Existence and stability of a solution with a new prescribed
behavior for a heat equation with or without a critical nonlinear
gradient term

Hatem ZAAG

CNRS and LAGA Université Paris 13

Tunis, July 22-23, 2015

Joint work with:

M.A. Ebde,

F. Merle (université de Cergy-Pontoise and IHES),
S. Tayachi (Faculié des Sciences de Tunis).

Hatem ZAAG (P13 & CNRS) Existence and stability of a solution for a heat equation with or without a critical nonlinear gradient term Equadiff2015 Lyon, July 6-10, 2015




|
Introduction: The equation

We consider the following PDE:

Ou = Au+ p|Vul? + |ulp~u,
u(,0) =up

where:
op>3,,u,€R,0§q§qc:[%,

o u(t):x e RN — u(x,1) € R,

e uy € WHe(RM).
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History of the equation 1 = 0

This is the simplest case of a heat equation which may exhibit blow-up.
Indeed, if uy = a9 > 0, then

1

ulx,t) =u(t) =r(T —1t) 1 > cast—T,

with |
k= (p— 1)_1’%1 and 7 = —————
(p — 1)ag

is called the blow-up time.

This is a lab model to develop new techniques for the study of blow-up in more physical
situations (Ginzburg-Landau, Navier-Stokes, etc...),
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History of the equation y # 0

@ Introduction: Chipot-Weissler (1989), mathematical motivation (; < 0).
@ Population dynamics interpretation: Souplet (1996).

@ Mathematical analysis: Chipot, Weissler, Peletier, Kawohl, Fila, Quittner, Deng,
Alfonsi, Tayachi, Souplet, Snoussi, Galaktionov, Vazquez, Ebde, Z., Nguyen, ...

e Elliptic version : Chipot, Weissler, Serrin, Zou, Peletier, Voirol, Fila, Quittner, Bandle ...
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Two limiting cases

- When 1 = 0, this is the well-known semilinear heat equation:

Ou = Au+ |ufu.

- When ;1 = 400, we recover (after rescaling) the Diffusive Hamilton-Jacobi equation:

O = Au+ |[Vul?.
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A critical case: g = ¢,

When 1 € R and w(y, s) is the similarity variables version of u(x, ?):

w(y,s) = (T — )7 Tu(x,1), y=

X
and s = — log(7T — 1),

we have forall s > —log T and y € R":

1
ow=Aw— —y-Vw — LA (WP~ w 4 pe® | Vw4
2 p—1
with
Loderl) p (Pt

2p
= — = —qc.)and g. = ——.
2p—1) p—1 2(p—1)(q 9c) and q p+1

Therefore, we have 3 cases:

@ subcritical when g < ¢.: we have a “perturbation” of the semilinear heat equation;
@ supercritical when g > ¢.: we are in the Hamilton-Jacobi limit;

o critical when g = ¢, this is the aim of the talk.
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Other indications for the criticality of g. = 2p/(p + 1)

@ Scaling: Only when g = ¢, we have “u solution = 1, solution”, where
un(x,1) = MNP Dy(\x, N21), YA >0, Ve > 0, x e RV,

as for the equation without gradient term (1. = 0).

@ Large time behavior: it depends on whether ¢ < q., ¢ = q., ¢ > q.; see
Snoussi-Tayachi-Weissler (1999) and Snoussi-Tayachi (2007).

@ Blow-up behavior for ;v < 0: it depends also on whether g < q., ¢ = q., ¢ > q.; see
Souplet (2001, 2005), Chlebik, Fila and Quittner (2003) (Bounded Domain)

@ Also for the elliptic version.
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Cauchy problem and blow-up solutions

@ Cauchy problem:
e for y = 0, wellposed in L (RY),
o for ;1 # 0, wellposed in W!>°(RY) (fixed point argument, see Alfonsi-Weissler (1993),
Souplet-Weissler (1999)).

@ Blow-up solutions: If T < oo, then lim, 7 |[u(z) || 1,00 (mry = 00.

