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1 Introduction
In this paper, we are concerned with the following semilinear equation :

w = Au+|ufftu
u(.,0) = wg € H, (1)

where u(t) : © € RN — u(z,t) € R and A stands for the Laplacian in RY.
We assume in addition the exponent p > 1 subcritical : if N > 3 then
1<p<(N+2)/(N —2). Moreover, we assume that

ug >0 or (3N —4)p < 3N + 8. (2)

Local Cauchy problem for equation (1) can be solved in L*®(RY). One
can show that either the solution wu(t) exists on [0,400), or on [0,7) with
T < 4o00. In this former case, u blows-up in finite time in the sense that
[w(t)[| oo (rvy — 400 when ¢ — T
Let us consider u(t) a solution to (1) which blows up in finite time T" at
only one blow-up point a. The study of the blow-up behavior of u(t) has
been done through the introduction of the following similarity variables :

T—a
Tt

Yy = y §= _lOg(T - t)v wa,T(@/? 5) = (T - t)p_ilu('rvt)' (3)

The study of the profile of u as ¢ — T is then equivalent to the study of the
asymptotic behavior of wg r (or w for simplicity), as s — oo, and each result



for u has an equivalent formulation in terms of w. The equation satisfied by
w is the following :

1
ws = Aw — §y.Vw — }% + Jw[P~w. (4)

Giga and Kohn showed first in [GK85], [GK87] and [GK89] that for each
C >0,

lim sup | w(y,s) — k| =0,
S—>+OO \ylSC

with k = (p — 1)_Ti1, which gives if stated for u :

lim sup | (T —t)Y® Vu(a +yVT —t,t) — k |= 0.
=T <o

This result was specified by Filippas and Liu [FL93] (see also Filippas and
Kohn [FK92] and Herrero and Veldzquez [HV93], [Vel92]) who established
that in the (supposed to be) generic case,

|

for some § > 0, where the norm is either the L? norm with respect to the
following Gaussian measure

wns) = s+ (V= 3P| | =oase) @)

Clw?
o) = e (6)

or the C’fof norm, for all ¥ € N and a € (0,1).

Let us note that Herrero and Veldzquez [HV92b] (see also [HV92a]) prove
that the behavior (5) is generic in the case N = 1 with ug > 0. The question
remains opened in the higher dimensional case with no positivity condition.
Merle and Zaag [MZ], [MZ98b|, [MZ98a] and [MZ97a] (with no sign con-
dition), and Herrero and Veldzquez [HV93], [Vel92] (in the positive case)

show that w, 7 has a limiting profile in the variable z = % in the sense that
VK, > 0,
sup |war(y,s) — f <i>‘ — 0 as s — +o00 (7)
[YI<Kov/s Vs



_ )2 =
where £(z) = <p— 1+ %W) . (8)

In [MZ], [MZ98b] and [Zaa98| (see also [Vel92]), the authors derive the
limiting profile of u in the variables (x,t) : there exists u* € C(RV\{a})
such that for all z € RV\{a}, u(z,t) — u*(z) and

1
* 8p |loglz —afl]7
u(w)w[(p_l)2 = —ap? as r — a. 9)

Let us note that it is shown in [MZ] and [MZ98b] that all the behaviors (5),
(7) and (9) are in fact equivalent (with no sign condition).

In this paper, we aim at studying some properties of the limiting behavior
described by (5), (7) or (9). We first introduce the following definition :

Definition 1.1 For all (a,T) € RN x R, S, stands for the set of all solu-
tions of (1) which blow-up with the behavior (5) (or (7) or (9)).

Let us remark that the following invariances of equation (1) are one to one
mappings between sets S, 1 :

7%,7- : Sa,T - Sa+§,T+T
u = (Teq u: (x,t) —u(e— &t —1))
D)\ : Sa,T — Sa)\fl’T)\72
2
u — (Dxu Dz, t) — /\ﬁu()\x,)\zt)> .

Given uy € Sg, 1, and up € Sg, 1,, we see from (9) that up to invariances
of (1), their main singular parts at blow-up are the same. One can ask the
same question about lower order terms of the expansion of their singularity.
We have the following result :

Theorem 1 Assume N =1 and p > 3, and consider u; € Sq, 1, fori =
1, 2. Then, there exist A > 0, to € [0,T1) and Cy > 0 such that Uy € Sq, 1y
where

Uy = Doy 7, DAT 0y~ (10)
V(:E,t) S ]RN X [to,Tl), |U1(:E,t) — ﬂg($,t>| < Co,

and ui(z,t) — ug(z,t) — 0 as (z,t) — (a1, Th).



With this Theorem, we see that for N =1 and p > 3, up to the invariances
of (1), u; and uy have the same terms in the expansion of their singularity,
until the order of functions with limit zero at the singularity. Moreover, their
difference remains bounded, uniformly in space, until blow-up (still up to
an invariance of (1)). Unfortunately, we are not able to have such a striking
result in higher dimensions. However, we can prove that u; and us have the
same terms in the expansion of their singularity, until some singular order.
More precisely, we have the following result which in the case N = 1 and
p > 3 gives a sharp estimate that directly implies Theorem 1 :

Theorem 2 (Smallness of the difference of two given solutions of
(1) with the behaviors (5)) Assume N > 1 and consider w; € Sy, 1, for
i=1,2. Then, To,—ay7i-T; € Say1, and ¥(z,t) € RN x [0,Ty),

|U1(.17,t) - 7:11—112,T1—T2u2($7t)|

1 2
4\ p—1 _ T p—1
< C'min { (i—t) » |z — ] > } .

|10g(T1 - t)| ’ |10g |_1' — a1||1_p_11

Moreover, if N = 1, then there exists A > 0 such that tg defined in (10)
belongs to Sq, 1, and :
-If1 < p <3, then ¥(z,t) € RY x [0,T}),

1 1 2
(T =) 7T Jg—ay| 71
log (T} — t)] '

lui(x,t) — ta(x,t)| < Cmin{ P
[log |z — an||” 77T
- Ifp >3, then ¥(z,t) € RN x [0,T1),

1

11 1——2_

Ty — )7 7 C |

(Th —t) N |z — ai] }
|log(Ty —t)|

lui(x,t) — ta(z,t)| < C’{

(SIS =

o1
|log [z — ax[[*#=7

Even though Theorem 2 does not give in higher dimensions a result anal-
ogous to Theorem 1, it has an application for the stability of the behavior
(5) (or (7) or (9)) with respect to initial data for general N. Recently,
we proved this stability result with Merle in [FKMZ99] for all subcritical
p < (N+2)/(N—2)if N > 3, without the restriction (2). The method of
[FKMZ99] relies on a dynamical system approach applied to solutions of (4).
Here, we adopt a completely different point of view, and present a different
proof based on a former stability result by Merle and Zaag in [MZ97b]. In
that paper (see also [MZ96]), the authors construct a solution 4(t) to (1)



which blows-up at time 7" at only one point & € RY with the behavior (7).
More precisely, they obtain Vs > —log T,

W, p(yss) = f <i>‘ < < (11)

sup
yeRN

V)| T Vs

where f is defined in (8). Bricmont and Kupiainen obtain the same result
in [BK94]. However, the method used by Merle and Zaag allows them to
show that the behavior (11) of the constructed solution 4(t) is stable with
respect to initial data. As a matter of fact, their stability result is stronger :
they prove that each solution u(t) to (1) with the behavior (5) (or (7) or
(9)) is stable provided that the function

tn:5) = warlys) ~ {1 (2) + 5 | (12)

satisfies additional smallness conditions.

