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Introduction: The equation

OPu = Au+ |ulP~'u+ f(u) + g(x,t, Vu, Ou),

u(0) = up and u,(0) = uy,

where:
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Introduction

Introduction: The equation

OPu = Au+ |ulP~'u+ f(u) + g(x,t, Vu, Ou),

u(0) = up and u,(0) = uy,

where:
l<p<ps=1+55,

u(t) :x € RN — u(x,1) € R,
Uy € HI(RN), u € L2<]RN),

and
f(w)| < M(1+ |ul?), with (g <p, M >0),

lg(x, 2, Vu,0u)| < M1+ |Vu| + |0u|),

with f Lipschitz-continuous, and g locally Lipschitz-continuous.
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Introduction

Introduction: The equation

OPu = Au+ |ulP~'u+ f(u) + g(x,t, Vu, Ou),

u(0) = up and u,(0) = uy,
where:
l<p<ps=1+3t,
u(t) :x € RN — u(x,1) € R,
Uy € HI(RN), up € L2<]RN),

and
f(w)| < M(1+ [ul?), with (g <p, M >0),

lg(x, 2, Vu,0u)| < M1+ |Vu| + |0u|),

with f Lipschitz-continuous, and g locally Lipschitz-continuous.

RKk. The Klein-Gordon equation 97 = Au + |u|’~'u + au is included in our framework.
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Another critical exponent below Sobolev

Introducing the conformal exponent:
=1+ 4 <ps=1+ !
pc - N o 1 pS - N o 27
3 cases will be considered:
@ subconformal exponent p < p.

@ conformal exponent p = p,

@ superconformal exponent p, < p < ps.
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Why is p,. critical?

In our setting, when p < p,:
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Why is p,. critical?

In our setting, when p < p,:
o there is a “natural” Lyapunov functional in similarity variables;

@ we have some coercivity estimate, related to Gagliardo-Nirenberg.

In the literature, the exponent p. is called conformal since only for p = p., there is some
a € R such that the unperturbed equation

O'u = Au+ |uf'u

is invariant under the conformal transformation u(x,t) — U(&, 7) defined by

) 2\« - _ X _ !
U(‘,/’T)—(Z' —’X| ) M(X,t)Wlthg—mandT—m.
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Why is p,. critical?

In our setting, when p < p,:
o there is a “natural” Lyapunov functional in similarity variables;
@ we have some coercivity estimate, related to Gagliardo-Nirenberg.

In the literature, the exponent p. is called conformal since only for p = p., there is some
a € R such that the unperturbed equation

O'u = Au+ |uf'u
is invariant under the conformal transformation u(x,t) — U(&, 7) defined by

) 2\« - _ X _ !
U(‘,/’T)—(l' —’X| ) M(X,t)Wlthg—mandT—m.

RK. When p = p,, we take v = Y1, Surprisingly, in our analysis, we never use this
invariance....
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Cauchy Theory in H' x L*>(R") and Maximal solution

It follows from the work of Ginibre and Velo, Lindblad and Sogge, Shatah and Struwe.
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Rk. From the finite speed of propagation, we may consider data in H, . x L7 (RY).
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Cauchy Theory in H' x L*>(R") and Maximal solution

It follows from the work of Ginibre and Velo, Lindblad and Sogge, Shatah and Struwe.

Rk. From the finite speed of propagation, we may consider data in H} . x L

loc

(RY).

Maximal solution: Still from the finite speed of propagation, only two cases are possible for
the domain of definition D,:
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loc

(RY).

Maximal solution: Still from the finite speed of propagation, only two cases are possible for
the domain of definition D,:

e cither D, = R x [0, 00) and the solution is global,
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Cauchy Theory in H' x L*>(R") and Maximal solution

It follows from the work of Ginibre and Velo, Lindblad and Sogge, Shatah and Struwe.

Rk. From the finite speed of propagation, we may consider data in H} . x L

loc

(RM).
Maximal solution: Still from the finite speed of propagation, only two cases are possible for
the domain of definition D,:

e cither D, = R x [0, 00) and the solution is global,

e or D, = {0 <t < T(x)} for some 1-Lipschitz function 7 : R — [0, +-0),
and we call u a blow-up solution.
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Introduction

Cauchy Theory in H' x L*>(R") and Maximal solution

It follows from the work of Ginibre and Velo, Lindblad and Sogge, Shatah and Struwe.

Rk. From the finite speed of propagation, we may consider data in H, . x L7

(RM).
Maximal solution: Still from the finite speed of propagation, only two cases are possible for
the domain of definition D,:

e cither D, = R x [0, 00) and the solution is global,

e or D, = {0 <t < T(x)} for some 1-Lipschitz function 7 : R — [0, +-0),
and we call u a blow-up solution.

RKk.

@ We may solve the solution for # < 0, since the equation is invariant by time-symmetry.
Here, we only consider t > 0;
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Introduction

Cauchy Theory in H' x L*>(R") and Maximal solution

It follows from the work of Ginibre and Velo, Lindblad and Sogge, Shatah and Struwe.

Rk. From the finite speed of propagation, we may consider data in H, . x L7

(RM).
Maximal solution: Still from the finite speed of propagation, only two cases are possible for
the domain of definition D,:

e cither D, = R x [0, 00) and the solution is global,

e or D, = {0 <t < T(x)} for some 1-Lipschitz function 7 : R — [0, +-0),
and we call u a blow-up solution.

RKk.

@ We may solve the solution for # < 0, since the equation is invariant by time-symmetry.
Here, we only consider t > 0;

@ We may solve the Cauchy problem in H* x H*~! for s < 1 (see Lindblad and Sogge
1995), but then, we are out of the energy space.
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Existence of blow-up solutions

Two methods are available:

Hatem ZAAG (P13 & CNRS) [Energy methods and blow-up rate for semilinear wave equatior Courant Institute, NYU, April 28-29, 2015 6/36



Existence of blow-up solutions

Two methods are available:

@ Energy criterion (Levine 1974): For example, for the unperturbed equation, the
following energy is conserved

1 1 1
&u) = ~|Owu|* + = |Vu| — —— P“)d.
(u) /]R <2\ |+ [ Vul p+1‘”‘ x

If it is negative at 1 = 0, then the solution blows up in finite time.
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Existence of blow-up solutions

Two methods are available:

@ Energy criterion (Levine 1974): For example, for the unperturbed equation, the
following energy is conserved

1 1 1
&u) = ~|Owu|* + = |Vu| — —— P“)d.
(u) /]R <2\ |+ [ Vul p+1‘”‘ x

If it is negative at 1 = 0, then the solution blows up in finite time.

