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1 Introduction

1.1 Presentation of the results

In this paper, we consider the following parabolic equation

0

Y _ Aut | u P~ u, ug = u(0) (1)
ot

u(t) € L, u:RY x [0,T) — R.

We will assume 1 < p, (N —2)p < N + 2. We are interested in blow-up
solutions u(t) of (1), that is solutions of (1) for which there exists 7" such
that

|lu(t)||fc — +o0ast =T

(see [Bal77] and [Lev73] for the existence of such solutions). Note that
from the regularizing effect of the heat equation, the blow-up time does not
depend on the space where the Cauchy problem is solved. The point a is a
blow-up point if and only if there exists (an,t,) — (a,T) as n — +oo such
that |u(an,t,)| — +00. Note that in the case p < g%fi or u(0) > 0, we
know from [MZ] that an equivalent definition could be a point a € R such
that

t

AR

The blow-up set S C RY at time 7T is the set of all blow-up points. From
[Mer92] and [MZ], under some restrictions on p there exists u* € CZ _(RY/S)

loc



such that
u(z,t) . u*(x) in CZ..

u* can have different types of behavior close to a blow-up point a. For
example, from [HV92], [Vel92], [BK94] and [MZ], we have solutions such
that

u*(x) ra Uy(z —a), where Uy(z) = (%y)_l o)

and other solutions such that for some k > 2,

u*(z) ~ CUg(x —a), where Ug(x) = ]x|_% and C #0

r—a

(there are also non-symmetric profiles but they are suspected to be unsta-
ble).

We will be interested in proving stability properties of the behavior (2).
The question is the following : consider initial data o such that @(z,t)
blows-up in finite time 7" at a unique point & with @(x,t) — @*(z) for

all x # a, u* € C2

loc

t—T
(RN /{a}) and @* ~_ Uj(z — a). Is such a behavior
r—a
stable under a perturbation of the initial data? Note that the other types
of behavior are supposed to be unstable. In particular, when there are at
least two blow-up points or when the blow-up profile is different from (2).

To clarify the situation, let us introduce similarity variables (see [GK89]).
Let u be a solution of (1) which blows-up at time 7" in point a. We introduce

r—a

T t’ §=— IOg(T - t)v wa,T(ya 5) = (T - t)l/(p_l)u($7t)' (3)

y:

Then wq 7(y, ) satisfies the following equation

1 _ 1
aswa,T = Awa,T - 59 : vwa,T+ | Wq, T |p ! Wa, T — ﬁwa,T’ (4)
for all (y,s) € RN x [~log T, +00).
Giga and Kohn, under some more assumptions on the power p, proved that

300 > 0, Vs > —logT, ||’LUa,T(8)||Loo < C() (5)
and wq 7(y, ) — +K. (6)

where k = (p — 1)~/®=1 and the convergence is uniform on compact sets
of RN, Let us give the following definition :



Definition 1.1 (Type I blow-up solutions) A solution u(t) of (1) is
called a blow-up solution of type I if there exists C' > 0 such that ¥t € [0,T),
_ 1
Ju(lle < C(T — 1) 77,
Let us assume in the following wq 7(y, s) 0 +r (if not consider —wq 7).
S—T 00

The result then has been specified ([FK92|, [HV93]) at least in the posi-
tive case. We have two possibilities (up to an orthogonal change of space
variables) :

!
a) Wa,r(y,s) =k ~ g (N — 3 Zy?) on compact sets, where 1 <[ < N,
i=1

b)| wa(y, s) — K |< Ce™*/? on compact sets.

In [MZ98b] (see also [Vel92]), the following equivalence is proved (not
necessarily in the radial case) for type I blow-up solutions, we have

(P1) & (P2) & (P3)

where .
(P1) YR >0, sup | war(y.s) = r = gV = 1) [= o})
(P2) ||wa,r(y,s) — f(%)HLoo T 0 with
(p—1)2, , 7T
f(z):(p_l+T|Z| ) , (7)

(P3) u*(z) ~Ui(x —a) as x — a, x # a.

The first stability result for this problem is due to Merle and Zaag [MZ97]
who prove the following. They exhibit a set of initial data @ such that @(x, t)
blows-up at one point @ and behaves like (P2). Equivalence was not known
at that time. For these initial data constructed before, they proved the
following stability result.

There exists a neighborhood Vo of iy such that for all ug € Vo, u(z,t)
solution to (1) with initial data ug blows-up at time T and has a unique
blow-up point a such that wq r satisfies (P2).

Unfortunately this result was proved only for initial data constructed as
before and a priori does not hold for all initial data blowing-up at one point
such that (P1), (P2) or (P3) is satisfied. In this paper, we extend the result
to such functions. Note that the strategy will be completely different. The
proof will be closely related to some uniform estimates with respect to initial
data (following from a Liouville Theorem) and a solution of a dynamical
system of ordinary differential equations. We claim the following :



Theorem 1 (Stability of the blow-up profile with respect to the
initial data) Let u(t) be a type I blow-up solution of (1) with initial data
g which blows-up at time T at only one point a = 0. Assume that for some
R>0and M > 0,

for all |z| > R and t € [0,T), |u(z,t)| < M. (8)
and

Vo e RN\{0}, a(x,t) — a*(z) where @*(x) ~ Ui (x).
t—T T
Then, there is a neighborhood V in L*° of 1y such that for all ug € V the
solution of (1) with initial data ug blows-up at time T = T(ug) at a unique
point a = a(ug) and

vz e RN\ {a}, u(z,t) . u*(z) where u*(x) ~ Ui(x —a).

Moreover, (a(ug), T (ug)) goes to (0,T) as ug goes to .

Using the equivalence between (P1), (P2) and (P3) we have equivalent for-
mulations of Theorem 1. Let us write one which will be useful for the proof.

Theorem 2 Let u(t) be a type I blow-up solution of (1) with initial data g
which blows-up at t = T at only one point a = 0. Assume that (8) holds
and that the function W, 7(y, s) defined in (3) satisfies uniformly on compact

sets of RN
o K Ly
wO’T(y,S) F e o 2ps (N B )- (9)
Then, there is a neighborhood V in L of 1y such that for all ug € V the
solution of (1) with initial data ug blows-up at time T = T(ug) at a unique
point a = a(ug) and the function w, T(y,s) defined in (3) satisfies uniformly
on compact sets of RN
K ||

War(y,8) =k~ %(N -5 )

Moreover, (a(ug),T(ug)) goes to (0,T) as ug goes to ig.

Remark : The condition (8) means that @ does not blow-up at infinity (in
space).



Remark : The hypothesis that @(t) is of type I can be removed for we can
show, by the techniques of [MZ98b], that (8) and (9) imply that @(¢) is of
type L

Remark : In [FKZ], the authors study the difference between two blow-up
solutions of (1) with the same blow-up time and the same unique blow-up
point. As a consequence of this and the stability result of [MZ97], they
obtain the same stability result as in Theorem 1, under the restrictive con-
dition w(0) > 0 or (3N — 4)p < 3N + 8 (which implies by [GK89] that all
blow-up solutions are of type I).

Remark : For % >p > g%fi it is not known (with no positivity con-
ditions on the initial data) that all blow-up solutions are of type I. In the
proof, we show in fact that if a solution u(t) is of type I, then in a neighbor-
hood of u(0), all the solutions blow-up (which was not known before) and
are of type I. More precisely,

Theorem 3 The set of initial data such that u(t) is a blow-up solution of
type I is open.

3N+8
3N—4

Remark : It is still an open problem for p > to know if there are

blow-up solutions which are not of type I.

Generalizations

As in [MZ98a], there are various generalizations of this result.

1) | w [P~ u can be replaced by f(u) where f(u) ~| u [P~ u in C3 as
| u |— +o0.

2) RY can be replaced by a convex domain.

3) Using techniques of [MZ] and [FM95], we can generalize the result to
the case of the equation (1) where u is a vector-valued function u : R +—
RM | and where F(u) ~| u |P~! u as |u| goes to infinity in C3.

1.2 Strategy of the proof

We consider a type I blow-up solution 4(t) of (1) with initial data . We
suppose that @(t) blows-up at time 7" with a unique blow-up point a = 0.

We also assume that
1
=o0 <—> . (10)
L2 s

et~ {55 (=)}

Therefore, from the equivalence of the properties (Pi), ¢ = 1,2,3 (which
holds for type I solutions), we have

u(x,t) — u*(x), u*(x) ~ Ui (x).
t—T T



We shall consider initial data ug in a neighborhood of @g in C3. We shall note
with a ~ the items associated with @(t) such as W, while those associated
with u(t) will not present some ~, for example w, 7 for some a € RN and
T eR.

From the fact that if we have u,(0) — »(0) in L™ as n goes to infinity
then for all € € [0,T), u,(€) — u(e) in C3 as n goes to infinity, we are reduced
to prove the stability for the C3 topology.

1.2.1 Formulation of the problem

We will adopt a dynamical system approach and work in the variable (y, s)
in order to use the spectral properties of the operator

feo L) =AF ~ 5y Vi +

which appears in the equation of w 7.
Indeed, we have for all s € [—logT, +oc) and for all y € RV,

1 _ 1
aswa,T = Awa,T - 59 ’ vwa,T“‘ | Wq, T |p ! Wa, T — ﬁwa,T-
Under the condition that a is a blow-up point, we have
|wa,r(s)lL < C, (11)

(known if p < g%fﬁ and unknown in general if g%fﬁ <p< %), proved

by Giga and Kohn in [GK87]. Considering —w if necessary, we can suppose

wa,T(y7 S) s_>—+>oo R,

on compact sets (see [GK89]). Let us now introduce
v = wa7T - K;7 (12)
v satisfies the following equation

Osv = Lu+ f(v) (13)

K p

where flv) = |v+ﬁ]p_1(v+f£)—p_1 PR

(14)



From (11), we obtain | f(v) |< ¢ | v |2. Therefore, f is a quadratic term.
ly|?

