ON THE FOURIER DECAY OF MULTIPLICATIVE CONVOLUTIONS

TUOMAS ORPONEN, NICOLAS DE SAXCE, AND PABLO SHMERKIN

ABSTRACT. We prove the following. Let 1,...,un be Borel probability measures on
[—1, 1] such that y; has finite sj-energy for certain indices s; € (0, 1] with s1+...+s, > 1.
Then, the multiplicative convolution of the measures y1, . . ., i, has power Fourier decay:
there exists a constant 7 = 7(s1,. .., sn) > 0 such that

f 2T (24 - dp ()| < €]

for sufficiently large |£|. This verifies a suggestion of Bourgain from 2010.

1. INTRODUCTION

In 2010, Bourgain [2, Theorem 6] proved the following remarkable Fourier decay prop-
erty for multiplicative convolutions of Frostman measures on the real line.

Theorem 1.1 (Fourier decay for multiplicative convolutions). For all s > 0, there exists
€ > 0and n € Z4 such that the following holds for every § > 0 sufficiently small.
If v is a probability measure on [—1, 1] satisfying

Vre[0,0°], sup wp(B(a,r)) <7’
ac[—1,1]

then for all € € Rwith 5~ < |¢] <2071,
Je%igm'”x”du(m) codp(zy) <6 (1.2)

This result found striking applications in the Fourier decay of fractal measures and
resulting spectral gaps for hyperbolic surfaces [3, 9]. It was recently generalised to higher
dimensions by Li [5].

At the end of the introduction of [2], Bourgain proposes to study the optimal relation
between s and n. Our goal here is to show that, as suggested by Bourgain, Theorem 1.1
holds under the condition n > 1/s, which is optimal up to the endpoint, as we shall see
in Example 1.10 below.

The statement we obtain applies more generally to multiplicative convolutions of dif-
ferent measures, and our proof also allows us to replace the Frostman condition by a

Date: 6th September 2023.

1991 Mathematics Subject Classification. 42A38, 28A20 (primary), 11L07 (secondary).

Key words and phrases. Multiplicative convolutions, Frostman measures, Fourier decay.

T.O. is supported by the Academy of Finland via the project Approximate incidence geometry, grant no.
355453, and by the European Research Council (ERC) under the European Union’s Horizon 2020 research
and innovation programme (project MUSING, grant agreement no. 101087499).

PS. is supported by an NSERC Discovery Grant.

1



2 TUOMAS ORPONEN, NICOLAS DE SAXCE, AND PABLO SHMERKIN

slightly weaker condition. Precisely, for a finite Borel measure x on R, given s € (0, 1]
and 0 > 0, the s-energy of p is defined as

1) = [[le = ol dutz) duto).

We refer the reader to [6] for the basic properties of the energy of a measure. As in
Bourgain’s theorem, we shall be mostly interested in the properties of measures up to
some fixed small scale §; for that reason, we also define the s-energy of . at scale by

Ig(/‘) = Is(:“(S)v

where p15 = 1 * Ps is the regularisation of 1 at scale §, and P5 a smooth approximate unit
of size 6. The main result of the present article is the following.

Theorem 1.3 (Fourier decay under optimal entropy condition). Let n > 2, and {s;}]_; =
(0, 1] such that ), s; > 1. Then, there exist do, €, € (0, 1], depending only on the parameters
above, such that the following holds for § € (0, do]. Let pi1, . .., pu,, be Borel probability measures
on [—1, 1] satisfying the energy conditions

I(u) <67, 1<j<n (1.4)
Then, for all € satisfying 61 < |¢] < 267,

’J‘G_Qm&jl“'zn d#l(ml) o d,un(l'n) < |€’—T' (15)

Remark 1.6. It is not difficult to check that the Frostman condition u(B(a,r)) < r® from
Bourgain’s Theorem 1.1 is stronger that the assumption on the s-energy at scale 6 used
above. The reader is referred to Lemma 3.8 for a detailed argument.

Remark 1.7. The values of the parameters dy, ¢ > 0 stay bounded away from 0 as long
as min{sy, ..., sn} > 0 stays bounded away from 0, and };; s; > 1 stays bounded away
from 1, and n ranges in a bounded subset of N.