@ ODE techniques: truncate at t = 0 any blow-up solution of the ODE, and you get a
(non-trivial) blow-up solution of the PDE, thanks to the finite speed of propagation. This
works also for the equation with perturbations.
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Introduction

Definition: the maximal influence domain

We consider an arbitrary blow-up solution u(x, 7).
From the finite speed of propagation, its domain of definition is

D,={(x,) | 0<t<T(x)}

where x — T (x) is 1-Lipschitz.
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Introduction

Definition: the maximal influence domain

We consider an arbitrary blow-up solution u(x, 7).

From the finite speed of propagation, its domain of definition is

D,={(x,) | 0<t<T(x)}

where x — T (x) is 1-Lipschitz.

light cone

0

>

Remark: For all x € R", there exists a “local” blow-up time 7'(x).
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Introduction

Definition: Non characteristic points and characteristic points

A point a is said non characteristic if the domain contains a cone with vertex (a, T'(a)) and
slope 0 < 1.

ligh\t cone (slope 1)
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A point a is said non characteristic if the domain contains a cone with vertex (a, T'(a)) and
slope 0 < 1.

ligh\t cone (slope 1)

The point is said characteristic if not.
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Introduction

Definition: Non characteristic points and characteristic points

A point a is said non characteristic if the domain contains a cone with vertex (a, T(a)) and
slope 0 < 1.

ligh\t cone (slope 1)

The point is said characteristic if not.

- Notation: R C R is the set of all non characteristic points.
- Notation: § C R is the set of all characteristic points (S U R = RV).
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The aim of the talk

We consider u(x, ) a blow-up solution, with blow-up graph {r = T'(x)}.
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The aim of the talk

We consider u(x, ) a blow-up solution, with blow-up graph {r = T'(x)}.

Our goal: obtain the blow-up rate, i.e. an estimate of the norm of the solution at blow-up.

Hatem ZAAG (P13 & CNRS) [Energy methods and blow-up rate for semilinear wave equatior Courant Institute, NYU, April 28-29, 2015 9/36



The aim of the talk

We consider u(x, ) a blow-up solution, with blow-up graph {r = T'(x)}.
Our goal: obtain the blow-up rate, i.e. an estimate of the norm of the solution at blow-up.

Rk. We will in fact bound L? averages of u, J,u and Vu in sections of the backward light
cone with vertex (a, T'(a)).
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Strategy of the energy method

Strategy of the energy method of Merle-Z., 2003-2005

It was first developed for the unperturbed equation
Ofu = Au+ |ulf~'u

with subconformal exponent p < p..
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It was first developed for the unperturbed equation
Ofu = Au+ |ulf~'u

with subconformal exponent p < p.. It relies on the following ingredients:

© The use of similarity variables w,, (v, s) and the derivation of an equation satisfied by
Wy
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Strategy of the energy method

Strategy of the energy method of Merle-Z., 2003-2005

It was first developed for the unperturbed equation
Ofu = Au+ |ulf~'u

with subconformal exponent p < p.. It relies on the following ingredients:
© The use of similarity variables w,, (v, s) and the derivation of an equation satisfied by
Wy,
© Multiplying the equation by d,w,, then integrating, we get a first identity, which
provides a Lyapunov functional E,(wy(s)) < C.
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Strategy of the energy method

Strategy of the energy method of Merle-Z., 2003-2005

It was first developed for the unperturbed equation
Ofu = Au+ |ulf~'u

with subconformal exponent p < p.. It relies on the following ingredients:

© The use of similarity variables w,, (v, s) and the derivation of an equation satisfied by
Wy

© Multiplying the equation by d,w,, then integrating, we get a first identity, which
provides a Lyapunov functional E,(wy(s)) < C.

@ The derivation of a blow-up criterion which implies that E, (w,,(s)) > 0.
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Strategy of the energy method

Strategy of the energy method of Merle-Z., 2003-2005

It was first developed for the unperturbed equation
Ofu = Au+ |ulf~'u

with subconformal exponent p < p.. It relies on the following ingredients:

© The use of similarity variables w,, (v, s) and the derivation of an equation satisfied by
Wy, -

© Multiplying the equation by d,w,, then integrating, we get a first identity, which
provides a Lyapunov functional E,(wy(s)) < C.

@ The derivation of a blow-up criterion which implies that E, (w,,(s)) > 0.
© Multiplying the equation, this time by w,, then integrating, we get a second identity.
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Strategy of the energy method

Strategy of the energy method of Merle-Z., 2003-2005

It was first developed for the unperturbed equation
Ofu = Au+ |ulf~'u

with subconformal exponent p < p.. It relies on the following ingredients:
© The use of similarity variables w,, (v, s) and the derivation of an equation satisfied by
Wy, -
© Multiplying the equation by d,w,, then integrating, we get a first identity, which
provides a Lyapunov functional E,(wy(s)) < C.
@ The derivation of a blow-up criterion which implies that E, (w,,(s)) > 0.
© Multiplying the equation, this time by w,, then integrating, we get a second identity.

@ Starting from these bounds on E, (w,, (s)), we use interpolation, Gagliardo-Nirenberg
estimates, coercivity and covering to bound w,, (s) itself.
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Strategy of the energy method

Related approaches

Our approach is related to that developed by Giga by Kohn in the 80’ for the semilinear heat
equation
Ou = Au+ |ul'u,

then completed by Giga, Matsui, Sasayama in 2004, proving that when | < p < pyg,

K(p) < (T = )7 Ju() ||~ < Cluo):
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The blow-up rate for the subconformal case without
perturbations

Theorem (Merle-Z. 2005)
Consider u(x, t) a blow-up solution of 9’u = Au + |u|P~'u with p < p..
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The subconformal case The unperturbed subconformal case

The blow-up rate for the subconformal case without
perturbations

Theorem (Merle-Z. 2005)

Consider u(x, t) a blow-up solution of 9’u = Au + |u|P~'u with p < p..
Ifxo € Rand @ <t < T(xg), then we have

0<egy < <T(x0> — t),ﬁ H ((>||242(3)(XO7T()X0) 1)

2 0 2(B(xo.T(x0)— Vu(t)|| 2 xo0,T(x0)—
© (T — ! <H w(1)]] 225 (0.T0)=0) IVu(o) |22 s Tn) ,))> <K
(T (x0) —1)> (T(xo) —1)>

where £y = £o(N, p) and K = K (ug, uy, xo).
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The subconformal case The unperturbed subconformal case

The blow-up rate for the subconformal case without
perturbations

Theorem (Merle-Z. 2005)

Consider u(x, t) a blow-up solution of 9’u = Au + |u|P~'u with p < p..
Ifxo € Rand @ <t < T(xg), then we have

0<egy < <T(x0> — t),ﬁ H ((>||EJ7(B)(X()7T()X0) 1)

2 0 2(B(xo.T(x0)— Vu(t)|: xo0,T(x0)—
© (T — ! <|\ w(1)]] 225 (0.T0)=0) IVu(o) |22 s Tn) ,))> <K
(T (x0) —1)> (T(xo) —1)>

where £y = £o(N, p) and K = K (ug, uy, xo).

