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Abstract

We prove a Liouville Theorem for the following heat system whose nonlinearity has no
gradient structure

Owu = Au+vP, O = Av+u?,

where pg > 1,p>1,¢ > 1 and |p — ¢| small.
We then deduce a localization property and uniform L°° estimates of blowing-up solu-
tions of this system.

1 Introduction

In this paper, we are concerned with finite time blow-up for semilinear
systems of the heat type

(L1) { U, = AU + F(U)

U(.,0) = Uy

where U : (z,t) € RN x [0,T) — RM, Uy : RN — RM, T > 0, (AU); =
AU;, F € CHRM RM) and N, M € N.

The local Cauchy problem for (1.1) can be solved in L>®(RY). If the
maximal solution exists on [0,7") with 7" < 400, then the solution blows-
up in finite time 7" in the sense that [|[U(t)||gec@n) — +o0 as t — T.
In this case, T is called the blow-up time of U. Let us consider a blow-
up solution U of (1.1). From the regularizing effect of the heat flow, U
is continuous on R x (0,7") and we can define a € R" to be a blow-
up point of U if U is not locally bounded near (a,T’) in the sense that
|U(an,ty)| — 400 for some sequence (ay,t,) — (a,T) as n — +o0.

Many papers deal with the study of blowing-up solutions of (1.1).
However, many of them treat the scalar case (M = 1), mainly with pos-
itive initial data. Indeed, in this case, the maximum principle applies
and allows to obtain many crucial estimates (see for instance Herrero and
Velazquez [11], Galaktionov and Vézquez [10], Weissler [16], ..). Unfortu-
nately, in the vector-valued case, the maximum principle does not hold in
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general. However, in the case where there is a potential G € C2(RM R)
such that

(1.2) VG =F,

one can define in some functional space a Lyapunov functional
1 2
B(U) = 5/]RN VUPde— [ Gy,

that allows to have some blow-up criteria (see Levine [12], Ball [2],..)
or information on the asymptotic blow-up behavior for system (1.1) (see
Giga and Kohn [9],...). For instance, let us sketch the main results for the
case of the equation

(1.3) Uy = AU 4 |U[P7'U with p > 1 and (N —2)p < N + 2.
Under the additional condition
(M =1and Uy >0) or (3N —4)p <3N +38,
Giga and Kohn prove in [8] the existence of some C' > 0 such that
for all (z,t) € RN x [0,T), |U(z,t)| < Cvo(t)
where vy(t) = [(p — 1)(T — t)]_P+1 is the solution of v{, = v}, v(T) = +oc.

The study of the blow-up behavior for solutions of (1.3) is done through
the introduction of similarity variables

T —a
T-—t

y= L s =—log(T — 1), Waly,s) = (T — )71 U(x,1)
where a may or not be a blow-up point for U. From (1.3), we see that
W, (or simply W) satisfies the following system : for all (y,s) € RY x
[—log T, 4+00),

1
(1.4) We= AW = 2y - VIV - % + WP

In [15], Merle and Zaag prove the following localization property for
U(z,t) :
For all € > 0, there exists Cc > 0 such that for all (z,t) € RN x [£,T),

|U; — |[UPIU| < |UP + C..
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This identity is a consequence of the following Liouville Theorem for
system (1.4) (see [15] and [13]) :

Let W be a solution of (1.4) defined for all (y,s) € RN x R such that
W e L*RYN x R,RM). Then, either W =0 or W = kwy or W(y,s) =
1
@(s — so)wo where so € R, wg € SM=L p(s) = k(1 +€%) 71 and k =
1
(-1

From this Theorem and the localization property, one can deduce the
asymptotic profile for U near a blow-up point a as t goes to T' (see [15],
Filippas-Merle [6] and Giga-Kohn [9]).

It is worth noticing that the techniques developed in [15] (see also
[13]) for system (1.3) extend naturally to system (1.1) if the nonlinearity
F satisfies some conditions, namely (1.2) with a convexity condition on
G. Moreover, the techniques of [15] break down if (1.2) no longer holds.

Our aim in this paper is to pass beyond this restriction and to obtain
the same type of results in a case where (1.2) does not hold. More pre-
cisely, we consider (u,v) : (x,t) € RN x [0,T) — (R*)? a solution of the
following system

= P = q
(1.5) {ut Au+vP, v =Av+u

’LL(,O) = Uo, ’U(.,O) = Vo,

blowing-up at time 7. where u,v : (z,t) € RN x [0,T) — R™.
In [1], Andreucci, Herrero and Veldzquez prove that if

(1.6) pg>1and (¢q(pN —2) < N+2orp(gN—-2)<N+2),

then for all (z,t) € RN x [0,7),

q+1

(17)  0<u(e,t) <C(T —1t) 7T and 0 < v(z,t) < C(T — ) pe-T

(the same result has been proved by Caristi and Mitidieri [3] in a ball
under conditions different from (1.6)).

The study of blow-up solutions for system (1.5) is done through the in-
troduction of the following similarity variables

g+1

(1.8) O(y,s) = (T — t);q—ﬂu(x,t) and ¥(y,s) = (T — t)ra—Tv(x,t)

where and s = —log(T —t).

a
Y= T =1
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From (1.5), ® and ¥ satisfy the following system

(1.9) il

D, = A — Ly VP + P — gﬂg ®,
pg—1

pg—1
Uy = AV — 2y. VU + §7 — v.

If (T', v) denotes the only non trivial constant solution of (1.9) defined by

(1.10) ’ypzl“<p+1)andfq:’y<q+1>,
pg—1 pg—1

then it is shown in [1] the following :

PROPOSITION 1.1 (Andreucci-Herrero-Veldzquez)  There exists a contin-
uous and positive function € defined in the interval (1,(N +2)/(N —2)) if
N >3 (resp. in (1,400) if N =1, 2) such that if |p—po|+|q—po| < €(po),
for some pqg satisfying 1 < py and (N — 2)pg < N + 2, then any solution
of (1.9) in L= (RN x R,R?) is either (&, V) = (0,0) or (&, V) = (T,7) or
satisfies otherwise

aay 1269 Tl #1968 ol 0 ass— oo
| 18($)llzz + € (. 8)ll2 — 0 as s — +oo

where (I',7) is defined in (1.10) and L%(RN) is the L% space associated
with the Gaussian measure p(y) = 6_#/ (47T)N/2.
Remark : Although condition (1.6) is said to be necessary in the state-
ment of the result of [1], this condition is not used at all in the proof in
section 3 of that paper.
This allows the authors to adopt a local (in space) approach in order to
describe all the possible blow-up behaviors for (1.5) near a given blow-up
point :

Assume that (1.6) holds and that the conclusion of Proposition 1.1
is true. Consider (u,v) a solution of (1.5) which blows-up at time T.
Consider a € R a blow-up point of (u,v) and define (®, V) by (1.8). Then
either (B, W) goes to (T',v) exponentially fast or there exists 1 € {1,.., N}
such that after an orthogonal change of space coordinates,

(1.12)

o _ (T _Cka B (p+1r ), (1
(5 )wn=(3)- 22 ge-m (1) ()
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for some C(p,q) > 0, where the convergence takes place in CF _(RN) for
any k > 0.

In the first case, they obtain other profiles, some of them similar to
the scalar case of (1.3), and some which are new (see Theorems 3 and 4
in [1] for more details).