Definition: x is a blow-up point if 3(z,, x,,) — (T, x0) s.t. |u(x,1)| — oo as n — oo.
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Aim of the talk

Take
q = q. and either x = 0 or p # 0.

We have 3 goals:

@ construct a blow-up solution,
@ determine its blow-up profile,
@ prove its stability (with respect to perturbations in initial data).

Remark. The case g < g, is treated as a perturbation of the case ;. = 0, but we don’t mention
that here (see Ebde and Zaag (2011)).
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Contents

o The blow-up profile
@ History of the problem (¢ < g, and 1 = 0)
e Existence of the new profile (1 # 0 and g = ¢.)
@ The stablity result
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Contents

o The blow-up profile
@ History of the problem (¢ < g, and 1 = 0)
e Existence of the new profile (1 # 0 and g = ¢.)
@ The stablity result

© The proofs (1 > 0)
@ A formal approach for the existence result
@ A sketch of the proof of the existence result
@ Proof of the stability result
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Contents

e The blow-up profile
@ History of the problem (¢ < g. and p = 0)
@ Existence of the new profile (i # 0 and ¢ = q.)
@ The stablity result
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Case p = 0O: the standard semilinear heat equation

@ The (generic) profile is given by

(7 = 00 Vu(e /(T = D[log(T — ].1) ~ fo() as 1 — T,

where 1 1
fox) = (p— 1+ o) ™™ and by = (p — 1)/ (4p).

See Galaktionov-Posashkov (1985), Berger-Kohn (1988), Herrero-Veldzquez (1993).
The constructive existence proof by Bricmont-Kupiainen (1994), Merle-Z. (1997) is
based on:

- The reduction of the problem to a finite-dimensional one;
- The solution of the finite-dimensional problem thanks to the degree theory.

@ Other profiles are possible.

Remark. We will give the proof in this case.
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The blow-up profile History of the problem (¢ < g, and ;. = 0)

Subcritical case: j # 0 and g < g, = 1%

Ebde and Z. (2011) could adapt the previous existence strategy and find the same behavior
as for ;1 = 0, since the gradient term is subcritical in size in similarity variables:

1 w —1 as

Ow=Aw — =y - Vw — —— + [w]"'w + pe®|Vwl.

2 p—1

with ( 0
p+
= (g —qc) < 0.
2(p—1) ( )

Remark. We don’t mention the proof in this case.
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Critical case: ¢ = g., with —2 < y < Oand p — 1 > 0 small

Exact self-similar blow-up solution by Souplet, Tayachi and Weissler (1996):

u(x,1) = (T — 1)~/ 0Dy < x| )

T—1t

where W satisfies the following elliptic equation:

N-—1 1 w
W' ——W — W — —— + WP+ pu|W

1 = 0.
r 2 p—1
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Critical case: p # 0 and ¢ = ¢g.; A numerical result

A similar profile to the case ;1 = 0 was discovered numerically by Van Tien Nguyen (2014):

(T — )/ Vu(z/(T — 1)[log(T — )] 1) ~ fo(z) as t — T,

where y
fult) = (p—1+buJx?) "7

with
b, >0and by = (p — 1)2/(4]))./

the same as for p = 0.
Remark: We initially wanted to confirm this result, and ended by finding a new type of

behavior.
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Critical case: > 0 and g = g.; Our new profile

Theorem (Tayachi and Z.) There exists a solution u(x,1) s.t.:
o Simultaneous Blow-up: Both u and Vu blow up ast — T > 0 only at the origin;
@ Blow-up Profile:

(T — )7 Tu(zv/T — 1] log(T — 1)

0 1) ~fu(R)ast =T

with

- B 1 R 1 p—2 (47‘(‘)%(p + 1)2 -l _p+l
2 n—1 _ p— p—
fulz) = (p —1+b,l7 ) 7t with b, = 2(p 1) < ™ y[te—bP iy wor=t >0

@ Final profile When x # 0, u(x,t) — u(x,T) ast — T with

L
B 2 p—1
u(x,T) ~ <”|x|p+l> asx — 0.
p—1
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Comments

The exhibited behavior is new in two respects:

@ The scaling law: /T — t|log(T — t)| 17 instead of the laws of the case =0,
V(T —1)[1og(T —1)| or (T — t)ﬁ where m > 2 is an integer;

e The profile function: f,(z) = (p — 1 + by |z|*) »~" is different from the profile of the

T _
case pu = 0, namely fy(z) = (p — 1 + boz|*) 7", in the sense that b,, # by.
Note in particular, that

b, — oo as j — 0.