RK. The blow-up rate is given by the solution of the associated ODE u” = u”.
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The framework of the proof: the similarity variables

Introducing the similarity variables’ transformation:

X — X0

i (3:8) = (Tlaw0) = 7 Tulx, 1) with y = 7=

and s = —log(T(xo) — 1),
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The framework of the proof: the similarity variables

Introducing the similarity variables’ transformation:
X — X0
T()C()) —1

we see that for all (y,s) € B(0, 1) x [—1og T(xy), +00), we have (with w = w,,)

Wiy (7,5) = (T(x0) — )7 Tu(x, 1) with y = and s = —log(T(xo) — 1),

2w = Ldiv[p,(Vw — (v Vw)y)] — 2255w + [w]r~'w

—g@sw — 2y - Vow
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The framework of the proof: the similarity variables

Introducing the similarity variables’ transformation:

Wi (,8) = (T(x0) — )7 Tu(x, 1) withy = —"— and s = — log(T(xo) — 1),
T()C()) —1

we see that for all (y,s) € B(0, 1) x [—1og T(xy), +00), we have (with w = w,,)

2w = Ldiv[p,(Vw — (v Vw)y)] — 2255w + [w]r~'w

p“@w 2y - VOow

N -1
where p,(y) = (1 — [y[*)*?) and a(p) = S1 o > 0ifp < pe.
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The key algebraic identity: The Lyapunov functional

Multiplying the equation by p,0,w, then integrating for |y| < 1, we obtain the first identity
from Antonini-Merle 2001:
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The subconformal case The unperturbed subconformal case

The key algebraic identity: The Lyapunov functional

Multiplying the equation by p,0,w, then integrating for |y| < 1, we obtain the first identity
from Antonini-Merle 2001:

d P
—E,(w(s ——204/ ow)>—2dy,
B (w(s) oy

where
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The subconformal case The unperturbed subconformal case

The key algebraic identity: The Lyapunov functional

Multiplying the equation by p,0,w, then integrating for |y| < 1, we obtain the first identity
from Antonini-Merle 2001:

4 g (w(s)) = 20 / @ —r—ay,
ds <1

where

1 1 1 +1 1
Ey(w) = / <2<asw>2+2rwrz—2<y.w>2+ P w2—\wv’“) pody.
ly[<1

(p—1)? p+1
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The subconformal case The unperturbed subconformal case

The key algebraic identity: The Lyapunov functional

Multiplying the equation by p,0,w, then integrating for |y| < 1, we obtain the first identity
from Antonini-Merle 2001:

4 g (w(s)) = 20 / @ —r—ay,
ds <1

(p—1)? p+1

Carrying on the strategy (blow-up criterion, interpolation, Gagliardo-Nirenberg, Coercivity
and Covering), we bound the norm of w(s).

1 1 1 +1 1
B0 = [ (G0mP + 59w = 30 TP+ L - )
yl<1
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The subconformal case The perturbed subconformal case

The subconformal case with perturbations

Let us recall the equation:

O*u = Au+ |ulP~'u+f(u) + g(x, 1, Vu, Ou),

where:

fw)] < M+ [ul?), with (¢ <p, M >0),
lg(x, 1, Vu,0u)| < M1+ |Vu|+ |Ou|),

with f Lipschitz-continuous, and g locally Lipschitz-continuous.

Rk. The Klein-Gordon equation 9?u = Au + |u[P~'u + au is included in our framework.
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Can we adapt the strategy to the perturbed case?
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Can we adapt the strategy to the perturbed case?

Answer: Some steps work, and others don’t:
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Can we adapt the strategy to the perturbed case?

Answer: Some steps work, and others don’t:

@ Steps that work: the “analytical” steps, involving interpolation, Gagliardo-Nirenberg,
Coercivity and Covering.
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Can we adapt the strategy to the perturbed case?

Answer: Some steps work, and others don’t:

@ Steps that work: the “analytical” steps, involving interpolation, Gagliardo-Nirenberg,
Coercivity and Covering.

@ Steps that break-down: the “algebraic” steps, namely the existence of a Laypunov
functional (more difficult), and the related blow-up criterion (easier).
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Can we adapt the strategy to the perturbed case?

Answer: Some steps work, and others don’t:

@ Steps that work: the “analytical” steps, involving interpolation, Gagliardo-Nirenberg,
Coercivity and Covering.

@ Steps that break-down: the “algebraic” steps, namely the existence of a Laypunov
functional (more difficult), and the related blow-up criterion (easier).

Let us focus on the existence of a Lyapunov functional?
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Similarity variables in the perturbed subconformal case

Introducing the same similarity variables’ transformation:

2 X — Xp
-

Wi (v, 8) = (T(x0) — 1)~ Tu(x,t) with y = W and s = —log(T(xp) — 1),
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The subconformal case The perturbed subconformal case

Similarity variables in the perturbed subconformal case

Introducing the same similarity variables’ transformation:

W (3,8) = (T(x0) — )7 Tu(x, 1) with y = T’(C);)xft and 5 = — log(T (xo) — 1),

we get a modified equation for w = w:
For all (y,s) € B(0,1) x [—1log T(x), +00):

92w = Laiv[o,(Vw — (y- Vw)y)] — 22 4l =1

”+38w—2y Vow

+e - '}‘ <e/ 'n>

2ps

o . (p+1)s (p+1)s ) y
P . S -\ S - , 1 (A w ; ) 2 .,
te i |g <'\() + ye *, T(_K()) e S er-1 Vw.e r-1 ( W y. ) 1 11 )) y
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The subconformal case The perturbed subconformal case

Similarity variables in the perturbed subconformal case

Introducing the same similarity variables’ transformation:

