INVERSE ZERO-SUM PROBLEMS

WEIDONG GAO, ALFRED GEROLDINGER AND WOLFGANG A. SCHMID

1. INTRODUCTION

Let G be an additive finite abelian group with exponent exp(G) = n.
We define some central invariants in zero-sum theory: Let

e D(G) denote the smallest integer [ € N such that every sequence S
over GG of length |S| > [ has a zero-sum subsequence.

e 1(G) denote the smallest integer [ € N such that every sequence
S over G of length |S| > [ has a zero-sum subsequence 7" of length
T| € [1,n].

e s(GG) denote the smallest integer [ € N such that every sequence
S over G of length |S| > has a zero-sum subsequence T' of length
7| = n.

All these three invariants have been studied since the 1960s initiated by
the works of P. Erdés et al. (see [17, 36], and for more detailed historical
information see [23, 24]). For groups of rank at most two the precise values
of all three invariants are well known (see Theorem 2.4). In groups of higher
rank precise values are known only in very special cases (see [10, 24, 3] and

the introduction of Section 3).

The investigation of inverse problems has a long tradition in combinato-
rial number theory (see [34]), and more recently it has been promoted by
applications in the theory of non-unique factorizations (see [30]). In the
present paper we study the inverse problems associated to the above in-
variants. More precisely, we investigate the structure of sequences of length
D(G) —1 (n(G) — 1 or s(G) — 1 respectively) that do not have a zero-sum
subsequence (of the required length). For cyclic groups these questions are
completely settled. Indeed, the answer for the invariants D(G) and n(G) is
straightforward (see Theorem 2.1), and the inverse problem for the invari-
ant s(G), with G cyclic, gave rise to a great variety of investigations (see
5,8, 18,9, 19, 4, 38, 26, 31, 29]). In this paper we study the problems for
groups G of the form G = C], with n,r > 2, where the emphasis is laid on
groups of rank two.

2000 Mathematics Subject Classification. 11P70, 11B50.
1



2 WEIDONG GAO, ALFRED GEROLDINGER AND WOLFGANG A. SCHMID

Consider the following two properties.

Property C. Every sequence S over G of length |S| = n(G) — 1 that
has no zero-sum subsequence of length in [1,n| has the form S =T""! for

some sequence T over G.

Property D. Every sequence S over G of length |S| =s(G) — 1 that
has no zero-sum subsequence of length n has the form S = T7""! for some
sequence T over G.

Property C was first considered by P. van Emde Boas and Property D by
W. Gao (see [16, 21]). At the beginning of Section 3 we discuss the state of
knowledge on these properties. In [24, Conjecture 7.2] it is conjectured that
every group G = C], where r € Nand n € N>, has Property D. In Theorem
3.2 we show that Property C and Property D are both multiplicative, and

thus this conjecture is essentially reduced to the case of elementary p-groups.

Let G =C,®C, withn > 2. It is conjectured that every minimal zero-
sum sequence S over G of length |S| = D(G) contains some element with
multiplicity n—1 (for several equivalent conditions see [30, Theorem 5.8.7]).
If this conjecture is true, then G has Property C (see [23, Theorem 6.2] and
24, Theorem 6.7.2.(b)]). In Theorem 4.1 we show that, if ¢ > 0 and n is a
sufficiently large prime, then such a sequence S contains one element with

1/4=¢ " The proof rests on a variety of addition

multiplicity greater than n
theorems, among them the Theorem of Dias da Silva-Hamidoune (which

settles the Erdés—Heilbronn conjecture).

In Section 5 we study the analogue of Property D for sets (that is, for
squarefree sequences) in the group G = C, @ C,, where p is a prime. W.
Gao and R. Thangadurai proved that the maximal size of a set S C C,®C),
for primes p > 67, without a subset of size p that sums to zero, is 2p — 2
(see [28]). In Theorem 5.1 we completely determine the structure of all
extremal sets, and moreover, we slightly improve the bound to p > 47. The
proof of the inverse result is analogue to the proof of the direct result, but
additionally employs some (recent) ideas from the study of Brakemeier’s
function due to A. Bialostocki, M. Lotspeich [5] and F. Hennecart [31] (see
Lemma 5.9).

A crucial idea in all our work on groups of rank two is to find suitable
epimorphisms to cyclic groups, to use results known for cyclic groups and
then to shift the information back to the groups of rank two. We make use
of classical results, such as the Cauchy-Davenport Theorem, and list the

other needed results on cyclic groups at the end of Section 2 (see Theorems
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2.1 to 2.3). Of course we need the solutions of the original direct problems,

which are summarized in Theorem 2.4.

Throughout this article, let G be an additive finite abelian group.

2. NOTATIONS AND SOME MAIN TOOLS

Our notations and terminology is consistent with [24] and [30]. We briefly
gather some key notions and fix the notations concerning sequences over
finite abelian groups. Let N denote the set of positive integers, P C N the
set of all prime numbers and let Ny = NU {0}. For real numbers a,b € R
we set [a,b] = {z € Z | a < x < b}, and we denote by |a| the largest
integer that is less than or equal to a, and by [a] the smallest integer that
is greater than or equal to a.

Throughout, all abelian groups will be written additively. For n € N, let
C,, denote a cyclic group with n elements. We have

G2Cp@®...0C,

T )

where r = r(G) € Ny is the rank of G, nqy,...,n, € N are integers with
1 <ny|...|n and n, = exp(G) is the exponent of G. Let s € N. An
s-tuple (eq, ..., es) of elements of G is said to be independent if e; # 0 for
all i € [1,s] and, for every s-tuple (my,...,ms) € Z°,

mier+ ...+ mges =0 implies mie; = ... =mges = 0.

An s-tuple (ey, ..., es) of elements of G is called a basis if it is independent
and G = (e1) @ ... D (es).

Let F(G) be the free abelian monoid, multiplicatively written, with basis
G. The elements of F(G) are called sequences over G. We write sequences
S € F(G) in the form

S = Hg"g(s), with v, (S) e Ny forall ¢geG.
geG

We call v, (S) the multiplicity of g in S, and we say that S contains g,
if v,(S) > 0. Siscalled squarefree if v,(S) <1 for all g € G. The unit
element 1 € F(G) is called the empty sequence. A sequence S is called a
subsequence of S if S;|S in F(G) (equivalently, v,(S1) < v,(S) for all
g € G), and it is called a proper subsequence of S if it is a subsequence with
1#S5; # 5. If asequence S € F(G) is written in the form S =g, -...- g,
we tacitly assume that [ € Ny and ¢1,...,9; € G.
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For a sequence
S=g..og = [[9® €F @),
geG
we call
S| =1= ng(S) e Ny the length of S,
geG
h(S) =max{vy(5) | g € G} € [0, ]5]]

the maxzimum of the multiplicities of S,

supp(S) ={g9 € G| v,(S) >0} C G the support of S,

l

J(S):Zgi:ng(S)gEG the sum of S,

i=1 geG

2(9) ={ Y9

icl
the set of k-term subsums of S, for all k € N,

Sa(8) = J Zi8), () = [J=5(9),

JE[L,K] jzk

[ C L] with |I| = k}

and
X(S) =351(9) the set of (all) subsums of S.

The sequence S is called

e zero-sumfree if 0 ¢ X(9),

e a zero-sum sequence if o(S) =0,

e a minimal zero-sum sequence if it is a non-empty zero-sum sequence
and every proper subsequence is zero-sumfree,

e a short zero-sum sequence if it is a zero-sum sequence of length |S| €
[1,exp(G)].

Throughout the paper, we tacitly use the following argument: If g € G
with ord(g) = exp(G) = n, then S = g; - ... g; has zero-sum subsequence
of length n if and only if the shifted sequence S" = (g1 —¢) ... (g1 — 9)
has a zero-sum subsequence of length n.

Every group homomorphism ¢: G — H extends to a homomorphism
v: F(G) — F(H) where ©(S) = ¢(g1) - ... ¢(g). Obviously, ¢(S) is
a zero-sum sequence if and only if o(S) € Ker(p). If m € N, m|n; and
¢: G — G is the multiplication by m (defined by ¢(g) = mg for every
g € G), then Ker(p) = Cr and ¢(G) = Ch/m @ @ Cy, /.

Now we gather the results on cyclic groups that will be needed throughout

this paper.
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Theorem 2.1. Let G be cyclic of order n > 3 and S € F(G) a zero-
sumfree sequence of length |S| > (n+ 1)/2. Then there ezists some g €
supp(S) such that vy(S) > 2|S| —n+ 1. In particular, D(G) = n and the
following statements hold:

(a) If |S|=n—1, then S=g"'.

(b) If |S| =n—2, then either S = g"3(2g) or S=g"2%

(c) If |S| =n —3, then S has one of the following forms:

9" (29)%, 9" " (29), g""(39), 9" .

Proof. This is due to J.D. Bovey, P. Erdés and I. Niven (see [7] for the
original paper and also [30, Theorem 5.4.5.2]). O

Theorem 2.2. Let G be prime cyclic of order p € P and S € F(G).

L. Let vo(S) = 0 and |S| = p. Then Y<ns)(S) = G, and in particular,
S has a zero-sum subsequence of length at least p —h(S5).

2. Let k € 2,p—1], |S| > 2p—k and h(S) < p—k. Then S has a
zero-sum subsequence of length p.

3. Let p > 13, vo(S) =0, k € [(p+5)/2,p—4], [S| > 2p—k —2 and
h(S) < k. Then S has a zero-sum subsequence T' of length |T| €
p+2—k,p—2].

Proof. 1. and 2. See [28, Lemma 2.6 and Theorem 2.7].