In this paper, we use Theorem 2 to estimate Ta—d,T—TU(t) —u(t) for each
solution u(t) € S, and then show that u(t) do satisfy the same smallness
conditions as 4(t). Therefore, u(t) is stable with respect to initial data.
More precisely :

Theorem 3 (Stability of the behavior (5) with respect to initial
data) Let u(t) be a solution to (1) such that u(t) blows up at time T at only
one blow-up point a and W, ; satisfies the behavior (5). Then, Ve > 0, there

exists a neighborhood V. of @(0) in L>°(RY) such that Yug € V., the solution
u(t) to (1) with initial data uy blows up at time T at only one blow-up point
a such that

T —T|+a—al <e
and wq,T satisfies (5).
Theorem 1 follows directly from Theorem 2. We prove Theorems 2 and
3 respectively in sections 2 and 3.

The authors want to thank Frank Merle for the very interesting discus-
sions.



2 Smallness of the difference of two given solutions
of (1) with the behaviors (5)

In this section, we prove Theorem 2. Consider u; € Sg, 1, for ¢ = 1,2 and
assume Tp > Tj. Then, u; and 74, —q, 7,7, u2 blow up in finite time 77 at
one blow-up point a;. Our aim is to estimate |ui(x,t) —Zg; —ao, 1 -1 02(2, )|
for (x,t) € RN x[0,T1). Asin (3), we introduce the similarity variables with
T=T and a = a1

r=at+ye ’, t=T —e %2

and we note

1
wi(y,s) = (T1 —t)rTuy(z,t)
1
wa(y,s) = (Th —t)rTus(wr —ar +ag,t —T1 +T3)
g(y7 S) = 'Ujl(y, 8) - 'UJQ(y,S)

We prove Theorem 2 in three parts.
Part 1: Analysis in the variables (y,s). We prove an L;% estimate on g.
From (5) applied to u; and ugy, we have

19(5) ll22= O( ) (13)

We prove a better estimate by expanding g on the eigenspaces of operator
L =A—4Y.V+1. This yields an estimate in the sets {| y |< R}, for R > 0.
Part 2: Analysis in the variables (z = %,3). By using estimates
for linear equation as in [MZ98b], we derive L™ estimates on ¢(y,s) for
|y |< Kos'/? from the L% estimates proved before.
Part 3: Analysis in the variables (z,t). The L* estimate obtained on
g in Part 2 yields an estimate on | uj(x,t) — ug(z — ag + a1,t — To + 11) |
in the sets | z — a; |< Ko(Ty —t)Y/2 | log(T} —t) |'/2. We use this estimate
and the uniform comparison of u; and ue with ODEs (see Proposition 2.3
below) to obtain Theorem 2.

The following subsections are devoted to each of these three parts. Let
us briefly recall some general results on blow-up solutions of (1) that we
shall use in the following.

Proposition 2.1 (Equivalence of different notions of blow-up pro-
files at a singular point) Let u(t) be a solution to (1) which blows-up at
time T at only one blow-up point a € RY. The blow-up behaviors of u(t)
described by (5), (7) and (9) are equivalent.



Proof : See Theorem 3 and its proof in [MZ98b] and Proposition 3 in [MZ].
|

Proposition 2.2 (Refined L estimates for solution to (1) at blow-
up) There exist positive constants C1, Cy and Cs such that if u is a solution
to (1) which blows up at time T > 0, then, for all € > 0 there exists s1(€)
such that for all s > s1(¢) and for all a € RY,

Ci

Nk 1 :
|| wa,r(8) [[Lee< Kk + (% te)s, and || Viwar(s) [[re< 7 (14)

for alli € {1,2,3}, where wqr is defined in (3).

Proposition 2.3 (A uniform ODE comparison) Let u be a solution to
(1) which blows up at time T. Then, Ye > 0, 3C, > 0,

T

t —

viels,

The reader will find a proof of these Propositions in [MZ] and [MZ98b)]
respectively.

0
T), Vz € RV, \a—z:—uﬂg eu? + C..

2.1 L7 estimates on g.
Our aim in this section is to prove the following Proposition

Proposition 2.4 (Lg estimates on g) We have

1
19(s) llzz= O(3)- (15)
Moreover, if N = 1, then there exists og € R such that
e—s/2
[l wi(s) = wa(s + 00) [[rz= O(—35~). (16)

Note that the translation in time o of wy(y, s) is associated via similarity
variables to a dilatation of A = exp(%) of uz(z — az + a1, t — To + T1).
Let g = wy — wy, then we see from (4) that g satisfies

ds9 = Lg + ag, (17)
with £=A—¥%-V 41 and V(y,s) € RY xR,

wy P71 wi— | we [P~ wy P .
aly,s) = | | 1= | ws | - , if wy # wa, (18)
w] — Wy p—1




and in general,

a(y:3) = p | woly:s) [P~ =25 for some wn(y, ) € (wa(y:s), waly: )

. (19)

Operator L is a self-adjoint operator on D(L) C L’%(RN ) where p is defined
in (6). The spectrum of £ consists of eigenvalues

spec L = {1 — %, m € N}

The eigenfunctions corresponding to 1 — % are

Y= Py (Y1) by (yn), m1 + ... +my =m,

where the Hermite polynomials

[m/2]
_ m' _ ] m—2j f
Fim (£) ;0 A g Ve, for men, (20)
satisfy
/R hn ()13 (€)p(E)dE = 215 ;. (21)

For all n € N, for all multi-index 3 = (81, ..., B5) € N, | 3|=n and for all
(y,s) € RN x R we note

hg(y) = hg, (y1)---hgy (Un), (22)

and kg(y) =|| hg ||];22 hg(y). Then the component of g(s) on hg is
)

gs(s) = / ks(y)g(y, s)p(y)dy. (23)

The component of g on the eigenspace corresponding to the eigenvalue 1— 5

Pag(y,s) = > ga(s)hs(y). (24)
Bl=n

Since the eigenfunctions of £ span the whole space L%(RN ), we obtain the
following expansion of g

9(y,s) = go(s) + g1(s) -y + %yng(S)y —trga(s) +9-(y,8)  (25)



where go(s) = Pog(y,s), 91(s) -y = Pig(y,s), 9-(y,5) =>_ Pag(y,s) and

n>3
g2(s) is the N x N matrix defined by
() = [ M)gly.5)00)dy (26)
where
1 1
M(y) = (Zyiyj - §5ij)1§i,j§N’ (27)

Let us note then that we have from (25) and the orthogonality relation (21)

1
§yT92(8)y —trga(s) = Pag(y, s).

Our aim is to study as s goes to infinity
I(s) =l g(s) Iz -
Since I(s)? = znzoln(s)Q with
In(s) =l Png(s) Iz,

we show in the first step that either Vn € N, [,,(s) = o(I(s)), which gives
the conclusion of Proposition 2.4 rather easily, or that there exists ng € N
so that I(s) ~ lp,(s). Then, in this latter case, we study precisely the cases
ng = 2 and ng = 3. If N =1 we prove that by modifying ws we can reduce
to the case ng > 3 and thus obtain estimate (16). If N > 1 we obtain (15).
Of course we shall need estimates on « which are given in the following
Lemma.