Although the profile classification of [1] may seem exhaustive, we
should point out that their approach is local and that the convergence
speed they got depends on the initial data and on the considered blow-
up point. In particular, the uniformity of the convergence of (®,,¥,) to
(T, ), with respect to the blow-up point, can not follow from their results.
Moreover, it is not likely that their results can provide any stability result
(with respect to initial data) of the behavior (1.12) with [ = N.

In this paper, we adopt a global (in space) point of view, and aim
at obtaining uniform estimates, with respect to initial data and to the
blow-up points, which improve the results of [1]. We would like to adapt
the program we did in [15] for (1.3) to the present context. It turns
out then that the major difficulty is the proof of a Liouville Theorem
for equation (1.9) as we did in [15] for (1.4). Indeed, the non-gradient
structure of (1.9) makes the techniques of [15] break down. The key point
of our paper is then the proof of the following Liouville Theorem, which
strongly improves the classification result of [1], sated in Proposition 1.1 :

THEOREM 1.2 (A Liouville Theorem for system (1.9)) There exists
a continuous positive function n such that for any pg > 1 such that po(N —
2) < N + 2, for all p,q such that |p — po| + |¢ — po| < n(po), p > 1 and
q > 1, the following holds :

Let (®,0) be a solution of (1.9) in L®°(RN x R,R?). Then, either
(®,¥) = (0,0) or (®,¥) = (I',) or there exists so € R such that for
all (y,s) € RN xR, ®(y,s) = ®o(s — s0), ¥(y,s) = Wo(s — sg) where
Dy(s) =T(1+ es)_;q—Jr—ll and Yo(s) =~(1+ es)_zfq%ll.

Remark : (®g, ¥y) is the only solution (up to a time translation) of

+1 +1
o, = U — () @0, o, = & — (5) Wo
(Po, ¥y) — ([',y) as s —» —oc and (P, ¥p) — (0,0) as s — 00

This Theorem has an equivalent formulation for solutions of (1.5) :

COROLLARY 1.3 (A Liouville Theorem for system (1.5)) Assume that p
and q satisfy the conditions in Theorem 1.2. Consider (u,v) a solution of
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(1.5) defined on RN x (—oo,T) for T € R such that for all (z,t) € R x

+1 1
(—00,T), 0 < u(z,t) < C(T — t) 71 and 0 < v(z,t) < C(T — £) b1
for some C > 0. Then, either u=v =0 or for all (z,t) € RN x (=00, T),

gt1

p+1
u(.x,t) - F(T* - ‘lf)_W‘t1 a’n,d U(:]j’t) = ')/(T* f— t)_qul

where T* > T and (I',7) is defined in (1.10).

Theorem 1.2 is the major novelty of our paper. Indeed, once the difficulty
of proving this Liouville Theorem is overcome, one can use the same
techniques as in [15] to derive for blow-up solutions of (1.5), new results
which can not be derived from [1].

The following uniform estimates are the first consequence of Theorem 1.2

THEOREM 1.4 (Limits at blow-up of L*> estimates for solutions of
(1.5)) Assume that p and q satisfy (1.6) and the conditions of Theorem
1.2, and consider (un,vy,) a sequence of solutions of (1.5) which blow-up
at time T,, and satisfy

(1.13) Tn < To and [|un(0)||Lec @ny + [|vn(0)[[Lo mrvy < Co
for some Ty > 0 and Cy > 0. Then,
i) 78T [t (T = 7) |y — T

leq)iqﬂ) | ( Tn - )QH - (7%(%—7))1”“ | oo ey — 0 and

FoaeTt 2||V’un(Tn = T)lLee@yy = 0 (i =1,2) as 7 goes to 0, uniformly
o g+1 o p+1

ii) [@n(s)llLoqemy = T (B2) = (222)" @y = 0

and ||Vi®,,(s) (g0 @~y — 0 (fori =1,2) as s — +oo, uniformly in n
(®,,,¥y,) is defined from (uy,vy,) and T), by (1.8)).

The same holds for v, and ¥, with obvious changes.

Remark : The notation V2u stands for the second differential of w.

The following localization result is the second consequence of the Theorem
1.3:

THEOREM 1.5 (A localization property for blow-up solutions of
(1.5)) Under the assumptions of Theorem 1.4, consider Co > 0 and Ty >
0. Then, for all € > 0, there exists C(Cy,To,€) > 0 such that for all
solution (u,v) of (1.5) which blows-up at time T and satisfies

T <To and [[u(0)]lc2 @) + [[0(0)[[c2@y) < Co,
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we have for all (z,t) € RN x [0,T),
lug —vP| < evP + C, |vp —ul| < eul +C and

(L)r+! - (%)p“‘ < eudtl 4 C.

(1.14)

As a striking consequence of Theorem 1.5, we have the following Corollary
which asserts that the coupled system (1.5) is in some sense (at least in
the singular region where u and v are large enough) equivalent to two
uncoupled ordinary differential equations.

COROLLARY 1.6 (Uniform ODE comparison until blow-up) Under the
assumptions of Theorem 1.4, we have for all e > 0 and (z,t) € RN x[0,T)

p(g+1)

U\ Pl
= ()

v satisfies of course an analogous estimate.

p(g+1)

< ey pHt —I-C(E,Co,To).

An immediate and important consequence of this Corollary is the follow-
ing.

COROLLARY 1.7 Under the assumptions of Theorem 1.4, consider (u,v)
a solution of (1.5) blowing-up at time T

i) (Continuity in R near a blow-up point) For all blow-up point
a € RN, u(z,t) — +oo and v(z,t) — +o0 as (z,t) — (a,T).

ii) (No oscillation in time) There exists 6 > 0 such that for all blow-up
point a € RN, ¥(z,t) € B(a,0) x [T —6,T), %(:r,t) >0 and %(:r,t) > 0.

Remark : i) is to be compared with the definition of a blow-up point,
where one requires that u(ay,,t,) — +oo and v(ay,t,) — 400, just for
one sequence (an,t,) going to (a,T).

We also have the following uniform convergence estimate and a blow-
up exclusion criterion, localized at the point.

PROPOSITION 1.8 (Uniform convergence at blow-up points) Under the
assumptions of Theorem 1.4, consider (u,v) a solution of (1.5) blowing-up
at time T, and denote by S the set of all blow-up points of (u,v). Then,

+1 +1
i) sup |(T — t)ﬁu(a,t) T+ (T - t)hu(a,t) -y —0ast—T.
a€s

ii) For all € > 0, 36(e) > 0 such that if for some o € RN and to € [T —

p+1 g+1
6(€),T), u(zo, to) < (L'=e)(T'—to) »a=T orv(wo,to) < (y—€)(T—to) Pa-1,
then xg is not a blow-up point of (u,v).
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Furthermore, we suspect that the techniques of [14] can be adapted to
refine the results of Theorem 1.4 until the first order and obtain (under
the same hypotheses) :

There exists C(Co,Ty) > 0 such that Vs > —logT, ||®(s)|re <

. i +1
I+ Cs7!, |Vi®(s)||p~ < Cs™2 (fori =1 or 2) and || ((}"T(S))q -
+1
(W"T(‘g))p | ooy < Cs™! (the same for 1).

