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Abstract

We construct a solution to the complex Ginzburg-Landau equation, which blows
up in finite time T only at one blow-up point. We also give a sharp description
of its blow-up profile. The proof relies on the reduction of the problem to a finite
dimensional one, and the use of index theory to conclude. Two major difficulties arise
in the proof: the linearized operator around the profile is not self-adjoint and it has a
second neutral mode. In the last section, the interpretation of the parameters of the
finite dimensional problem in terms of the blow-up time and the blow-up point gives
the stability of the constructed solution with respect to perturbations in the initial
data.
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1 Introduction and statement

The complex Ginzburg-Landau equation appears in various physical situations. In partic-
ular it appears in the theory of superconductivity, the description of several instabilities
in fluid dynamics (in particular the plane Poiseuille flow). It can be seen as a generic
amplitude equation near the onset of instabilities that lead to chaotic dynamics in fluid
mechanical systems, as well as in the theory of phase transitions and superconductivity.
We refer to Popp et al. [21] and the references therein for the physical background.

We are concerned in this paper with the following Ginzburg-Landau equation:

u = (14+if)Au+ (1+i8)|ulPtu—yu
u(.,0) = wg € L®(RYN,C), (1)

where u(t) : # € RY — u(z,t) € C, p > 1 and the constants 3, § and 7 are real. The
Cauchy problem for equation (1) can be solved in a variety of spaces using semi-group
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theory as in the case of the heat equation (see for instance [5, 8, 9] for existence results
and [19] for some uniqueness results). In particular for an initial data ug € L>®(RY,C),
there exists a time 77 > 0 and a unique solution u € C([0,T1]; L>°(RY,C)) to (1). This
solution can be prolonged to [0, 00) if there is no blow-up.

An extensive literature is devoted to the study of the “twin” equation

ug = (1 4+8)Au — (1 — id)|ulP"tu — yu (2)

with the negative sign in front of the nonlinear term (global existence of weak solution
[6, 10], existence of traveling wave solutions (see Tang [22] for example) are available in
this case). The major difference between the two equations can be seen from the associated
ODEs

u' = (14 i6)|ulPu and o' = —(1 —id)|ulPtu. (3)
We see that the ODE associated to equation (1) exhibits finite-time blow-up.

To our knowledge, the question of the existence of a blow-up solution for equation (1)
remained open so far. In this paper, we will prove the existence of such solutions under
some conditions on ( and 0. Classical methods based on energy-type estimates (Levine
[11] and Ball [1]) break down. However, there have been some strong evidence that blow-
up can occur. In their paper, Popp et al. [21] give such an evidence through a formal
study and numerical simulations.

We also point out that (2) may have blow-up in the focusing case, namely 5§ > 0.
In [20] (see also [4]), Plechac and Sverak give some evidence for the existence of a radial
solution which blows up in a self-similar way. Their argument is based on matching a
numerical solution in an inner region with an analytical solution in an outer region. As
explained in [20], addressing the blow-up question for the complex Ginzburg-Landau equa-
tion is important not only for the equation itself , but also because the Ginzburg-Landau
equation has common fundamental features with the Navier-Stokes equation, making it a
lab model for the study of the singular behavior for Navier-Stokes.

In this paper, we justify the formal method of Popp et al. [21] and construct a solution
u(x,t) of (1) that blows up in some finite time 7', in the sense that

T [[u(8)] o ) = +00,

with the same profile and the same range of parameters (see section 3.3 in [21] where the
case p = 3 is treated, but the analysis extends naturally to other values of p > 1). More
precisely, this is our existence result:

Theorem 1 (Existence of a blow-up solution for equation (1)) Consider (3,0) €
R? such that

p—6 —pB5(p+1)>0. (4)
Then, equation (1) has a solution u(x,t) which blows up in finite time T > 0 only at the
origin. Moreover,
(i) for all t € [0,T),
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where

b (p—1)° 2b3

“ oo oy e ot (6)
(ii) for all x # 0, u(z,t) — u*(z) € CARV\{0}) and
T 2 -3H7
u*(x) ~ |2log |z || [5%] as © — 0. (7)

Remarks:

1) Note that no smallness assumptions are made on 3 or §. We just assume (4). In
particular, when 3 = 0, the result is valid for all 0 € (—/p, \/p). This answers a conjecture
by Zaag [23] where the result was proved only for small 4.

2) Note that the norm as well as the phase blow up in (7).

3) The result holds with the same proof when the reaction term in (1) is replaced by f(u)
which is equivalent to (1+48)|u|P~ u as |u| — oo. For simplicity, we prove the result when
the nonlinear term is exactly (1 + i6)|u[P~ u, that is when v = 0 in (1).

4) We will only give the proof when N = 1. Indeed, the computation of the eigenfunctions
of L35 (defined in (22)) and the projection of (21) on the eigenspaces become much more
complicated when N > 2. Besides, the ideas are exactly the same.

5) The blow-up in Theorem 1 can be seen as a blow-up based on the heat equation. This
is different from the blow-up solutions proposed by [20] for equation (2) where the blow-up
mechanism is based on the focusing Schrodinger part and is self-similar.

6) Note that the constructed solution satisfies

1

vt e [0,T), [u(®)|z= < Co(t) where v(t) = (p — 1) 71 (T — ) 71

is the the solution of
v/ = oP with thrr% v(t) = +o0.

In the heat equation blow-up literature, such a solution is called of “Type 1”7 (see Matano
and Merle [12]).

Our proof uses some ideas developed by Merle and Zaag in [14] and Bricmont and
Kupiainen in [3] for the semilinear heat equation

up = Au+ |ulP .

In [23], Zaag adapted that method to the case of the following complex-valued equation,
where no gradient structure exists:

up = Au+ (1 +i0)|ulP~ u

and where § is small enough. One may think that the method used in [14], [3] and [23]
should work the same for (1) perhaps with some technical complications. This is not
the case, since the fact that § # 0 breaks any symmetry in the problem and makes the
diffusion operator associated to (1) not self-adjoint. Moreover, note from (4) that we will
allow § and 0 to take large values as long as the constant b defined in (6) is positive. In
other words, the method we present here is not based on a simple perturbation of the
semilinear heat equation as in [23].



More precisely, the proof relies on the understanding of the dynamics of the selfsimilar
version of (1) (see equation (11) below) around the profile (5). More precisely, we proceed
in 2 steps:

- In Step 1, we reduce the question to a two-dimensional problem : We show that it
is enough to control a two-dimensional variable in order to control the solution (which is
infinite dimensional) near the profile. Two difficulties arise here: The linearized operator
is not self-adjoint and there is a new zero eigenvalue coming from the complex character
of the solution (modulation is needed to control this new neutral mode).

- In Step 2, we proceed by contradiction to solve the two-dimensional problem and
conclude using index theory.

As in [14] and [23], it is possible to make the interpretation of the two-dimensional
variable in terms of the blow-up time and the blow-up point. This allows us to derive the
stability of the profile (5) in Theorem 1 with respect to perturbations in the initial data.
More precisely, we have the following:

Theorem 2 (Stability of the solution constructed in Theorem 1) Let us denote
by u(x,t) the solution constructed in Theorem 1 and by T its blow-up time. Then, there
exists a neighborhood Vo of u(x,0) in L> such that for any ug € Vp, equation (1) has a
unique solution u(x,t) with initial data uy, and u(xz,t) blows up in finite time T(ug) at
one single blow-up point a(ug). Moreover, estimate (5) is satisfied by u(x — a,t) and

T(up) — T, aug) — 0 as g — dy in LR, C).

Remarks:

1) This stability result is more general than stated. Indeed, from our proof, we can show
that not only is our solution stable, but also any solution which is trapped in some shrink-
ing neighborhood of the profile in the selfsimilar variables. See section 6 for a precise
statement. Even though we don’t show that any solution satisfying (5) is trapped in this
shrinking neighborhood, we believe that this gap is small in comparison with the the sta-
bility proof inside this trap.

2) This stability result gives a physical legitimacy to the solution we construct. In partic-
ular, we suspect that a numerical simulation of equation (1) should lead to the profile (5).
3) Following remark 6 after Theorem 1, we note that all the solutions u(x,t) with initial
data ug € Vy are all of Type 1, since they all satisfy (5).

Some authors write the complex Ginzburg-Landau in the nonlinear Schrodinger equa-
tion style. Following that choice, we have this corollary:

Corollary 3 (Blow-up solutions in the NLS style) Theorems 1 and 2 yield stable
blow-up solutions for:
(i) the following perturbed defocusing Schrodinger equation with v > 0 and v/ > 0

. . 1. 1 p+1
_ 1
u =V +i)Au+ (v —i)|uPlu zfp—ﬁ—l— -~ > 0, (8)
(1) the focusing Schrédinger equation with v > 0 and v/ > 0
1 1
ug = (V' + i) Au+ (v +i)|ulP ifp——Q—p+/ > 0. 9)
v vv



In both cases, the solutions blow up only at one point and the blow-up profile is given by
(5) after appropriate scaling.
To prove the corollary, we notice that the condition (4) becomes p— ,‘j—i - g%(p—l— 1) > 0 for

the equation u; = (V' +i8)Au+ (v +1i0)|ulP~ u with v > 0 and v/ > 0. Note in particular
that for the defocusing Schrédinger equation

up = iAu — i|ulP " u,

a small perturbation of the type v(Au+ |u[P~!u) yields blow up solutions of heat equation
type with v very small. However, for the focusing Schrédinger, we need a big enough
perturbation to get a blow-up solution of the heat equation type.

Following our results, many problems remain open, like determining sufficient and/or
necessary conditions that yield Type 1 blow-up. There is also the question of taking an
arbitrary blow-up solution of (1) and determining its blow-up behavior. If such a solution
is of Type 1, we expect that the classification of all Type 1 solutions of (1) defined for all
(x,t) € RN x (=00, T) for some T' > 0 would play an important role. As a matter of fact,
in the case of the pure heat equation

B=d=0and (N —-2)p< N +2,

such a classification was done (in the form of a Liouville Theorem) by Merle and Zaag in
[15] and [16] (see also Nouaili [17]), yielding uniform estimates for blow-up solutions. The
existence of a Lyapunov functional in this case was essential in the proof. When

B=0and d #0,

there is no Lyapunov functional, and the method of [15] and [16] breaks down. Never-
theless, Nouaili and Zaag obtained a classification in [18] for small § and not so large
solutions.

We proceed in 6 sections to prove Theorems 1 and 2. In Section 2, we use a formal
argument to derive the profile in (5). Since the formal argument cannot be justified, we
adopt a different strategy and make a new formulation of the problem in Section 3. Then,
we give the proof of Theorem 1 in Section 4 (section 5 is devoted to the proof of a technical
lemma which is central in the step of reduction to a finite dimensional problem). Finally,
we prove Theorem 2 in Section 6.

The second author wishes to thank the Courant Institute of New York University for
the hospitality in January 2003, when this work was started.

2 A formal approach

Given an arbitrary 7' > 0, we introduce the following self-similar transformation of equa-

tion (1) )
w(y, s) = (T — )7L u(z, 1), y= T”““_ . s=—log(T —t). (10)

~



If u(x,t) satisfies (1) for all (x,t) € RN x [0,T) (with v = 0), then w(y, s) satisfies for all
(y,8) € RN x [~ 1log T, +0c0) the following equation
ow 1+

1
5 = (1+i8)Aw — iy.Vw l— w + (1 +i8)|w|P w. (11)

1446
Thus, constructing a solution u(z,t) for equation (1) that blows up at 7" like (7' —¢) »-1

reduces to constructing a global solution w(y, s) for equation (11) such that
1
0 < ep < limsup |w(s)]| oo @myy < —.
€0

§—00

Let us try to find a solution for equation (11) of the form

oo

Wy ) = 1503 (L), (12)

§=0
Let us denote z = % By looking at the leading order, we find that wgy should satisfy

1 1+40
——z.Vwy — R
2 p—1

wo + (14 46) |wo [P~ 1wy = 0. (13)

Hence, modulo a phase, there exists b > 0 such that
1416

b2 .
wo(z) =k (14 o1 s where k = (p — 1) »-1. (14)
p—1 s

At the order %, we get

1 1 146
F(z) = —ipwo + §z.Vw0 + (1 +148)Awy — §Z-Vw1 _ p—l;zl

w1 +

. +1 _ -1 _
+(1 4 49) [p?\wo\p Ywy + p?|wo\p Swiwr | = 0.

Computing F(z = 0), we get
—ipk + (14 i8)Awy(0) + (1 +i0)Rw,(0) = 0.
Taking the real part and the imaginary part, we deduce that

2kb _ 2b0
o o) and =

Expanding w; in powers of z, namely wi(z) = wi(0) + vz + az? + O(z%) and expanding
F(z) in powers of z, we get that

§Rw1(0) = (1 +(52).