The following corollary is immediate:

Corollary 1.8. Let n > 2, and {s;}7_, < (0,1] such that 3 s; > 1. There exists T =
7(n,{s;}) > 0 such that the following holds. Let p1, ..., ju, be Borel probability measures on
R such that I, () < +o0. Then there is C' = C({u;}) > 0 such that

’Je—2ﬂi§x1...xn dﬂl<x1) o d,UJn(xn) < . ‘£|—T7 fe R. (19)

Writing 141 X - - X p,, for the image of the measure p; x - - - x p,, under the product map
(x1,...,%n) — 21...2y,, the Fourier decay condition (1.9) implies that additive convolu-
tion powers of ;11 X - - - X u,, become absolutely continuous with respect to the Lebesgue
measure on R, with arbitrarily smooth densities. In particular, if A; denotes the support
of the measure p;, fori = 1,...,n, a sumset of the product set

A1A2...An={a1a2...an : CLiEAi}

must contain a non-empty interval. This observation, together with the example below,
shows that the condition )] s; > 1 used in Theorem 1.3 is essentially optimal.
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Example 1.10. Given s € (0, 1) and an increasing sequence of integers (nj)i>1, define a
subset H in R by

Hy={xe[0,1] : Yk > 1, d(z,n, *Z) < n; '}.

If (ny) grows fast enough, then both H, and the additive subgroup it generates will have
Hausdorff dimension s.

Now assume that the parameters s1,..., s, satisfy > }s; < 1. Fixing s; > s; such that
one still has s, < 1, Frostman’s lemma yields probability measures j; supported on
Hg, and satisfying 11;(B(a,r)) < r* for all r > 0 sufficiently small. However, since the
support A; of yi; satisfies A; HS; , one has

Ay, A, {xe[O,l] VE>1, d<x,n;2592) <n~n,;1}.

This shows that the subgroup generated by A; ... A, has dimension bounded above by
> st < 1and so is not equal to R. So the measure p; X - - - X 11, cannot have polynomial
Fourier decay.

An analogue of Theorem 1.3 in the prime field setting was obtained by Bourgain in
[1], and our proof follows a similar general strategy, based on sum-product estimates
and flattening for additive-multiplicative convolutions of measures. Example 1.10 above
shows that there exist compact sets A and B in R such that the additive subgroup (AB)
generated by the product set AB satisfies dimy(AB) < dimy A + dimy B. Conversely, it
was shown in [7] as a consequence of the discretised radial projection theorem [8] that
for Borel sets A, B — R, one has

dimp(AB + AB — AB — AB) > min{dimy A + dimy B, 1}. (1.11)

The main ingredient in the proof of Theorem 1.3 is a discretised version of this inequal-
ity; the precise statement is given below as Proposition 3.6 and is taken from [7, Pro-
position 3.7]. It can be understood as a precise version of the discretised sum-product
theorem, which allows us to improve on the strategy used by Bourgain in [2] and obtain
Fourier decay of multiplicative convolutions under optimal entropy conditions. Before
turning to the detailed proof, let us give a general idea of the argument.

Notation. We fix for the rest of the article a standard, L'-normalized approximate iden-
tity {Ps}s=0 = {071 P(-/8)}s>0. Given a measure i on R, recall that we write j5 for the
density of p at scale §, or equivalently, j15 = o * Ps.

Below, we shall use both additive and multiplicative convolution of measures. To
avoid any confusion, we write B v, pHv and ;X v to denote the image of 11 x v under
the maps (z,y) — = +y, (z,y) — = —y, and (z,y) — zy, respectively. Similarly, we
denote additive and multiplicative k-convolution powers of measures by p=F and 1 ¥,
respectively.

The push-forward of a Borel measure y on the real line under a Borel map g : R — R
is denoted g;, that is,

ffd(gw) = ffogdu-
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Sketch of proof of Theorem 1.3. The n = 2 case of Theorem 1.3 is classical and already
appears in Bourgain’s paper [2, Theorem 7]: If ;1 and v are two probability measures on
[—1,1] such that ||us]|3 < 671 and ||vs]|3 < 67, then the multiplicative convolution

pu X v satisfies
s+t—1

LRuE$6™ T, at<lg <2t
For the reader’s convenience we record the detailed argument below, see Section 2.