W (3,8) = (T(x0) — )7 Tu(x, 1) with y = ;}Jﬁt and 5 = — log(T (xo) — 1),

we get a modified equation for w = w:
For all (y,s) € B(0,1) x [—1log T(x), +00):

Ohw = - divlpp(Vw = (v Fw)y)] = GEhw + [w ' w

(p—1)
”+38 w— 2y - Vow
+e r- ']‘ <e/ 'w)
2ps . . (p+1)s (p+1)s . 2 R
+e r-ig <\( +ye 5, T(xg) —e*,e =1 Vw,e -1 (Ogw+ y.Vw . w)),

2 N—1
where p,(y) = (1 — |y‘2>a@) and a(p) = -1 2

> 0if p < pe.
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The subconformal case The perturbed subconformal case

Similarity variables in the perturbed subconformal case

Introducing the same similarity variables’ transformation:

W (3,8) = (T(x0) — )7 Tu(x, 1) with y = T’(C);)xft and 5 = — log(T (xo) — 1),

we get a modified equation for w = w:
For all (y,s) € B(0,1) x [—1log T(x), +00):

Ohw = - divlpp(Vw = (v Fw)y)] = GEhw + [w ' w

(p—1)
”+38 w— 2y - Vow
+e r- '}‘ <e/ 'w)
/ S . . (p+1)s (p+1)s . 2
+e r-ig <\( +ye 5, T(xg) —e*,e =1 Vw,e -1 (Ogw+ y.Vw pqw‘)),

2 N—1
where p,(y) = (1 — |y‘2>a@) and a(p) = -1 2

> 0if p < pe.

What about the size of the perturbative terms?
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Size of the perturbative terms

Recalling that

M(1 + |u|?), with (g <p, M > 0),

[f (w)]
| < MO+ [Vul + [Ou]),

|g(x7 tu VM, 8,u)
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Size of the perturbative terms

Recalling that

M(1 + |u|?), with (g <p, M > 0),

[f (w)]
| < MO+ [Vul + [Ou]),

<
|g(x7 tu Vu,a[l/t) S

we see that

_ 2ps 25 _ 2ps _ 2(p—q)s
e 1 Lf(eﬂflwﬂ < Me 1+ Me 1 |w|d
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Size of the perturbative terms

Recalling that
f(u)| < M(1+ |ul?), with (g <p, M >0),
g(x, 1, Vu, )| < M(1+ |Vu| + |ul),
we see that
_ 2ps 2s _ 2ps _2(p—q)s
B )| <
and

7ps (p+1)s (l7+|)‘

e ‘g(xo—f—y ,T(xg) —e*, et Vw,e ri (8w—i—wa+p 1w))’
< Me P54 Me™ |Osw| + Me™ |[Vw|.
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The subconformal case The perturbed subconformal case

Size of the perturbative terms

Recalling that
f(u)| < M(1+ |ul?), with (g <p, M >0),
g(x, 1, Vu, )| < M(1+ |Vu| + |ul),
we see that
_ 2ps 25 _ 2ps _ 2(p—q)s
2 () <t
and

_ Zfsl g —S (]Jtll).\' (]Jtll).\' a 5
e 1 |g (x0+y ,T(xg) —e*, et Vw,e 1 ( sw—l—y.Vw#—pflw))

2ps
< Me i1 + Me™ |Oyw| + Me™ |Vw| .

Good news !!! All the perturbative terms come with a negative exponential !!!
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A new Lyapunov functional in the subconformal perturbed case

Following the idea of Giga and Kohn (1987) for the perturbations of the semilinear heat
equation, we introduce a Lyapunov functional:
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The subconformal case The perturbed subconformal case

A new Lyapunov functional in the subconformal perturbed case

Following the idea of Giga and Kohn (1987) for the perturbations of the semilinear heat
equation, we introduce a Lyapunov functional:

p+3 ,—ns

H,(w) = Ep<w>e e 96—2%7

2(p+1)s .
E,(w) =E,(w) —e i /BF(epzlsw)ppdy —e / woswp,dy

B
where 0 >> 1, v = min(5, 2=4

1 p—q
2,])71) > 0, and

1 | 1 p+1 , 1 1
Ey(w) = / (<agw>2+|w|2—<y-w>2+ v —|w|"+)pdy.
P <1 \ 2 2 2 (p—1)? p+1 P
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The subconformal case The perturbed subconformal case

A new Lyapunov functional in the subconformal perturbed case

Following the idea of Giga and Kohn (1987) for the perturbations of the semilinear heat
equation, we introduce a Lyapunov functional:

p+3 ,—ns

H,(w) = Ep<w>e e 96—2%7

~ 2(p+1)s .
E,(w) =E,(w) —e i /BF(epzlsw)ppdy —e /Bwﬁsw,opdy

where § >> 1,y = min(3, £=1) >0, and

1 | 1 p+1 , 1 1
Ey(w) = / (<agw>2+|w|2—<y-w>2+ v —|w|"+)pdy.
P <1 \ 2 2 2 (p—1)? p+1 P

Note that
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The subconformal case The perturbed subconformal case

The dissipation of the new Lyapunov functional

Theorem (Hamza-Z., 2012)

For s large enough, we have
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The dissipation of the new Lyapunov functional

Theorem (Hamza-Z., 2012)

For s large enough, we have

RK. In the unperturbed case, we had E, instead of H,,, = instead of < and —2« instead of
—a.
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The dissipation of the new Lyapunov functional

Theorem (Hamza-Z., 2012)

For s large enough, we have

RK. In the unperturbed case, we had E, instead of H,,, = instead of < and —2« instead of
—a.

Carrying on the strategy:
@ We also have a blow-up criterion, implying that H,(w(s)) > 0;
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The dissipation of the new Lyapunov functional

Theorem (Hamza-Z., 2012)

For s large enough, we have

RK. In the unperturbed case, we had E, instead of H,,, = instead of < and —2« instead of
—a.

Carrying on the strategy:
@ We also have a blow-up criterion, implying that H,(w(s)) > 0;

@ Interpolation, coercivity (Gagliardo-Nirenberg) and covering work as in the uperturbed
case, leading to the boundedness of w(s) in the energy space.
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The conformal case p = p, The conformal case with no perturbations

The unpertrubed conformal case p = p. =1 + %

We recall the equation

Oru = Au+ |uf'u.
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The conformal case p = p,

The conformal case with no perturbations

The unpertrubed conformal case p = p. = 1 + ﬁ

We recall the equation

Oru = Au+ |uf'u.

