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Abstract

We consider here the 1 D semilinear wave equation with a power nonlinearity
and with no restriction on initial data. We first prove a Liouville Theorem for that
equation. Then, we consider a blow-up solution, its blow-up curve x +— T'(z) and
Iy C R the set of non characteristic points. We show that Iy is open and that T'(z) is
C' on Iy. All these results fundamentally use our previous result in [19] showing the
convergence in selfsimilar variables for = € Ij.
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1 Introduction

1.1 The problem and known results

We consider the one dimensional semilinear wave equation

Oiu = 02,u+ |ufP~tu,
u(0) = up and u¢(0) = uy,

2
loc,u

where p > 1, u(t) : * € R — u(x,t) € R, ugp € HL __ and u; € L

loc,u

Sup/ o(@)Pda and [Jv]f, =0l + VoI, -
a€ER ‘$_a‘<1 loc,u loc,u loc,u

The Cauchy problem for equation (1) in the space H.  x L2

loc,u loc,u

speed of propagation and the wellposedness in H! x L? (see Ginibre, Soffer and Velo [6]).
The existence of blow-up solutions for equation (1) follows from energy techniques (see

where aniﬁm o=

follows from the finite
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Levine [9]). More blow-up results can be found in Caffarelli and Friedman [5], [4], Alinhac
[1], [2] and Kichenassamy and Litman [7], [8].

Most of the previous literature considered blow-up for the wave equation from the
point of view of prediction. Indeed, most of the papers gave sufficient conditions to have
blow-up or constructed special solutions with a prescribed behavior (see [7] and [8] for
example). As we did in our earlier work ([19], [17], [16] and [18]), we adopt in this paper
a different point of view and aim at describing the blow-up behavior for any blow-up
solution. More precisely, this paper is dedicated to the regularity of the blow-up curve.

If w is a blow-up solution of (1), we define (see for example Alinhac [1]) a continuous
curve I' as the graph of a function = +— T'(x) such that u cannot be extended beyond the
set

Dy ={(z,t) | t <T(2)}. (2)

The set D, is called the maximal influence domain of u. From the finite speed of propa-
gation, T is a 1-Lipschitz function. Let T be the infimum of T(z) for all z € R. The time
T and the surface I are called (respectively) the blow-up time and the blow-up surface of
u. A point zg € R is called a non characteristic point if

3do = do(wo) € (0,1) and to(zo) < T'(xo) such that u is defined on Cyy 1(x),6, N {t = to}
(3)

Cags={(a,t) [t <T—0lx—zl}. (4)

where

We denote by Iy the set of non characteristic points. So far, it was commonly thought
that Ip = R, for any blow-up solution. In a forthcoming paper [20], we prove that this is
not the case.

Given some (zg,Tp) such that 0 < Ty < T'(zg), we introduce the following self-similar
change of variables:
T — X0

2
Weo, 10 (Y, 8) = (To — t) P Tu(x,t), y= T ¢ s = —log(Tph — t). (5)

If Ty = T'(x0), then we simply write w,, instead of w,, 1(z,). This change of variables
transforms the backward light cone with vertex (xg,Ty) into the infinite cylinder (y,s) €
B x [—log Ty, +00) where B = B(0,1). The function wy, 1, (we write w for simplicity)
satisfies the following equation for all y € B and s > —log Tp:

2(p+1) _ p+3

2w = _\ET ) p-1,, _PT9 _ 2

diw = Lw = 1)2w + |w|P w P 18510 2y0, sw (6)
1 9 oy -2

where Lw = ;8y (p(1 —y*)oyw) and p(y) = (1 —y*) 1. (7)

The Lyapunov functional for equation (6)

(p+1)
(p—1)2

1
E(w(s)) = / <% (Oaw)? + % (0,0)% (1 — %) +

1
2_ P+ Hd 8
i o P )y (9



is defined in
1
2
H = {q € Hbox L (-11) | lalf = [ (ad @) 0=+ ad) pdy < +oo}. (9)

n [19], we find the behavior of wg,(y,s) defined in (5) as s — oo where zy is a non
characteristic or a characteristic point. More precisely, we proved this result (see Corollary
4 and Theorem 2 in [19]):

Blow-up profile near a non characteristic point There exist positive pg and
Co such that if u is a solution of (1) with blow-up curve I' : {x — T(x)} and zy € R
is mon characteristic (in the sense (3)), then there exist d(xo) € (—1,1), 6(z9) = £1,
so(xg) > —log T(x0) such that for all s > so(xg):

(bl ) (39 ) e am

OsWy, (S

where H and its norm are defined in (9), k(d,y) is defined for all |[d| <1 and |y| <1 by

1
1—d*)vrr 2(p+1)\ 7T
k(d,y) = ko )? where ko = < (p+ 3) o (11)
(1+ dy)7T (p—1)
Moreover, we have
E(wg,(s)) — E(kg) as s — o0 (12)

and

[way (s) = Ok (d(20), Y)|| oo (—1,1) + [|0ywa, (s) — 00y k(d(x0), y)l[r2(-1,1)
(13)
+  [|0swzg (8)[|L2(~1,1) — 0 as s — oo.

Blow-up behavior near a characteristic point If g € R is characteristic, then,
there exist k(zg) € N, 6;(x9) = £1 and continuous d;(s) = tanh(;(s) € (—1,1) for
i=1,...,k such that

k(o)
(528t ) - 029 o) | o (14

1G:(5) = ()| — 00 for i # j and B(we(s)) — k(z0)E(ko) as s — oo.

Remark: When k(zg) = 0, the sum in (14) has to be understood as 0. In [20], we prove
the existence of solutions with characteristic points. Furthermore, we greatly improve
estimate (14) and give a precise description of the set of characteristic points.

1.2 Statement of the results

With the result of [19], we are in a position to address the question of the regularity of the
blow-up set I' for equation (1) and the notion of non characteristic points. Note that by



definition (see Alinhac [1]), I' is the graph of a 1-Lipschitz function 7'(z). In [5], Caffarelli
and Friedman proved that it is a C' function for N < 3 under restrictive conditions on
initial data that ensure that

for all z € RN and ¢ > 0, u>0and dyu > (1+ dy)|Vu| for some dy > 0.

Later on, they derived in [4] the same result in one dimension for p > 3 and initial data
in C* x C3(R). The techniques to prove these results are of elliptic type and based on
the use of the maximum principle. There is no hope to generalize these techniques to the
present situation. Furthermore, no results are available on the set of non characteristic
points.

In this paper, we prove the following with no restrictions on the initial data:

Theorem 1 (C! regularity of the blow-up set and continuity of the blow-up
profile on Iy) Consider u a solution of (1) with blow-up curve I' : {t = T'(x)}.

Then, the set of non characteristic points Iy is open and T(z) is C' on that set.
Moreover,

Vo € Iy, T'(z) =d(x) € (—1,1) and 6(x) is constant on connected components of Iy,

where d(x) and 6(x) are such that (10) holds.

Remark: From the remark after Proposition 3.5 (with 6 = 1), we get the existence of

a non characteristic point. Thus, Iy is never empty and Theorem 1 is always meaningful.
Unlike what was commonly thought until now, we prove in a forthcoming paper [20] the
existence of blow-up solutions to (1) with R\Zy # 0.

Remark: From this theorem, the parameter d(x) related to the blow-up profile in selfsim-
ilar variables (10), has a geometrical interpretation as the slope of T'(z). In [21], Nouaili
uses the results and techniques of [19] and this paper with a geometrical approach to get
more regularity, namely C#0 regularity where the universal constant jq is introduced
before (10).

Remark: The techniques are based on a very good understanding of the behavior of the
solution in selfsimilar variables in the energy space related to the selfsimilar variable, to-
gether with a Liouville Theorem (see Theorem 2). For a similar approach of the blow-up
problem, see Martel and Merle [11], [10] for the critical KdV equation; see also Merle and
Raphaél [12], [13] for the NLS equation. Note that the main obstruction to extend the
result in higher dimensions is the result of classification of all stationary solutions to (6).

The proof of this Theorem relies fundamentally on the convergence result (10) already
obtained in [19] and on this Liouville Theorem in the u or w variable:

Theorem 2 (A Liouville Theorem for equation (1)) Consider u(z,t) a solution to
equation (1) defined in the cone Cy= 7+ 5+ (4) such that for all t < T,

(T* — )71 e 220,252
(T* _ t)1/2

2 4 Hut(t)”LQ(B(O,T;*t)) HVU(t)HLz(B(O,T;ft))
* + . SC*
(T* —t)1/2 (T* — t)1/2

(15)




for some (x4, T,) € R%, 6, € (0,1) and C* > 0.
Then, either u =0 or u can be extended to a function (still denoted by u) defined in

Q=)™ )
(To — t+ do(x — x*)) P 1T

{(z,t) |t <To+do(x — %)} D Cr+ v 5, by ulw,t) = oo

for some Ty > T*, dy € [—04,0.] and 6y = £1, where ko is defined in (11).

