ON LARGE HALF-FACTORIAL SETS
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ABSTRACT. Half-factoriality is a central concept in the theory of non-unique
factorization, with applications for instance in algebraic number theory. A
subset G of an abelian group is called half-factorial if the block monoid
over GGp, which is the monoid of all zero-sum sequences of elements of Go,
is a half-factorial monoid. In this paper we study half-factorial sets with
large cardinality in elementary p-groups. First, we determine the maximal
cardinality of such half-factorial sets, and generalize a result which has been
only known for groups of even rank. Second, we characterize the structure
of all half-factorial sets with large cardinality (in a sense made precise in the
paper). Both results have a direct application in the study of some counting
functions related to factorization properties of algebraic integers.

1. INTRODUCTION AND MAIN RESULTS

A monoid (a commutative, cancellative semigroup with unit element) is called
atomic if each non-unit a € H has a factorization @ = uq - ... - u; with atoms
(i.e. irreducible elements) u; € H. The integer k is called the length of the
factorization. An atomic monoid is called half-factorial if for each non-unit
a € H the lengths of any two factorizations of a into atoms are equal. Clearly,
a domain is half-factorial (respectively, atomic) if and only if its multiplicative
monoid is half-factorial (respectively, atomic).

Half-factoriality is a central topic in the theory of non-unique factorization (cf.
e.g. [4, 33, 36, 37, 25, 7, 2, 3, 24] and [5] for a survey). If H is a Krull monoid
(cf. e.g. Chapters 22 and 23 in [21]), for example the multiplicative monoid of a
Krull or a Dedekind domain, then whether H is half-factorial, and sets of lengths
of factorizations in general, just depend on the class group G of H and the subset
Go C G of classes containing prime divisors (cf. [12, Proposition 1]), namely H
is half-factorial if and only if Gy C G is a half-factorial set.
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Let G be an abelian group, additively written, and Gy C G. Let F(Gy) be
the free abelian monoid, multiplicatively written, generated by Go (equivalently,
the set of all multi-sets in Gp). An element Hizl gi € F(Go) with g; € Gy is
called a zero-sum sequence (or, a block) if 2221 gi = 0. The block monoid
B(Go) C F(Gp) is the submonoid of all zero-sum sequences in Gg. It is an
atomic monoid (even a Krull monoid) and its atoms are the minimal zero-sum
sequences, the set of which is denoted by A(Gp). The notion of block monoids
was introduced by W. Narkiewicz in [27] and is meanwhile a main tool in the
theory of non-unique factorization (cf. [1], in particular the surveys [6, 20]).
We shall say that the set G is half-factorial if the block monoid B(Gp) is a
half-factorial monoid.

A realization result of L. Claborn [8] states that every abelian group is iso-
morphic to the class group of some Dedekind domain (see also the book [9]).
Furthermore, if G is an abelian group and Gy C G a generating (as a semigroup)
subset, then there exists a Krull monoid (even a Dedekind domain) with class
group isomorphic to G such that Gy corresponds to the set of classes contain-
ing prime divisors (cf. [18, 33, 19]). Thus to investigate half-factoriality for
Krull monoids is equivalent to investigate half-factorial subsets of abelian groups
([10, 15, 22] are recent articles where this point of view is emphasized).

Apart from their importance in the investigation of half-factorial monoids,
results on half-factorial sets can be applied when investigating other problems of
non-unique factorization. For example, they are used to investigate differences
occurring in sets of lengths that are long arithmetical progressions, namely results
on half-factorial sets can be used to obtain results on the so-called A;(G) set (cf.
[13, 11]).

Another reason for the investigation of half-factorial sets and a main reason
for introducing the notion of block monoids is the fact that half-factorial sets and
related quantities occur when investigating the asymptotic behavior of a certain
counting function, Gg(z), defined via factorization properties of algebraic inte-
gers (cf. below for a definition, some results and references). The investigation of
this counting function was initiated by W. Narkiewicz and the following constant
was introduced in [34] in this context: For G a finite abelian group, define

w(G) = max{|Gy| | Go C G half-factorial}.

The problem to determine p(G) for arbitrary finite abelian groups is wide open
and is open even for cyclic groups (cf. [22] for recent results). Yet, in [17,
Theorem 8] A. Geroldinger and J. Kaczorowski could prove that the following
chain of inequalities is valid for any elementary p-group G of rank r:

(1) 1+ |5]pr2(5-5]) sm@ <1+ 5p.

As a consequence, they obtained the exact value of p(G) when G is an elementary
p-group of even rank, since the lower and the upper bounds in (f) coincide.
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In this paper, starting from inequality (1), we first determine u(G) when G is
an arbitrary elementary p-group.

Theorem 1.1. Let G be an elementary p-group of rank r. Then,

24 =Lp  ifris odd,
w(@) = o Lo
1+ 5p if r is even.

In particular, this theorem shows that, in (), equality always holds at the
lower bound. This was up to now only known for G of even rank and in some
special cases (cf. below).

A second aim of this paper is to provide, again in the case where G is an
elementary p-group, a structural result on half-factorial sets Go C G for which
|G| is sufficiently close to pu(G) (half-factorial sets with “large” cardinality). This
result generalizes a result on the structure of half-factorial sets with maximal
cardinality (that is, |G| = p(G)) in elementary p-groups of even rank obtained
in [31, Theorem 3.1]. We shall prove the following theorem.

Theorem 1.2. There exists an absolute constant ¢ > 0 such that for any ele-
mentary p-group G of rank r, if Go C G is a half-factorial subset with |Go| >
w(G) — cp, then there exists a basis {e1,...,e.} C G, such that

5]
Go C U {jesi-1+(+1—jea | j€[l,p]}U{e, 0}
i=1
In particular, if u(G) = |G|, then
5]
Go = U {jeaic1 +(+1—jea | je€l[l,p]}U{er,0}.
i=1

If we denote by co(p,r) the supremum of the values ¢ for which Theorem 1.2

is valid, then our proof will show that
1
>
— 12
for all p and r. In Section 5, following the proof of this result, we will discuss
possibilities to improve this bound.