The proof of this fact should be much more technical than [14]. With
these uniform estimates, one can do as in [14] and give a new proof of
(1.12) and of the existence of a blow-up profile, with a convergence speed
independent from the considered blow-up point. Therefore, we suspect
one can adapt the techniques of [5] to show that the profile given by (1.12)
with [ = N is stable with respect to perturbations in initial data.

As we mentioned before, the novelty of our paper is the Liouville
Theorem. Deriving consequences for blow-up solutions (Theorems 1.4
and 1.5, Corollaries 1.6 and 1.7 and Proposition 1.8) is done in the same
way as in [15]. Therefore, we focus on the proof of Theorem 1.2, and also
on the proofs of Theorems 1.4 and 1.5, because the non-homogeneousness
of the nonlinearity in (1.5) makes this case more delicate. For the other
results, we just sketch the proofs and refer to [15] for details.

The paper is organized as follows : In section 2 we prove Theorem 1.2.
In section 3, we prove applications of the Liouville Theorem (Theorems
1.4 and 1.5, Corollary 1.7 and Proposition 1.8. Note that Corollary 1.6
easily follows from Theorem 1.5). Let us mention that in Appendix B, we
give a local lower bound on the blow-up rate for (1.5), in the same spirit
as in [9].

Part of this work has been done in January 99 during the International
summer school on PDEs in Temuco, Chile. The author wants to thank
the organizers and all the participants who kindly provided him with help
during his stay.

2 A Liouville Theorem for equation (1.9)

In this section, we prove Theorem 1.2. Let us first remark that the non-

linearity
) P
< v ) — < 50 ) in system (1.9)
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has no gradient structure, so that the method of [15] can not apply. More
precisely, what breaks down first in the method of [15] is the proof of the
existence of limits as s — oo for solutions of (1.9) defined in all RN+,
since this proof relies strongly on the existence of a Lyapunov functional
for the system. The existence of limits has been proved by Andreucci,
Herrero and Veldzquez in [1] through a perturbation argument around the
problem for the particular value (p, q) = (pog, po), which reduces in fact to
a scalar equation (see Proposition 1.1). Theorem 1.2 will be proved if we
completely characterize the case (1.11) of Proposition 1.1 and show the
existence of sg € R such that V(y,s) € RV x R,

+1 g+1

(21)  ®(y,s) =T(1+e**0) 71 and Uy, s) = (1 +5*0) a1

where I' and v are given by (1.10). For this, we will use ideas from [15] and
[13] based on a blow-up criterion for system (1.9). Let us point out that
the blow-up criterion of [15] breaks down here since we have no gradient
structure, and the finite time blow-up criterion of [13] does not hold since
we are not in the scalar case. Nevertheless, we have the following infinite
time blow-up criterion, which is crucial for our argument.

PROPOSITION 2.1 (An infinite time blow-up criterion for system
(1.9)) Assumep > 1 and q > 1. Let (P, V) be a solution of system (1.9)
defined for all (y,s) € RN x [sg, +00) for some sg € R such that z(sg) > 0
where

(2.2)  2(s)= qv/ﬂb (y,s)p(y)dy +pF/\I’ (y,8)p(y)dy — (p+ T

Then, z(s) — 400 as s — +00.

Proor : Roughly speaking, the conclusion follows on one hand from
the fact that z(s) is an eigenfunction with eigenvalue 1 of the system (1.9)
linearized in the space Lz(RN ) around the constant solution (I',7), and
on the other hand from the convexity of the nonlinearity, since both p and
q are greater than 1. We will not linearize (1.9) here, but we will directly
derive a differential inequality satisfied by z(s).

From system (1.9) we write the following equation for z :

) Z0) ==Y 0 s)pl)dy - BT [ W(y,s)p(y)dy
+qv [ (y. )P p(y)dy + pL [ &(y, s)7p(y)dy.
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From convexity (p > 1 and ¢ > 1), we write
(2.4) TP > 4P + pyP" Y (U — ) and &9 > T+ qI'1(® - T).

Plugging this in (2.3), we get (use [pn p(y)dy = 1)

2(s) = (J @(y,s)p(y)dy —T) {—wv + pql™

+ () Uy, s)p(y)dy — ) | —ELUD 4 pgrp
_alet) p zo(q+1)F7 + gyP L 4 pratl,

pg—1
pg—1 1 pg—1
Using (1.10) and (2.2), we end-up with
Vs > 80, 2'(s) > z(s).

Since z(sg) > 0, this concludes the proof of Proposition 2.1. [ |

We now consider a solution (®,V) of (1.9) satisfying case (1.11) of
Proposition 1.1, and proceed in 3 parts to completely characterize it and
then finish the proof of Theorem 1.2.

- In Part I, following ideas from [13], we linearize system (1.9) around
(I',7) and do a kind of center manifold theory as s — —oo to show that
(®,¥) behaves at most in three different ways.

- In Part II, we show that one of these three ways actually corresponds
to the case (2.1).

- In Part III, we rule out the two remaining cases using an argument
based on the invariance of the system (1.9) under the following geometric
transformation :

) D(y + ae’/?)s)
2.5 eRY ‘) ’
(23)  aeRT - [( %) (y’s)_)<\ll(y+aes/27s)
and the infinite time blow-up criterion of Proposition 2.1.
Let us note that with proposition 1.1, our strategy becomes quite similar
to the one of [13] and [15], except for the delicate point of the blow-up
criterion which is not the same. Moreover, the equations we obtain here

are similar to those of [13] and [15]. Therefore, we refer to these papers
for most of the proofs of the Propositions we write below.

Part I : First order asymptotic expansion of (¢, V) as s — —oc0
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Let us first linearize system (1.9) around (I',v) as s — —oo. If we

introduce

(2'6) (907 w) = (<I> -Iv— '7)7

then we see from (1.9) that it satisfies the following system

(2.7) %(i)z(LOId—i—M)(:Z)—i—F(:Z)
(2.8)
where Lo=A— %y.v,

Id is the identity of R2,

_ ptl p—1
2 py
(2.9) M = ( P )
ql “pg—1
@ (v + )P =P =yl
d F —
o (w) <<F+so>q—rq—qrq—1so

satisfies |F'(1), )| < C(l¢l? + [9[?) since [[(, 1) oo (v xy < +00-

One can easily compute that M has two eigenvalues A1 = 1 and Ao

_% with as eigenvectors respectively

_( +1)T _( o
(2.10) er = < (g+ 1) ) and ep = < . ) .

If we perform the following change of functions

(2.11) ( z ) = geq + hes,

then the linear part of system (2.7) uncouples and (g, h) satisfies

2 = (Lo+1)g + Fi(g,h)
2.12 9s ’
(2:12) —2’; = (Lo — (g tl) ﬁgf‘ﬁ“) Jh + Fa(g,h)
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for some F; : R? — R, i = 1,2 satisfying

(2.13) |Ei(g. h) < Clgl* + [h]?).
Moreover, from (2.11), (2.6) and (1.11), we have

(2.14) lg(s)llzz — 0 and [|A(s) 3 — 0 as 5 — —oo.

In all this part, we shall study system (2.12) which is equivalent to (1.9).
The dynamics of (2.12) are mainly determined by its linear part. Let us
study it in the following.

Lo is a self-adjoint operator on D(Lg) C L,%(]RN ,R). TIts spectrum
consists of eigenvalues :

spec Lo = {—% | m € N}.