Using the selfsimilar transformation (6), we have this equivalent formulation for Theorem
2:

Theorem 2’ (A Liouville Theorem for equation (6)) Consider w(y,s) a solution to
equation (6) defined for all (y,s) € (—é, i) x R such that for all s € R,

lo( g1+ 19s00(s)ll s o 1) < C° (17)

for some d, € (0,1) and C* > 0. Then, either w =0 or w can be extended to a function
(still denoted by w) defined in

1
(1 _ d(Z))p_1 (18)
(1+ Toes + doy) 77

1 1
{(009) | =1=Toe < oy} > (=317 ) ¥R by wl5) = B

for some Ty > T*, dy € [—04,04] and 6y = £1, where ko defined in (11).

Remark: The limiting case §* = 1 is still open. The case §* = 0 trivially follows from
the case 6 > 0. We expect the result to be valid in higher dimension using the same
techniques. The main obstruction comes from the classification of stationary solutions to
equation (6), which is only proved in one dimension (see [19]) and remains open in higher
dimension.

Remark: From (16), we see that u is a particular solution to (1) which is defined in a
half-space of equation t < Ty + do(x — z) (and not just the cone Cy+ 7+ 5+) and blows-up
on a straight line of slope dy. Note that u = 0 corresponds to the limiting case Ty = 400.
Similarly, w given in (18) is a particular solution to (6). In particular, when Ty = 0, we
recover the stationary solution 6yk(dy,y) defined in (11). Note also that up to a Lorentz
transform, the solution given in (16) is space independent and given by

Ko

u(z,t) = p————.
(To — t)»—1

Remark: Note that deriving blow-up estimates through the proof of Liouville Theorems
has been successful for different problems. For the case of the heat equation

O = Au+ |uP~tu (19)

where u : (x,t) € RNV x [0,T) = R, p > 1 and (N — 2)p < N + 2, the blow-up time 7T is
unique for equation (19). The blow-up set is the subset of RV such that u(z,t) does not
remain bounded as (z,t) approaches (zo, 7). In [25], [22] and [23] (see also the note [24]),
the second author proved the C? regularity of the blow-up set under a non degeneracy
condition. A Liouville Theorem proved in [15] and [14] was crucially needed for the proof



of the regularity result in the heat equation. In the present work, we will see that the
Liouville Theorem (Theorem 2) is crucial for the regularity of the blow-up set for the wave
equation (Theorem 1).

Remark: The proof has a completely different structure from the proof for the heat
equation (19). It is based on various energy arguments in selfsimilar variables (some of
them holding even in the characteristic situation) and on a dynamical result again in
selfsimilar variables obtained in [19] in the non characteristic case.

The paper is organized as follows:
- In section 2, we assume the Liouville Theorem and prove Theorem 1.
- In section 3, we prove the Liouville Theorem (Theorems 2 and 2’).

The authors wish to thank the referee for his meticulous reading and valuable sugges-
tions which undoubtedly improved the paper.

2 (! regularity of the blow-up curve at non characteristic
points

This section is devoted to the proof of Theorem 1 assuming Theorem 2.

Proof of Theorem 1: We consider a solution u of (1) with blow-up curve I' : {t = T'(z)}.

We proceed in two parts, each making a separate subsection:

- In subsection 2.1, we consider a non characteristic point xg and show that T'(z) is
differentiable at x = zo with T"(z¢) = d(z¢) where d(z) is such that (10) holds.

- In subsection 2.2, we conclude the proof of Theorem 1.

2.1 Differentiability of the blow-up curve at a given point

In this subsection, we prove the proposition:

Proposition 2.1 (Differentiability of the blow-up curve at a given non charac-
teristic point) If xg is a non characteristic point, then T(x) is differentiable at x¢ and
T'(xo) = d(zo) where d(xg) is such that (10) holds.

Proof: We consider xy a non characteristic point. From (3), we have
CIOvT(IO)ﬁO N{t >t} C Dy (20)

for some dp € (0,1) and ty < T'(xp).
From translation invariance, we can assume that

g = T(l‘o) = 0.

Using the convergence result of [19], we see that (10) holds for some d(0) € (—1,1) and
6(0) = £1. Up to replacing u(z,t) by —u(z,t) (also solution to equation (1)), we can
assume that 6(0) = 1.

We proceed in 2 steps.



- In Step 1, we use the Liouville Theorem 2 to show that the convergence of wg(s) in
(10) holds also in H' x L? ( PR 5,) where
856 € (g, 1) is fixed. (21)

- In Step 2, we use energy and continuation arguments in selfsimilar variables to con-
clude the proof by contradiction.

Step 1: Convergence of wy to x(d(0),.) on larger sets
We claim:

Lemma 2.2 (Convergence in selfsimilar variables on larger sets) It holds that
— 0 as s — o0.

H( dswo(s > - < g(d(O),-) >‘H1Xp(%,%)

Proof. For simplicity, we denote wg by w. Using the uniform bound on the solution at
blow-up (Theorem 2’ in [17]) and the covering technique in that paper (Proposition 3.3 in
[17]), we get for all s > —1logT'(0) + 1,

<K (22)
H( dsw(s )Hmw?( &)
0 "0

for some constant K.
We proceed by contradiction and assume that for some ¢y > 0 and some sequence s,, — 00,

wen (32~ (5)

Let us introduce the sequence

we have

> €9 > 0. (23)

1 2(_1 1
i)

wn(y,s) = w(y, s + sn). (24)
Using the uniform bound stated in (22), we can assume that

1 1 1 1
wp(0) — 2o in H* <—5—,, 5—,) and dswy(0) — vy in L <—6—,, 5—,) (25)
0o % 0o %

as n — oo for some (zg,v9) € H' x L? ( P 51, ) Since we have from the convergence

result (10), the definitions (9) and (24) of the norm in H and w,,

(o )= (6]

for any € € (0,1), we deduce from (25) that
Vy € (_17 1)7 ZO(y) = Hl(d(O)’y) and UO(y) =0 (26)

—0asn — oo
HlxL?(—14e€,1—¢)

(note that we still need to determine (29, vg) for 1 < |y| < 5%) The following claim allows
0
us to conclude, thanks to the Liouville Theorem 2:



Claim 2.3 (Existence of a limiting object) There exists W (y, s) a solution to (6) de-
fined for all (y,s) € (—%,, 5%) x R such that:

0 0
(i) W(0) = 2o and 0sW (0) = vg and the convergence is strong in (25).

(ii) For all s € R,
()

where K is defined in (22).
Proof: See Appendix A. |

<K (27)

mxee(~ )
50 50

Indeed, from this claim, we see that W(y,s) satisfies the hypothesis of Theorem 2’.
Therefore, either W = 0 or there exists Ty > 0, dyp € [0, dy] and 6y = £1 such that:

(1—dg)os
(1 + Toes + doy)i”%l

on the one hand, where kg is defined in (11). On the other hand, using (26), (i) of Claim
2.3, and the definition (11) of x(d,y), we see that

1 1
V(y, 8) € <_5_/7 (5_,> X Ra W(y,S) = 00’10
0 %0

(28)

1
1 —d(0)?)r1
Yy € (~1.1), W(.0) = 20(y) = w(d(0),9) = mo 2D VL (a9)
(1 +d(0)y)»-
Comparing (28) and (29) when y € (—1,1) and s = 0, we see that 6y = 1, dy = d(0) and
To = 0, hence, from (28),

(y,s) € (—%%) <R, W(y,s) = x(d(0),y).

In particular, from (24), (25) and (i) of Claim 2.3, this implies that

(3500) (590 Y0

757
500

=d

which contradicts (23). Thus, Lemma 2.2 holds. |

Step 2: Conclusion of the proof of Proposition 2.1

Our goal is to prove that T'(z) is differentiable when x = 0 and that 77(0) = d(0). We
proceed by contradiction. From the fact that T'(x) is 1-Lipschitz, we assume that there is
a sequence x, such that

T
a:n—>0andM%d(O)—i—/\with)\#Oasn%oo. (30)

Tn

Up to extracting a subsequence and to considering u(—=z,t) (also solution to (1)), we can
assume that =, > 0. Since 0 is non characteristic, we see from (20) and (21) that

A+d(0) > —by > —dp. (31)

The following corollary transposing the convergence of w(s) to wy, (s) follows from Lemma
2.2:



Corollary 2.4 Let 6; = 1256. For o], = —log (M), we have

H(wxn >_<wi(/0*)* >H 0 as m— oo
OsWg,, (0 dsw'y (0%) Hle2(_6L,6L)
1781

where = = —sgn A,

2y 501
> and w(y, ) = Ko 1~ d(0)) - (32)
(1£es + d(0)y)

_ |A[(61 — dp)
o =log <51()\+d(0)40r56)

is a solution to (6).

