

PROPOSITION 4.2. (i) The operator F : Su(Z) — S(T) is an isomorphism and
the inverse operator is explicit:

Froy) =Y /R ok, DeFntive) gl v e SI),  Vye Z
keZ

(i1) One has in a classical way, for any (f,g) € Sp(Z) x Sx(Z), that

/Z Fady =3 / F(f)(k, ) Flg) (k. 1)dl, and F(frg) = F())F(g), W(k,I) €T,

keZ

4.2. Tempered distributions and MFT
In a quite natural manner we extend the concepts introduced above to tempered
distributions.

DEFINITION 4.2. (i) A linear form T acting on S(T') is such that I(a, B,7) € N3

7(2)| < Cleluss W0 € ST).
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(i) The MFT applied to a tempered distribution T € S} (Z) is defined as
<F(T), ¢ >g 5= F(I)@) =T(F' (@) =< T.F(3) >s,xs,, ¢ €S(I),

where

FT (@) = Z/Rga(k,l)e*“’?yl”yz)dz, Vg eST), VyeZ

kEZ

In the same way, we define the reciprocal operator denoted F~1 which associates
to each distribution T € S'(T') a distribution F~Y(T) s.t.

<F D)0 >sixs=< T, F(¢) >4/,
where G(k,1) = ¢(—k, —1).
We sum up properties extending classical results of Fourier analysis to our MFT.

PROPOSITION 4.3. (i) If T € 8,(Z) then F(T) € 8'(T). Similarly, if T € S'(T')
then F~Y(T) € 8,(Z).

(ii) The Dirac measure belongs to Sy (Z) and :

F(bo)=1, VkeZ, ae LR

(iii) the MFT acts on the derivatives in a polynomial fashion:
VI € Si(2),  F(0°T) = il*l(k* + 1) F(T),
for any multi-inder o € N2,

(iv) Plancherel’s Theorem : if f € L*(Z) then the Fourier transform F(T}) is defined
by a function F(f) € 1*(Z, L*(R)) i.e.

F(Ty) =Try) Vf€ L*(Z) and ||]:(f)Hz2(z;L2(R)) = ||f||L2(Z)~

5. The Laplace equation in a periodic infinite strip

In this section we study the problem

{—Au—finZ7

(20) . o —
u is 1-periodic in the y; direction

in the variational context. Firstly, we characterize of the kernel of the Laplace operator.

PropPOSITION 5.1. Let m > 0 be an integer, a be a real number and j =
min{q(m, «), 1} where q(m,«) is defined by Proposition . A function v € H' ,(Z)
satisfies Au = 0 if and only if u € IP’;A.

11



PROOF. Since j < 1, it is clear that if u € ]P’;A, then Au = 0. Conversely, let
u € S (Z) satisfy Au= 0. We apply the MFT : in the sense defined in Deﬁnition
one has

(B2 +P)F(u) =0, VkeZ, ae. l€R,
which implies that

Py = | 2= P o8 o) k=0,
0

otherwise,

p being a non negative integer. A simple computation shows that F~(F(u)) =
Y _o(iy2)?, indeed

(F1 (}-(U))7‘P>S;¢,S# = <]:(u)’}v—(¢)>s "(1),8(T) <Z(S g >
S’ (R)xS(R)

P P
Jz:;) 7 (00,05 ®) s '(R)xS(R) — ]z%(—l)] <5o, ((292)J¢)>S,(R)XS(R)
P p .
=> (-1 / i) p(y)dy = <Z(—iyz)j, s0> :
3=0 3=0 S, xSy
where ¢ denotes the usual 1-dimensional Fourier transform of ¢ on R. O

THEOREM b5.1. Assume « be a real number such that —1/2 < a < 1/2. If f €
H #(Z)J_R then problem (1)) has a unique solution u € H,, 4(Z)/R, ie. the Laplace
operator defined by

(21) A HY4(Z)/R— H, ,(Z)1R,
18 an isomorphism.

PROOF. Let us first check that if u belongs to Hé7#(Z) for —1/2 < a <1/2, then Au
belongs to H;;E(Z) Indeed, for any ¢ € Dy (Z), we can write

(A, 0)p1, (2), 04 (2)| = (VU Vo) 12 (2),2 ()] < IVullLz2)IVellz (z) = IVullez ) lelar |, 2)-

Since —1/2 < a < 1/2, then thanks to Theorem the semi-norm |.|g1 L(2) 182
norm on H!, ,(Z)/R. Therefore, we deduce that Au € H_,(Z)LR.
Observe now that for any function v € H, é 4(2), there exists a constant k s.t.

Hu_k||L2 (2) = lnf”U_C”L2 _.(2)

12



Since the functional is convex wrt ¢ one derives easily that k(u) necessarily satisfies :

/ up?2=2) dy
k(u) = 22—

/ p(2a72) dy
Z

A simple use of Jensen inequality proves that
2 2
(k) < C@)ullys sy

Next, we first prove the statement for —1/2 < o < 0. To do so, we prove the inf-sup
condition. Set w := p® and define

v(u) = w?(u — k(u)).
Let us prove that v(u) € H', ,(Z) for any —1/2 < o < 0. Tt is clear that
||’U(u)||L2_Q_1(Z) = [lu— k(U)HLg_l(z)'

Consequently, for the particular case o = —1/2 we also have

(22) 11+ 7)o@z, ) < Cllu— k@lzz, (2.

Note that inequality is needed, since logarithmic weight appears in the space

Hll/2 4(Z) (see (8)). Furthermore, direct computations show that Vou(u) = 2wVw(u—

k(u)) + w?Vu and 9y,w = ayzp®~2 which implies that |[Vw| < Cp*~L. It follows that
1902 z) < Cllu— k@l .