The eigenspace of A = —7 is finite dimensional and is spanned by
(2'15) Ha(y) = hal(yl)'-~haN(yN)

where o = (v, ..., an) € NV satisfies || = a3 + ... + ay = m and

(€)= 3 g0

are dilatations of Hermite polynomials. The family (H,)a,env spans all
the space
L%(RN, R), and we can write for every v € Lg(RN,R)

(2.16) v(y) = Y vm(y) where vp(y) = Y vaHa(y)

meN |a)]=m

is the L% projection of v on the eigenspace of Lg associated with A = —
and v, € R.

If we consider equation (2.12) under this spectral information for Ly,
we see that the linear operator for the second equation is negative, whereas
the spectrum of the linear operator Ly + 1 of the first equation contains
a positive part (1 and %), a null and a negative one. If we define

m
2

1
(217) g+(y7 S) = Z gm(y73)7 Inull = 92 and g- = Z gmHa7

m=0 m>3
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then one can follow ideas from center manifold theory and use (2.12),
(2.13), (2.14), and perform in a straightforward way the same type of
estimates as in the scalar case in [13] (Proposition 3.5) to show the fol-
lowing :

ProprosITION 2.2 (Finite dimensional reduction of the problem
as s — —o0) As s — —o0,

(218)cither  [|h(s)llzz + lg- ()22 + 9+ ()22 = 0 (Il gmun(s)]|z)

(219)  or [1A(s)llzz + lg- &)z + I gmun(s)l1z2 = 0 (llg+(5)llz) -

Remark : Center manifold theory can not apply for the nonlinear term
F;i(g, h) is not quadratic with respect to the Li(RN) or H; (RY) norm (see
[4] page 834-835 for more details).

PROOF OF PROPOSITION 2.2 : The steps 1 and 2 in Appendix A in
[13] can be adapted in a straightforward way to handle this vectorial
case. |

In the following Proposition, we use Proposition 2.2 to reduce the
study of (2.12) to a finite dimensional ODE problem and find first order
expansions for (g,h) as s — —oo. More precisely, we show that when
(2.19) occurs in Proposition 2.2, then either gg or g; dominates the other.
Therefore, we reduce to the study of the projection of g on the eigenspace
of (Lg + 1) spanned by 1, 1/2 or 0, which is finite dimensional.

PROPOSITION 2.3 (First order expansion for (g,h) as s — —o0) As
s — —oo, one of the following cases occurs :

i) 1)z + llg-()llLz + lgnun(s)llzz + 191(s)] = 0(go(s)) and go(s) =
Coe® + O (62(1_6)5) as s — —oo, for some Cy € R and for all ¢ > 0.

i6) 1) 2+ lg— ()11 22 + gt ()23 + Lo ()] = 0 (91(5)), 1(5) ~ Cres/2
and go(s) = o (se®) as s — —oo, for some C1 € RV\{0}.

iii) [|h(s)122 + llg—(9)llz + 9+-(5) 22 = 0 (llgnun(s)llwz) and there
exists | € {1,..,N} and @ an orthonormal N x N matriz such that
Gt (QY,8) = gidsiiyioes (21 ~Yia yf) +0 (ﬁ) in Ly, gi(s) =
0 (S%) and go(s) = O (S%) as s — —oo, for some 6 > 0.
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PRrROOF : From Proposition 2.2, we see that ¢ dominates h in the L,%
norm. Therefore, we concentrate on the study of the equation satisfied by
g. From (1.9), (2.6) and (2.11), g satisfies the equation : ¥(y,s) € RN xR

dg
P (Lo +1) g+ Fi(g,h)
where |Fy(g,h) — %ga <C ((92 + h2)1/2 |h| +C (92 + h2)3/2)-

Let us remark that this case is very similar to the scalar case studied in
1
[13] where the linearized equation of (1.9) around kK = (p — 1) ?=7T is :
V(y,s) € RY xR,
v

o= = (Lo+1)v + F(v) with |F(v) - %vﬂ\ < COlup.

We claim that since Hh(s)HL% =o0 (||g(s)||L%) as s — —oo in our case, the

asymptotic study of v in [13] holds with obvious changes for the proof
of Proposition 2.3. See in [13] Step 3 in the proof of Proposition 3.5
(Appendix A) and the proof of Proposition 3.10 (Appendix C). |

Part II : The relevant case : Characterization of the L7,
connection between (I',7) and (0,0) in (1.9)
In this Part, we prove the following Proposition :

PROPOSITION 2.4 (Case i) of Proposition 2.3 : the relevant case)

Assume that case i) of Proposition 2.3 holds. Then, there exists so € R

such that ¥(y,s) € RNV x R, ®(y,s) = ®o(s — s9) and ¥(y,s) = Vo(s — s0)
1 1

where Og(s) =T(1 4+ es)_lgjq—t1 and Yo(s) =~(1+ es)_;q%l.

PRrROOF : Through the transformations (2.11) and (2.6) and the def-
initions (2.16) and (2.17), i) of Proposition 2.3 reads
[ (y,s) = {I'+ (p + 1)I'Coe’} Ho(y)l| 1z = o(e?)

W (y,s) = {7+ (a4 1)vCoe’} Ho(y)llzz = o(e®)

as s — —oo with Ho(y) = 1 (see (2.15)). Let us remark that we already
have a solution (®*, U*) of (1.9) defined in RY x (—o0, s.] for some s, € R
and which satisfies the same expansion :
(2.21) if Cy =0, just take (I',~),
(2.22) if Cp < 0, take (®g, ¥o)(s — sg) where so = log(—Co(pg — 1))
(2.23) if Cp > 0, take (Pp, Up)(s — sg) where so = log(Co(pg — 1))

(2.20)

g+l

and (D, Wy)(s) = (m =
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is a solution of (1.9) which blows-up at s = 0 but is bounded for all
s < —1. Since the expansion of (®,V) is supported by Hy which is
the one dimensional eigenspace of Lg + 1, one expects from a dimension
argument that (®*, ¥*) is the only solution satisfying (2.20).

In the following, we will prove that (®, ¥) = (&*, ¥*) on RV x (—o0, s.].
For this, we will linearize (1.9) around (®*, ¥*) and not around (I',v) as
we did in Part I. Note that since

Vs < $*> |((I)*7\II*) - (vay)‘ < Cesa

one expects to have the same equations as in Part I, up to a perturbation
of size e®.

Let us introduce for all (y,s) € RN x (—o0, 5]
(2.24) (p1,91) = (& — &%, U — U*).
From (1.9) and (2.20), we see that

(2.25) ler(8)llzz + 1¥1(s)ll Lz = o(e”) as s — —oc,

wm g (5) e (7)) en( 7))

where M is given in (2.9) and L(s) is a 2 x 2 matrix satisfying |L; j(s)| <
Ce® and |F1(p1,91)| < Clef +47).