In similarity variables, we have the same energy (here the weight p, = 1):

1 1 1 pet+1 5 1 1
Ep(w) = / <<3sW)2 + 5V = S (- VW) + ——w? — i ) dy,
P <1 \ 2 2 2 (pe —1)2 Pe+1

but with ....
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The conformal case p = p, The conformal case with no perturbations

... a degenerate dissipation (p = p.)
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The conformal case p = p, The conformal case with no perturbations

... a degenerate dissipation (p = p.)

d
—E, (w(s)) = — ow(a,s))*do.
FE o) == [ @wio.9)
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The conformal case p = p, The conformal case with no perturbations

... a degenerate dissipation (p = p.)

d
—E, (w(s)) = — ow(a,s))*do.
FE o) == [ @wio.9)

RK. This is the limiting case of the subconformal case.
Indeed, in the subconformal case, the dissipation was

P . a
—2a/ (O L dy with g, = (1~ )" and afp) = =~
<l — |l

Hatem ZAAG (P13 & CNRS) [Energy methods and blow-up rate for semilinear wave equatior Courant Institute, NYU, April 28-29, 2015 22/36



The conformal case p = p, The conformal case with no perturbations

... a degenerate dissipation (p = p.)

d
—E, (w(s)) = — ow(a,s))*do.
FE o) == [ @wio.9)

RK. This is the limiting case of the subconformal case.
Indeed, in the subconformal case, the dissipation was

P . a
—2a/ (O L dy with g, = (1~ )" and afp) = =~
<l — |l

and it happens that, as p — p., a(p) = a(p.) =0, p, = p,, = 1,
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The conformal case p = p, The conformal case with no perturbations

. a degenerate dissipation (p = p.)

ds

RK. This is the limiting case of the subconformal case.
Indeed, in the subconformal case, the dissipation was

g (w(s)) = — /| (@)

Pp : _ 2\a(p) _
—2a/ (Oyw)? dy with p, = (1 — |y|7)*" and a(p) = -
<1 ) 1 —[y? g | ) p—1 2

and it happens that, as p — p., a(p) = a(p.) =0, p, — pp. = 1, but, in the sense of
measures,

2@ ‘ de—) 1{‘0| l}dU
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The conformal case p = p, The conformal case with no perturbations

. a degenerate dissipation (p = p.)

ds

RK. This is the limiting case of the subconformal case.
Indeed, in the subconformal case, the dissipation was

g (w(s)) = — /| (@)

Pp . _ 2\a(p) _
—2a/ (Oyw)? dy with p, = (1 — |y|)*" and o(p) = -

<1 ) 1 —[y? g | ) p—1 2
and it happens that, as p — p., a(p) = a(p.) =0, p, — pp. = 1, but, in the sense of
measures,

2@ ‘ de—) 1{‘0| l}dU

Carrying out the strategy (interpolatlon, Gagliardo-Nirenberg (more delicate), coercivity
and covering), we bound w(s) in the energy space.
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The conformal case p = p, The conformal case with no perturbations

. a degenerate dissipation (p = p.)

ds

RK. This is the limiting case of the subconformal case.
Indeed, in the subconformal case, the dissipation was

g (w(s)) = — /| (@)

2 N—1
-2 Os dy with p, = (1 — [y[)°®) and a(p) = -
a/|y<]( w)? 1_| gdy with p, = (1 — [y[»)*®) and a(p) o .

and it happens that, as p — p., a(p) = a(p.) =0, p, — pp. = 1, but, in the sense of
measures,

2@ ‘ de—) 1{‘0| l}dU

Carrying out the strategy (interpolatlon, Gagliardo-Nirenberg (more delicate), coercivity
and covering), we bound w(s) in the energy space.

RKk. Because of the degeneracy, we need a covering method to overcome this degeneracy.
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The conformal case p = p, The conformal case with perturbations

The perturbed conformal case (p = p.)

Perturbing the Lyapunov functional, as in the subconformal case, doesn’t work!
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The conformal cas

The conformal case with perturbations

The perturbed conformal case (p = p.)

Perturbing the Lyapunov functional, as in the subconformal case, doesn’t work!

Indeed, the dissipation of the unperturbed case

— /| lZI(asw(a, 5))*do,

defined on the boundary,
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The conformal case p = p,

The conformal case with perturbations

The perturbed conformal case (p = p.)

Perturbing the Lyapunov functional, as in the subconformal case, doesn’t work!

Indeed, the dissipation of the unperturbed case

— /| |:1(85w(07 5))*do,

defined on the boundary, can no longer control the perturbative terms, such as

e’ / (Osw(y,s))*dy,
ly[<1

defined in the interior of the ball.
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The conformal case p = p, The conformal case with perturbations

The perturbed conformal case (p = p.)

Perturbing the Lyapunov functional, as in the subconformal case, doesn’t work!

Indeed, the dissipation of the unperturbed case

— / (Ow(o,s))*do,
lo|=1
defined on the boundary, can no longer control the perturbative terms, such as
e’ / (Osw(y,s))*dy,
ly[<1

defined in the interior of the ball.

We need a new idea....
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The conformal case p = p, The conformal case with perturbations

The confomal case as a “perturbation” of the subconformal case?
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The conformal case p = p, The conformal case with perturbations

The confomal case as a “perturbation” of the subconformal case?

Idea: Rewrite the conformal case as a perturbation of the subconformal case, though with a
“large” perturbation, namely 7y - Vw, with n > 0 arbitray small.
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The conformal case p = p,

The conformal case with perturbations

The confomal case as a “perturbation” of the subconformal case?

Idea: Rewrite the conformal case as a perturbation of the subconformal case, though with a
“large” perturbation, namely ny - Vw, with 7 > 0 arbitray small

Recall the equation in similarity variables, when p = p. (remember that the weight p, = 1)
Pw = Ldivlp, (Vw = (y- Vw)y)] = 350w + [w]r~lw
p H LOw — 2y - VO,w

+c’ /*'_7‘ <€/*' n)

2ps

+(,7,u Ig <.\-0 + )\()7‘\. T(\()) — e 3

(p+1)s

(p+1)s ] .
,e =1 Vw, e r—1 (0w

2w)),
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The conformal case p = p,

The conformal case with perturbations

The confomal case as a “perturbation” of the subconformal case?