Proof:
We define for n large enough a time 7, as the largest ¢ such that the section of the cone
Cop,T(2n),5, at time ¢ is included in the cone Co,o,ag)- Note by definition of 7, that we have

B <a:n %) cB (0, (; ) (33)

and 7, = T(zy,) — 61(&), — xp) = —6(&), for some &, € R, hence
/

0
51— 0,

(T'(xn) + 01y). (34)

Tp = —

From (30), (31) and the fact that 0 < d; < d; < 1, note that 7, <O0.
Using the selfsimilar transformation (5), we write

u(z,t) = (—t)_%wo(y, s) where y = —it’ s = —log(—t), (35)
w(a,t) = (T(xn) —1) 7 Twy,(2,0) where » = % o = —log(T(zn) — 1)

Therefore, we have

weo(2,0) = (1+¢T(2))7 Two(y, ), (36)
Oyta, (2,0) = (1+eT(wn))r1 M Oyuwo(y, s), (37)
Bgwe, (,0) = (1 + T (wn))r1 {(1 + 5T () Dswo y, 5)

+ Qe;Tf(xln)wo(y,s)—i-es(yT(a:n)+xn)8yw0(y,3)} (38)

where
and s = o0 — log(1 — e T'(xy,)). (39)

Using the same process as in (35) with x(d(0),.) instead of wp (note that x(d(0),.) is also
solution to (6)), we define this solution to (6)

B (2,0) = (1 + € T(an)) T K(d(0), y) = mo(l—dOD7T

(1+ €7 (d(0)ay — T(n)) + d(0)z) 71

9



Hence, estimates (36)-(38) hold when (w,, ,wg) is replaced by (w,, ko). If we take now
o= o), = —log(T(zy,) — 7), then we see from (39) that s = 0, = —log(—7,) and from

(34) and (30) that as n — oo,

A(01 — &p)
81 (A +d(0) + &)’

(&

7 (d(0) 2y — T(2n)) — —

(41)
5 — & 81(0 + d(0) + A)
o 1+ ¢ T
ey — T ESY and 1 +e (xn)_>56(51+d(0)—|—)\)>0
because of (31). Therefore, if n is large enough, we get from (36)-(38)
Wy, (07,) _ wn(ag)
|CGietton ) - (orentoy )| 1

1 1
Hix12(~ 3.5

< CH( g}owzzﬁn) ) B ( g(d(O),‘) )HHleQ(Jn)

where the interval J,, C ( e 5,) by (33). Since we have from (32), (40) and (41)

(CONRETS R

) ST
050

where w4 (") is defined in (32), we get the conclusion of (i) in Lemma 2.4 from Lemma
2.2 and (42). [ |

Let us conclude the proof of Lemma 2.2. We consider two cases depending on the sign
of A and reach a contradiction in both cases. Using the selfsimilar transformation (5), we
introduce the following solutions to equation (1):

vp(&, 1) = (1 — T)_I%wxn(y, s) with y = %, s=o, —log(l —7), (43)

and

(1 —d(0)%)7

() = (1= 1) P (0t o1 =) ) =

! (L=7)£e” + d(O)g)le(M)
From Corollary 2.4, we have
H( gii?(O) > N < gféi)(()) )‘ — 0 as n — oo. (45)

1 1
Hix12(~ 3.5

Case where A < 0. Here, we will reach a contradiction using Corollary 2.4 and the
fact that u(z,t) cannot be extended beyond its maximal influence domain D,, defined by

(2).

10



In this case, (45) holds with + = +. Since v, and ¥4 are solutions to (1) and vy
is defined on {(&,7), | 7 < 1+¢” +d(0)¢} which contains the closure of D, (7y) =

{(&7), | 0< 7 <719— ||} where 79 is fixed in (1, min (%, 1+ e"*)), using (45) and the
solution of the Cauchy problem for (1), we see that for some nyg € N and for all n > ny,

v (€, 7) is well defined in D, (79). Since we have from the selfsimilar transformation (5)
and (43)

20

Un(€,7) = ¢ Lu(w, t) with o = 2, + Ee7 0, t =T (z,) — e Tn(1 — 7),
this means that for all n > ng, u(z,t) is well defined in the set
{(@8) | T(xp) —e ™ <t < T(wn)+ (10— e 7 — & — wnl},

which contains (x,,T(z,)). This is a contradiction by definition (2) of the maximal
influence domain.

Case where \ > 0. Here, a contradiction follows from the fact that w,, (y,s) exists
for all (y,s) € (—1,1) x [~logT(xy),+00) and satisfies a blow-up criterion at the same
time.

In this case, (45) holds with + = —. Since v_ is defined on {(£,7), | 7 <1—¢ +
d(0)¢} which contains the closure of D_(19) = {(§,7), | 0 <7 < min(7y,1— [£|)} for any

To € [0, 1-— %), using (45) and the solution of the Cauchy problem for (1), we see
that for some ng(79) € N and for all n > ng, v,(&,7) is well defined in D (7y). Moreover,

Un( 7'0 B v_(70)

O0-vn(10) 00— (1)
Using back the transformation (43) and taking s = ¢* — log(1 — 79), we get for all s €
[0, log (1 — 1d(0)])),

(5l 7ty ) - (aaty)

Since we have from (46)

— 0 as n — oco.
HIXL2(71+T(),177'0)

— 0 asn — oo. (46)
HlxL2(-1,1)

E (wg, (0}, —0*+s)) = E(w_(s)) as n — oo

and
Vs € [s—,log(1 —|d(0)])), E(w-(s)) <0 for some s_ < log(1 — |d(0)) (47)

(see Appendix B for the proof), we see that for all n large enough, we have
E(wg, (o, —0*+s_)) < =E(w_(s-)) <0. (48)

Since by the definition (5), wy, is defined for all (y,s) € (—=1,1) x [—logT(zy,), +0), a
contradiction follows from the following claim:

11



Claim 2.5 (Blow-up criterion for equation (6), see Antonini and Merle[3]) Con-
sider W(y, s) a solution to equation (6) such that W (y,so) is defined for all |y| < 1 and
E(W (sp)) <0 for some sg. Then, W(y,s) cannot ezist for all (y,s) € (—1,1) x [sp,00).

Proof: See Theorem 2 page 1147 in [3]. |

Thus, (30) does not hold and T'(z) is differentiable at x = 0 with 77(0) = d(0). This
concludes the proof of Proposition 2.1. |

2.2 Proof of Theorem 1

Let z¢ be a non characteristic point. From (3), we know that (20) holds. One can assume
that g = T'(z9) = 0 from translation invariance. From [19] and Proposition 2.1, we know
(up to replacing u(x,t) by —u(z,t)) that (10) holds with some d(0) € (—1,1) and 6(0) =
and that T'(z) is differentiable at 0 with

7/(0) = d(0). (49)

We proceed in 3 steps.

- In Step 1, we use [19] and the fact that 0 is non characteristic to derive that (10)
holds in a small neighborhood of 0 for some d(x) € (—1,1) and (z) = 1 with d(z) — d(0)
as ¢ — 0.

- In Step 2, using a geometrical construction and the previous step, we show that in a
small open interval containing 0, the Lipschitz constant of T'(x) is less than H’%'l(o).

- In Step 3, using Steps 1 and 2, we conclude the proof of Theorem 1.

Step 1: Openness of the set of = such that (10) holds
We have from the dynamical study in selfsimilar variables (5) in [19]:

Lemma 2.6 (Convergence in selfsimilar variables for x close to 0 ) For all e > 0,

there exists n such that if |x| < n and x is non characteristic, then, (10) holds for w, with
|d(x) —d(0)| <€ and 0(z) = 1.

Remark: Here, we don’t assume that all the points in some neighborhood of 0 are uni-
formly non characteristic (that is, dg(z) defined in (3) may have no positive lower bound
in any neighborhood of 0). We use instead the fact that in [19], we have completely un-
derstood the dynamical structure of equation (6) in H close to the stationary solution
#(d(0),y).

Proof:

- Since 0 is non characteristic, we have from (22), for all s > s; for some s; € R,
|(wo(s), Dswo(s))]| - L2( 1) < K for some constant K, where &) € (0o, 1) is fixed.

5/ 75/
Again from the fact that 0 is non characteristic, note that (10) holds, hence (wo(s), dswo(s))
converges to (k(d(0),.),0) as s — oo in the norm of H defined by (9).

