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On the Kertész line: Some rigorous bounds
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We study the Kertész line of the g-state Potts model at (inverse) temperature B3 in
the presence of an external magnetic field /. This line separates the two regions of
the phase diagram according to the existence or not of an infinite cluster in the
Fortuin—Kasteleyn representation of the model. It is known that the Kertész line
hy(B) coincides with the line of first order phase transition for small fields when ¢
is large enough. Here, we prove that the first order phase transition implies a jump
in the density of the infinite cluster; hence, the Kertész line remains below the line
of first order phase transition. We also analyze the region of large fields and prove,
using techniques of stochastic comparisons, that /x(8) equals log(g—1)-log(B
-p,) to the leading order, as 8 goes to 8,=—log(1-p.), where p, is the threshold
for bond percolation. © 2008 American Institute of Physics.

[DOLI: 10.1063/1.2924322]

I. INTRODUCTION AND RESULTS

One important feature of the Fortuin—Kasteleyn representation of Ising and Potts models' (the
random cluster model) is that the geometrical transition, i.e., the apparition of an infinite cluster,
precisely corresponds to the phase transition leading to a spontaneous magnetization in the ab-
sence of an external field.” In Ref. 3, Kertész pointed out that this property is lost in the Ising
model when an external field 4 is introduced: while thermodynamic quantities are analytic for any
h>0, a geometric transition appears in the corresponding random cluster model and there is a
whole percolation transition line extending from the Curie point (2=0) to infinite fields. As
Kertész explained, the analyticity of thermodynamic quantities and the existence of the percolation
transition are not contradictory because the free energy remains analytic.

The Kertész line can be considered as well in the Potts model. There, for large ¢, the first
order transition extends to small, positive fields % and it is an important issue to understand
whether or not the Kertész line coincides with the line of phase transition. Such a property was
established in Ref. 4 for small & (and ¢ large enough) and hence extends the relevance of the
random cluster representation for the analysis of the phase transition in the corresponding region.
Here, we address some of the remaining issues: we prove the existence of the line, show that the
first order phase transition results in a discontinuity of the percolation density, and provide bounds
on the Kertész line that are particularly precise in the region of large fields.

In the Potts model, the spin variables o; associated with lattice sites take values in the discrete
set {1,...,q}. Considering a spin configuration in a finite box A CZ? (d=2), the Potts model at
inverse temperature 3, subject to an external ordering field A, is defined by the Gibbs measure,
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Here, the first product is over nearest neighbor pairs of A, the second runs over sites of A, Zi‘ms
denotes the partition function (normalizing factor), and & is the Kronecker symbol.

To study the behavior of clusters, in the sense of FK clusters, we turn to the corresponding
Edwards—Sokal formulation,”’ given by the joint measure,

1
Iu‘is(o-’ 1’) = ﬁ]._[ (e_ﬂﬁnij,O + (1 - e_B) 67][-].,1 5¢ri,0"-)H eh(saf’l . (2)
A (i) T

This model can be thought as follows. Given a spin configuration, between two neighboring
sites with o;=07, one put an edge (77;=1) with probability 1-e? and no edge with probability
e P; for o, # ;, no edge (or bond) is present. When the field is infinite all spins take the value one
and we are left with the classical bond percolation problem. At finite fields, the spins are not
uniformly equal to one yet we will see that percolation in the edge variable # still occurs at some
finite temperature.

We call ,uﬁf; the marginal law of 7 under ,uis. This measure can be considered as well for
noninteger ¢ =1 [see (12)]. Our first result concerns the existence of the Kertész line.

Theorem 1: Let B,h=0 and g=1.

(1) The infinite volume limit,
p© = lim G, (3)
A7Y
exists.
(ii)  The probability
0= ,Ud}zc(the origin belongs to an infinite cluster of 1) 4)

increases with B and h and decreases with q.
(iii)  Hence the Kertész line,

hi(B) = inf{h = 0:0> 0}, (5)

exists, and hg(B) decreases with B.

Note that hg(B)=0 if 8= B, where B, is the critical inverse temperature for the phase
transition with no field, while hx(B8) =+ if B<p,, where

B,=—log(1-p.) (6)

is the critical inverse temperature for percolation at infinite fields and p,. is the threshold for bond
percolation on Z¢.

Then, we examine the consequences of the first order transition on the density @ of the infinite
cluster:

Theorem 2: A discontinuity in the parameter B in the mean energy

1 RC
€= l—e_B'uf (77,']'), (7)

where i and j are the neighboring sites, or in the magnetization implies a discontinuity in the
density 6 of percolation.