Operator L is self-adjoint on L% where p(y) =e~ 1/ (47T)N/2,

Spec £ = {1 — F | m € N} and the eigenfunctions of £ are derived from
the Hermite polynomials. If N = 1, all the eigenvalues of £ are simple. To
1 — % corresponds the eigenfunction

m! n, m—2n
hin(y) = m(—l) Yy .

If N > 2, then the eigenfunctions corresponding to 1 — % are
Ho(y) = hay (y1)---hay (yn), with a = (aq,...,an) and |af =m.
In particular,

1. 1is an eigenvalue of multiplicity 1 and the corresponding eigenfunction
is Ho(y) =1,

2. % is of multiplicity IV and its eigenspace is generated by the orthogonal
basis {y; |i=1,..,N},

3. 0 is of multiplicity M

thogonal basis

and its eigenspace is generated by the or-

{yiy;j | i <jyu{y?—2|i=1,..,N}. (15)

Since the eigenfunctions of £ constitute a total orthonormal family of L%,
we expand v as follows

2
U(y7 5) :Z Um(yv 5) + U—(yv 5) = UQ(yv 5) + U—(yv 5) + U+(y7 5)7 (16)

m=0

where v, (y, s) is the orthogonal projection of v on the eigenspace of A = 1 —
%, v_(y,s) = P_(v)(y,s) and P_ is the projector on the negative subspace
of £ and vy (y,s) = vo(y,s) + vi(y,s). Let us define a N x N symmetric
matrix A(s) by

Aij(s) = /]RN v(y, s) <%yzy] - %&) p(y)dy. (17)



Then, from (16), (15) and the orthogonality between eigenfunctions of L,
we have

02(y,5) = gy Als)y — tr A(s) (18)

It has been proved in [FK92], [FL93] and [Vel92] for a general blow-up
solution as s goes to +oo that either v ~ vy (case a) or v ~ v_ (case
b) in Lg. In addition in the case a, there is a symmetric matrix ) and
l€{1,...,N} such that

l
K
i=1

Thus, we now assume in accordance with (10) (see [FK92]) that vs is pre-
dominant and that [ = N. Therefore,

- K
Ua(y, s) ~ %(ZN— |y |2) as s — +oo. (19)

We will prove that this behavior is stable under perturbation of the initial
data, that is there is a neighborhood V of g such that for all ug € V, u(t)
blows up at one point a = a(ug) at T = T'(ug) and

K
Va,1(Y,8) ~ %(2]\7— |y [?) as s — +oo.

1.2.2 Uniform L* estimates on v and O.D.E. comparison.

Here, we use crucially a central argument (from [MZ]) in the proof of The-
orem 1.

Proposition 1.2 (A Liouville Theorem for equation (1)) Let u(t) be
a solution of (1) defined for all (z,t) € RN x (—o0,T) such that for some

C >0,
C

(T — )71
Then, there exist Th € [T, 400) and wy € {—1,+1} such that

| u(z,t) [<

u(z,t) = wor(Th — t)_P+1.

This Theorem has an equivalent formulation for equation (4).



Proposition 1.3 (A Liouville Theorem for equation (4)) Let w be a
solution of (4) defined on R x R such that w € L®(R™ x R). Then,
w=0 orw==+xk orw(y,s) =10(s+ sg) for a sp €R,
1
where 0(s) = k(1+€°)"P=1 and satisfies 0/ = P — 1%0, O(—o0) = Kk and
0(+00) = 0.

This allows Merle and Zaag [MZ] to prove for ug € C? the following :

Proposition 1.4 (Uniform ODE comparison of blow-up solutions
of (1)) Assume 1 < p < g’%—fi. If ||ugllcz < Co and T < Ty then we have
the following :

i) Uniform estimates: 3C, = C1(Cy, Tp) such that ||u(t)| pe < —Er.
(T—t)p—T

it) Uniform O.D.E. behavior: Ye > 0, 3C = C(¢,Co,Tp) such that
V(z,t) € RN x [0,T),

| Opu— | u [Pl u |<elulP+C.

The purpose of this section is to prove without the condition p < %

the same result but for initial data only in a neighborhood of 4, assuming

that @(t) is a type I blow-up solution. Indeed, in this case (p > g’%—fi) the

obstruction on the proof of ii) of Proposition 1.4 is the estimate ||u(t)|| e~ <

ﬁ. Actually, we prove here that for all @ such that @(t) is of type
—_$)p—

I(, th)ere is V1 neighborhood of g such that i) and ii) of Proposition 1.4 is

satisfied uniformly in V; (see Theorem 3 and section 2). We first have the

following :

Lemma 1.5 (Continuity of the blow-up time at ) There erists Vg
neighborhood of gy such that for all ug € Vy, u(t) blows-up in finite time
T =T(up) and

T(up) — T as uy — .

Remark : The continuity of the blow-up time was known (see [Mer92]) in
the case of bounded domains. Here, we will prove using an elementary but
crucial blow-up result that the blow-up time is continuous and in particular
finite at initial data such that u(t) is a blow-up solution of type I. It is still
open in the other cases.

Note that from the continuity of the blow-up time, we have the continuity
of the blow-up profile in the following sense :

Corollary 1.6 (Continuity of the blow-up profile) As ug — g, we
have u* — @* uniformly on compact sets of RV\S.



Proof : The proof of Proposition 2.3 in [Mer92] holds in the present case
because we have the continuity of the blow-up time. |

Proposition 1.7 (Uniform L* bound, O.D.E. comparison) There ex-
ist V1 a neighborhood of g, C > 0 and {C.}¢ such that for all initial data
ug tn Vi,

i) u(t) blows-up in T,

i) Yt € [0,7), [ut)|p= < C(T — )71,

i) Ve > 0, Vt € [0,T), | Opu— |u [P u|<e|ulP +C..

Corollary 1.8 (Constant sign property of u(z,t) for x close to the
blow-up point) There exists Vo a neighborhood of iy and § > 0 such that
for all initial data ug in Vs,

Vie [T —0,T), V|z| <6, u(z,t)>0.

1.2.3 Reduction to a finite dimensional problem

From continuity properties of the blow-up set and the blow-up time, we are
able to control the unstable modes on the equation on v by the use of the
geometric transformation (3), we note vo 7 = we — K.

Proposition 1.9
i) There exists a neighborhood Vs of g such that for all initial data ug in
Vs, there exists a € RN, T € R such that

. 2,amN
v, — 0in C777(RY).
T s—+00 loc ( )

it) a goes to 0 and T goes to T as ug goes to Ug in C5.

Note that 7" is the blow-up time of u(t) and a is a blow-up point of u(t).
At this stage of the proof, uniqueness of the blow-up point a is not known.
We will see at the end of the proof the uniqueness of a. From now on, for
each ug we fix a given a.

As a consequence of the Liouville Theorem, we have uniform convergence
of v, with respect to the initial data, which allows us to compare uniformly
the nonlinear problem with the linear problem (in fact with the quadratic
problem when we deal with the neutral mode).

Proposition 1.10 (Uniform smallness of v, 1) There exists a neighbor-
hood V4 of ug such that for all initial data ug in Vy,

10



i) sup flvar(s)lrz — 0,
ugEVs4 s—+00

i) VR >0, sup (sup|ver(y,s)|) — O.
u€Vs |y|<R srteo
It follows from this Proposition and the fact that the dynamics on the neutral
mode are slow for the quadratic approximation the following stability result.
For simplicity we denote by v;, 0 < ¢ < 2 and v_ the components of the
expansion of v, 7 (see (16)).

Proposition 1.11 (Reduction to a finite dimensional problem)
There exist €9 > 0 and a neighborhood Vs of ug such that for all € € (0, ¢€),
there is so(€) € R such that for all initial data ug in Vs,

Vs > so(€), ellva(s)llLz = llv—(s)llz + llv+(s)llzz-

Note that the choice of the (N + 1) parameters (a,T") controls the (N + 1)
unstable modes of v.

1.2.4 Solving of the finite dimensional problem

We study now vy(s) as s goes to infinity by using the matrix A introduced
in (18). From (19), we have

A(s) ~ —gld (20)

as s goes to +oo with 3 = %. The question is now about the stability of
behavior (20). Let us first give the form of the equation satisfied by A(s).

Proposition 1.12 (Form of the finite dimensional problem : Finite
dynamical system) There exists a neighborhood Vg of g such that for all
e > 0, there is s1(€) € R such that for all initial data uy in Vg,

Vs > s1(e), A'(s) = %A(:;)2 + R(s), (21)

where 8 = 55 and | R(s) |[< € | A(s) 2.

The stability result follows from the stability of the behavior —g[ d among
solutions going to 0 for the ordinary differential equation A’(s) = %A(s)z.

Indeed,

11



Proposition 1.13 (Stability of —%Id behavior) There is a neighborhood
V7 of ug such that for all € > 0, there exists so(€) such that for all ug € V7

g

Vs > sa(€), | A(s) + g[d |<

€
S
From this stability result and the uniform estimates of Proposition 1.7, we
have the following Proposition which obviously implies Theorem 1 :

Proposition 1.14 (Uniform convergence of the different notions of
profile in a neighborhood of @) There is a neighborhood Vs of gy such
that :

i) Ye > 0, Is3(€) such that Vs > s3(e€), Yug € Vg,

s {15

ii) VKo >0, Ve > 0, 384(K0,6) such that Vs > S4(K0,6), Yug € Vg,

sup | wa,r(2V's,s) — f(2) |< € where f is defined in (7),
|2|<2K

2 S
L3

i11) For all ug € Vg and x # a, u(x,t) — u*(z) ast — T and

u*(a+2’)
Ul (:L’,)

sup
upEVs

—1‘—>0 as ' — 0,2/ #0

where Uy is defined in (2).

w) For all ug € Vs, u(t) blows-up at T with a unique blow-up point a, T
goes to T and a goes to 0 as ug goes to ug.