Using the same argument as in the proof of Proposition 3.7 in [13], we
prove that (2.25) and (2.26) imply that (¢1,%1) = (0,0) for all s < s,.
Therefore, V(y,s) € RN x (—o0, %)

(2.27) (@(y, 5), ¥(y, s)) = (®7(s), ¥7(s)) -

From the uniqueness of the Cauchy problem for equation (1.9) and since
(@, ) is defined for all (y,s) € RY x R, (®*, ¥*) is also defined for all
(y,5) € RY x R, and (2.27) holds for all (y,s) € RY x R. Therefore, case
(2.23) can not hold. Moreover, (2.21) is ruled out by (1.11). Thus, only
case (2.22) holds and there exists sg € R such that Vs € R,

(@(y,5), ¥(y,s)) = (27(s), ¥ (s)) = (Do, Yo) (s — s0)-

This finishes the proof of Proposition 2.4. |
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Part IIT : Cases ii) and iii) of Proposition 2.3

In this Part, we assume that case ii) or iii) of Proposition 2.3 holds
and use the invariance of system (1.9) under the geometric transforma-
tion (2.5) to show the existence of some ag € R and sy € R such that
(Pyy, Voo )(s0) satisfies the infinite blow-up criterion of Proposition 2.1.
More precisely, we have the following Proposition :

PRrROPOSITION 2.5 (The irrelevant cases ii) and iii) of Proposition
2.3) Assume that case ii) or case iii) of Proposition 2.3 holds, then,

a- In case ii) :

[ g(y+ae®’?,s)p(y)dy = a.Cre®+o(|ale’)+O(se®) as (aez,s) — (0, —o0).
b- In case iii) :

fg(y—}—aeS/Q,S)p(y)dy = mZ/ 7,2 2 QCL@S/2.Z)2P(Z)dZ+
0 (572) +0 (jaels/ 1) + 0 (Jaf*e*2571) as (a2, 5) — (0, —oc).

PRrROOF : Using Proposition 2.3, the proof of Lemma 2.6 of [15] holds
here with no adaptations. |

This Proposition allows us to conclude. Indeed,

- if case ii) of Proposition 2.3 holds, then we fix sy negative enough

—s0/2 Cp
and ag = ‘80| e to get

s0/2

1
/g(y + a0680/2, s0)p(y)dy > =e*°ay.Cy

= ——|C1| > 0.
2 oso] I

This implies through (2.11), (2.6) and (2.5) that

07 [ Poo:50)pw)dy + BT [ Voo (0, 50)p(w)dy > (p+ 0)T

where (®,,, U4, ) is also a solution of (1.9) defined from (@, ¥) through the
geometrical transformation (2.5). From Proposition 2.1, (®,,, ¥,,) blows-
up in infinite time. This contradicts the fact that [|(®qg, Vay)[|Lec &N xr) =
[(®, V)| Lo i xr) < +00. Thus, case ii) of Proposition 2.3 does not hold.

- if case iii) of Proposition 2.3 holds, then we fix s¢ negative enough
and ag = ST;EQ €1 where ¢; = (1,0, ...,0) so that we get

\8\

1 2pq+p+q

s0/2 dy > —
/g(y +aoe™’?, s0)p(y) 216|s|(p + 1)(¢ + 1)pq

X 8 > 0.
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This leads to a contradiction by the same argument as before. Therefore,
case iii) of Proposition 2.3 can not hold.

This concludes the characterization of case (1.11) in Proposition 1.1
and concludes the proof of Theorem 1.2.

3 Uniform estimates and uniform comparison with an
ODE of blow-up solutions of (1.5)

We derive in this section applications of the Liouville Theorem for blow-
up solutions of (1.5). Basically, the techniques are the same as we did
in [15] for (1.3). However, the fact that the nonlinearity in (1.5) is non
homogeneous makes the proof more complicated technically, at least for
Theorems 1.4 and 1.5. Therefore, we give the details of Theorems 1.4
and 1.5. On the contrary, we just sketch the proofs of Corollary 1.7 and
Proposition 1.8. Let us first recall an upper bound on the blow-up rate
for (1.5) from [1].

3.1 An upper bound on the blow-up rate for (1.5)

If one carefully reads the proof of Theorem 1 in [1], then he sees that the
result is actually stronger than stated there. We state it in the following
Proposition :

PROPOSITION 3.1 (Uniform L* bound for ¢ near T from [1]) Assume
(1.6) and consider (u,v) a solution of (1.5) which blows-up at time T.
Then, for all § € (0,1), there exists C1(0) > 0 such that for all (z,t) €

RN x [1255T,7),

P4l a+1
(T = t)ra=tjut)|[Lee + (T = t)pe=t{jo(t)[[Le < Ci.

Using the continuity of solutions to (1.5) with respect to initial data in

L, we then claim the following :

PROPOSITION 3.2 (Uniform L estimate) Assume (1.6) and consider
Co > 0 and Ty > 0. Then, there exists C(Co,Tp) > 0 such that for all
solution (u,v) of (1.5) which blows-up at time T' and satisfies

T < Ty and [|u(0)]|peo @y + [[0(0)[[Lec @y < Co,
we have ¥t € [0,T),

p+1 g+1

(®) g avy < CT = )97 and [[o(t) e ey < C(T = 1) 5T
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PROOF : The argument is similar to the one used in [15] to derive
Theorem 2 from Proposition 3.4. |

3.2 Limits at blow-up of L estimates for solutions of (1.5)

We prove Proposition 1.4 here. Let us first note that 7, > tz(Cp) > 0.
This follows from the following Lemma.

LEMMA 3.3 (Boundedness of the solution in L>°) Consider (u,v) a so-
lution of (1.5) satisfying ||u(0)|| L~ + ||[v(0)||z~ < Co. Then, there exists
to(Co) > 0 such that for all t € [0,10], max (||u(t)| Lo, [|[v(t)| L) < 2Ch.

PROOF : Omitted. See Lemma 3.1 in [15] for a similar argument. N

We prove here that
+1
(3.1) Tzﬂpq——lHun(Tn —7)||Lee — I' as 7 — 0 uniformly in n.

The proof of the other estimates follows in the same way (see Theorem 1.1
in [13] for a similar case). We proceed by contradiction and assume that
for some €y > 0, there exists 7, — 0 as n — +oo and (uy, vy,) a blow-up

pt+1
solution of (1.5) satisfying (1.13) and either 7,0~ ||, (T, —72)||L > T+e€o
P+l
or T2 |up (T, — 7o) || < T —€g. Let us mention the following classical

lower bound on the blow-up rate for equation (1.5).

PROPOSITION 3.4 (A lower bound on the blow-up rate) Assume that

pq > 1 and consider a solution (u,v) of (1.5) which blows-up at time T.
Then, for all t € [0,T),

P+l q+1

either ||u(t)||Lee > T(T —t) a1 or ||v(t)||Le > (T —t) Pa-T.