We want to use induction to reduce to this base case. To explain the induction step, we
focus on the case n = 3. The main point is to translate equation (1.11) into a flattening
statement for additive-multiplicative convolutions of measures. For simplicity, assume
we knew that if 4 and v are probability measures on [—1, 1], then the measure

ni=pXv)B (pXv)B(pXRv)8 (pNv)

satisfies, for € > 0 arbitrarily small,

Ins13 < 8=l sll3lls]l3. (1.12)

(Note that this is the exact analogue of (1.11) for L-dimensions of measures at scale §.)
If p1, po and g satisfy ||(ui)s]|3 < 67175 for some parameters s; with sy + s + s3 > 1,
we apply the above inequality to ;1 and p9 to obtain

H775”% < 57176+81+82

where n = (1 X po) B (11 X po) B (11 X pe) B (w1 W pe). If € is chosen small enough, we
have (s1 + s — €) + s3 > 1, and so we may apply the n = 2 case to the measures 1 and 13
to get, for 61 < |¢] <267,

)

S1+sgp+sz—e—1

R () <o

To conclude, one observes from the Cauchy-Schwarz inequality that for any two prob-

ability measures p and v, one always has \/@(f W< (u EI’/F& v(€). This elementary
observation applied twice yields

i B i R ()] < W prg(€)F < §alsrtortsa—e)

which is the desired Fourier decay, with parameter 7 = %(s1 + s2 + s3 — ¢ — 1).

Unfortunately, the assumptions on the L2-norms of i and v are not sufficient to ensure
inequality (1.12) in general. One also needs some kind of non-concentration condition on
pand v, and for that purpose we use the notion of energy of the measure at scale J, which
gives information on the behaviour of the measure at all scales between 6 and 1. The
precise statement we use for the induction is given as Lemma 3.1 below. It is also worth
noting that to obtain the correct bound on the energy, we need to use a large number k& of
additive convolutions, whereas k£ = 4 was sufficient in the analogous statement (1.11) for
Hausdorff dimension of sum-product sets. We do not know whether Lemma 3.1 holds
for k = 4, or even for k bounded by some absolute constant.

We conclude this introduction by an example showing that for n > 3, the assumption
137_ (11;) < 8¢ in Theorem 1.3 cannot be replaced by the "single-scale" L?-bound | ;3 <

§%~17¢_ This is mildly surprising, because the situation is opposite in the case n = 2, as
shown by Proposition 2.1 below. We only write down the details of the example in the
case n = 3, but it is straightforward to generalise to n > 3.
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Example 1.13. For every s € (0, 3) and &y > 0 there exists a scale § € (0,dy] and a Borel

probability measure ;o = p55 on [1, 2] with the following properties:
o [ul3~ 5
o [uBuRpud=h) ~ 1.
The building block for the construction is the following. For r € 27N, and a suitable

absolute constant ¢ > 0, let Z = Z, be a family of r~1 intervals of length cr, centred
around the points rZ n [0, 1]. Then, if ¢ > 0 is small enough, we have

cos(2mz/r) = 3, Vo e UZ.

Consequently, if p is any probability measure supported on UZ, then [p(r~!)| > 1.

Fix s € (0, %), 0 > 0, and let p be the uniform probability measure on the intervals
Zss. As we just discussed, |p(6~%)| ~ 1. Next, let 1 = p;5 5 be a rescaled copy of p inside
the interval [1,1 + §'~%] < [1,2]. More precisely, n = m4\;p, where 7(z) = z + 1 and
A(z) = 6'7*z. Now p is a uniform probability measure on a collection of 6% intervals of
length 6, and consequently ||u[3 ~ 651

We next investigate the Fourier transform of ¢ &y & p1. Writing 11/ := \jp, we have

Mm M(571> _ ///€2m'61(z+1)(y+1)(z+1) d,u'(x) du’(y) d,u’(z).
We expand
S+ D)y+D)z+1)=6"ayz+ 6 ey +az+y2)+6 N w+y+2)+0 L

Now the key point: since z,y, 2 € spt i/ < [0,5'7%], we have both |§~tzyz| < §273% and
|6~ (zy + 2z + yz)| < 6172, Since s < 3, both exponents 2 — 3s and 1 — 2s are strictly
positive and consequently,

€—2m'6_1(x+1)(y+1)(z+1) _ 6-2m‘5—1(:c+y+z+1) + 050(1).
Using this, and also that i/ (¢) = p(6'7%¢), we find
pRpRp(dt) = e 20 // e~ 2T @) 4y () dpl (y) dpd (2) + 050 (1)
= T BE)° + 0s-(L).