2 Uniform ODE comparison and L*° bound
We prove Theorem 3, Lemma 1.5, Proposition 1.7 and Corollary 1.8 in this
section.

Let us start by connecting some notions related to uniform ODE behavior
and blow-up rate of type I. Consider a blow-up solution u(t) with blow-up
time T such that % < T <Tp and |jug||c2 < Cy for given Ty, Cp.

Proposition 2.1 (Equivalent properties for type I blow-up solu-
tions) Consider the following properties.

12



Property i): For all €; > 0, there is a constant C; > 0 such that

Ou
ot

Property i1): There is a constant Ca > 0 such that

— |ulP7 u| = |Au| < er|ulP + C1 on RN x [0,T). (22)

] < ful +Cy on BY x [0,7). (23)
Property iii):  There is a constant C3 > 0 such that
lu()ll = < C5(T — £)"71 on [0,T). (24)
We claim that
Property i) <= Property ii) <= Property iii) . (25)

with constants depending only on Ty, Cy, that is Co = Cy(Ch), C3 =
Cs3(To, Co, C2) and Cy = Ci(e1, Tp, Co, Cs).

Remark : Under these properties, the solution is a blow-up solution of type
L
Proof of Proposition 2.1 :

Property i) = Property ii) : From the definitions.

Property ii) = Property i) : Define for a given z € RY | 2(t) = |u(z, t)).
We have from Property ii),

2(t) > 1 z(t)P — Cy,Vt € [0,T) and z(t) defined on [0,7). (26)

Let us prove that

(27)

If Yto € [0,T),2(to)? < 4Co, then it is done. If z(tp)? > 4C, for some
to € [0,T), then we have by a priori estimates, Vs € [to,T),2'(s) > 0, and
Vs € [to,T), z(s)P? > 4Cy. Therefore, Vs € [to,T), 2'(s) > %z(s)” and
(—='77)(s) = B
By integration in time of this identity, we have

1 (p—1(T 1)
St 4

13



which concludes the proof. Therefore
O//
(T —t)7T +C"
where C' = C'(Cy) and C” = C”(C3). This concludes the proof since the
constants do not depend on x € RY.
Property iii) = Property i) : The proof follows exactly the one of [MZ]

(see also [MZ98al) since in fact only Property i) was used there to prove the
result. This concludes the proof of Proposition 2.1. |

vt € [0,T),Yz € RN, Ju(z,t)| <

We now prove Lemma 1.5.
Proof of Lemma 1.5 : Since u(t) is a type I blow-up solution, Lemma 1.5
follows directly from the following :

Lemma 2.2 The blow-up time is continuous at uy where the associated
solution u(t) is a blow-up solution of type I.

Remark : Note that no condition of decay at infinity in space is made.

Proof of Lemma 2.2 : Assume that @(t) is a blow-up solution of type
I (T is the blow-up time). Let us consider a sequence u,, of initial data
converging to ug. Let u,(t) and T}, be the associated solution and blow-up
time.

By local wellposedness in time of the Cauchy problem it is classical to
have liminf 7,, > T.

n—-+o0o

Let us show that limsup T}, < T. This will follow from two facts :

n—-+o0o

- Fact 1 : From [MZ] (the results were in fact proved under the assump-
tion that u(t) is a blow-up solution of type I), we have

IVw(s)||pe — 0 and ||w(s)||pe — K as s — 400 (29)

where w(y,s) = e_P%lﬂ(ye_%,T — e~ %). In particular, there is a sequence

T, going to T, &,, € RY, §,, going to +oo such that

1
V05, 5, Gmlllz= = 0, 105, 5, Gl <2277
1
and Wz o (. 8m) — 2071k in Ly, as m — +oo,

where w;, . is defined from @(t) in (3). Indeed, consider any sequence $,,
going to infinity, from (29) we have then the existence of &, such that

wT,fm (07 ,§m) — k.

14



Again from (29),
Vg5, (m)llLe =0, 07z, (3m)le < 2k and wr; (5m) — £ 0 Lig,

(31)

as m — +00. - -
Take now T}, such that 2(T — t,,) = Tp, — t,,, where 3, = —log(T — t,,).
From the definition (3), we have

L — A~
@y, 5, (U5 3m = 1082) = 27 Tig 5, (YV/'2,5m).

It is easy then to check that w; . (3, —log2) satisfies (30).

- Fact 2 : In [MZ], there is a blow-up criterion in the w variable (sharp
for functions close to constants in Ly ) which is the following. Consider w
a solution of equation (4). Assume in addition that for some s; we have

I(w(s1)) >0

where for w, Vw € L,

p+1
-1

) = 260 + 2 ([ wwPomar) T e

Bw) = [ (319000 + 5o WP~ o) )y
(33)

Then, the solution w(s) blows-up in finite time.
We claim that limsup T;, < T, for all m, which will conclude the proof

n—-+o0o

of the Lemma. Indeed, from (30) and (32), we have
I(wg o (8m)) — I(2P%1 k) > 0 as m goes to infinity . (34)

We have by continuity of the solution with respect to the initial data that
for a given m,

A _ A . 1,00 . .
me’jmn(sm) — Wz o ($m) In W™ as n goes to infinity and

“me,imn (8m)|lw1. is uniformly bounded in n
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where wy, . is defined from u,(t) by (3).
1

Therefore for n and m large, I(me,fmn(ém) > M >0. Thus wy, 5

blows up in finite time and for n large T, < Tm Therefore, limsup T, < T,.
n—-—+00

This concludes the proof of Lemma 2.2 since T}, goes to T as m — +oo. B

Proof of Theorem & and Proposition 1.7 : We now claim the following
Lemma which concludes the proof of Theorem 3 and Proposition 1.7 (from
the fact that Property i) <= Property ii) <= Property iii)). We still
consider #(t) a blow-up solution of (1) of type I. From Proposition 2.1, we
know that there is a constant C'y such that

1
|Aa| < §|a|p 4+ Cy on RY x [0,T). (35)

Lemma 2.3 (Uniform O.D.E. behavior in a neighborhood of a type
I blow-up solution) There exists Vo a neighborhood of g such that for all
ug € Vo, u(t) blows-up in finite time T = T (ug) and

1
|Au| < §\u]p +2C5 on RY x [0,T).

Proof of Lemma 2.3 : Let us argue by contradiction. Let us consider u,, a
solution of (1) with initial data ug, — o € C? such that u,(t) blows-up at
time T,, — T and the statement

1
|Au,| < §|un|p +2C5 on RN x [0,T;,)
is not valid. Therefore, there is (x,,t,) € RN x [0,T},) such that

1
| At (2, tn)| = 5lun(n, ta)[” — 20, (36)

n _ 1
Oun _ |t [P L | < §|un|p +2Cy on RN x [0,t,].  (37)

and |Au,| = ot

In the first step, we find a subsequence of (u,) which tends (up to a
translation) to a solution @ of (1) blowing-up at T in 0. Then in a second
step we use this limit object to find a contradiction.

First step : Behavior of u,(t,) as n — 400

a) t, —T.

16



From the fact that uy, (o) — u(to) in C? for all to < T, there is for each
to < T, a ng such that for all n > ny,

1 3
|Auy,| < §|un|p + 502 on RY x [0, to].

Therefore, we have

T—t,—0and T, —t, — 0asn— +oo.

b) Compactness procedure on the limit object .

Note that in the case where initial data is decaying at infinity, the blow-
up set is compact, and this step is not needed. In this situation, take & = 4.
In the general case, from Proposition 2.1, we have

G (33)

(T — )7

Vit e [07T)7 ”a(t)HLOO <

where C; = C1(Cy, T, ||i@(0)||c2). Considering u(z, + z,t) and using a com-
pactness procedure based on (38), we can assume that

Wz, + x,t) — a(x,t) in C2HRY x [0,T)) (39)

loc
where 4 is also a solution of (1). We now claim the following :

c) The point 0 is a blow-up point of @ and |u,(xy,t,)| — oo.

i) Proof of the fact that 0 is a blow-up point of @ and T is its blow-up
time.

We proceed by contradiction. Assume that there are § > 0 and M > 0
such that V(z,t) € Bs x [0,T),

|i(z, t)| + |Ad(x, t)| < M.
From the fact that
un(:En + ZE,t) - ﬂ(.’L‘,t) in C@i(RN X [va)) (40)

(which follows from (39) and the fact that u,, — @ in L ([0,7), C?(RY)))

and the ODE property for ¢ < t,, stated in (37), an easy calculation shows
that for n large enough, V(z,t) € B(zy,, %) X [0,t5),
|un (z,t)] < 2M.

Let us now recall a useful Lemma on parabolic regularization.