- Since for fixed s, we have (w;(y,s),0swz(y,s)) — (wo(y, s), dswo(y, s)) in H from the
continuity of solutions to equation (6) with respect to initial data, we know that for all
e > 0, there exists so(€) > s and 7]( ) > 0 such that for all z € (—n(e),n(e)),

H( ooy )~ (0] =

12



- From Theorem 3 in [19] (use in particular the first remark following Theorem 3), for a
small enough fixed € > 0, we have that for all z € (—n(¢e),n(e)), there exists d(x) such that

G5 )- (54 ) oo

ld(z) — d(0)] < Ce.

and

This concludes the proof of Lemma 2.6. |

Step 2: The Lipschitz constant of 7'(z) around 0 is less than (1 + |d(0)])/2
Fix €y small enough such that

eo > 0 and d(0) + 2 < 1. (50)
Using (49) and Lemma 2.6, we see that there exists g > 0 such that
|zl <no, |T(x) —T(0) —d(0)x] < eolx], (51)
and if in addition, x is non characteristic in the sense (3), then, (10) holds for w, with
|d(z) — d(0)| < €. (52)
We now claim:

Lemma 2.7 (The slope of T'(x) around 0 is less than (1 + |d(0)|)/2) It holds that

Mo 1o 1+ 1d(0)|
AP — < Ve — ol
Ve, y € =15 10h T@) -TWI < —5 v~y
Proof: We proceed by contradiction and assume that
1+ 1d(0
for some ¢ and yy € [—;7—8, 717—8], |T(x0) — T (yo)| > %WO — Yol- (53)

Up to considering u(—=z,t) (also a solution to equation (1)) and to renaming o and ypo,
we can assume that

1+ [d(0)]

Yo < o, T (y0) < T(xp) and 5

(0 —yo) < T'(wo) = T(yo)- (54)

We can also assume that yo is the minimum in [—ng, z¢] satisfying (54). Therefore, we
have

v e Fmp0). 0Oy 0> 1) - 7). (55)
Let us define
€ [yo, o] such that T(z*) — d(0)z" = min T(z) — d(0)x. (56)

yo<z<z0

Note from (54) that x* < xg. Indeed, if not, then T'(z¢) — d(0)zo < T(yo) — d(0)yo, hence,
T(x0) —T(yo) < d(0)(zo — yo) which contradicts (54).

13



Considering a family of straight lines of slope d(0)+2¢, there exists one which is “tangent”
to the blow-up curve on [z*, xo] at some point (m*, T'(m*)) with

—no < yo <z <m* <, (57)
in the sense that
Vi € 2%, x0), T(m*)+ (d(0) + 2¢0)(z — m*) < T(x). (58)
We have the following:

Claim 2.8 (m* is a non characteristic point) There exists 1 > 0 such that

1+ 1|d(0
Vo e [m* —m,m* +m], T(m")— wu —m*| <T(x). (59)
Proof: We claim first that
—5 <w <, (60)
which yields by minimality in (55)
1+1d(0
(‘QJ(JSO —y0) = T'(z0) — T'(yo) (61)

Note first from (54) and (51) that

o= < ooy (T~ Tlw)
< gy (7o) = T) = (T(w) = T0))]
< it~ ) + T (ool + o) (62)
Since il < 1, this yields

7o — w0 < C(d(0))eo (|yo] + o) < 2C(d(0))eom < 75

for € small enough. Since |zo| < {§ by(53), (60) follows.

Let us now prove (59). First note that m* < x¢. Indeed, from (56), (61), (57) and (54),
we have T/(a") < T(yo) +d(0) (z — yo) = T(o) + d(0) (2" — w0) — (5L — a(0) ) (o -
yo) < T'(xo) + (d(0) + 2ep)(x* — x0) since |d(0)| < 1, so (58) cannot hold with m* = z¢ (it
fails with x = z*).

- If m* € (yo,x0), then T(m*) is a local minimum for T'(z) — (d(0) 4 2¢p)(z — m*), hence,
since d(0) 4+ 2¢9 < 1 by (50), m* is non characteristic.

- If m* = yp, then yo = «* = m™ by (57). From (55) and the fact that T'(yo) — d(0)yo is
the minimum of T'(z) — d(0)z¢ for x € [yo, zo], we see that m™* is non characteristic, which
concludes the proof of Claim 2.8. |
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Thus, m* is non characteristic in the sense (3). Using (52) and Proposition 2.1, we see
that T'(x) is differentiable at z = m* and
|T'(m*) — d(0)| = |d(m") — d(0)] < €
on the one hand. On the other hand, from (57), (58) and the fact that m* < z¢, we have

T'(m*) > d(0) + 2¢p, which leads to a contradiction. This concludes the proof of Lemma
2.7. |

Step 3: Conclusion of the proof

Using Lemma 2.7, we see that for all x € [-35, %3],  is non characteristic in the
sense (3). Using Proposition 2.1, we see that T is differentiable at « and T"(z) = d(z)
where d(z) is such that (10) holds for w,. Using Lemma 2.6, we see from (49) that
T'(z) = d(z) — d(0) = T'(0) as  — 0 and #(z) = 1. This concludes the proof of
Theorem 1. |

3 Proof of the Liouville Theorem
Remark first that Theorem 2’ follows from Theorem 2.

Proof of Theorem 2’ assuming Theorem 2 : Consider w(y, s) a solution to equation (6)
defined for all (y, s) € (—é, é) x R for some 0* € (0, 1) such that for all s € R, (17) holds.
If we introduce the function u(z,t) defined by

u(zx,t) = (—t)fﬁw(y, s) where y = —it and s = —log(—t), (63)

then we see that u(x,t) satisfies the hypotheses of Theorem 2 with T, = z, = 0, in
particular (15) holds. Therefore, the conclusion of Theorem 2 holds for u. Using back
(63), we directly get the conclusion of Theorem 2. [ |

The rest of the section is now devoted to the proof of Theorem 2.

Proof of Theorem 2: Consider a solution u(z,t) to equation (1) defined in the backward
cone Cy, 1, 6+ (see (4)) such that (15) holds, for some (z.,T.) € R? and é, € (0,1). From
the bound (15) and the resolution of the Cauchy problem of equation (1), we can extend
the solution by a function still denoted by u(x,t) and defined in some influence domain
D,, of the form

Dy ={(z,t) €R?* | t <T(x)} (64)

for some 1-Lipschitz function T'(xz) where one of the following cases occurs:

- Case 1: For all z € R, T'(z) = +00.

- Case 2: For all z € R, T(x) < +00. In this case, since u(z,t) is known to be defined
on Cy, 1,5, (4), we have C;, 1. 5. C Dy, hence from (4) and (64)

Ve e R, T(x) > Ty — 0«|lx — x4 (65)

In this case, we will denote the set of non characteristic points by Ij.
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We proceed in 4 steps:

- In Step 1, we consider w, 7 defined in (5) where (z,T) is arbitrary in D,, and show it
converges to a stationary solution of (6) as s — —oo. Using some energy estimates from
[16], we conclude the proof of Theorem 2 when Case 1 holds.

- From this step on, we focus on Case 2. In Step 2, we show that there exists a non
characteristic point (in the sense (3)) with a given location.

- In Step 3, we first use the convergence result (10) to show that when z( is a non
characteristic point, w,, is a stationary solution to (6). It follows then that Iy is an
interval. We also reduce the proof of Theorem 2 to the fact that Iy = R.

- In Step 4, we proceed by contradiction and assume that Iy # R. We first show that
the blow-up set is a straight line of slope +1 outside Iy (that is, on the set of characteristic
points). Then, we conclude the proof thanks to a space-time energy argument applied at
a characteristic point.

Step 1: Behavior for s — —oco of w; 1(s) and conclusion when Case 1 holds
We first recall some dispersion estimates from [3] and [16]:

Lemma 3.1 (A Lyapunov functional for equation (6)) Consider w(y,s) a solution
to (6) defined for all (y,s) € (—1,1) X [sg, +00) for some so € R. Then:
(i) For all so > s1 > sg, we have

S9 1
Blw(sa)) - Blwls) =~ [ [ @l )* L0 dyas

where E is defined in (8).

(ii) For all s > sog + 1, /

2

w(y, s)P*1dy < C(E(w(so)) + 1)P.