7=0
by looking at the term of order z and that
(1+id0)b  (1+id)b . 1+146 <1+i5 > v?
1K — K + (1 4+1i8)6k —+
TR e S VAN S VR AT

F(1 4 i0)Ra —a+ (1+ ia)Tiw [(p+ 1wy (0) + (p — 1 + 2i8)@7(0)] = 0

6



by looking at the term of order z2. Taking the real part, we see that a and Jw(0)

disappear and we get an equation only involving b, x and Rwi(0), namely

_ [KOb Kb 61b? n b
(p—12 (p—1 p-1* (»-1)

Writing ¢ and Rw; (0) in terms of b, we deduce that

. (p—1)°
4(p— 02— 86 — Bop)’

o (p_ (p+1)36 — 52) 2162 — pRw (0) = 0. (15)

3 Formulation of the problem

The preceding calculation is purely formal. We know of no proof that the expansion (12)
can be continued to all orders (see Berger and Kohn [2]). However, the formal expansion

in (12) provides us with the profile of the function (w(y,s) = e¥*!°8$ (wo (%) + ))
Our idea for the actual proof is then to linearize equation (11) around that profile and

prove that the linearized equation as well as the nonlinear equation have a solution that
goes to zero as s — oo. Let us introduce ¢(y, s) and 6(s) such that

w(y,s) = erloest06) (o(y, s) + q(y, s))

‘ 9 _1-&;1‘15
where  (y,s) = ¢o (%) + %(1 +i0) =K <p -1+ b%) ’ + %(1 +i6),
2kb
a= 1-90),
(p— 1)2( )

(16)
k is defined in (14) and b and p are defined in (6) (in order to guarantee that only one
couple (g, 0) satisfies (16), an additional constraint is needed; see (51) below.

Note that ¢g(z) = wp(z) defined in (14) has been exhibited in the formal approach and
satisfies equation (13), which makes ¢(y, s) an approximate solution of (11). If w satisfies
equation (11), then ¢ satisfies the following equation

dq (1 +140)
ds =L —

q+ L(q,0",y,s) + R*(0',y,s) (17)
where

, 1
Lsq = (1+iB)Aq — §y-Vq,

L(g.0'y,5) = (L+i0) {lo +al" (e +a) — el e} =i (E+0(5)) o
(18)
R*(0',y,s) = R(y,s) — i (g + 9'(8)) ¢ with

146 . _
B0 el e

0 , 1
R(y,s) = =55 + (1 +i8)Ap — 5y.Vp -

7



Our aim is to find § € C!([~1logT,o0),R) such that equation (17) has a solution ¢(y, s)
defined for all (y,s) € RV x [~logT,oc) such that

llg(s)||e — 0 as s — oo.

From (16), one sees that the variable 2 = % plays a fundamental role. Thus, we will

consider the dynamics for |z| > K and |z| < 2K separately for some K > 0 to be fixed
large.

3.1 The outer region where |y| > K/s

Let us consider a non-increasing cut-off function yo € C°(R*,[0,1]) such that xo(¢) =1
for £ <1 and x¢(¢) = 0 for £ > 2 and introduce

X(¥,s) =Xo <K‘L\|/§> (19)

where K will be fixed large. Let us define

Ge(y,5) = e T°q(y, 5) (1 — x(y,5)) - (20)

e is the part of ¢(y,s) for |y| > K./s. As we will explain in subsection 5.3, the lin-
ear operator of the equation satisfied by ¢. is negative, which makes it easy to control
1ge(s)[| oo (m)- This is not the case for the part of q(y, s) for [y| < 2K/s, where the linear
operator has two positive eigenvalues, a zero eigenvalue in addition to infinitely many neg-
ative ones. Therefore, we have to expand ¢ with respect to these eigenvalues in order to
control [|g(s) || foo(jy|<2k,/5)- This requires more work than for g.. The following subsection
is dedicated to that purpose. From now on, K will be a fixed constant which is chosen
such that Hgo(s’)HLoo(‘y'zK\/;) is small enough, namely ||900(Z)||i;1(\z\21<) < m (see
subsection 5.3 for more details). We point out for instance that K goes to infinity when
b goes to zero.

3.2 The inner region where |y| < 2K/s

If we linearize the term L(q,¢’,y, s) in equation (17), then we can write (17) as

0 . _ *
a—z =Lgsq—1 (g + 9’(8)) q+Vig+V2q+ B(q,y,s) + R*(¢,y,s) (21)

where

Lgsq= Laq+ (1 +i6)Rq,

Vily,s) = B5L (1 +0) (el = 5y) s Vel s) = 2521 +40) (JoP 2 - Ly ) |

B(g,y,5) = (1+0) {|¢+ aP " (o +a) — Il "o — Il ~1q — 252 |olP =30 (o3 + 3a) }
22

(22)



with Lg and R*(#',y, s) defined in (18).
Note that the term B(q,y,s) is built to be quadratic in the inner region |y| < 2K+/s.
Indeed, we have for all K > 1 and s > 1,

sup |B(q,y,s)| < C(K)|ql*. (23)
ly|<2K+/s

Note also that R(y, s) measures the defect of ¢(y, s) from being an exact solution of (11).
However, since ¢(y, s) is an approximate solution of (11), one easily derives from (13) the

fact that c
[R(s)|lLe < . (24)

Therefore, if 6'(s) goes to zero as s — 0o, we expect the term R*(6',y, s) to be small, since
(18) and (24) yield

RO 9] < + 10/ (25)

Therefore, since we would like to make ¢ go to zero as s — oo, the dynamics of equation
(21) are influenced by the asymptotic limit of its linear term,

Lssq+ Vig+ Vaq,

as s — 00. In the sense of distributions (see the definitions of V; and V5 (22) and ¢ (16))
this limit is £3s5q. We would like to find a basis where L35 is diagonal or at least in
Jordan blocks’ form. In order to do so, we first deal with Lg.

3.3 Spectral properties of Lg

Here, we take N > 1 and starting from subsection 3.4, we will restrict to N = 1. We

consider the Hilbert space L‘me(RN ,C) which is the set of all f € L? (R, C) such that

L 0 Plos(wldy < +2c,

where ) )
|yl |yl

e A1 +1ip) 3 sl — e A1+ ?)
(4 (1 4 ip) N2 P (Mm)m-

(RN, C). Indeed, we can write it in divergence form

pp(y) =

2

We can diagonalize L3 in L\p5|

1 .
Lgqg =—div(psVq).
P

We notice that L3 is formally “self-adjoint” with respect to the weight pg. Indeed, for any

v and w in prﬂ‘(RN, C) satistying Lgv and Lgw in prﬂ‘(RN, C), it holds that

/’Uﬁgwpgdy = /wﬁgvpﬁdy. (27)



If we introduce for each o = (a, ..., an) € NV the polynomial
Yi
=coIY H,, | ——— 28
fOl(y) Calli—1do, <2m> ( )
where H,, is the standard one dimensional Hermite polynomial and ¢, € C is chosen so
that the term of highest degree in f, is HZ Y5, then we get a family of eigenfunctions of

L3, “orthogonal” with respect to the weight pg, in the sense that for any different o and
¢ in NV,

Lot = 5, (29)

|t fewpstmay = o (30)

Moreover, the family f, is a basis for L|2pﬁ|(RN ,C) considered as a C vector space. All the
facts about the operator Lz and the family f, can be found in Appendix A.

3.4 Spectral properties of L3,

In the sequel, we will assume that NV = 1. Now, with the explicit basis diagonalizing L3,
we are able to write Lg s in a Jordan blocks’ form. More precisely,

Lemma 3.1 (Jordan blocks’ decomposition of L3;) For all n € N, there exist two
polynomials

n—1
hn = ifn+ Y _djnf; where dj, € C (31)
§=0
and h, = fo+dif,+ Z djnf;j where dj,, € C (32)
§=0
of degree n such that
Eﬁ,ﬁhn = _ghna ‘Cﬁ,éhn = (1 - g)ﬁn + cnhn—2 (33)

with ¢, € C (and we take hy, = 0 for k < 0). The term of highest degree of hy, (resp. hy)
is 1y" (resp. (1 +10)y™).

Remark: We notice that ¢y = ¢; = 0, which means that ho and hy are also eigenfunctions
for £55. On the contrary, c # 0. When n > 3, we expect that ¢, # 0, however, we
didn’t try to prove it and actually this fact is not necessary for our proof. When n > 2, we
also notice that Span {h,_2, ﬁn} is the characteristic space associated to the eigenvalue
1—n/2.

Proof of Lemma 3.1: Let us first remark that in the basis (if,, fn)nen, the operator
L3 s is an infinite upper triangular matrix. Indeed, since the term of highest degree in f,,
is 4™, which is real, we can expand

Rfn = fn+Zajanand%zfn Zb]nfg

10



where a; , and b;, are complex. Therefore, by definition (22) of Lg s, we have
Eﬁ,é (’Lfn) = ‘Cﬁ (an) + (1 + ’L(s)?R(an)

n—1
_ —gifn—i—(l—i-ié)zbj,nfj
j=0
n—1
_ _gifn " jz::o%((l +i0)bin) fi + S+ i6)bj.0) [ (34)

and

Lssfn = Lafa+ 1 +i0)Rf,

n—1
= —Shut (i) | fut 20y
P
n—1
= (1=3) fa+difa+ ZO R((1+i0)ajn) f; + S((1+i0)ajn)ifs.  (35)
p

Thus, Lg s is an infinite upper triangular matrix in the basis (ify, fn)nen, and its diagonal

1S 1 1
S 1,0, 2
279 2 2

We first consider A =0 or A = 1. Looking for eigenfunctions for Lz as a linear combina-
tion of the two first basis elements (i fy and fp) yields ho(y) = (1+40) and hy(y) = (1+id)y
respectively.

Taking A = —g, we remark that it occurs first in the diagonal of Lgs at the position of

the column of L3 5(ify,) (see (34)) and then at the column of L3 5(fn12) (see (35) and note

that 1 — 22 = —12).

Looking for an eigenfunction for A = —2 as a combination of i f,, and the preceding vectors

in the basis yields the existence of h,, of the form (31) such that Lgsh, = —5hy.

Taking advantage of the second occurrence of A = —3 as 1 — ”T” (in the column of

L3.5(fn+2)), we look for an eigenfunction as a combination of f,,12 and the preceding vec-
tors in the basis (ifn41, if; and f; for 0 < j < n). If this is possible, then there is some

hp+o of the form (32), that is

0, 1,

n+1
hnta = faya+ 0ifnia+ > diniaf; where djpnys € C, (36)
§=0
such that E@gﬁnw = —%ﬁn+2. If this is not possible, then we can define ﬁm_g of the form

(36) (hence of the form (32)) such that ,C/g,5}~ln+2 = _%iln+2 + ¢py2h, (Jordan blocks’
decomposition).

Since the term of highest degree of f; is 7, (31) and (32) yield the degree and the term
of highest degree of h,, and hy,. This concludes the proof of Lemma 3.1. |

For the small values of n, we have the following expressions for h,, and Ry

11



Lemma 3.2 (The basis vectors of degree less or equal to 4) We have
ho(y) = 4, ho(y) = (1 +19)
h(y) = iy, ha(y) = (1+0)y
haly) = iy’ +B—i(2+60), haly)= (1+i8) (y> —2+205),
ha(y) = iy* + y2(68 + ida2) + ca0 + idag
ha(y) = (L+id)y* +4° (12(55 -1)+ iCz4,2> + &40 + idy.
Moreover, L@gﬁo = ho, Lﬁﬁﬁl = %ﬁl and [,I&gilg =28(1 4+ 8%)ho = 2iB(1 + §2).

Proof: The proof is straightforward though a bit lengthy. One has to start from (31) and
(32) and identify the missing coefficients thanks to (33). [ |

We also have the following corollary for Lemma 3.1:

Corollary 3.3 (Basis for the set of polynomials) The family (hy, hp)nen is a basis
of C[X], the R wvector space of complex polynomials.

3.5 Decomposition of ¢

For the sake of controlling ¢ in the region |y| < 2K./s, we will expand the unknown
function ¢ (and not just xyq where y is defined in (19)) with respect to the family f,, and
then with respect to the family h,. We start by writing

4(y,5) = Y Qu(s)fnly) +4-(y,9) (37)

n<M

where f,, is the eigenvalue of L3 defined in (28), Qn(s) € C, ¢ satisfies

and M is a fixed even integer satisfying

M>41+8+14+2  max _ |Vi(y,s)]), (38)
i=1,2, yeR, s>1

with V; defined in (22). From (30), we have

Ou(s) = L9 9) Fn()ra()dy
! [ Fay)05(y)dy

The function ¢_(y, s) can be seen as the projection of ¢(y, s) onto the subset of the spec-
trum of £ which is smaller than (1—M)/2. We will call it the infinite dimensional part of
q and we will denote it ¢— = P_ ps(g). We also introduce Py py = Id — P_ js. Notice that
P_ yr and Py are projections. In the sequel, we will denote P_ = P_ jy and Py = Py jy.
The complementary part g+ = q¢ — g— will be called the finite dimensional part of q. We

= Fu(q(s)). (39)

12



will expand it with respect to the Jordan decomposition of Lg s (see Lemma 3.1) and write
therefore

4+ (y:5) = Y Qu(s)fa(y) = D an(s)ha(y) + Gu(s)hn(y) (40)

n<M n<M

where ¢, (s),dn(s) € R. Finally, we notice that for all s, we have

/ 4 (. 8)2 (. 8)p3 (y)dy = 0.