In particular, |u XX (61| ~ 1 for § > 0 sufficiently small.

If we allow p to be supported on [—1, 1], as in Theorem 1.3, an even simpler example
is available, namely p = 5‘1“1[0,651_5], where s < 2/3. Then p X 1 X 14 is supported on

[0, c36373%] = [0, 8], so it satisfies |u X X (71| > 1if ¢ > 0 is chosen small enough.
2. THE BASE CASEn = 2

In the n = 2 case, Theorem 1.3 is proved by a direct elementary computation. In fact,
to obtain the desired Fourier decay, one only needs an assumption on the L?-norms of
the measures at scale J.

Proposition 2.1 (Base case n = 2). Let 6 € (0, 1] and let 1, v be Borel probability measures on
[—1,1] and s,t € [0, 1] such that

lpsll3 <071 and |us]|3 < 57
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Then, for all € with 61 < |¢] <2671,

‘// €2 () du(y)| <57

Remark 2.2. 1f y and v are equal to the normalized Lebesgue measure on balls of size §1~*
and §'7, respectively, the assumptions of the proposition are satisfied. In that case, the
multiplicative convolution x X v is supported on a ball of size §1~™#(5t) 5o the Fourier
decay cannot hold for |¢| < §—1+max(st),

The above proposition is an easy consequence of the lemma below, which is essentially
[2, Theorem 7], except that we keep slightly more careful track of the constants. We
include the proof for completeness.

Lemma 2.3. Let ¢ € (0,1], and let j1, v be Borel probability measures on [—1, 1] with
e G B I O S
|€]<26—1 l¢]<26—1
Then, for all € with 1 < |£] < 671
‘ // —ImETY (e ‘ < A/AB/|¢| + 6. (2.4)
Proof. Let ¢ € C(R) be an auxiliary function with the properties 1j_; 1} < ¢ < 139

(thus ¢ = 1 on spt ) and @ > 0. Fixing 1 < |¢| < 67!, the left-hand side of (2.4) can be
estimated by

‘// e~2ETY gy () ‘ Ucpu )dv(y ’ // (& — &) |ju(x)| da dv (y)
- 1t ([ o6 - vy vt

We split the right-hand side as the sum

L|<25—1 ()] (J D(x —y&) dv(y ) dx+//x|>2§ @)@ — y&) dw du(y) =: I + I>.

For the term I, we use that $(x — y€) < |z — y€] 72, |i(x)] < 1,and v(R) = 1:

d d
Ir < maxj $<J %Sjé
ye[-11] J|g|>25—1 |z — yg|? |z|=6-1 2]

For the term I;, we first use the Cauchy-Schwarz inequality and the definition of A to

deduce
L <VA (J U@(fc — y§) dV(y)]2 dw)

Finally, for the remaining factor, assume £ > 0 without loss of generality, and write
P(x — y&) = Pe(z/€ — y), where ¢ = £ 1p(-/€). With this notation, and by Plancherel’s

1/2



ON THE FOURIER DECAY OF MULTIPLICATIVE CONVOLUTIONS 7

formula,

f U oz~ 1) d”@r dz = f (Fe*v)(@/€) da = ¢ f (Fe*v)(2)2da

—¢ [pewrpPdug et [ jpwldu
spt ¢
Finally, recall that spt p = [—2,2], so spt ¢ = [—2¢,2¢] = [—2071,2671]. This shows that
I, S 4/AB/¢, and the proof of (2.4) is complete. O

Proof of Proposition 2.1. Observe that by Plancherel’s formula
A= [P de < lhug 1B S sl < 5717
l¢l<4d-1 10
and similarly
B Ja@Pdess
l§|<40—1
So Lemma 3.1 applied at scale §/2 implies that for 61 < [¢] < 2071,
‘// e MY dyy(x) ‘<\/W+5

§5

3. DIMENSION AND ENERGY OF ADDITIVE-MULTIPLICATIVE CONVOLUTIONS

This section is the central part of the proof of Theorem 1.3. Its goal is to derive
Lemma 3.1 below, whose statement can be qualitatively understood in the following
way: If 1 and v are two Borel probability measures on R with respective dimensions s
and t, then there exists some additive convolution of ;Xv with dimension at least s+t —c¢,
where ¢ > 0 can be arbitrarily small. The precise formulation in terms of the energies of
the measures at scale 0 will be essential in our proof of Fourier decay for multiplicative
convolutions.