For p < 7 the structure of all half-factorial subsets of elementary p-groups is
already known (cf. [27, Problem II] for p = 2 and [31, Section 6]). In particular,
the statement of Theorem 1.1 for p < 7 is just [31, Theorem 3.2.2] and Theorem
1.2 for p < 7 follows immediately from the structural characterization of half-
factorial sets in [27, 31]. Thus we could assume p > 11. However, to unify the
argument and since it makes it neither longer nor more complicated, we will
provide the argument for p < 7 as well.

Both results (Theorems 1.1 and 1.2) have a direct application to the investiga-
tion of the counting function Gg(x). We recall some definitions and results: Let
H be an atomic monoid and k some positive integer. Then the set Gy(H) C H

Co(p, T)



4 ALAIN PLAGNE AND WOLFGANG A. SCHMID

is defined as the set of elements of H with factorizations into atoms of at most k
different lengths. Let K be an algebraic number field with class group G and R
its ring of integers. Further, let H(R) denote the monoid of non-zero principal
ideals of R, which is an atomic monoid. It is a well known result (cf. [4]) that R
is half-factorial if and only if |G| < 2. Suppose |G| > 3. The counting function
is defined as

Gr(z)=H{I| N(I) <z and I € Gx(H(R))}|,

i.e. Gpg(z) counts the (non-associated) elements of R with factorizations of at
most k different lengths. The investigations on Gg(x) have been started in [26]
and have been continued (respectively generalized to more general settings) by
various authors (cf. e.g. [34, 23, 13, 17, 16, 29]).

In order to investigate G(z) one considers a main term, My(x). For z > 1

let
1

zs
= %/CC(Sagk)?dS,

where ((s,Gy) is defined via ((s,Gx) = > 1cg, 2(r)) N () 7° for R(s) > 1 and
analytic continuation, and the contour of integration C goes counterclockwise
around the points 1/2 and 1 (cf. [28, 29] and [23] for a similar definition).

For the investigation of the main term as well as for the investigation of the
error term Ry (z) = Gg(x) — My(z) half-factorial sets with maximal cardinality
and related combinatorial problems play an important role.

In particular it is known, in the present form obtained in [13], that

My ()

Gg(z) ~ Cy z(log m)_H%(log log z)¥+(@)

for some constant C, and where ¥ (G) is a non-negative integer that depends on
the structure of half-factorial sets with cardinality u(G). Roughly, ¥ (G) is equal
to the number of elements one can add to a sequence in a half-factorial set with
maximal cardinality without obtaining a zero-sum sequence having factorizations
of more than k different lengths, i.e. is not an element of Gi(B(G)). More
precisely, ¥ (G) is defined as the maximal length of a sequence S such that the
following holds: There exists some half-factorial set Go C G with |Go| = u(G)
such that S € F(G\ Gp) and @ # S - F(Go) N B(G) C Gr(B(G)).

In view of this definition, results on the structure of half-factorial subsets with
maximal cardinality of G seem to be necessary in order to evaluate ¢, (G). It
might be interesting to note that using such results, in particular the known
special case for even rank of Theorem 1.2, ¥ (G) has been determined for some
types of groups and values of k (cf. [32]).

As mentioned above, problems related to half-factorial sets with maximal car-
dinality also occur in investigations of the error term Ry (x). In [29, Theorem 5]
it is proved that if ¥, (G) > 0, then the error term is subject to oscillations of
positive lower logarithmic frequency and size z'/2=¢. Moreover, it is conjectured
there that 15 (G) > 0 for every finite abelian group G and positive integer k. In
[30] this conjecture is proved for k > 2 and arbitrary G, and some results related
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to the positivity of ¢1(G) are proved. One of these results ([30, Theorem 7.1])
and Theorem 1.1 now implies the conjecture in the case where G is an elementary
p-group. Thus, all this yields the following:

Corollary 1.3. Let K be an algebraic number field and k a positive integer. If
the ideal class group of K is an elementary p-group with at least three elements,
then the error term Ry (x) is subject to oscillations of positive lower logarithmic
frequency and size x'/?7¢.

The paper is organized as follows: In Section 2 we fix notations and recall
some known results. In Section 3 we develop the tools for the proofs of our
results, in particular Lemma 3.3 and Proposition 3.4. In Section 4 we prove
several preparatory results. Finally, in Section 5, the proofs of Theorem 1.1 and
Theorem 1.2 are given. These are simple consequences of the preceding results.

For the sake of completeness and clarity, we have tried to make the present
article as self-contained as possible. Hopefully, this approach will draw a unified
picture of what is now known in the case of elementary p-groups.

2. PRELIMINARIES

We denote by Q the set of rational numbers and by Z the set of integers.
Throughout, p will always denote a prime number and we shall denote by IF,, the
field with p elements. For r,s € Qlet [r,s]| ={2 € Z | r <z < s} C Z. It will be
necessary to treat integers, and their multiplicative inverses and representatives
modulo p in the same equation. To this end we use the following notation: For
a prime p and z € Z or x € F,, we denote by [z], its representative modulo p in
[0,p — 1]. For x € Z with p {  we denote by z~! its multiplicative inverse in
FF,, (although the notation 2! does not indicate with respect to which prime the
inverse is taken, the context will always make this clear).

Elementary p-groups are in a natural way vector spaces over I,. Thus we make
use of the notions of basis and dimension. However, to be consistent with the
usual terminology for groups we will refer to the F,-dimension of some elementary
p-group G as the rank of G and denote it by r(G). If G is an elementary p-
group, G; C G an independent subset, g € (G1), and e € G1, then we denote by
be(g,G1) € [0,p — 1] the e-coordinate of —g with respect to Gy, that is,

g=— Y be(g,Gr)e.

eeGq

To consider negative coordinates will ease the formulation of several results in
the sequel.