Lemma 2.5 (Estimates on «) There exist some constants C > 0, §' €
(0,1) and s1 € R such that for all y € RN and s > s1,

C C
a(y,s) < ;) |Oé(y,8)| < ;(1 + |y|2) (28)
1 y|? C
and a(y,8) ~ 5-(V ~ 20y < o1+ ) (29)



Proof of Lemma 2.5 : Let us study «. Since wg € (wy,wse), uniform estimates
of Proposition 2.2 yield the existence of s; and a constant C' such that

C
Vs > 51, | wO(Z/? 8) ’S s
S

Therefore (19) yields for s > sy,

C C
aly,s) < plk+—)P~1 = . < 2% for some Cy > 0.
s p—1 s

Let us perform a Taylor expansion of w;(y, s) for i € {1,2},

1
wi(y, s) = wi(0,) +y.Vwi(0,5) + 5 vy V2wi(y',s)y, v € B(O,ly]). (30)

The Clkoca estimates of (5) yield

N

1
w;(0,8) = Kk + ops + O(m) and Vw;(0,s) = O(m).
Moreover uniform estimates of Proposition 2.2 yield | VZw;(y/,s) |< %
Therefore (30) becomes for ¢ € {1, 2},
¢ 2
[ wily, s) —w < —(1+ [y [). (31)

Since wg € (wy,ws), (31) holds also for ¢ = 0. Note that by (19) we obtain
|a(y7 S)‘ < C |w0(y7 8) - K}| :

This yields (28). A Taylor expansion until the second order and the same

arguments as before yield (29) with 6’ = min(3, 9). |

2.1.1 Step 1: Existence of a dominating component

Proposition 2.6 (Existence of a dominating component)

(i) Fori e {0,1}, li(s) = O(1).

S
(ii) Only two cases may occur :

o FEither there exists n € N, n ¢ {0,1} so that I(s) ~ l,(s) and

). (32)

Moreover, there exist o1, C > 0 and C' > 0 such that

VYm #mn, In(s)=0(

Vs > o4, (sC'C”)_l exp((l — g)s) <I(s) < Cs¢ exp((l — g)s)
(33)

10



o FEither for alln € N, [,(s) = O(@) and there exist oy, C,, > 0 and
C! > 0 such that

Vs > oy, I(s) < Cps®® exp((1— g)s) (34)

This Proposition comes from two Lemmas :

Lemma 2.7 (Evolution of I(s) and [,,(s)) There exist sy € R and Cy € R
such that for all n € N there exists Cy, such that for all s > so,

[ 14(3) + (3 = Dlas) 1< <21(s) (35)
, n+1 Cy “n+1-k
and I'(s) < (1= ——+ —)I(s) + kZ:O — k(). (36)

Lemma 2.8 If for all s > so > 0, x(s) and y(s) satisfy
0 <uz(s) <y(s) and y(s) — 0 as s — 400,

with moreover

C

¥(s) 2 = y(s) and y/(s) <~ () + uls) + a(s),

then, either x ~ vy, or there exists a constant C' so that

Vs > sp, x(s) < gy(s).

Lemma 2.8 is proved in Appendix A.

Proof of Lemma 2.7 : Consider n € N, € NV with | B |=n. Then, we have
from (17) and (23),

n

Dasts) + [ (.l Iha@o)dy. (37

Vs > s0, gp(s) = (1
Therefore, from Cauchy-Schwartz’s inequality we obtain

Vs > s0, | gs(s) — (1— 5)ga(s) < 1(s) || als)kg llzz - (38)

2

11



By Lemma 2.5, there exists C' > 0 so that || «(s)ks ||L%§ C(SB) for s > s1.
Since I2(s) = > 18)=n 95(s)? we obtain (35). By (17) we obtain for all s > s,

21(s)I'(s) = 2(Lg(s) | 9(s)) 1z +2(als)g(s) | 9(s))
Using (28) we obtain

(a()als) | 9() g5 < 1)

S

Therefore,

Co n+1 n+1

1)) < =20(s)2 + (1=

(s +((L—1+ )9(s) | 9(s)) 2

Since g = > 50 Prg, (£ — 1+ "TH)g =2 k>0 "+é_kPkg and

(£ =1+2)g(s) | 9(s))ps = Zkzo i (s)?
< Yoo k(s )
< ()Zk 0 Ik (s).
This yields (36). [ |

Proof of Proposition 2.6 : Note that because of (13),

I(s) = O( and l,(s) — 0.

pEn)) e

(i) Lemma 2.7 yield that x(s) = lo(s)e™ and y(s) = I(s)e*® satisfy the
assumptions of Lemma 2.8. Therefore lo(s) = O(@) or lo(s) ~ I(s).
Let us examine the case lo(s) ~ I(s). Then (35) yields either Ij = 0 in a
neighborhood of 400 (hence g = O(1(s)/s)) or there exists C' > 0 such that

(Cs)~te® < ly(s) for large,

and this is not possible because ly(s) — 0. Therefore lo(s) = O(I(s)/s).

The same argument applied to z(s) = I;(s)e~%/? and y(s) = I(s)e~*/? yields
li(s) = O(@) Hence (i).

(ii) Let us examine the following proposition

Vn €N, Ily(s) =0(—=). (39)



Either (39) is true or (39) is false. Let us first examine what happens if (39)
is true. Then using (36) for some fixed n € N we obtain that there exists
C,, € R such that

Hence (34).

Let us now examine what happens if (39) is false. Then there exists n € N

such that 1, (s) is not O(@) and

I(s) )
o)

One can see from (35) and (36) that z(s) = exp((% — 1)s)l,(s) and y(s) =

exp((% — 1)s)I(s) satisfy the assumptions of Lemma 2.8. Therefore either

ln(s) ~ I(s), or there exists C' > 0 so that [,,(s) < g[(s), which is ruled out
by the hypothesis. Therefore [,,(s) ~ I(s) and (35) yields

C
| n(s) + (5—1) n(s) [< —ln(s). (40)
Since [,, # 0 in a neighborhood of 400 (otherwise I,, = O(I(s)/s)), this gives
(33).
Moreover for m > n, (35) and I(s) ~ l,(s) imply that for all s > s, s9 € R,

Vk € {0,....,n — 1}, Lx(s) = O(

Ly (s) < e (T D0=50)(50) + C’(m,n)/ @6_(%_1)(5_0(#. (41)

S0

Since m > n > 2, we have from (33)

e_(%_l)(s()_s)lm(é’o) — O(ln(S)) (42)

* Inll) (510 g =

~

It remains to prove that f
by parts we obtain

/Se—(%—l)(s—t)ln(t)dt _ 2 () 2 (-De-so)lnl) (43
50

t m—2 s m—2e S0

O (1,(s)/s). By integrating

_2pe ~(3 1)) (a0 ln(t))dt. (44)

m—2 t

Note that as for (42), (33) yields e_(%_l)(s_so)m = O(l"(s)) It remains

S0 s
to study fs“z e~ (Z D=1 (l"t(t) l"(t) )dt Estimating I/, by means of (40), w
obtain

J e ENE-0 (5l gy — (25m) [0 = (F-D0-0 00 g
<C(n) [Se (51 )(S—t)lr;#dt'

50

13



Using (44) and (2.1.1) we obtain
/ S lni_t)e_(%‘”(s‘“dt -2 / "l 5060y
50

S0 m — 2 t

§C’(n,m)/se—( 1)(s—t) In(t) ()dt—i-C(n iy n(8).

