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The simplest second order differential equations are those with constant coefficients. The general form for a homogeneous constant coefficient second order linear
differential equation is given as
ay”(2) + Yg@) + eylx) = 0, (1225
where a, b, and c are constants.
Solutions to (12.2.5) are obtained by making a guess of y(z) = e". Inserting this guess into (12.2.5) leads to the characteristic equation
ar +br+c=0. (12.2.6)

The roots of this equation, ry, 72, in turn lead to three types of solutions depending upon the nature of the roots.

X Classification of Roots of the Characteristic Equation for Second Order Constant Coefficient ODEs

1. Real, distinct roots r;, 7. In this case the solutions corresponding to each root are linearly independent. Therefore, the general solution is simply y(zx)
= c1€"* + cpe™*.

2. Real, equal roots r; = 7, = r. In this case the solutions corresponding to each root are linearly dependent. To find a second linearly independent solution,
one uses the Method of Reduction of Order. This gives the second solution as ze™. Therefore, the general solution is found as y(z) = (¢1 + coz) e™.

3. Complex conjugate roots 1,7, = o+ if3. In this case the solutions corresponding to each root are linearly independent. Making use of Euler’s identity, ¢
= cos(#) + isin(6), these complex exponentials can be rewritten in terms of trigonometric functions. Namely, one has that e** cos(3z) and e°* sin(3x) are two
linearly independent solutions. Therefore, the general solution becomes y(x) = e“*(¢; cos(Bz) + ¢2 sin(Bz)).
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Graphe de la fonction sinus hyperbolique sur une
partie de R.
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