17



Lemma 2.4 (Parabolic regularity for equation (1)) Assume h is a
solution of (1) defined for (§,7) € D = B(0,n) x [0,t*] and satisfying
|h||Le < M. Consider t; € (0,t*). Then, there ezist a(p) € (0,1) and
K(t1,n, M) such that

Oh
ot
where D' = B(O,g) X [tl,t*], ”hHCZl(D’) = Hh”Loo(Dl) + HVhHLOO(D’) +
IV2h| oo (pry + |92 oo (pr) and

IBllcza(pry + [V?hla,pr + |5 lapr < K

a6, 7) — a(¢’, )]

la|a,p = sup 5 (41)
e mep ([€ =&l +|r—7[/2)

Proof : see Lemmas 2.8 and 2.10 in [MZ98b]. |
Thus, there is M*(T,d, M) such that for n large,
ou .
|Aup|a,p, + |a—tn|a,Dn < M7,

where D,, = B(xy, g) X [%,tn). In particular, Au, and %L{‘ are uniformly
continuous on D,, with a constant of continuity independent of n.
We claim now that V(z,t) € D,

1 3
|Auy,(x,t)] < §|un(a:,t)|p + 502. (42)

Indeed, since t,, — T and the constant of uniform continuity of Aw,, and %Ltn
on D,, is independent of n, there is a tg such that for n large, V(x,t) € D,
we have

either t <ty or |Auy(z,t) — Auy(x,tp)| < %

and [Jun (@, O n (@, £) — lun (@, t0) P~ Lun(e t0)) < &, )
From (40) and the identity
1 )
|Ad(x,t)] < §|ﬂ(x,t)\p + Cy on RY x [0,T) (44)

(which follows from (35) and (39)), we have for n large and for all (z,t) €
B(Qj‘n, %) X [%7t0]7

1 17
Bt (a,8)] < 5 fun (o, ) + 5 Co (45)

18



It follows then from (43) and (45) that V(z,t) € D,,
1 3
[Bun(, )] < shun(z, O + 2Cs (46)

which is a contradiction. Therefore 0 is a blow-up point of u.

i1) Proof of the fact that |uy,(xy,,t,)| — +o0.

We argue by contradiction. Assume that there is M > 0 such that
|tn,(2n, tn)| < M. Integrating the ODE (37) backwards in time, there is a
M* > 0 such that Vt € [0,t,], |un(zn,t)] < M*. Fix any to < T. For n large
we have |up(zn,t0)| < M*. Let n go to infinity, we obtain |u(0,tg)| < M*.
Thus for all t < T,

|a(0,t)] < M*

which is a contradiction with the fact that 0 is a blow-up point of .

Second step : Conclusion of the proof using the Liouville Theorem.

We now follow an argument in [MZ98b] except that we will use the
O.D.E. approximation to obtain key estimates (see [MZ98b] for more de-
tails). We consider two cases.

Case 1 ; n(@nitn) +— 0 (the very singular region).

l[un (tn)ll oo

K Un ($n 7tn)

Let us assume that S Tun (i) eos

— r1 € (0, 5], and consider

1
-1

vn(§,7) = My un(2n + §/ My, ty + 7Msy,) (47)

where

1
M;,»=1 ||un(tn)||Loo =

| =

From the Liouville Theorem stated for equation (1) (Proposition 1.2), we
show that the nonlinear term is “subcritical” on compact sets of RV x
(—00,0]. In particular, we show that v,(§,7) — v(7) where v/ = P and
v(0) = k1, uniformly on compact sets of R™ x (—o0,0] (Note that

o(r) = K <<£1>p_1 - T> o (48)

and v(1) < 400 since 2k; < k).
We have from the definition of v,, that vy, is defined for all 7 € [r,, 0] where
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Tn = —J\t/l—’; — —o0 (since M,, — 0 from the fact that |u,(zp,t,)| — +oo and
t, — T) and satisfies

0

P _ Avy, + v [P L,.

or
Moreover, vy, satisfies the following O.D.E. estimate from (47) and (37) : for
all (¢,7) € RN x [1,,,0],

Olvy|

_Db_
S 2 Clunl? = 2MT T G (49)

>

N |

e
Therefore, for all 7 € [1,,,0], ||vn(7)||zee < max <(4Cg)113M,§’_1,ﬁ>. Indeed,

if not, we have by integration ||v,,(0)||z~ > k which is a contradiction.

By the wellposedness of the Cauchy problem in L°°, there is 79 € (0,1) such
that v, (7) is uniformly bounded on [0, 79| in L*°. By a classical compactness
procedure and up to extracting a subsequence, we can assume v,, — v in

Cfo’cl(RN X (—00, 7)) where

ov

- = p—1

5y Av+ [vP" o
'U(O, 0) = K.

Moreover, letting n go to infinity in (49), we obtain that for all 7 € (—o0, 0],

1
5, = 5l and [[u(0)]|ze < (50)

K
5"
Therefore, by integration, we have

!
V1 <70, |[v(7)|lpee < Ll for some C’ > 0.
1—7)p T

From Proposition 1.2, that is using in some sense the Liouville Theorem in
the very singular region, we have v(§, 7) = v(7), defined in (48). By a direct
calculation and from (47) and (36), we have for n large

p

| A, (0,0)] = M| Aty (0, tn)| > 2|t (@, tn)PME T = L]0,(0,0)[P. Let-
ting n — 400, we obtain

1
0> EU(O)I7 > 0,
which is a contradiction.
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Case 2 : % — 0 (the singular region).

Define
My (1) = <M>l_p and M(t) = <M>l_p. (51)

K K

From the Liouville Theorem, we prove a useful Lemma relating M,,(t) and
T, —t.

Lemma 2.5 Consider (t,1) a subsequence tending to T and assume that
tn1 < tn. Then

Tn - tn 1
—— — 1 asn — +o0.

My (tn,1)
Proof : Since u, blows-up at time T},, we have by the maximum principle

1
llun (tn1)|lLee > k(T — tn1) »—1. Therefore,

Tn - tn 1
VneN, ——— > 1. 52
Mn(tn,l) ( )
We now claim that
T, —t
limsup —2—"1 < 1, (53)

n—-+o00 Mn(tn,l) -

This estimate follows from the Liouville Theorem and the blow-up criterion
which is sharp near constants. Let us consider

Bn(ga T) = Mn(tn,l)rilun <mn,1 + 5 Mn(tn,l)7 ZL/n,l + TMn(tn,l)> . (54)

where z, 1 is chosen such that |un(a:n71,tn,1)|Mn(tn,1)ril — K.

From the Liouville Theorem stated for equation (1) (Proposition 1.2), we
will show that h,(€,7) — h(7), B’ = h? and h(0) = & uniformly on compact
sets of RY x (—o00,0]. Note that

~ 1

h(r) =kl —7) p-1. (55)

Since T' — t,,1 — 0, we have M,(t,1) — 0. Indeed, if not, then we have
|un (tn1)||ree < C* for some C* > 0 and some subsequence. Therefore, from
the wellposedness of the Cauchy problem for equation (1), T, > tp1 + 7*
for some 7*(C*) > 0. As n — +o0o, we obtain 7" > T + 7* which is a
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contradiction.

As in Case 1 and up to a subsequence, we have from the definition of h,,
that h,, is defined for all 7 € [r,, 0] where 7, — —oo (since T —t,, 1 — 0 and
M, (tn,1) — 0) and satisfies

O — Ay, + i [P,

77(0,0) — 1 and [[n(0)]|z~ < 5. (56)

By the same techniques as in the previous case and from the integration of
the O.D.E. (37) backwards (note that ¢, ;1 <t,), we have for all 7 € [r,,0],

[ (7)|| e < max ((402)%Mn(tn,1)1’+1,/1>. Thus, by parabolic regularity

and a compactness procedure, we can assume that h, — h in 012 OE(RN
(—00,0]) where

b — Ah+|hP~th
h(0,0) = k and ||h(0)|| g~ < k.

As in Case 1, if we integrate backwards the limit ODE (obtained form (37)

when n — +00), we obtain ||h(7)||f~ < C'(1 — T)_Til for all 7 € (—o0,0].
From Proposition 1.2, (that is using in some sense the Liouville Theorem in
the very singular region), we have h(€,7) = h(r), where h is defined in (55).
Let us note that from this argument, we have for all § > 1 and n large

I(@Tili} (V0, 0)) (ep 1h(0)) ;I(aﬁm) >0

where I is defined in (32). Therefore, for n large enough, I (w,(0)) > 0
s 1 ~ s
where W, (y,s) =e P 10p—1h, (ye‘i VO, (1 —e) 0) is defined from

0P+1 hn (N0, .0) by (3). Thus, from the blow-up criterion, @, blows-up in
finite time, hence, h,, blows-up before the time 6. This implies by (54) that
for n large enough, JJ;’/} tt" L < 0, hence (53) follows.

(52) and (53) finish the proof of Lemma 2.5. [ |

Let us recall the following result which asserts that the smallness of the
following weighted energy (related to the energy F(w,) defined in (33))

2 _N 1
Earlu) = 7 5“/[5%(@12—

L 1y u(z)?
oy e

implies an L* bound on u(x,t) locally in space-time.

r—a

Vit

Ju(@)[P* | o

p+1 Jdz

+ (x\/ia)dfc
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Proposition 2.6 (Local energy smallness result) There exists g > 0
such that for all & > 0 and 0’ > 0, the following property holds . If h, is a
solution of (1) which blows-up at time 0,, and satisfies E g, 7 (hn(7")) < 00
for some 7' € (0,0, — '] and for all £ € B(0,2¢"), then

Vgl <8, Vr € [Z42,0,), |ha(6,7)| < Cof(6, — )77

- Moreover, if ¥|€] < &', |hy (€, TE)| < M” then V|¢| < &, Vr € [T 0,),
|hn (&, 7)| < M* where M* = M*(M',§,6").

Proof : See [GK89] and [Mer92] (Proposition 2.5). |
From the fact that 0 is a blow-up point of 4, we are able to choose a suitable
scaling parameter connecting (0,¢,) and the “very singular region” of wu,,.
Consider kg € (0,1) a constant such that £y 1(ko) < % (£0,1(0) = 0 yields
the existence of such a k).
Since 0 is a blow-up point of @ and 4 is a blow-up solution of type I (this
follows from (44) and Proposition 2.1), the results of Giga and Kohn [GK89]
and those of [MZ] apply and we have as t goes to T' (up to a sign change),
a(0,4)(T — )77 — 5 and f—(ti 1 (57)

We claim the following : we have the existence of t,, € [0,,] going to T such
~ ~ 1 ~ 1

that [un (25, tn)|Mn(t,) =1 = ko and Vt € (tn, tn], |un(Tn, £)[Mn(t) 71 < Ko.