Our purpose is to project equation (21) in order to write an equation for ¢, and §,. For
that, we need to write down the expression of ¢,(s) and ¢,(s) in terms of @, (s). Since

the matrix of (A, hy)n<ar in the basis (ify, f,) is upper triangular (see (31) and (32)),
the same holds for its inverse. Thus, we derive from (40)

M
qn(s) = SQn(s) — NQn(s) + Z Aj,n%Qj(S) + Bj,ngRQj(S) = Pn,M(Q(S))
=+l (41)

M
Gn(s) = RQn(s) + Y A;jnSQ;(s) + BjnRQ;(s) = P n(qls))
j=n+1

where all the constants are real. Note that the coefficients of 3@, and RQ, in the
expression of ¢, and ¢, are explicit. This comes from the fact that the same holds for the
coefficients of if,, and f, in the expression of h, and h, (see (31) and (32)).

Note that the projectors P, ar(q) and Py, ar(q) are well-defined thanks to (39). We will
project equation (21) on the different modes h,, and h,,. Note that from (37) and (40), it

holds that

9(y,5) = | D an()hn(y) + @u(s)hn(y) | +4-(v,9). (42)
n<M

We should keep in mind that this decomposition is unique.

4 Proof of the existence result

This section is devoted to the proof of the existence result (Theorem 1). We proceed in 4
steps, each of them making a separate subsection.

- In the first subsection, we define a shrinking set V4(s) and translate our goal of
making ¢(s) go to 0 in L*°(R) in terms of belonging to V4(s). We also exhibit a two
parameter initial data family for equation (21) whose coordinates are very small (with
respect to the requirements of Vy4(s)), except the two first gy and .

- In the second subsection, we solve the local in time Cauchy problem for equation
(21) coupled with some orthogonality condition.

- In the third subsection, using the spectral properties of equation (21), we reduce our
goal from the control of ¢(s) (an infinite dimensional variable) in Vy4(s) to the control of

its two first components (Go(s),d1(s)) (a two-dimensional variable) in [—4, 4]2.

§27 g2
- In the fourth subsection, we solve the finite dimensional problem using index theory

and conclude the proof of Theorem 1.

13



We could work in the set of even functions to construct a blow-up solution. However,
since we need to prove the stability of the constructed solution in the set of all functions
with no evenness assumption, we have to handle general functions.

4.1 Definition of a shrinking set V4(s) and preparation of initial data

Let us first introduce the following:

Proposition 4.1 (A set shrinking to zero) For all K > 1, A > 1 and s > e, we
define Va(s) as the set of all r € L*°(R) such that

I7ellpee )y < 77 HW Lo (R) < T
- J e A
il |7l < —z forall 3<j <M, 7o, [T1] < 2 (43)

s 2

_ 5 At

72| < %7 Ir1| < X
A? 1

lra| < R lro] < 2

where re is defined as in (20), r—_, vy and 7, are defined in (42). Then, we have for all
s>1 andr e Va(s),

. M+1
(i) 7]l Lo (yi<2k vs) < CUE) A7 and ||r|| ooy <
(ii) for all y € R, |r(y)] < CAMTUE(1 4 [y|MH1).

C(K)AM +2
s

Proof: Take r € V4(s) and y € R.
(i) If |y| > 2K /5, then we have from the definition of r. (20), |r(y)| = |re( )| < A”}*

Now, if |y| < 2K /s, since we have for all 0 < j < M, |r;| + |7;] < C’A - from (43) (use
the fact that M > 4), we write from (42)

@) < | Irllhy @)+ 17l )] | + - ()] (44)
<M
J 4 AMH M+1
< C Z T 1 + ‘y|) ]\[+2 (1 + ‘y|)
JI<M S 2 S
AM+1 M+1 KA M1
D I O R R
j<M S 2 s 2 Vs

which gives (i).
(ii) Just use (44) together with the fact that for all 0 < j < M, |r;| + |7;] < CAMHIOS#
from (43). This ends the proof of Proposition 4.1. [ |

Initial data (at time s = sg = —logT') for the equation (21) will depend on two real
parameters dy and d; (besides sg) as given in the following proposition:

Proposition 4.2 (Decomposition of initial data on the different components)

For all A > 1, there exists T1(A) € (0,1/e) such that for all T < Tj:

14



(1) Po.m (ix(2y,s0)) # 0 and the following function is well defined:

Yso.do,dy (Y) = (do(l +1id) +di(1 4+ 40)y + dai) x(2y, so) where sy = —log T,
doPo m (1 +10)x(2y, 50)) + diPoar (1 +i6)yx(2y, s0))
Po,m (ix(2y, s0))

d2(807d07d1) -

(45)

and x is defined in (19).
(ii) There exists a quadrilateral Dy C [—2,2)? such that the mapping (do,d;) —
(10,41) (where @ stands for Vg, go.4,) is linear, one to one from Dy onto [—AQ %] and

maps 0Dt onto 8[——2, AQ]
O ~
(iii) For all (do,dl) € Dy, Ye =0, Yo =0, || + || < CAe™ 70 for some v > 0 and

. . Y—(y) A
foralll1 <i< M and 2 < j < M. Moreover, e Loo(R) < S%H.
0

. Moreover, it is of degree 1 on the boundary.

(iv) For all (do,dy) € Dr, sy.de.d, € Va(so) with strict inequalities except for (1o, 1 ).

Remark: In some sense, vy, 4,4, i reduced to its components on ho and hy. In N
dimensions, one has to take dy € R and d; € RY, because the finite dimensional problem
we reduce to is in RV,

Proof of Proposition 4.2: For simplicity, we write v instead of 1) 4,4, Note first from
Proposition 4.1 that (iv) follows from (ii) and (iii) by taking sy = —logT large enough
(that is, 7" small enough). Thus, we only prove (i), (ii) and (iii). Consider some K > 1,
A>1and T < 1/e. Note that so = —logT > 1.

(i) The proof of (i) is a direct consequence of (iii) of the following claim:
Lemma 4.3 There exist v = m > 0 and Ty, < 1/e such that for all K > 1 and
al T < Ty, if g is given by (1 + id)x(2y,s0), (1 + id)yx(2y,so) or ix(2y,so), then

H% Loo(R) < ? and all g; and g; for 0 < i < M are less than Ce 7%, ex-
S0

cept:

(i) |go — 1| < Ce 7% when g = (1 +1id)x(2y, s0),
(i3) |g1 — 1] < Ce™ 7% when g = (1 +1)yx(2y, s0),
(iii) |go — 1| < Ce ™% when g = ix(2y, So).

Proof: In all cases, we write
9(y) = p(y)+r(y) where p(y) = (1+46), (1+id)y or i and r(y) = p(y)(x(2y, s0)—1). (46)

From the uniqueness of the decomposition (42) and Lemma 3.2, we see that p_ = 0 and
all p; and p; are zero except

po = 1 when p(y) = 1+, p1 = 1 when p(y) = (1+id)y and pg = 1 when p(y) =i. (47)
Considering the cases 2|y| < K+/s and 2|y| > K+/s, we have by definition of x (19),
1-x(2ys) < (7Y )M
x\<Y, K+/s0 )

o) (1 = x2y: )l < VIpsWy/lps (5v/50) | < O™ V1)
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Therefore, from (46), (39) and (41), we see that

M
2yl \M ()M
Kyso) = [
K2s

()| < C+ ly)) (
502 (48)
_ " S0
|R;| + |r;| + 7] < Ce 320457 for all j < M.

Hence, using (48), (37) and the fact that |f;(y)| < C(1+ |y[)M for all j < M, we get also

()] < QDM

S0

Using (46) and the estimates for p(y) stated in (47) and before, this concludes the proof
of Lemma 4.3 and (i) of Proposition 4.2. [ |

(ii) From (45), we see that

Using first Lemma 4.3, we see from (45) that
|da| < C(|do| + [da])e™7 (50)

for T' small enough. Using again Lemma 4.3, we see that %gG — Id as s9 — oo (for fixed
K and A), which concludes the proof of (ii).

(iii) Since supp(v)) C B(0, K/s0) by (45) and (19), we see from (20) that ¢ = 0.

By definition of ¢ (45), we see that 1o = Py p () = doPo ar((1+0)x(2y, s0))+d1 Po,ar ((1+
i0)yx(2y, s0)) + d2Po am(ix(2y, so)) which is zero by definition of dy (45).

Using the fact that |d;| < 2 and the bound on dy (50), we see that the estimates on ;, &j
and ¢_ in (iii) follow from (45) and Lemma 4.3. This concludes the proof of Proposition
4.2. |

4.2 Local in time solution for the problem (21)-(51)

In the following, we find a local in time solution for equation (21) coupled with the con-
dition
Poa(g(s)) =0. (51)

Proposition 4.4 (Local in time solution for problem (21)-(51) with initial data
(45)) For all A > 1, there exists T5(A) € (0,1/e) such that for all T < T3, the following
holds:

For all (dy,dy1) € Dr, there exists Spmax > So = —logT such that the problem (21)-(51)
with initial data at s = sg,

(Q(SO); 9(80)) = (¢so,d0,d1 ) 0)

where Vs, do.d, 15 given by (45), has a unique solution satisfying q(s) € Vayi(s) for all
S € [80y Smaz)-
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Proof. From the solution of the local in time Cauchy problem for equation (1) in L>(R),
there exists s; > so such that equation (11) with initial data (at s = so) (v, so0) +
WVso.do,d1 (Y), where ¢(y, s) is given by (16) has a unique solution w(s) € C([so,s1), L=(R)).
Now, we have to find a unique (¢(s),6(s)) such that

w(y, s) = VBT oy, 5) + q(y, 5)) (52)

and (51) is satisfied. Since fy = 1 from the convention after (28) and / pa(y)dy =1 (see
R
Appendix A), we use (41) and (39) to write condition (51) as

Poar(a) = S( / a(y. 5)p5(y)dy) — SR / a(y. $)p3(y)dy) = S((1—id) / 4(y 8)ps(y)dy) = 0,

or using (52),

F(s,0(s)) = 3((1 - id) / (e~ 10850y 5) — o(y, 5))ps(y)dy) = 0.

Note that OF
G (5.0 = “R((1 = i6) [ (e Dy, )05 (4)dy)

Moreover, from (iii) in Proposition 4.2, F(so,0) = Po m(¥sg,dg.d) = 0 and %—5(80,0) =
—R((1 = 48) [(e(y, 50) + Vsg.do,dr (v))ps(y)dy) = —k + O(\/l—o) as sg — oo (for fixed K
and A). Therefore, if T is small enough in terms of A, then W(SQ,O) # 0, and from
the implicit function theorem, there exists sy € (sg,51) and 6 € C([sg, s2),R) such that
F(s,0(s)) =0forall s € [sg,s2)). Defining ¢(.,s) € L*(R) by (52) gives a unique solution
of problem (21)-(51) for all s € [sp,s2). Now, since we have from (iv) of Proposition

4.2, q(so) € Va(so) ; Va+1(so), there exists s3 € (sp, s2) such that for all s € [sg, s3),
q(s) € Vay1(s). This concludes the proof of Proposition 4.4. [ |

4.3 Reduction to a finite dimensional problem
In the following, we reduce the problem to a finite dimensional one:

Proposition 4.5 (Control of ¢(s) in Va(s) by (Go(s),qi(s))) There exist Ay > 1 such
that for all A > Ay, there exists Ty(A) € (0,1/e) such that for all T < Ty, the following
holds:
If (q,0) is a solution of (21)-(51) with initial data at s = sg = —logT given by (45) with
(do,dy) € Dr, and q(s) € Va(s) for all s € [sg, s1] with q(s1) € OVa(s1) for some s1 > sp,
then:

(i) (Smallness of the modulation parameter) For all s € [so,s1], |0'(s)] <
CA5 1ogs

(i1) (@o(s1), @ (1)) € ol-2, 5%

(iii) (Transverse crossmg) There exists m € {0,1} and w € {—1,1} such that

A dGm
wim(s1) = — and wg(sl) > 0.

2
51
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Remark: In N dimensions, §o € R and §; € RY. In particular, the finite dimensional
problem is of dimension N + 1. This is why in initial data (45), one has to take dy € R
and d; € RV,

The idea of the proof of Proposition 4.5 is to project equation (21) on the different com-
ponents of the decomposition (42). More precisely, we claim that Proposition 4.5 is a
consequence of the following:

Proposition 4.6 There exists As > 1 such that for all A > As, there exists s5(A) such
that the following holds for all sy > s5:

Assume that for all s € [1,s1] for some s1 > T > so, q(s) € Va(s) and qo(s) = 0, then the
following holds for all s € [T, s1]:

(i) (Smallness of the modulation parameter):

A5 log s
sz

0'(s)] < C

(ii) (ODE satisfied by the expanding modes): For m =0 and 1, we have

" my . C
|G — (1— 3) Gml| < 5

(iii) (Control of null and negative modes):

2 4
- T . A
Ga(s)] < S—2|Q2(7)|+C§(5—7)>
(=1 C A3
) < e la)+ =
(e C
ga(s)] < e T>|Q2(T)\—|—?,
j(s—T) CA]_I )
lgi(s)] < e lg; (7)] + — i forall3<j <M,
S 2
- _G=2(s=7) C AL
‘q](s)‘ < e ’ 2 ‘q](T)‘—i_T’
s 2
H q-(s) H S VES VR TH  C) o AM
_ (s—71) AM+1
lge(s)llzee < e 207D |ge(T)| L + (14+s—7).