Remark: Our solution is different already in the scaling from the numerical solution of Van
Tien Nguyen, which is in the ;1 = O style.
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UULCGUA B Uil Existence of the new profile (1 # 0 and ¢ = q.)

Idea of the proof

We follow the constructive existence proof used by Bricmont-Kupiainen (1994), Merle-Z.
(1997) for the standard semilinear heat equation.

That method is based on:

- The reduction of the problem to a finite-dimensional one (N + 1 parameters);
- The solution of the finite-dimensional problem thanks to the degree theory.
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Stability of the constructed solution for 1 > 0

Thanks to the interpretation of the (N -+ 1) parameters of the finite-dimensional problem in
terms of the blow-up time (in IR) and the blow-up point (in RY), the existence proof yields
the following:

Theorem (Merle and Z. (1 = 0), Tayachi and Z. (1 > 0): Stability)

The constructed solution is stable with respect to perturbations in inital data in W' (R").

Hatem ZAAG (P13 & CNRS) Existence and stability of a solution for a heat equation with or without a critical nonlinear gradient term Equadiff2015 Lyon, July 6-10, 2015



Applications: Perturbed Hamilton-Jacobi Equation (px > 0)

Corollary (Tayachi and Z.)

After an appropriate scaling, our results yield stable blow-up solutions for the following
Viscous Hamilton-Jacobi equation:

Oy = Av+ |Vy|? + v~y
with

v >0, 3/2<q<2,p:27.
-9

The solution and its gradient blow up simultaneously, only at one point.

Of course, the blow-up profile is given after an appropriate scaling.
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e The proofs (u > 0)
@ A formal approach for the existence result
@ A sketch of the proof of the existence result
@ Proof of the stability result

Hatem ZAAG & CNRS Existence and stability of a solution for a heat equation with or without a critical nonlinear gradient term Equadiff2015 Lyon, July 6-10, 2015



The proofs (1 > 0) A formal approach for the existence result

A formal approach to find the ansatz (N = 1)

Following the standard semilinear heat equation case, we work in similarity variables:

1

W(y,S) - (T_ t)PjI’Kx’ t)? y=

X
and s = —log(7 — 1).
We need to find a solution for the following equation defined for all s > sy and y € R:

1 w
Ogw = jw — Eyayw i + wiP~tw 4+ p|oywle,

such that

1
0 < e < |[w(s)||pe(m) < p (type 1 blow-up).
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Simple ideas

Idea 1: Look for a (non trivial) stationary solution:

e for = 0and p < ps = ¥£3,

solutions: x, —k, 0, where

we know from Giga and Kohn that we have only 3

k=(p-—1)"
Problem: These are “trivial” solutions.

— N+2

e u=0andp > ps = : there are some non trivial solutions.

e for ;1 # 0, there is a non tr1v1al solution, by Souplet, Tayachi and Weissler (1996), for p
close to 1 (self-similar solution in the u(x,1) setting).

_, . : :
Idea 2: Since w = k = (p — 1) »-1 is a trivial solution, let us look for a solution w such that

W— K, as § — 0Q.
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| GOl A forml approach fo the exisience reul
Inner expansion

We write
wW=kK-+Ww,
and look for w such that
w— 0ass — oo.

The equation to be satisfied by w is the following:
Osw = Lw + B(W) + p|Vw

qc
)

where ;1 € R and g, = 1%’

1
2
Ly =0,v— iy(?yv +v,
and
B(w) = [w+ k' (W+ k) — K — prf~lw.
Note that B is quadratic:

B(w) — z%wz < Clw|.
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A formal approach for the existence result
The linear operator

Note that £ is self-adjoint in D(L) C L;(R) where

I2(R) = {fGLzac )| [ o dy<oo}

and

p(y) = \/szr’

The spectrum of £ is explicitly given by

spec(L)—{l—’Z’mEN}.