Lemma 3.1. Forall s,t € (0,1] with s +t < 1, and for all k > 0, there exist € = €(s,t,x) > 0,
do = do(s,t,k,€) > 0, and ko = ko(s,t, k) € N such that the following holds for all § € (0, o]
and k = ko. Let p, v be Borel probability measures on [—1, 1] satisfying

IO(p) <67 ¢ and IY(v) <o (3.2)
Then, with 11 := (p 8B p) X (v B v), we have
15, < 5

Moreover, the value of kg stays bounded as long as min{s,t} > 0 stays bounded away from zero.

The main component of the proof of Lemma 3.1 will be a combinatorial result from [7]
which we will apply in the following form. Let N(E,¢) denote the smallest number of
d-balls required to cover E.
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Lemma 3.3. Forall s,t € (0,1] with s +t < 1, and for all k > 0, there exist € = €(s,t,k) > 0
and 8o = 0o(s,t, k,€) > 0 such that the following holds for all § € (0, o] and k = 2. Let p, v be
Borel probability measures on [—1, 1] satisfying

IP(p) <0~ and IP(v) <5 (3.4)
Let 11 := (B p) K (v B v) and assume that E < R is a set with IIP*(E) > §¢. Then,
N(E,5) > 65t+". (3.5)

Since this lemma does not explicitly appear in [7], we now briefly explain how to
derive it from the results of that paper. Recall that a Borel measure ;. on R is said to be
(s, C)-Frostman if it satisfies

w(B(xz,r)) < Cr® forallz e R,r > 0.

The precise statement we shall need is [7, Proposition 3.7], see also [7, Remark 3.11],
which reads as follows.

Proposition 3.6. Given s,t € (0,1] and o € [0, min{s + ¢, 1}), there exist € = €(s,t,0) > 0
and 6y = do(s,t,0,€) > 0 such that the following holds for all § € (0, dp].

Let i, pa be (s,d~¢)-Frostman probability measures, let vy, vy be (t,d~°)-Frostman probability
measures, all four measures supported on [—1, 1], and let p be an (s+t, 6~ €)-Frostman probability
measure supported on [—1,1]%. Then there is a set Bad = R* with

(/,Ll X o X V1 X VQ)(Bad) < (56,

such that for every (a1, as, b1, be) € R\ Bad and every subset G < R? satisfying p(G) > 6¢,
one has
N({(by —b2)a + (a1 —az)b: (a,b) € G},6) =0 7. (3.7)

The derivation of Lemma 3.3 from Proposition 3.6 is relatively formal; it mostly uses
the link between the Frostman condition and the energy at scale §, and the pigeonhole
principle to construct large fibres in product sets. Let us first record an elementary state-
ment about the energy at scale ¢ of a Frostman measure.

Lemma 3.8 (Frostman condition and s-energy). Fix C > 1, s € (0,d), and € € (0, 1]. Then
the following holds for all § > 0 small enough. Let y be a probability measure on B(1) c R
(1) If u satisfies p(B(z,7)) < Cr® for all x € R and all r € [0, 5¢], then I (u) < CH—%.
(2) Conversely, if I®(11) < ¢, there exists a set A such that u(A) = 1 — (log 1/8)5¢ and for
every r € [0,1], p|la(B(x, 7)) < 6205,
Proof. Assume first that p satisfies the Frostman condition p(B(z, 7)) < Cr® forr € [, 0¢].
It is not difficult to check that the measure ji5s with density p = Pj satisfies

Cos—drd 0 <r <9,
ps(B(z,r)) S { Cre, 6 <r <06,
1, 0c.