Indeed, from (40) and the fact that T,, — T, we have

[—t

T
Un (2p,t) — 0(0,t) and T 1

— 1

uniformly on compact subsets of [0, 7). Thus, from a diagonal process and
up to a subsequence, there is a sequence t,, 2 — T such that

T— tn,2 1 and unA(xn7tn,2)
Tn - ZL/n,2 ’U,(07 tn,Q)

Therefore, we have from (57), (58) and Lemma 2.5,
1
Un(.%’n, tn,Q)Mn(tn,Q)pTl =

1
Un(ﬂl'n, tn72) <Mn(tn,2) > Pt <_m — tn’2> r ’[L(O, tn,2) (T — tn,?)ril — K.

tn,2 < tny — L (58)

1

@(0, tn,2) Tn - tn,2 T — tn,2
(59)
Since we assume % — 0, we have from (51) and continuity argu-

~ ~ ~ 1
ments the existence of t,, € [ty 2,t,] such that |uy(zp,tn)| My, (t,)P~T = Ko
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and Vt € (B, tol, [un (20, £)|Mn (£) 71 < o

Note that we have t,, — T from the fact that ¢, > tn,2, thus M, (t,) — 0.
Indeed, if for some C* > 0 and a subsequence, |u,(t,)||z~ < C*, then
we have T), > t,, + 7* for some 7*(C*) > 0, from the wellposedness of the
Cauchy problem for equation (1). As n — +o0o, we obtain 7' > T +7* which
is a contradiction.

Let us now consider

hn(fﬂ') = Mn(gn)ﬁun <«Tn +& Mn(gn)afn + TMnGn)) . (60)

From the Liouville Theorem stated for equation (1) (Proposition 1.2), we
will show now that h,(,7) — h(r), A’ = h? and h(0) = k¢ uniformly on
compact sets of RV x (—o0,1). Note that

1

h(r) =k ((%)p_l - r) o (61)

As in Case 1 and up to a subsequence, we have from the cleﬁnition of hy,
that h,, is defined for all 7 € [r;,,0] where 7,, — —o0 (since T'— t,, — 0 and
M, (t,) — 0) and satisfies

%L: = Ahn + ‘hn|p_1hn7

hr(0,0) = o and || (0)]| o < . (62)

By the same techniques as in Case 1 and from the integration of the O.D.E.
(37) backwards, we have for all 7 € [, 0],

P (7)]| 22 < max ((402)%1\4”({”)?1,&). Since [|hn(0)]| 1= < &, we have
from the wellposedness for the Cauchy problem of (62), h,, is well defined
for all 7 € [0,1) and for all 7 € [0,1), |[hn(7)||Le < K(1 —7) 7 1. Thus,
by parabolic regularity and a compactness procedure, we can assume that
hp — hin C2HRY x (=00, 1)) where

loc

9h = Ah+ |h|P~th
1
h(0,0) = ko and V7 € [0,1), [|A(T)|re < k(1 —7) ?-T.
As in Case 1, if we integrate backwards the limit ODE obtained from (37) as
1
n — +o00, we obtain ||h(7)| g < C'(1 —7) 71 for all 7 € (—o0,1). From

Proposition 1.2, (that is using in some sense the Liouville Theorem in the
very singular region), we have h(&,7) = h(7), where h is defined in (61).
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Thanks to this result, we are again in subcritical estimates and we can
conclude as in Case 1. Define 7} = ]f/}l (:") and 0,, = "ztt") the blow-up time
of h,. From Lemma 2.5, we have 6, — 1. Therefore, we have uniformly

with respect to [£| < 2,

E¢.0,(hn(0)) = Ec.1(h(0)) = E01(ro) < T

Thus, for n large, V|¢| < 2, &g, (ha(0)) < o0, |hn(€, %) < 20(2), and
by Proposition 2.6, V|§\ < 3, vr € [%,0,), |ha(&,7)| < M*. Therefore,

V(€,7) € B(0,3) x [~1,0,), [ha(€,7)| < M.
By Lemma 2.4, this 1mphes that for n large, |||l e, 1(B(0,1)x[0,6,)) < M**

Since for all £ € B(0, 4), hn(€,0) — Ah(E,0) =0, we obtaln by a classical
parabolic estimate

sup |Ah,(&,7)] — 0 as n — +oo0. (63)
(£,7)€B(0,5)x[0,6n)

Since hy, is a solution of (1) and h,(0,0) = ko, a continuity argument for
ODEs shows that

sup |hn(0,7) — h(7)] — 0 as n — +o0. (64)
7€[0,0n)

Since 7, € [0,0,), we have from (60) and (36), |Ah,(0,7;,)]
M)A (B t0)] > 3t (s )P M) 5T = 3l (0,7 Lt
ting n — 400, we obtain

1 p
> — i >
0—2Q%ﬁﬁ“0 -

which is a contradiction. This concludes the proof of Lemma 2.3, Theorem
3 and Proposition 1.7 too. |

>0

l\D|l—‘
O"@

Proof of Corollary 1.8 : By Proposition 1.7 applied to € = %, there exists
C% > 0 such that

0
Yug € V1, Y(z,t) € RN x [0,T), 8—1‘ > [ulrtu— |uff ~Cy.(65)
We choose A > 0 such that

1
347 =Cy > 0. (66)
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From (10) (see also Property (P1)), we have @(0,t) — +oc as t — 1.
Therefore, there exist § > 0 and ¢’ > 0 such that for all x € B(0,9),
u(x, T-4¢ ) > 2A. Then, from continuity arguments applied to equation (1)
and the continuity of the blow-up time (Lemma 1.5), there exists Vo C Vi,
a neighborhood of g such that

Yup € Vy, YV € B(0,9), u(z,T—¢) > A. (67)

Thanks to (66), we can prove from (65) and (67) by a priori estimates that
u(z,t) > A > 0, for all ug € Vo and (z,t) € B(0,0) x [T — ¢',T), which
concludes the proof of Corollary 1.8. |

3 Reduction to a finite dimensional problem

In this section we reduce the initial problem to a finite dimensional one by
proving Propositions 1.9, 1.10 and 1.11.

Proposition 1.9 is a crucial step in the proof of Proposition 1.10. It
asserts that for all ug in some neighborhood of g, there exist a € RN and
T € R such that

Vg7 — 0 as s — +o0.

In Proposition 1.10, we crucially use this fact and the Liouville Theorem
to prove that this convergence is uniform with respect to ug. Let us prove
Proposition 1.9.

Proof of Proposition 1.9 :

i) We know from Proposition 1.7 that u(¢) blows-up at time 7', for all
ug € V1. The following Lemma asserts that u(¢) does not blow-up at infinity
in space, and allows us to conclude.

Lemma 3.1 (No blow-up at infinity) There exists M; > 0 and Vi a
neighborhood of tg such that for all ug € V3,

V|z| >4, Vte€[0,T), |u(z,t)] <M
where § is introduced in Corollary 1.8.

indeed, let V3 = V3 N Vi NV, where Vs in introduced in Corollary 1.8 and
consider ug € V3. Since u(t) blows-up in finite time, it has a blow-up point
a = a(ug) € B(0,9) by the previous Lemma. For this a, (6) holds, namely
in Cke,

wa,T B :|:"§'7 (68)

s——400
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uniformly on compact sets. Since |a| < §, the case w, 1 — —k is ruled out
by Corollary 1.8. It remains for us to prove Lemma 3.1.

Proof of Lemma 3.1 : The Lemma follows from the fact that a(t) does
not blow-up at infinity and the ODE comparison. From (8) and the fact
that @(t) blows-up only at the point 0, there is Ms > 0 such that

V|z| > 6 and t € [0,T), |u(z,t)| < Moy. (69)
From Proposition 1.7, we know that for all ug € V; and (z,t) € RV x [0,T),
10w — [ulP~ | < |ulP + C(1).

By a priori estimates, there is g > 0 such that for all v € C([0,70))
satisfying

o' — P~ < P + C(1),

10(0)| < 20y, (70)

we have V7 € [0,19), |v(7)] < 3Ma.

From the continuity of the solution to the Cauchy problem of (1) and the
continuity of the blow-up time stated in Lemma 1.5, there is a neighborhood
V3 C V; such that for all uy € V3

V(z,t) €RY x [0,T —no), |u(z,t) — iz, t)] < Mo,
Using (69), we obtain
V|z| > 6, Vt€[0,T —nol, |u(z,t)| <2M,. (71)
Therefore, if |z| > §, then v(7) = u(x,T — no + 7) satisfies (70) and
V|z| > 6. Yt e [T —no,T), |u(x,t)| < 3Ms,. (72)

(71) and (72) finish the proof of Lemma 3.1. [ |
ii) is a consequence of Lemma 1.5 and Corollary 1.6. This closes the

proof of Proposition 1.9. |
Now, we prove Proposition 1.10.