NI

Proof: See [3] for (i). For (ii), see Proposition 2.2 in [17] for a statement and the proof of
Proposition 3.1 page 1156 in [16] for the proof. |

Using energy arguments together with the finite speed of propagation similar to what
we did in the blow-up situation (see [19]), we claim:

Proposition 3.2 (Behavior of w; 1(s) as s — —o0)
For any (z,T) € D,, it holds that as s — —o0,
either

||wj,T(3)||H1(71,1) + ||asw:z,T(3)HL2(71,1) — 0 in H' x LQ(—L 1),
or for some 0(z,T) = £1,

inf ijj(s) —0(z,T)k(d, .)HHI(AJ) + H@Swf’T(S)HLQ(iLl) —0

where k(d,y) is defined in (11).
Remark: Here, from the fact that 0* < 1, we have

{t <7FINC_ 7 14sx C{t <THNCor o5+ C Dy,
k) k) 2
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for some 7, hence all the point (z,T) are “non characteristic” (in a sense adapted to
s — —00).

Proof: The proof is similar to what we did as s — oo in Proposition 3 in [19] (see [19] for
details). We claim first that for some 5 € R, we have

Vs <5, w7 ()l (11) + [19swa 7(8) 210y < C (66)

where C' is related to the bound given in the hypotheses of Theorem 2. Let us prove
the estimate for ||w; 7(s)[|z2(=1,1) first. The estimate for sw; 7 and dyw; 7 follows in a
similar way. From the selfsimilar transformation (5), we have

2s —

wep(y,s) =€ 7 Tu(Z+ye T —e ).

Therefore,

1
/ =7 (Ys s)2dy = (T — t) 1/  u(x,t)’dr where t =T — e ™.
B(z,T-t)

-1

Since §* < 1, there exists 5(z, T) € R such that for all s < 5(z,T) (ort < t(z,T) = T—e~®)
- T —t
B(z,T—t)CB (x —5 > ;

we see that the bound on |lw; 7(s)|12(—1,1) follows from (15). Using Lemma 3.1, we see
from (66) that

Vs <3, |E(w, (|<Cand// \QP()dd<C

and from the monotonicity of E(w; r(s)), we see that E(w; r(s)) — E_ as s — —oo.

We now follow exactly the steps of the proof of Proposition 3 in Section 6 of [19]. See
[19] for more details.

- From Proposition 6.2 in [19], we reduce to prove that

Wz T( ) ([ w

Oswz () 0
where S is the set of H'(—1,1) stationary solutions to (6).
Recall from Proposition 2 in [19] that S = S; U S2 U {0} where

inf — 0 as s — —o0, (67)

HlxL2(-1,1)

S1={s(d,.) [ |d| <1} and Sy = {=r(d,.) [ |d] < 1}.

- Then, we proceed by contradiction to prove (67) and assume that there exists s,, — —00
as n — oo and €y > 0 such that for all n € N,

(nmgion )= (0 )

17
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As in Lemma 6.4 in [19], we prove that there exists §, — —oo as n — oo such that for
some w* € S,

Wz 7(5n) w* : 1 2

’ . — weakly in H* x L“(—1,1) as n — oo.
< Oswz 7(Sn) > ( 0 ) Y ( )

By the same way as in Lemma 6.5 in [19], we obtain a contradiction. This concludes the

proof of Proposition 3.2. |

From Proposition 3.2, we derive the behavior of the Lyapunov functional E(w(s))
defined by (8) as s — —o0.

Corollary 3.3 (Behavior of E(w;r(s)) as s — —00)
(i) For alld € (—1,1),

E(x(d,.)) = B(—#(d,.)) = E(ko) > 0. (68)

(it) For any (z,T) € Dy, either E(wg 7(s)) — 0 or E(wg 7(s)) — E(rg) > 0 as s — —o0.
In particular,
Vs € R, E(w;1(s)) < E(ko)- (69)

Proof: (ii) is a direct consequence of Proposition 3.2, the definition (8) of E(w(s)) and (i).
Thus we only prove (i). Since k(d,y) is a stationary solution to (6), we have

2(p+1)
(p— 1)

Multiplying this equation by k(d,y)p(y) and integrating with respect to y € (—1,1), we
get from the definition (7) of p(y)

E’i(dv y) - ﬁ(d7 y) + |’£(d7 y)|p_1’£(d7 y) = 0.

1 1 1
—/_1 |0k (d, y)[* (1 = y*)p(y) — ngjl;) /_1 ﬁ(d,y)Qp(y)dy+/_1ﬂ(d,y)p+lp(y)dy=0'

Therefore, from the definition (8) of E(k(d,.)) , we see that

_ 1
B(s(d.)) = g5 [ R oty (70)

Making the change of variables Y = %, we see from the definitions (11) and (7) of
k(d,y) and p(y) that

259 +11) /_1 k(d, y)P ply)dy = 259197:1)'#5+1 /_1 PO = Elro) = 0

Thus, (68) follows from (70). This concludes the proof of Corollary 3.3. [ |

This result allows us to conclude the proof of the Liouville Theorem by energy argu-
ments, when Case 2 holds. Indeed,

Corollary 3.4 (Conclusion of the proof when Case 2 holds) If for all z € R,
T(x) = 400, then u = 0.
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Proof: In this case, u(z,t) is defined for all (z,t) € R?. The conclusion is a consequence
of the uniform bounds stated in the hypothesis of Theorem 2 and the bound for solutions
of equation (6) in terms of the Lyapunov functional stated in (ii) of Lemma 3.1. Indeed,
consider for arbitrary ¢t € R and T > t the function wg r defined from wu(z,t) by means of
the transformation (5). Note that wg 7 is defined for all (y,s) € R%. If s = —log(T — t),
then we see from (ii) in Lemma 3.1 and (69) that

D=

/_ lwor(y, s)[Pdy < C(E(wor(so)) + 1)P < C(E(ko) + 1)P = Cy.

[

Using (5), this gives in the original variables

T—t

= 2(p+1)
/ ’ lu(x, t)|PHde < Cy (T —t)~ T
Tt

2

Fix t and let T go to infinity to get u(x,t) = 0 for all x € R, and then v = 0, which
concludes the proof of Corollary 3.4 and thus the proof of Theorem 2 in the case where
T(z) = 4o0. [ |

Step 2: Existence of non characteristic point with a given location
From now on, we assume that Case 2 holds. We claim the following general result on
the existence of a non characteristic point in a given cone with slope §; > 1.

Proposition 3.5 (Existence of a non characteristic point with a given location)
For all x1 € R and 01 € (04, 1), there exists xy = xo(x1,01) such that

(20, T(20)) € Cay 1(21),60 @ Coy 7o), C Do (71)
In particular, xg is non characteristic.

Remark: This proposition remains valid for general solutions defined for all (x,t) such
that 0 < ¢t < T'(x) with T'(x) > T > 0.

Proof of Proposition 3.5: Consider z1 € R and d; € (04, 1). Note that it is enough to show
the existence of xy such that (71) holds, since this implies by the definition (3) that zg is
non characteristic. Let us introduce

Ei={zeR | T(x) <T(x1) — |z — 21|}
Since 01 > d,, we have for |z| large
T(x1) — 01|z — 21| < Ty — du|z — 24| < T(2)

where we used (65) for the last inequality. Hence the boundedness of E;. Since Ey # ()
(1 € F71) and Ej is closed, there exists 9 € Fy such that

|x2—x1\:rréaEx|x—m1|, if |z — 1] > |xe — 21|, then T'(x) > T(x1) — 01|z — 21|, (72)
zeE)

and T(.Z‘Q) = T(:Cl) — 51|.1‘1 — fCQ‘ (i.e. (.’I,'Q,T(ZCQ)) S 8611771(11)751). (73)
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By continuity of T'(x), there exists ¢ € R such that

|zg — x1| < |zo — 1| and T'(zg) = min T(x). (74)

|z—z1]|<|ze—1]

We claim that x( satisfies (71). Indeed, note first from (74) and (73) that T'(xg) < T'(x2) =
T(21) — b1|xy — o] < T(x1) — 01]@1 — o), hence, (20, T(20)) € Cyy 1(21),6; Dy the definition
(4). For the second inequality in (71), note from (4) and (64) that it is enough to prove
that for all z € R,

T(xo) — 01|z — zo| < T'(x). (75)

- If | — 21| < |xg — 1|, then T'(xg) — 01|z — zo| < T(x0) < T'(x) by (74).

-If |x —x1| > |x2 — x1], then since we have just proved the first inequality in (71), it holds
that Cyy 7(20),61 C Cay,T(21),5, (use the fact that the two cones have the same slope), hence
T(xo) — 1] —xo| < T(x1) — 61|z — x1|. Using (72), we get (75) when |x —x1| > |22 — 21 ).
Therefore, (75) holds for all x € R and Cy 1(z0),5, C Du. Thus, the second inequality in
(71) holds. This concludes the proof of Proposition 3.5. [ |

1494
2

Taking 1 = x, and §; = in Proposition 3.5, we get:

Corollary 3.6 There exists a non characteristic point xy € R (in the sense (3)).