3. Clearly, S has a subsequence S’ of length |S’| = p and with h(S") <
k —2. By 1., S" has a zero-sum subsequence T of length |T'| > p — h(S’) >
p+2—k. If|T| < p—2, then we are done. If |T| > p—1, then h(T) < p—4
and Theorem 2.1 imply that 7" is not a minimal zero-sum subsequence. Thus
it has a proper zero-sum subsequence 7" of length |T"| € [(p—1)/2,p—2] C
p+2—kp—2. [

Theorem 2.3. Let G be prime cyclic of order p € P, S € F(G) a
squarefree sequence and k € [1,]S]].

1. |Xk(S)| > min{p, k(|S| — k) + 1}.

2 If k=[1S]/2], then [Sx(S)] > minfp, (ISP +3)/4)

3. If |S|=|VAip—T7] +1 and k= ||S|/2], then 3x(S)=G.

Proof. This is due to J.A. Dias da Silva and Y. ould Hamidoune (see [11] for
the original paper, and also [2] and [34, Theorems 3.4 and 3.8]). Obviously,

2. and 3. are special cases of 1., which will be needed repeatedly in this

form. O
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Theorem 2.4. Let G =C,, ® Cy, with 1 < ny|ny. Then
s(G)=2n1+2ny—3, N(G)=2n;+ny—2 and D(G)=n;+ny—1.

Proof. The result on D(G) goes back to D. Kruyswijk and J.E. Olson, and
the result on s(G) is based on C. Reiher’s result that s(C, & C,) = 4p — 3
(see [35] and [30, Theorem 5.8.3]). O

3. PROPERTIES C AND D IN GROUPS OF THE FORM C]

Let G = C] with n > 2,r € N and and suppose that Property D
holds. Then, by definition, there exists some ¢(G) € N such that s(G) =
¢(G)(n—1)+ 1. Moreover, a simple argument shows that Property C holds
(see [24, Section 7]) and that n(G) = (¢(G) —1)(n —1) + 1 (see [13, Lemma
2.3]). For r = 1 we have ¢(G) = 2 and for r = 2 we have ¢(G) = 4 (see
Theorem 2.4). In case of higher ranks bounds for ¢(G) were given by N.
Alon and M. Dubiner (see [1]) and then by Y. Edel, C. Elsholtz and S.
Kubertin (see [32, 15, 13, 12]).

We make use of the simple fact that 7n(C5) = 2" and s(C§) =2"+1
(see [30, Corollary 5.7.6]). It follows from the very definition that C} satis-
fies Property D, and a straightforward argument shows that C% satisfies
Property D (see [13, Lemma 2.3.3] and the subsequent discussion). How-
ever, in general only very little is known about Property D. If r = 2 and
n € {2,3,5,7}, then G has Property D by [37], and for first results in groups
of higher rank we refer to [25]. Property C was first studied for groups of
rank two in connection with investigations of the Davenport constant of
groups having rank three (see [16, 20], and also [24, Theorem 7.9)).

Theorem 3.2 shows that both Property C and Property D are multi-
plicative, provided that the ¢(-) invariants of all involved groups coincide
(in contrast to this assumption see the investigation of Cg in [25]). This re-
sult generalizes former work (see [21] and [27, Theorem 1]), and reduces the
conjecture, that all groups of the form C] satisfy the discussed properties,
to the case of elementary p-groups (under the above assumption on the ¢(+)

invariants).

We start with a lemma that is used in the proof of the following theorem.
It is closely related to [27, Theorem 2].

Lemma 3.1. Let G =C! withn > 2, r € N andlet S € F(G) be a
sequence of length |S| = n(G) +n — 2 that has no zero-sum subsequence
of length n. If G has Property C and h(S) > [(n —1)/2], then S = T™!
for some T € F(G).
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Proof. Suppose that G has Property C and let g € G such that v,(S) >
[(n —1)/2]. We assume g = 0 and set S = 0" with v = vy(S) and
T € F(G). Since S has no zero-sum subsequence of length n, it follows that
T has no zero-sum subsequence of length in [n — v, n|.

Assume to the contrary that v < n —2. Since |T| > n(G)+(n—2) —v >
n(G), T has a short zero-sum subsequence, and let T} be a short zero-sum

subsequence of maximal length. Then we get
Ty <n—1-v and |[T7'T|>n(G)—1.

Since h(T;'T) < h(S) = v < n — 2 and G has Property C, it follows that
T7'T has a short zero-sum subsequence T,. Since T) has maximal length,
we obtain that |7773| > n + 1 and hence

n+1 n—3 n+1

<|Ti|<n—-1—-v<n-—1-— =
<|Ti| <n v<n 5 5

a contradiction.

Therefore we have v = n — 1 and |T'| = n(G) — 1. Since T has no short
zero-sum subsequence and G has Property C, it follows that S has the
required form. O

Theorem 3.2. Let G =C), withm,n,r €N and let c € N.

1. If both C), and C)] have Property D and
s(Cr) =1 _s(Cp) =1 s(Ch,) =1
m—1 n—1 mn — 1
then G has Property D.
2. If both C}, and C] have Property C and

n(Cp) -1 _n(C) -1 n(C,) -1 _
m—1 n—1 mn — 1
then G has Property C.
3. If CI has Property D, C! has Property C, s(C) =n(Cl)+n—1,

S(Cp) =1 _s(C) =1 _s(Cp) =1 _ o wrl(n=1)/2) +c
m— 1 n—1 mn — 1 cn

then G has Property D.

Y

)

Y

Proof. The proofs of all three assertions are based on the inductive method.

We need the following terminology. Let k € N, s(C}) = ¢(k — 1) + 1 and
S € F(C}). We say that S is of Type D if |S| = ¢(k — 1), S has no zero-
sum subsequence of length k, and S = T*~! for some T' € F(C}). Thus the
group C] has Property D if and only if every sequence of length c(k — 1)
that has no zero-sum subsequence of length n is of Type D. Similarly, if
n(C}) =c(k—1)+ 1 and S € F(C}), then we say that S is of Type C if
S| = ¢(k — 1), S has no short zero-sum subsequence, and S = T*~! for
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some T € F(C}). Again, the group C}, has Property C if and only if every
sequence of length ¢(k — 1) that has no short zero-sum subsequence is of
Type C.

Obviously we may assume that m,n > 2. Let ¢: G — G denote the
multiplication by m. Then Ker(y¢) = CI and ¢(G) = mG = C.

1. Let S € F(G) be of length |S| = ¢(mn — 1) such that S has no zero-
sum subsequence of length mn. We have to show that S is of Type D. Since
vg(S) < mn —1 for every g € G, it suffices to show that [supp(S)| = c.

Since |S| = n(c(m — 1)) + ¢(n — 1), it follows that S admits a product
decomposition

S - Sl Cel. Sc(m_l)S',

where Si,..., Sem-1), 5" € F(G) and, for every i € [1,c(m — 1)], ¢(S;) has
sum zero and length |S;] = n (see [30, Lemma 5.7.10]). Since S has no
zero-sum subsequence of length mn, ¢(S’) has no zero-sum subsequence of
length n. Clearly, we have

()| = |5 = |S] = ne(m — 1) = c(n — 1),

and thus ¢(S5’) is of Type D whence in particular [supp(¢(S’))| = ¢. We
continue with the following assertion.

Al. [supp(p(S))| = [supp(p(S))|.

Proof of A1. It suffices to verify that for every i € [1,c(m — 1)] there is
some h € supp(¢(5’)) such that ¢(S;) = h™. Assume to the contrary that
there is some i € [1,¢(m — 1)] for which this does not hold. We assert that
©(5;5") is divisible by a product of two zero-sum subsequences of length n.
This implies that ¢(S) is divisible by a product of ¢(m — 1) + 1 zero-sum
subsequences of length n, whence S has a zero-sum subsequence of length

mn, a contradiction. We distinguish two cases.

CASE 1 supp(¢(5")) Nsupp(p(S;)) # 0.

Let h € supp(p(S’)) N supp(e(S;)). Then h™|¢(S;S"). Since ¢(S;)
is a zero-sum sequence of length n and distinct from A", it follows that
|supp(h™1p(S;))| > 2. Therefore h™"¢(S;S’) is not of Type D, and thus it

has a zero-sum subsequence of length n.

CASE 2: supp(¢(5')) Nsupp(p(5;)) = 0.

Let h € supp(p(S;)) and U a zero-sum subsequence of hp(S”) of length n.
Then v;,(U) > 1 and |supp(h~'U)| > 2. Consequently supp(U thy(S')) =
supp(¢(S’)) and therefore we obtain that |[supp (U he(S")) (R e (Sy)))] >
lsupp(p(S”))]. Therefore U~1¢(S5;5’) is not of Type D, and thus it has a
zero-sum subsequence of length n.
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It remains to show that
[~ (h) Nsupp(S)| =1 for every h € supp(p(S)),

since then we obtain that

[supp(5)| = [supp((5))| = [supp(e(S))| = c.

Let h € supp(go(Sl - .-Sc(m,l))), and assume to the contrary that there are
two distinct elements g, ¢’ € supp(S) such that ¢(g) = ¢(¢’) = h. By Al
we may suppose that g |S-...-Seum—1) and ¢’ | 5, say g |S;. Since S has no
zero-sum subsequence of length mn, the sequence (S1) - ... 0(Seum—1)) €
F(Ker(y)) has no zero-sum subsequence of length m whence it is of Type D.
We consider S| = g71¢’S;. Then ¢(S}]) = ¢(S1) and hence o(S1) # o(S}) €
Ker(p). Thus the sequence o(S7)o(S2) - ... 0(Serm-1)) € F(Ker(p)) is not
of Type D (note that in case m = 2 we have ¢ = |Ker(¢)|) whence it has a
zero-sum subsequence of length m, a contradiction.