\/7__

The idea of the proof of Proposition 4.6 is to project equations (21) and (17) according to
the decomposition (42). However, because of the number of parameters in our problem (p,
0 and ) and the coordinates in (42), the computations become too long. That is why a
whole section (the next one) is devoted to the proof of Proposition 4.6. Let us now derive
Proposition 4.5 from Proposition 4.6.

Proof of Proposition 4.5 assuming Proposition /.6:
We will take A4 > As. Hence, we can use the conclusions of Proposition 4.6.

The proof of (i) follows from (i) in Proposition 4.6. Indeed, by choosing T, small
enough, we can make sg = —log T bigger than s5(A).

18



To prove (ii), we notice that from Proposition 4.1 and the fact that go(s) = 0, it is
enough to prove that for all s € [sg, s1],

M+2 M+1
lelie@ < S [
T 2ys (I+]y) M+ - 25M2+2
- Al , _ AS log s
lgjl.lg;| < ijor all 3<j <M, 2| < — Q3 T 3
2s 2 S S
A4 A2
< — < —.
|Q1\ = 942 \Q2| S 592

Define 0 = log A and take sy > o (that is, T < e=? = 1/A) so that for all 7 > sy and
s € [1,T + o], we have

—_

1 1
T§8§T+U§T+SO§27henceQ—§—§—§—. (54)
T s

N
» | DN

We consider two cases in the proof.

Case 1: s <sg+o0.
Note that (54) holds with 7 = sg. Using (iii) of Proposition 4.6 and estimate (iii) of
Proposition 4.2 on the initial data q(., so) (where we use (54) with 7 = sg), we write

s At
G2(s)| < CAe™ "2 + C—log 4,
2

@)l < caci+ C8
lg2(s)] < CAe ™2 + 892,
lgi(s)] < CAe 72 + Cziil forall 3<j < M,
e
e < caci s Y s <<
i
M
il s e
le@l= < A0 (1 105 4.

2

Thus, if A > Ag and sq > sg(A) (that is T' < e~*6(4)) for some positive Ag and sg(A), we
see that (53) holds.

Case 2: s> sy +o.
Let 7 = s — 0 > s9. Applying (iii) of Proposition 4.6 and using the fact that ¢(7) €
Va(r), we write (we use (54) to bound any function of 7 by a function of s, except for the
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first line which requires a more delicate treatment):

7_2 AP log T Al

‘q~2(8)‘ 82 T2 +Cm0,
< 3 A4 C A3
lai(s)] < e @ 20
A2 C
e A RS
o Al C Ai-1
lg;(s)] < €J2( )u o forall 3 <j < M,
Sy 2 S 2
2
(i-20 A C A1
G(s)] < e 7 (s)ﬂ —— for all 3 < j < M,
5\ 72 )
2
q—(s) _mpr, AMAL AM
Hl—i— y|M+1HL°° < e’ M—i'c M1z

OF
e AMFZ oM
ge(s)l[pe < e 20D VG + 5

2 2

For all the coordinates except Ga(s), it is clear that if A > A7 and sy > s7(A) for some
positive A7 and s7(A), then (53) is satisfied (remember that o = log A). For ¢2(s), (53)
will be satisfied if

(1+40).

A5log(s —0) e At slog s

- 1 (55)

Since for fixed A, we have

log(s — o) At log s o 1
5 _ 45088 4_ 459 -
A 2 +C(s—a)320_A 2 + (CA A)83+O 34

as s — 0o, we see that if A > Ag and sy > sg(A) for some positive Ag and sg(A), then
(55) is satisfied, hence (53) is satisfied for ga(s).

Conclusion of (ii): If A > max(Ag, A7, Ag) and so > max(se(A), s7(A), ss(A4)), then

(53) is satisfied. Since we know that ¢(s1) € 0V4(s1), we see from the definition of V4(s)
(Proposition 4.1) that (g1(s1),q2(s1)) € d[—4,4]?. This concludes the proof of (ii) of

29 o2
51781

Proposition 4.5.

(iif) From (ii), there is 7 = 0 or 1 and w = +1 such that G,,(s1) = w%. Using (ii) of
1
Proposition 4.6, we see that

. m. C 1—-m/2)A-C
l51) 2 (1= Dysn(or) — & > T
1 1

Taking A large enough gives wq,,(s1) > 0 and concludes the proof of Proposition 4.5
assuming Proposition 4.6 is true. It remains to prove Proposition 4.6 to finish the proof
of Proposition 4.5. This will be done later in Section 5. |
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4.4 Proof of the finite dimensional problem and Proof of Theorem 1

We prove Theorem 1 using the previous subsections. We proceed in two parts:

- In Part 1, we solve the finite dimensional problem and prove the existence of A > 1,
T > 0, (dy,d1) € Dy such that problem (21)-(51) with initial data at s = s9 = —logT,
(so,do.dy»0) given by (45) has a solution (g(s),8(s))d,,qa, defined for all s € [sg,00) such
that .
A ;ggs for all s € [—log T, +00). (56)

- In Part 2, we show that the solution constructed in Part 1 provides a blow-up solution
of equation (1) which satisfies all the properties stated in Theorem 1, which concludes the

proof.

q(s) € Va(s) and |0'(s)| < C

Part 1: Solution of the finite dimensional problem

We take A = Ay and T' = min(7}(A),T5(A),T4(A)) so that Propositions 4.2, 4.4 and
4.5 apply. We will find the parameter (dy, d1) in the set Dp defined in Proposition 4.2. We
proceed by contradiction and assume from (iv) of Proposition 4.2 that for all (dy,d;) €
Dy, there exists s.(do,d1) > —logT such that qg,q4,(s) € Va(s) for all s € [—logT), s.]
and ggy.4,(5+«) € OVa(sy). From (ii) of Proposition 4.5, we see that (go(s«),qGi(s«)) €

8[—5%, S%]Q and the following function is well defined:

® :Dr— I[-1,1)?

2. 57
(doﬂdl) - Z* (QO7Q1)d0,d1 (8*) ( )

From (iii) of Proposition 4.5, ® is continuous. If we manage to prove that ® is of degree 1
on the boundary, then we have a contradiction from the degree theory. Let us prove that.

Using (ii) and (iv) of Proposition 4.2 and the fact that ¢(—logT) = v4,4,, we
see that when (dp,d;) is on the boundary of the quadrilateral Drp, (go,q1)(—logT) €
8[—@, W]Q and ¢(—logT) € Vua(—logT) with strict inequalities for the other
components. Applying the transverse crossing property of Proposition 4.5, we see that
q(s) leaves V4(s) at s = —logT, hence s.(dy,d;) = —logT. Using (ii) of Proposition
4.2, we see that the restriction of ® to the boundary is of degree 1. A contradiction then
follows. Thus, there exists a value (dy,d;) € Dy such that Vs > —log T, qq4,.4,(5) € Va(s).

Using (i) of Proposition 4.5, we get the bound on €’(s). This concludes the proof of (56).

Part 2: Proof of Theorem 1
Here, we use the solution of problem (21)-(51) constructed in Part 1 to exhibit a
blow-up solution of equation (1) and prove Theorem 1.

(i) Consider (q(s),0(s)) constructed in Part 1 such that (56) holds. From (56) and
Proposition 4.1, we see that 6(s) — 6y as s — oo such that

A®log s
s

Co(K,A)

* log T
: and a(s) -~ my < = 2

0(s) — 6| < CA5/ —5dr<C

S

Introducing w(y, s) = ' #1085+ (o(y, s) + ¢(y, 5)), we see from the beginning of section

3 that w is a solution of equation (11) that satisfies for all s > —logT and y € R,
o
5

[w(y, 5) — ™oy, 5)] < Clla(s)l|z + Cl6(s) — o] <
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Introducing

u(z,t) = e P0RN(T — t) P14y (J%t’ — log(T" — t)> )

we see from (10) and the definition of ¢ (16) that u is a solution of equation (1) defined
for all (x,t) € R x [0,T") which satisfies (5).

1
If 29 = 0, then we see from (5) that |u(0,t)| ~ k(T —t) »=1 as t — T. Hence, u blows
up at time T" at g = 0. It remains to prove that when xg # 0, ¢ is not a blow-up point.
The following result from Giga and Kohn [7] allows us to conclude:

Proposition 4.7 (Giga and Kohn - No blow-up under some threshold) For all
Co > 0, there is ng > 0 such that if v(§,T) solves

|00 — (L +iB)Av] < Co(1 + [vf?)
and satisfies
1
(&, T) < mo(T' —t) =1
for all (§,7) € B(a,r) x [T —r2,T) for some a € R and r > 0, then v does not blow up at
(a,T).

Indeed, since we see from (5) and (16) that

%< [zol/2 N+ c___
VT —0Tos(T =11 )|~ loaT —1)]

sup (T — )77 u(a, 1)| <

lzol
2

|z—xo| <=2

as t — T, xg is not a blow-up point of u from Proposition 4.7. This concludes the proof
of (i) of Theorem 1.

Proof of Proposition 4.7 Although Giga and Kohn give in [7] the proof only when 5 = 0,
their argument remains valid for other values of 3, simply because the semigroup and the
fundamental solution generated by (1 + i3)Av have the same regularizing effect indepen-
dently from g. [ |

(ii) Using the techniques of [13], we derive the existence of a blow-up profile u* €
C?(R*) such that u(x,t) — u*(z) as t — T, uniformly on compact sets of R*. The profile
u* is singular at the origin. In the following, we would like to find its equivalent as x — 0.
In comparison with the case f = 0 treated in [23], no new idea is needed. Therefore,
we just give the key argument. The reader is invited to see Section 4 in [23] for details.
Consider Ky > 0 to be fixed large enough later. If xg # 0 is small enough, we introduce

for all (§,7) e R x [— tht(;”(‘;go),l),

v(@0,6,7) = (T —to(wo)) 7 | log(T — to(zo))| ~Hu(x, 1) (58)
where r = 29 +&/(T —to(zo)) , t =to(zo) + 7(T —to(z0)),

and to(xg) is uniquely determined by

|zo| = Ko/(T — to(xo))|log(T — to(o))]. (59)
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From the invariance of equation (1) under dilations, v(xg,-,-) is also a solution of (1) on
its domain. From (58), (59) and (5), we have

—0asxzyg—0

C
sup [v(20,€,0) — @o(Kp)| <
1€1<2| log(T—to (o)) | 1/4 | log (T — to(xo))|1/*

where ¢ is defined in (16). Using the continuity with respect to initial data for equation
(1) associated to a space-localization in the ball B(0, |¢] < |log(T — to(zo))[*/*), we show
as in Section 4 of [23] that

sup [v(z0,&,7) — Uy (7)] < €(z0) — 0 as zg — 0,
{l¢l<log(T—to(w0))[1/*, 0<T<1}

_1+is

where O, (1) = ((p — 1)(1 — 7) + bKg) #-7 is the solution of the PDE (1) with constant
initial data ¢o(Kp) (it is also a solution of the associated ODE given in (3)). Making
7 — 1 and using (58), we see that

u*(xg) = tlirr%u(a:, t)y = (T- to(a:o))flﬁ%f |log (T — to(z0))|™* lim1 v(xp,0,7)
_1tis -
~ (T —to(zo)) 71 [log(T — to(xo))|" 0r, (1)
as £¢g — 0. Since we have from (59)

|zo?

10g(T — t(](l‘())) ~ 210g |.’L'()‘ and T — t()(l'()) ~ m
0

as xg — 0, this yields (7) and concludes the proof of Theorem 1, assuming Proposition
4.6. |

5 Proof of Proposition 4.6

In this section, we prove Proposition 4.6. We just have to project equations (17) and (21)
to get equations satisfied by the different coordinates of the decomposition (42). More
precisely, the proof will be carried out in 3 subsections,

- In the first subsection, we deal with equation (21) (which is accurate up to second
order terms) to write equations satisfied by ¢; and ¢;. Then, we prove (i), (ii) and (iii)
(except the two last identities) of Proposition 4.6.

- In the second subsection, we first derive from equation (21) an equation satisfied by
g— and prove the last but one identity in (iii) of Proposition 4.6.

- The third subsection is the shortest. We project equation (17) (which is simpler than
(21)) to write an equation satisfied by ¢g. and prove the last identity in (iii) of Proposition
4.6.

5.1 The finite dimensional part: ¢,

We proceed in 2 parts:
- In Part 1, we project equation (21) to get equations satisfied by ¢; and ¢;.
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- In Part 2, we prove (i) and (ii) of Proposition 4.6, together with the estimates
concerning ¢; and ¢; in (iii).