From the definition of half-factorial sets it follows that a set Gog C G is half-
factorial if and only if GoU{0} is half-factorial. Independent sets are half-factorial
and {0, g} is half-factorial for every g € G.

A key result for the investigation of half-factorial subsets of finite abelian
groups is the following characterization of half-factorial sets (cf. [33, 34, 36] and
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cf. [6] for a proof in the terminology used in this article): Gy C G is half-factorial
if and only if

l
1
® ; ord(g;) =1

for each atom Hi'=1 gi € A(Go).

In this paper we will only investigate elementary p-groups. From now on, we
therefore assume that G is an elementary p-group.

In this case, for each g € G\ {0}, we have ord(g) = p and it is a convenient
simplification to state the condition (1) for a set to be half-factorial as: [ = p for
each atom []\_; ¢i € A(Go) \ {0}.

Also, the following important assertion will be widely used in the sequel: if
a is an integer, the set {g,ag} is half-factorial if and only if ag € {0,g9}. In
other words, a half-factorial set cannot contain two distinct non-zero collinear
elements. This assertion is quite immediate by () but can also be proved using
Proposition 2.1.1 below.

For any given Gy C GG, we can determine some independent set Hy C G such
that (Go) @ (Hg) = G. Then Gy is half-factorial if and only if Gy U Hy is half-
factorial. Consequently, whenever it is convenient we will suppose that a given
half-factorial set Gy C G generates G (cf. e.g. [10, Lemma 3.1]).

In particular, if Gy C G is half-factorial with maximal cardinality |Go| = p(G),
then 0 € Gy and (Goy) = G. Note that this does not hold for arbitrary finite
abelian groups: it is shown in [10, Corollary 6.5] that it is not the case, among
others, for groups of the form (Z/p*Z)P*! for any k > 4 and prime p.

In the following propositions we recall some further results on half-factorial
sets.

Proposition 2.1. Let G be an elementary p-group of rank r and {ei,...,e,} C G
a basis. Further, let g = —_._, bie; with b; € [0,p — 1] for each i € [1,7] be a
non-zero element of G such that {g,e1,...,e.} is half-factorial, then

(1) Y bi=p—1,

(2) if by # 0, then

T
Z[bflbi]p =pr- [bfl}p-
i=1

For ease of notation, Proposition 2.1.2 is just formulated for the first coordinate
but clearly applies (and will be applied) to any other one. The same remark
applies to the forthcoming Proposition 2.2 and Lemma 3.3.

Proposition 2.1.1 was initially proved in [34, Lemma 1] (cf. also [35]) as an
application of Equation (f) to the minimal zero-sum sequence g [[;_, ei’". Propo-
sition 2.1.2 follows by exchanging the role of g and e; using a change of basis
formula (see for instance Proposition 2.2.2).

It is important to note that the equalities in Proposition 2.1 (and more gen-
erally throughout this paper) are equalities in Z and not just modulo p. In
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particular, it is necessary to fix a certain set of representatives modulo p, in our
case [0, p—1]. This choice and the, somewhat artificial, representation of elements
with negative coordinates, turn out to be an efficient way to express these and
related results.

Proposition 2.2. Let G be an elementary p-group of rankr and {ey,...,e,.} C G
a basis. Further, let g = — 3" bie; and h = —>"_, bie; with b;, b} € [0,p — 1]
for each i € [1,r] be non-zero elements of G such that {g,h,e1,...,e.} is half-
factorial.

(1) If by = b} #0, then g = h.

(2) If by # 0, then

T
Zci:p—l
i=1

where ¢, = [—b7 Vi), € [0,p—1] and ¢; = [c1b; + 1], € [0,p— 1] for each
i€2,r].
Proposition 2.2.2 was proved in [31, Proposition 4.2]. It follows by observing
that h = —c19 — Z::Z c;e;, and applying Proposition 2.1.1. Historically, Propo-
sition 2.2.1 was first proved in [17, Lemma 1] but it can also be obtained as a

consequence of Proposition 2.2.2, since by = b} # 0 implies ¢; = p — 1 and thus
¢; = 0 for each i € [2,7].

3. Basic RESULTS

As can be noticed from the preceding propositions we will frequently consider
coordinates of some elements in various bases. Thus we introduce some notation
concerning these coordinates.

Definition 3.1. Let G be an elementary p-group.
(1) If G1 C G is an independent set and g € (G;), then

n(g,G1) = {e € G1 | be(g, G1) # 0}

denotes the number of non-zero coordinates of g with respect to Gj.
Moreover, if Hy C G1, then

n(g, H1,G1) = [{e € Hy | be(g,G1) # 0}

denotes the number of non-zero coordinates of g among those of Hj.
(Cleaﬂ% n(ga le Gl) = n(gv Gl))

(2) If Gy C G is a nonempty set # {0}, then N(Gp) denotes the maximal
number of non-zero coordinates of the elements g € Gy with respect to
some independent set G; C Gy that generates (Gp), i.e.

N(Go) = max{n(g,G1) | g € Go, G1 C Gy a basis of (Go)}.



8 ALAIN PLAGNE AND WOLFGANG A. SCHMID

It is obvious that 1 < N(Gy) < r(G) for every Gy C G. If however Gy is
half-factorial, then it follows by Proposition 2.1.1 that also

N(Go) <p—1.

It might be interesting to note that in general not for every j € [1, min{r(G),p —
1}] there exists some half-factorial set Go C G with N(Gy) = j (cf. [31, Proposi-
tion 4.7]). However, we will only make use (in the proof of the theorems) of the
fact, which can be obtained easily by Proposition 2.1, that for p = 5 there does
not exist a half-factorial set Go C G with N(Gp) = 3.