PROOF : See Appendix A. |

Up to extracting a subsequence and from Proposition 3.4, we can assume
that

ptl
(3.2) either Vn €N, 777 un (T — 7n)|lLe > T + o,
or
(3.3)
pt1 a1

Vn €N, 727 up(Ty — 7n)llLe < T — € and 727 o, (T, — 7o) |lLe > 7
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By Proposition 3.2, we have for all n € N and t € [0,7},),
L a1
(34)  un(®)llLee (T = ) 7177 + [Jon (t)[|Lee (Tr — £)Pa=T < C*(Co, Tp)-

Let us define

p+1
Uﬂ(ga T) = TTfl]il Un (Sﬁ, T, —mp + 7_7_”)
(35) q+1

VTL(£7 T) = TTfl]il Un (Sﬁa Ty — T + 7_7_”)

which is still a solution of (1.5) defined for all (¢,7) € RY x [%, 1).
By (3.4), we have for all n € N and (¢,7) € RY x [—%, 1),

g+1

(36) Un(fﬂ') < C*(l - 7')_1’T11L_11 and Vn(f,T) < C*(l — T)_pq—l_

Since T;, > to(Cp) and 7, — 0, we have T"T_HT" — —o0 as n — 4o0o. We

claim the following parabolic regularity result :

LEMMA 3.5 (Parabolic regularity for system (1.5)) Assume (u,v) is a
solution of (1.5) defined for all (¢,7) € D = B(0,7n) % [0,t*] and satisfying
lullLee(py + lvllLee(py < M. Consider t1 € (0,t*), then, there erists
a € (0,1) and K(t1,n, M) such that

[ullcz1(pry + V2o, pr + [Opti]a,pr < K

where D' = B(0,4) x [t1,t*], [Jullcz1 = [Jul|lLe + [|VullLe + V2u| Lo +
”8tUHL0<> and

|CL(£, 7_) - a(é.,) 7—,)|
(37) ‘a’a,Dl = Sup o
e ep (1€ =&+ |r —7|1/2)

The same holds for v.

PRrROOF : This is a consequence of a result by Friedman (Theorem 3
p. 406 in [7]). See Lemma 2.8 in [14] for a proof (Although the proof of
[14] is given for a scalar heat equation, it extends naturally to the case of
the system (1.5)). |

From this Lemma and (3.6), we get compactness of (U,, V) in every
compact set of RY x (—oo,1) and find (U, V) a solution of (1.5) defined
for all (¢,7) € RY x (—o0, 1) and satisfying

q+1

U(g’T) < C*(l - T)_‘fq—tll and V(&ﬂ') < C*(l — T)_Pq—l




20 H. ZAAG

such that (up to a subsequence) (U, V,) — (U, V) uniformly on compact
sets. Moreover, from (3.2) and (3.3), we have either |[U(0)|pe > T +€q ,
or [|[U(0)||Le < T —¢€p and ||V(0)||L > . By the Liouville Theorem of
Corollary 1.3, (U,V') does not depend on ¢ and there is a contradiction
in both cases. Therefore, (3.1) holds.

The proof of the estimates on (“T")qJrl - (%)pﬂ, v, and the derivatives
of u, and v, follow by the same compactness argument which yields
in all cases a contradiction by Corollary 1.3, because all the solutions
given by this corollary satisfy VU = VV = 0, V2U = V?V = 0 and

+1 +1
(%)q — (%)p = 0. This concludes the proof of Proposition 1.4.

3.3 Uniform ODE comparison of the solutions of (1.5)

We prove Theorem 1.5 here and omit the proof of Corollary 1.6 since it
is obvious if one assumes Theorem 1.5.

ProOOF OF THEOREM 1.5 : We proceed by contradiction and con-
sider some ¢y > 0 and a sequence (u,,v,) of solutions of (1.5) such that
(tun, vy) blows-up at time 7T, and satisfies

(3.8) Tn < To, Jun(0)lcz@y) + lvn(0)lc2@y) < Co and

either |Auy,(z,,t,)| > €vh +n or |Av,(zy,t,)] > eoul +n

(un(:cf‘l,tn))q"—l . (vn(:cn,tn) )p-l-l

P > 6Oun(mna tn)q+1 +n

or

for some (z,,,t,) € RN x [0,T},). From translation invariance of (1.5), we
assume z, = 0. Since the roles of (u,p) and (v, q) are symmetric, we can
assume, up to extracting a subsequence, that

(39her Vn €N, |Auy(0,t,)] > €ua(0,t,)P +n

M)qﬂ B <M>p+l

T p > €otin (0,1,) 7 4+ n.

(30k0¥n € N, |(

We proceed in three steps.
o+l a+1

1 1
- In Step 1, we show that (T}, —t,,) Pa=Tuy, (0, t,)+(T,—ty) Pa—T v, (0,¢,) — 0.
- In Step 2, we use this to show that up to a scaling of the type
2(p+1)

Up, Up N\ o AP wpn (A ,)\%T—i—an
(3.11) < ) — < Aman )(577) = 2(q+1) O )

v (¥ —
" ™ An,on )\npq_l Un()\nga )\%T + Un)
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which keeps (1.5) invariant, (u,,v,) is flat around (0,¢,).
- In Step 3, we find a contradiction with (3.9) and (3.10).

+1 +1
Step 1 : (Tn - tn)ﬁun(oin) + (Tn - tn)hvn(oatn) — 0.
We prove the following Lemma in this step :

LEMMA 3.6 For alln € N,

. ptl q+1

i)Vt € [0,Tn), (Tn — )71 [Jun (t)||Loc @ny + (Tn — ) P17 [p (8) oo ey <

C*(Co,Tp).

ii) Fori=1,2,Vt € [0,T},),

izt S ; g+l i .
(T = )12 |V (8) oo + (T — 8757 2| Vo0, (8) | < C1(Co, To)-

pg—1
iii) T, — tn, — 0. More precisely, T, — t, < (%) Pt if (3.9) holds, and
pq—1
T —ty < (%) EEDED o some Cy > 0 if (3.10) holds.
pt1 g+l
i) (T, — tn)Pa=Tu, (0, t,) + (T, — ty) P10, (0,t,) — 0 as n — +00.

PROOF : i) is a consequence of (3.8) and the uniform estimates of
Proposition 3.2.
ii) Consider (®,,,V,) the solution of (1.9) defined by (1.8) from uy, v,
and T},. From i), we have ||®,||Le + ||¥n||Le < C*. Just use (3.8) and
parabolic regularity to get ii).

iii) - Case (3.9) : From (3.9) and ii) we have
_ plg+1)

n < |Aun(07tn)| < Cl(Tn — tn) pg—1 |

- Case (3.10) : From (3.10) and i), we have
un(0,tn g+l Un (0,tn p+l

n < (%) n ( ( ))

5
«\q+1 «\Pp+1 _ (p+D(et1)

< ((61: )q + (%)p ) (T, — tn) “2-1 . In both cases, this yields

iii).

iv) Let us define for all (¢,7) € RN x [— Tntft,u 1),

(3.12) Unl€:7) = (T = ta) 90 Tuy (fv — s tn + 7(Tn — tn))
Va(&,m) = (Tn _tn)pq 1Un( v —tnstn +7(Th —tn)).

(Un, V) is still a solution of (1.5). From i), we have for all n € N and
(6,7) € RN x [— 72 1),

p+1 q+1

O S Un(f,T) S C*(]. — T)_qul and 0 S Vn(f,T) S C*(]_ — T)_qul.