It remains to verify that supp(¢(S)) = supp(¢(Si - ...+ Segm-1))). We set

¢ = |supp(¢(Si - ...  Sem-1)))| and check that c=c.
By A1l we have [supp(p(S))| = ¢ and the above argument shows that
|supp(Si - ... - Sepm-1))| = |supp(gp(5’1 Coe Sc(mfl)))l- Thus it follows that
clmn—1) =S| =" > ve(S)
gesupp(S)

= Z vg(S)

g€supp(S1-...:Se(m—1))
+ (Isupp((9))] = [supp((Si - - . + Sem-1))]) (n = 1)
<dmn—-1)+(c—)(n—-1)
whence
(c=Ymn—-1)<(c—)n—1) and c=(.

2. Let S € F(G) be of length |S| = ¢(mn — 1) such that S has no zero-
sum subsequence of length in [1, mn]. We have to show that S is of Type C.
Since v, (S) < mn—1 for every g € G, it suffices to show that [supp(S)| = c.

Since |S| = n(c(m — 1)) + ¢(n — 1), it follows that S admits a product
decomposition

S=51-...Sm-1S’,
where S1,...,Scm-1),5" € F(G) and, for every i € [1,c(m — 1)], p(5;)
has sum zero and length |S;| € [1,n] (see [30, Lemma 5.7.10]). Since S
has no zero-sum subsequence of length in [1, mn|, ¢(S’) has no zero-sum
subsequence of length in [1,n] and every sequence ¢(S;) is a minimal zero-
sum sequence. Clearly, we have

(S = 19" = [S| = ne(m = 1) = c(n—1),
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and thus in fact |S;| = n for every i € [1,¢(m — 1)] and furthermore p(S")
is of Type C whence in particular [supp(¢(S’))| = ¢. We continue with the

following assertion.

A2. |supp(p(9))] = [supp(e(S'))]-

Proof of A2. Tt suffices to verify that for every i € [1,c(m — 1)] there is
some h € supp(y(S’)) such that ¢(S;) = h". Assume to the contrary that
there is some i € [1,¢(m — 1)] for which this does not hold. We assert that
©(S5;S5") is divisible by a product of two zero-sum subsequences of length in
[1,n]. This implies that ¢(S) is divisible by a product of ¢(m — 1) + 1 zero-
sum subsequences of length in [1,n], whence S has a zero-sum subsequence

of length in [1,mn], a contradiction. We distinguish two cases.

CASE 1: supp(e(S)) Nsupp(p(S;)) # 0. We recall that |p(S;)| = n. The

remaining argument is analogue to the according one in 1.

CASE 2: supp(¢(S”)) Nsupp(p(S;)) = 0.
Let h € supp(¢(S;)) and U a zero-sum subsequence of he(S’) of length
n [1,n]. If |U| < n, then

U7 p(Si8)] > S|+ 1=c(n— 1) + 1 =n(Cy),

and therefore U™1(S5;5") has a zero-sum subsequence of length in [1,n].
Suppose that |[U| = n, and note that v,(U) > 1 and [supp(h™'U)| >
2. This implies that supp(U 'he(S’)) = supp(¢(S’)) and thus we get
|supp (U~ hep(S")(h¢(S:)))| > [supp(¢(S))]. Therefore U p(S;5") is

not of Type C, and thus it has a zero-sum subsequence of length in [1, n].

It remains to show that
¢ (h) Nsupp(S)| =1 for every h € supp(p(S))

since then we obtain that

[supp(S)| = [supp(x(S))| = [supp((S))| = c.

Let h € supp(@(Sl Cae Sc(m_1))), and assume to the contrary that there
are two distinct elements g¢,¢" € supp(S) such that ¢(g) = ¢(¢') = h.
By A2 we may suppose that g|S; - ... Sem-1) and ¢'|S’, say g|Si.
Since S has no zero-sum subsequence of length in [1,mn], the sequence
o(S1) ... - 0(Sem-1)) € F(Ker(p)) has no zero-sum subsequence of length
in [1,m] whence it is of Type C. We consider S} = g~'¢’S;. Then ¢(S5]) =
©(S1) and hence o(S;) # o(S]) € Ker(p). Thus the sequence o(S])a(Sz) -

. 0(Se(m-1)) € F(Ker(p)) is not of Type C (note that in case m = 2 we
have ¢ = |Ker(¢)| — 1) whence it has a zero-sum subsequence of length in

[1,m], a contradiction.
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It remains to verify that supp(¢(S)) = supp(¢(St - ... Sem-1))). This

is achieved as in 1. using A2 instead of A1l.

3. Since C3 has Property D, C}] has Property D by 1. Furthermore, Cf
has Property D as mentioned at the beginning of this section. Thus for n €
2, 4], the assertion follows from 1. Since ¢(n—1)4+1=s(Cr) > 2"(n—1)+1
(see [13, Proposition 3.1]), we have ¢ > 2.

Let n > 5 and let S € F(G) be of length |S| = ¢(mn — 1) such that S
has no zero-sum subsequence of length mn. We have to show that S is of
Type D, and again it suffices to show that |supp(S)| = c.

There exists some h € ¢(G) such that

S| c(mn—1) n—1
ol > i = S = |1

and then
T o(S)] = n(elm —1) = 1) +5(Cp).
By [30, Lemma 5.7.10], S admits a product decomposition of the form
S=51-...-Sem-1S

where St,...,S¢m-1),5" € F(G), h"2) divides ©(S’) and, for every i €
[1,¢(m — 1)], ¢(S;) has sum zero and length |S;| = n. Since S has no
zero-sum subsequence of length mn, it follows that ¢(S’) has no zero-sum
subsequence of length n. Thus Lemma 3.1 implies that ¢(S’) is of Type
D whence in particular [supp(¢(S’))| = ¢. We continue with the following

assertion.
A3. [supp(p(S))| = [supp(p(S))|-

Proof of A3. Tt suffices to verify that for every i € [1,c(m — 1)] there is
some h € supp(¢(S’)) such that ¢(S;) = h™. Assume to the contrary that
there is some i € [1,¢(m — 1)] for which this does not hold. We assert that
©(S;S") is divisible by a product of two zero-sum subsequences of length n.
This implies that ¢(.S) is divisible by a product of ¢(m — 1) + 1 zero-sum
subsequences of length n, whence S has a zero-sum subsequence of length
mn, a contradiction. We distinguish two cases.

CASE 1: supp(¢(5')) Nsupp(p(5;)) # 0.

Let h € supp(p(S’)) N supp(e(S;)). Then h™|@(S;S"). Since ¢(S;)
is a zero-sum sequence of length n and distinct from A", it follows that
|supp(h~tp(S;)| > 2. Therefore h~"(S;S’) is not of Type D. Since ¢ > 2,
h™"p(S;S") contains some element with multiplicity n — 1, and thus by
Lemma 3.1 it has a zero-sum subsequence of length n.

CASE 2: supp(¢(5”)) Nsupp(p(5;)) = 0.
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Let h € supp(¢(S;)) and U a zero-sum subsequence of hp(S’) of length
n. Then v,(U) > 1 and |supp(h~'U)| > 2. Thus supp(U 'he(S")) =
supp(¢(S')) and [supp (U~ he(S"))(h~1e(S8)))| > |supp(p(S"))|. There-
fore U~1¢(S;5") is not of Type D. Since ¢ > 2, U~ 1p(S;S") contains some
element with multiplicity at least (n — 1)/2, and thus by Lemma 3.1 it has
a zero-sum subsequence of length n.

It remains to show that
[~ (h) Nsupp(S)| =1 for every h € supp(p(S)),

since then we obtain that

|supp(5)| = [supp(p(S))| = [supp(p(S))| = c.
This can be achieved as in 1. using A3 instead of A1l.

4. PROPERTIES B AND C IN GROUPS OF RANK TWO

Let G=C,®C, with n > 2. We say that G has Property B if every
minimal zero-sum sequence S € F(G) of length |S| =D(G) =2n—1 con-
tains some element with multiplicity n—1. This property was first addressed
in [22], and it is conjectured that every group (of the above form) satisfies
Property B. We already mentioned in the Introduction that Property B
implies Property C. Various characterizations and further consequences of
Property B may be found in [30, Section 5.8]. Here we only recall the fol-
lowing two recent results. If n > 6 and G has Property B, then Cy, & Cy,
has Property B (see [23, Theorem 8.1}). If S € F(G) is a minimal zero-sum
sequence of length 2n — 1 and with |supp(S)| = 3, then it contains some
element with multiplicity n — 1 (see [33, Theorem 1]).

As a main result in this section we show that, in case n is a large prime,
every minimal zero-sum sequence of length 2n —1 contains one element with
high multiplicity (cf. also [33, Theorem 3]). Let S € F(G) be a sequence of
length 7(G) — 1 that has no short zero-sum subsequence. If G' has Property
C, then obviously ord(g) = n for all g € supp(S). In Theorem 4.6 we
establish this consequence without assuming that Property C holds.

Theorem 4.1. Let G = C, & C, withp € P and let S € F(G). Ife >0 and
p is sufficiently large (in dependence of €), then the following statements
hold:
1. If S has length |S| = D(G) — 1 but no zero-sum subsequence, then
h(S) > pi=.
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2. If S has length |S| = n(G) — 1 but no short zero-sum subsequence,
then h(S) > pi=.

By inspecting the proof of this result it can be noted that only in (4.7)
the size of p has to depend on that of . Though, at some other places it is
required that p is not too small, all these bounds are absolute and of a fairly
moderate size. By some calculation it can be seen that the result holds for
p > exp(—8log(e)/e). Yet no effort was made to optimize the value of this

constant.

We need a series of lemmas. For a prime p € P we denote by F, a field
with p elements. The group C, @ C, can be viewed as a vector space over
F,. In particular, the notions ‘independent elements’ and ‘basis’, as stated
in Section 2, coincide with the notions ‘linearly independent (over F,)” and
‘Fp-basis’.