Idea: Rewrite the conformal case as a perturbation of the subconformal case, though with a
“large” perturbation, namely ny - Vw, with 7 > 0 arbitray small

Recall the equation in similarity variables, when p = p. (remember that the weight p, = 1)

Ow = Sdivlp, (Vw — (v - Vw)y)] - e

= )w—|—|w\1’1
p“@w 2y Vo,w

b (o)

2ps

(p+1)s (p+1)s
+e rig <_\'() +ye*,T(xg) —e *,e r=1 Vw,e r—1 (0

- ”')) )
In the definition of the Lyapunov functional, the weight naturally comes from the divergence

form in the linear term (in blue), and the dissipation from integration by parts on the
dissipative terms (in red).
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The conformal case p = p,. The conformal case with perturbations

The confomal case as a “perturbation” of the subconformal case?

Idea: Rewrite the conformal case as a perturbation of the subconformal case, though with a
“large” perturbation, namely 7y - Vw, with n > 0 arbitray small.

Recall the equation in similarity variables, when p = p. (remember that the weight p, = 1):

Otw = idiv[ppc(Vw —(y-Vw)y)] — %;‘i;gw + [wP~tw

—ﬁ%‘f@sw —2y-Vow

?

In the definition of the Lyapunov functional, the weight naturally comes from the divergence
form in the linear term (in blue), and the dissipation from integration by parts on the

dissipative terms (in red).

Here, the weight is p, = 1, and the integration by parts gives a boundary term.
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The conformal case p = p, The conformal case with perturbations

The conformal case as a “perturbation” of the subconformal case
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The conformal case p = p,

The conformal case with perturbations

The conformal case as a “perturbation” of the subconformal case

Idea: Let us rewrite the linear term in a divergence form, involving p;, for some p < p = p..
More precisely, we write

idiv[ppxw (- Vwly)] = pipdiv[w»v — (- Vw)y)] + 20(p)y - Vw

where

_ 2 N—-1

a(p):p—l_ 2 \Ia( c>:0aS]§—>pc.
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The conformal case p = p, The conformal case with perturbations

The conformal case as a “perturbation” of the subconformal case

Idea: Let us rewrite the linear term in a divergence form, involving p;, for some p < p = p..
More precisely, we write

1 . L . _
o4Vl (Vw = (- Vwly)] = 2 divipp(Vw = (v - Vwly)] £ 2a(p)y - Vw
Pe 14
where 5 N1
a(ﬁ)zp_l— 2_ N\ a(p.) =0asp — p,.
Conclusion: With a Lyapunov functional involving the weight p;, we will have a dissipation
supported by the unit ball, though with a perturbation term, namely 2a(p)y - Vw, fortunately

satisfying o(p) — 0 as p — p..
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The conformal case p = p, The conformal case with perturbations

Energy estimates in the pertubed conformal case

More precisely,
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The conformal case p = p, The conformal case with perturbations

Energy estimates in the pertubed conformal case

More precisely,

o the following is a Lyapunov functional for the equation with no perturbation and without
the term 2a(p)y - V:

p+1 W2 _ I
p—172"  p+l1

_ 1 1 1
E; ,(w) = / (2(8SW)2 + §|VW|2 _ §<y ) Vw)2 + ]w|/’+1) ppdy;
ly[<1
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The conformal case p = p, The conformal case with perturbations

Energy estimates in the pertubed conformal case

More precisely,

o the following is a Lyapunov functional for the equation with no perturbation and without
the term 2a(p)y - V:

p+1 W2 _ I
p—172"  p+l1

_ 1 1 1
E; ,(w) = / (2(8SW)2 + §|VW|2 _ §<y ) Vw)2 + ]w|/’+1) ppdy;
ly[<1

o for the full system, including the term 2c(p)y - Vw, we can find a new functional Hj ,
which satisfies

Hpp(w) ~ Epp(w)as s = o0

and

d _ a(p)(pc+3) I — 2 Pp —s
(o) < Pty )~ OV phatp) [ oL+

for some v > 0.
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The conformal case p = p, The conformal case with perturbations

A rough estimate in the perturbed conformal case
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The conformal case p = The conformal case with perturbations

A rough estimate in the perturbed conformal case

This yields

a@) (pe+3)s
2 .

H;p(w(s)) < K(p)e
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The conformal case p = p,

The conformal case with perturbations

A rough estimate in the perturbed conformal case

This yields

_\ @) @etd)s
Hpp(w(s)) < K(p)e > .

With the strategy (interpolation, Gagliardo-Nirenberg, Coecrcivity and covering technique),
we end-up with a rough estimate on w(s), namely

a(p) (pet3)s

W (s) [l (y<1y + [105w(s) |2 (yi<1y < K(p)e™
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The conformal case p = p, The conformal case with perturbations

A rough estimate in the perturbed conformal case

This yields
_ 2@ @e+d)s
Hy,(w(s)) < K(ple > .

With the strategy (interpolation, Gagliardo-Nirenberg, Coecrcivity and covering technique),
we end-up with a rough estimate on w(s), namely

a(p) (pet3)s

W (s) [l (y<1y + [105w(s) |2 (yi<1y < K(p)e™

Rk. This is exponential growth, but note that

a(p) = alpe) as p \pe,
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The conformal case p = p, The conformal case with perturbations

Sharp estimate for the perturbed conformal case p = p,
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The conformal case p = p, The conformal case with perturbations

Sharp estimate for the perturbed conformal case p = p,

Back to the original formulation with the weight p, = 1:

Pw = Ldiv]p, (Vw = (y- Vw)y)] = 2250w + [wp~w

p+38w 2y - VOo,w

2s 0 25
+e r-if ((w 'w>

2ps v \ _ o b (p+D)s 5
+e rig (xo +ye ¥, T(xg) —e %, e -1 Vw,e r—1 (Ow +y.Vw + pﬁw)),
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The conformal case p = p, The conformal case with perturbations

Sharp estimate for the perturbed conformal case p = p,

Back to the original formulation with the weight p, = 1:

Pw = Ldiv]p, (Vw = (y- Vw)y)] = 2250w + [wp~w

p+38w 2y - VOo,w

2s 0 25
+e r-1f <()/7 lw>

2ps. (p+1)s (p+1)s . "
+e rig (.\'() +ye *, T(xg) —e*,e =1 Vw,e r—1 (Ow +y.Vw + pﬁu‘)),

This time we will see that the perturbation terms are already small.
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The conformal case p = p, The conformal case with perturbations

Smallness of the perturbation terms

Indeed, recalling that

2ps 25 _ 2ps _ 2(p—q)s
e 1|f lerTw)| < Me T +Me 1 |w|

e . Ly b 1) 5
e ’g (xo +y 5, T(xg) —e S, e =1 Vw,e 1 (0w + y.Vw + ﬁw)ﬂ

2ps
< Me i1 + Me™* [Oyw| + Me™ |Vw| .