Step 4: The set of non characteristic points is an interval
We claim the following from energy arguments (Lemma 3.1):

Proposition 3.7 (Characterization of w,, when z( is non characteristic) If z
is mon characteristic, then, there exist d(zg) € (—1,1) and 0(z9) = £1 such that for all

(y,8) € (=1,1) X R, way(y, s) = 0(x0)r(d(x0),y) (11)-

Proof. From Corollary 3.3, we know that

E(wg,(s)) — e— as s — —oo with e =0 or e = E(kp) > 0. (76)

Using the convergence result of [19] stated in (10), we see that there exists d(zg) € (—1,1)
such that (5) (d(zo).9)
We, (8 B k(d(zxg),y

( Dottn, (5) ) 0(xo) ( 0 > IH — 0 as s — oo. (77)

where H and its norm are defined in (9). Using the definition (8) of E(w) and (68), we
see that
E(wg,(s)) — ex = E(k(d(zp),.) = E(ko) > 0 as s — o0.

Using Lemma 3.1, we see that

4 00 1
ey —e_ = ——/ / (Dswey (y,5))? p(y)Zdyds <0. (78)
p— 1 —o0 J—1 1- Yy
Hence, from (76), e = E(ko) and ey —e_ = 0. Therefore, from (78), we obtain

Oswy, (y,s) =0 for all (y,s) € (—1,1) x R, which means that w,, is a stationary solution
to (6). Using (77), we see that wy,(y,s) = 0(zo)rx(d(xo),y) for all (y,s) € (—1,1) x R.
This concludes the proof of Proposition 3.7. |

We claim:
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Corollary 3.8 Consider x1 < xo two non characteristic points. Then, there exists dy €
(=1,1) and 6y = £1 such that:

(i) for all (y,s) € (—1,1) X R, wy, (y,s) = wa,(y, s) = Opk(doy,y),
(ii) for all T € [x1,22], T(Z) = T(21) + do(T — 1) and for all (z,t) € Cz r@z).1,
(1— )7
u(z,t) = Ooko 0 —. (79)
(T'(z) =t +do(z — 2))7T

Proof : Consider 1 < x2 two non characteristic points.

(i) Using Proposition 3.7, we see that there exist d(z1) and d(x2) in (—1,1), and 6(x1)
and 6(z2) in {—1,1} such that for all (y,s) € (=1,1) x R, wy, (y, s) = 0;x(d(z;),y) where
i =0 and 1. Going back to the original variables with (5), we see that for i = 0 and 1,

— d(z)2) T
V(x,t) € Cm‘,T(Ii)Ju U(x’t) - 9(1‘1')%0 (1 d( l) ) — (80)
(T(:) — t + d(w;) (2 — 2;)) 7

Therefore, if V = Cy, 1(2,)1 N Cay T(2s),1, We have for all (z,t) € V,

1 1
1 —d(x)?)r1 1 —d(zy)2)r 1
(dw)?s e OdmpRt
(T(z1) —t+d(z1)(x —x1))7 1 (T'(z9) — t + d(x2)(z — x9)) P!
Since we know from (4) that V is a non empty open set of R?, this yields 0(x1) = 0(z2)
and d(z1) = d(z2) = L@2=TE@) Tyyg (1) holds with

T(z2) — T(x1)

9($1)/€0

do = d(xl) = d(l‘g) = To — o1 and 00 = 9(1‘1) = 0(%2) (81)
(ii) Consider Z € [z1,x2] and define
T(i‘) = T(l‘l) + do(i‘ — l‘l). (82)

Since (Z,T(Z)) is on the segment connecting (21, T(x1)) and (29, T(x2)) (use (81)), we see
from (4) that for some ¢(z) € R, we have

Va = Cp gz N <U@)} CH{Coy (1)1 Y Can 1(aa), 1} N {E < ()}
Therefore, from (80) and (81), we see that V(z,t) € Vz,
(1—dg)o
(T(w1) =t +dolw — 21))7 1

From the uniqueness of the solution of (1), we see that u(z,t) is defined everywhere in
Ci(z),1- In particular, the identity (83) holds in all C_ T(z),1» Which means by (82) that
T(z) = T(%) = T(x1) + do(& — x1). Hence, (79) follows from (83). This concludes the
proof of Corollary 3.8. |

u(x,t) = Oyko (83)

From Corollaries 3.6 and 3.8, we see that the set of non characteristic points is some
non empty interval Iy, and that for any z € Iy and z; € Iy, we have

T(x1) —T(z) =do(z1 — ) (84)

where dj is the slope of the blow-up curve on Iy. Thus, using (79), we get:
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Corollary 3.9 The set of non characteristic points is a non empty interval Iy and there
exist dyg € (—1,1) and 0y such that on Iy, the blow-up curve is a straight line with slope
dy. Moreover, for any x1 € Iy,

1
1—d23)r1
V(.I‘,t) € U Ci,T(i),lv u(x,t) = boro ( 0) 2 (85)

zelo (T(x1) —t +do(x — 1)) 71

We then have the following reduction of the proof of Theorem 2:

Corollary 3.10 [t is enough to prove that
Ih=R (86)
in order to conclude the proof of Theorem 2.

Proof: Let us conclude here the proof of Theorem 2 assuming (86). If [y = R, then we see
from Corollary 3.9 that the blow-up curve is a straight line of slope dy whose equation is

t=T(z) with Vx € R, T(z) =T(x«) + do(x — x4) (87)

and that
Dy = {(z,t) | t <T(xy) +do(x — x4)}

which contains C,, 7(,),1 by the fact that T'(z.) > Ty (see (65)). Using (65) and (87),

we see that |dg| < 0, hence C;, 7(z,) 5+ C Dy. Moreover, since U Cz1(z)1 = Du, we see
zely

that (85) implies (16) with Tp = T'(x,) and xp = x. This concludes the proof of Theorem

2 assuming (86).

Step 5: Conclusion of the proof
In this step, we proceed by contradiction to prove (86). Therefore, we assume that
Iy # R. From Corollary 3.9, up to changing u(x,t) in u(—=,t) (also a solution to (1)), we
can assume that
Iy = (—o0,b] or Iy = [a, b] (88)

for some a < b.

From Corollary 3.9, we know that the blow-up set is a straight line of slope dy € (—1,1)
on I(].

In this step, we first show that to the right of the interval Iy, the blow-up curve is a
straight line of slope 1, by the fact that Iy is an interval. We then find a contradiction
by energy arguments in space-time valid in the case of a non characteristic point. More
precisely:

Lemma 3.11 It holds that Vo > b, T'(z) =T(b) +z —b.

Proof: Let us remark first that since the blow-up curve is 1-Lipschitz from the finite speed
of propagation, we already know that for all x > b, T'(z) < T'(b) +  — b. We proceed by
contradiction, and assume that for some x; > b, we have T'(z1) < T'(b) +x1 —b. Therefore,
if A € R is the slope of the straight line connecting (b, T'(b)) and (z1,T(x1)), we have

T(x1) —T(b)

A=
xl—b

<1.
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Since 0, € (0,1) by the hypothesis of Theorem 2 and |dy| < 1 where dj is the slope of the
blow-up set on the interval Iy, we can fix some §; € (0, 1) such that §; € (max(ds,do, A),1).
Since §; > A, we have (b, T'(b)) & C,, T(z1),6,» therefore, since 61 > do, Ca, T(z1),6, does not
contain any point from the left half-line finishing in (b, T'(b)) and whose slope is dy. Since
this half-line contains the set

N ={(z,T(x)) |  is non characteristic }, (89)

this means that for any non characteristic point z, (Z,7(z)) & Cyy 1(2,)6, On the one
hand. On the other hand, since §; € (d4,1), Proposition 3.5 applies and we know that
there exists a non characteristic point zg = zo(x1,61) such that (zo,T(20)) € Coy 1(21),61
which is a contradiction. Thus, for all z > b, T'(x) = T(b) + x — b. This concludes the
proof of Lemma 3.11. |

From Corollary 3.9 and Lemma 3.11, we have:

Claim 3.12 0 1
Py
/ / |8swb+1,T(b+1)(yvs/)|2—1 E )2 dyds' = oo.
—-1J-1 Yy

Proof. Note first that b is non characteristic. Indeed,

- if In = [a,b] with @ = b in (88), then Iy = {b} = {zo} by Corollary 3.6 and b is non
characteristic.

- if not, then Corollary 3.9 and Lemma 3.11 imply that b is non characteristic.