This means that € has a jump on the line of first order phase transition. Consequently, the
Kertész line cannot be found above the line of first order phase transition. It is known" that both
lines coincide at small fields when ¢ is large; hence, the question remains whether they coincide
up to the other extremity of the line of first order phase transition. In the corresponding mean field
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FIG. 1. A comparison between upper and lower bounds with the numerical results of Ref. 4 for d=2 and ¢=10.

analysis,6 we proved the existence of a cusp as soon as ¢ > 2, that is, whenever appears a line of
first order phase transition. However, in the two dimensional Potts model, no bifurcation was
numerically noted.*

We conclude our exposition of the results with upper and lower bounds on the Kertész line,
which are particularly efficient when 8 is taken slightly above B8,=-log(1-p,), corresponding to
the regime of large fields. The idea that led to the next theorem is that the model can be understood
as independent bond percolation over a random media: the spins not equal to 1 are considered as
defects, which become rare when 4 — +00. Our proofs are reminiscent of Ref. 7, in which similar
methods were employed to provide necessary and sufficient conditions for the phase transition in
the dilute Ising model, see also Ref. 8 for beautiful results on mixed percolation.

Theorem 3: For any d=2, ¢>1, and B> B, one has

eF-1 1
By_1 -
hi(B) < —log eqfl (8)
==log(B~pB,) +10g(2p(q = 1))+ Op.5:(B~B)), )
while
By _ o~ B

h(B) = - log ;(q—_e]) —28d (10)
== log(ﬁ_ ﬂp) + IOg(Pc(‘I - 1)) - (Zd - I)Bp + Oﬂﬂﬁ;(ﬂ_ ﬁp) (1 1)

Thus, to the leading order, hg(B)=-log(8-B,)+log(g—1) when g— ,8; The upper and
lower asymptotes differ from the constant log(2)—(2d—1)log(1-p,) that does not depend on g.

These upper and lower bounds are presented in Fig. 1 together with the numerical results of
Ref. 4.

Il. PROOFS

A. A random cluster representation

For any B,h=0 and ¢=1, we define a random cluster model that takes into account the
external field. Edge configurations » have 7;;€{0,1} for all (i,;) nearest neighbor pairs in the
domain. For A a finite subset of Z¢ and 7 a boundary condition on A, that is, an edge configu-
ration on Z%, which restriction to A has no open edge, we consider
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PR = = H@ P,0+(1=ePs, ) TI w(s(o)), (12)
Aw(z}) ceC(n)

where

w(§) =1+ (g—1)e™.

The first product runs over (i, j) nearest neighbor pairs in A. The second one is over all connected
components (clusters) C e Cx(1), where C7(#) is the set of clusters of Z¢ under the wiring 7v 7
[the edge configuration defined by (7v 7);;=max(;;, 77,;)] that own some site of A. For any such
cluster, S(C) stands for its number of sites.

The variable # under the joint measure ,u S defined in (2) follows the law uX A /> Where f stands
for the free boundary condition, that is, the edge configuration with no edge open. Conditionally
on 7, for integer ¢ € {2,3, ...}, the distribution of ¢ under the joint measure ,u,is is as follows: the
spin is constant on each cluster of 7, and a cluster with S sites obtains the color 1 with probability
e"S/(e"+q—-1), any other of the g—1 colors with probability 1/(e"+g—1), independently of
other clusters. This conditional distribution accounts for definition (18) of the magnetization.

Let us now compare our representation to that of Ref. 4. There, as an alternative to the ghost
spin scheme, a colored version of the Edwards—Sokal representation was introduced. This repre-
sentation was defined by

uSES(om) = ZC<H>[ Suj0+ (1=eP)8, x(oi=0;=1)

+(1-eP) 5,,1,/’2)((0',4 =0, # DT "%, (13)

with the edges variables n;; taking values in the set {0,1,2}. Let us consider, for a while, thermo-
dynamics limits (the ex1stence of thermodynamics limits will be proven at the next section). We
want to emphasize that the question of percolation for # under ,uf € and for the color 1 in n under
uCES are equivalent. Indeed, any infinite cluster for 2 under w3 will be given the color o=1 with
probability one as soon as 4> 0 (with probability 1/¢ if h=0). Hence, relabeling # into rn accord-
ing to the spin of clusters we obtain in fact an infinite cluster for the color 1 in n, with probability

1 (with probability 1/¢ if h=0) and this shows that the probability of percolation from the origin

6 under M?C and 6, for the color 1 in n under u“FS satisfy
0qg ifh=0
"o ifn>o0.

B. Conditional probabilities and infinite volume limit

Here, we give the proof of Theorem 1. Like the usual random cluster representation, the

measures uR A - satisfy the DLR equatlons which means that, given any A’ CA, the restriction of
’ !