Lemma 4.2. Let G = C, ® C, withp € P, (e1,e2) a basis of G and
!
Ha61+b62 € F(G), where ap,by,...,a;,b € Fp,

a zero—sumfree sequence of length |S| = 1> p. Then

({Zb |0 # 1 C[1,1] with Zaz—OHZ I—p+l.

el

Proof. The proof is based on recent results from the theory of coverings. We
recall the required terminology. A subset A C ]Fi, is called a proper coset if
A =a+ N for some subspace N C F, and some a € F,\ N. For a subset
A CFllet s(A,F,) denote the smallest s € Ng U {oo} such that A\ {0}
is contained in a union of s proper cosets.

Let (Xi,..., X)) be an F,-basis of Iﬁ‘é,

{ZX Zaﬁéo}cw‘; and

el icl
Dy =5(X;-...- {ZX I, Ya=0}cE,

i€l i€l
Then s(X(X;-...-X;),F.) = by [30, Theorem 5.6.6] and s(D,F},) < p—1
by [30, Lemma 5.6.7]. If 0 € Homg, (F.,F,) is the unique homomorphism
satisfying 0(X;) = b; for all i € [1,1], then 0 ¢ X(S) implies

0 ¢ 6(Dy) = {Zb 10 #£ T C[1,1] with Zaz_o}

iel i€l
Therefore [30, Lemma 5.6.2.1] implies that

0(Do)| > s(Do,FL) > s(2(Xy,..., X)), F)) —s(D,F) >1—(p—1).
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Lemma 4.3. Let G=C,®C, with peP andlet S € F(G) be a zero-
sumfree sequence of length |S| = 2p — 2. Then any two distinct elements

of supp(S) are independent.

Proof. See [30, Corollary 5.6.9]. O

Lemma 4.4. Let G=C, ®C, withn>2and S € F(G).

L. If |S| = 3n — 2, then S has a zero-sum subsequence T of length
1T € {n,2n}.
2. If |S|=3n—3 and S has no short zero-sum subsequence, then S has

a minimal zero-sum subsequence T' of length |T| = 2n — 1.

Proof. 1. See [24, Theorem 6.7].

2. Suppose that |S| = 3n — 3, that S has no short zero-sum subse-
quence and set W = 0S5 € F(G). Then 1. implies that W has a zero-sum
subsequence U of length |U| € {n,2n}, and by our assumption on S we
get |U| = 2n. If U is a subsequence of S, then D(G) = 2n — 1 implies
that U = U,U,, where both U; and U, are non-empty zero-sum sequences.
Therefore, either U; or U, is a short zero-sum subsequence of S, a contra-
diction. Therefore, U = 07" with |T'| = 2n — 1, and since S has no short

zero-sum subsequence, it follows that 7" is a minimal zero-sum sequence. [

Proof of Theorem 4.1. By Theorem 2.4 we have D(G) = 2p—1 and n(G) =
3p — 2. By Lemma 4.4 it suffices to prove the first assertion. Let (e, e2)
be a basis of G and, for i € [1,2], let p;: G — (e;) denote the canonical
projections. Let ¢ > 0, p sufficiently large and assume to the contrary that
there exists a zero-sumfree sequence
2p—2
S = H (ae1 + bies) € F(G), with ay,by,..., a2 2,by o €[0,p—1],
i=1
of length |S| = 2p — 2 and with h(S) < pi~c. Let T denote a maximal
squarefree subsequence of S and set h = h(¢i(T)). After renumbering if
necessary we may assume that
7]
T:H(aiel—l—bieg) and a1 =...=ap,=a.
i=1
Now we set
h
W = H(ael +biey) and S; =SW,

=1
and distinguish three cases.

CASE 1: h > |VAp—T7] + 1.
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We set k= |A4p—T7] + 1, { = |k/2] and

2p—2

52 = H (aiel + b,‘62) .

i=k+1
Theorem 2.3.3 implies that

(4.1) zg(H bies) = (ea).

Consider the sequence ¢;(Sy) = [[*

i,j € [k+1,2p — 2], then by Lemma 4.3 we obtain that b; = b;. Therefore,
we get

—2
jr1 Qi€1- If a; = a; = 0 for some

vo(®1(S2)) < h(S)

and
[1(S2)| = vo(w1(S2)) = 2p — 2 — k — vo(p1(S52))
> —2—[\Ap—T]—1-pi>p-1

where the last inequality holds since p > 11. Thus Theorem 2.2.1 implies
that X(1(52)) = (e1). In particular, Sy has a non-empty subsequence Ss
such that o(¢1(S3)) = —fae;. By equation (4.1) there is a subset I C [1, k]
such that ) ., bies = —0(p2(S3)) and |I| = £. Therefore, S [],.;(ae1+biez)
is a non-empty zero-sum subsequence of S, a contradiction.
CASE 2: 5pi <h < |\/Ap—T7].
We set k = |h/2]| and hy = h(p1(S1)). Theorem 2.3.2 implies that
h
h? +3
and by the assumption of CASE 2 we get

hi < h(pu(T))h(S) < hp7 .

Rl

Therefore, since p > 53,
1 (S1)|=vo(p1(S1)) = |S1]—h1 =2p—2—h—hy > 2p—2—h—hpi >p—1.
whence Theorem 2.2.1 implies
Yem (p1(51)) = (e1) -
In particular, S; has a non-empty subsequence S, such that
(4.3) o(p1(Sy)) = —kaey and |S4| < hy.

By equations (4.2) and (4.3) we infer that

Set S5 = S(S4W)~L. By Lemma 4.2
3(S5) N {e2)| > |S5] —p+ 1.
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Therefore,
h*+3
|0(S4) + Ze(W)| + [2(55) N {e2)| =

h*+3 h*+3
=y T2 (S| - W|-p+1=

h*+3
4
where the last inequality holds since p > 5*. It follows from the Cauchy—

+ |55 —p+1

+p—1—h1—h

> +p—1—hpi —h>p,

Davenport Theorem that
(0(S1) + Zp(W)) + (2(S5) N {e2)) = (ez)
whence 0 € (0(S4) + Zp(W)) + (2(S5) N {e2)) C (S), a contradiction.

CASE 3: h < 5pi.
Let m = |5p1]. Note that [supp(T) N (ae; + (e5))| = h. Thus we may
suppose that, for every subgroup H C G with |H| = p and every g € G,

(4.5) lsupp(T) N (g + H)| <m,

since otherwise we choose a different basis (e, €},) of G and are back to
CASE 1 or CASE 2.
Let G = Hom(G,C*) be the character group of G with complex values,
Xo € G the principal character and for any y € G let
2p—2

FO) = JT (1 + x(aier + biea)) .

i=1
Clearly, we have

FOO =1+ ) ¢xl(9),
)

geX(S
where ¢ = {0 # 1 C [1,2p — 2] | Y, (aier + bieg) = g}
Since S is zero-sumfree, we have 0 ¢ ¥(S) and the Orthogonality Rela-
tions (see [30, Lemma 5.5.2]) imply that

DI =1+ D exl(9)

xe@ x€G geX(S)

=G+ Y ¢ > X9 =G

9€X(S)  xed
Obviously, we have f(xo) = 215 Let x € G\ {xo}. We set M = mh(S)
and
S| =2k —-1)M +q with ¢q€[0,2M —1],
and continue with the following assertion.
Al. |f(x)| <28 exp(—n?r/2p?) with r=2M(124+22 4.+ (k—1)?) +
qk?.



INVERSE ZERO-SUM PROBLEMS 17

Proof of A1. Let j € [—’%1, ’%1] and g € G with x(g) = exp(2mij/p).
Note that for any real z with |z| < 7/2, we have cosz < exp(—z?/2). Thus
we obtain that

' 722
(4.6 14 x(o)] = 2cos(mifp) < 2exp (-2 )
If H = Ker(y), then |H| = p and g + H = x '(exp(27ij/p)). Thus
(4.5) implies that there are at most m elements h € supp(S) such that

x(h) = exp(2mij/p). Consequently, the upper bound for |f(x)|, obtained
by repeated application of (4.6), is maximal, if the values 0,1, —1,... k —
1,—(k — 1) are accepted M times each and the values k, —k are accepted ¢
times as images of x(g) for g € supp(S). Therefore we obtain

()| < 25T exp(—7r/2p) .

Since |S] = (2k —1)M +q, we get k = (2M)~(|S| — g+ M) and therefore

k—1
_ 5 o oa K= DERE—T1) o,
T—2M;j + gk* = 2M - + gk
_ (S =a—=M)(|S| = a+ M)(IS| — q) +3q(|S| — g+ M)?
1202 '

Since ¢ € [0,2M — 1] and ¢ < |S|, it follows that

_ISI0SP — M?) | q(2M — ¢)(2M +3]5] ~ 2q) _ |SI(SF — M?)
1202 1202 - 1202

We obtain that (here we need p sufficiently large)

w3 72| S|(|S]* — M?)
(4.7) eXp<2_pZ> = ( 24 M2

Therefore it follows that

P =161 =S F00 = Fo) = S 1700

xeG XF#X0
2
>ols (1 (2 -1 7
> 2 (1= 7 = esp( )

2
> 9IS <1 — ]’2—_21) > oS-t S 2
P

a contradiction. O

r

>>2p2.

The special case T' = 1 of the following lemma may be found in [30,
Proposition 5.7.11].