Note that our definitions for n(-) and N(-) differ from the ones in [17] and
[10]. However the underlying idea in its application is essentially the same: By
Proposition 2.2.1, it follows that if Go C G is half-factorial, G; C Gy is a basis,
g,h € Gy and e € Gy, then b.(g,G1) = b.(h,G1) # 0 implies g = h. Formulated
in a negative way this means that, in a half-factorial set, two different elements
cannot have a common non-zero coordinate. Since the total number of non-zero
coordinates is bounded by r(G)(p — 1) and clearly only one element has no non-
zero coordinates, this yields an upper bound of 1+r(G)(p—1) for the cardinality
of a half-factorial set in G. To improve this upper bound it is necessary to use
further results on the coordinates of the elements of Gy. Most of these results,
clearly, depend on the fact that the set G is half-factorial. However, the following
result holds in general, even for arbitrary vector spaces. Since we will frequently
use it, we state it as a lemma and give a short proof of it.

Lemma 3.2. Let G be an elementary p-group, g,h € G and Gy C G be a basis.
Suppose € € Gy such that bo(g9,G1) # 0 and be(h,G1) # 0. Then the set
G, = (G1\ {e'}) U{g} is a basis and

n(h,G}) > n(h,G1) +n(g,G1) —2u+1
with u=|{e € G1 | be(g,G1) # 0 and b.(h,G1) # 0}].
Proof. Since be(g,G1) # 0, obviously G} is a basis. If we let
¢g = [~ber(9,G1) " ber (b, G1)]p and ce = [cgbe(g, G1) + be(h, G1)lp
for each e € G} \ {g}, then a change of basis formula yields

h:—Zcee.

ecG)
We have ¢4 # 0. For e € G\ {g} it follows that if b.(g, G1) # 0 and b.(h, G1) = 0,
then ¢, # 0, and the same is true if b.(h,G1) # 0 and b.(g,G1) = 0. O

The following two results will play a key role in the remainder of this paper.
As already mentioned, the main idea to obtain upper bounds for the cardinality
of half-factorial sets in elementary p-groups, which was initially applied in [17], is
to exploit the fact that for two different elements no two non-zero coordinates are
equal. In the following lemma we obtain a further condition for the coordinates
of different elements in a half-factorial set.
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Lemma 3.3. Let G be an elementary p-group of rank r and G1 ={ey,...,e;} C
G a basis. Further, let g = =% ._ bje; and h = —>_._ ble; € G\{O} with
bi,b; € [0,p — 1] for each i € [1,r] and Gy = {g,h,e1,...,e,}. If Gy is half-
factorial and by = [2b1],, then at least one of the following statements holds:

(1) bl—b’—O
(ii) h =2g —e; for some j € [1,7] and n(g,G1) <
(i) h =29 —e; for some j € [1,r] and b; = 0.

Proof. If p =2, then the lemma is clearly true. Therefore we assume p # 2.
Suppose Gy is half-factorial and b = [2b1],. If by = 0, then nothing needs to
be proved. Thus suppose b; # 0.
By Proposition 2.2.2, we have Y .._, ¢; = p — 1 with

c1 = [=by W]y = [-2], =p— 2 and ¢; = [e1b; + b], = [—2b; + b]],,

for each i € [2,7]. Thus we have ¢; = 1 for some j € [2,7] and ¢; = 0 for
each i € [2,7] \ {j}. Without restriction let j = 2. For ¢ € [3,7] we have
[—2b; + b}], = 0 and thus b; = 2b; mod p. Since Y ;b => . _ b, =p—1,it
follows that by = 2by + 1 mod p. Thus we have h = 2g — es. It remains to show
that n(g,G1) <2 or by = 0.

Assume by # 0. Since b; = 0 implies b, = 0 for i € [1,r] \ {2}, it follows
that Gy is half-factorial if and only if Go \ {e; | ¢ € [1,7] and b; = 0} is half-
factorial. Thus we may assume without restriction that b; # 0 for each i € [1,7],
an assumption which implies n(g,G1) = r.

We use again Proposition 2.2.2, now applied to the second coordinate, and
obtain >>7_, ¢/ = p — 1 with ¢; = [~b5 'bh], = [-2 — by '], and

=1 "1
= [chbs + bj]p = [(—2 = by ")b; + 2b5], = [—b3 b,

for each i € [1,7] \ {2}. Note that [~by'b;], = p — [b; 'b;], and by Proposition
2.1.2, p— [b3 '], = i, [b5 'b;],. Thus we have

T

p=1 = [F2-0"p+ D [0,
i=1,i#2
= [2-0 "+ (r=Dp— D [by'bi,
i=1,i2
= [-2=by '+ (r—Dp—(p—[b3'],—1) > (r—2)p.
This implies n(g, G1) = r < 2, which finishes the proof. O

Proposition 3.4. Let G be an elementary p-group of rank r and Go C G a half-
factorial, generating set with N(Go) = s > 3. Further, let G; C Gy be a basis,
H, C Gy and G; ={g € Gy | n(g,G1) = j} for each j € [2,s]. Then Go\ {0} is

equal to the disjoint union Ul 1G1 and
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(1) for each j € [3, ],
Z n(g, H1,G1) + Z n(g, H1,G1) < [Hi|(p — 1),

g€Go 9€G;

(2) for each j € [3, 9],

> UG +41Gs < r(p—1),

=1
(3) the following inequality holds:
5|Go| — 3|Ga| < r(p—1)+4r +5.

Proof. Since p —1 > N(Gy) > 3, we may assume p > 5 (see the discussion after
Definition 3.1).

By the definitions of N(Gy) and of G; for j € [2, 5], in order to prove G\ {0} =
Ul 1Gi, it suffices to observe that if n(g,G1) = 1 for g € Gy, then g € Gy, as
stated in Section 2.

(1): By definition of n(-) we have

> > n(g.{eh G = D n(g, Hi, Gh)

e€Hy geG’ geG’

for every G’ C G. Thus it suffices to prove the statement for |H;| = 1. Let
H1 = {6}

We define G, to be the subset of Gy composed of the elements g such that
be(g,G1) # 0 and let G} = G; N G}, for each [ € [1, s]. Notice that G = U;_, G}.