Proof of Proposition 1.10 :
i) The proof crucially uses the Liouville Theorem of Proposition 1.3. Let
us suppose that we cannot find any neighborhood of % such that i) holds.
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Then there exist ng > 0, s,, — +00 and a subsequence ug, — g as n — +00
of functions of V; N V3 such that

V€N, | Wz, (sn) — 5 |123> M0, (73)

where a, = a(ug,) and T,, = T(ug,) are given by Proposition 1.9, and
Wna,,T, 15 defined from w, by (3). By Proposition 1.9, we know that
Wn.a,,T,, — K as § — 400 in Cﬁf(RN). Therefore, E(wy,q,.1,(5)) — E(k)
as s — 400, where F is defined in (33), and since E is a decreasing function
of time, we have

E(wn,q,,1,(50)) > E(K). (74)

From Proposition 1.9, we have a,, — 0 as n — 4o00. Since s, — +00,
Corollary 1.8 implies that for n large,

Wn,an, Ty (0, $p) = e_%un(an,Tn —e ) > 0. (75)
We introduce
Wiy, s) = Wna,,1,(Y, S + 5pn). (76)
Then, W,, satisfies the equation (4) and (73), (74) and (75) yield for n large,
E(W,(0)) > E(k), Wy(0,0) >0 and |[W,(.,0) — kllzz > mo- (77)
By Proposition 1.7, there exists C' > 0 such that
Vs € [—log Ty, — Sp, +00), [[Win(s)|lre < C. (78)

By parabolic regularity and a compactness procedure, and since s,, — +00,
there exists W (y, s) such that up to a subsequence

W, — W in C2'®RN xR). (79)

n—-400 loc

Moreover, W satisfies (4), and we have from (77) and (78),

Wiz <C, E(W(0)) = E(x), W(0,0) = 0 and [[W(0) — &l 2 > no.
(80)

Therefore, by using Proposition 1.3, we obtain

W=+kr, W=0or W(y,s)==20(s+ so), (81)
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for some sp € R. This is in contradiction with (80). Indeed, W = —&
contradicts W (0,0) > 0, W = & contradicts |[W(0) — KHL% >noand W =0
or W = +60(s + sp) contradicts E(W(0)) > E(x) (for E(0) =0 < E(k) and
Vs € R, E(+6(s)) < E(x). This concludes the proof of i) of Proposition
1.10. Hence the neighborhood V4 C V1 N V3.

ii) It is well-known that for solutions to (1), Lg estimates on a time
interval [s, s+ 1] yield L> estimates on compact subsets of RY at time s+ 1.
Let us check that the uniformity with respect to the initial data is preserved.
From (13) and Proposition 1.7, there exists C' > 0 such that for all ug € Vs
and (y,s) € RY x [~log T, +00), we have

0

% | 'Ua,T(y, S) |2§ (£ + C) ’ Ull,T(yvs) |2 :

Let us introduce the kernel of the operator £

eU

(47(1 — e9))

oL _ lye /2 — af?
€ (y,l;) - N/2eXp(_ 4(1 — e_o.) )
Therefore, for all (y,s) € RY x [~log T + 1, +00),

‘va7T(y7 S)P S CfRN eﬁ(y,a;)]va;_p(a:, s — 1)‘2(1‘7:

< |Jvar(s = DI, sup ey, 2)p(x) ™" < C(N)p(y) ™ Hlvar(s = DI
TER
Thus, ii) follows from i) of Proposition 1.10. This closes the proof of Propo-

sition 1.10. [ |

Our aim is to describe more precisely this uniform smallness of v, 1 for
initial data near ¢ by considering the components of v, r on the eigenspaces
of £ introduced in (16). Let us note for some k € N,

z(s) = |[lva(s) llrz (82)
y(s) = llo=(s) ez + Il [yI*v Iz (83)
2(s) = |lvels) llrz (84)

In [FK92], Filippas and Kohn proved the following

Proposition 3.2 If u is a solution of (1) blowing-up at time T and the
point a, and satisfies (P1) then,

Ve >0, Tsgle,ug), Vs > sole), ex(s) > y(s)+ z(s). (85)
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See Theorem A in [FK92]. Proposition 1.11 consists in proving that this
fact holds uniformly with respect to the initial data ug. By Proposition
1.11, we prove that this domination is uniform with respect to initial data.
Therefore, we are led to study vo which reduces our initial problem to a
finite dimensional problem.

Proof of Proposition 1.11: We follow the proof of Theorem A in [FK92] with
uniformity with respect to initial data. The first step consists in deriving
ordinary differential inequalities describing the evolution of x, y and z. Then,
in a second step, we prove that z is not the dominating component uniformly
and in a third step, comparing z and y we prove that x is the dominating
component uniformly with respect to the initial data.

First step : By using Proposition 1.7 and by following the proof of Theorem
A in [FK92|, we obtain the following claim.

Claim 1 There exists V) C V4 neighborhood of @y such that Ve > 0, Js1(e) €
R, Vs> 81(6), Yug € Vg,

Hs) 2 g2(s) — elals) +(s) +2(5)), (86)
i) | < elals) +u(s) + 2(9)), (57)
i) < —gu(s) + elals) +yls) + 2(5)). (55)

Remark : k introduced in (83) is fixed and depends only on C given by

Proposition 1.7 such that for all ug € Vy and t € [0,7T), ||u(t)|| L (T—t)ril <
Co.

Second Step : Uniform smallness of z.
Claim 2 : Ve >0, Jso(€) € R, Yuy € V),

Vs > sa(e), €(z(s) +y(s)) > z(s). (89)

Let us prove this claim by contradiction. We suppose that there exists
€0 € (0,1) such that for all s§ > 0, there exists some initial data u§ in V)
and some s* > s; such that

2(s*) — eo(z(s*) + y(s*)) > 0. (90)

Take ¢ = 5§ and sj = s1(¢) defined in Claim 1. Consider uj € Vj and
s* > s such that

a(s*) >0, (91)
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where for all s > s§, a(s) = z(s) — e (2(s) + y(s)). From Claim 1, we obtain
for all s > s;

d(s) = 2(s) —eola(s) +y'(s))

1

> §Z(S) —e(z(s) + y(s) + 2(s)) — eoe(z(s) + y(s) + 2(s))
(

_|_%0y — eoe(x(s) +y(s) + 2(s))
1 &

> z(s)(§ — € — 2eg€) + y(s)(; — e —2e€p) — x(s)e(1 + 2¢p).

Therefore, for s such that a(s) > 0, we have

o (s) > z(s)(§ - %(1 + 265 + 3¢0)) + 6503,/(5). (92)

Since 1+ 26} + 3ep > 1 and < = 20 > 3(1 + 2€3 + 3¢g), we obtain

€

(1 + 262 4 3¢9) > 0. (93)

DO | =

€

[e=]

Note that y(s) = z(s) = 0 contradicts a(s) > 0. Therefore, if a(s) > 0,
then either y(s) > 0 or z(s) > 0, and (92) and (93) yield a/(s) > 0. As a

conclusion, we obtain
Vs > s, a(s) > 0= d/(s) > 0. (94)

By (91), we obtain for all s > s*, a(s) > «a(s*) > 0, which contradicts
a(s) 0 0 (this follows from Proposition 1.10) and closes the proof of the
S—T 00

claim of the second step.

Step 3: Uniform predominance of z. Here, two arguments are mixed-
up: the uniform stability of the dynamics where x is predominant and the
fact that for initial data g, T is predominant. The key Lemma of the proof
is the following :

Lemma 3.3 (Uniform stability of the dynamic where z is predom-
inant) For all C* > 0, there exists s* such that for all initial data in V)
and sg > s*,

C*

if x(s0) > C*y(so), then Vs > s, z(s) > 7y(s).
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Proof of Lemma 3.3 : Considering Claim 1 and Claim 2 we have
Ve € (0,3), 3ss(e) = max(si(e), s2(€)), Vug € V), Vs > s3(e)

[2/(5) |< Se((s) + y(s)) and y'(s) < —5y(s) + oe(a(s) +y(s)). (95)

We argue by contradiction. Suppose that there exists C' > 0, sg > s3(€)
where € = W and ug in V) such that

C
z(s0) > Cy(so) and sy > sg, x(sh) < Ey(sz’;)

Consider v(s) = z(s) — %y(s), then vy(sg) > 0 and ~(sj) < 0. Therefore,

there exists so € [sq, s3) such that

v(s2) =0 and ~v(s) < 0 for all s € [sa, 55]. (96)
But we have
V(s) = 2/(s) — So/(8) = Syls) — ol + ) (a(s) +y(s). (97

Then, (96) and (97) yield

Cc 3 C
v (s2) > (Z - 56(1 + 5)2)y(82)- (98)
Therefore, since € = m we have
C 3 C.s

Moreover, if y(s3) = 0 then x(s3) = 0 by (96) and z(s2) = 0 by (89).
Therefore, v, 7(s2) = 0 and the uniqueness of the solution to the Cauchy
problem of (13) yields vg7(s) = 0 for all s > sy. Hence, a contradiction
with y(s§) < 0. Therefore, y(s2) > 0 and (98) and (99) yield 7/(s2) > 0
which contradicts (96) and closes the proof of Lemma 3.3. [ |

We apply Lemma 3.3 to C* = 2, hence some s* such that
Vug € Vy, if Jso > s*, z(s0) > 2y(so) then Vs > so, x(s) > y(s). (100)

Moreover, since (t) satisfies (P1), by Proposition 3.2 applied to € = % there
exists so(3, @) such that

Vs > so(%,ﬂo), #(s) > 3(i(s) + 2(5)).

32



Let us note sg = max(so(%, Up), s*). By using continuity arguments applied
to equation (1) we obtain the existence of a neighborhood V of @ such that

Vug € VY, x(50) > 2(y(50) + 2(30)) > 2y(50)-
By (100) we obtain for all ug € V5 = Vy NV},
Vs > 30, x(s) > y(s). (101)

Let € > 0 and ug € V5. If necessary we shall restrict € to small ones
in the following. The first step, the second step and the work performed
immediately above yield that if s4(€) = sup(3o, s1(€), s2(€)), then

Vs > s4(€), (86), (87), (88), (89), (95) and (101) hold.

It is well-known that if =, y and z satisfy (86), (87) and (88) then there
exists s§(e, up) such that for all s > s (e, up)

either y(s) + z(s) < 4dex(s) or z(s) + z(s) < 4ey(s), (102)

(see Appendix A in [MZ98a]). In view of (101), x is necessarily the domi-
nating component and

Vs > st(e,up), y(s)+ z(s) < dex(s).