This shows that for any —1/2 < o <0, v(u) € Hla,#(Z) and

(23) ”U(U)HHia)#(z) <Cllu— k(u)”H}%#(Z)-

Now, one has :

a(u,v):/ZVu-Vvdy :/Z|Vu| w’+ Vu - (V) (u—k(u))dy.

One focuses on the last term of the rhs, uses the divergence formula and writes

/w Vo) (u—k(u :——/A Ydy :—/Z{<Aw>w+|w|2}<u—k<u>>2

a—2

Using again that dy,w = ayap one has explicitly that

2
(Aw)w + |Vw|? = (2(@2 _ 1)% + a) p20=2),

13
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Since —1/2 < a < 0, we clearly have
(Aw)w + |Vw|? < 0.
This allows to write:
a(u,v(u)) > / |Vul*w?dy.
z
Thanks to Theorem and inequality , we can write

a(u,v(u)) > / VuPw?dy > Cllullms ,ysle@la: o)

The above inequality allows to obtain the inf-sup condition which proves that the
Laplace operator defined by

(24) A:H, 4 /R H L, (Z)1R

is an isomorphism provided that —1/2 < o < 0. By duality and transposition, the
Laplace operator defined by is also an isomorphism for 0 < o < 1/2. This ends
the proof. O

It remains to extend the isomorphism result to any a € R and to any m € Z. For
this sake, we state some regularity results for the Laplace operator in Z.

THEOREM 5.2. Let « be a real number such that —1/2 < o < 1/2 and let £ be an
integer. Then the Laplace operator defined by

(25) A HL ,(Z2)/R e H P (Z) LR

is an tsomorphism.

PROOF. Owing to Theorem [5.1] the claim is true for £ = 0. Assume that it is true for
£ = k and let us prove that it is still true for £ = k + 1. The Laplace operator defined
by is clearly linear and continuous. It is also injective : if u € Hﬁii_s_l’#(Z) and
Awu = 0 then v is constant. To prove that it is onto, let f be given in H§+k+1)#(Z)LR.

According to @[), f belongs to H- L (Z)LR. Then the induction assumption implies

a+k,#
that there exists u € Hiii#(Z) such that Au = f. Next, we have
(26) A(poiu) = pd; f + Oiuldp +2Vp - V(0;u).

Using (6), (), and (12), all the terms of the right-hand side belong to H_ 1%, (Z).
This implies that A(pd;u) belongs to Hojzl;é(Z) Therefore, A(pd;u) also belongs
to H;_E;gfl’#(Z). Moreover, u belonging to Héi’,‘;#(Z) implies that pd;u belongs
H§+k_1)#(Z) and for any ¢ € Hz?xk—k-s-l,#(z)’ we have

(A(pﬁiu), 50>H;ﬁflj#(Z)fog’ikﬂ,#(Z) = <Paiu> A‘P>H§+kfl’#(z)XH:k7k+l=#(z)-

14



Since R C HE;]ik+1,#(Z)7 we can take ¢ € R which implies that Ap = 0. It follows

that A(pd;u) belongs to H;}_z];é(Z )LR. Thanks to the induction assumption, there

exists v in Hiii#(Z) such that
Av = A(pdiu).

Hence, the difference v — p0;u is a constant. Since the constants are in Hiii 4(2), we

deduce that pd;u belongs to H;I’;#(Z) which implies that u« belongs to Hziﬁﬂ’# (Z).
U

REMARK 5.1. Let us point out that the above theorem excludes the values a €
{—1,1}: due to logarithmic weights, the space H11/2,#(Z> is not included in L%l/z(Z).
By duality, this also implies that the space L%/Q(Z) is not included in H:ll/Q’#(Z).

Therefore, in for « = 1/2, the term d;ulp does not belong to Hl_/l2 #(Z). Thus,

in this paper, the extension of to any a € R will exclude some values of « that
are called critical values and belong to the set Z + % Furthermore, tough is valid
for the critical values a@ = i%,
We deal with the critical cases in a forthcoming paper.

we shall exclude these values here for sake of clarity.

REMARK 5.2. Applying the theorem above to the particular case when £ = 1, we
derive a weighted version of Calderén-Zygmund inequalities [12]. More precisely, let «
be a real number such that 1/2 < o < 3/2, then there exists a constant C' > 0, such
that for any v € Dy (Z) :

(27) ||8iajuHLg(z) < C”Au”Lg(zy
Using and thanks to the Closed Range Theorem of Banach, we prove that :

THEOREM 5.3. Let a be a real number satisfying 1/2 < o < 3/2. For m € N,
m > 3, the following operator

(28) A H W (Z) [Py HY G2 (2) [Py
18 an isomorphism.
The next claim is then a straightforward consequence of the latter result.

THEOREM 5.4. Let a be a real number satisfying 1/2 < a < 3/2. For m € N,
m > 3, the following operator

(29) A HL' Y (2) /Py HY LA (Z)
is an isomorphism.
The next theorem extends Theorem [5.1]

THEOREM 5.5. Let a be a real number satisfying 1/2 < a < 3/2 and let £ > 1 be a

15



given integer. Then the Laplace operators defined by

(30) A Hia%,#(z)ﬂpﬁe = H:iw,#(Z)J—P—AlM
and
(31) A Hy yy(2)[P5 - H;_lz,#(Z)J—PlA—e

are 1somorphisms.