Part 1: The projection of equation (21) on the eigenfunctions of the oper-
ator Lg;

In the following, we will find the main contribution in the projections P, ys and 15“7 M of
the six terms appearing in equation (21): 0sq, L£35q, —1 (% + 9’(5)) q, Vig+Vaq, B(q,y, s)
and R*(0',y,s). Most of the time, we give two estimates of error terms, depending on
whether we use or not the fact that ¢(s) € V(s).

9q

First term: —.
0s

From (41) and (39), its projection on h,, and h, is ¢,(s) and @, (s) respectively:

aq / P, 8q

Second term: Lg ;q.
We claim the following:

Lemma 5.1 (Projection of L3 sq on h, and h,, for n < M)
If n < M —2, then

n _ q—
Pn,M(£5,6Q) - (_5(171(3) + Cn+2Qn+2)‘ <C HW .
where ¢, was defined in (33).
IfM—1<n<M, then
Puni(£5,59) + =aa(s)| < C || —5
“a(s 1=
n,M\&p3,64 2Qn > 1+ [y|M+1 oo
If n < M, then the projection of Lgsq on hy, satisfies
~ ny . q_
P, (L — (1 — —) <Cll/— 0
n,M( ,3,5(]) 92 an| > H 1 + |y‘M+1 .

If in addition g(s) € V4(s), then the error estimates can be bounded from Proposition 4.1
as follows (for (e), note that (38) implies that M > 8):

Corollary 5.2 For all A > 1, there exists so(A) > 1 such that for all s > s9(A), if
q(s) € Va(s), then:
a) for n =0, we have

M+1
|PO,M(»C,8,6Q) —c2g2| < C@~
s 2
b) for 1 <n < M — 1, we have
n An+2
Pn,M(£,6’,5Q) + EQn(S) < C@'
s
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¢) for n = M, we have

M AM+1
'PM,M(£5,5Q) + EQM(S) < CM—_~_2
s 2
d) for 3 <n < M, we have
~ ny _ Antl
Pov(Ls6q) — (1 - —) Gn| < C—%
2 ™3
e) forn=0,1 or 2, we have
~ n 5 C’
m(Ls,5q) — (1 - 5) in| < -

Proof of Lemma 5.1: Using (42), we write

Lssq="Lss | D an()hn(y) + @n(s)hn(y) | + Losa-(y,s) = L1 + Lo
n<M

Using Lemma 3.1, we write

n - n. -~
Ly = Z _Ethn + an ((1 - E)hn + cnhn72>
n<M
n M n ny\ -~
= Z <_EQn + Cn+2§n+2> I + Z _Ethn + Z Gn (1 - 5) P
n<M—-2 n=M-1 n<M

Using the obvious factjhat when a function is of the form w = Zano Wy hy + @Dnﬁn, its
projections on hy and h,, are respectively wy, and w,, we see that the projection of L; on
h,, is (1 — %) qn, whereas its projection on hy, is —5q, + cpy2Gni2 if n < M —2 and —5q,
if M —1<n < M. Now, let us deal with Ly = L5 5q—. By definition (22) of L3 5, we have

Lgs5q— = Lgg— + (1 +1i0)Rq_. (61)

Since Lg is “self-adjoint” with respect to pg (see (27)), we use (39), (27) and (29) to write
the projection of Lzg_ on any f, for n < M (up to a multiplication factor)

n
[ £aatupsdy = [ Lafuspady =3 [ faa-psdy

and this is zero thanks to the “orthogonality” relation (30) and to the fact that g_ contains

no f; with j < M in its decomposition on the f; (see (37)). Thus, we see from (61) that

the projection of L£35q— is equal to the projection of (1 + id)Rq_, which is controlled by

C H 1+\y|M+1 ‘Loo. This proves Lemma 5.1. |
Third term: —i (£ +6'(s)) q

It is enough to project ig. Since the projection of ig_ is zero, we see from (42) that it is

enough to project ¢h, and ih, for all n < M. Since we know from Lemma 3.1 that the
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term of highest degree in h,, is iy™ and in By, is (1+140)y™, we can expand ih,, and ihy, as
follows:

n—1
ihy = Ohp —hn+ Y ¢jnhj+ &ah;
7=0
n—1
ihy = (140")hy — 0hy + Y djnhj + djnh;
7=0

where the coefficients are real. Therefore, we get the following projections:

Lemma 5.3 (Projection of the term —i (£ +0'(s)) ¢ on h, and hy, for n < M) Its
projection on h,, is given by

M
Port (=i (E+0)) ) == (5 +0(9)) {000+ (1 +0Ddu+ Y ensay + dusd
s s S

Its projection on Ry, is given by

~ 'LL 'LL M ~

Poni (=i (E+0)) q) == (5 +06) [ ~tn =000+ D ey +dnsiy

s 5 .
j=n+1

for some real coefficients ¢y, j, Cpn j, dpnj and Jn]

If in addition g(s) € V4(s), then the error estimates can be bounded from Proposition 4.1
as follows:

Corollary 5.4 For all A > 1, there exists s10(A) > 1 such that for all s > s19(A), if
q € Va(s) and |6'(s)] < CA‘:’IOS#, then:
a) for 1 <n < M, we have

P (=i (E+0'(9)q)| < Cﬁ—;;

b) for 1 <n < M, we have

n

Fuar (- (2 4010) )| <2

)

c) forn =0, !PoﬁM(—z' (% + 9/(8)) q)! + ‘PO,M(—’L' (% + 9’(8)) q)‘ <

a2

Fourth term: Viq+ V4q.
We claim the following:

Lemma 5.5 (Projection of V¢ and V¢ on h, an ﬁn)
(i) It holds that

[Vily,s)| < C

1 2
% forally e R and s > 1, (62)
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and for all k € N*,
1
Vily,s) = Y =Wij(y) + Wir(y, s) (63)

J=1

Cfa

where W; j(y) is an even polynomial of degree 2j and Wi,k(y, s) satisfies

14 |y‘2k+2)

for all s > 1 and |y| < /s, ‘Wzk(y, s)| < C( s

(i) The projections of Viq and Vaq on h, and hy, satisfy for all s > 1,

‘PnM(qun"’_‘PnM(WQ)‘ (64)
C q—
< Z (il + ;1) "‘Z - (lgs] +1a;1) + HW
Jj=n—2 Jj= 05 2 Yy L

and the same holds for Vaq.

Remark: If n < 2, the first sum in (64) runs for j = 0 to M and the second sum doesn’t
exist.

If in addition g(s) € V4(s), then the error estimates can be bounded from Proposition 4.1
as follows:

Corollary 5.6 For all A > 1, there exists s11(A) > 1 such that for all s > s11(A), if
q(s) € Va(s), then:
a) for 3 <n < M, we have

N An72
| Pt (ViQ)| + [Pt (Vi) | < Cpps

S 2

b) forn=0,1 or 2, we have

|Pn,M(V1Q)‘ + |Pn,M(V1Q)| <=

Proof of Lemma 5.5
(i) The estimates of Viq and Vaq are the same, so we only deal with Vig. Let F(u) =

(pﬂ)( 1+44d) ||ulP~t — p%l}, where u € C and consider z = % Note that from (16) and
(22), we have

Vilo.s) = F (plys) where plys) = o (22 ) + 2014 ),

Note that there exist positive constants ¢y and sg such that |po(2)] and |p(y, s)| = |po(z)+
%(1 +16)| are both larger than 1/co and smaller than cg, uniformly in |2| < 1 and s > sq.
Since F'(u) is C* for % < |u| < ¢y, we expand it around u = ¢g(z) as follows: for all
s> spand |z| <1,

IN
» | Q

|F (o) + 21 +10)) = F (¢0(2))

P (po(2) + 20 408)) = Fgo(2) = 3 = F (gole)| <~y

=1

A
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where Fj(u) are C*°. Hence, we can expand F(u) and Fj(u) around u = ¢o(0) and write
for all s > sp and |2| < 1,

7 () + 20+0)) - Floo(@)] < 02+ 5,

n n n—j

.
F (po(z) + 21 +i6)) = Flgo(0) = Y ez = DY L
5 =1 j=11=0 5
n
C i C
< CRPR S Sty

j=1

Since F(pp(0)) = F(k) =0 and z = %, this yields estimates (62) and (63) for Vi, when
s > so and |y| < /s. Since V; is bounded, (62) is also valid when |y| > /s, and then
when s > 1.

(ii) Note first from (41) that it is enough to prove the bound (64) for the projection
of Viq onto f,, to get the same bound for P, »/(Viq) and Pn,M(Viq). Since in addition, the
proof for V5q is the same as for V;q, we only prove (64) for the projection of Vjq onto f,.
Using (42) and (39), we see that this projection is given (up to a multiplication factor) by

M M
/an1qpﬁ = /anlq—pﬁJquj/fnthWg +Zdj/fnhj‘/1pﬁ- (65)
§=0 j=0

Using (62), the first term can be bounded by

1+ |yl C
i 4 < =
/\nt< . lg—[lps| < .

Now, we deal with the second term. We only focus on the terms involving h; since the
estimates are the same for the terms involving ﬁj.

If j > n—2, we use (62) to write | [ f,h;Vipg| < C/s.

If j <n — 3, then we claim that

q—

1+ ‘y|M+1 (66)

LOO

' / fnhjvlpg‘ < C (67)

S 2

(this actually vanishes if j and n have different parities). It is clear that (64) follows from
(65), (66) and (67). Let us prove (67) then. Note that k = [”%_1} (which is in N* since
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j < n —3) is the largest integer such that j + 2k < n. We use (63) to write

/fnthlpg =/ fnhjvlpﬁ‘i'/ fnh;Vipg
lyl<v/s

ly[>V/s

1 -
- Z i [ gm0 (s [0 b sl
S ly|<+/s 5[ 2 ]+1

+ / InhiVipg
ly|>+/s

1
= Zsl/ fnhj Wllpg+0< =1 ]+1> —ZE/ \[fnthLlPﬂ

+ / fnhjvlp,ﬁ’
ly[>/s

Since deg(h;W1,;) = j+ 21 < j + 2k < n = deg fy, fn is “orthogonal” to h;jW;; thanks to
(30) and

[ dulsWiipa =
RN
Since |pg(y)| < Ce™ when |y| > /s, the integrals over the domain {|y| > /s} can be
bounded by
Cecs/| | fallhg 1 (1 + [y1*)\/ s ()l dy < Ce™e.
y> S

Using that [%ﬁl] +1 > 27 we deduce that (67) holds. Hence, we have proved (64)
and this concludes the proof of Lemma 5.5. |

We need further refinements when n = 2 for the terms ]52, m(Vig) and ]52, M (Vaq). More
precisely:

Lemma 5.7 (Projection of Viq and V27 on hy)
(i) It holds that

1 C
Vs 2 1 and [y| < V5, |Vi(y,s) = Wialy)| < 5 (1+ [l (63)

where

Wiily) = g (ﬁ(f(;j)l()lj;f)_ o) (y* — 2 +285) =

(p+1) -
S+ )+ 2 —p) W)

Worly) = sosoorsesry (V2(2i6 +p — 1) = 4i6 — 2p + 2 + 4362 + 285(p — 1)) .
(69)
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(i) The projections of Vig and Vaq on hy satisfy

. Ga(s) (p+ 1) (2863 — 1435 — 86% + )
[Pai(Via) = & 3B+ 1)+ —p) (70)
. L @(s) (146%) (8(p — 1) — 268(p +5))

R I = i
C & C & . . C| g C g

< Sull+g 2 WS, s T .

Remark: The denominators in (70) and (71) are non zero thanks to condition (4).

If in addition ¢(s) € V4(s), then the error estimates can be bounded from Proposition 4.1
as follows:

Corollary 5.8 For all A > 1, there exists s12(A) > 1 such that for all s > s12(A), if
q(s) € Va(s), then

- Go(s) (p+1) (286% — 1485 — 852 + 8) At

P = R R R e
and

5 o Ga(s) (140%) (8(p— 1) — 203(p +5)) At

Pt = 8 (300 + 1) +0% ~p) ‘SGE'

Proof of Lemma 5.7
(i) One has to do the computations in the proof of (63) in Lemma 5.5 explicitly in order
to prove (68) and (69). This is a simple but lengthy computation that we omit.

(ii) Using (68) and (42), we see that

1 1+ |y|*
Vig = ngq +0 <w>

M M
G@(s) = 1 1 o1 q(1 + |y
= Wiih -W E hi +-W E h: +-Wi19g- + 0 | ——=—=
S 1,112 + PSR! = qih; + P 1,1j:0 <, qih; + 5 1,19— + 32

where the O is uniform with respect to |y| < /s. When projecting this on hy (use (41)
and (39) for the definition of that projection), we write (using the definition (69) of W7 1)

Pyar(Vig) — q~2£,8) 8(B3(p (_f ;_) 2 52— p) Poar <<ﬁ2>2> ‘

M M
% ¢ c q- C q
< =¥ lal+ = Zj@w_w——jr- Oll—a
B +1 2 M+1
= % j=0, j£2 s 1L+ TyMH e 82 [T+ [y e

~\2 -
Therefore, the problem is reduced to projecting the polynomial (hg) on hy. Since the

polynomial is of degree 4, we can expand it on the basis (A, ﬁn)n§4 using Lemma 3.2 to
get

~ 2 ~ ~ ~
(hg) = (1 + 0%)hy + (1 — 62)ha + ahg + (280° — 1485 — 862 + 8) hy + bho + chy
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for some real numbers a, b and c¢. Thus,

> 7 \? 3 2

Py s ((hz) ) — (265° — 1486 — 857 + 8) .
This controls (70).