It remains for us to prove in some sense that sg(e, ug) — s4(€) is bounded
only in terms of €, independently from wg. For this, let us introduce for all
€ > 0 and ug € Vs,

ss(€,up) = inf{s > s4(€), Vo >s, y(o) < 4dex(o)}. (103)

Then, we claim the following : There exists g > 0 such that if € € (0,¢€p)
and if s4(€) < ss(€,ug) then

Vs € [sa(€), s5(e,u0)], y(s) > dex(s). (104)

Indeed, if s4(€) < s5(€,up), then there exists s, - s5(€,up) with s, €
n—-+0oo

[s4(€), s5(€,up)] and B(sy) > 0 where 3(s) = y(s) — 4dex(s). We argue by
contradiction as in the proof of Lemma 3.3. If (104) does not hold, then we
can construct o* € [s4(€), s5(€, up)) such that

B(c*) =0 and Vo € (¢, s,], B(c) > 0 for some s,,. (105)

33



But (95) yields 3'(c*) < (—3 + 3¢(1 + 2¢))y(c*). Note that

1
Ve < e, —3 +3e(1+2€) <0 (106)

where €g is a constant. As at the end of the proof of Lemma 3.3, we can
not have y(c*) = 0, because otherwise v, 7(s) = 0 for all s > ¢*, and this
gives s5(€,up) < o* which is a contradiction. Therefore, y(c*) > 0 and (106)
implies that 3'(c*) < 0, which contradicts (105) and then (104) holds. Note
that (103) and (104) yield

B(s5(e,up)) = 0. (107)
Moreover, (89), (101) and (104) yield
Vs € [sa(€), s5(€,up)], 4ex(s) <y(s) <a(s), z(s) <e(x(s)+y(s)).
Therefore (87) and (88) become
1 5

y'(s) < (_Z +oet e2)y(s) and z'(s) > —3e(e + 1)x(s).
Hence,
y(s5) < y(sa)exp((—1 + Je+€?)(s5 — s4))
x(s5) > 33‘(84)6Xp(—3i(€ 411 1)(s5 — s4)). (108)

Again here, we can have neither z(s4) = 0 nor z(s5) = 0, otherwise in both
cases z(s4) = y(s4) = 2(s4) = 0 and v,7(s) = 0 for all s > s4 and this
implies s5(e, up) = s4(e€). Therefore, using (107) and (108), we obtain

e — Ylss)

z(s5)

y(54) eXp((

117,
2(50) —=+ —e+4€”)(s5 — 1))

4 4
1 17
< exp((—i + 7€ + 4€%)(s5 — 84)).
Therefore, log(4e) < (—1 + Lfe + 4€?)(s5 — s4). Then, for some €, > 0 and
for all € < €, we have 1 — 17¢ — 16¢? > 0 and

4| loge |
_ <—-
s5(€, ug) — s4(€) < 1 —17¢ — 16¢2

As a conclusion, for € < €{ we have

411
Yug € Vs, Vs > sa(€) + %, y(s) + z(s) < (4e + (1 + 4e)) x(s).
This closes the proof of Proposition 1.11. |
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4 Stability properties for the finite dimensional
dynamical system and for the equation (1) at
the profile (2)

At this level of the proof, we know that for all ug € V5, neighborhood of g,
the control of v, near zero as s goes to infinity reduces to the control of
its component vy (y, s). Our aim in this section if to prove Proposition 1.14
which directly implies Theorem 1. We proceed in 2 Parts :

- In Part I, we write va(y, s) = 3y A(s)y — trA(s) as in (18) where A(s)
is a N x N matrix. From (20), we have A(s) ~ —%Id as s — +00. In this
Part, we show that this behavior is stable with respect to ug.

- In Part II, we use the stability of the behavior of A(s) and the uniform
estimates of Proposition 1.7 to conclude the proof of Proposition 1.14.

In the following v stands for v, 7.

Part I : Stability for the finite dimensional problem
We show in this Part that the behavior of A(s) at infinity is stable with
respect to ug. For this, we first show that A(s) satisfies the following ODE

1
Al(s) = BA(S)2 + R(s) (109)
where § = 35 and R(s) = o (JA(s)|?) as s — o0, uniformly for ug near
U (this will prove Proposition 1.12). Then, we use the finite dimensional
system (109) to show that the behavior A(s) ~ —gld as s — +oo is stable
with respect to ug (this will prove Proposition 1.13).

Step 1 : An ODE satisfied by A(s)

We prove Proposition 1.12 in this Step. Proposition 1.12 gives the same
result as Theorem B in [FK92|, except that there is no uniformity with
respect to ug in the statement of Theorem B in [FK92]. However, the proof
of [FK92] actually holds uniformly with respect to ug. In the following, we
recall briefly the main steps of the proof of [FK92] and expand only the
parts where uniformity is not obvious. Let us consider ug € V; defined in
Proposition 1.7. From (13), (17) and (18), we have for all 4,5 € {1,..., N},

Vs > —logT, A;j(s) = /f(v(y,s)) (iyzy] — %52-]-) p(y)dy. (110)

From the uniform estimate of Proposition 1.7, we have for all (y,s) € RN x
[—log T, +00), |v(y,s)| < C. Therefore, we expand f(v) defined in (14) as
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follows

L o 3
— 2l <
10 - 157 < ctol
and use (16) to write
Aij(s) =T+ 1I+1III (111)

where I = g3 [va(y,5)* (3viyj — 5945) p(y)dy,

1T = g5 [ (v* = v3) (3uiy; — 30i3) p(y)dy and

(1111 < C [[o(y, s)(1 + [y[*)p(y)dy.

From (18) and straightforward calculations, it is easy to see that

1
I= 3 (A7), (s)- (112)
The control of 11 and 111 is possible thanks to the following Lemma (which
is the uniform version of Lemma 5.1 in [FK92]).

Lemma 4.1 There exist a neighborhood V§ of tg, 6o > 0 and an integer
k > 4 with the following property : for all 5 € (0,0dg), there exists a time
5*(8) such that for all ug € V§ and s > s*,

[ o2l o)y < 0P [ sl s ().
RN RN
Proof : See Appendix A. |
From Propositions 1.7, 1.10 and 1.11, we claim that the following holds
uniformly with respect to ug € Vi N VysNVsN Vg :

- For all (y,s) € RN x [~ log T, +00), |[va1(y,s)| < C,

-VYR >0, sup |va7(y,s)| — 0 as s — 400,
lyl<i

- v2 dominates v_ and vy in L% as s — +0o0.
With these facts and Lemma 4.1, one can check straightforwardly that the

proof of Theorem B in [FK92] (page 850) gives |II|+|III| = o <||v2(y, s)||%2)
P

= 0 (JA(s)|*) as s — 400 uniformly for up € V4 NV4 N Vs N V. Combined
with (110), (111) and (112), this yields Proposition 1.12. [ |

Step 2 : Stability of the —27d behavior for the ODE (21)
We prove Proposition 1.13 in this Step. Proposition 1.13 follows from
the following :
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Lemma 4.2 There exists s5 such that for any initial data wo in Vs,

g

if for some sy > s, —QEId < A(sg) < —=——1d,
S0 250

then Vs > sq, —?Id < A(s) < —%Id.

Remark : If A and B stand for two N x N symmetric matrices, then the
notation A < B means that the matrix B — A is positive.
Indeed, from (20), there exists sop > s3 such that

30 ~ 203
- < < ———J1d.
2SOIal < A(sg) < 380Id

From continuity arguments applied to equation (1), there exists a neighbor-
hood V7 C Vg of 2y such that for all ug € Vy,

2

g < ase) < —Lo1a
S0 280
Hence, by Lemma 4.2, we have

Vs > sp, —?Id < A(s) < —3%](1. (113)

Since A(s) is a C! symmetric matrix, it is more convenient to work with its
eigenvalues. We have the following result :

Lemma 4.3 Suppose that A(s) is a N x N symmetric and continuously
differentiable matriz-function in some interval I. Then, there exist con-
tinuously differentiable functions \i(s),...,An(s) in I such that for all j €
{17 ce N}?

A(5)0Y)(s) = ()0 (s)
for some (properly chosen) orthonormal system of vector functions
¢ (5),....0 M (s).

Proof : See (for instance) Kato [Kat95]. |
N

Since Z |A:i| is an equivalent norm for A(s), we see from this Lemma and

i=1
Proposition 1.12 that Ve > 0,
2

N
<eC(N) | ) Ix(s)
j=1

(114)

!

Vie{l,...N}, Vs> si(e), 3

Ni(s) = 2 (s)
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for some C'(IN) > 0. Hence, from (113), we see that
1
g

where Vs > max(so, s1(€)), |7i(s)] < Ce. Therefore, one can straightfor-
wardly solve this differential equation and prove the existence of some s3(€)
such that for all s > sy(e) and ug € V7, |N\i(s) + §| < C¢, which concludes
the proof of Proposition 1.13. It remains for us to prove Lemma 4.2.

Vs > s0, Ni(s) = ZX2(s)(L+7ils)

Proof of Lemma 4.2 : We argue by contradiction. Let us consider € > 0 to
be fixed in terms of N and p later, so > s1(é) and ug € Vs (where Vg and
s1(€) are introduced in Proposition 1.12) such that

20

_20 1< Ase) < —Po1d
S0 280

and for some s, > so and ig € {1,...,N},

30 g

Vs € [so,8«), Yi=1,..,N, - < Ai(s) < ~3s (115)
and A, (s«) = —% or \jy(sx) = —3%. Let us treat for example the case
3p
Nfs) = = (116)

(the other case being quite similar).
On one hand, we have from (115) and (116),

_%) _ 38

- o (117)

Ao (54) < <

[s=sx

On the other hand, (114) and (115) yield

1 N ?
Aio(se) = =A% (s.) — €C(N) <Z\>\i(s*)\)
=1

B
93 . 296° _ 64

if € is fixed lower than (35N2C(N))_1, which contradicts (117). Taking
s5 = s1(€), we conclude the proof of Lemma 4.2. [ |
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Part II : Stability of the behavior (2) with respect to initial
data

In this Part, we prove Proposition 1.14 which implies directly the stabil-
ity result of Theorem 1.