\\/ N

Consequently, for = € R fixed,

f|$y| S dus(y Z 55— dgld=s) Z C + Z 2—k5< O55€.

2k<§ §<2k <8¢ 2k >§¢
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Since y4 is a probability measure, and s < d, this implies I?(y) < C§~9 for § > 0 small
enough.
For the converse, we observe that

f 1z — ™ dus(y) = f is(B(z, )= dr,

and so, with a change of variables,

1800 = s [[ ns(Ble,ryr T duta) = G0g2) -5 [ ns(Bla.2 )2 dud(a).

If I3 (p) < 67¢, letting
By = f{o : 2%5(B(w,27") > 5%},

one gets u(E,) < 6. So, for E = | J E,, where u = 0,1,...,|log1/J|, we find p(E) <
(log 1/6)5¢. Thus, letting A = R?\ F, one indeed has

pu(A) =1 — (log1/8)6°

and for all z in A, for all r € [§,1], u(B(z,7)) < 6275, O

Proof of Lemma 3.3. First of all, we may assume that k = 2, since if £ > 2, we may write
I2F(E) = JHEEQ(E — 23— ... —xp)dl(x3) - dlI(zy),

and in particular there exists a vector (z3, ..., z)) such that T¥2(E — 25 — ... — x3) > 6.

After this, it suffices to prove (3.5) with £ — 3 — ... — z}, in place of E.

Second, we may assume that the measures 1, v satisfy the Frostman conditions
w(B(z,r) <67%r* and v(B(z,r)) <6 5!

for § <r < landall z € R. Indeed, since I?(11) < 63¢, Lemma 3.8 shows that there exists
a Borel set A — R of measure u(A4) > 1 — §%¢ with the property (u|a)(B(x,r)) < § 57
for all z € R and all » € [§,1]. Similarly, we may find a Borel set B — R of measure
v(B) > 1 — 6% with the property (v|5)(B(z,7)) < 6-%rt. Now, we still have T *(E) >
%56, where

L= (ulaBpla) X (v Brp).
Therefore, we may proceed with the argument, with 1, v replaced by p|4, v|p.
Let us rewrite the condition TI™?(E) > ¢ as (u x v)*(Gs) = 6¢, where

Gs = {(a1,b1,...,a4,bs) € R® : (a1 — ag)(bs — bs) + (b1 — b2)(as — ay) € E}.

In particular, there exists a subset Gg = RS of measure (1 x v)3(Gg) > §%¢ such that for
every (ai,bi,as,bs, as, bs) in Gg, one has (u x v)(Gs2) = §%¢, where

Gy := {(ag,bs) € R? : (a1, b1, ..., a4,by) € Gg}. (3.9)

Next, we plan to apply Proposition 3.6. To make this formally correct, let us "freeze" two
of the variables, say (a3, b3): more precisely, fix (a3, b3) in such a way that (u x v)?(Gy) >
5%¢, where

G4 = {(al, bl, a, bg) € R4 : (al, bl, as, b2, as, bg) € GG}
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If € is chosen small enough in terms of s, ¢t and o := s + t — k, we may apply Proposition

3.6 with 1 = p2 = pand v = v, = v, and p = p x v, using 6e instead of e. Then, one has
(1 x v)2(Bad) < 6% < (u x v)%(Ga),

and (3.7) holds for all (ay, b1, as,b2) € R*\ Bad. Consequently, we may find a 4-tuple
(a1,b1,a2,b2) € G4\ Bad, and eventually a 6-tuple

(a1, b1,a2,ba,a3,b3) € Gg

such that whenever G < R? is a Borel set with (i x )(G) = p(G) = §°, then

N({(a1 — a2)(bg — by) + (b1 — b2)(as — a4) : (aq,bs) € G},9)

= N({(a1 — a2)bs + (b1 — b2)ayg : (ag,bs) € G},6) = 57 = 57 t+%,
In particular, by (3.9), this can be applied to the set G := ('3, and the conclusion is that

N({(a; — a2)(bg — by) + (b1 — b2)(a3 — a4) : (a4, bs) € Go},d) = § 5%, (3.10)
However, since (a1, b1, ag, be, as, bs) € Gg, we have (a1,b1, ..., a4,bs4) € Gg for all (ayg,by) €
G2, and consequently
V(a4,bs) € Ga, (a1 — a2)(bs — by) + (b — b2)(az —aq) € E.