The bound on (71) can be proved similarly. Thus, we only give a sketch. When projecting
Vg on hy, we get

~ q 8 ~ =
Py (Vsq) — QQi )PQ,M (W271h2)
M M
C C - C q_ C q
< _Z|qj|+_ Z ‘Qj“"_HiM — || —— .
+1 2 M+1
590 % j=0, 722 s |11+ 1yl e Syl Lo

The polynomial WgJing can be expanded on the basis (hy,, hy)n<a using Lemma 3.2:

8(B(p+1)+ 6% —p)
1+ 62
= 0(3—=p)hg+ (p—1Dhg +aha + (8(p — 1) — 208(p + 5)) ha + bhg + chg

W2,1712

for some real numbers a, b and ¢. Thus,

Poar (Waihs) = L5 (8(p — 1) — 268(p + 5))
ST TR @ )y ) re
This proves the bound on (71) and concludes the proof of Lemma 5.7. [ |

Fifth term: B(q,y,s).
We have the following lemma:

Lemma 5.9 The function B = B(q,y,s) can be decomposed for all s > 1 and |q| <1 as

M
1 Yo ~ . C
sup |B=) ) _z[Bé,k(j)qjqk+B§,k(y,8)q]q’“] < Cla™*? + 57, (72)
lyl<v/s =0 o<jheMt1 S § §

2<j+k<M+1

where B;-’k 15 an even polynomial of degree less or equal to M and the rest Bik(y, s)

satisfies

5 1 M+1
Vs > 1 and |y| < /s, ‘Bik(y,s)‘ < C%

S 2

Moreover,
Vs > 1 and [y| < V5, \Bﬁ»,k%) + Bl (y.9)| < C.
On the other hand, in the region |y| > /s, we have
1B(a,y,5)] < Clal” (73)

for some constant C where p = min(p,2).
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Proof: We just give a sketch of the proof. We recall from (22) that B is given by

D

. _ _ _ p—
B(q,y78)=(1+@5){|¢+q|p Ho+a) = ol o — |l g le=l)

el (o o)}

We notice that in the region |y| < /s and for s > C where C' is a fixed constant, ¢ is
bounded from above and from below. Using a Taylor expansion in terms of ¢ and g, we
see that B can be written as

Vs>1land |yl <5 [B— > [Ej,k(w)qjci’“} < Clq/M*2. (74)

0<j,k<M+1
2<j+h<M+1

Expanding E; (¢) in terms of the variable 1, we get

LAy C
Ejk(p) — gEé,k(SOO) S S
1=0
then expanding in z = %, we deduce that
M2
B (po) = D 5[] < Ol
i=0

M/2 414 i B,
We denote Bé»’k(z) = Zi:{) bj’k|z:\2 and Bé»’k(y, s) = Eik(goo) —Bg-’k. Hence (72) holds and

Lemma 5.9 is proved. u

Using lemma 5.9, we have the following estimate:

Lemma 5.10 (The quadratic term B(q,y,s)) For all A > 1, there exists s13(A) such
that for all s > s13, if q(s) € Va(s), then: .
a) the projection of B(q,y,s) on hy, and on h,, for n > 3 satisfies

n

Puat (Bl ) + | Pase (Bla, )] < O (73

b) forn=0,1 or 2, we have
Parr(Blay. )|+ |Pras(Bla.. )] < 5 (76)
Proof: We will only prove estimate (75) since (76) is easier and can be proved in the same

way. It is enough to prove estimate (75) for the projection on f,, since it implies the same
estimate for P, py and P, s through (41). We write

/ FuB(a,y,5)pady = / FuB(4,y,5)pady + / J2B(a, . $)psdy.
lyl<+v/s ly

[>V/s
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Using lemma 5.9, we deduce that

s)pg — Llg (g J gk
[ pBavan-[ D ND S I RE BRI

yI<v/s 1=0 0<jk<M+1
2 i+ h< M+1
1
<C | fullpsl (g™ + ).
WEN - sMH
Let us write ,
M/2

Zblz 2i

M M
¢ = gmhm + Gmhm +q-) and ¢" = O vy + Gohe + g )
m=0 r=0

where b 7}, are the coefficients of the polynomial Bl " - Using the fact that [|g(s)[[re <1
(which holds for s large from the fact that ¢(s) € VA( ) and (i) of Proposition 4.1), we
deduce that '

|/ = @il < Cllg- +lg-D)

Using that ¢(s) € Va(s) and the fact that s > 242, we deduce that in the region y < /s,
1
S

s
we have |q_| < \[(%)Mﬂ(l + y))M*! and that

M 4\ M+
7 = (D G + Gmhim)’ \<C<\/§> 7(1+\y|)JM+J

m=0

In the same way, we have

M ANMFL
B T < 14 kM 4k
= (X bt i) <€ (S2) S0+ ),

m=0

hence, the contribution coming from ¢_ is controlled by the right-hand side of (75). More-
over for all j,k and [, we have

< Ce . (77)

Y\ ik 1 Y\ -k
fapsBl (=) a —/pr- (==)d.q
/|y<\/§ nPpL; Lk \/g +44 nPpL; K \/g +44

To compute the second term on the left hand side of (77), we notice that B; il \/)q il
is a polynomial in y and that the coefficient of the term of degree n is controlled by the
right-hand side of (75) since g € V4.
Moreover, using that s > 242, we infer that |q| < \[( + [y)M*1 in the region |y| < /s
and hence for all j, k and [, we have

1 - - 1
/| ffnpﬁ;Bﬁ,k(y,S)q]qk <
Yy|<+/s

M+titjtk
st 2
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and

1
< Carz
s 2

1
Faps(aM T + =)
‘/|y<¢5 v M

The terms appearing in these two inequalities are controlled by the right hand side of
(75).
Using the fact that ||¢(s)||z= < 1 and (18), we remark that |B(q,y,s)| < C. Since

lps(y)| < Ce™ for |y| > /s, it holds that

< Ce .

/ nB(q,y,s)psdy
ly|>/s

This concludes the proof of Lemma 5.10. |

Sixth term: R*(¢',y,s).
In the following lemma, we expand R*(¢’,y, s) as a power series of 1/s as s — oo, uniformly
for y| < +/s:

Lemma 5.11 (Power series of R* as s — o0) For alln € N,

R0 y,s) = (0, y, ) + 1, (0, y, ) (78)
where
n—1 1 a n—1 ka
/ o -n/ .
Mo (0,y,8) =D oo Pely) =i/ (s) | S(L+i0) + ) en (79)
k=0 k=0
and )
. 14 |y|2
ol < V5. [I.(0"9.50)] < c1+ sl EAT), (50)
where Py is a polynomial of degree 2k for all k > 1.
In particular,
1
1 . (1 +10) bk o
sup |R*(¢',y,8) — Y ——=Pi(y) +it [H + <a -y )}
yl<vs kzzo st s (p—1)7
1+ [yl y'
< C ( 5 )+ C|9’\§. (81)

Proof: Using the definition of ¢ (16), the fact that ¢ satisfies (13) and (18), we see that

R* is in fact a function of #’, z = % and s that can be written as

SIS )

R*(0,y,s) = —z.vcho(z) - 8%(1 +id) +
a DK a
- S (P () + 20+ ) ~ F (l)

. zg (gpo(z) + 3(1 + z’é)) —ib'(s) (gpo(z) + 3(1 + z’é)) with F(u) = (1 + i8)|ulP~u.

34



Since |z| < 1, there exist positive cg and sg such that |¢o(z)| and |pg(2) + £(1 + i6)| are
both larger that 1/co and smaller that c¢p, uniformly in |z| < 1 and s > s¢. Since F'(u) is
C* for % < |u| < ¢p, we expand it around u = @q(z) as follows

n

F (io(2) + 204 i8)) = F(g0(2)) = 3 S F5 (90(2)| < O,
7j=1

where Fj(u) are C*. Hence, we can expand F}j(u) around u = ¢y (0) and write

F (SDO(Z) + g(l + 2'5)) - ZZ L] <>, 8"Z|2(n7])+2 RS E
j=11=0 j=1
Similarly, we have the following
2 n—2
z C,
A I
C n—1 '
—Acho - = Zb < ;\Z|2" and |@o(z) — ZejZQJ < Cz|*.
7=0

Recalling that z = % and using (82), we get to the conclusion of (79). Estimate (81) is
obtained in the same way by performing explicit computations. |

Using the “orthogonality” relation between the f; (30), we easily derive from Lemma
5.11 bounds on F;(R*)(¢’,s), the projection of R*(¢',y, s) defined in (18) on f;:

Lemma 5.12 (Projection of R* on the eigenfunctions of Lp)
It holds that Fj(R*)(0',s) = 0 when j is odd, and |F;(R*)(0',s)| < C%ﬁ:gs)‘ when j is
s2

even and j > 4.
If j =0, then

Fo(R)(0',s) = —ib/(s) <m +0 G)) + {(1 +i6) <a 20+, fbl)Q) - mﬁ}
o
= —if(s) <m +0 <§>> +0 <s%>

with the choice of a and p made in (16).
If 1 =2, then

B(RY)O.s) = 8(s) < (ﬂé(p(j I)Ty _p)l +0 (81 >) +0 <5i3>

+ {— b [6662(1—1—25) n(1+i0) — —0 _(14+i8)

VI

=17 7 -2 17

. 6b Z . (1+i8)
+ 1+1i0 = 1)(1+ i6)(1+1i3) 12b5( 1)2]
- (pﬁial)g[(p—1)(1—1—2'5)4-32'(5—1—@'53_524_1}}%
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Proof: Since R* is even in the y variable and f; is odd when j is odd, F;(R*)(6#',s) = 0

when j is odd. Now when j is even, we apply Lemma 5.11 with n = [4] and write

0',y,5) + 0O (1 +5(6'(s)| + W)

* / :H

J
2

where II; is a polynomial in y of degree less than j—1. Using the definition (39) of F};(R*),
2
we write |F;(R*)| < C'| [pn R* fippdy| and

/ R*fjpﬂdyZ/ R*fjpﬁdy+/ R* fippdy
RN lyl<v/s ly|>+/s

1+ s0'(s) + |y’ «
= / I1; fippdy + O </ § )1 Y fjpﬁdy) +/ R fjpsdy
lyl<ys 2 lyl<vs szt ly|>vs
1+ s6(s .
= / Hl‘fjp/gdy + O (li1()> +/ R fjpgdy —/ Hl'fjpﬁdy. (83)
RN 2 52t ly|>v/s lyl<vs 2

First, note that fRN IT; fjpsdy = 0 because f; is orthogonal to all polynomials of degree
2

less that j — 1 (see (30)). Then, note that both integrals over the domain {|y| > /s} are
controlled by

(IR* (O, y, )| + L+ [yP) (L + [y/)ps(y)dy.
ly|>+/s

Using the bound (25) on R* and the fact that |pg(y)| < Ce™ for |y| > /s, we can bound
this integral by

C(lJr\@'(S)I)/R (1 +JyP)2ce™/pa(y)dy = CG)L+10'(s))e™.

Using (83) yields the result for j > 4, j even. If j =0 or j = 2, one has to refine Lemma
5.11 in a straightforward but long way and then do as we did for general j. We omit the
details. This concludes the proof of Lemma 5.12. |

Using the definition (41) of the coordinates Pj pr(R*) and Pj 57 (R*) in terms of F;(R*),
we have the following estimates:

Corollary 5.13 (Projection of R* on the eigenfunctions of Lz s)
If j is even and j > 4, then P; p(R*)(0',s) and Pj,M(R*)(e’,S) are O <1+§|9’|).

sEH1
If j is odd, then Pjpr(R*)(0',s) and P;pr(R*)(0',5) are O (1%;_2/'

If j 0, then Poa(R*)(#',s) = —0'(s) (k+0 (%)) + O(%) and Py (R, s) =
O( )> —I—O( %) (with the choice of a and p made in (16)).
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Ifj _ 2, then, P27M(R*) =0 (%) +0 (0’(8)) and

s S

- o KO 1 1 1 ba(p — &%)

R““R)‘9“)waw+n+ﬁ%ﬂﬂ5+o<?)>+O§9+{‘(p—U?
Kb 6052 6b 6b 12663 1

<p—n2hp—n2+“"@—1ﬁ+"<p—n“‘5m*%p—n4}§5

_ m@<%%@+§+p_mé+o<é>>+0<%>

with the choice of b, a and p made in (16).

Part 2: Proof of Proposition 4.6, except the last two identities
In this part, we consider A > 1 and take s large enough so that Part 1 applies.