PRrROOF. Observe first that when ¢ = 1, the result is proved in Theorem Observe
next that if m > 2 is an integer, the mapping

A H'W(Z) /PRy HY P (Z)1PE, L,

is onto. Indeed, if m = 2, this isomorphism is exactly defined by with £ = 1. If
m > 3, it is defined by . Now through duality and transposition, the mapping

A HZHA(Z)PA, Ly s HOM L, (Z) LB,

is onto. Next, using the same arguments as in the proof of Theorem we are able
to show that for any integer ¢ > 1, the operator

A H:Qnﬁ?;e(z)/P—Amn = H:;nﬁf#(z)J‘PmA”

is an isomorphism. Choosing m = {41, the operator defined by is an isomorphism.
By duality and transposition, the mapping defined by is onto as well.
O

REMARK 5.3. Summarizing theorems [5.1] and we deduce that, for any o € R
such that o ¢ Z + %, the mapping

(32) A HY y(2) /Py o) = Hy W (Z) 1P g0

is an isomorphism . As a consequence, for any m € Z, for any o € R such that
o ¢ Z + %, the mapping

m ‘A m ‘A
(33) A HIZ2(Z) Pissjoa) = Hiw(Z2)LP2, 1o
is an isomorphism. This result is stated in Theorem |1.1

We end this section with a proposition that gives a property of all distribution u €
D), (Z) satistying Vu € L? ,(Z). The proof of the proposition is given in
2

PROPOSITION 5.2. Let u € Dy(Z) such that Vu € L? ,(Z). Thenu e H',
2 2

and there exists a constant C > 0 such that

,(2)

)

lullg | (zym < ClVullr2 | (z)-
2

1.#
16



6. The Green function and convolution in weighted spaces
The purpose of this section is threefold:
(i) we look for the fundamental solution for the Laplace equation in Z
(ii) we estimate the convolution with this solution in weighted Sobolev spaces

(iii) we identify the solution of found in the previous section with the convolu-

tion between the fundamental solution ans the datum f. This amount to prove
Theorem [[L2

To achieve the first goal, we use the MFT defined in Section

6.1. The Green function for periodic strips
We aim at solving the fundamental equation:

(34) —-AG =9y inZ,

stated here in the sense of tempered distributions. Then G should satisfy, in S(I')":
(B +P)F(G) = 1.

The proposition below gives the expression of the Green function.

PROPOSITION 6.1. The Green function G solving is a tempered distribution
and it reads
e—|1~€||y2\+il~€y1
W 2l ¢ = Gi(y) + Ga(y), VyeZ,

where
e Elly2|+iky

1
= and G = ——|ysl.
] 2(y) 2|y2\

Gi(y) = % Z

kez~

Moreover, one has G € L*(Z)N L*(Z) and thus G € L (Z). The Green function
can be written in a more compact expression :

G(y) = —% In(2 (cosh(2mys) — cos(2my1))).

Notice that the Green function is odd with respect to y.
The proof of this proposition is given in [Bl One can easily obtain the asymptotic
behavior of the Green function. As |ys| tends to infinity, we have

(35)
IG(y)| < Clyal, |VG(y)| <C and |0°G(y)| < Ce 2l < Cp(y2) ™7, Vo €R.

17



Note that the estimate on the derivatives of second order on G is proved in (Lemma
. Moreover, as |y2| tends to infinity, we also have

(36) G1(y)] < Cply2)™7, Yo >0, ¥y €(0,1).

Before proving weighted estimates on the Green function, we shall define the convolu-
tion if f € Du(Z), i.e.

G*f=/ZG(w—y)f(y)dy=/ZG(y)f(w—y)dy-

Thus the convolution G * f belongs to C3(Z). Moreover, thanks to (34), we have
AG+f)=finZ

6.2. First properties of the convolution with the fundamental solution
DEFINITION 6.1. For any function f in L*(Z) the horizontal average f reads :

Fy2) = /O Sy, y2)dys .-

We continue with a property of the convolution between the Green function and data
that have zero horizontal average.

LEMMA 6.1. For any h € Dy(Z) such that h =0 one has :
0%Goxh =0, ae inZ, acN st |af€{0,1,2}.
PROOF. Gy is a tempered distribution, the convolution with h € Dy (Z) makes sense :

< Gaxhyp >p1, (2)xDy(2)=< G2, (h¥p) >D, (2)xDy(2)

/|x2|/ (@ + y)oly)dydz — - /|x2|/ (22 + y2) p(y)dydars = 0.

The same proof holds for derivatives as well. As this is true for every ¢ € Sx(Z), the
result is proved. O

By the same way one has the complementary counterpart :
LEMMA 6.2. For any h € Dy (Z) such that h only depends on yo one has :
0%G1+h=0, ae inZ «acN st ac{01,2}.

LEMMA 6.3. We define the horizontal Fourier transform, given f € L*(2)

1 -
Fulf)(k, o) = / Fny)e ™y, VkeZ, aeyscR.
0

18



If we define the convolution operators : for g € LY(Z)N L*(Z) and f € L*(2)

g*yf:/zg(m—y)f(y)d% (9 *y, f)(@1, 29, 21) :=/9($17$2—yz)f(m,yz)dyz,

R

then one has
‘Fk(g *y f)(kva) = (}—kg *yo ]:kf)(kaZQ)a Vk € Z, a.e. Ty € R.