7 to A’ under the measure ul A ~ conditioned on 7= outside of A’ has law ,u A, wvae Conse-

quently, the measures ,LLA’ﬂ, are characterized by the law of 7 on a single edge ij given the

boundary condition 7,
/"L{U} 17(771/ 1) plj’ (14)

def.
where p3= p=1-ePif 7 connects i and j; otherwise,
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p

= 15
pl] (1 ~ ) (Sﬂ')w(Sﬂ') ( )
w(S7+S7)
where ST (S}T) is the number of sites of the cluster containing i (j) under the connections 4.

It is easily verified that pf; is an increasing function of B, h, and 7, decreasing with g=1.
Thanks to the DLR equations, the hypothesis of Holley’s Lemma (see for instance Theorem 4.8 in
Ref. 9 or Theorems 2.1 and 2.6 in Ref. 10) are verified and this implies that ,uii, stochastically
increases with 3, h, and 77 and stochastically decreases with g. Using again the DLR equations, we
see that the measure ,u,icf stochastically increases as A 7¢, proving the existence of the weak
limit ,uf in (3). Point (ii) of the theorem follows from the variations of M?C with B, h, and ¢,

which are the same than those of ,uA —» while point (iii) is an immediate consequence of (ii).

C. First order transitions

Theorem 2 is essentially a consequence of the uniqueness of infinite volume measures under
the condition that the infinite cluster has the same density under both infinite volume limits for free
and wired boundary conditions (Theorem 4 below). We adapt here the classical argument at h
=0 to our setting h=0.

By the stochastic comparison argument, one can consider as well the infinite volume limit ,uRC
of ,u under the wired boundary condition w, which has all edges open. As in Refs. 11-13, it
happens that the following is true.

Lemma 1: Given h=0, g= 1, the set of B at which ,ufc * ,LL C is at most countable.

Proof: Let

yi=——log| 2 I (-1 TI w(s)]|. (16)
|A| 7 (i) cecTin

When zr=f, the quantity y7 is subadditive—when one cluster of size S is cut into two clusters of
size Sy,8, with §,+S,=5, then w(S)<w(S,)w(S,). Hence, y/, converges to some y(8,h) as A
— 74, The influence of the boundary condition 77 on y7 is of order |dA|/|A|: for any configuration
7, the product HCECX(U)W(S(C)) decreases with v and conversely

[T ws©)<wa)™ TI ws) (17)

ceci(n) ceCX(n

because (7)) contains at most |9A| clusters not present in C¥(7), each of them having size S
= 1. Hence, for any sequence 4, any sequence of cubes A—>Zd, we have y¥ —y. Now, we show
that y¥ is a convex function of A=log(ef-1). Indeed, the derivative

(7y"
I\ A1'1'(|AA|<121> 771/)

is an increasing function of B, hence of \, and the convexity holds for both y} and its limit y.
Therefore, y is derivable at all 8 ¢ D,, where D,, (that depends on %) is finite or countable. When
this occurs, by convexity of the y%, we have

N . T
lim = =1lim ,
A ON O\ A ON

which implies that the probability of opening a given edge is the same under both free and wired
boundary conditions: 4f“(7;)= " (7;;). Because of the stochastic domination ' < 4y, the
stoch

conclusion ,uf = ,uwc follows. O
On the other hand, we introduce the magnetization,
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RC( ! ) !
my=p, | —————— | - —,
R (g- l)e'hsiﬂ q

under the infinite volume measure ,U.EC with wired boundary condition, for any >0, where S/ is
the number of sites of the cluster of # that contains i. We let m, the same quantity under M?C. We
consider also e, the mean energy as in (7) and 6y= 6 [see (4)] the density of the percolating cluster
under the measure urC, and call e,, and 6,, the corresponding quantities under /.L‘IEC. We can write
er and my as increasing limits and e,,, m,,, and 6, as decreasing limits of continuous, increasing
functions of B. For instance,

(18)

1
ey == lim w5, (7;),
P A 78

and

Ui
6,= lim lim w3, (0 dA)
A4 N 78

7
are decreasing limits, while the functions B— /’“%,Cw( 7;) and B> MIX?W(OH&A) are continuous
increasing. Hence, the following is true.

Lemma 2: For any h=0 and q= 1, ey and my are left-continuous functions of B, while e,,, m,,,
and 6, are right continuous.

As a consequence of Lemma 1, the equalities ef=e,,, my=m,,, and 6y=0,, hold true for all but
countably many B. In view of Lemma 2, the energy (the magnetization) is continuous at some B
if and only if it has the same value under both ,u,]l}C and ,uﬁc. Hence, at a point of discontinuity, it
is the case that ,LL}{C * ,LLEC. However, at such points, we cannot have 0y=0, in view of Theorem 4
below and Theorem 2 follows.

Theorem 4: The equality 6y=0,, implies the uniqueness of random cluster measures—in other
words, ukC= ,u&c when 6;=6,,.