S0 S

Since m > n > 2, 2 < 1. Moreover, we have

/s e—<%—1><s—t>l t< Jar< L Se—<%—1><s—t> l"it)dt.
S0

50

Therefore,

n—2 C(n,m)
m— 2 )

ln(s)

(1- S

>/643mwﬂpﬁ<anm

0

n—2 _ Clnm)

By choosing s large enough so that 1 — =5 o > 0 we obtain

S ey b®) o d(s)
L/651X)—rﬁ—0( ). (45)

S0 S

Using (42), (45) in (41), we obtain l,,,(s) = O(l"(s)). This closes the proof

s

of Proposition 2.6. |

2.1.2 Step 2: Description of the dominating component.

Let us now examine what happens more precisely if I(s) ~ l,(s) for n = 2
or n = 3. More precisely, in the case n = 3, our aim is to find an equivalent
for I3(s), hence for I(s).

Proposition 2.9 (Description of the dominating component)

1) If I(s) ~ la(s) then ly(s) = —2lx(s) + O( lia),) and there ezists
Cy >0, lo(s) = @+O(SA2)

2) If I(s) ~ ( ) then I4(s) = — (3 +2)l5(s) + O( lié)/), and there exists
Cy >0, I3(s) = Se /2 4 o2,
Proof of Proposztwn 2.9 : We shall prove 2) and the proof of 1) is quite

similar. We want to calculate [3(s), therefore we study gg(s) for | 8 |= 3
Because of (37) we have to study

Af(s)::U/“a<y,s)g(y,s>k@<y>p<y>dy. (46)

14



By (20) and (29) we obtain

1 N
1 2 [ s ek pwids + [ 102l s 0)pw)d.
k=1

with

[7,5) 1< g (L4 [y ) (47)
Note that by Cauchy-Schwartz’s inequality we have
| [ 2 5)at awp(w)dy 1< 1) 11 1(5)hs 1z -
By using I(s) ~ I3(s) and (47) we obtain for

c
1(s)ks 2= o 11 (A Ty LRI

therefore,
|/v(yvs)g(y,S)kﬁ(y)p(y)dy = 0(%)-

We obtain

N
_%Z/Q(Q,S)hz(yk)kﬁ( )p(y )derO(llgra)l)
k=1

Let us expand now g, we obtain

=5 ZZ/ 59y, $)ha (y) ks (y)p(y )dy+0(l1§r5),)

k=15>0

Note that for j > 6, [ Pjg(y, s)ha(yk)ks(y)p(y)dy = 0 because of the or-
thogonality relation (21). Therefore

N 5
:_4i ZZ/ 59y, 5)ha (i) ks (1) p(y )dy+0(l?i(+5)/)

k=1j=
Since for j # 3, || Pjg(s) HL,%: li(s) < %13(8) by (32), we have by Cauchy-
Schwartz’s inequality

1 N 5

oy > / 59(ys $)ha (yk)ks(y)p(y)dy IZO(Z?’(S)).

52
k=1 j=0, j#3
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Therefore we only compute the term for j = 3. For k € {1,..., N} we have
from (24),

[ Prato s a)ptu)dy = 3 a5) [ o)zl ats)ol)dy
|v]=3

As kg(y) is of one of the following forms (see (22)),

ka(y) = kslyw),
ks(y) = kaolyw)ki(y) with k' #1,
kg(y) = ki(yw)ki(y)ki(ym) with k' #1#m,

long but straightforward computations yield

N
va N, |81=3. 3 [ Puglu halunhau)olu)dy = 1205().
k=1

We obtain M(s) = —2g5(s) + O( La(s) ). Together with (46) and (37), this

g1+8’
gives I5(s) = — (3 +2)13(s) + O (%) Therefore, there exists Cs > 0
such that "
e’ * P(u)
I3(s) = Cs =3 exp( T du)
50

with ¢ bounded. Note that |, oo 00 gy < 400, From (33) applied with

S0 1467
n = 3, we have C3 > 0 and 2) of Pifoposition 2.9 is true. |

2.1.3 Conclusion : Proof of Proposition 2.4

Propositions 2.6 and 2.9 directly yield the following Corollary.
Corollary 2.10 As s goes to +oo, I(s) behaves in two ways.

1. Case 1 : I(s) ~la(s) and l3(s) = % + 0o(Z5) for some Ca > 0.

2. Case 2 : I(s) = 0(6;2/2).

(15) is an immediate consequence of this Corollary.

We concentrate now on the case N =1 in order to prove (16). If Case 2 of
Corollary 2.10 holds, then (16) holds with og = 0. We are reduced to Case
1. Note that since N = 1 and for all s > sq, l2(s) # 0, g2 is a scalar and

16



we have either for all s > sg, ga(s) = la(s), or for all s > sq, ga(s) = —la(s).
Therefore, from Corollary 2.10, we have for all s > s,

92(s) = = + o) (48)
for some CY, € R. Roughly speaking we shall replace ws(y, s) by

2:)2(y78) = w2(y7s +UO)7 (49)

where oy is to be fixed in terms of C’, and we shall compare w; to wy rather
than to ws. Obviously all the estimates satisfied by g = w1 — ws hold also
for

g = w1 — ’ZI)27 (50)

since wy is also a solution to (4), in particular the alternative of Corol-
lary 2.10 holds for wy. In the following we denote with a ~ any the items
associated with g. We claim that we can select a particular oo(C%) such that
Case 1 of Corollary 2.10 does not hold for

1(s) = 13(s)llz = llwi(s) = d2(s)l 1z = llwi(s) = wa(s + 00)l[zz.  (51)
More precisely,
Lemma 2.11 There exists g € R such that ly(s) = 0(8%) as s goes to +00.

This Lemma yields that only Case 2 of Corollary 2.10 may occur for w9 and

)

which gives (16). It remains for us to prove Lemma 2.11.
Proof of Lemma 2.11 : Let us expand ws as in (25)

e—5/2

g3

[lwi(s) — wa(s + 00)l| 2 vy = O(

ws(y,5) = wa0(5) + wa (s)y + 5wa2(s)(5? —2) + ws,_(3,5).
Then there exists 0 € [0,1], 0 = 0(s,00) such that
wa2(s + 00) = wa2(s) + 00swa2(s + Oop). (52)
We estimate Osws 2 in the following Lemma by Filippas and Liu [FLI3] (see
also [FK92]).
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Lemma 2.12 (Filippas-Liu) There exists a constant C(p) > 0 and o3 > 0
such that for s > o3,

C 1
wa2(s) ~ — ip) and Oswz2(s) = @w272(3)2 + O(w2,2(3)2).
Proof of Lemma 2.12 : See Lemma 2.2. and Lemma 2.3. in [FL93]. |

Because of (50), we have §(y,s) = g(y, s) +wa(y, s) —wa2(y, s+0¢). Therefore,
G2(s) = g2(s) + wa2(s) — waa(s + 0p). By using (52), we obtain ga(s) =
g2(s) — 0p0swa 2(s + o). From Lemma 2.12 and (48), we obtain

(o) = 2~ s T ol) = (G~ aCl) 5 + ol )

since 0 € [0,1]. If o = —%, then Iy(s) = o(Zz)- This finishes the proof of
Lemma 2.11 and Proposition 2.4. |

2.2 L™ estimates for g in sets {| y |< Kys'/?}
This section is devoted to the proof of the following :
Proposition 2.13 VK, >0, dsg € R, IC(Kyp) >0,

C(Ko).