PROOF. If f € L?(Z) and g € (L' N L?)(Z) then the convolution with respect to both
variables is well defined. Setting

(f #y, 9) (@1, @2, 22) = / flxr =y, 22)g(y1, 22)dyn,
R
almost everywhere in y5 and for every k € Z one has

F (f *y1 g(l‘l,l‘g - y2,y2)) = (]:kf)(k’x2 - y2)(]:/€g)(kay2)'

Integrals in the vertical direction commute with the horizontal Fourier transform due
to Fubini’s theorem. So one shall write :

/]:k (f *y1 9) (k22 — y2,y2)dy2 = Fi </(f *y, 9) (K, 22 — y27y2)dy2)
R R
= Fi(f #y 9)(k, z2),
which ends the proof. O

LEMMA 6.4. For f € L3(Z), one has

||f||2L§(Z) = Z ||-7:k(f)||2Lg(R)a VB eR.

kEZ

The proof the above lemma is given in [C}

LEMMA 6.5. Let a € R s.t. |a] > 1 then for any real b, one has

< Cp(a)~"

, z€R
lal

I(z) :Z/Re"“”x‘y'p(y)"’dy

6.3. Non-homogeneous estimates
PROPOSITION 6.2. Let us set 8 a real number. Then for every f € Dy(Z)

- — p 1
H@”‘G* (f - f)HLg,(Z) < CHf o fHLg(Z)’ VB <B- 92’ o € {0, 1},

where the constant C' is independent of the data.
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PROOF. Set again h:= f — f. By Lemma:

&3 leY o 2
10°G * h||2Lg,(z) = [|0°G1 * h||ig,(2) =) ||F(05Gy %y h)HL;,(R)
keZ*

= 3[R A« Fulh)|

kez>

2

L2, (R)

For all k € Z*, thanks to Lemma [6.5] a.e.  in Z,

e~ Elly2—w|

(i) Fu(@3.G) m Fil)] < [ Fulh) k. y2)ds

R |k[1-led

-B
p(x _
< CIFE Mge) ey < CIFME gy pe2)

for a multi-index s.t. |a| € {0,1}. Then

o 2 2 ’_
106+ ity 2y < 3 IF) K Fygmy [ o) e < €Il
kez*
iftg <p—1/2. O
We first have the following result.

THEOREM 6.1. Let a be a real number such that o > 3/2 and f € Dy(Z), then for
any € > 0 one has

HG2 *7_ H(.7?)’|Li,2,e(z) S CHf”Li(Z)

where
H(aa.1) = 5 (1oa] | Toom)doe —seaes) [ T )

Furthermore, if f is orthogonal to polynomials of P}, namely f € Du(Z)LP, then
H(., f) =0 and the above estimate is reduced to

1G2 = fll 2

a—2—¢

2) S Cllfllrz (2)-

PROOF. As the argumentation is purely one-dimensional, we denote by f the average
of f in the y; direction omitting the overline symbol. Note that we can write the
convolution |za| * f explicitly:

(oal ) = [ (o2 =) Fuhe — [ :om — ) (o)
= T < _Z f(y2)dya — /: f(yz)dyz) + (— /_Z Y2 f (y2)dy + /: yzf(yz)dy2) -
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Pointwize considerations show that

1

§|:172| x f ~ H(xq, f), when |za| = co.
Indeed,

|zo| * f *2 (ffio f(y2)dyz — f;; f(yz)dyz)

|z2] |z2]

— / f(y2)dys when |zo| — 0o
R

and

</ ) y2 f (y2)dy2 +/ y2f(y2)dy2) — *Sgn(@)/Ryzf(m)dyQ when |z2| = oco.

—o00 T2

A more specific calculation shows that actually

%|x2| s f — H(xa, f) =|xa| (/_oo f(y2)dy2lp_(z2) — /f f(y2)dyz T, (xg))

wsmnten) ([ sn)ite o)+ [

—o00 T2

o f (y)dye Tz, <z2>> |

Provided that « belongs to the correct interval, an easy use of Holder estimates shows
then that:

1 -
‘2'“ *f_H(”“"%f)’ < Cp2 (@)l fllp2(z)y Va2 €R

which then multiplying by the appropriate weight on both sides and integrating wrt
To gives the desired result. O

The below lemma is used in the next theorem and also to get weighted estimates on
the convolution with the derivative of the Green function.

LEMMA 6.6. Let « € R, f € Dy(Z) and € a positive real parameter.

(i) If a > % and if f is orthogonal to R, namely f € Dy(Z)LR, then
|sgn *7||Lg_1_g(z) < Oz (z)-
(i) o< L, then
|sgn *?HLi_l_F(Z)/R < Oz 2y

PRrROOF. (i) Suppose in a first step that f does not satisfy the polar condition f1R.

For a > %, the constants belong to L2, this implies in an obvious way that
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fR y2)dys is well defined. Then one writes :

(sgn(z2) * f)(x) =/ ) ?(yz)dyz—/ f(y2) dys.

Y2>T2

For x5 tending to infinity, f * sgn(xs) behaves as sgn(xs) fR f. Indeed

(sgn(w2)  F)(z) — sgn(s /

—2‘(/ f(s ) (/f >1R+(xz)
<2l ({ | <y2>dy2} e o)+ { [0 i

< Clfllya 0 (a2).

[N

IL]R+ (x2)>

Notice that since v > 1/2, the integrals [“2 p~2*(y)dys and f;o 2% (y2)dyo
are defined. Then taking the square, multiplying by p?? and integrating wrt

sgn(wy) * f — sgn(zz) /f

2 —2a
< C||f||Lg(z)/P1 20120 (19 g,
L3(2) R

which is bounded, provided that 8 < a — 1. Taking into account the polar
condition f1R gives then the first statement.

(ii) We use a duality argument. For any ¢ € Dx(Z), one can write

|<sgn*f ®)pr " (2), Dy Z)| = |<fngn*<P>L2(z) L2 (Z)‘

<\fllzzzlsen* ellrz (z) < 1fllez(z)llellc Z)1Rs

—a+l+s(

the last inequality being true using the first statement of the theorem provided
that —a + 14 € > 1/2, which is the case if @ < 1 and € > 0. This proves the
second statement.