Proof of Proposition 1.14 :

i) Let us first introduce Vg = V; N Vs N V7. From Propositions 1.11 and
1.13, (12), (16) and (18), we have :

For all e > 0, s > max(so(e€), s2(€)) and up € Vg,

freatr o (v )

which yields i) of Proposition 1.14.
ii) We claim the following :

€
S_

2 S
L3

Proposition 4.4 (Uniform L> estimates) There exist positive cons-
tants C1, Cy and C5 such that for all € > 0, there exists so(€) € R such that
for all s > so(€), up € V1 and i € {1,2,3},

Nk . .
WM@WW§%+<—“H>N|W%M@WW£Q5W-

Remark : The notation V"me stands for the differential of order i of w, 7.
Proof : From Proposition 1.7, we have for all ug € Vy,

Vi€ [0,7), u(t)i= < Co(T —t) 7

for some Cy > 0. With this uniform estimate, Theorem 4 of [MZ] applies
and gives estimates independent of uy. |
Remark : Theorem 4 of [MZ] follows from the Liouville Theorem and the
techniques of [MZ98b].

The previous Proposition provides us with a uniform estimate on Awg
which allows us to consider (4) as a perturbation of a hyperbolic equation.
Using the characteristic method, we propagate the estimate of i) of Propo-
sition 4.4 (which gives informations on compact sets of R™Y) to sets of the
type |y| < Kov/s. We claim the following :

Proposition 4.5 (Convergence extension to space-time parabolas)
For all Ko > 0 and € > 0, there exists s4(Ko,€) such that for all s > s4 and

ug € V4§, sup ‘waT 2\, 8) — f(z)‘ < € where f is defined in (7).
2| <Ko
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Proof : The proof of Proposition 3.1 in [MZ98b] holds here and there is no
problem with uniformity with respect to initial data, because i) of Propo-
sition 1.14 holds uniformly with respect to ug (in L% and in L*°(B(0,R))
for all R > 0 thanks to classical parabolic estimates) and Proposition 4.4
provides us with an L° estimate on the Laplacian, uniform with respect to
ug. |
This yields ii) of Proposition 1.14.

iii) Let us fix some Ky > 0 and introduce for each uy € V§ and z €
B(a, Koe™/?), a time t(z,ug) € [0,T) defined by

| — al :Ko\/(T—t(uo,a:))Hog(T—t(uo,a:))|. (118)

We shall write simply ¢(z) in the following.

We now introduce v(z, &, 7) defined for all (&,7) € RY x [~ T'i(f()x), 1) by

v(z,€,7) = (T — t(2)) 7 Tz + E/T — t(x), Hx) + 7(T — t(z))).  (119)

From ii) in Proposition 1.14 and Proposition 1.7, we have (through the
transformations (119) and (3)) for all € > 0, ug € V§, = € B(a,n(K)p)),
£ € B(0,2) and 7 € [-1,1),

|(87-'U - |U|p_lv) (337577-)‘ < E|U(ZL‘,£,7‘)|p + CE(T - t(l'))p_gl7 (120)
[0(,€,0) — f(Ko + € log(T — t(x))| /)| < e

for some n(Ky) > 0. Let us introduce for all 7 € (—o0, 1],

1

—1)2 Tp—1
Ui (T) = [%K& +(p-1)1-17) (121)
which is the solution of
U () = vi(T)P,
{0 < oo (122)

We claim that

sup sup |v(a+2',0,7) —v.(7) — 0 as 2’ — 0. (123)
ug€Vg 7€[0,1)

Indeed, if not, then there exists ey > 0 and sequences z’;, — 0, ug, € Vg and
Tn, € [0,1) such that

[v(an + 20,0, 7n) — vi(T0)| > €0, (124)
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where a,, is the blow-up point associated with wug,. Let us denote v(a, +
', ., .) by vp.

Since v, is bounded on (—o0, 1], it follows from a comparison principle and
(120) that for n large, we have

Yug € Vi, V(E,7) € B(0,2) x [—%, 1), |on(€,7)| < Co(Ko).

From (119), we see that v, solves (1). Therefore, applying Lemma 2.4, we
find

HUTLHLOO(D) + HaTUnHLOO(D) + ‘87'Un|a,D < C(,)

where D = B(0,1) x [0,1), a € (0,1) and |.|o,p is defined in (41). Using a
compactness argument, we find o € C* ([0, 1), R) and a subsequence (still de-
noted by vy,) such that v,(0,.) — o in Cy_ ([0,1),R). Since ||0rvp|poo(py <
C), we actually have

v, (0,.) — 0 in C1([0,1),R) . (125)

Using (120) with v, (0,7) = v(x,,0,7) and letting n — +o0 and then € — 0,
we obtain © = v, on [0,1), in view of (122). Together with (125), this
contradicts (124). Thus, (123) holds.

Let us remark that from (118), we see that for all 2’ # 0, t(a + z’) depends
only on 2’ and is equal to to(z") defined by

'] = Ko/ (T — to(a"))|log(T — to(a"))]. (126)

Using (119), we rewrite (123) as the following :

— 0.
z’'—0

sup sup <T—to<:c'>>p11u<a+x',t>—v*<
ug €V t€fto(x’),T)

t— to(ﬂ:/)
T — to(.T’))

(127)
Since v, is continuous and v, (1) > 0, this implies the following :

Lemma 4.6 There exists 69 > 0 such that for all 2’ € B(0,00)\{0}, for all
ug € V§, a+ 2’ is not a blow-up point of u(t), and u(a+ z',t) — u*(a + ')
as t — T where u* is the limiting profile of u(t).

Proof : From (127) and (126), there exists dp > 0 such that for all 2’ €
B(0,60)\{0}, for all uy € V%, |u(a + 2’,t)| can not go to +o0 as t — T.
Therefore, by [GK89], a + 2’ is not a blow-up point, and by [Mer92] (for
instance), u(a + 2',t) — u*(a +2') as t — T. [ |
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If for all ug € V§, we let t — T in (127), we find

1
sup [(T —to(2"))rTu*(a+12') —v.(1)| > 0as 2’ — 0, 2’ #0
uoEVé

on one hand. On the other hand, one can see from (126), (121) and (2) that
(T — to(z') 1 UL (2') — va(1) as 2’ — 0, 2’ #0.
Thus,

“u u*(a+ ')
YU )

uQ EVé

—1‘—>Oas:n’—>0, x #0.

This yields iii) of Proposition 1.16.

iv) Since @(t) blows-up only at the origin, Corollary 1.6 implies the ex-
istence of a neighborhood of g, Vs C Vg such that for all ug € Vs, all the
blow-up points of u(t) are in B(0, %0) Now, using Lemma 4.6, we see that
there is no blow-up point in B(a(ug),dp)\{a(ug)}, where a(ug) is the blow-
up point associated with ug. Thus, a(ug) is the only blow-up point of u(t).
Therefore, the limiting profile u* is defined for all  # a(ug). The conti-
nuity of a(up) and T'(ug) follows from Lemma 1.5 and Corollary 1.6. This
concludes the proof of Proposition 1.14. |

A Proof of Lemma 4.1

Let us introduce

K= [ ool oy and o(s)* = [ onlo.sP ()

RN

Arguing exactly as in the proof of Lemma 5.1 in [FK92], we claim the fol-
lowing :

Claim 1 There exist a neighborhood Ve of g, 61 > 0 and an integer k > 4
with the following property : for all § € (0,01], there ezists a time 3(5) such
that for all ug € Vg,
K'< —K +d(k,N)§> %z
|2/| < CM&F2T + 206z

it) If for some sg > §(0) we have K(so)—2d52_%x(so) <0, then Vs > sq,
K(s) — 2d52_§m(3) <0, where d(k,N) = k(k+ N — 2).

i) Vs > 8(6), {
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Let us fix £ > 4 as given by Claim 1. The conclusion follows from i) of this
claim and the following :

Claim 2 There exist 02 > 0 and s19 such that Vs > s19, K(s) < dég

Indeed, let 09 = min(dy,d2) and sp = max(sig,5(dp)). From Claim 2 and
the continuity with respect to initial data in equation (1), there is a neigh-
borhood Vg C Vs of g such that for all ug € Vg,

_k
K(sg) < 25(2) 2x(sg)-

From ii) of Claim 1, we have Vo € (0,d¢), Vs > so, Yug € V¢,

which is the conclusion of the proof of Lemma 4.1. It remains for us to prove
Claim 2.

Proof of Claim 2 : From Cauchy-Schwartz’s inequality, we have

K(s) = (/ o(y, S)2|y|kpdy> v < </17(y78)4pdy> " (Iyl%pdy)l/4-

(128)

We now use the following regularity estimate with a delay time shown by
Herrero and Veldzquez in [HV93]. Although they proved their result in the
case N = 1, their proof holds in higher dimensions.

Claim 3 There exist sj > 0 and C > 0 such that for all s > —log T,

(/ i (y, s + SS)pdy> . <C </ ﬁz(yvs)pdy> 1/2-

For s large enough, we have
- 1/4 - N 1/2
(J 5 (v )pdy) ' < C1 (f By, s — s5)2pdy)* < 22 by (19)

< G <y ([ oy, 5)?pdy) " by (19).
Using (128), we conclude the proof of Claim 2. This concludes the proof of
Lemma 4.1. |
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