Lemma 4.5. Let S € F(G) be a sequence, H C G a subgroup and T €
F(H) a subsequence of S such that

S| > exp(G/H)(n(H) — 1) +n(G/H) — (exp(G/H) — 1)|T.
S has a zero-sum subsequence S’ of length |S’| € [1,exp(H ) exp(G/H)].
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Proof. If |T'| > n(H), then T (and hence S) has a zero-sum subsequence S’
of length |S’| € [1,exp(H)]. Suppose that |T| < n(H), and let ¢: G — G/H
denote the canonical epimorphism. Since the sequence 7-!'S has length

T718| = exp(G/H)(n(H) — |T| = 1) +n(G/H),

it admits a product decomposition of the form T'S =Ty - ... Tm)—n 1",
where Ty, ..., Tymy—r), T' € F(G) and, for every i € [1,n(H) — |T'|], ¢(T;)
has sum zero and length |T;| € [1,exp(G/H)| (see [30, Lemma 5.7.10]).
Then the sequence To(T1) - ... o(Tym)—r) € F(H) has a short zero-sum

subsequence V', say

V:TOHU(Ti), where Ty |T and I C [1,n(H) —|T].

Thus the sequence
S =T, H T;
iel
is a zero-sum subsequence of S of length S| < |Ty| + |[I|exp(G/H) <
exp(H ) exp(G/H). O

Theorem 4.6. Let G =C, ®C,, withn > 2 and S € F(G). If there is
some subsequence T' of S and some divisor m of n such that ord(g) | m for

every g € supp(7T') and
S| >3n—2— (ﬁ—1> 7|,
m

then S has a short zero-sum subsequence. In particular, if S has length

|S| = 3n — 3 but no short zero-sum subsequence, then ord(g) = n for every

g € supp(S).

Proof. Let T and m be as above, and let ¢: G — G denote the multipli-
cation by m. Then H = Ker(p) = C?, G/H = C?, and T € F(H). By

Theorem 2.4 we infer that

\S|23n—2—<%—1) 7|

= Z3m-3)+ (3= —2) = (= - 1) 7]
m m m
n ) 9 n
= Z((C2) = 1) +n(Ch) - (= 1) 7.
Thus Lemma 4.5 implies that S has a short zero-sum subsequence.
Let |S| = 3n—3 and g € supp(.S). If S has no short zero-sum subsequence,
then |S|=3n—-3<3n—2-— (#(g) — 1) implies that ord(g) = n.

g
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5. EXTREMAL ZERO-SUMFREE SUBSETS IN C), @ C,

Let g(G) denote the smallest integer [ € N such that every squarefree
sequence S € F(G) of length |S| > [ has a zero-sum subsequence 7' of
length |T'| = exp(G).

Some elementary properties of g(G) are outlined in [24, Section 10], and
a (straightforward) connection with Property D (for groups of the form
Cr) may be found in [13, Lemma 2.3]). Moreover, if G is a vector space
over a finite field, then the invariant g(G) allows an interpretation in finite
geometry. Indeed, g(C%) — 1 is the maximal size of a cap in AG(r,3) (see
[13, Lemma 5.2] and also [25, Section 5.2]), and in this connection it found
a lot of attention by finite geometers (see [14, 6] and the literature cited
there).

In [28] it is conjectured that g(C,, & C,) is equal to 2n — 1 for every odd
n > 3 and equal to 2n+1 for every even n > 3, and it is observed that these
values are lower bounds. Moreover, it is proved (see [28, Theorem 1]) that
g(C, ® C,) = 2p — 1 for all primes p > 67. Now Theorem 5.1 completely
solves the associated inverse problem by giving an explicit characterization
of all squarefree sequences of length 2p — 2 without a zero-sum subsequence
of length p.

First we give a proof of Theorem 5.1, which is based on the following
Proposition 5.2. Note that for the implication (b) = (a) we need no
assumption on the size of the prime p. We also outline how the inverse
result gives back the direct result that g(G) = 2p — 1. Then the main work
will be to derive Proposition 5.2. If G = C, ® C, for some prime p € P
and H C G is a subgroup of order p, then a homomorphism ¢: G — H
is called a projection if p|H =idg and G = H @ Ker(y).

Theorem 5.1. Let G = C, ® C, for some p € P with p > 47 and let
S € F(G) be a squarefree sequence of length |S| = 2p — 2. Then following

statements are equivalent :

(a) S has no zero-sum subsequence of length p.

(b) There exists a subgroup K C G of order p such that one of the
following conditions s satisfied:
(b1) supp(S) ={g,h} + K\ {g+ ki, h + k2 }.
(b2) supp(S) = ({g,h} + K\{g+ki,g+ k|, h+k})U{2g—h+k +
ki — ko}.
(b3) supp(S) = ({g,h} + K\ {g+ ki, 9+ ki, h+ ko, h + E})
U{2g—h+ki+ K +E 2n — g+ ks + K, + B
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where g, h € G with g+ K # h+ K and ky, ky, ko, Ky € K with k; # k,
and k" € {ki, K} fori e {1,2}.
In particular, we have g(G)=2p — 1.

Proposition 5.2. Let G =C, ® C, for some p € P with p > 47 and
let S e F(G) be a squarefree sequence of length |S| =2p—2 that has no
zero-sum, subsequence of length p. Then there exists a subgroup H C G of
order p, a projection ¢: G — H and distinct elements g,h € H such
that @(S) has one of the following forms:

g PR (29 —h) or gPTPRPTR(2g — ) (2h — g) .

Proof of Theorem 5.1 (using Proposition 5.2).

(a) = (b) By Proposition 5.2 there exists a subgroup H C G of order p
and a projection ¢: G — H such that ¢(S) has one of the indicated forms.
Then G = H @ K with K = Ker(p). If ¢(S) = ¢g?~'h*~! with distinct
elements g, h € H, then obviously

supp(S) = (g+ K)U (h+ K)\ {9+ k1, h + ko} for some ki, ko € K.

The remaining cases are similar (cf. the proof of (b) = (a) below).

(b) = (a) Assume to the contrary that S has a zero-sum subsequence
T of length |T'| = p. Without restriction we may assume that h = 0. Then
g ¢ K, G = (g9)® K and let ¢: (9) ® K — (g) denote the canonical
projection. Clearly, ¢(7T') is a zero-sum subsequence of ¢(S) of length p.

If (bl) holds, then ¢(S) = ¢g?~'0P~!. This sequence has no zero-sum
subsequence of length p, a contradiction.

If (b2) holds, then ¢(S) = ¢g?20P"1(2g) and ¢(T) = ¢g*20(2g). Let
k' € supp(T) with p(k') = 0. We have (id —p)(T") = (erK\{kl,k’l} kK (k1 +
k| — ko). Since o(T) = 0 it follows that 0 = o((id —¢)(T)) = (—k1 — k) +
k' + (k1 + K} — ko) whence k' = ko, a contradiction to ks ¢ supp(S).

If (b3) holds, then ¢(S) = gP~207"2(2g)(—g) and »(T) = g*~20(2g) or
©(T) = g0P~2(—g). First, suppose that o(T) = g*~20(2g). Let k" € supp(T)
with (k') = 0. We have (id —)(T) = (ITpe s\ gty ey KR (k1 + K5 — k). Tt
follows that 0 = o((id —)(T)) = (—k1 — k) + k¥ + (k1 + K, — k) whence
k' = k:g), a contradiction.

Now, suppose that p(T) = g0P~%(—g). Let k' € supp(T) with p(k') = g.
We have (id —)(T) = (Tlxes(ryagy KK (k2 + K5 — k). Tt follows that
0= o((id—)(T)) = (—ky — k) + k' + (ko + K, — k) whence &' = £\ a

contradiction.

It remains to verify the additional statement, and for that it suffices to
prove that g(G) < 2p — 1. Let R € F(G) be a squarefree sequence of
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length |R| = 2p — 1, and assume to the contrary that R has no zero-sum
subsequence of length p. Let T" be a subsequence of R of length || = 2p—2.
By (b), there exist a subgroup Kt C G of order p, and two elements gr, hy €
G such that, for Ap = supp(7) N (gr + Kr) and By = supp(T) N (hy + Kr),
we have
|Ar| >p—2, |Br|>p—2, gr —hr & Kr.
Next we verify that Kp,gr and hr are independent of 7. Let T” be
a subsequence of R of length |T’| = 2p — 2. Then |Ap» N Ap| > 2 or
|Ap» N By| > 2, since otherwise we would have that
|Ap| = |Ar U Ap U Br| — |Ar| — | Br| + |A» 0 Ar| + | A N Br|
<@ -D)—(p-2—(p-+1+1=5<p—2,
a contradiction. Hence, |Ap N Ap| > 2 or |Ap» N Br| > 2. This implies
that K+ = K7/, and we set K = Kp. If there are three distinct elements in
{97, hr, g1/, hrr }, then
2p — 1 = |supp(R)| > 3(p—2), a contradiction.
Therefore it follows that {gr, hr} = {g77, hr }, and we set {g, h} = {gr, hr}.
Thus for every subsequence T of R of length |T'| = 2p — 2 we have

lsupp(T) N (g+K)| > p—2, |[supp(T)N(h+K)| >p—2 and g—h¢ K.

This implies that |[supp(R)N(g+K)| > p—1 and |[supp(R)N(h+K)| > p—1.
Without restriction we may suppose that h = 0. Since by assumption R
has no zero-sum subsequence of length p, we infer that

lsupp(R) N K| = [supp(R)N (g + K)|=p—1

and
p—1 p—1

R=(mg+g,) [[k[[9+9).
i=1 =1
where k; € K for every i € [1,p — 1], g; € K for every i € [1,p] and
m € [2,p — 1]. Theorem 2.3 and the Cauchy-Davenport Theorem imply

that
p—1 p—1
St ([T #) + Spem (T 90)]
i=1 i=1

> min{p, (m —1)(p—m)+1) + (p-—m)(p—1-(p—m)) +1) -1}
=D,
and hence there are some I C [1,p — 1] with |I| = m — 1 and some J C

[1,p — 1] with |J| = p — m such that

(mg + g») H ki H(g +g;)

is a zero-sum subsequence of R of length p, a contradiction. U
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The rest of this section is devoted to the proof of Proposition 5.2. It is
based on a series of lemmas, and its strategy can be seen best by browsing
through the (short) Proof of Proposition 5.2 at the very end of the section.
We fix our notations which remain valid throughout the whole section.