All the eigenvalues are simple, and the eigenfunctions /,, are (rescaled) Hermite

polynomials, with
m
Chn = (1= 2 )
2

In partlcular for A = 1, 5, 0, the eigenfunctions are hy(y) = 1, h(y) = y and

hy(y) = y> — 2.
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The proofs (1 > 0) A formal approach for the existence result

Naturally, we expand w(y, s) according to the eigenfunctions of L:

= > Fls)inlr)

m=0

Since h,, for m > 3 correspond to negative eigenvalues of £, assuming w even in y, we may
consider that

w(y,s) = Wo(s)ho(y) + Wwa(s)ha(y),
with
wo, wo — 0 as s — oo.

Plugging this in the equation to be satisfied by w:

qc
)

oW = Lw + B(W) + pu|oyw
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The proofs (1 > 0) A formal approach for the existence result

we first see that
qc

qe — M2‘1('

/"L‘ ayw y WZ 1 )

then, projecting on Ay and h,, we get the following ODE system:

Wy = Wo + % (W5 + 8W3) + co|wn

“+ 0 (wol® + [w2])

Wy =0+ g (Wowa + 4W3) + &a|wa|®* + O (|wol® + [W2]?) |

2
1 <gq.= - <2, ¢o=p2* (/ |Y|qvﬂ> , o = pg9? (/ |y’q(\p) .
p+1 - .

Note that the sign of ¢y and ¢; is the same as for /.
Remark. The heart of the argument is to find a solution for this system.
The solution will depend on the value of 1, singularly when ;o — O.

where
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A formal approach for the existence result
(Case 1 = 0) Looking at the equation to be satisfied by w,

Let us write it as follows:
4
Wh = ;pwi(l +O0(wy)) + gwowz + 0 (|wo]) -

Assuming that
[Wo| < [wa, (HI)

we end-up with

W/ ~ @WZ
2 p 2
which yields
_ K
Wo v _4ps'
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The proofs (1 > 0) A formal approach for the existence result

(Case 1 = 0) Looking at the equation to be satisfied by wy

Let us recall it p
W = o + o (w5 + 8w3) + O ([wo|® + [W2]) ,

then write it as follows:

4
wo = wo (1 + 0 (wy)) + fwg (140 (w)).
Assuming that

[Wol < [wol, [wo| < [w2|?, (H2)
we end-up with
_ dp_, K _ K
WON_;WzN_W<<W2N—%-
Note that both hypotheses (H1) and (H2) are satisfied by the solution we have just found.
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The proofs (1 > 0) A formal approach for the existence result

Case u # 0

Let us recall the system to be satisfied by wy and w,:

Wy = Wo + 2% (W5 + 8W3) + co|wa|® + O ([wo|® + [W2]?) ,

w, =0+ Z (wow> + 4W§) + G|wa|* + 0 (\WOP + |W2|3) :

2 5 N _
1< gqe=—P— <2 &= /|y"“p , Gy = pg2% /|y
p+1 R R

Note that the sign of ¢y and ¢; is the same as for /.

where

qcp> .
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A formal approach for the existence result
(Case i # 0) Looking at the equation to be satisfied by w»

Let us write it as follows:

wh = afn|® (1+ 0 ([wa*~)) + g (Wowa) + O (Iwol*) -

Assuming that
4wl < |wa

[Wow, | < [ws 4 (HI)

we end-up with

Wy ~ sign(p)|ca||wal|%,

which yields

B
wy = —sign(pu)——, for some B > 0.
§qc—1

(remember that g. = 1% € (1,2)).
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A formal approach for the existence result
(Case i # 0) Looking at the equation to be satisfied by wy

Let us write it as follows:

W), = Wo (1 + 0 (Wo)) + co|wa|% (1 + O ([wo]*%))..