S

Vs > s0, V]yl|< Kovs, | g(y,s)|<

Moreover if N = 1, then there exists og € R such that
VKo € R*+, dsp € R, HC(K()) S R*+,V8 >sg, V | Yy ’S KO\/E,

| wi(y,s) — wa(y, s + o0) |< C(Ko) exp(—s/2)s /2.

Proof of Proposition 2.13 : We study the general case, the same arguments

will lead to the particular case N = 1. Let us define Z(y, s) =| g(y,s) | s~°
where C is defined in Lemma 2.5 such that
N Co
V(y,s) € R X [s1,+00), a(y,s) < <
Then, because of Proposition 2.4 and equation (17), Z satisfies
92 < 17 (53)
1 Z(s) llz= O(s 7>~ ). (54)
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We want to estimate | Z(y, s) | for | y |[< Ko+/s and for large enough s. We
use the norm N, (¥) for ¥ € Lf)(RN) defined for all » > 0 by

N(¥) = sup [ / W(y)2p(y + €)dy] 2. (55)
|€]<r

We denote by S(7) the semi-group associated with the operator £ defined
on L2(RN) with domain H2(R"). The kernel of the semi-group S(7) is

T

e —7/2

(4 (1 — )

|ye 72— 2 P
- ]

S(Tvyvz): W

exp| (56)

We shall use the following results stated in [Vel92].

Lemma 2.14 (Veldzquez, A linear regularizing effect) Consider
(r,7") € (RY)2, then for any T > 0 and any 1 such that N,(¢)) < 400 we
have

exp(T exp(—7)(r — r'e™/2)2
N(S) = T e P N 67

where sy = max(s,0).

Proof of Lemma 2.14 : See Proposition 2.1. in [Vel92]. |
Our first aim is to estimate NKO\/E(Z(S)) for large s. We claim that there
exists s1(Ky) such that

for all s > s1(Ko), Ny, 5 (Z(s)) < CKgs™' =0, (58)

Let us prove (58). Consider Ky > 0 and define for each s € R, 0 = 0(s) < s
such that

s5—

e 7 = Koy/s. (59)

/

For all s’ € [0, 5], we note r(s',0) = e 2 . From (53), we have for s large,
Z(s)<S(s—0)Z(o)=S(s—o—1)S(1)Z(0).
Therefore, in N,.(4 ,) norm, we obtain,

Ny (s,0)(Z(5)) < Nys.0)(S(s — 0 —1)S(1)Z(0)).
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s—o—1 s—o
2

=e 2 =r(s,0), which yields

Using (57) and noticing that r(c+1, 0)e

s—o—1

(r(s,a) —r(c+1,0)e 2 )+: 0,

we obtain that there exists a constant C such that
Nr(s,o) (Z(S)) < Ces_o_lNT(U_;'_LU) (S(l)Z(O‘)) .

Finally, using (57) with 7/ = 0 and r = r(c +1,0), we obtain an estimate
on N, (y11,0)(5(1)Z(0)), hence a constant C such that

Ny(s0)(Z(5)) < Ce” 7 || Z(o) || 2 - (60)
From (54) and since r(s,0) = Kgv/s, (60) becomes
Nigoys(Z(5)) < G771 || Z(0) |l13< CKGso20,

Using (59), we see that o(s) ~ s as s — 400. Thus, (58) follows.

It remains for us to estimate Z(y,s) for | y |< %\/5 by means of
Ny, v (Z(s")) for some s’ < s, in order to finish the proof of Proposition
2.13. We do as in [Vel92]. We have from (53)

0<Z(y,s) < S(Ko)Z(y,s— Ko)
~Ko/2 _ )\ |2

< C(&) [ exp [—' T

Let us introduce NKOM(Z(S_KO))- We have for all | £ |< Kov/s — Ko,

Z(\, s — Ko)dA.

—Kp/2_ 32 2
_ lye Al ‘Atf| _‘A+5F

Z(y,s) < C’(Ko)/e 4(1-e" R0 e 8 Z(As—Kp)d.

By Cauchy-Schwartz’s inequality, we obtain for all | £ |< Kyv/s — K,

| A+ &2

1/2
4 ]d)‘> I(K07£7y)1/27

Zy.5) < C(Ko) ( [170us = Ko) P expl-

. e—K0/2_)|2 2
with I(K0,§7y) = fexp |:_ |y2(1—0e—K0)3| + ‘)“ZS‘ ]d)\

Therefore, for all | £ |< Kgv/'s — Ko,

0 < Z(y,s) < C(Ko)Ny, s (Z(s — Ko)) (Ko, & y)">.
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Taking the infimum in £ with | £ |< Kyv/s — Ky and then the supremum in

y with | y [< K9/ we obtain for all | y |< 2o/,

1
Z(y,s) < C(Ko)Ng. oo (Z(s — K sup inf I1(Ko, &y 2.
(4.8) < O(K) N1, (£ w)(wSKOf LT (N 0)

Note that simple computations yield

4r(1 — e_K0)>N/2 | €+ yeK0/2 |2>
1+e Ko P\ T2(1 e Koy

1Ko, €.9) = (

Therefore,  sup inf | € +ye 50/2 2= 0 for all s > s9(Ky) for
ly|< Koys |§]<Kov's—Ko

some s9(Kj) € R. Hence, we obtain that there exists C(Kp) such that for
Ko/s

0< Z(y,s) < C(Ko)Ng, /s=x; (Z(s — Ko)).

Using (58), we obtain for all s > s3(Kp) and |y| < KOT\/E, 0 < Z(y,s) <
C1(Kg)s~ 1=, Therefore, for all s > s3(Kp),

C'(K,
sup | g(y,s) |< (S )~
Iy\SKOTﬁ

Hence Proposition 2.13. |

2.3 Estimates in the variables (z,t) near the blow-up point

In this subsection we use Proposition 2.13 to prove Theorem 2. As a Corol-
lary of Proposition 2.13 and the estimate (7) which is satisfied by w; 4, 1},
we obtain with the notations of Theorem 1 the following :

Corollary 2.15 (L* estimates in the variables (z,t)) For all Ky > 0,
there exist 6o € (0,T1) and C(Koy) > 0 such that for allt € (11 — do,11) and
z € B(ay, Ko/(Th — t)]log (T1 — t)]),

+1u T, t) — | €
(Tl_t)p 1( 7t) f(\/(Tl—t)“Og(Tl—t)|> < (K07t)7 (61)

%1@ x — o €
(Tl_t)p 2( 7t) f<\/(T1—t)|log(T1—t)|) < (K07t)7 (62)
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| ur(2,1) — Gx(a, 1) |[< C(KO)(Ty — ) 71 |log (Ty — ) [0 (63)

where Uy = Tg, —ap 1 —Tou2 and €(Ko,t) — 0 ast — T7.
Moreover, if N = 1, then there exists A > 0 such that