Let us consider the two maps 8 and v from G{, to [1,p — 1] defined by 5(g) =
be(g,G1) and v(g) = [2b(g, G1)]p, respectively.

By Proposition 2.2.1 we have that b.(g,G1) = be(h,G1) for g,h € G if and
only if ¢ = h, i.e., B is injective and thus ~ is injective as well. Moreover, if
g € G for some j > 3, then b.(h, G1) = [2bc(g,G1)], implies h = 2g — ¢ for
some ¢/ € G; such that b (g,G1) = 0 (indeed, this follows from Lemma 3.3
in which, by our assumptions, only case (iii) can happen): This, in particular,
implies h € G’ ;. Therefore we have

B(Go) Ny (UiZ,;GY) € B(UiZ;11G),
which implies
p— 1> [B(GH) U (Ui, Gl > [B(GH)| + [y (Ui, G = |1BUZ; 11 G-
Since the maps (8 and  are injective and the unions are disjoint, the right-hand

side in this inequality is exactly |Gg| + |G}|. But, using

1 if be(g,G1) #0
0 otherwise,

n(gv {6},G1) = {
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we observe that

GOl =" n(g.{e}.G1) = D n(g.{e}.G1)

geGy) g€Go

and, for any j € [3, s],

‘G;| = Z n(g5 {6}7G1) = Z n(g7 {e}le)'
gEG; geG;
This implies
Z n(ga {6}3 Gl) + Z n(gv {6}’ Gl) < p— 17
g€Go 9€G;
and the result follows.
(2): We note that by definition n(g,G1) = j for every g € G, and j € [1, ],
and moreover G C {0} U (U;_,G;). Thus the statement follows immediately by
(3): By (2) with j = 3 we obtain (setting G; = 0 for [ > s)

|G| + 2|Ga| + 6|G| +4|Gul + D UG < r(p—1)
=5

and with 7 = 4 we obtain

|G|+ 2|Ga| + 3|Gs| + 8|Gal + Y UG < r(p—1).
1=5
Adding 5/7 times the first and 2/7 times the second inequality then yields
5 Gal + 1Gal) + Yo UGk < (o 1)
7 3 4 2 1 >rp .
Noting that |Go| <1+ >";_, |Gi], we finally obtain

|G| + 2|Ga| +

5|Gol = 3|Ga| < 5+5|G1|+2|Ga| +5(1Gs| +Gal) + > 5|Gy]
=1

IN

36 >
5+ 4r + <G1| +2|Ga| + 7(|G3| +|G4l) + Zl|Gl|>
1=5

< 54+4r+r(p-1).
O

Remark 3.5. In the proof of Proposition 3.4.3, by considering the inequalities
obtained in (2), 35/50 times the one for j = 3, 14/50 times the one for j = 4,
and 1/50 times the one for j = 5, one could improve this result to

51 31 41 51
2 |Gol = Z(Go| < 7(p—1) + —r + 2.
10lGol = glGel srlp =1+ 157+ 3
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However, this improvement would not affect our main results, not even the lower
bound for ¢o(p,r) that we obtain. Thus we favoured the shorter proof and in
particular the nicer constants.

4. PREPARATORY RESULTS

In this section we investigate half-factorial sets Gy C G with N(Gy) < 2,
N(Gp) = 3 and N(Gp) > 4, respectively.

In the following proposition we describe the structure of half-factorial sets
Go C G with N(Gp) < 2. Tt is a reformulation of known results, in a way suitable
for our application (cf. in particular [34, Lemma 1], [17, Proof of Theorem §],
[31, Proof of Theorem 3.1]). For the sake of completeness, we provide a proof.

Proposition 4.1. Let G be an elementary p-group of rank r, Go C G and
G1 C Gy a basis of G.

(1) Gy is half-factorial with N(Go) =1 if and only if Go C {0} U G;.
(2) Go is half-factorial with N(Go) < 2 if and only if

|5]
Go C U {jesic1+(p+1—jex | je1,p}U{e,, 0},
i=1

where G1 = {e1,...,er}.

Proof. (1): The set on the right-hand side is half-factorial: This follows for
instance from Equation (1), since the set of atoms of Gy = {0} U Gy is given
by A(Go) = {e? | i € [1,7]} U {0} (or simply because independent sets are
half-factorial in arbitrary abelian groups, cf. the discussion in Section 2). By
definition of n(-) it follows that N(Go) = 1 and the ‘if’-part follows. The ‘only
if’-part follows since a half-factorial set cannot contain two distinct non-zero
collinear elements.

(2): That the set on the right-hand side is half-factorial is proved in [17, Proof
of Theorem 8], which clearly implies the ‘if’-part.

We now prove the ‘only if’-part. Let Gg C G be half-factorial with G; C Gy
and N(Gp) = 2. By (1) it suffices to consider N(Gy) = 2. Let g € Gy with
n(g,G1) = 2. Such an element exists since otherwise it would follow that Gy C
{0} U G and therefore N(Gj) = 1.