O

Similarly to Theorem thanks to the previous lemma, one gets

THEOREM 6.2. Assume o be a real number such that 3 < o < 3. If f € Dy(Z)LR
then for any € > 0 one has

162 Tllzz_,_ (2 < CM Iz )

The proof of this above theorem is given in
We can now summarized Theorem Lemma [6.6] and Theorem [6.2}

THEOREM 6.3. Assume o € R and f € Dy(Z)LP2

4(0,—a)s Where q(0, —a) is defined
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by Proposition|2.4. Then for any € > 0, we have

G2 *?||Li727€(Z)/]P’E§7 ] < Clfllzz(z)-

PROOF. Let us first observe that the space of the harmonical polynomials of

L2 _,_.(Z) that only depend on ys is the space IP;?O a—2—¢)- But since € > 0 is arbi-

«

trary, then using (14), we have ]P’:I?O a—2—¢) = IPl[gAf E Furthermore, using again ([14]),
) 2 (0%
we also have
, R if 1/2<a<3/2, , Rif 1/2<a <3/2,
P, —a) = / / and P gﬁa] = / /
2

P} if o> 3/2 {0} if a> 3/2.
Therefore thanks to Theorem and Theorem the statement is proved for a > %
Now as for Lemma for the case a < %, we use a duality argument. For any
@ € Dy(Z), one can write

(Go * f, @)D;&(Z),D#(Zﬂ =[(f,Ga % ¢>Li(Z)J-P;?o,fa)’LZ—Q(Z)/P;(AO,fm

<z G xelire (zyma

< ||f||L§(Z)H90||L3 (z)m»[g J
o

a+2+e o

N|—

the last inequality being true provided that —a+2+¢€¢ > % which is the case if o <
O

We extend the above statement to data that belong to L2 (Z2).

THEOREM 6.4. Let « € R and recall that q(0,—«) is defined by . Then for
any function f € Li(Z)LP;%Oﬁa), one defines by density the convolution G * f as a
function in
Hé_l_ey#(Z)/]P’l[g_a], for any € > 0, and one has the estimates

G = f|‘Hc1¥717€,#(Z)/PE§7 ] S COlfllpz 2y
2 [e3

20, -a)’
where the constant C' does not depend on the data.

PROOF. The result is obtained by density. Proceeding as in the proof of Theorem
one is able to construct a regular sequence f5 € Dx(Z) orthogonal to ]P)Z](AO,fa)
converging strongly to f in the L?(Z) norm. Then Lemma and provide the
decomposition :

(37) Gxfs=Gx(fs— [f5)+Gxfs=GCG1x(fs — f5) + G2 * fs.

Then it suffices now to apply Proposition [6.2] Lemma [6.6] and Theorem [6.3] to obtain
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that
G * f§|‘H;_1_F(Z)/PE§7Q] < Of|Gr=(fs _?5)HH;71751#(Z) +|Ge *?6"11;7176(2)/1?{%{&]

< C||f5||L§(Z)J_IP’;(AO,7u) = O||f||LZ(Z)ﬂP’;<Ao,—a>'

Then passing to the limit wrt § extends the convolution to any function f €

We generalize the latter convolutions to weak data, namely, to f € H_ ;(Z ).

PROPOSITION 6.3. Let o € R and f € H, ', (Z) P2

4(1,—a)s Where q(1, —«) is defined
by ' Th@’n,, fOT any € > O, we have

1G = f||Li7175(Z)/]P11A ] < CHf”H;l#(z)a
Ta ,

where C' is independent on f.

PROOF. The proof is again based on a duality argument. Indeed, thanks to Theorem
for any ¢ € Dy (Z), we can write

(f,G* (p>H;Y1#(Z)J_]P;(AL XHY, L(2)/P8 < ||f||H;;t(Z)||G * (p”Hia,#(Z)/IP’;(AL,

—a) o)

< OH‘f”H;,l#(Z)||(p||L2—a+1+e(Z)L]P’£,a]’

which proves the claim. O

We are now in a position to give the proof of Theorem

Sketch of the proof of Theorem[I.4 Observe first that since we assume that o & Z+ 3,
then the polynomial spaces IP’;?L_O‘) and IP’/UA/Q +a] coincide. We shall now decompose
the proof into two steps:

1. In the first step we prove the statement for m = —1 which amount to prove that
if @ € R satisfies « ¢ Z+ 1, and f € H;;(Z)J_IP%/HQ], then G f € Hclé#(Z)

is a solution of the Laplace equation unique up to a polynomial of ]P)ElA/Q—a}'
Moreover, we have the estimate

HG*JC”H;Y#(Z)/IPEA SOHJC||H;’1#(Z)~

1/2—a]

Since f € H;;(Z)J_]P’/[f/ﬂap then on t/he one hand, Proposition
yields that G * f belongs to L?2 (Z)/IE”@i
2

e for any ¢ > 0, and on

al’

the other hand, isomorphism shows that there exists a unique u in

Hé#(Z)/IP’l[ff ) C L? (Z)/]P’/[fi e Therefore thanks to Proposition
) b (03 3 (03

a—1l—e

u— G * f is a polynomial of IP’,[AA_Q] C Holé)#(Z) which in turn shows that G x f
belongs to H: ,(Z)/P/& .
. # [2 a]
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2. In the second step we first assume m > 0, a € R satisfying o ¢

Z+ 1 and let f € Hgf#(Z)J_IP’/[fmfl/Ha]. Then it is clear that f €
Ho;lmq,#(z)LP/[émq/era]- On the one hand, from the first step G * f belongs
to the space Hé_m_L#(Z)/IP’/[TAn%/%a}. On the other hand, from , there ex-

ists a unique u in H;ﬁ;z(Z)/PﬁH/%a], a subset of Holﬁmflv#(Z)/IP’/[ﬁH/%a}.
‘A

Then using Proposition we have u — G * f € P[m+3/2_a].
Finally using a duality argument we prove the statement for m < 0 and o € R
satisfying o ¢ Z + 1.