Assuming that
[Wol < Wo, [Wo| < [wa|*, (H2)

we end-up with

o S Z‘()Bq“ — . B
Wo ~ —Co|Wa|* ~ ——— < Wy = —sign(p)—
§9c—1 §ac—1

Note that both hypotheses (H1) and (H2) are satisfied by the found solution.
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The proofs (1 > 0) A formal approach for the existence result

Conclusion for the inner expansion

Recalling the ansatz

w(y,s) = k +w(y,s) = & + Wo(s)ho(y) + Wa(s)ha(y)with hy(y) = v =2,

we end-up with:

with
° for/x,:O:i)zﬁandﬁ:%;
o for ju # 0: b = sign(;)B and 3 = 2(qc]—1) = 2étll) > 1, with
_ ptl
B = [2%_26]c<6]c - 1) f]R |y

qt‘pj| _(]L‘%I u p—1,
Remark: This expansion is valid in Li and uniformly on compact sets by parabolic regularity.
However, for y bounded, we see no shape: the expansion is asymptotically a constant.

Idea: What if z = 3—5 is the relevant space variable for the solution shape?
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The proofs (1 > 0) A formal approach for the existence result

Outer expansion
To have a shape, following the inner expansion, (valid for |y| bounded),
2b 1 . y
S e thz = >
w(y,s) =K —bz" + - +0( 25> withz = 7,
let us look for a solution of the following form (valid for |z| bounded):

1
w(y,s) =f(2) + 55 + O(5), v >28,

with z = %, f(0) = « and f bounded.
Plugging this ansatz in the equation,

1 w _ .
Ogw = Dow — Eyf)yw p— + [wlP~tw + ployw|®,
then, keeping only the main order, we get
1, 1 »
— S =0
@) p_g@+v@> ,
hence, f(z) ( p—1+b|7 ) , for some constant b > 0.
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The proofs (1 > 0) A formal approach for the existence result

Matching asymptotics

For y bounded, both the inner expansion (valid for |y| bounded)
) 8
2 2b 1
— K — b 4 .
w(y,s) =k 25 +SZB +0(525) ;

and the outer expansion (valid for |z| bounded)

a 1 y
w(y,s) f(z)Jrszﬁ + (sV> where v > 23, z 3
and

_ -4 b
@)= (p=1+8f) ™ = T + 0,
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A formal approach for the existence result
Matching asymptotics (continued)

In particular:

F - 7. K 1 (p— 1)2 K
° oru—O,b—@,henc eb—= " anda—ﬂ,

_ptl

e For ;1 # 0, b = sign(;1)B with B = [2972g.(gc — 1) [g [y[*p] T ot

Since B > 0 and b > 0 from the inner and the outer expansions, it follows that

‘I(—l p+1
qc ] M—,ﬁ‘

_ —1)2
>0, b:uBanda:2B, with B = [2‘1‘ ge— 1) /\y
K
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A formal approach for the existence result
Conclusion of the formal approach

We have just derived the blow-up profile for |y| < Ks”:

(y,5) Zf(s%) + sz% =

where:
e For i =0,
1 - (p—1)7
—— ph= da = —
1G] > " and a o
e Form p1 # 0,
| —1)?
p= P b:L >Banda:ZB,
2(p—1) K
with

b= |2l

’(,1 1
e~ 1) /quLl TS

Existence and stability of a solution for a heat equation with or without a critical nonlinear gradient term
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UL VSO A sketch of the proof of the existence result

Strategy of the proof

We follow the strategy used by Bressan (1992), Bricmont and Kupiainen (1994) then Merle
and Z. (1997) for the standard semilinear heat equation, based on:

- The reduction of the problem to a finite-dimensional one;

- The solution of the finite-dimensional problem thanks to the degree theory.
This strategy was later adapted for:

o the present equation with subcritical gradient exponent ¢ < ¢. in Ebde and Z. (2011);
o the Ginzburg-Landau equation:

O = (1 +iB)Au+ (1+i8)|ufP " u — yu
in Z. (1998) and Masmoudi and Z. (2008);

@ the supercritical gKdV and NLS in Cote, Martel and Merle (2011);
@ the semilinear wave equation