22 H. ZAAG

Note that —Tntftn — —o0 since t, > to(Cpy) (Lemma 3.3) and iii) holds.
Using Lemma 3.5 and a compactness procedure, we obtain (U, V') a solu-
tion of (1.5) defined for all (¢,7) € RY x (—o0,1) and satisfying

q+1

(3.13) 0 < U(£,7) < C*(1 — 1) 3T and 0 < V(£,7) < C*(1 — 1) 91

such that (Uy,,V;) — (U, V) uniformly on compact sets of R x (—o0, 1)
(up to a subsequence). By (3.9) and (3.10), we have either ¢,V (0, O) <
|AU(0,0)| or

€U (0,0)7H1 < ( (190))q+1 _ (m)p—i—l

Y

. From Corollary 1.3, we have

either U=V =0or (U, V)(1) = (F(T - T)_ppq—tll,'y(T — T)_pqul)

for some T' > 1. Therefore, U = V = 0 and U,(0,0) + V,,(0,0) — 0 as
n — 400, which concludes the proof of Lemma 3.6. |

Step 2 : Flatness of (u,,v,) around (0,%,)

In this step, we find a (3.11) type scaling of (u,,v,) and show that
(un,vy) is flat in this scale.
With Lemma 3.6, we are able to introduce for all 6 > 0 and n large,

(3.14)
, . Pl a1
tsm =f 0t € [sn,tn] | (Th — )P0 Tupn(0,1) + (T — )P Ty (0,8) < 6

_ pg—1
(3.15) where s,, = T}, —n 2G+D@tD)

(3.16) It is clear that T}, —ts5,, — 0 as n — 400

on

p+1 +1
(317) and ( - t& )pq_lun(ov tg,n) + (TTL - tg,n)hvn(ov tg,n) § 5

Similarly as we did in (3.12) and what follows, we introduce

pt1

(3.18) Un(&,7) = (T, — t,) = T (EVTo =Tt + (T — 1))
Va(&,7) = (T = )55 v (/T = sty + (T — 1)
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which is a solution of (1.5) on RV x [—Tnt;jt,, 1) (we omit the § dependence
in the notation for simplicity), and introduce (U, V) a solution of (1.5)
satisfying (3.13) such that (U,,V,) — (U, V) uniformly on compact sets
of RV x (—o00,1) (up to a subsequence). From the Liouville Theorem
of Corollary 1.3, we know that (U,V)(§,7) = (U,V)(r). The following
Proposition shows that (U, V) is flat in D = B(0,1) x [0,1) and has
compactness properties which allows us to show that this convergence is
actually uniform in D.

PROPOSITION 3.7 (Boundedness and flatness of (U,,V,,) near the

origin)

i) There exists 69 > 0 such that for all 6 € (0,00), if n > no(J), then
_ ~ p+1

fOT’ all (EaT) € B(074) X [0’ 1); Un(£77-) < Ml(pvq)5(1 - T)_m and

~ g+1

Vn(£77-) < MQ(p7 Q)(S(l - T)_m'

it) There exists 51 > 0 such that for all 6 € (0,61], if n > n1(5), then for

all (§,7) € B(0,2) x [-1,1), Un(§,7) + Vo(§, 7) < C5(Co, Tp).

iii) For all 6 < 61 andn > n(6), |Upla,p+|Vala,p+|AUn|a,p+|AVy|a,p <

C4(Co, Ty) where D = B(0,1) x [0,1), o € (0,1) and |.|o,p is defined in

(3.7).

PROOF : From (3.18), (3.17), i) of Lemma 3.6, (3.16) and Proposition
1.4, we have the following facts

(3.19) U,(0,0) + V,,(0,0) < 4,

’
VT c [_Tnt—it’n’ 1)7

S BN a1l .
(320) (L =7)paT[[Un(7)||lLoe + (1 = 7) 27T |Un (7))L < C*(Co, To),

(3.21)
sup | (1= 7)p= 172 [VU(7)|[Lee + (1 = 7)pe T2 VIV (7) |[Lee | — 0
T€[0,1)

i) For all £ € B(0,4), |Un(£,0) — Un(0,0)| < 4|VU,(0)[|lL — 0 as n —
+oo by (3.21). The same holds for V,,. If n is large enough, then this
implies by (3.19)

(3.22) VE € B(0,4), Up(€,0) <26 and V,,(€,0) < 20.
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(3.21), we have for n large enough and 7 € [0,1),
)p(q+l) a(p+1)

=T AU (7)||Lee + (1= 7) 70T AV, (1)L < 62
, Vi) is a solution of (1.5), (3.22) and this imply that for all
(0,4) x [0,1),

<

p(g+1) a(p+1)

(3.23)

0,0, —VP| <621 — 1) va1, |0V, — U9 < 62(1 — 1) »pa1
Un(€,0) <26 and V,(&,0) < 26.

The conclusion of i) then follows by straightforward a priori estimates.
ii) If 7 € [—1,0], then (3.20) gives the estimate, since —Tnt;ft, — —00.

If 7 € [0,1), then the estimate follows directly from i) and the following

Proposition which is an adaptation of Theorem 2.1 in [9] to the case of

equation (1.5) where the nonlinearity can be non homogeneous.

PROPOSITION 3.8 (A local lower bound on the blow-up rate)
Assume p > 1, ¢ > 1 and pq > 1. Consider (u,v) a solution of (1.5).
Assume that for all (z,t) € B(xg, A) x [T —n,T),

q+1

(3.24) w(w, O)(T — )T + v(z, ¢)(T — )31 < §

for some 19 €RYN, A >0, T >0,n€[0,T) and § > 0. We claim that if
0 < 50(A7777N7p7 Q)i then fOT’ all (:L’,t) € B($0,A/2) X [T_%T);

u(x,t) +v(z,t) < C(A,n,N,p,q)d.
In particular, (u,v) does not blow-up at time T at the point x.

PROOF : See Appendix B. ]

iii) Just use ii) and apply Lemma 3.5. This concludes the proof of
Proposition 3.7. |

Step 3 : Conclusion of the proof : contradiction with (3.9) or
(3.10)

Now, we fix 6 = min (1, (I" + 7) /2) where 0; is defined in Proposition
3.7, and still write ¢/, for t:&n‘ From iii) of Proposition 3.7, we see that U,

and AU, are uniformly continuous in D and therefore U, (¢,7) — U(7)
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and AU, (¢,7) — AU(7) = 0 as n — 400, uniformly for (£,7) € D (the
tn—t)

same holds for Vn) In particular, for 7, = 77—+, we have

(3.25)

|Un(077'n) - U(Tn)| + |Vn(077'n) - V(Tn” + |A0n(077'n)| + |AVn(OaTn)|
— 0 as n — +o00. We consider two cases in the following.

Case 1 : t!, > s,. It follows then from (3.14) that
p+1 g+1
(Tn — t3,) P Tun (0, 17,) + (T, — t,) P T 0, (0, £7,) = 0 which gives by (3.18)
as n — +oo U(0) + V(0) =0 > 0. Corollary 1.3 then implies that
(3.26)
~ _ptl ~ _ g+l

V1 € (—00,1), U(r)=T(T"—7) ra—T and V(1) =y(T* — 1) pa—T

for some T* > 1.

- If (3.9) holds, then (3.18) gives IAUL(0,7,)| > eV (0, 75)P. Asn — 400,
(3.25) yields 0 > ¢ n%in V(7)?. Contradiction with (3.26).
T7€|0,

0,1)

- g+1 . p+1

- If (3.10) holds, then (3.18) gives (W) - (W)

coUn (0,7,)7T1. As n — 00, (3.25) yields 0 > ¢ m[(i)]%) U(r)7!. Contra-
7€|0,

diction with (3.26).