Let {e1,ea} C Gy such that n(g, {e1,e2}, G1) =2, i.e.

g = 7b161 — b262 with bl,bQ S [1,[) - 1}

By Proposition 2.1.1 we have that b1 +bs = p—1, thus there exist some j € [2,p—1]
such that g = —(p— j)e1 — (j — 1)ea = je1 + (p + 1 — j)ea. It remains to prove
that if h € G \ {e1, €2} with b, (h,G1) # 0 for some ¢ € [1,2], then n(h,G1) =2
and h = —bje; — bhea with b],b, € [1,p — 1]. Let h € G \ {e1, e2} and suppose,
without loss of generality, that b., (h, G1) # 0. As above, n(h,G1) > 1 and thus
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n(h,G1) = 2, thus h = —bje; — bie); with j € [2,7] and b}, 0} € [1,p — 1]. We set
G} = (G1\ {e1}) U{g} and obtain by Lemma 3.2 that

n(h,G1) > 5—2|{e € G1 | be(g,G1) # 0 and be(h, G1) # 0}.
Since n(h, G}) < N(Gp) = 2, we obtain
{e € G | be(g,Gh) # 0 and be(h, G1) # 0} > 1
and the statement follows. O

Note that this proposition describes completely the structure of half-factorial
sets of elementary 2- and 3-groups, since N(Gy) < p — 1 (cf. the discussion fol-
lowing Definition 3.1). In particular, it already proves Theorem 1.1 and Theorem
1.2 for elementary 2- and 3-groups.
From Proposition 4.1, it also follows that u(G) > 1+ rp/2 if r is even and
w(G) > 2+ (r—1)p/2 if r is odd, since the sets on the right-hand side of the
formula in (2) have these cardinalities - notice that in (2), e, belongs to the union
L5]
U{deaion + (0 +1—j)eai | 5 €[1,p)}
i=1

if and only if r is even.

Finally, Proposition 4.1 implies the following corollary. Note that the condition
on the set Gy to be generating, which is made in this and several of the following
statements, is of purely technical nature. Obviously, the result can be extended
to arbitrary half-factorial sets.

Corollary 4.2. Let G be an elementary p-group of rank r and Go C G a half-
factorial, generating set with N(Go) < 2. Then,

Gol < 1+7rp/2 if T is even,
o= 24 (r—1p/2 ifr s odd.

In particular, if r(G) = 1, then u(G) = 2 and if r(G) = 2, then u(G) =p+1
(cf. e.g. [34, 35, 17]).

Next we investigate half-factorial sets Gy C G with N(Gy) = 3. First, in
Lemma 4.3, we treat the case r(G) = 3. In Corollary 4.5 we will generalize this
result to elementary p-groups of arbitrary rank.

Lemma 4.3. Let G be an elementary p-group of rank 3 and Gy C G a half-
factorial, generating set with N(Go) = 3. Then,

5
IGol <3+ L.
6
Proof. Let G = {e1,ea,e3} C Gg be a basis and g € G with n(g,G1) = 3, i.e.
g = —bre1 —baea —bzes € Gp with b; € [1,p—1] for each i € [1,3]. By Proposition
2.1.1, we have by + by + bg = p — 1. Further, let

Go={g' €Go| n(¢’,G1) =2} and G3 = {¢g' € Go | n(g',G,) = 3}.
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Obviously, the sets G2 and G3 depend on the choice of the basis G;. We will
assert that for a suitable basis (in Gg) the subset of elements with 3 non-zero
coordinates will not be too small relative to Go. Having this at hand we will
apply Proposition 3.4 and obtain the upper bound for |Gy|.

Let Gél) ={¢ € Ga | be,(¢',G1) # 0} and assume without restriction that

2|G|
GV > 272
Further, let G} denote the basis {g, 2, e3}. We denote
Gy={g' €Go| n(g,G1) =2} and G5 = {g' € Go | n(¢',G7) = 3}.
We assert that
1
G5l = |65~ 1.

Assume for a moment that this assertion is true and let us conclude the proof.
By definition |Ga|+ |G3| = |G4]+ |G| > |Gol — |G1] — 1 = |Go| — 4 (with equality
if and only if 0 € Gy) and thus, by the assertion,

2|G 2(|Go| — |Gs| — 4
|Gg|2|G§1)|—1Z |32| (|Gol 3| 3 )
This implies 5 max{|Gs|, |G4|} > 3|G%5| +2|G3| > 2|Gy| — 11. Without restriction
suppose |G3| > (2|Gy| — 11)/5. By Proposition 3.4.2 (applied with j = 3) we
have

-1> - 1.

3(p — 1) > ‘G1| + 2|G2| + 6|G3|
and therefore, since |G1| = 3 and |Ga| > |Go| — 4 — |G3],

2|Go| — 11
3(]?— 1) > 2|G0| +4|G3‘ —-5> 2|G0‘ +4 (|05) —
This gives
5p + 18
‘GO|§ p6 )

which is the desired bound.
Let us now prove the assertion that |G%| > |Ggl)| — 1. Tt is trivial if Ggl) = 0.

Therefore we assume GS) # () and consider h € Ggl). Then h = —aie; — aje;
with j € [2,3], a1,a; € [1,p —1] and a1 + a; = p— 1. Let k € [2,3] such that
{4, k} =[2,3]. We may compute

h=laxby 'l g+ laaby belp e + [arby b — aglp €5,
from which it is clear that b,(h, G}) # 0 and b, (h, G}) # 0.

We show that b, (h, G}) = 0 if and only if a; = [—b; 'b;(1 + by 'b;)1],. First
note that this expression for a; is well-defined, since b; # 0 and 0 < by + b; < p.
Since a; + a; = p — 1 and thus a3 = [-1 — a;],, we can solve the equation
[—bl_lalbj + a;], = 0 with respect to a; and obtain the unique solution

aj; = [=by b (1+ b7 b))y,

and we are done.
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Therefore we have
G ={g € GV | be,(g',G1) # [=by "bi(14b7"b;) Y], for each i € [2,3]} C G
Since [—by 'b; (1407 'b;) 1], # 0 for each i € [2, 3], it follows by Proposition 2.2.1
that there exists at most one element g; € Gy with be,(g;, Go) = [—bflbi(l +
by 'b;) 1], for each i € [2,3]. This implies |G22)\ > |G§1)| —2.

Using for instance Lemma 3.2, we observe that n(e;, G}) = 3 and thus e; € G.
Since e; ¢ Ga, we infer

Gal = 16571 +1 2 165" - 1,
which proves the assertion and finishes the proof of the lemma. O

We now investigate the case of arbitrary rank. We start with a structural
result.