Hatem ZAAG (P13 & CNRS) [Energy methods and blow-up rate for semilinear wave equatior Courant Institute, NYU, April 28-29, 2015 29/36



The conformal case p = p, The conformal case with perturbations

Smallness of the perturbation terms

Indeed, recalling that

2ps 25 _ 2ps _ 2(p—q)s
e 1|f lerTw)| < Me T +Me 1 |w|

eipj ’g (XO _|_y—57 T(xo) o 6—576 p—1 vw7e p—1 (8AW +va _|_ I%W)

2ps (p+1)s (p+1)s > ’

2ps
< Me i1 + Me™* [Oyw| + Me™ |Vw| .
and using the rough exponential estimate

a(p) (pe+3)s

W) | (y1<1y + [[Osw ()| 2(yj<1) < K(p)e™+
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The conformal case p = p, The conformal case with perturbations

Smallness of the perturbation terms

Indeed, recalling that

2ps 25 _ 2ps _ 2(p—q)s
e 1|f lerTw)| < Me T +Me 1 |w|

eipj ’g (XO _|_y—57 T(xo) o 6—576 p—1 vw7e p—1 (8AW +va _|_ I%W)

2ps (p+1)s (p+1)s > ’

2ps
< Me i1 + Me™* [Oyw| + Me™ |Vw| .
and using the rough exponential estimate

a(p) (pe+3)s

W) | (y1<1y + [[Osw ()| 2(yj<1) < K(p)e™+

then choosing p close enough to p,, so that «(p) is small,
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The conformal case p = p, The conformal case with perturbations

Smallness of the perturbation terms

Indeed, recalling that

2ps 2 _ s 2p—a)s
e r-1 V<61)71W>‘ S Me p—1 _|_Me p—1 |W|q

_ 2ps (p+1)s (p+1)s
e ’g (x0+y_“,T(xo) —e*er 1 Vw,e rt (8w—|—wa+— ))’
2ps
< Me i1 + Me™* [Oyw| + Me™ |Vw| .
and using the rough exponential estimate

a(p) (pe+3)s

W) | (y1<1y + [[Osw ()| 2(yj<1) < K(p)e™+

then choosing p close enough to p,, so that «(p) is small,we see that we can make the
perturbation terms arbitrarily exponentially small.
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The conformal case p = p, The conformal case with perturbations

Smallness of the perturbation terms

Indeed, recalling that

2(p—q)s

_ 2ps 25 _ 25
e pr—1 V<61)71W>‘ S Me p—1 _|_Me p— l |W|q

o @+ (+1)s
e ’g (x0+y_“,T(xo) —e*er 1 Vw,e rt (3w—|—wa+— ))’

2ps
< Me T + Me™® |Osw| + Me™ |[Vw|.

and using the rough exponential estimate

a(p)(pc+3)s

[Iw(s) [l (y<1y + [105w(s) |2 (yi<1) < K(p)e™

then choosing p close enough to p,, so that «(p) is small,we see that we can make the
perturbation terms arbitrarily exponentially small. Hence, we are left with the
unperturbed equation in the conformal case, with exponentially small terms, and the strategy
(Interpolation, Gagliardo-Nirenberg, Coercivity and covering technique) works and yields

the boundedness of w(s).
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The unperturbed superconformal case p. < p < ps
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The unperturbed superconformal case p. < p < ps

RK. In order to keep the presentation clear, we will not mention the perturbed
superconformal case.
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The unperturbed superconformal case p. < p < ps

RK. In order to keep the presentation clear, we will not mention the perturbed
superconformal case.

The equation in similarity variables has the same form as for p < p., namely:

Ohw = divlp,(Vw — (- Vw)y)] = T2 55w + v

+3 q
—’_;Tli)sw — 2y - Vow

with as before
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The unperturbed superconformal case p. < p < ps

RK. In order to keep the presentation clear, we will not mention the perturbed
superconformal case.

The equation in similarity variables has the same form as for p < p., namely:

Ohw = divlpp(Vw = (- Vwhy)] = GE5hw + wlw

» (p—1)?
—’;%f@sw — 2y - Vow
with as before
2 N —1
pp(y) = (1 — |}’|2)a(’7) with a(p) = ) < 0 since p > p..
p —
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The unperturbed superconformal case p. < p < ps

RK. In order to keep the presentation clear, we will not mention the perturbed
superconformal case.

The equation in similarity variables has the same form as for p < p., namely:

Ohw = divlp,(Vw — (- Vw)y)] = T2 55w + v

+3 q
—’_;Tli)sw — 2y - Vow

with as before

— 1
pp(y) = (1 — |}’|2)a(”) with a(p) = — < 0 since p > p..

Note that we have a singular weight this time.
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The unperturbed superconformal case p. < p < ps

RK. In order to keep the presentation clear, we will not mention the perturbed
superconformal case.

The equation in similarity variables has the same form as for p < p., namely:

Ohw = divlp,(Vw — (- Vw)y)] = T2 55w + v

+3 4
—ZTIOSW — 2y - Vow
with as before

2 N —

1
pp(y) = (1 — y[>)*?) with a(p) = P < Osince p > p..

Note that we have a singular weight this time.
Naive idea: Multiply the equation by d,w then integrate with respect to p,(y)dy, in order to
get a Lyapunov functional???
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The unperturbed superconformal case p. < p < ps

RK. In order to keep the presentation clear, we will not mention the perturbed
superconformal case.

The equation in similarity variables has the same form as for p < p., namely:

Ohw = divlp,(Vw — (- Vw)y)] = T2 55w + v

+3 q
—ZTIOSW — 2y - Vow

with as before
2 N —

1
pp(y) = (1 — y[>)*?) with a(p) = P < Osince p > p..

Note that we have a singular weight this time.
Naive idea: Multiply the equation by d,w then integrate with respect to p,(y)dy, in order to
get a Lyapunov functional???