We now know from Corollary 3.9 (put z1 = b) that for all (z,t) € Cyr@) 1,

(1)
(T(b) — t+ do( — b)) T

u(x,t) = Ooko

Up to changing u in —u, we can assume 6y = 1. Using the selfsimilar transformation (5)
and the fact that T'(b+ 1) = T'(b) + 1 (from Lemma 3.11), we see that when s < 0 and
—1 <y <1—2e® we have

1
Iio(l — d(%)l’—l
2
(14 doy +e5(dg — 1))»1

1
2¢5(1 — d, ko(l — d?)p—1
ey rpey(ys) = 2ol =d)  mozdy)r (90)

Pl (L4 doy + e5(do — 1))t

wb+1,T(b+1)(yu s) =

If we introduce
yi(s) = —€” and ya(s) = 1 — 2¢°, (91)

then we see that (y1(s),y2(s)) C (—1,1 — 2¢®) and from (90) and the definition (7) of p,
we have for all s € (—2,0) and y € (yl( ), y2(s)),

c Y 2.1 2 1
|8 wb+1 T(b+1 (y, )‘ > C(l S)p+i Z ‘ ‘p_,'_} and 1 522 Z C(l — es)pfl Z C‘S‘Pfl
— eS)p— s|p—




Since ya(s) — y1(s) > C|s| by (91), this implies that

y2(s)
/ / |Oswy11,7(b+1) (Y, 8 s)[? 1p£y)2dyds
Y Y

1(s)

C
> /l(yg() yﬂ))w\s\ o1 ds—C/ s\plds——i—oo

s| Pt
Since (y1(s),y2(s)) C (—1,1), this concludes the proof of Claim 3.12. [ |

Using energy estimates for wy 1 p41) still valid in the characteristic situation (Lemma
3.1), we write

/ / |0swpr1,7(6+1) (Y5 )‘2 1p£y; dyds (92)

= T [E(wb-l—lT(b—l—l)( 1) - E(wb+1T(b+1)(O))]

Since E(wpq1,7(5+1)(0)) > 0 (use Claim 2.5 and the fact that wy 1 r@p11)(y,s) is defined
for all (y,s) € (=1,1) x R) and E(wy11,7(341)(0)) < E(ko) (use (68)), we get from (92)

0 /1
2
/1/1 |Oswyy1.7(4+1) (Y )| 1p£y;2dyd8 < 400,

which is a contradiction with Claim 3.12. Thus Iy = R and by Corollary 3.10, Theorem 2
is proved. |

A  Proof of Claim 2.3

Let us first introduce the following continuity result for solutions to equation (6):

Proposition A.1 (Weak continuity of solutions to (6) with respect to initial
data in H' x L?) Consider a sequence of solutions W, to equation (6) defined for all
(y,8) € (A, A) x [0, s0] for some A > 1 and sy > 0 such that

Vs €[0,50], Vn €N, [[Wn(s),0sWn(s)llitxr2-a,0) <M (93)

for some M > 0.

If (W,(0),0sW,,(0)) weakly converges to some (z*,v*) in H' x L?>(—A,A) as n — oo,
then, there exists W (y, s) a solution to (6) with initial data (2*,v*) defined for all (y,s) €
(—A, A) x [0, sg] with the following properties:

(a) For all s € [0, s0], (Wn(s),0sWn(s)) = (W(s),0sW(s)) asn — oo in H' x L*(—A, A).
There exists ng = no(M, sg) € N sugh that for all n > ng and s € [0, sol,

(5) IWa(s) = W(8) 10 (—a ) < € 77, 2

(¢) €219, Wa(s) — 0,1 ()l 2(_a,) + [9:Wirls) — AW ()| 120 < C(A, M)e” 7T
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Proof: If we introduce

w(en) = (=)W (F g1 - 1) (94)
2

p—1

7)) = v (¢ - 2 (&) — €27(6),

then we see that u, (&, 7) is a solution of equation (1) defined in C;, where

n=1—e%, CG={(¢7) | 0<7<tand [{| <A(l—-1)}, (95)

and
V7 € (0,70l (un(T), Srun(T)lmxr2(piryy < Mo(l—7) 712, (96)
(4n(0), Brun(0)) > (=", 1) as m — o0, 0 H' x I%(— A, A) (97)

where My = Cy(p)M for some Cy(p) > 0 and D(7) = (—A(1 —7), A(1 — 7)). Note from
(96) and (97) that
12", 20l 12 x£2(—a,4) < Mo (98)

Therefore, we can define u(§,7) as the maximal solution of (1) with initial data (z*,z2])
defined in C,» where 7% < 1 is maximal. Note that

either 7° =1 or 7" < 1 and limsup ||(u(7), Oru(7))|| 1 x £2(D(r)) = 00 (99)
Defining
Up = Up — U, (100)

we see that the following Lemma allows us to conclude:

Lemma A.2 For all € > 0, we have the following with 7 = min(1g, 7" — €):
(a) sup;cjo,r.) 1vn(T) Lo (D(r)) — 0 as n — oo.

(b) There exists ng € N such that for all n > ng and 7 € [0, 7],
10¢vn (T)| L2(D (7)) + 10700 (T)l £2(D(r)) < 20Mo.

(¢c) For all 7 € [0,7], (vu(7), 0rv5 (7)) — O weakly in H* x L*(D(1)).

Indeed, let us first show that 7. = 7y for € small (in other words that 7" > 7y) before
deriving Proposition A.1 from Lemma A.2. Assume by contradiction that 7% < 7. Then,
using (a) and (b) of this lemma and (96), we see that for all € > 0, 7. = 7* — € and for all
T €0, 7" —¢€,

(7)), Oru(T) || 1 X L2(D(r)) < |t (7), Ortn (T) || 1 x L2(D(7))
+ lun(7) = u(7), Orun(7) = Oru(T) | 11 < 22(D(r)) < C(A, Mo, 7).

Letting € — 0, we see that limsup,_ .« [[(u(7), 07u(7))|| g1« £2(D(r)) < 00. Since we also
have 7% < 79 < 1, a contradiction follows from (99). Thus, 7* > 79 and Lemma A.2 is
valid for all 7 € [0, 79]. Let us now derive Proposition A.1 from Lemma A.2.

If we define s* = —log(1 — 7*) and for all (y,s) € (—A4, A) x [0,s*), W(y, s) by

w, )= (1—7) 7 TW ( ,—log(1 — T)> , (101)

1—171
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then we see from (94) that

den(67) = (1=7) 710, (5, —log(1 = 7).
(102)
Orun(€,7) = (1—7) 71! (35Wn + 4.0, W, + pélW") (1 _ —log(1 — T)>

and the same holds between u and W. Using (94), (101), (102) and (100) we obtain for
all s € [0, s,

IN

- _ 25

[Wh(s) — W(S)HLOO(fA A) e P Hop(T)||Loe (D(r))
10y Wi(s) — 8, W (s)|| 12(—a,4)
[0sWi(s) = OsW ()|l L2(—a,4)

_ 25 _s
+Ae P12 0cvn (7))l L2(D(r))

_ 25 _ s
e P12 [|0¢vn (1)) 22(D(7))

IN

_2s _ s
e P17 210rvn (7)) 2(D(r)
2 __2s_
Zﬁ\/QAe P v (1)) | Lo (D (7))

IN

+

where 7 = 1 —e™® € [0,79]. Therefore, the conclusion of Proposition A.1 follows from
Lemma A.2. Remains to prove Lemma A.2 to conclude.

Proof of Lemma A.2:
(a) From the definition (100) of v,, we see that

(02, = 0Z¢) vn = lunl""un — [ulPu = fu(€,7) (103)

where
‘fn‘ <p (|u‘p71 + |un|p71) |Un|

Since we have from (96) and the Sobolev injection that for all 7 € [0, 7], [|un (7)o (D(r))
< C(70) |lun (7)1 (p(ry) < C(10)Mo, we get for all 7 € [0,7.] and £ € D(7),

[F(&: )] < Cro, Mo) (14 oI5 ey ) lon(E - (104)
Translating (97), (96) and (98) for v,,, we write
(vn, O7vp) (0) — 0 weakly in H' x L?*(—A, A) and v,(0) — 0 strongly in LI(—A, A)
(105)
for any ¢ € [2,4+00] as n — oo, and

Vi € N, (om0l -.a) + 170 (0)|2(-a.0) < 2Mo. (106)

Using equation (103), we write
un(§,7) = S(7)vn(0)(£) + 51(7)0rvn(0)(8) + /OT (S1(T = 8)fu(s)) (§)ds (107)
where

1 T+t
S(O)h(@) = 5 (h(z + ) + h(z — 1)) and S (t)h(z) = 5 / h(z')da. (108)

—t

l\’)|>~
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Using (108), we write from (107)

on(7) < Lo(7) + Ju(7) + /0 " K (r, 5)ds (109)

where

an(7) = [[vn(T) oo D))y In(T) = [1S(T)vn(0)]| Lo (D(r))
(110)

In(7) = [151(7)0r v (0)[| oo (D(r)) and Kn(T,8) = [[S1(T = 8) fu(8)l| Lo (D(r))-
In the following, we use (105) to estimate I,,(7), J,(7) and K, (7, s).
FEstimate of I,(7). From (110) and (108), we have

sup I,(7) < ap(0) = 0asn — oo (111)
T7€[0,7¢]

by (105).
Estimate of J,, (7). Note first from (108) and (106) that for any 7 € [0, 7], we have

1
106 S1(7) 070 (0) | L2(D(r)) = §H3T’Un(- +7,0) = 0ron (. — 7,0)|[L2(D(r)
Cl|07vn(0) | 2(—a,4) < CMo.