Therefore, (3.10) implies (3.5). O

We now want to go from the combinatorial conclusion of Lemma 3.3 to the more meas-
ure theoretic statement of Lemma 3.1 involving energies at scale §. For that, our strategy
is similar in flavour to the one used by Bourgain and Gamburd [4] to derive their flatten-
ing lemma, decomposing the measures into dyadic level sets.

Proof of Lemma 3.1. Let I1, := II  P,, where we recall that {P,},~¢ = {r 1 P(-/r)},~¢ is a
standard approximate identity. The goal will be to show that if £ > 1 is sufficiently large
(depending on s, t, k), then, for all r € [4, 1],

Jr(k) = TPy < 675/2p(s+= /2, (3.11)
This implies in a standard manner (using for example [6, Lemma 12.12], Plancherel and
a dyadic frequency decomposition) that

12,,() S 67
Note that the sequence {.J,(k)}xen is decreasing in k, since by Young’s inequality
Tk o+ 1) = [IF B o < (I TE 2 = T 2 = J, (k).

Therefore, in order to prove (3.11), the value of k may depend on r, as long as it is uni-
formly bounded in terms of s, ¢, k. Eventually, the maximum of all possible values for k
will work forall § <r < 1.

Let us start by disposing of large r, i.e. r > §"/2. For that, we have the trivial bound
(recalling also that we assumed s 4t < 1)

Jr(k) < J.(0) < rml g §r2ps =1

So, it remains to treat the case r € [4, §"/2]. We now fix such a scale r. By the pigeonhole

principle, given a small parameter ¢ € (0, %) to be fixed later (the choice will roughly
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be determined by applying Lemma 3.3 to the parameters s, t, k), there exists £ S 1/e,
depending on r, such that

2k+1

I = ok 1) 2 (k) = T o, (3.12)
This index k is fixed for the rest of the argument so we will not display it in (all) sub-

sequent notation. We may assume that |2 |5 > 1, otherwise (3.11) is clear.
Let D, be the dyadic intervals of R of length r. For each I € D,, we set

1T

ar = sup H;l,ﬂk ().

zel

Next, we fix an absolute constant Cjy > 1 to be specified momentarily, and we define the
collections

Lo [eDar <), j=0,
7 M {IeD, G2 <ap < Cp27}, j=1.
We also define the sets A; := U.A;; note that the sets A; are disjoint for distinct j indices.

Since II is a probability measure, n#2* < 1/r for all k > 1. Therefore A; = & for
j = Clog(1/r), and evidently

. Clog(1/r) '
< > 201, (3.13)
j=0

Here the implicit constants may depend on Cj. Conversely, we claim that
Clog(1/r)
. k

D21y, ST (3.14)

j=1
To see this, fix x € A; with ] 1, and let I = I(z) € D, be the dyadic r-interval con-
taining . Then ar > Cy27~!, which means that there exists another point 2’ € I with
52" (/) > Cp2/~1. Now the key point: the function 2" is € /r-Lipschitz for some
absolute constant C; > 0. Therefore, TH2"(z) > €2/~ — Cy|x — 2/|/r ~ 27, provided
that Cp > 2C}. This proves (3.14).

Based on (3.14) (and our hypothesis HHEﬂkHQ > 1 to treat the case j = 0) we may
deduce, in particular, that

2|14l S IMEF Yy, G >0 (3.15)
Next, using (3.13), we may pigeonhole anindex j > 0 and a set A := A; with the property
[T < I B2 < (log 1/r) - 27 - 14 BT .