(Ty — )2 77

| u1(w,t) — Tay 1 DAT 0y, —myu2(,t) |< C(Ko)——3.
| log (T1 —t) |2

(64)

Proof of Corollary 2.15 : The first part of Corollary 2.15 is straightforward.
The second part requires to note the following fact. Consider v and w two
solutions of (1) which blow-up at time 7" = 0 and point a = 0, consider w
and w associated respectively to u and u by (4). We suppose that there
exists o such that w(y,s) = w(y,s + o¢). Then for ¢t <0

u(z,t) = (=) 7 Tw(y, s)

with y = 7= and s = — log(—t). Therefore,
1 1
(1) = (—0) T Tw( s, ~ log(~t)+00) = (~1) 7 Tw( 7, ~ log(~57)

= e;TOlu(a;e%O,te"O).
If we note A = €70 we have u(t,x) = Dyu(t,x). This closes the proof of
Corollary 2.15. |

By translation invariance of equation (1), we take a; = 0. We choose
Ko > 2" and g = 2% € (0, %), hence 6y and C(Kj) associated with Ky by
Corollary 2.15. Consider the set

1 1
Q= {(z,t), t € (T1 — b0, T1), |z |< Ko(T1 — )2 [log (T1 — 1) [2}  (65)

and define for each | z |< % Ty |logTh |, t(x) € [0,T}) such that

o |= 22 (T~ (@) | log (T3 — 1(a) [# (66)

Our aim is to estimate |uj(x,t) — ug(x,t)| or if N =1,
|ur(z,t) — To, i DAT gy, —Tu2(x,t)] in a set

{t c [Tl — (51,T1), | x |§ 60}

for some §; € (0,00) and ¢y € (0, %\/TﬂlogTﬂ). By Corollary 2.15 we
already have an estimate for (x,t) € 2. We need an estimate for (z,t)
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outside €2, namely when |z| > Ko+/(T — t)|log(T — t)|. Since (z,t(z)) € Q,
we will use the ODE comparison of Proposition 2.3 and deduce information
for such a (z,t) from information near (z,t(z)) for which either (63) or (64)
holds. We explain the general case N > 1 and the special case N = 1 can
be similarly studied. From now on, we restrict to the general case where
estimate (63) holds.

Consider (z,t) with ¢ > ¢(z) and let us note 71 (z,t) = %%, 71 € (0,1).

Then for all 7 € [0,71] and | £ |[< B+/|log(T1 — t(z))], we define

€)= (Tr—t@)7 1w (2 + &/ — @), 1x) +7(T1 — t(x)) )
nEr) = (T1—t)7 (a: + &/ — (@), t(x) + 7(T1 — t(x)))
"7(57 T) = Ul(&? T) - U2(§7 T)'

(67)

From the scaling property of equation (1) and from Proposition 2.3, we have
for i € {1,2} and for all 7 € [0,71], |¢| < B+/|log(T1 — t(z))| and € > 0,

ov; _
% =Agv; + | P, (68)
877 p—1 :
5, = Qen + ploo 7 n, with vy € (vr,v2). (69)
ov; _ D
| %— v; P Lo | < e|v P +C’(€)(T — t(m))?fl (70)

where C(e) > 0.

Since 8 < %, we have for all [¢] < B+/]log(Ty — t(x))],

|z + &|log(Ty — t(z))|| < Kov/(T1 — t)|log(Th — t(x))]. Therefore, we have
from (61), (62) and (63) : for all |¢] < 8+/|log(T1 — t(z))]

(c.0)— [ B < e1(Ko, o
u(.0) f<2 - \/Ilog(Tl—t(x))!)‘ < alkoa) ()
e < Cllog(Ti — @) 7 (72)

where € (Kp,z) — 0 as x — 0.

Since we have from (8), f (% + m> <f (% - ﬁ) < k for all
og(Ty —t(x

€] < B+/|1og(T1 — t(z))], and since the solution of

v =loP o, w0 =7 (52~ 5)
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is well defined and bounded for all 7 € [0, 1], (70) and (71) imply from a priori
estimates that for some eg(Ko) > 0, for all |z| < €, |£] < B+/]log(Ty — t(z))]
and 7 € [0, 1),

[vi(&,7)] <M(——ﬂ) (73)
Now, we apply to n the following parabolic regularity result :

Lemma 2.16 (Parabolic regularity for a linear heat inequality) As-
sume that z(&,T) satisfies for all | § |< 4By and T € [0,7%],

0-z < Az+ Az, 2(£0) <z and z(§,7) < Bo (74)

where 7 < 1. Then, there exists C > 0 such that for all | £ |< By and for

all T € 10,77,
B2

2(€,7) < eM(z0+ CBye™ ).

Proof of Lemma 2.16 : See Appendix C in [MZ98b]. |
In view of (69), (72) and (73), n satisfies the assumptions of Lemma 2.16
with 7 = 71, A = p(M(Ee - 8))"™", B, = &\/Tlog(Ty — t(x))], 20 =
Cllog(Ti —#(x))| " and By = 2M (2 — 3).

Therefore, there exists a constant Cl(% — f3) > 0 such that for all (§,7) €

B(0,2/Tlog(T1 — t(x))]) x [0,71],

2

(€.l < € (J10(Ts — t(a)] ™+ exp(— 5 10s(Ti ~ e )

Now, since 3 = 26, we end up with |n(0, 7 (x,t))| < C(Ko)|log(Ty — t(x))| ™"
which gives from (67) : If eo(Kg) > || > Zo 52/ (Ty — t)[log(T1 —t), then

1 _
jur(z, t) — @a(z, t)] < C(Ko)(Ty — t(x))” 77| log(T1 — t(x))| ™. (75)
Let us conclude the proof of Theorem 2. Proposition 2.15 and (75) yield :
- if |z| < Kov/(Th — t)|log(Ty — t)| and t € (T} — &o, T1), then
_1
Jur (1) — ua(z,1)| < C(Ko)(Ty —t) 7T |log (T — )|,
- if eg(Ko) > |z| > Ko/(T1 — t)|log(Ty —t)], then
1
Jur (@, 1) — tiz(x, )| < C"(Ko)(Th — t(x))” 7 [log (Ty — t(x))| ™
It is easy to see from (66) that

2z

log(Ty — t(z)) ~ 2log || and Ty — t(z) ~ K2 [log |7||
0

asxz— 0. (76)
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Thus, Theorem 2 falls in the case N > 1. If N = 1, then we have by the
same techniques
- if |z| < Ko/(Th — t)|log(Ty — t)| and t € (T} — &9, T1), then
_ 11 _3
lu1 () — ag(x,1)] < C(Ko)(T1 —1)2 #T|log (Ty —t)[" 2,
- if €9(Ko) > |#| > Ko+/(T1 — t)[log(T1 —t)], then
~ 1__1 _3
ur(z,t) — ta(z, )] < C"(Ko)(Ty — t(x))2 #T|log (T1 — t(x))| 2.
Using (76) gives the conclusion for Theorem 2. [ |

3 Stability with respect to initial data of the be-
havior (5)

In this section, we prove Theorem 3. Theorem 3 is in fact a consequence of
Theorem 2 and results from [MZ97b], [MZ98b] and [MZ].