A

Similarly, for any £ € (—A, A), we have

s

>

1- 1l 1 -
2 — —
/0 10-81(7)07vn(0)(§)[7dT = 4/0

< CHaTUn(O)H%Q(—A,A) < OMg,

|07 v (§ + 7,0) + Orvp (€ — T, O)|2d7'

which means that S1(7)0-v,(0) is 3-Holder for (£,7) € Cr. defined by (95). Then, since
9rvp(0) — 0 as n — oo in L*(—A, A) by (105), we use l¢_,<z<eir(2) as a test function
and write from (108), for all (§,7) € C;, (95),

1 A
S1(7)0;v,(0)(&) = 5/ Orvn(2,0)1¢_repceqr(x)dr — 0 as n — oo.
—A
This is the pointwise convergence in C,,. Since pointwise convergence and %—Holder imply

uniform convergence, this means that

sup Jo (1) < [1S1(-)07 00 (0)[| Lo (c,,) — 0 as n — oco. (112)
T€[0,7]

Estimate of K, (t,s). Fix some s and 7 such that 0 < s <7 < .. Using (110), (108)
and (104), we write,

En(7,8) = [51(7 = 8) fa(8) Lo (D(r)) < a8l (Dis)) < C(70, Mo) (1 + an(s)P ™) a(n(S))-
113
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Using (109), (111), (112) and (113), we write for all 7 € [0, 7],

an (1) — C(10, M) /OT (1+ an(s)p_l) ap(s)ds < sup (I,(7) + Jp(7)) — 0 as n — oo.

T€E[0,7¢]

Using Gronwall inequality with some a priori estimates, (105) and (110) , we get

sup |[vn(7)llze(p(ry) = SUp an(7) — 0 as n — oo,
T€E[0,7¢] T€E[0,7¢]

which is precisely the conclusion of (a) of Lemma A.2.
(b) Using (103), we can write
Up = Up,1 + Up2
where

(837 - 825) Up1 = 0, v,1(0) = v,(0) and 0;v,,1(0) = 0;v,(0)
(827 — 825) Un2 = [ol&T), vn2(0) =0 and Orv,,1(0) =0.

From (107), we have

vpa(§,7) = §) + S1(7)0-vn(0)(§),
§+T s
vn2(§,7) = / /§ . s)dyds.

Since the energy on slices of the light cone for the linear equation (115)
| ((@cvnae. )+ @ronate,))?) de
D(r)

is decreasing, we write from (106)

[0¢vn,1(T) [ L2(Dr)) + 10701 (T) | L2(D(r))
< 2([19vn,100) | 2 (g« A —r)7) + 107001 (0) | 2 (e < a(1=r)47)))
< 2 (Hafvn(O)HLQ(fA,A) + Haﬂ'vn(O)HLQ(fA’A)) < 10M0

From (118), we write

a&“nﬂ(fﬂ_) = %/O (fn(£+7_378)_fn(5_7+8>8))d37
Ovna6cr) = 5 [ (64T =55+ a6 =75 ds

Using (a) and (104), we see that for all n € N,

sup || fu(7)[| Lo (D(r)) — 0 as n — oo.
T7€[0,7¢]
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Therefore, we write for all 7 € [0, 7],

sup [|0¢vn2(T) 22 (p(r)) + 1070n,2(T)| L2(D(7))

T€[0,7]
< V24 S[%P ] 106 vn,2(T)l| oo (D)) + 1070n,2(T) || Lo (D(r)
7€|0,7e
7€|0,7e

as n — oo. Thus, (b) follows from (119) and (120) for n large.

(c) Since V7 € [0, 7], [[vn (7)1 (p(r)) < C and sup ¢o ) [|vn (7)< (n(r)) — 0 by (a)
and (b), this implies that v, — 0 in H'(D(7)). Remains to prove the weak convergence
of 0;v,(7) to 0 in L?(D(7)) as n — oo to conclude the proof of (c).

From (114), we have

arvn(fa T) = aTUn,1(£7 T) + ar”nﬂ(&a 7—)7
Using (117) and (108), we write

arvn,1(£7 T) = aTS(T)Un(O)(g) +0:51 (T)@Tvn(())(f)
= 5 @evn(€ +7,0) = Ogon(€ — 7,0)) + 3 (Dren(€ +7,0) + By (€ — 7,0))

Since (v, O-vy,) (0) — 0in H! x L?(— A, A) by (105), we have 0;vy,1(-,7) — 01in L?(D(7))
as n — oQ.
Using (120), we see that

S[UP | Haﬂ'vn,Q(T)HL?(D(T)) — 0 as n — oo.
T7€[0,7e

Thus, 0:0,(7) = 0;vp1(T) + Orvp2(r) — 0 in L*(D(7)) as n — oo. This concludes the
proof of (¢) and Lemma A.2. [ |

We now prove Claim 2.3.
Proof of Claim 2.3: Using the uniform bound stated in (22) and a diagonal process, we
extract a subsequence (still denoted by w,,) such that for all k£ € N,

1 1 11
wn(—k) = z, in H' <——,—> and dyw, (—k) — vy, in L? (——,_>
' 5’ % " 55

11
KK
Proposition A.1 on the time interval [—k, 0] and obtain the existence of Wy(y, s), a solution
to (6) such that

as n — oo for some (zj,vy) € H' x L? ( ) From the bound (22), we can apply
Wk(—k) = Zk and 88Wk(—k:) = Vg
with the following properties:

- First,

H(wn(o)aaswn(o)) - (Wk(o)aaku(O))H ) < 0(567[{)6 P=1, (121)

Hlx[2 (_L’L
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- Second, for all s € [—k,0], (wn(s),0swn(s)) — (Wi(s),0sWi(s)) as n — oo in
H' x L?(—1,1). Therefore, from (22), we obtain for all s € [k, 0],

(ot )] (5]

Using a diagonal process, we can assume that
1

1
WJemtm@wwﬂ%w@onﬁjpy>kamwnm.
0 0

< lim inf

< K.
e (7% i,) s K. (122)
0750

HleQ(f%,i,)
50 50

Therefore, we can define W (y, s) for all (y,s) € (—5%, 5%) X (—00,0] by the fact that the
0 0

restriction of W to (—%, %) x [—k,0] is Wy, for any k. Hence, from (122), we see that
(27) holds for all s < 0. Since W (0) = W(0) for any k € N, letting k go to infinity in (121)
gives the strong convergence of (w,,(0), 9swy,(0)) to (W(0),9sW(0)) in H! x L? ( 5 51, )
From the continuity of the solution to the Cauchy problem, the same strong convergence

holds for any s > 0. Thus, using (22), we see that (27) holds for any s > 0. This concludes
the proof of Claim 2.3. |

B Sign of E(w_(s)) for s close to log(1 — |d(0)|)

We prove (47) here. Let 0 = s —log(1 —|d(0)|). In the following, we will make expansions
as o — 0.
Using (8) and (32), we write

_ 2 20 9 2
Bw. (s) = U : 'Cl_(l))‘) W2(1— d(0)))7T I(0) + (Zd_(oi)ﬁgu 4(0)2)727 J (o)
((;’ +11))2 K2(1 — d(0)2) T K(0) — ]ﬁ/@gﬂu A0 (o) (123)
where
e Loy -y
Io)= | ——z, Jlo)= | ——7, Klo)= [ ———,
/1 g(y70-) (p—l) /1 g(y,U) (p—l) /1 g(y7o-)p—1

with g(y, o) = 1—(1—|d(0)|)e? +d(0)y. Since d(0)J(c) = d(0)o ( (1)) and K (o) = o(a1(0))

2
as 0 — 0~ from straightforward computations, and (;Lf)g = from (11), we see from

T
(123) that E(w_(c)) has the same sign as €27 (1 — |d(0)])2 + d(0)o(1) + o(0) — (1 — d(0)?)
which is equal to 2|d(0)|(|d(0)| — 1) + d(0)o(1) + 20(1 — |d(0)])? + o(c) as ¢ — 0. Since
|d(0)| < 1, (47) is proved.
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