Let G = C,® C, for some odd prime p € P, H C G a subgroup
of order p, ¢: G — H a projection and let S € F(G) be a squarefree
sequence.

Lemma 5.3.
L. If o(S) has a zero-sum subsequence T' such that
> Vo) vy () = ve(T)) 2 p— 1,
geH
then S has a zero-sum subsequence T* of length |T*| = |T|.
2. If |S| =2p—2 and h(e(S)) € [(p+5)/2,p—4], then S has a
zero-sum subsequence of length p.

3. If h(p(S)) > p, then S has a zero-sum subsequence of length p.

Proof. 1. See [25, Lemma 5.2].

2. Let g € supp(p(S)) with v,(¢(S)) = h(e(S)) = h. We assume g = 0
and set ©(S) = 0"T". By Theorem 2.2.3 the sequence T has a zero-sum
subsequence R of length |R| € [p+ 2 — h,p — 2]. Now the assertion follows
from 1., applied with T = 0P~ 1FIR.

3. Let T be a subsequence of S such that ¢(T) = ¢P. Since K =

Ker(¢) C G is a subgroup of order p and T is squarefree, it follows that
T =1l;cx(9 + k) and hence o(T) = 0. O

Lemma 5.4. Let p > 7, |S| = 2p — 2 and h(p(S)) = p—1. If S has no
zero-sum subsequence of length p, then there exist distinct elements g,h € H
such that

o(S) = g’ it or o(S) = gp’zhp’l@g —h).

Proof. Let h € supp(p(S)) with vi(¢(S5)) = h(¢(S)). We assume h = 0 and
set p(S) = OP7IT. If T is zero-sumfree or a minimal zero-sum sequence,
then Theorem 2.1 implies that ¢(S) has the required form. If T" has a
zero-sum subsequence R of length |R| € [3,p — 2], then 0P~1FIR is a zero-
sum subsequence of ¢(S) of length p, and hence, by Lemma 5.3.1, S has
a zero-sum subsequence of length p. Thus it remains to consider the case
that all zero-sum subsequences R of T have length |R| = 2 and R™'T is
zero-sumfree. Let R be such a sequence, say R = (—g)g for some g € H.

Since R!T is a zero-sumfree sequence of length p — 3, Theorem 2.1 implies
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that there is some e € H such that R~!T has one of the following forms:
eP=3, eP=4(2¢), eP~4(3e) or eP~?(2¢)?. Since T has no zero-sum subsequence
of length greater than 2, it follows that e € {—g,g}. Now we apply again
Lemma 5.3.1 with 0P~ #IR and infer that S has a zero-sum subsequence of
length p. U

Lemma 5.5. Let p > 11, |S| = 2p — 2 and h(o(S)) = p— 2. If S has no
zero-sum subsequence of length p, then there exist distinct elements g, h € H
such that p(S) = gP=2hP=2(—g + 2h)(2g — h).

Proof. Let h € supp(p(95)) with v,(©(S)) = h(¢(S)). We assume h = 0
and set p(S) = 0P2T. If T has a zero-sum subsequence R of length |R| €
[4,p — 2], then S has a zero-sum subsequence of length p by Lemma 5.3.1.
Suppose that T" has no such zero-sum subsequences, and let R denote a
zero-sum subsequence of T' of maximal length. We distinguish two cases.
CASE 1: |R|>p—1

We may assume that R is a minimal zero-sum subsequence, since oth-
erwise there exists a zero-sum subsequence of length in [4,p — 2]. Since
h(¢(S)) = p — 2, Theorem 2.1 implies that R = e?~2(2¢) for some e € H.
Let g € H such that T = Rg. We note that g # e. If g ¢ {—e, —2¢}, it
follows that T" has a zero-sum subsequence of length in [4,p — 2|, a contra-
diction. If g = —2e, then (—2¢)e?0P~3 is a zero-sum subsequence of (S)
of length p, and Lemma 5.3.1 implies that S has a zero-sum subsequence of
length p. If g = —e, then ¢(S) has the asserted form.

CASE 2: |R| < 3.

Suppose that |R| = 2, say R = (—g)g for some g € H. Then R™'T
is a zero-sumfree sequence of length p — 2 and thus by Theorem 2.1 equal
to eP3(2¢) or eP2, for some e € H. Note that in the latter case neces-
sarily g # e. However, this implies that the sequence T has a zero-sum
subsequence of length greater than 2, a contradiction. Thus we obtain
that |R| = 3. The sequence R™'T is a zero-sumfree sequence of length
p — 3. By Theorem 2.1 there exists some e € H such that R~'T has
one of the following forms: eP~>(2¢)?, eP~12e, eP~13e, or eP~3. If there ex-
ists some g € supp(R) such that g ¢ {—2e,—e,e,2¢e}, then there exists
a zero-sum subsequence of T' of length greater than 3, a contradiction. If
—2e € supp(R), then (—2¢)e*0P~3 is a zero-sum subsequence of ¢(S) of
length p, and Lemma 5.3.1 implies that S has a zero-sum subsequence of
length p. Therefore we obtain that supp(R) C {—e, e,2¢e}, R = (2¢)(—e)?
and thus (—e)?e? is a zero-sum subsequence of T' of length 4, a contradic-
tion. U
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Lemma 5.6. Let p > 11, |S| =2p—2 and h(p(S)) =p—3. Then S has a

zero-sum subsequence of length p.

Proof. Let h € supp(p(95)) with v,(©(S)) = h(¢(S)). We assume h = 0
and set ©(S) = 0P3T. Let R be a zero-sum subsequence of T of maximal
length. If |R| € [5, p— 2], the result follows by Lemma 5.3.1. If |R| > p—1,
then we may assume that R is a minimal zero-sum subsequence. However,
since h(¢(S)) = p — 3 this is impossible by Theorem 2.1.

It remains to consider the case that |R| < 4. Since R has maximal length,
R™IT is zero-sumfree. Since h((S)) = p— 3, we have |T'| = p+ 1, and thus
Theorem 2.1 implies that |R| > 3. We distinguish two cases.

CASE 1: |R| = 3.

By Theorem 2.1 we have R™!T = eP~3(2¢). We note that supp(R) ¢
{—e, —2e}. However, this implies that there exists a zero-sum subsequence
of T' of length greater than 3.

CASE 2: |R| =4.

The sequence R™'T is a zero-sumfree sequence of length p — 3. By Theo-
rem 2.1 it is equal to P2, eP~4(2¢), eP~4(3¢), or eP~>(2¢)? for some e € H.
Since 1" has no zero-sum subsequence of length greater than 4, we infer that
supp(R) C {—3e,—2¢, —e, e, 2e}, If (—3e) € supp(R), then (—3e)e30P~*
is a zero-sum subsequence of ¢(S) of length p, and the assertion follows
by Lemma 5.3.1. Thus, we may assume supp(R) C {—2e,—e,¢e,2¢e}. If
(—2¢)? | R, then (—2¢)%e* a zero-sum subsequence of T of length 6. There-
fore R is equal to (—2e)(—e)(2¢)e or to (—e)?e?, and in both cases we have
ve(R) > 0. Applying Lemma 5.3.1 with R0?~* we obtain that S has a

zero-sum subsequence of length p. O

In all the remaining lemmas we use the following notation.

Let
©(S) = RR*U*V  where R ,R,UYV € F(H),
R, U,V are squarefree, supp(V') consists of those elements h € H with

vi(@(S)) = 1, supp(U) of those h € H with vi(¢(S)) = 2 and supp(R)
of those h € H with vi(¢(S)) > 3.

Lemma 5.7. Let p > 5, [supp(p(S))| < (p+3)/2 and suppose that R*' RUV
has a zero-sum subsequence of length p. Then S has a zero-sum subsequence

of length p.

Proof. Let W be a zero-sum subsequence of R*RUV of length p. We set
W = W1 W,, where W is the subsequence of elements occurring with mul-

tiplicity 1 in W, and thus Wy | RR'. Since |W;| + |Ws| = p, [supp(W7)| +
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lsupp(W2)| < (p + 3)/2 and W, is squarefree, it follows that Wy # 1,
Wil = [supp(Wh)| < (p+1)/2 and [IW3] > (p — 1)/2. Since

D VW) (vg(p() =vg(W)) = D v(W)(vg(p(S)) = vg (W)

geH g€supp(Wa)
> Y 2vy(p(5) - 2)
gesupp(W2)
= Z 2vy (W)
gesupp(W2)
Lemma 5.3.1 implies that S has a zero-sum subsequence of length p. O

Lemma 5.8. Let p > 5, |S| = 2p — 2 and 2|supp((S))| + h(¢(S)) < p.
Then S has a zero-sum subsequence of length p.

Proof. We set s = |supp(p(S))| and note that s < (p — 1)/2 whence
h(¢(S)) >3 and s < (p — 3)/2. Since

|R'RUV| = |p(S)| = 2|R| = |U] > 2p —2 —2s
and
h(R’RUV) =h(p(9) —2<p-—-2-2s,

Theorem 2.2.2 implies that R'RUV has a zero-sum subsequence of length
p, and therefore the assertion follows from Lemma 5.7. O

Lemma 5.9. Let p > 47, |S| = 2p — 2, h(p(S)) < (p +3)/2 and
lsupp(p(S))] € [(p—1)/4,(p — 1)/3]. Then S has a zero-sum subsequence
of length p.