Ofu = 0xu + |uf~'u

in Cote and Z. (2013), for the construction of a blow-up solution showing multi-solitons.
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A sketch of the proof of the existence result
Construction of solutions of PDEs with prescribed behavior

More generally, we are in the framework of constructing a solution to some PDE with some
prescribed behavior:

o NLS: Merle (1990), Martel and Merle (2006);

e KdV (and gKdV): Martel (2005), Cote (2006, 2007),

e water waves: Ming-Rousset-Tzvetkov (2013),

@ Schrodinger maps: Merle-Raphaél-Rodniansky (2013),

@ ctc....
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The proofs (1 > 0) A sketch of the proof of the existence result

The strategy of the proof (N = 1)

We recall our aim: to construct a solution w(y, s) of the equation in similarity variables:

qc
)

1 w
Ogw = Dow — Eyayw - + [wlP~tw + plogw

such that

_ A |y|2 7/;1 a
w(ys) ~ p(y.s) where oy ) = (p— 1+5%:) "+ 35,
Idea: We linearize around ¢(y, s) by introducing

v(y,s) = w(y,s) — @y, s).
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The proofs (1 > 0) A sketch of the proof of the existence result

In that case, our aim becomes to construct v(y, s) such that
[v($) || oo (m) — 0 as s — oo,
and v(y, s) satisfies for all s > sp and y € R,

O = (£ + V)v+ B(v) + G(0) + R(y,5),

where

1
Ly = afv — Eyayv +,

V0us) =p (s =2
BOY) = o+ (o +v) = ¢ —pe .

G(Oyv) = pldyp + Oyy

= pldyel®,

qc

1 p
R(y,s) = —0sp + 050 — iyayw ] + ¢+ ployp
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A sketch of the proof of the existence result
Effect of the different terms

@ The linear term: Its spectrum is given by {1 — 5, | m € N} and its eigenfunctions are
Hermite polynomials with Lh,, = (1 — % )h,,.

Note that we have two positive directions A = 1, % and a null direction A = 0.

@ The potential term V: it has two fundamental properties:
(i) V(.,s) = 0in L3(R) as s — oc. In practice, the effect of V in the blow-up area (|y| < Ks?) is
regarded as a perturbation of the effect of £ (except on the null mode).
(ii) V(.,s) = —;*7 ass — co. and L‘—,l — 0. Since — %5 < —1 and 1 is the largest eigenvalue of the
operator £, outside the blow-up area (i.e. for [y| > Ks”), we may consider that the operator £ + V
has negative spectrum, hence, easily controlled.

@ The nonlinear term in v: It is quadratic: |B(v)| < C|v|?,

@ The nonlinear term in d,v: It is sublinear: [|G(O,v)|| @) < %HO)VH Lo(R)-

o The rest term: It is small: [|R(.,s)|[,~ < €.
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Space localization

e From the properties of the profile and the potential, the variable

Y

==
5B

plays a fundamental role, and our analysis will be different in the regions

|zl > K and |z| < 2K.
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The proofs (1 > 0) A sketch of the proof of the existence result

Decomposition of v(y, s) into “’inner” and “outer” parts

Consider a cut-off function
X(,s) =X bl
) 0 K SB )
where xo € C*([0,00), [0, 1]), s.t. supp(xo) C [0,2] and x¢ = 1 in [0, 1]. Then, introduce
V(y, S) - Vinner(ya S) + Vnuter<y> S);

with
Vinner(y,8) = (¥, $) X (v, 5) and vouzer (¥, ) = v(y, S)(l —x(, S))

Note that

SUPP Vinner(s) C [—2Ks’6, 2Ksﬁ], SUPP Vourer(s) C (—00, —Ksﬁ] U [KS’B, 00).

Remark: v, (v, s) is easily controlled, because £ + V has a negative spectrum (less than

1= L5+ €<0).
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A sketch of the proof of the existence result
Decomposition of the “inner” part

We decompose Vi, according to the sign of the eigenvalues of L:

2

Vinner(Y, §) = va(s)hm(y) +v_(y,9),

m=0

where v,, is the projection of v, (and not v on ,,, and v_(y, s) = P_(Vjue,) With P_ being
the projection on the negative subspace E_ = Span{h,, | m > 3} of the operator L.