This doesn’t work, simply because some integration by parts formula fails.
Energy methods and blow-up rate for semilinear wave equatior Courant Institute, NYU, April 28-29, 2015 30/36



The superconformal case as a perturbation of the conformal case
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The superconformal case

The superconformal case as a perturbation of the conformal case

Idea: As for the perturbed conformal case, we rewrite the superconformal case as a

perturbation of the conformal case, with the same large perturbation, namely —2c(p)y - Vw,
where «(p) cannot be considered small this time....
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The superconformal case

The superconformal case as a perturbation of the conformal case

Idea: As for the perturbed conformal case, we rewrite the superconformal case as a
perturbation of the conformal case, with the same large perturbation, namely —2c(p)y - Vw,

where a(p) cannot be considered small this time....

More precisely, we write our equation as follows (remember that p, = 1)

Pw = Sdivlp,, (Vw — (y- Vw)y)] — 2a(p)y - Viw — 75w + [wlr~w

p+38w 2y - VOo,w

Remember that a(p) < 0.
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The superconformal case as a perturbation of the conformal case

Idea: As for the perturbed conformal case, we rewrite the superconformal case as a
perturbation of the conformal case, with the same large perturbation, namely —2c(p)y - Vw,
where «(p) cannot be considered small this time....

More precisely, we write our equation as follows (remember that p, = 1)

Pw = Sdivlp,, (Vw — (y- Vw)y)] — 2a(p)y - Viw — 75w + [wlr~w

p+38w 2y - VOo,w

Remember that a(p) < 0.

Applying the strategy of the conformal case, we find a Lyapunov functional (with the weight
+3)a(p)s
pp. = 1) which is bounded by ¢~ s Applying the strategy (Interpolation,

Gagliardo-Nirenberg, Coercivity and Covering), we bound w(s) by e~ el
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Comments on the exponential bound
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Comments on the exponential bound

@ Unlike the subconformal and the conformal cases, where w(s) is bounded (we say that
we have an ODE blow-up rate), we have here an exponential growth.
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Comments on the exponential bound

@ Unlike the subconformal and the conformal cases, where w(s) is bounded (we say that
we have an ODE blow-up rate), we have here an exponential growth.

@ This rate doesn’t seem to be optimal. Anyway, there is no example satisfying this bound.
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An upper bound on the blow-up rate in the superconformal case

This is our result
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The superconformal case

An upper bound on the blow-up rate in the superconformal case
This is our result

Theorem (Hamza-Z. 2014)

Ifp. < p < psand xo € RY, then we have the following:

(p—1)N

(T(xo) = 1)

/ u(x,t)’dx — Oast — T(xp),
|)C—X()‘<T(X())—l

and for all t € [0,T(x)),

T(X() é
/ / ((Ou(x,7))* + |Vu(x, 7)|?) dxdr < K.
T(x0)— |x—x0|<T(x0)—t
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The superconformal case

An upper bound on the blow-up rate in the superconformal case
This is our result

Theorem (Hamza-Z. 2014)

Ifp. < p < psand xo € RY, then we have the following:

(p—1)N

(T(xo) = 1)

/ u(x,t)’dx — Oast — T(xp),
|X—X()‘<T(X())—l‘

and for all t € [0,T(x)),

T(X() é
/ / ((Ou(x,7))* + |Vu(x, 7)|?) dxdr < K.
T(x0)— |x—x0|<T(x0)—t
RKk.

e If x( is non-characteristic, we have further refinements.
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The superconformal case

An upper bound on the blow-up rate in the superconformal case
This is our result

Theorem (Hamza-Z. 2014)

Ifp. < p < psand xo € RY, then we have the following:

(p—1)N

(T(xo) = 1)

/ u(x,t)’dx — Oast — T(xp),
|X—X()‘<T(X())—l‘

and for all t € [0,T(x)),

T(X() é
/ / ((Ou(x,7))* + |Vu(x, 7)|?) dxdr < K.
T(x0)— |x—x0|<T(x0)—t
RKk.

e If x( is non-characteristic, we have further refinements.

@ These results hold also for the perturbed case, including the Klein-Gordon equation.

Hatem ZAAG (P13 & CNRS)

[Energy methods and blow-up rate for semilinear wave equatior Courant Institute, NYU, April 28-29, 2015 33/36




The superconformal case

An upper bound on the blow-up rate in the superconformal case
This is our result

Theorem (Hamza-Z. 2014)

Ifp. < p < psand xo € RY, then we have the following:

(p—1)N

(T(xo) = 1)

/ u(x,t)’dx — Oast — T(xp),
|X—X()‘<T(X())—l‘

and for all t € [0,T(x)),

T(X() é
/ / ((Ou(x,7))* + |Vu(x, 7)|?) dxdr < K.
T(x0)— |x—x0|<T(x0)—t
RKk.

e If x( is non-characteristic, we have further refinements.

@ These results hold also for the perturbed case, including the Klein-Gordon equation.

e Killip, Stoval and Visan proved a slightly weaker version thanks to a different approach
(energy method in the backward light cone in the u(x, 7) setting).
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Further applications of the energy method
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Further applications of the energy method

Strong perturbations for the wave by Hamza and Saidi 2014
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Further applications of the energy method

Strong perturbations for the wave by Hamza and Saidi 2014: Allowing

|ul?
If (u)] < C\log(2+u2)|“

with o > 1, in the equation

O u = Au+ |ulfP~"u+f(u) + g(x, 1, Vu, Ou).
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Further applications of the energy method

Strong perturbations for the wave by Hamza and Saidi 2014: Allowing

|ul?
If (u)] < C\log(2+u2)|“

with o > 1, in the equation

O u = Au+ |ulfP~"u+f(u) + g(x, 1, Vu, Ou).

Conclusion: The same blow-up rate as in the unperturbed case (Merle-Z.)
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Further applications of the energy method (cont.)
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Further applications of the energy method (cont.)

Strong perturbations for the heat by Nguyen 2014, and Nguyen 2014:
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Further applications of the energy method (cont.)

Strong perturbations for the heat by Nguyen 2014, and Nguyen 2014: Allowing

jul”
V(l/l” < C‘ 10g(2 + MZ)’oz

with o > 1 in the equation

Ou = Au+ [ufP~ u+f(u)
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The superconformal case

Further applications of the energy method (cont.)

Strong perturbations for the heat by Nguyen 2014, and Nguyen 2014: Allowing

jul”
V(M)| < C‘ 10g(2 + MZ)’oz

with o > 1 in the equation
Ou = Au+ [ufP~ u+f(u)

Conclusion: The same blow-up rate as in the unperturbed case (Giga-Kohn,
Giga-Matsui-Sasayama).
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Thank you for your attention.
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