Proof. By Lemma 5.7 it suffices to show that R’ RUV has a zero-sum sub-
sequence of length p. We set s = |supp(¢(S))| = |RUV|, and obtain that

|IR'RRUV| =S| —2|R|—|U| >2p—2—2s and |R|>2p—2—3s.
By Theorem 2.3.1 we have that X,/51(RUV) > min{p, [s/2][s/2|+1} =t.
Since h(R') = h(p(S)) —3 < (p—3)/2 and |R'| > p—1, R’ allows a product
decomposition of the form
R=qQ 1]
el
where all @; are squarefree sequences of length 2, |[I| = ||R'|/2] and |Q’| €

[0,1}.
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We assert that |I| > p —t. This is clear for ¢t = p, and we suppose that
t =[s/2]|s/2] +1. Since t > (s* —1)/4+ 1, s > (p—1)/4 and p > 37, it
follows that

1
I =1IR]/2] 2 ——2p- —1>p—t.

If J C I, then
S ([T@) 2 D suwp(@)),
ieJ ieJ
and therefore the Cauchy—Davenport Theorem implies that
S (JT @)1 = 1D supp(Q:)| > min{p, [J] +1}.
icJ ieJ
If J C I with |J| =p—t, then
Sp-eersn (RUV ][ Qi) D Srym (RUV) + Sy (] @0) -
ieJ ieJ
The Cauchy—Davenport Theorem and the previous estimate imply that
min{p,t + (|]J| + 1) — 1} = p is a lower bound for the cardinality of the
latter sumset, whence both sets are equal to H.
Now we choose some J C I with |J| = p —t, set

R = R'(H Q;)"' and assert that |R*| >t — [s/2].

ieJ
Suppose that this is proved. Then R* has a subsequence Y of length ¢ —
[s/2]. Since RUV [],.; @i has a subsequence X of length p —t + [s/2]
with 0(X) = —o(Y), it follows that XY is a zero-sum sequence of R'RUV
of length | XY| = p.

Since
|R*|=|R|—=2|J|=|R'|—-2(p—1t) >2p—2—3s—2p+2t =2t — 2 — 3s,
it suffices to show that
t—2—-3s>—[s/2].
Since s < (p—1)/3 and s > (p — 1)/4 > 2, this is clear for ¢ = p. For
t =[s/2][s/2] + 1 we have to show that
[s/2]|s/2] —1—=3s+[s/2] >0.

Since p > 47, we have s > (p — 1)/4 > 23/2, and thus the inequality
holds. U

Lemma 5.10. Let p > 41, |S| = 2p—2 and |supp(¢(S))| € [(p+1)/3,p—5].

Then S has a zero-sum subsequence of length p.
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Proof. Let W be a subsequence of RUV of length |W| = [p/3] such that
| ged(W, R)| is minimal. Then W is squarefree, and Theorem 2.3.1 implies
that ¥,(W) = H. Since | ged(W, R)| is minimal, we either have W |UV or
UV |IW. If W|UV, then ged(W, R) = 1 and

| ged(W, R)'RR'RU| = |RR'RU| =2p -2 — |RUV|>p+3.

If UV |W, then | ged(W, R)| = |W| — |UV|, and since |R| < (2p — 2)/3, we
obtain that

|ged(W, R)'"RR'RU| =2p—2— (|R| + [p/3]) > p—2.

In both cases ged(W, R)"'RR'RU has a subsequence Y of length p — 4
such that RU|Y. Let X be a subsequence of W of length 4 such that
o(X) = —o(Y). Then T = XY is a zero-sum subsequence of ¢(S) of
length p. Since

D Va1 (vg(p(9)) = ve(T))

= ) V(M vg(p(9) =vg(T)) + Y vg(T)(vy(p(S)) — vy(T))
g€supp(R) g€supp(U)

> ) (vle(S) -1+ > 1

gesupp(R) g€supp(U)\supp(X)

= |[R'R*| + U] =4 = [¢(S)| — [supp(S)| =4 = p—1,

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p. U

Lemma 5.11. Let p > 17, |S| = 2p — 2 and [supp(p(S))| =p—4. Then S

has a zero-sum subsequence of length p.

Proof. Let W be a subsequence of RUV of length (p + 3)/2 such that
| gcd(W, R)| is minimal. We distinguish two cases.

CASE 1:  |ged(W, R)| < 4.
Since

|gcd(W, R)™'RR'RU| = |R'R?| + |U| — | ged(W, R)|
>2p-2-(p—4)—4=p-2,
ged(W, R)"'RR'RU has a subsequence Y of length p — 2 such that RU | Y.

By Theorem 2.3.1 we have 35(WW) = H, and thus W has a subsequence
X of length 2 such that ¢(X) = —o(Y). Then T = XY is a zero-sum
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subsequence of ¢(5) of length p. Since

Z Vo(T)(vg(0(S)) — vy(T))

= D v(Dve(e(9) = vg(M) + D vg(T)(ve(2(S)) = vy(T))
g€supp(R) g€supp(U)

> ) (vele(S) - 1) + > 1
g€supp(R) g€supp(U)\supp(X)

= |[R'R?*| + U] =2 = |¢(S)| — [supp(S)| — 2 > p,

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p.

CASE 2: | ged(W, R)| > 5.

By the minimality of | ged(W, R)| we have UV |W. Then |[UV| = |[W| —
|lgedW, R)| < (p+3)/2 —5 and |RUV| = p — 4. Thus it follows that
|R| > (p — 1)/2. Therefore Theorem 2.3.1 implies that ¥4(R) = H. Let
X be a subsequence of R of length 4 such that T'= X RUV is a zero-sum

sequence. Then |T'| = p, and since

D val(T)vg(p(9)) = ve(T))

= > v(M(e(9) = ve(T)) + D> vg(T)(ve((S)) — (1))
g€supp(R) gesupp(U)

> >0 (S -+ > 1

gesupp(R) gesupp(U)

= |R'R?| + |U] = ()| — Isupp(S)| > p + 2,

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p. U

Lemma 5.12. Let p > 23, |S| = 2p — 2 and |supp(¢(S))| =p—3. Then S
has a zero-sum subsequence of length p.

Proof. We have |R'R?U| = |S| — |supp((S))| = p+ 1, in particular R # 1.
We distinguish two cases.
CASE 1: |R|>T.

By the Cauchy—Davenport Theorem and by Theorem 2.3.1, we obtain
that

X4(R) —supp(UV)| = min{p, 4(|R] —4) + |U| + |V}
= min{p, 3| R — 16 + [supp(x(5))[} = p,

and therefore 34 (R) —supp(UV). Thus there exist a subsequence R* of R of
length 4 and some x € supp(UV) such that T'= R*z"'RUV is a zero-sum
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subsequence of ¢(5) of length p. Since

D v(M)ve(9(9) = vg(T) = D (vyl(S) =1+ > 1
geH g€supp(R) g€supp(U)\{z}
> |R'R* 4+ |U—1=p,

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p.
CASE 2: |R| <6.
We choose some r € supp(R) and distinguish two cases.
CASE 2.1: |U| > (p+3)/2.
Then ¥5(U) = p. Thus U has a subsequence X of length 2 such that
T =rRUVX is a zero-sum subsequence of ¢(S) of length p. Since
D vg(T)(vg((8)) = vy(T)) > |[R'R*| +|U| =2 =p—1,
geH

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p.

CASE 2.2: |U|<(p+1)/2.

Since |R'R?U| = p+ 1, |R| < 6 and p > 23, it follows that |R'R| >
(p+1)/2 -6 > 6, and hence R'R has a subsequence R* of length 5. Since
UV| > |RUV| -6 =p—92> (p+3)/2, it follows that Xo(UV) = H, and
hence UV has a subsequence X of length 2 such that T = R*RUVX ! is a
zero-sum subsequence of ¢(.S) of length p. Since

> e(T)(vg((S)) = vy(T)) = [RE*| +|U| =2 =p — 1,
geH

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p.
O

Lemma 5.13. There exists a subgroup H* C G of order p and a projection
p*: G — H* such that
(S S
Z (Vh(@ ( ))) > <| |>(p+1)_1.
2 2
heH
In particular, |S|=2p—2 and p>T7 imply that h(x*(S)) > 3.

Proof. For a subgroup H' C G of order p we define

A = {gg € F(G) | g¢' is a subsequence of S and g — ¢’ € H'}|.

Since G' has p + 1 subgroups of order p and S has (“;‘) subsequences of
length 2, it follows that there exists some subgroup K C G such that
Ag > (‘g‘)/(p +1). Let k: G — K denote a projection. We define ¢* =
id—k and H* = im(id —x) = Ker(k). Note that ¢ — ¢’ € K if and only if
©*(g9) = ©*(¢'). Since there exists ), (Vh(@;(s))) subsequences gg’' of S
such that ¢*(g) = ¢*(¢’), the assertion follows.
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Let |S| =2p—2, p> 7 and assume to the contrary that h(¢*(5)) < 2.
Then

(75 )0 = (M) < w1 <,

heH

a contradiction. O

A pair (H*,¢*) consisting of a subgroup H* C G and a projection
©*: G — H*is called suitable (with respect to S) if it satisfies the property

given in Lemma 5.13.

In the following lemmas there is a trade-off between the length of the
argument and the range of primes for which the results are valid. Some
arguments could be slightly shortened when allowing p to be larger, and
conversely, with more involved proofs some of the results could be obtained
for (slightly) smaller primes. Our aim is to obtain results (at least) for
primes p with p > 47, which is the bound given by Lemma 5.9.

Lemma 5.14. Let p > 23, |S| = 2p — 2, |supp(e(5))| = p and (H, )
suitable. Then S has a zero-sum subsequence of length p.

Proof. Since |[RUV| = p and |R3U?V| < |S| = 2p — 2, it follows that
|R*U| < p — 2 and thus |R| < (p — 3)/2. This implies that [UV| > (p +
3)/2 and hence ¥5(UV) = H by Theorem 2.3.1. Furthermore, we have
|[R'R?*U| = |S| — [supp(¢(S5))| = p — 2.
We assert that one of the following three statements holds:
e h(¢(S5)) > 6.
e There exist two distinct elements 1,79 € H whose multiplicities in
©(S) are at least 5 and 4, respectively.
e There exist three distinct elements ry, 79,73 € H whose multiplicities
in ¢(9) are at least 4.