Remark: v_(y, s) is easily controlled because the spectrum of £ restricted to E_ is less than
1

5
It remains then to control vy, v; and v,.
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Control of v,

This is delicate, because it corresponds to the direction /,(y), the null mode of the linear
operator L.
Projecting the equation

Oy = (L +V)v+B(v) + G(Oyv) + R(y,s)

on /15(y), and recalling that £/, = 0, we need to refine the contributions of Vv and G(J,v) to
the linear term (this is delicate), and write:

5(5) = —=n(s) + 0 (w 0 (MOlfnm)

Working in the slow variable - — Jog s = log | log(T — 1),

we see that
d

1
EVZ = —2V2 + 0 <S461) + 0 <SHV(S)H%/V]0°(R)> s

which shows a negative eigenvalue.
Conclusion: v, can be controlled as well.

We are left only with two components vy and v;: A finite dimensional problem.
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Dealing with vy and v,

These remaining components correspond repectively to the projections along /o(y) = 1 and
hi(y) =y, the positive directions of L. Projecting the equation

Oyv = (L +V)v+ B(v) + G(Oyv) + R(y, s)

on /,,(y) with m = 0, 1, we write

456 = 005) + 0 gz ) + 0 (WO i)
16 = 3916+ 0 (3557 ) + 0 (W)

Since all the other components are easy to control, we may assume that

v(y,s) = vo(s)ho(y) +vi(s)hi(s) = vo(s) +vi(s)y,

ending with a “baby” problem, which is two-dimensional, with initial data at s = s( given by

vo(so) = do, vi(so) = di,
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The proofs (1 > 0) A sketch of the proof of the existence result

Solution of the baby problem

Recall the baby problem:

vo(s) = vo(s) + O <s251+‘> + 0 (vo(5)?) + O (vi(s)?) ,
4(6) = 3116) + 0 (3 ) + O (u(s)) +0 (6.

with initial data at s = s given by
V()(SO) = d(), Vl(So) = d].

This problem can be easily solved by contradiction, based on Index Theory:

There exist a particular value (dy,d;) € R? such that the “baby” problem has a solution
(vo(s), vi(s)) which converges to (0,0) as s — oc.
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A sketch of the proof of the existence result
Conclusion for the full problem

For the full problem (which is infinite-dimensional), recalling that
2

V(Y,8) = Vinner(¥,8) + Vourer (,8) = Y Vin()n(y) + V- (3, 8) + Vourer (¥, 5),

m=0
and that all the three other components correspond to negative eigenvalues, hence easily
converging to zero, we have the following statement:

Consider the equation

Oy = (L +V)v+ B(v) + G(0yv) + R(y, s)
equipped with initial data at s = sy:

Q/)Smdo,dl (y) = (doho(y) + dlhl (y)> X(2y> SO)'

Then, there exists a particular value (dy, dy) such that the corresponding solution v(y, s)
exists for all s > so and y € R, and satisfies

HV(yaS)HLoo(R) — 0 ass — oo.
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The proofs (1 > 0) A sketch of the proof of the existence result

End of the proof of the existence proof

Introducing
T=¢e

J

and recalling that

v(y.s) = wly.s) = o(v.) and u(x. 1) = (T — 1) 7w ( .~ log(T ~ r>) ,

and
a

—F(XyL 4
SO(y, S) *fu(sﬁ) + S2/B )
we derive the existence of u(x, 7), a solution to the equation

Ou = Au+ p|Vu

e ]u]”_lu,
such that 1 o B
(T —t)rTu(zv'T — t|log(T — 1)|20-D 1) ~ f,(2) ast — T.
Using refined parabolic regularity estimates, we derive that:
@ u(x,t) blows up only at the origin;

e the final profile satisfies u(x, T) ~ <l%|x]*2 log |x
m

ﬂ*') asx — 0.