0

7. Solutions for data not satisfying any polar condition

We recall here Lemma 4.9 p. 40 [1],

LEMMA 7.1. Let E be a Banach space, F' a dense subset in E, M a subspace of finite
dimension k of E' and (f1,..., fr) a basis in M there exists a sequence (gi,...,gr) in
F s.t.

< fi,9; > ,E= 0ij,

and every element ¢ € E can be decomposed as ¢ = gy + h s.t.

k
go= <hfi>g, h=¢—g

i=1
where go € F and h € E1LM.

We now give a result that solves when the datum f does not satisfy any polar
condition.

THEOREM 7.1. Let m € N and a € (3 + m,00) and a ¢ Z+ 1. If f € HY,(Z),
(f does not satisfy any polar condition) there exists a unique u € H;Tj_ri_é #(Z)/]P”IA
39,
solving . Moreover there exists g € Du(Z) s.t.

Ju—(1- X(|y2|))H0(y2;9)||H;'f;2(z) < C||fHH$#(Z)

where the constant does not depend on the data mor on u and x is a cut-off function
equal to 1 in the neighborhood of zero and vanishing out of a compact support.

ProoOF. By Lemma one has the decomposition f = h + g where h €

HZT#(Z)J_]P’EA717 jand g € D4(Z). By there exists a unique uy € H;”;2(Z)/
El e} 2 m )

]P’/[ﬁ +3-a] solving —Awuyp, = h. On the other hand, by Theorem combined with the
2

proof of Lemma [6.6, and Theorem [2} in [F] one gets easily, because of the compact
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support of g, that uy, = G * g satisfies
”Ug - (1 - X(|y2|))H0(y27g)”HZ”;f‘;‘#(@ < C”QHH;H,Y#(z)

for all o > % +m. Ifa> % + m, we choose o/ = a + 2§ otherwise any o’ > % +mis
convenient. This gives finally, setting u := ug + uy,, that

lu = (= x(ly2D) Ho(yz: Dl iz (z) < Cllf i, 2y

Because f € H™" tis #(Z ) using the isomorphisms already established one concludes
30,
that there exists a solution u; € H™"2 (Z) solving (1). Both uy and u belong
metL 5.4

to H* 1-s, #(Z ) and using isomorphisms results in this latter space by uniqueness one

identifies ¥ = uy modulo polynomials in P2 which ends the proof. O

Appendices

A. Proof of Proposition

For the proof of Proposition the ideas of the proof come from [2] and [23]. Let u
be in H]',(Z).

(i) We first approximate u by functions with compact support in the ys direction.
Let ® € C*°([0, 00]) such that ®(¢) =0for 0 <t <1,0<P(t) <1,for 1 <t <2
and ®(t) =1, for t > 2. For £ € N, we introduce the function ®,, defined by

(38) =14 " (12) =t

1 otherwise.

Note that we have ®(t) = 1if 0 <t < et’?2 0 < Dy(t) < 1if et/?2 <t < el and
y(t) = 0 if t > ef. Moreover, for all £ > 2, ¢t € [e//2,¢f], A € N, owing that
t<V1+t2<+/2tand Int <In(2+t?) < 3Int, we prove that (see [2], Lemma
7.1):

d* 14 c
— o — )< ,
dt  \Int /| =~ (14 t2)M21In(2 + t2)

where C' is a constant independent of ¢. For a.e. y € Z, we set u(y) =
u(y)®Pe(y2). Then, proceeding as in [2] (Theorem 7.2), one checks easily that
uy belongs to Hgf#(Z), has a compact support in the ys direction, and that wu,
converges to u in H}', (Z) as £ tends to oo.

Thus, the functions of HY #(Z) with compact support in the y, direction are
dense in H}' #(Z ) and, we may assume that u has a compact support in the y,
direction.
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(i) Let @ be a periodical D(R)-partition of unity and let (¢;);en be a sequence such
that o; € D(R?), o > 0, [go ovj()dz =1 and the support of «; is included in
the closed ball of radius ; > 0 and centered at (0,0) where r; — 0 as j — occ.
It is well known that as j — oo, «; converges in the distributional sense to the
Dirac measure. We set w(y) = 0(y1)u(y). Then w belongs to H™(R?) and has
a compact support. Moreover, since wf = 1, we have ww = w(fu) = (Wh)u = u.
We define ¢; = w*a;. Then ¢; belongs to D(R?) and converges to w in H™(R?)
as j tends to co. Let 9); = @Wep;, then ¢; belongs to Dy (Z) and thanks to Lemma
Y; converges to ww = u in H}',(Z) as j tends to oo.