(i) From Part 1, taking the projection of (21) on hg, we see that for all s € [T, s1],
C o'
ldh — c2do + K0 (s)] < = + C’M where ¢y = 26(1 4 6%)
s s

was given in (33) and computed in Lemma 3.2. Since ¢(s) € Va(s) and go(s) = 0 for all
s € |7, s1], this yields

0'(s) —2———2(s)| < —lG2(s)| + - (84)

Using Proposition 4.1 to bound g2, we get |0/(s)| < CA®s~2log s and conclude the proof
of (i) of Proposition 4.6, provided that sg is large enough.

(ii) This is a direct consequence of Part 1, provided that s is large enough.

(iii) Estimate of g2(s): We use Part 1 and the fact that ¢ € Vs to project the different
terms of (21) on hy :

g .

Pon(3t) = -

1Ponr(Lss9)| < 5. )

[P (=i (4 +0'(s) @)—poL| < 53%|q~2(5)\+0‘;‘—5 (here we have used (i) of Proposition
4.6; we recall that the value of © was introduced in (16)).
CQ@(s)(pt1) (286% — 1435 — 862 + 8) - At

1Py, 1 (Vig) 82(ﬂ(5(p+ )+ 52 p) | < Cs_i
ey B+ B —1) = 208p+5) _ A
P T S sy e g

|Po,n(B(g,,5))| < -

- 7 4B85(1 + §?)

P R* 9/ Y, _ QQ(S)

| 2,M( ( SyS)) s 8(55(])—1-1)—1-52—]9) i
5.13 and (84)). Adding all these contributions gives —2 as the coefficient of qQT(s) in the
the following equation satisfied for all s € [r, s1]:

A
| < C— (here, we have used Lemma
s

N 2 At At
G+ ~@o| <C— < C—
S S TS
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for sg large enough. Integrating this differential inequality between 7 and s gives the

desired estimate on gs.

Estimate of q1, q2, q; and q; for 3 < j < M: Using Part 1 and the fact that ¢(s) €

Va(s), we see that for all s € [7, s1], we have

|q’1+%q1| < Cé—;,l |q2+Qé| < s%’ —
d Ad— ~ i—2 Al
g+ 301 < Cogr, I +5 4l < O

Integrating these differential inequalities between 7 and s; gives the desired estimates.

5.2 The infinite dimensional part : ¢_

Here, we prove the last but one identity in (iii) of Proposition 4.6. As in the previous

subsection, we proceed in two parts:
- In Part 1, we project equation (21) using the projector P_ defined in (42).
- In Part 2, we prove the estimate on ¢_ contained in (iii) of Proposition 4.6.

Part 1: Projection of equation (21) using the projector P_
In the following, we will project equation (21) term by term.
0
First term: 2.
S
From (41) and (39), its projection is
(Oq) _ 0q-
“9s’ 0s
Second term: Lg;q.
We have the following:

Lemma 5.14 (Projection of L3 ;5q)

P (Lps9) = Lp(q—(s)) + P-[(1 +i6)Rq]

Third term: —i (£ +6'(s)) q.
Since P_ commutes with the multiplication by ¢, we deduce that
P (g + 9'(5)) q = —i (g + 9'(5)) g

Fourth term: Viq+ V4q.
We have the following:

Lemma 5.15 (Projection of V¢ and V5q)
The projections of Viq and Vaq satisfy for all s > 1

M
P_(Viq) C q— C B
< o0 -_— —_—
Hil || S (VAL + 5) ey +n§:0: ppEzE (Ign!| + [Gnl)

and the same holds for Vaq.
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Using the fact that g(s) € V4(s), we get the following:

Corollary 5.16 For all A > 1, there exists s14(A) such that for all s > s14, if q(s) €
Va(s), then

Vig q- AM
< WVillge ||—LE |l 1oL
HHWH L S Wl HHW“ .z

and the same holds for Vaq.

Proof of Lemma 5.15: We just give the proof for Viq since the proof for Vaq is similar.
From subsection 3.5, we write ¢ = ¢+ + ¢— and

P_(Viq) = Vig- — Py (Vig-) + P_(Viqy).

Moreover, we claim that the following estimates hold

Vig- q—
< Willg Hi
H1+ ‘y|M+1 1_1’_ ‘y|M+1 I
H Py (Viq-) ¢ q-
L [y[M] L+ [yMlg

Indeed, the first one is obvious. To prove the second one, we use (62) to show that

- C q—
Puar(Vig)| + |Paar(Vig )| < = |[—2L——
| P (Vig-)| + [Popr(Vig-)| < Hl"“?/wﬂ ;

To control P_(Vigy) =3, <y P- (Vl(qnhn + q}ﬁn)) (use (40)), we argue as follows.
If M —n is odd, we take k = M in (63), hence

"
P (Viluhn +@aha)) = 30 <P (Wag(guha + duha)
j=

1
P ((qnh ¥ G )Vvl,k)

Since 2k +n < M, we deduce that P_ (W1 ;(gnhn —|—q~nﬁn) =0 for all 0 < j < k. Moreover,

using that
(1+ [y[*+?)

‘Wlk‘ =C sht1

and applying Lemma A.3, we deduce that

P (Vi(guho + Gufin))

o Udnl +1dn])

< (O 87
1+ \y|M+1 . = 8M+21 n (87)

If M — n is even, we take k = MQ_” in (63) and use that

B 1 2k+1
i <ol
shT3

to deduce that (87) holds. This ends the proof of Lemma 5.15. [ |

Fifth term: B(q,y, s).
Using (23), we have the following estimate from Lemmas 5.9 and A.3:

39



Lemma 5.17 For all K > 1 and A > 1, there exists s15(K, A) such that for all s > sy5,
if q(s) € Va(s), then

P_(B(q,y,s))
14 [y|M+L

< C(M)
Loo

NG

S

<AM+2>17+ A[5+(M+1)2]] 1
S

where p = min(p, 2).

Proof: The proof is very similar to the proof of the previous lemma. From Lemma 5.9, we
deduce that for all s there exists a polynomial Bj; of degree M in y such that for all y
and s, we have

[/ AMA2N\P  gl5+(M+1)?] (1 + |y[M+1)
B—-B < .
BBt < 0| (S ) + 2 s (59)

Indeed, we can take Bps(y) to be the polynomial

M
1 1Y\ ik
By=Piy Y. > Q[Bj,k(%)ﬁ%]

1=0 0<jk<M+1
2<j+E<M+1

The fact that B — By (y) is controlled by the right-hand side of (89) is a consequence of
the following estimates in the outer region and in the inner region.
First, in the region where |y| > /s, we have from Lemma 5.9,

~ AM+2 D
Bl < P <
B| < Clq) c( f)

and from the proof of Lemma 5.10, we know that for 0 < n < M,

- An
|Pn,M(BM(Q7y7 8))‘ + |Pn,M(BM(Q7y7 8))‘ < C—g _+1

Besides, in the region |y| < /s, we can use the same argument as in the proof of Lemma
5.9 to deduce that the coefficient of degree kK > M + 1 of the polynomial

M
E E [Bl (_y )@s ] — By
=0 0<j,k<M+1 \/_

25 jHR<M+1

is controlled by C'—4 E - and hence
2

2M+2

M
1
> X g |Budndd| - bl < e
— i s 2

in the region |y| < /s.
Moreover, using that |g| < cAY \/ in the region |y| < /s, we deduce that for s > 242, we

have
2M+2

M 1= Yoo A
> > 3 [Bévk(%)qjqk] <O (L4 ly[ M)

=0 0<j,k<M+1 S
2<j+k<M+1
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‘M+2

Finally, to control the term |gq , we use that in the region |y| < /s, we have the
AIWJrl

following two estimates |q| < C 7 and lg) < A5 2-(1 + |y|M+1) if s > 242, Hence
s2

AM+1

Vs
This ends the proof of estimate (89) and we conclude the proof of (88) by applying Lemma
A.3.

A5
M+2
|Q‘ < Cm <

M-+1
) (1 + [y M)

Sixth term: R*(¢',y,s).
We claim the following;:

Lemma 5.18 If |#'(s)| < 53% then the following holds

P_(R*(0',y,s)) 1
<C
H 1+ [y[M+t Lo 5
Proof: Taking n = % + 1 (remember that M is even), we write from Lemma 5.11
R*(0',y,5) = I,(0',y,5)) + I1,(6',y,s). Since 2n — 2 = M, we see from subsection 3.5
that (1+ y22) (14 [y[M+)
- 14 Jy|*"~ 1+y
(¢, 9) < OB (90)
s 2

in the region |y| < +/s. It is easy to see, using (25) and the definition of II,, that (90)
holds for all y € R and s > 1. Then applying Lemma A.3, we conclude easily. |

Part 2: Proof of the last but one identity in (iii) of Proposition 4.6 (estimate
on gq_)

If we apply the projection operator P_ to the equation (21) satisfied by ¢, we see that
q— satisfies the following equation:

O0q—
G = Lo+ P-[(i0)Rq)+P_[~i (£ 1+0/(9)) a4 Vig+ Vag + Bla.y. )+ R'(9,.5)].

Here, we have used the important fact that P_[(1 + id)Rq4] = 0.

Unlike the estimates on ¢, and ¢, where we use the properties of the operator Lg s, here
we use the operator L£g. The fact that M is large as fixed in (38) is crucial in the proof.
Using the kernel of the semigroup generated by L3, we get for all s € [7, s1],

q-(s) =g (1)

S
- / =L P_[(1 + i8)Rq_ds’

+/ es=sEsp_ [—i (g + 9’(5/)) q+V1qg + V2 + B(g,y,s) + R*(0',y,5') | ds'.
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Using Lemma A.2, we get

q—(s) — ML (5 q—(7)
H1+|y\M+1 00 <e Tz 77 ’1+\y|M“'1 00
ey || o (s) /
+/ e 2 (s=5") 1 +52 7]\4“ ds
T 1+‘ | Loe

/S e || 15 [—i (g+9/(5/)>Q+qu+V2€7+B(8’)+R*(s’)
+ [ e 2

1+ |y‘M+1
Lo°

Assuming that ¢(s’) € V4(s'), the results from Part 1 yield (use (i) of Proposition 4.6 to
bound |0'(s")])

(s) _Mtre g (r)
HW Loo Se ? (S ) ijw Loo
+/s M+1(s s’ ( /1+52+H‘V1|+‘V2|H )H _(3/) H dSl
r L= 4 [y Mt lizee
[ ey | AT AR 1AM
. BT ST

Since we have already fixed M in (38) such that

M>4(v/1+4+6°+14+2  max Vi(y, s)]),
1=1,2, yeR, s>1

using Gronwall’s lemma we deduce that

M+1 M+1 M+1
s q—(s) (s—7) T q-(7)
e 2 ClyrTT <e1 e 2 :

1+|y\M+1 [,© - 1+|y\M+1 [,©

M+1, M+3 [(M+1)2] (M+2)p M

s A A 1 A

+e 2 2 |: M3 =1 Mz T i

s~ 2 s 2 s~ 2 5”2

which concludes the proof of the last but one identity in (iii) of Proposition 4.6.

5.3 The outer region : ¢,

Here, we finish the proof of Proposition 4.6 by proving the last inequality in (iii). Since
q(s) € Va(s) for all s € [r, s1], it holds from Proposition 4.1 and (i) of Proposition 4.6 that

< A nd 0(s) < A58 91
||Q(S)||L°°(|y\<2K\/§) =" and |6 (s)| < 2 (91)
Then, we derive from (17) an equation satisfied by g:
dq i ~
a—; = Lpge — 5274 + (1 — x)er=1° {L(q, 0',y,5) + R0y, 8)}
(92)

i

—er—17¢(s) <85x + (1+1iB8)Ax + %y.VX> + 26%5(1 +1i08)div (¢(s)Vx) .
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Writing this equation in its integral form and using the maximum principle satisfied by
e™£8 (see Lemma A.1 below), we write

lae(s)llzoe < €7 flge ()|

s S—S/ ~
b [ (10 0L 0o + 10~ ORE ) )

S !