We first recall geometric considerations from [MZ97b]. For this, we in-
troduce some useful notations and definitions. Let xo € C§°([0,+00)) with
Xo =1 on [0,1] and xo =0 on [2,4+00). We then fix Ky > 0 and define

[yl
X(y,s) = Xo (KO\/E (77)
For each r € L>®(RY) and s > 0, we write 7(y) = r3(y,s) + re(y, s) where

'I"b(y, 8) = r(y)X(yv 5) and Te(y7 8) = ’l“(y) (1 - X(ya S)) Thenv we eXpand Tp
as in (25) and write

1
7(y,8) = 1p0(s) +1p,1(5).y + EyTTbg(S)y —tr 1p.2(8) +15,—(y,5) +re(y, ).
(78)

For simplicity in the notations, we drop down the subscript b in ry ,, and
rp—. However, one should keep in mind that r,, are the components of
rp, = rx and not those of r.

Definition 3.1 For each A > 0, for each s > 0, we define V(s) as being
the set of all functions r in L= (RN) such that

A3_2> m = 07 1a |T‘2(8)|
AL+ [yP)s™2, re(y, s)]

A?572log s,
A2s_%,

[rm(s)|

(5, 9) (79)

<
<

where 1 is expanded in (78).
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We recall in the following Proposition the results of [MZ97b].

Proposition 3.2 (Merle-Zaag, Existence and stability of a solution
of (1) with the behavior (5) under the geometric condition of V4(s))

i) There exists t(t) a solution to (1) which blows-up at time T' at only one
blow-up point a. Moreover, ﬁ’a;ﬁ satisfies (11) and Vs > —log T, (jd’f(s) €
Vi(s) for some A >0, where W 7 Gy and V;i(s) are defined respectively
in (3), (12) and (79).

i1) Assume that u(t) is a solution of (1) such that u(t) blows-up at time
T at only one point & € RN and Vs > —logT, 5 7(s) € Vi(s) for some
A > 0. Then, there exists A > A such that for all € > 0, there exists a
neighborhood V. of @(0) in L= (RY) such that Yug € V., the solution u(t) to
(1) with initial data ug blows-up at time T at only one blow-up point a such
that

T —T|+|a—al <e
and wq T satisfies (11) and Vs > —logT', qq1(s) € Va(s).

Proof :

i) See Theorem 1 and subsection 3.2 in [MZ97b].

ii) See in [MZ97b] Theorem 2 and the second and the fourth remark after
it, and the first remark in Section 4. Let us emphasize that the results
of [MZ97b] actually hold with as Cauchy space L*°(R") and not L> N
WLPHH(RN) as stated there. |

In the following Proposition, we consider u(t) a solution to (1) which
blows-up at time 7 at only one blow-up point a € RY. We use Theorem
2 to estimate the difference a(t) — 7, , ;- su(t) where @ is the solution to
(1) constructed in i) of Proposition 3.2, which allows us to show that g, 7

satisfies the same smallness conditions as g, ;. More precisely,

Proposition 3.3 (Smallness condition for solutions of (1) with the
behavior (5)) Let u(t) be a solution to (1) which blows-up at time T at
only one blow-up point a € RN . u(t) satisfies (5) if and only if

JA > 0 such that Vs > —log T, qq1(s) € Va(s) (80)
where qq 7 is defined in (12).

It is obvious that Theorem 3 is a direct consequence of ii) in Proposition 3.2
and Proposition 3.3. Thus, we focus on the the proof of Proposition 3.3. W
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Proof of Proposition 3.3 : For simplicity, we write g for g, 7.
We first assume (80) and prove that it yields (5). From (78), we write :

q(y,8) = a(y,8) + qe(y: ) = @Y, )Ly i<2k0vs) T 2, 9)

= (go(s) + q1(5)-y + 5y" q2(s)y — trga(s) + ¢ (4, 8)) Ly j<2moysy T e(¥s )
From (79) and the definition of h,,, we get

c)
sup |q(y,s)| < )
s la(y9)] < = 2

which implies (7) by (12). Using Proposition 2.1, we get the conclusion.

We now assume (5) and prove (80). If @ is the solution constructed in
i) of Proposition 3.2, then, we have Vs > —log T', §, +(s) € V;(s) for some

A > 0. If we define
9 s) = da,r(y,8) = 43 7(y, 5),
then, it is enough to prove that for some sy and B > 0
g(s) € Vp(s) for all s > sq. (81)

From (12), we have

g(yv 5) = wlLT(y? S) - w&j“(@/? S)‘ (82)

Applying Theorem 2 (Case N > 1) and Proposition 2.4 to v and 4, we get
through the transformation (3) and straightforward calculations :

Co

C
Vs > s1, |lg(s)llzz < 3_20 lg(s)llzee < ==, (83)

where s1 > 1.
We now use (83) in order to estimate g,, g— and g, and prove (81).

Estimate on g, m € {0,1,2} : For all m € N, |gn,(s)] < HXQ(S)”Lg <
lg(s)llzz < Cos™2 < Cs2log s by (83).

Estimate on ge : |ge(y, s)| = [(1 = x)g| < |g] < Cos™" by (83).

FEstimate on g— : From (82) and (17), we see that g satisfies for all
s>2s1>2and o <s—1,

o) = S(s = o)g(o) + [ 8(s = Darlg(r)ds
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where a(y, s) = w - ﬁ if w # W and a(y, s) = p|lw|P~1 — ﬁ
if w = w, and S(7) is the semigroup of £ introduced in (56).

Therefore, g_(y,s) = —P_ ((1 — x)g(s)) + P_(g(s)) = E1 + E2 + E3 where
By = =P ((1=x)9(s)),
E, = P_(S(s—o0)g(o)) and E3 = P_ {/ S(s —7)a(r)g(T)dr| (84)

We now estimate Fq, Fy and Ejs.

If G = (1 - x)g, then we can write as in (25)
1
G(y,s) = Go(s) + Gi(s).y + §yTG2(8)y —tr Ga(s) + G-(y,s).  (85)

From (77) and (83), we have

ly|? Co

G <1 S 7 . 50
1G(y: )| < Ly>0vmy |9y, 8)] < K2s s (%0

From (6), (77), (83) and (26), we write for m = 2 :
|G (s)| = | [ M(y)(1 — x)gpdy| where M is defined in (27). Therefore,

2 wi?
1Ga(5)] < C fymrassy (L + W) g(w 9le™ % e % dy
_Kgs Co 2 _M C _Kigs . .
<e s = [n(14|yl*)e” s dy < Ze” s . Doing analogous calculations
for m =0 or 1, we get for all m € {0, 1,2},

25
Gus)] < S ¥ (1)
Combining (85), (86) and (87), we end up with
C
|Er] = [P- (1= x)9) (v, 9)] = |G~y 9) < (1 +[yl*). (83)

It remains to estimate F and E3. We use the following estimate on the
operator S(0) :

Lemma 3.4 (Linear estimate for S(0)) Let 0 > 1 and consider
h:RN — R such that

Ve e RN, |h(z)| < p(1+ |z?). (89)

Then, for all y € RN :
i) [S(0)h(y)] < Cue®(1+1yl*), ,
i) [P-(S(0)h)(y)| = |S(O)P-h(y)| < Cpe™2(1 +[yl*)
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Proof : see Appendix B. |
If we set 8§ = s — o, h(x) = g(x,0), then, using ii) of this Lemma and (83),
we obtain