B. Proof of Proposition 6.1

We define:
- ’i[yQ R Z[‘yz‘
G= lim Gy= lim Y Jie™ with Jk:/ © " _dl= lim /  _al
N—o00 N—o00 R k2+l2 R—oo J_p k2+12

|[k|<N

The absolute value in the last right hand side is added as follows:

ilyz oo ilys —ilys 00 (7 oo (7
/;dz:/ %dzzg/ Mdlﬂ/ cos(llyzl)
R k2412 o K2+ 0 k2412 o k2412

Proceeding as in example 1 p. 58 [25], one has, extending the integral to the complex
plane, that

etZly2l etlv2l
Jp = lim ———dz = lim % = —dz
R=oo Jop k% + 22 oo Jon (2 4 ilk])(Z —ilk])
1 f(z) e_”;"”yZ‘

lim — -
R—o0 27 [ 2 — |k

)

dz = if(ilk[) = 2|]~€|

where C := {z € C; [2| = R and Jm(z) > 0} U ([-R; R] x { 0}) as depicted in fig.
and §(z) := e**1%21 /(2 +i|k|), being a holomorphic function inside Cr. The 1D-Fourier

Jm(z)

Cr

(—R.0) (R.0)  se(2)

Figure 1. Path of integration in the complex plane
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transform of the tempered distribution |y| is —2/ 12, thus one concludes formally that

eily2 1
— [ = 2yl
Jo /R % 3 |y

The L? bound is achieved thanks to the Parseval formula

2 2
G laiz) = IF O ooy = 3 | o
kezZ* kEZ*

One recalls the expansion in series of the logarithm :

n(l —z) Zf’ VzeC:lz| < 1.
k=1

Thus for y #0

1 . 1 .
Gi(y) = _Tmeln {1 _ eQW(—|y2|+zy1)} — —5- In ’1 _ e2m(=ly2l+iv1)

s

1 1
_ T In {e—w|y2|\/§(cosh(27r|y2|) — COS(27Ty1)) 2 }
™

_ vl 1
=5 = Eln( (cosh(2mys) — cos(27y1))),

which gives the desired result for G. [

C. Proof of Lemma [6.5]

We set |z| = R and let Ry be a real such that Ry > 1. We define three regions of the
real line :

Dy := B(0,R/2), D,:=B(0,2R)\ B(0,R/2), Ds:=R\ B(0,2R)

Decomposing the convolution integral in these three parts, one gets :

3
I(z) = ZL’(LU), where I,;(z) = / e—lal\w—ylp(y)—b dy.
i=1 ;
We have two cases to investigate : R > Ry and R < Ry.
(a) If R> Ry

(i) On |y| < R/2, |x — y| ~ R so that

L(z) ~ e lIR / (1 + ly))~dy.
ly|<

vl
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According to the value of b, one has

1 ifto>1,
Ii(x) < Ce Il ! R ifo<b<1,
R ifp<o.

As R > 1, there holds

o—lalR (o] +1)!
= (a7

Setting
a(b) == b1y1 yoo[(b) + (1 +b) 11o,1)(b) + 1j—0,01(D),

one recovers the claim in that case.

(i) On R/2 < |y| < 2R, ly| ~ R
L(z) ~ R~ / elalle=vl gy,
L<|y|<2R

because |z — y| < 3R, one has I(z) ~ R~%/lal.
(iii) On the rest of the line |y| > 2R, |z — y| ~ |y|, so that

Iy(a) ~ / elalvl|y| by,
ly|>2R

Two situations occur :

e cither b < 0 then we set b := [~b] + 1 and one has
/ e~y ~bdy < ot " Rgigl(laR)”
ly|>2R B |a| =0 (b—p)!
—la|R . _ _ —b
< Ce binh < C)R
|al lal

In the latter inequality we used decreasing properties of the exponential
function in order to fix the correct behavior for large R.

e either b > 0 and one has directly that

/ e=lallvl |y |ty < R—b/ e~lallul gy,
ly|>2R ly|>R

(b) Otherwise, if R < Ry then p(z —y) ~ p(y), and thus

I(x) ~ / eVl p(y)~bay < g O
R |al
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D. Proof of Theorem [6.2]

As is the proofs of Theorem [6.1] and Lemma [6.6] the proof is essentially 1D. Let us
choose f € Du(R)LR and a test function ¢ € L3_,, (R)LR. We construct (¢5)s €
D(R)LR s.t. @5 = ¢ in L3_,, (R)LR : by truncation and smoothing we set ¢5 €
Dy(Z) st. s — ¢ in L3_, (R)LR strongly. Then we choose an arbitrary function
U € Dyu(Z) sit. Jz Y¥dy = 1 and set

©s(y) = 1s(y) — (/R %dy) .

It is easy to check that ¢s5 LR and that for every e; there exists gy s.t. § < dg,

I

<61

+

L} oy (®)

1
-3

los = @llzy_, m <5 —ollpy @+ (‘/ edy
—oo

< e /242057l

2—a+te

i

L%—a-}—e(R)

where we used that

O; being the standard mollifier whose mean value is one, presented in (ii) part of the
proof of Proposition [2.3] we used also the fact that

/]_ [gpdz:— (/]_Do _l[godz—&-/]l,oo[godz).

[ 5
due to the orthogonality condition [ ¢dy = 0. Then |z|* ;s is infinitely differentiable
and one can apply the Taylor expansion with the integral rest :

11
576

[l s os)@)f@)da
-/ {<|x| <o)+ [ os sgn)(s)ds} flads = [ 160) [ (s nsg)(s)isis

Note that the regularization of ¢ plays here a crucial role since |z|x©(0) = [ |z|¢(z)dzx

does not make sense if ¢ € L3_,, (R) for a €]1,3]. Proceeding as in the proof of

Lemma one has

_1
< ||<P<5||Lgfa+€(z)/’a 27 (2),

x
/ s * sgn(s) ds
0

leading to

<Clwsllez . @

[ s esemeras

L2, ()
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with a < % + €. Thus one has

[ el en)(@t@dads| < Oz wlienlus ..o
R

Moreover, one needs that R € L2 (R), which is true if o > % It is not difficult to
prove by similar arguments that

tiy [ (s esm)(e)s = [ o))

strongly in the L2 _(R) topology. As in the proof of Lemma by Fubini,

[ s =2 [ { | et - [ @<t>dtns>o<s>} ds =2 [ a(e)as.