Existence and stability of a solution for a heat equation with or without a critical nonlinear gradient term
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Proof of the stability result (N = 1)

Let us recall the statement:
Theorem (Tayachi and Z.: Stability)

The constructed solution is stable with respect to perturbations in inital data in W' (R").

Proof: It follows from the existence proof, through the interpretation of the parameters of the
finite-dimensional problem in terms of the blow-up time and the blow-up point.

Consider u(x, 7) the constructed solution, with initial data iy, blowing up at time T only at
one blow-up point a (not necessarily 0).
Consider now uy € W'°(IR) such that

uy = iy + €9 with HEOHWI,OO(R) small,

and u(x, 1) the corresponding maximal solution and 7'(1) < +o0 its maximal existence
time.

We would like to prove that 7'(uy) < o0, and that u(x, f) blows up only at one single point
a(up) with the same profile as for u(x, 1), with

T(u()) — T and a(uo) — a as uy — .

Existence and stability of a solution for a heat equation with or without a critical nonlinear gradient term
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The proofs (1 > 0) Proof of the stability result

Our finite dimensional parameters

At this stage, we don’t even know that 7'(u9) < 400, don’t mention the blow-up point a(u).

Since our goal is to show that 7'(ug) and a(u) are close to T and a respectively, let us study
ALL the similarity variables versions of u(x, ) considered with arbitrary (T, a) close to
(T,a):

WLtg,T,d(.y‘/ S) - eipju(a + y€%7 T — e—S>
and

s

VuoyT,a(yv S) = WM(),Tﬂ(yv S) - 99())7 S) =e r! I’l(a + y€%7 T — eis) - 9‘9()}’ S)>
where the profile:
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The stability problem as an “existence” problem

Note that for any (T, a), v, r.(y, s) satisfies the same equation as for the existence proof:
O = (£ +V)v+ B(v) + G(9y) + R(y, 5),

with initial data, say at some time s = s( large enough, given by

S0

Vu(),T,a<y> SO) — &u(),T,a(y) = e_pjl/l(a + ye%a T— e—So) - @(y/ S()).

Idea: These initial data depend on two parameters, exactly as in the existence proof, where
initial data was

Yo () = (dohoy) + dihi () (29, 0).

depending also on two parameters.
It happens that the behaviors of

(do,dy) v~ gy dp.a, @and (T, @) — V1.4

are similar, so the existence proof starting from v, 7 , works also, in the sense that:
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The proofs (1 > 0) Proof of the stability result

Statement for the “new” existence problem

For ||ug — tio||w1.~ small and s large enough, there exists some (T (uy),a(uo)) such that the
solution of equation

Oy = (L + V)v+B(v) + G(0yw) + R(y, s),
with initial data at s = s, given by

S0 S0

—u(a+ye?, T —e ™) — p(y,s50)

2Z)umT,a (y) =e

with (T,a) = (T(uy),a(up)), converges to 0 as s — oo.

But remember !

r(Zu(),T(M()),El(l/t()) <y) - Vu(),T(uo),a(uo) (y7 SO)?
so we know that solution: it is simply v, 7(u,) a(u) (V> 5) !!!!
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The proofs (1 > 0) Proof of the stability result

Therefore, this is in reality the statement we have just proved:

There exists some (T (uo), a(uo)) such that ||v,, 7 a(u) |l wi — 0 as s — oo.

Going back in the transformations, we see that for all 7 € [0, T(u)) and x € R,

M('XJ t) — (T(l/l()) - t)_p—l WM(),T(H()),C_I(M()) (y7 S) — (T(l/l()) - t)_pj [gp(y7 S) + Vu(),T(u()),a(u()) <y7 S)j|

where
x — alugp)

From this identity, we see that:

and s = —log(T(up) — 1).

@ The blow-up time of u(x, 7) is in fact T(u);

@ u(x,t) blows up at the point a(uy);

@ u(x,1) has ¢(y, s) as blow-up profile, the same as for u(x, ),
and this is the desired conclusion for the stability.
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The proofs (1 > 0) Proof of the stability result

Thank you for your attention.
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