Proposition 4.4. Let G be an elementary p-group and Gy C G a half-factorial,
generating set with N(Go) = 3. Then there exist three subgroups G',G" and H
of G satisfying G = G' & G" ® H and r(G') = 3, such that

p—1

Go C(G'®G")UH and |Go\ (G' UH)| < r(G") 25—

Proof. Since p —1 > N(Gj) = 3, we may assume p > 5 and in particular p odd.
Let G1 C Gp be a basis and g € Gg such that n(g,G1) = 3. Further, let
Hy, C G; with |Hy| = 3 and n(g, H1,G1) = 3. In other words, H; is the subset
of those basis elements for which the coordinates of g are non-zero. We set
G’ = (H,;) and observe immediately that r(G’) = 3.
We define Hy C G \ H; as the set of those e € Gy \ Hy for which there exists
some h' € Gy with n(h', Hy,G1) # 0 and n(h/, {e}, G1) # 0. We set

G’ = <H2> and H = <G1 \ (Hl U H2)>
sothat G=G' & G' @ H.
If Hy = (), then Gy C G’ U H and the result follows. Thus we assume that
H, # 0.
Let e € Hy and h € Gg \ {e} with n(h, {e},G1) # 0. We assert that
n(h, Hl, Gl) =2
First we consider an element h’' € Gy \ {e} with
n(h/, Hl, Gl) 7é 0 and n(h’, {6}, Gl) 7é 0.

By definition of Hs, such an element exists. We need to show that n(h/, Hy,G1) =
2. Indeed, assume to the contrary n(h', H1,G1) = 1 and let ¢’ denote the element

in H; for which ' (and clearly g) has a non-zero coordinate. We apply Lemma
3.2 and obtain, with G| = (G1 \ {€’'}) U{g},

n(h/aGll) Z n(h/7G1) + n(gaGl) -2+1 Z 47

a contradiction to N(Go) = 3. Consequently, n(h', H;,G1) = 2, as announced.
Consider now an arbitrary h € Gy \ {e} with n(h,{e},G1) # 0. Since Gy is
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half-factorial, we have n(h,G1) > 1 (otherwise h would be collinear to e). Again
by Lemma 3.2 (with the basis (G1 \ {e}) U {h'}), we get that e cannot be the
only basis element for which both & and A’ have a non-zero coordinate. Since all
basis elements except e, for which h’ has a non-zero coordinate are elements of
Hy, it follows that there exists some element in H; for which A has a non-zero
coordinate, i.e. n(h, Hy,G1) # 0. Thus the reasoning made for k' applies to h as
well and we obtain n(h, Hy,G1) = 2.

This assertion implies that if h € Gy \ {e} with n(h,{e},G1) # 0 for some
e € Hy, then n(h,G1) =3 and h € G’ ® G”. Thus it follows from the definition
of Hy that Go C (G’ @ G”) U H and it remains to consider |Gg \ (G’ U H)|.

For e € Hy let G. = {h € Go | n(h,{e},G1) # 0}. Since

Go\(G'UH)= | G,
e€Hoy

it suffices to show that |G| < (p — 1)/2 for each e € Hy. Since n(h,G1) = 3 for
every h € G, \ {e}, we have by Proposition 3.4.1, for j = 3 and G5 as defined
there, that

1+42(Ge[=1)= > n(g' {e},G1)+ > n(g',{e},G1) <p—1.
g9'€Go 9'€G3

The statement follows, since |G,| is an integer and p is odd. g

From this proposition, we now derive a result on the cardinality of half-factorial
sets with N(Gp) = 3.

Corollary 4.5. Let G be an elementary p-group of rank r and Gy C G a half-
factorial, generating set with N(Go) = 3. Then,

2
< —— 2
|Go| <3+ (2 3> p
Proof. Let us apply the previous proposition (we keep the same notations). We
have
‘G0| = |G0\(G/UH)|+|GOO(G/UH)‘
< |Go\(G'UH)|+|GoNG'|+|GonH| -1,

since G’ N H = {0}. Proposition 4.4 therefore implies

|Go| < (G”) +|GomG’|+\GomH|—1

IN

((G") ;1 <3+56p)+u(H)1,

where the second line follows by Lemma 4.3, since N(Go N G’) =
Now since, by (1), u(H) <1+ r(H)p/2 and r(G") +r(H) =r — 3 we get

5 G//
Gol < r-3)2 43+ 215 < (—)
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O

In the following proposition we investigate half-factorial sets with N(Gg) > 4.

Proposition 4.6. Let G be an elementary p-group of rank r and Gy C G a
half-factorial, generating set with N(Go) = s > 4. Then,

r 3s
Gol <14+ =p— —1).
(Gol <1+ 5P = 575,00 = 1)

Proof. We may assume 0 € G (otherwise, we may consider the half-factorial set
Go U {0}). Let G1 C Gy be a basis and g € Gy such that n(g,G1) = s and let
Hy, C Gy with |H;| = s such that n(g, Hy,G1) = s. Further, let

Ga={g €Go| n(¢’,G1) =2} and G2 ={¢' € Gy | n(¢’,G1) > 2}.

By Proposition 4.1.1 we have |G>2| = |Go| — |G1] — 1 = |Go| — (r + 1) and by
Proposition 3.4.3 we have

5|Gal — 3(Ga| < r(p—2).

We note that Go C (H;)U(G1\ H). Otherwise, there exists some h € G5 with
n(h, H1,G1) = 1. Then by Lemma 3.2, considering the basis G} = (G1\{¢'})U{g}
where ¢’ € Hj is the element for which the coordinate of h is non-zero, we obtain

n(h,G}) >n(h,G1) +n(g,G1) —2+1=s+1,

which contradicts N(Gp) = s.
By (1) (or Proposition 3.4.1) we have

(G2 N (G \Hy) [ €14+ 75 "p— (14 (r—5) = 5= (p—2)
and thus, using G2 C (H1) U (G1 \ H1),
(G2 N (H) | > [Ga| - 520 - 2).