Theorem 4 was proven in Ref. 12 in the case of h=0 (Theorem 5.2 in Ref. 12; see also
Theorem 5.16 in Ref. 10 for the complete construction). The proof given in Ref. 10 applies
verbatim in the present setting.

The reader might be interested as well in a simpler proof of the fact that 6, =0 implies the
uniqueness of random cluster measures (Theorem A.2 in Ref. 14), which shows as well that the
Kertész line remains below the line of discontinuous phase transition.

D. An upper bound on the Kertész line

Our upper bound is directly based on the conditional probabilities (14) and (15). Since

def.

i ~ p
inf {5 (= 1) = i = 1) = =

p+(1=-pw()?w(2)’

the measure ,LL}(C stochastically dominates independent bond percolation of parameter p, and p
> p. ensures that percolation occurs, i.e., that #>0. We recall the notation ﬂpz—ln(l -p.), which

yields
(1+(g-1e™? -1 "o eP-1
0>0=p>p. < =l+@-1De")y < —— 19
T el e e T

and the upper bound (8) follows.
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E. A lower bound on the Kertész line

The former method yields here the only information that /1x(3) =+ for all B< 3. Hence, we
consider another point of view: we use a joint measure analogous to ,u%s (2) and compare the spins
which are not of color 1 to random defects, which have a vanishing density in the limit 4 — .

As we aim at a lower bound that holds for noninteger ¢ =1, we consider a modified (mono-
chrome) version of ,u]is that gives only two colors to spin configurations s. The color 1 effectively
plays the role of a color in the Potts model and undergoes the external field. The color 0 conden-
sates all g—1 other colors (in the case of integer ¢). Let

1
i (s.m) = — (s, 7). (20)
ZA
where
w(s. ) =11 (78, o+ (1-c7)5, 15, ) X [T "1 x (g = 1N, (21

(i)

and Ny(s, 7) is the number of clusters of # that have spin s=0. The marginal law of 7 equals ,u,i(},
while the conditional law of 7 knowing s is the following: 7 has all edges closed between regions
of s of different colors, while its restriction to the regions with s=1 follows a bond percolation
process of parameter p=1—e7?, and its restriction to the regions with s=0 follows the usual
random cluster measure of parameters p=1-¢7# and ¢’ =g—1 with free boundary conditions.

We compare now the structure of spins of color 0 to independent site percolation of low
density. Let s a spin configuration with §;=1, and call § the modified configuration with §;=0. For
any 7 such that 7,;=0 for all j adjacent to i, one has

o(§,7) = o, 7)(g-1e™". (22)
Therefore,
M= > =0y i—i0(S, 1)
§ 7,20,V j~i S,
Mﬁ]( ) =(g-1)e™" A mal =(g- e x ulf (7;;=0, for all j adjacent to i|s =7).
1) 3,0, 7)
(23)
However, the latter probability is at least e=>#? and (23) implies that
def. 1
=lls;=5,Vi#j)<p= 24)
SgpM(S[—HSj—Sj,Vl?&])\p_ 1+(q_l)e—2ﬁde—h' (

Hence, we have a lower bound on the density of defects: the process of good sites (s;=1) is
stochastically dominated by site percolation of parameter p, and percolation cannot occur (i.e.,
0=0) if the mixed percolation process8 of site density p and edge density p=1—e7# does not
percolate, that is, if there is no infinite cluster after the removal of closed sites and closed bonds.

The order in which sites and bonds are close does not modify the properties of the mixed
percolation process. Here, we shall consider that the edge percolation at density p is done first,
giving the diluted graph G made of the open edges and their vertices, and that the site percolation
of parameter p is realized afterwards. It has been known for a long time that bond percolation of
parameter p on G is more likely to succeed than site percolation (see Refs. 15 and 16 for the
inductive proofs and Ref. 17, proof of Lemma 5 for a dynamical coupling). However, the process
of bond percolation with intensity p on the diluted graph G boils down to the classical bond
percolation on Z¢ with parameter p X p and we have shown that

0=0=p X p<p,oePr—eP<pqg-1)e ™, (25)
which leads to the lower bound (10).
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lll. CONCLUSION

We have shown that for the lattice Potts model subject to an external field, the Kertész line is
well defined. We have presented upper and lower bounds on this line. These bounds are very
precise at high fields and complement the previous study,4 in which a precise approximation at low
field was given. In addition, we have shown that a jump of the mean energy or of the magneti-
zation implies a jump in the percolation density of the clusters associated to the corresponding FK
representation of the model. This last result does not exclude the presence of an intermediate
regime of the field where when decreasing the temperature, one first encounters the percolation
transition and then for a lower temperature the percolation density would exhibits a jump.
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