Case 2 : ), = s, defined in (3.15).
- If (3.9) holds, then (3.25) and (3.18) give
(¢+1)
A%m@g:ocm—%rﬁa):o@ﬂﬁqzomnw@m)Tms
contradicts (3.9) for n large.
- If (3.10) holds, then we have from (3.18), (3.25) and (3.26)

()" - (22 -

‘(ﬁn(O,Tn)>q+1 o <Vn(0,7’n))p+1
r v

(p+1)(g+1)

=0 ((Tn —Sp)  pal > = O (y/n) by (3.15). This contradicts (3.10)

for n large.
This concludes the proof of Theorem 1.5. |

>

_(p+D(g+1)

(T — $0) " 7ot

3.4 Application of the ODE comparison to blow-up solu-
tions of (1.5)

We sketch the proofs of Corollary 1.7 and Proposition 1.8 here.
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PROOF OF COROLLARY 1.7 : Corollary 1.7 can be derived from Co-
rollary 1.3 in the same way we did for Corollary 2 in [15]. |

PROOF OF PROPOSITION 1.8 : ii) is a direct consequence of i). Let
us prove i).
i) We proceed by contradiction. Let us assume that for some €g > 0, there
is a sequence t,, — T" and a, € S such that (for example)

p+1

(3.27) (T —tp)raTu(an, t,) — I — € as n — +o0.

If we define for all 7 € [0, 1),

p+1

(3.28) Un(1) = (T — tn)raTu(an, t, + 7(T — t,)),
then we have from Corollary 1.7 and (3.27)
plg+1)

U,\ »pr1
U —~p
= ()

and Uy, (0) — T' — eg as n — +o00. Since
pt1
1-pg

U*(r) = [(P — 60)% — 7T p+1] "' is bounded for all T € [0,1] and

solves

platl) p(g+l)

<eU, o + CE(T - tn) pg—1

Ve >0, V1 €[0,1),

U p(qj—ll)
U* =P <?> " with U*(0) =T — e,

we deduce that U, (1) — U*(7) as n — oo uniformly for 7 € [0,1). As
n is large, we obtain limsup U, (7) < 2U*(1) which gives by (3.28)

T—1

+1
limsup u(ay,t) <20 (1)(T' — Tn)_pqul,
t—T

and this contradicts the fact that a,, is a blow-up point of (u,v) (see i) of
Corollary 1.7). ]
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Appendix A

A lower bound on the blow-up rate for equation (1.5)
We prove Proposition 3.4 in this appendix. We proceed by contra-
diction and assume that for some ty € [0,7), we have |u(ty)|lLe <
+1 1
T — to)_# and |[v(tg)|lLe < Y(T — to)_;q——l. We then fix some
To(to) > T such that

q+1

_p+1l _
(A1) u(to)||re < T'(To —to) Pa—T and ||v(to)||Le < y(To —to) Pa-T.

We claim that for all ¢ € [to,T),

+1 g+l

(A2)  Jlu(t)|lL < T(To—t) 71 and [[u(t)|p= < Y(To —t) o1,

which yields a contradiction with the fact that (u,v) blows-up at time
T < Tp and concludes the proof. It remains for us to prove (A.2).

From (A.1), (A.2) is true at ¢t = ty. Let us assume by contradiction that
(A.2) is true for all ¢ € [to,t*] and (for example)

p+1

(A3) Ju(t")l|g = T(Ty - £7) 5.

Then, from (1.5), we have u(t*) = S(t* — to)u(to) + ftto* S(t* — t)u(t)Pdt
where S(t) is the heat kernel. Therefore,
[u(t)[[Le < Hu(to)HLm + ffo Hv(t)H}ﬁoodt

p(g+1)
<T'(Ty —to)~ pacT —i—’ypft (To —t) F dt (by (A.1) and (A.2))
=Ty —t*) = (by (1.10)). This contradicts (A.3) and concludes the
proof of (A.2) and the proof of Proposition 3.4.

Appendix B

A local lower bound on the blow-up rate for (1.5) We show in this ap-
pendix how to adapt the proof of Theorem 2.1 in [9] to get Proposition
3.8. We first remark that Proposition 3.8 is valid also if v and v are
vector-valued and satisfy the following parabolic inequalities

lug — Au| < K(1+ |v|P) and |vy — Av| < K(1 + |ul?).

Let us note that introducing

U(¢, )—77”‘1 1u(l’o+€\/_T n+7n)
V(E,T) = nri- 1u(ﬂfo+£\fT n+71n)
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we can assume g =0, n=1and T'= 1.
The hypothesis (3.24) can be rewritten as

(B.1)
V(z,t) € B(0,A) x [0,1), u(,t)(1 — )3T + v, £)(1 — )3T <&

where p = 1.

If p = ¢, then [9] directly gives the result. Unfortunately, the proof of Giga
and Kohn is strongly attached to the homogeneity of the nonlinearity. In
our sketch of the proof, we consider the case p # ¢ (actually p > ¢) and
proceed by a priori estimates as in [9] in order to decrease inductively the
parameter u in (B.1) to zero, which gives the desired result.

Assuming (B.1), we localize equation (1.5) in order to show that (B.1)
holds with a parameter u < 1 (up to shrinking the space domain). Let us
introduce a cut-off function x such that x(z) =0 if |z| > A and y(x) =1
if || < AA, and note

(B.2) Co(A, A) = max (| Ax|[Lee, [VXlLe)

We then define

(B3) f(ilj‘,t) = X(l‘)u(ﬂj‘,t) and g(ZL‘,t) = X(.’L‘)U(ﬂj‘,t).

From (1.5) and (B.1), we see that f satisfies the following equation :
flz,t) =
S@)f

where S(t

1F @l < 1FO) e + 5 (la()llee o) + l[u(s)lue ]| Ax e

+ 2800 () e [V ) s

Using (B.1), (B.3), (B.2), introducing for all v € R and ¢ € [0,1),

t
I(v,t) = / (t— )3 (1 - s)"ds,
0
and proceeding similarly for b, we obtain for all ¢ € [0,1),

(B.4)
( )(p—1)
alt) < 84+ 7 [ib(s)(1 — )T ds + K(N)Cod (uth )

pq—1’°
_,, (p+1)(g—1)

O) < 6400 fal)(1 — )M ds + KNGO ()

is the heat semi-group. Therefore,

By straightforward (but long!) a priori estimates, we claim the following
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CLAM B.1  There ezists 61 such that if 6 < d1, then for allt € [0,1),

(B.5) 1f(t) |l < Mi6(1 =)™ and [|g(t)||Lee < Mad(1 — 1)
where
(B.6)
_p+1l 1 <1 q+1> _g+1 1 n(l q+1>
pg—1 2 2" pg—1 Copg—1 2 2" pg—1

and My, My and &g are fized in terms of (A, \,N,p,q).

Therefore, up to changing A by AA and shrinking 4, (B.1) holds with
H = max (pq T4, pqq_|_1lﬁ) ( )

We then start again the localization process from (B.1), assuming now
that p < 1. Let

pg—1 pg—1 pq—1 pq —1 )
20+1)72(¢+1) " (p—(g+1) (¢ —-1(p+1)

(if ¢ = 1, ignore the last number). Since p > ¢, we have (p —1)(¢+ 1) >

q — 1, therefore, py < 1. Using (B.4), one can make straightforward
(though long!) a priori estimates to show that, up to replacing A by \A
and shrinking ¢, (B.1) holds with a smaller parameter ' = 0 if u < po,
which terminates the proof. If p > pg, one can show that (B.1) holds
%, ”2—0) < . In this case, one has just to
start once more the whole process, and it is easy to see that in a finite
number of steps, one shows that (B.1) holds with x = 0, which finishes

the proof.

[o = min (

with g/ = p — min(
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