Therefore there exists some e € H; such that for
G.={h € Gy | be(h,Gy) # 0}

we have

2 2 rT—38
> 2 H)| > 2 - —9
Gel = 21620 ()] = 2 (162l - 50 2)

and therefore

2 (5|Gsa|—r(p—2) r—s
> - = — _
G = 2 (22 o)
10[Gi5s] — (57— 35)(p — 2)
B 3s '

Let G; = (G1 \ {e}) U{g}. We set
G;={g' €Go| n(g',G]) =2} and G%, ={g' € Go | n(¢',G]) = 2}.
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Since, by Lemma 3.2, n(e, G5) = s and n(h,GY) > s—1 for each h € G, we have
|G| = |G5| = [Ge| +1
and again by Proposition 3.4
5|G%,| = 3[Ga| <r(p—2).

Since |G%,| = |G'>2|, the three last inequalities give
r(p=2) = 2|G5o[+3(|G2,] - 1G3))
> 2G| +3(Gul + 1)

10|G>2| — (5r —3s)(p — 2)

> 2|G22|+ 5 +3
10 3s—5
= <2+> |G>a| + 3+ ( > T) (p—2).
s s
This implies
T 3s
< -(p—2)— -1
(G2ol < 5(P=2) = 1575, — 1)
and, finally,
T 3s
< 1<1+4+=p— —1).
|Go| < [Gs2|+7r+1<1+ 5P 10+23(P )

O

Remark 4.7. Let all notations be as in Proposition 4.6. It is immediate from
the proof of the proposition that n(¢’,G¥) € {s — 1, s} for every ¢’ € G.. Thus
we could apply Proposition 3.4.2 with j = s — 1 and j = s to obtain another
bound for |G|, namely

352 —7s
S8 TS 9.
525 2P 2

This bound is better for s > 7, but for s = 4 it is not sufficiently good for our
purpose, namely the proofs of our main results.

Since the alternative bound would not improve our main results, not even
the lower bound for ¢(p,r) that we obtain, and since we believe that even the
alternative bound, for large s, is far from best possible, we favoured the shorter
argument.

r
|G0\§1—|—§p—

We are now able to deduce the needed corollary.

Corollary 4.8. Let G be an elementary p-group of rank r and Go C G a half-
factorial, generating set with N(Go) > 4. Then,

5 r 2
<= ——Z)p
|G0|_3+(2 3>p
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Proof. If N(Gy) = s > 4, then Proposition 4.6 gives

T 15 3 r 2
<1+ — 2 )p-1)<14+-p—:(p-1
|Gol < +2p+(10+28 2)(19 )<1l+gp—3p-1),

and the result follows. O

5. PROOFS OF THE MAIN RESULTS

In this section we give the proofs of our two main results.

Proof of Theorem 1.1. For even r the statement was proved in [17, Theorem 8§].
Thus suppose r is odd. It is known (this is () and cf. also the discussion following
Proposition 4.1) that u(G) > 2+ (r — 1)p/2 thus it suffices to prove

-1
HG) <2+ ——p.

By Proposition 4.1 the result holds for p < 3 and we may therefore suppose p > 5.
Let Gy C G be half-factorial with cardinality ;(G) and in particular (Go) = G.

We distinguish 3 cases:

1. N(Gp) < 2. We have |Go| <2+ (r — 1)p/2 by Corollary 4.2.

2. N(Gy) = 3. By Proposition 2.1, p cannot be equal to 5 (cf. the discussion

following Definition 3.1) and for p > 7 we have by Corollary 4.5

r 2 r—1

3. N(Gp) > 4. We have by Corollary 4.8

5 ro 2 r—1
< 4(=--=2 24— —p.
|G0_3+<2 3)p< +5p

Thus, in any case, we have |Go| <2+ (r — 1)p/2. O

Proof of Theorem 1.2. By Proposition 4.1 (and the discussion following it) the
result holds for p < 3 and we suppose p > 5.

Let Gg C G half-factorial. Without restriction we assume that Gg is a gen-
erating set. By Theorem 1.1 we have u(G) = 1+ rp/2 if r is even, respectively
w(G) =24(r—1)p/2if r is odd. We will establish a lower bound for u(G)— |G| in
case N(Gyp) > 2. This will imply the results, since the structure of a half-factorial
set with N(Gp) < 2 is known by Proposition 4.1.

Suppose N(Go) > 2. If N(Gp) = 3, then again by Corollary 4.5

T 2
< __Z
|Go|_3+<2 3>p

and thus pu(G) — |Go| > p/6 — 1, which clearly is positive for p > 7 and again for
p = 5 this case cannot occur.
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If N(Go) > 4, then again by Corollary 4.8

) ro 2
|Gol| < 3t <2 3>P

and consequently u(G) — |Go| > (p — 2)/6.

Thus if Gy C G is half-factorial with |Go| = p(G) it follows that N(Gp) < 2
and the ‘in particular’-statement follows by Proposition 4.1.

Let ¢ = 1/12. Note that we may assume p > 13, since |Go| > p(G) — cp is
equivalent to u(G) = |Go| for p < 11. By the argument given above we know
that if N(Go) > 2, then

1(G) — |Gol Z%—l > cp.

Thus if |Go| > p(G) — cp, then N(Gy) < 2 and the result follows again by
Proposition 4.1. O

Remark 5.1. The proof of Theorem 1.2 gives immediately that the lower bound
for ¢g could be improved to 1/6 — e (¢ > 0 arbitrarily small), when we restrict
our considerations to sufficiently large primes. Moreover, for groups of even rank
we can further improve this constant to 2/3 — e.

It might be interesting to note that, seemingly, the most difficult problem
towards further improvements on the lower bound we have for cg, in general,
is an improvement of Lemma 4.3. It follows immediately from the fact that in
general there exist half-factorial sets with N(Go) = 3, which can be seen easily
at least for p = 1 mod 3 (cf. [31, Lemma 4.9]), that the statement of Theorem
1.2 cannot hold for any c greater than or equal to 1.
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