Assume to the contrary that none of these statements holds. Since (H, ¢)

is suitable, we have

w-o< (oe <3 (M),

heH

Since none of the statements holds, the last sum is bounded above either

b
y @ (R - 1) @ + \U|(§) 74 3R]+ U]

2@ + (IR - 2) (2) + |U|<§> 6+ 3|R+|U|.

or by
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Since |[R3U?V| < 2p—2, it follows that either |[UV| < 11 or that |[UV| < 10,
a contradiction to |[UV| > (p + 3)/2.
Now we distinguish three cases.

CASE 1:  h(e(S)) > 6.

Let r € supp(R) with v,.(p(5)) = h(¢(S)), and let X be a subsequence
of UV of length 2 such that T'= r2RUV X! is a zero-sum subsequence of
©(S) of length p. Since

ng (T)(vg(p(S)) — vg(T))

=3(ve(@(9) =3)+ D ve(T)(ve(p(S)) = vy(T))
g€supp(R)\{r}
+ > Vo(T)(vg(p(S)) — vy(T))
g€supp(U)\supp(X)
>3(ve(@(9) =3)+ Y (velp(S) — 1) +|U| -2
g€supp(R)\{r}

=2v,(¢(S)) =8+ |[R'R*| +|U| -2 > |[RR*| + |U| +2=p,

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p.

CASE 2: There exist distinct elements 1,79 € H with v, (¢(S5)) > 5 and
Vi, (0(5)) > 4.
Let X be a subsequence of UV of length 2 such that T = rry RUV X!

is a zero-sum subsequence of ¢(.S) of length p. Since

ng(T> (vg(p(5)) = vy(T))

geH

= 2(vy, (9(S9)) = 2) + 2(vi, (2(S)) — 2)
+ Y v(D)(ve((9) — ve(T))

g€supp(R)\{r1,r2}
+ > Vo(T)(vg(p(S)) — vy (T))
g€supp(U)\supp(X)
> vy, (9(5)) 4 Vi (9(S)) — 6 + [R'R?| + [U| - 2
> |RR|+ U +1=p—1,

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p.

CASE 3:  There exist three distinct elements 11,75, 73 € H with v, (¢(S)) >
4 for all i € [1,3].

Since |RUV| = p and 3 + |R*U*V| < |R'R*U?V| = 2p — 2, we infer that
|R*U| < p—5, |R| < (p—5)/2 and therefore |UV| > (p + 5)/2. Note that
V # 1, and we choose some v € supp(V'). Then Xo(UVv™!) = H, and hence
UVv~! has a subsequence X of length 2 such that 7' = riryrs RUVy 1 X!
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is a zero-sum subsequence of ¢(S) of length p. Since

=32 @(S) =2+ D (D) (ve((S)) = vy (T))

i=1 g€supp(R)\{r1,r2,r3}

Y wDe(S) —w(T)

g€supp(U)\supp(X)

3
> (v (9(5) = 3) + [RR’| + |[U| -2 > [R'R*| + [U| +1=p—1,

i=1

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p. O

Lemma 5.15. Let p > 23, |S| = 2p — 2, [supp(p(S))| =p — 1 and (H,¢)
suitable. Then S has a zero-sum subsequence of length p.

Proof. Since |RUV| = p — 1 and |R3U?V| < |S| = 2p — 2, it follows that
|R*U| < p—1 and thus |R| < (p—1)/2. This implies that |UV| > (p—1)/2
and hence ¥3(UV) = H.

Since p > 23 and (H, ¢) is suitable, one of the following five statements
holds:

e There exists an element r; € H whose multiplicity in ¢(S) is at least
7.
There exist two distinct elements 1,7, € H whose multiplicities in

©(S) are at least 6 and 3, respectively.

There exist two distinct elements 1,7, € H whose multiplicities in
©(S) are at least 5.
There exist three distinct elements rq, 79,73 € H whose multiplicities

in p(S) are at least 5, 4 and 3, respectively.

There exist four distinct elements 71,179,173, 74 € H whose multiplici-
ties in (.S) are at least 4, 4, 4 and 3, respectively.

Corresponding to the five cases let R* be one of the following five se-

quences:

4 3 2.2 2
r{, TiTr2, TiTy, TiTaT3, O 71797374 .
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Let X be a subsequence of UV of length 3 such that 7= R*RUV X !is a

zero-sum subsequence of p(.5) of length p. Since

D V(1) (vy((S)) = vy (T))

geH
= Z Vo(T)(vg((5)) = vy(T))
g€supp(R*)
+ >, (vg(0(S)) = 1) + > 1
gesupp(R)\supp(R*) gesupp(U)\supp(X)
= > (™) = Dvy(p(5)) = vy(T) = 1)
gesupp(R*)
Y (vle(9) = 1) + > 1
gé€supp(R) gesupp(U)\supp(X)
> ) (1) = D(ve(p(9) = vy(T) = 1) + [R R + |U| =3
g€supp(R*)
= Y (D) = D(ve(p(S) = v(T) = 1)+ (p—4) = p—1,
g€supp(R*)
Lemma 5.3.1 implies that S has a zero-sum subsequence of length p. U

Lemma 5.16. Let p > 23, |S| = 2p — 2, [supp(p(S))| = p — 2 and (H,¢)
suitable. Then S has a zero-sum subsequence of length p.

Proof. We have |R'R?U| = |S| — |supp(p(S))| = p. We distinguish two
cases.
CASE 1: |R| > 6.
By the Cauchy-Davenport Theorem and by Theorem 2.3.1,
|X5(R) — supp(UV)| = min{p, 3(|R| = 3) + U] + [V}
= min{p, 2[R| — 9 + [supp(p(5))[} = p,
and therefore ¥3(R) — supp(UV') = H. Thus there exist a subsequence R*

of R of length 3 and some = € supp(UV) such that o(R*) —x = —c(RUV)
and hence T'= R*x 'RUV is a zero-sum subsequence of ¢(5) of length p.

Since
D V(M) (ve(@(9) = vg(T) = D (vyl(S) =1+ > 1
geEH g€supp(R) g€supp(U)\{z}

> |RR}+ U —1=p—1,

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p.

CASE 2: |R| < 5.
Since p > 23 and (H, ) is suitable, one of the following six statements
holds:
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There exists an element r; € H whose multiplicity in ¢(S) is at least
7.

There exist two distinct elements r,7o € H whose multiplicities in
©(S) are at least 6 and 3, respectively.

There exist two distinct elements r,79 € H whose multiplicities in
©(S) are at least 5 and 4, respectively.

There exist three distinct elements 71, 79,73 € H whose multiplicities
in ¢(S) are at least 5, 3 and 3, respectively.

There exist three distinct elements 71, 79,73 € H whose multiplicities
in ¢(S) are at least 4, 4 and 3, respectively.

There exist four distinct elements rq, 79, 73,74 € H whose multiplici-
ties in (.S) are at least 4, 3, 3 and 3, respectively.

Corresponding to the six cases let R* be one of the following six sequences:

Since

4 3 2.2 2 2
Ty, T{T2, TiTg, T{T2T3, T1T9T3 OI 711727374 .

\UV| > |RUV|—=5=p—T72> (p+3)/2, it follows that 3,(UV) = H,

and hence UV has a subsequence X of length 2 such that 7= R*RUV X!

1S a ze

D

geH

ro-sum subsequence of ¢(.S) of length p. Since

Vg(T)(vg(0(S)) = vye(T))
= D v(T)(v((S)) = vy(T))
g€supp(R*)
+ > (vg(p(S)) —1) + > 1
g€supp(R?)\supp(R*) gé€supp(U)\supp(X)
= > Vg — D(vg((S5)) = vy(T) = 1)
g€supp(R*
+ Y (vele(9) 1)+ > 1
g€supp(R) g€supp(U)\supp(X)
3 2 D) (v (9(S)) = vy(T) = 1) + |R'B| + U] — 2
= Z D(vg(@(S) =vy(T) = 1) +p—22p—1,
gesupp(R*)

Lemma 5.3.1 implies that S has a zero-sum subsequence of length p.

Proof

of Proposition 5.2. Let p € P with p > 47 and let S € F(G) be

a squarefree sequence of length |S| = 2p — 2. By Lemma 5.13 there exists

a subgroup H C G of order p and a projection ¢: G — H such that

(H, )

is suitable and thus in particular h(¢(S)) > 3.
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If h(e(S)) > p, then S has a zero-sum subsequence of length p by Lemma
5.3.3. If h(¢(S)) =p—1, then S either has a zero-sum subsequence of
length p or it is of the asserted form by Lemma 5.4. If h(¢(S)) =p—2,
then S either has a zero-sum subsequence of length p or it is of the
asserted form by Lemma 5.5. If h(p(S)) =p — 3, then S has a zero-sum
subsequence of length p by Lemma 5.6. If h(p(S)) € [(p+5)/2,p — 4],
then S has a zero-sum subsequence of length p by Lemma 5.3.2.

Now suppose that h(p(S)) € [3,(p +3)/2]. Then S has a zero-sum
subsequence of length p: Indeed,

e for [supp(¢(5))| =p, see Lemma 5.14,

e for [supp(¢(S))|=p—1, see Lemma 5.15,

e for [supp(¢(5))| =p—2, see Lemma 5.16,

e for [supp(¢(S))| =p—3, see Lemma 5.12,

e for [supp(¢(S))| =p—4, see Lemma 5.11,

e for |supp(¢(9))| € [(p+1)/3,p— 5], see Lemma 5.10,
(SN €(p—1)/4,(p—1)/3], see Lemma 5.9,
(0 ()]

(p—3)/4, see Lemma 5.8.

e for |supp(e(S
e for [supp(e(S
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