Since further, by Plancherel and Cauchy-Schwarz,
114 BIF | < |14 8 1057y
we deduce that

k k+1
PIE |y U< Iy £ (log 1/r)2 - 220+ 14 B Ly

. (3.15) ‘ -
Sro 27 | Lallilralle  orm 20 LAl (A5 2. (3.16)

~
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At this point we note that if j = 0, then the preceding inequality shows that | TIH#2"||; <
r~2¢, which is better than (3.11), since we declared that ¢ < x/4. So, we may and will
assume that j > 1 in the sequel.
In (i) below we combine (3.16) and (3.14), whereas in (ii) below we combine (3.16) with
. k
2|1afy S I ) =10
(i) 7 < 2|14l S T (A),
.. k . —
(i) 2 2 S 27 1all2 S 1Lally 1 2allo-
Since A is a union of intervals in D,., one has
1141 ~7N(A,r) and |12 ~ 72N (A, 7)Y2,
so item (ii) yields
k _1l_o, _
Il S v 22N (A )72,
On the other hand, since
IT(p) <IP(p) <6 <r™" and II(v) <r ",

Lemma 3.3 applied at scale r (and recalling (i) above) shows that if € is chosen small
enough in terms of s, ¢, x, then

N(A,r) = r57tn,
We thus obtain what we claimed in (3.11):
HHEHT“HQ S; 57n/2r(s+t71)/2'

This completes the proof of Lemma 3.1. O

4. THE INDUCTION STEP

The proof of Theorem 1.3 is by induction on n, starting from the n = 2 case, already
studied in Section 2. The induction step is based on the flattening results for additive-
multiplicative convolutions developed in the previous section. It will be essential in the
argument to be able to switch the order of addition and multiplication. For that we record
the following lemma, which is a simple application of the Cauchy-Schwarz inequality.

Lemma 4.1. Given two Borel probability measures ;1 and v on R, one has, for all £ in R,
R v(©)? < (B p) Bu(E).

Proof. Writing the Fourier transforms explicitly, and applying the Cauchy-Schwarz in-

equality, one gets
2 . 2 .
< f Ue_szxy de| dy = /// e 2mE@=22)Y gy dy dy.

'//e—%riéa:y dx dy

Proof of Theorem 1.3. For the base case n = 2, we may apply Proposition 2.1. Indeed,
assuming If;_ (1) <0 “fori = 1,2, one has

li,s3 = flﬁi,\a(é)ﬁdé o ﬁﬁl”ﬂ@(fﬁ% SR

O
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so if s1 + s2 > 1, taking e small enough to ensure s; + sy — 4e > 1, one finds, for every
ot < gl <267,
— s]+sg—4de—1
lm Rpa() <6 2,
which is the desired Fourier decay.
Now let n > 3, and assume that we have already established the case n — 1 with the

collection of parameters S,,_1 := {s1 + s2, S3, ..., Sp}, and some constants
en—l(Sn—l) >0 and 50 = (50(8n_1) > 0. (42)

It is easy to reduce to the case s; + s2 < 1, so we assume this in the sequel.
Given ¢ with 571 < ¢ < 267}, our goal is to bound

F(&) == (1 ... K pp) " (§).

Applying Lemma 4.1 twice, first with 1 = g and v = pp M. . . Xy, and then with p = o
and v = (w1 Hpr) K ps X ... X py, yields

IFEOI' < MR ps R 8 )" (6),

where IT = (1 B p1) B (p2 B p2). Using the same lemma again & times, we further get
k k A
FEOP < (0 Rz R R pm)" ().

Lemma 3.1 applied with constants s := sy and ¢ := s9, and k := €51 = €,-1(Sn—1),
shows that if € = €(s1, s2,€,—1) > 0 is sufficiently small, k = k(s1, s2, €,—1) is sufficiently
large, and i1, p1o satisfy 137_ (nj) <6 “forj = 1,2, then
(HBEQ’“) < 5—5 _ 5—6»,171‘

We apply our induction hypothesis to the collection of n — 1 probability measures

I(S

s1+s2
_ _ k
{/-1'17 cee 7””—1} = {HEQ s M35 - - HU'TL}
with exponents {s; + s2, 53,...,5,} to get

P < Jg|7or.

(To be precise, since the measure II¥2" is not supported on [—1,1] but on [—2F+2 2k+2],
so one rather needs to consider the rescaled measure fi; = (2_’“_2)*H532k, which satisfies

I ;51 v (1) ~k 1 ;51 +so (HEEQk) but the involved constant depending on £ is harmless.) This
shows that the Fourier decay property holds for n, with constants €,, := min{e, €,—1} and

7o = 3+. The necessary size of k is determined by the application of Lemma 3.1, so it
depends only on min{s;, sa} > 0. The proof of Theorem 1.3 is complete. O
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