As g is a C! function on any compact set in R, one can integrate by parts on (0, ) :

/0”” a(s)ds = [g(s)s]g — /070 g'(s) sds.

Using this in the right hand side of the previous limit, one writes

vi= [ @) e smeasie =2 [ 1) {atwro - [t sdsfaa
:2{/]R f(x)x/i o(t)dtdr — f(x)x/x dtdx—/f / sds}
:Q/Rf(x)x[ dtdxf2/f / s)sdsdr =: A — B.

By Holder estimates the integrals above are well defined. Fubini’s theorem allows then
to switch integration order. Using the orthogonality condition on ¢ and on f, one may
easily show that

—2/ f(z (/ dt) dx—/f {/ cp(s)ds—/:ow(s)ds} dz
/RS“”(S’{/S sfs— [ afyc}as
B=2{/R+f<x>/:ssa(s>dsdx—/_f<x>Los¢<s>dsdx}

- { / RS | s@sas— [ ot [ f(ar)dxds}
*Q/RSSD(S) /; f(x)dxds_/ngo(s){/:o f(x)da:ds/; f(x)da:} ds
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These computations give :

A—B:/ @(s){/goo(x—s)f(x)da:—/s (:c—s)f(:c)d:z:}ds

R, , .

= [oto) [ o= slrt@ytnds = [ os)(al = ).

And because

. _ (lz] * f, )
f fllz« f+ A2 @ = sup T

p€EL? (R)LR ||%0||L2

(24€)—a (2+e)7a(R)

the final claim follows.

E. Proposition

We define V := {u € Dg(2) s.t. divu = 0}, V*+ = (9,,,—09,,)7 a subspace of
H,, 4(Z) denoted V, := {u € L2(Z) s.t. divu = 0}.

[e%

PROPOSITION 1. Let a = % given a function u € V, then there exists a function
p € Hi ,(Z) s.t.
3

Vip=u, aeyeZ

PROOF. We use the isomorphisms of the Laplace operator of Theorem A simple
computation gives that rotu € H Zl#(Z )LR thus : looking for ¢ s.t.
3

Ap =rotu, y € Z.

there exists a unique ¢ € H} " (Z) /R solving this problem. Then applying the operator
3

V+ to this equation one gets:
A(Vtp—u)=0
which by Proposition [5.1] implies the claim. O
PROPOSITION 2. If a = %, the set V is dense in V.

ProoOF. We takeu € V, and by Propositionwe construct ¢ € H} #(Z)/R satisfying
ol

V1p = u. We approximate it by a sequence ¢; € Dx(Z), as V* is a continuous
operator one has

Ve, — Ve,  strongly in L2(Z).
this ends the proof. O

We are now ready to prove the proposition. Let u € D/, (Z) such that Vu € L? ., (Z).
2
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Then for any ¢ € Dy(Z), we have
<V’LL, §0> = —<u7 div 90>a

which implies that Vu is orthogonal to V. Due to the density of V in V 1, we de-

duce that Vu is also orthogonal to V 1 Thanks to Proposition there exists

w e HY, #(Z), such that Vw = Vu. Therefore there exists K € R such that
3

w=u+K € H', #(Z). Now since constants belong to H', #(Z), we deduce
2 3
1 . oy .
that u € Hié’#(Z). The estimate follows from Proposition

F. Weighted estimates for higher order derivatives of the convolution
with G

LEMMA 1. If |ya| > 4 then for all multi-index v s.t. |y| =2 one has
|07G(y)| < Ce 712!
The constant C' does not depend on ys.

PROOF. A simple computation of second order derivatives gives :
C
2
cosh(2mys) (1 - M)

07G(y)| <

cosh(27ys2)

and the constant C' does not depend on ys. If |y2| > 4 > In(4) /27 then cosh(27ys) > 2
and thus

1 2 1
_L_ cos@myy) _1
2 " cosh(2mys) 2

thus

1
107G (y)] < C’COSh(27ry2)*1ﬁ < O'e 2l

O

LEMMA 2. If g € Dy(Z) then if we denote K := supp(g) and one denotes £ :=
Sup, c i |y2| one has that

(0G5 g) ()] < Cllgllya e ™1, Yy st lya] > max(20,2), ¥y € N2 st || =2

PRrROOF. Using that if z s.t. |z2] > 2¢ then

1
|22 — 42| > §|Z2\ >/

33



thus applying the previous lemma, one has then also that
(07G)(z — y)| < Ce 222l < Cemml22l | vz st |z] > 20

Now multiplying (07G)(z — y) by g(y) and integrating then with respect to y on K,
one has the claim. O

THEOREM 1. If g € Dy (Z) then OYG x g € L2(Z) for any a € R, and one has
107G gl 12z < Cllgllpz(z), Vv € N? s.t. |y =2
where the constant C' does not depend on the data.

PROOF. As g is in Dy(Z) it belongs to H]',(Z) for all m € Z and « € R. Applying
Theorem one obtains that G g is HI%Q 4(Z) which implies that on every compact
set K’ one has

107G * 9||L3(K/) < C\\!J\\Lg(Z)-

Using then Lemma [2] one has that

107G « g||Lg(Z\K/) < CHgHLl(Z)

If K’ is chosen big enough. As g is compactly supported, all weighted norms are
equivalent, which ends the proof. O

By similar arguments one can prove as well :

THEOREM 2. If g € Dy(Z) then 07G x g € L2(Z) for any a € R and any multi-
index vy s.t. |y| > 2, and one has

107G * gl 12 z) < Cllgll 2 z)-
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