_5=S5

—I—/ e »l
-

s o 1
4 [ o) Vil

V1—e (5=
Let us bound the norms in the three last lines of this inequality.
First of all, we have from (19) and (91)

ds'
LOO

q(s) <@sx + (1+i8)Ax + %y-Vx)

. 1 !
Hq(sl) <35X + (14+i8)Ax + iy.Vx> - < C(1+ K2—8,2)HQ(5/)HLoo(\y|<2K\/§)
AMJrl
< CW, (93)

AM+1

(94)

8/

C
la(s") Vx|l SK—\/?HQ(S,)HLOQ(\QKQK\/?) < C

for s’ large enough.
Second, note that the residual term (1 — x)R* is small as well. Indeed, recalling the bound
(24) on R, we write from the definition of R* (18) and (91):

(95)

alQ

C
10 =) R (8" 9,8 1o < 5 +10'(5)] <

for s’ large enough.
Third, the term (1—x)L(q,6',y,s") given in (18) is less than €|g.| with e = m. Indeed,
it holds from (91) that

(1= x)L(q, 0,9, )| <
1
/ np—1 np—1 1ot
< o= (1 sy + 1O ey = 3 + ) (06)
< gy lae(s)) 2

whenever K and s’ are large (in order to ensure that ||¢(s’)]] L (Jy[ =K/ is small, see

(16)). Notice that it is only here that we need the fact that K is big enough. Using
estimates (91), (93), (94), (95) and (96), we write

lae(s)llze < e T lge(r)lze

i / (gl + calt A -
e =1 | —————|ga(8")|| oo .
T 2(]9 - 1) ¢ L \/Q s’ 1 — e (s=5)
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Using Gronwall’s inequality, we end-up with

_ (s=7) CAM+1
ge(s) || < € 2070 || ge(T) || oo + ——=— (5 — T + /5 —7)

\/F

which concludes the proof of Proposition 4.6. |

6 Stability of the profile (5)

As announced in the introduction, our technique proves the stability not only of the
solution constructed in Theorem 1, but of any solution trapped in some neighborhood of
the profile in selfsimilar variables. More precisely, we have the following:

Theorem 2’ Consider u(x,t) a solution of equation (1) which blows up at some time
T > 0 at one single blow-up point & such that i(z — a,t) satisfies (5) with T =T. Assume
in addition that

Vs > 3, QT,&(S) € V;(s)

for some positive S, K and fl, where Gz . 1s defined by

wT,d(:% s) = ei(# log s+0; ,(s)) (p(y,s) + QT,EL(:% s)),
Po(dz4(s)) = 0, (97)
Wy, s) = (T—t)%ﬂ(%t% y= mia , 5= —log(T —t)
’ T—t

and ¢ is the profile defined in (16).

Then, there ezists a neighborhood Vy of iy = u(x,0) in L such that for any ug € Vo,
equation (1) has a unique solution u(x,t) with initial data uy, and u(x,t) blows up in finite
time T'(ug) at one single blow-up point a(ug). Moreover, for all s > S0, qr(ug),a(ue)(S) €
VK’A(S) for some A > 3A independent from ug, where AT (uo),a(uo) (Y ) can be defined from
u(z,t) as in (97). Finally, estimate (5) is satisfied by u(x — a(up),t) and

T(ug) — T, alug) — a as uy — .

This section is devoted to the proof of Theorem 2’ (which is a generalization of Theorem
2). The proof is the same as in the case § = 6 = 0 treated in [14]. For the reader’s
convenience, we give a sketch of the proof here (we recommend however the reading of the
stability section of [14] first, in a pedagogical approach).

The sketch of the proof is given in 3 steps:

- In Step 1, we replace the parameters (dy,d;) by new ones: the blow-up time and
point. More precisely, using the modulation technique of the existence proof, we define
wr,q and qr, for (up, T, a) close to (ug, T, a) as in (97).

- In Step 2, given an arbitrary ug close to g, our goal is to prove that for some
(T,a) = (T(ug),a(uo)), qr.a(s) is trapped in Vi ,(s) for all s large enough and some
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A> A Recalling the reduction to a 2 dimensional problem from the existence problem,
we show that we reduce to the control of P;r(¢r,.(s)) for j =0 and 1.

- In Step 3, we solve the two dimensional problem by contradiction. Giving the behavior
of Pj am(Gra(s)) for j =0 and 1 and (T, a) close to (T',a) is crucial to find a contradiction
through index theory.

Step 1: Interpretation of the 2 parameters in terms of the blow-up time
and point

If in the existence proof, we had to finetune 2 parameters dp and d; in (45) in order
to guarantee that ¢(s) stays in V4(s) for any s > sq for some s, here our parameters will
be (T, a) in some neighborhood of (T',a). More precisely, given initial data ug close to o,
we define u(z,t) the local solution of equation (1). Then, given any (T',a) close to (1, a),
we introduce

1446 Tr—a

wraly,s) = (T =7 T u(e,t), y= =, s = —log(T — 1), (98)

Given any s; > 39, we see that wr,, is close to 1y ,, provided that (uo,T,a) is close to

(tp, T, a). More precisely, we have the following:

Proposition 6.1 (Continuity with respect to initial data on a finite time inter-
val) For all s1 > 59 and 61 > 0, there exist Vi a neighborhood of uy and €; > 0 such
that for all ug € V1, equation (1) with initial data ug has a unique solution defined for all

te [O,T - 67;1]. Moreover, for all (a,T) such that

la —a|+ |T —T| < e,

the function wr, (98) is well defined for all s € [—logT, s1] and

sup  ||wra(s) — Wy 4(0)][Le < 61 where 0 = s —log(1 — (T — T)e®).
s€[—log T,s1] ’

Remark: All the quantities having a hat are defined from 4.
Idea of the proof. This is just the continuity with respect to initial data of solutions of
equation (1) when time belongs to a finite interval (here [0,7 — £5]). [ |

Now, we can make modulation theory to define g7 4(y, s) as in the 2 first lines of (97).
More precisely, we have the following:

Proposition 6.2 (Modulation theory) There exists $1 > $g such that for all sy > 81,
there exist Vo and €3 > 0 such that for all ug € Va, for all (T,a) € B((T,a),e2) and
s € [81, 81, there exists Or4(s) (C1 in terms of s) such that if qrq(y, s) is defined by

wT,a(yv 8) = ei(ulogs—l—GT’a(s)) (qT,a(yv 8) + gD(y7 8))7 PO,M(QT,a(S)) =0 (99)
where ¢ is defined in (16), then

Vs € [31,51], qra(s) € V,4().
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Idea of the proof: This proposition is analogous to Lemma 4.4. Using Proposition 6.1, one
has to apply the implicit function theorem to the function

F(v,s,0) = S((1 - i0) /(e_i(“log”g)v(y) —¢(y,8))pp(y)dy) = 0, (100)

~

near the point (v, s, ) = (w4 ,(0), 0,04 ,(0)) for s large enough. [ |

Step 2: Reduction to a finite dimensional problem

The two parameters T and a in g7, replace dy and d; in (45) in the existence proof.
Then, given uy € Vo NV, if we prove that for some A > A, 55 and (T, a) = (T(ug), a(up)),
we have qrq(s) € Va(s) for all s > 3§, then, as in the proof of Theorem 1, T', a will be
respectively the blow-up time and the blow-up point of u(z,t), and u will have the profile
(5).

As in Proposition 4.5, we reduce the problem to a finite dimensional one:

Proposition 6.3 (Control of ¢(s) in V4(s) by (¢o(s),q1(s))) There exists As such that
for all A > As, there exist §3, V3 a neighborhood of ug and €3 > 0 such that for oll T < Tj,
the following holds:
Ifug € V3 and |T —T| + |a — a| < e3 and qra(s) € Va(s) for all s € [so,s1] with
qr.a(s1) € OVa(s1) for some s; > sq, then:

(i) (Smallness of the modulation parameter) For all s € [so,s1], |07 ,(s)] <
CA5 1§>gs )

S

(i) (@o(s1), () € O~ 4, AP

(iii) (Transverse crossing) There exists m € {0,1} and w € {—1,1} such that

wim(s1) = s_/% and wds—;n(sl) > 0.

Proof. Propositions 6.3 and 4.5 are essentially the same. They both follow from Proposi-
tion 4.6. The only difference is in the data at s = sg. Therefore, in the case s > so + o
where o = log A, we don’t use the data at s = sy and the proof is the same. On the
contrary, in the case s < sg 4+ o, the proof is different. Indeed, in Proposition 4.5, we take
(do,dy) € Dp, so that data at time s = sq is very small and stays small up to s = sg + o,
whereas in Proposition 6.3, the fact that ¢(s) does not touch the boundary of V4(s) for
s < 59+ o follows directly from the continuity result of Proposition 6.2 by taking A > 3A.

Step 3: Solution of the 2 dimensional problem

As in the existence proof, we derive from Steps 1 and 2 the existence of some large
A > 3A, 8, > §, a neighborhood V; of @ and a rectangle D C R? containing (T',a) such
that for all ug € Vo, we will be able to find (T,a) € D such that gr.q(s) € Va(s) for all
s > §1. We proceed by contradiction, and assume that for all (T,a) € ﬁ, there exists
s«(T,a) > §4 such that grq(s) € Va(s) for all s € [34, 5] and qr4(s+) € OVa(ss). Using
Proposition 6.3, we see that the following function is well defined and continuous:

D, Dy — o[-1,1]2
2 ~ ~
(T, a) = % (Go, @1)7,q (54)-
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If one proves that the degree of ®,,, on the boundary of D is not zero, then a contradiction
follows from index theory and the proof is terminated. From the continuity of the degree
and Step 1, it is enough to show this for ug = 4. This comes from the following Proposition
which is analogous to Lemma B.2 page 186 in [14] concerning the case § = ¢ = 0. Here,
we only give the expansion of ]5J M(4T,0)(s). Other estimates (in particular concerning the
derivatives with respect to T and a) are omitted here. They are completely analogous to
[14]. The following lemma allows us to conclude

Lemma 6.4 (Expansion of P;j/(Gr.4)(s) for (T,a) close to (T,a) and j =0 and 1)
There exist co = co(p,ﬁ J) 6 R and 35 > 81 such that for all s > 35, for all (T,a) € R?
satisfying |7| < 3 and |o| < 3, where T = (T — T)e* and o = (a — a)e2, we have

~ . c K log s T log s
Porr(ira(s) - L - 7| < c( LI R L \3)

2 p—1" — $5/2
0 . 20k «@ log s ‘7—| s
P R Y < ¢ e '
|P1av(Gr,a(s)) + TS Sl < < 5t +2 + 2 4 o \

Indeed, as in [14], taking 7 and < of the size of S%, we see that ®;, is a linear function
(up to some perturbation) whose degree on the boundary is —1. By continuity, ®,, has
the same degree, which yields a contradiction and proves the stability result. It remains
to prove Lemma 6.4.

Proof of Lemma 6.4: Using the definition of wr 4, (98), we write

148
-1 wj“,(l(zv U)

Wraly,s) = (1-7)

where .
o' .
Z:\ili——f c=s—log(1—71), 7=(T—-T)e* and a = (a — a)e2.

Using the definition of g7, (99), this gives

[

qAT,a(f% 8) = eiwl

where

_lyis _14is
I = (1-7) 7 145,(z,0) + (1 =7) 7 To(z,0) = @y, s),

Y = plogo — plogs+ éT7&(U) - 9T,a(5)-

The application of the implicit function theorem to F(v,s,6) (100) gives an expansion of
Or,a(s) — 04 ,(0) in terms of s — o and Wr4(y, s) — Wy ,(2,0), which gives after straight-
forward computations analogous to [14]

log ]

e —1] <C¢2+Cg+0| \ +C +C\a|3 (101)

Proceeding as in [14], we make the expansion of I and obtain its projections on ho and
hy. Gathering the information on ¢ and I concludes the proof of Lemma 6.4, Theorems
2’ and 2. |
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A Spectral properties and the semigroup generated by the
operator L3

We aim at defining a semi-group for the operator £z and showing some of its properties.
For that, we introduce the more general operator defined for all z € C, Rz > 0,

5 1 1
L.w=zAw— §y.Vw = —div(p,Vw)

Pz

ly|?
where p.(y) = e 1= /(472)N/2. Let us remark that this problem in analytical in terms of

the z variable. Therefore, it is enough to solve it for z € R and to deduce its properties
for general z by holomorphic extension. As a matter of fact, when 2z € R% , we have

/ pa(y)dy =1,
RN

moreover, the operator £, is well known. It is self-adjoint with respect to the weight p,
in the sense that

/ u(y)Ew(y)ps(y)dy = / w(y) Exuly)ps(v)dy. (102)

In one space dimension (N = 1), the eigenfunctions f,, of L. are dilations of the standard
Hermite polynomials H,,(y):

— Y A __n
fuly) = Hn(Q\/E) where £, H,, 2Hn.

If N > 2, its eigenfunctions fu(y1,...,yn) where a = (ay,...,ay) € NV is a multi-index
are given by

faly) = T fo(00) = T 1 Fl (5 72).

The family f, is orthogonal in the sense that for all o and ¢ in NV,

[ futeoudy = suc [ Fip.ay (103)

The semigroup generated by £, is well defined and has the following kernel:
2

~ 1 ‘1‘ — yefg
) = = e P | T ey

Using the holomorphic extension, it is clear that all the above properties hold for all z € C
such that Rz > 0. The following two lemmas will be used to prove some decay

Lemma A.1 a) The semigroup satisfies the mazimum principle:
e @l e < [l poe-
b) Moreover, we have

‘ C
€550 div(p)|| oo < ﬁ”@”ﬂw

where C' only depends on f3.
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Lemma A.2 There exists a constant C' such that if ¢ satisfies
VeeR |¢(x)| < (1+]a[MH)

then for all y € R, we have

M+1

"2 P_(¢(y))] < Ce™ 72 *(1+ [y[M*)

Moreover, we have the following useful lemma about P_

Lemma A.3 For all k > 0, we have

e

|
e N1+ yME| e

Remark: Even though (102) and (103) hold for all z, one should bear in mind that £,
and Lg are neither self-adjoint nor Hermitian with respect to the weight p,. Moreover, we
can’t say that family (f,)aen is orthogonal, because the symmetric bilinear form

(w.0) = [ up.

is not even positive.
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