C

_(s=9)
[Bal < —e™ 2 (L+]yP). (90)

We now estimate E3. Since P_ is the L;% projector on the negative
eigenspace of L, we have

By — / " S(s — )P (a(r)g(r)) dr- (91)

From (83) and (28), we have |a(x,7)g(x,7)| < %(1 + |x|3). Therefore, if
7 < s —1, then we have from ii) of Lemma 3.4

1S5~ )P (a(r)g(r)) ()] < e T (1 1) 92)

If 7 > s—1, we can do as we did for G in the proof of the estimate (88) on
By to get |P_(a(r)g(n))(2)] < 51+ [af?).
Applying i) of Lemma 3.4, we obtain

1S(s ~ )P (a(r)g() )] < e (1 +1l) < e T 1+ ) (99

since 0 <s—7 <1.
Combining (91), (92) and (93), we get

(s—7) C
e 2 dr < ;(1 + [y[3). (94)

C S
Bl < 50+ o) [

[

Using (84), (88), (90) and (94), and taking ¢ = s — 2log s, we end up with

C
l9- (v, 8) < Z(1+ y[?).

This concludes the proof of (81) and the proof of Proposition 2.1. This
concludes also the proof of Theorem 3. |

A  Proof of Lemma 2.8.

Either x ~ y as s — 400, or there exists e > 0 and (s,,) € R with s,, — 400
as n — +oo so that x(s,) < (1 — €)y(s,). Our first claim is that

dng €N, Vs> sp,, 2(s) < (1 —e)y(s). (95)
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If (95) is false we can find o; and o9 as big as we want such that
z(o2) = (1 = €)y(oz) and Vo € 01,03, (o) = (1 —€)y(o).
Then necessarily z'(02) < (1 — €)y'(02). But

(@' = (1= ey)(02) = —5ylo2) + (1 =€) (3y(02) — 5y(02) — 32(02))

§(1—e)y(o2) — £(2 = e)y(o2).

Therefore, if o9 is big enough z/(02) > (1 — €)y'(02). Hence a contradiction
and (95) is true.

From (95), we can define z(s) = z(g <1—¢€ for s> sp,. Therefore, from
the inequalities satisfied by x and y we have

Since y(s) = [ exp(—£0)oCldo
= gexp(—%s)sc_l +2(C-1) f;roo exp(—50)02do
< Zexp(—5s)sCT + Z(C = 1)(s),

there exist C' > 0 and s4 € R such that for all s > sy,
v(s) < C"exp(—5s)s©~1. This yields 2(s) = O(1) as s — +o00, which closes
the proof. |

B Linear estimates for the fundamental solution

ofﬁzA—%y.V+1

We prove Lemma 3.4 in this appendix.

Proof of i) : This follows easily from (56) by using a simple change of
variables.

Proof of ii) : From linearity, we can assume p = 1. Since P_ is the L%
projector on the negative eigenspace of £ and the eigenfunctions of L are
given by (20), we have P_ (S(6)h) = S(0)P_(h) and

V3 e NV with |3| < 2, /

R

. P_h(z)2P p(x)dx = 0. (96)
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From (56), we write

SOP-(0) = [ dok(y.2)(z) (97)
where ¢ (z) = p(x)P_(h(x)) and
e? |ye—6/2 _ $|2
K(y,z) = S(0,y,z)p(x)"! = exp|— p(x)~ L.
) = SO = s el o)
(98)
Using (89) and techniques used for G in the proof of (88), we obtain
()] < Cp(z)(1 + |2|*). (99)
Note that (96) is equivalent to the fact that
Vg € NV with |8| < 2, / Y(x)zPdz = 0. (100)
RN

We have the following Lemma :

Lemma B.1 (Existence of a fast decaying flux for a fast decaying
L' function with a null integral)
Assume that F € L'(RYN | R) satisfies [ F =0 and

<

if lyl <1, [F(y)

C _ m
PLEE if lyl > 1, [F(y)| < Cp(y)ly| (101)

for some m € N*. Then, there evists U € L*(RY,RY) such that divU = F
in the distribution sense, and

) C . —
iflyl <1, [U(y)| < gt lyl > 1, [U)| < Cp(y)ly|™ ", (102)

We let the proof of this Lemma to the end and use it now to finish the proof
of ii) of Lemma 3.4.

From (99), (100), Lemma B.1 and a very simple finite induction, we
obtain the existence of ¢;;x € W1 (RN R) such that Zijk Of’jkqbijk =) and
Vi, g,k € {1,..., N},

. c .
if ly] <1, ‘Qszgk‘ < W; if |yl > 1, |pij| < Cp(y) (103)
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3 93
where 9; stands for 9w:01,00%
Therefore, using (97), we have

OP-h =Y [ dok(y.0)065u(0) = - 3 [ 0K (y,2)000)
ijk ijk
(104)
by integration by parts (this is possible, since ¢;;;, € W31(RY) and K(y,.) €
WS’OO(RN)).
By simple calculations, we can derive from (98) the fact that for 6 > 1,

103K (y,2)] < Ce™ 301+ o + |y K (y, 2). (105)

Using (104), (105) and (103), we write : if §# > 1, then

PM<Z/WMM,WMMW§%%WHh) (106)

ijk
where Il fB 0,1) (1 + |«T‘3 + |y| )|x|1\:rn 1 and
Iy = fRN\B(n) K( )( + |z + |y|*) p(a)dax.
From (98), I = [po ) S(0 ) p(@) T+ |z + [y)?) o) N da
<o+ [ Ve scas). o
Moreover,
B [ SOu.)0 4l + ) < Cl4 ) (109
]RN

by i) of Lemma 3.4.

Gathering (106), (107) and (108), we get |S(8)P_h(y)| < Ce~3(1 + |y|?)
which is the conclusion of ii) of Lemma 3.4.

Now we prove Lemma B.1.
Proof of Lemma B.1: We aim at finding U such that for all ¢ € C§°(RY),

Jon F z)dr = — [~ U(z).Vq(z)dz.
We follow here a duality method introduced by Bouchut and Perthame (see

Lemma Al.1 in [BP9S]).
Since [ F =0, we write

Jor F(@)q(@)dz = [on F(2) (g(z) = q(0))dw = [on F(x) fy 2.Va(tw)dt =
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fo di fRN ). VQ( w)de = [y =N dt [ F(t™'y)y.Valy)dy
— Jon U q(y)dy where

1
Uly) = —y /0 =D Bty (109)

The argument will be completed if we show that U(y) satisfies (102) (which
implies that U(y) is well defined and is in L!(RY)).
From (109) and (101), we have :
~Tf [y| > 1, then [U(y)| < [y| fy t~N+V|F(t~1y)|dt
lyl?
< Cly| i =N +De —i'th—m\yymdt

N 2+m

oo PN o e
= Cly|'~ Nﬁ_p e do < Cly|'=Ne= 1 [y|N=2tm = Cp(y) |y L.
-If |yl <1, then we have from (101)

< C|y’2_N (f—i—oo _eeN 2+md0+ L - 1) < C!y|1_N.

This finishes the proof of Lemma B.1, and also the proof of Lemma 3.4.

|
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